Topics in Scalar Curvature
Spring 2017
Richard M. Schoen

Notes by Chao Li






Contents

[Chapter 1. Introduction and motivation|
|LI.  Einstein equations of general relativity|
2. Variation of total scalar curvaturel
[3.  Conformal geometry|
|4. Manifolds with negative scalar curvature|
[b. _How about R > 07|

[Chapter 2. The positive mass theoreml|
L. Manifolds admitting metrics with positive scalar curvature]
2. Positive mass theorem: first reduction
[3. Minimal slicing]
|4.  Homogeneous minimal slicings|
[.  Top dimensional singularities|
|6.  Compactness of minimal slicings|
D - Tctionl

[8.  Existence and proof of the main theorem|

N O ot

13
13
14
21
38
43
47
50
52

o7






CHAPTER 1

Introduction and motivation

Let (M,g) be a smooth Riemannian manifold with Riemannian curvature tensor R;ji;. In
the study of differential geometry, there are three types of curvatures that has received a lot of
attention.

The sectional curvature measures the curvature of two dimensional submanifolds of (M, g). In
local coordinate, the sectional curvature of a two dimensional tangent plan spanned by e;,e; is
given by R;j;;. The Ricci curvature is the trace of the sectional curvature. In local coordinate, the
Ricci tensor is defined as Ric;; = ), Rikrj. The scalar curvature is the trace of the Ricci curvature:
R = Z” R;j;i- Note that in our convention the scalar curvature of a two dimensional surface is
twice its Gauss curvature.

The study of curvature dates back to the time of Gauss and Riemann, where curvature was first
observed as the quantity that distinguish locally a general Riemannian manifold and the Euclidean
space. Since then lots of studies have been carried out to understand the connection between the
curvature with local and global geometric and topological aspects of the manifold. Here we just
name a few of well known results of this flavor: the Gauss-Bonnet theorem, Toponogov compara-
sion theorem, the Bochner-Weizenbock formula, Bonnet-Myers theorem, Cheeger-Gromoll’s volume
comparasion theorem, Gromov’s finiteness theorem, etc. From our very crude list one readily sees
that results concerning scalar curvature are much fewer compared to those of the sectional or Ricci
curvature. Indeed, scalar curvature measures the average the sectional curvature among all dis-
tinct two planes, and is believed to carry relatively few information about the manifold. This adds
considerable delicacy into the study of the scalar curvature.

In this chapter we introduce three motivations to study the scalar curvature, and various
phenamina unique to it.

1. Einstein equations of general relativity

The first senario where scalar curvature naturally occurs is the theory of general relativity.
Suppose (S"*1,g) is a Minkowski manifold representing the space time. Then it satisfies the
Einstein equation, namely

1
Rics —; Rsg =T,

where T is called the stress-energy tensor representing matter in the space time.

Assume that M™ is a submanifold of S"*!. At a point in M, take a normal frame of S,
{€i}i=o0,...n such that eg is the unit normal vector of M. Restrict the Einstein equation on M with
respect to eg, eg, we get

1
RiC()() —§R5 = T()().
Expanding in local coordinates, Ricog = ) ; Rojjo, and

1
§Rs: Z Rijji:ZROjj0+ Z Rijji.
J

0<i<j<n 1<i<j<n
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6 1. INTRODUCTION AND MOTIVATION

Denote R the Riemannian tensor on M and h the second fundamental form of the embedding
M C S. By the Gauss equation,
Rijji = RU]M]Z + hiihjj — hzzj

Therefore

L Rs = Ricon +2 Ras + ~(trh)? — 2 ||n?

—Rg = Ric - —(tr - = .

2" 00 T M T g 2
By the Einstein equation, one sees that

(1.1) S (Rar) + (i) — B> = Too = .

In the theory of general relativity, Tog = p is called the mass density. One may also derive other
relations from the Einstein equation by taking the 05 component. By a similar calculation, we have

(1.2) div(h — (trh)g) = To;.

Together, equation and are called the constraint equations. They provide a necessary
condition for a Riemannian manifold to be realized as a submanifold of a space time.

A particularly important case is when h is identically zero on M. In other words, M is a totally
geodecis submanifold of S. The physical reason is that, when A = 0, the reflection of the time
variable t — —t is an isometry. It is called time symmetric space time. We see from the previous
equation that in this case Rj; = 2u. Note that since p is the mass density, we always assume that
1 is nonnegative. Then Rjs is nonnegative. We then conclude that

Any Riemannian manifold satisfying the constraint equations must have nonnegative scalar
curvature.

From this prospective, the study of Riemannian manifold with nonnegative scalar curvature
can be embedded into the study of the constraint equations of general relativity.

2. Variation of total scalar curvature

On a Riemannian manifold (M, g), consider Einstein-Hilbert functional

%(g) = /M Rydpug

on all Riemannian metrics with unit volume. It is shown by Hilbert that for n > 3 the critical
points of this functional are Einstein metrics, i.e. metrics satisfying Ric(g) = ¢ - R(g)g. This can
be seen from the following calculation.

Let g be a Riemannian metric with unit volume which is a critical point of Z. Set g; = g + th,
t € (—¢,€) be a smooth family of Riemannian metrics, h a smooth compactly supported (0,2)
tensor. Let g = Vol(t)*Q/ g+ be normalized with unit volume. Then g; is a valid variation. To
calculate the derivative of Z(g;), we first observe that in local coordinates,

1
[‘i?j =3 ngl(giz,j + Gjti — ijl),
l

~ k k E il kTl

Rici; = Z <Fij,k — Ty + Z(Fklrji - Fjlrki)> 5
k l

where the comma denotes a partial derivative in the given direction. We then see the derivatives

of the Christoffel symbol and the Ricci curvature under this variation are

: 1 . . .
(2.1) I = 3 > " hig + hyri — hije),  Riciy = (5, — T ).
k



3. CONFORMAL GEOMETRY 7

Therefore we find that R can be written as
R=— Z R Ric;; +divergence terms,
12
here A = ZkJ " g hy;. As for the volume form, one easily checks that

d 1
o Volg, = 3 trg, (h)d Volg, .

Putting these together and use the divergence theorem, we find

d ) 1
7 X (gt) = —/ <h:RIC(9t) - Rtgt> dVoly, .

Since Z(gs) = Vol(gy)>~™/"%(g;) we find that

d
Gilim02(a) = = Vol(g) /e [
M

n_
2n

<h, Ric(g) — %R(g)g + 2%’(9)g> dVolg, .
Therefore g is a critical point for % functional if and only if Ric(g) = cg for some constant c.
The existence and geometric properties of Einstein metrics have been long standing questions

that have stimulated the development of many area. In dimension 2 and 3 Einstein metrics are

metrics with constant sectional curvature, and can be handled by Ricci flow. In dimension 4 or
above, relatively few is known. One major difficulty, among others, is that we do not know whether
the extremal of the function &£ is local maximum or minimum.

3. Conformal geometry

Let’s continue looking at the Einstein-Hilbert functional. As discussed previously, we do not
know whether #Z has an infimum or supreme in general. However, we are going to see that % does
attain a minimum when we restrict our consideration within a special family of metrics, namely,
the conformal class of metrics.

Let gg be a background metric on a compact manifold M"™, n > 3. Define the conformal class
of go by

[90) = {g = €*"g0 : u € C(M)}.

And the Yamabe invariant of this conformal class

Y (90]) = inf{Z(g) : g € [90], Vol(g) = 1}.
We are going to see shortly that % ([go]) is finite for any smooth background metric gg. For the

T4 4
convenience of calculation, let’s use u»—2 as the conformal factor, namely let g = un»—2gy. We have

the following important formula that will be used throughout our discussion.

LEMMA 3.1 (Conformal formula). The scalar curvature of g = uﬁ go and the scalar curvature
of go are related by

(3.1) R(g) = —c(n) " lu" =2 Lu,

the constant c¢(n) = 4”7_21), L is an elliptic operator Lu = Agyu — c(n)R(go)u, called the conformal

(n—
Laplacian.
PROOF. Denote f = %log u, then g = e*/gy. Let I, R;jr, Ric, etc. denote the geometric

quantities of the metric g and let I'g, (Ro)i;x1, Rico, etc. denote those of gg. Take a local coordinate
normal at one point. Then we first see the new Christoffel symbols are given by

Tk = (Do)t + 650 f + 650, f — gijOnf-
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By the previous formula relating the Christoffel symbol and the Ricci tensor,
Ricij = (Rico)ij — (n = 2)[0,0;f — (8:/)(8;)] + (Aof — (n = 2)[IV f[*)(g0)is-
Taking trace we get
R=e(Ro+2(n—1)Af = (n=2)(n - D[IVf|*)

Now replace f = % log u, we obtain the desired formula for the scalar curvature. O

4
Thus for a conformal metric g = un-2 gy with unit volume, its total scalar curvature is given by
#(9) = )" [ Vg + ) Rign)a2d Vol

Therefore the Yamabe invariant is a well defined real number. Regarding the sign of the Yamabe
invariant, we have the follwoing trichotomy theorem.

THEOREM 3.2. Let (M",go) be a closed compact smooth Riemannian manifold with n > 3.
Then the conformal class of gy belongs to one of the following three classes:

(1) Z([g0]) > 0 < g € [go], R(g) > 0 = Ay (—L) > 0.
(2) Z([g0]) = 0 <= g € [go], R(g) = 0 = M (—L) = 0.
(3) Z([90]) <0< 3g € [g0], R(g) <0 & Ai(—L) <0.

PROOF. The theorem is an easy consequence of the variational characterization of \j(—L):

c(n) ! [iy [Vul® + c(n) R(go)u?

AM(—L)= inf
1(=L) ueC> (M) Joy u?
and the fact that the first eigenfunction is always positive. O

As a corollary, we have

COROLLARY 3.3. Let (M™, go) be a compact smooth Riemannian manifold with n > 3. If
e@(g()) < 0 then @([go}) < 0.

PROOF. Take u = 1 into the variational characterization of A\j(—L), we find that A\;(—L) < 0.
By the above theorem, % ([go]) < 0. O

4. Manifolds with negative scalar curvature

A natural question in the study of scalar curvature is what topological consequences we may
obtain from scalar curvature conditions. As we will see in this section, negative scalar curvature
does not have any topological obstruction. Namely, we are going to prove

THEOREM 4.1. Any smooth compact manifold M™, n > 3 has a metric with negative scalar
curvature.

The following basic example turns out to be important in constucting new manifolds with
controlled scalar curvature.

EXAMPLE 4.2 (Schwarzschild metric). On a manifold x € R" — {0}, n > 3, define g;; = (1 +
el
see that the scalar curvature of g is everywhere zero. The hypersurface determined by |x| = m/2 is a
totally geodesic submanifold, called the horizon. Now reflect the part |z| > m/2 across this horizon,
we obtain a complete smooth Riemannian manifold with zero scalar curvature. It is diffeomorphic

to an annulus S"~1 x (0,1).

)4/”_2(5ij, m 1s a positive real number. Since Wl% is the Green’s function of Laplacian, we
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Horizon |z| = §

||

FIGURE 1. Doubled Schwarzschild

Near |z| &~ oo the Schwarzschild metric converges smoothly to the Euclidean metric. We can
use this property to constuct a metric on the connected sums of any two Riemannian manifolds
while keeping the total scalar curvature arbitrarily close to their sums. To see this, let (M, g1)
and (Ma, g2) be two Riemannian manifolds and p; € My, pa € Ms be two points on them. For any
€ > 0, pick a very small radius ¢, so that the geodesic ball of radius § around p; and py contains
arbitrarily small total scalar curvature: | Bs(py) B(91)] <€, I} Bs(po) 1 B2(92)] < €. Take a very large
number R and scale Schwarzschild inside Br(0) down such that its two ends have radius 6/2. Then
use a cutoff function to glue this very small Schwarzschild neck to My — Bs/2(p1) and Mz — B 2(p2),
leaving elsewhere the same metric. Note that in this procedure, the total scalar curvature changes
by at most €, provided that the the metric outside Br(0) on the Schwarzschild is e-close to the
Euclidean metric in the C? sense.

We therefore conclude the following

PROPOSITION 4.3. For any two smooth compact Riemannian manifolds (M, g1) and (Ma, g2),
and any € > 0, there exists a metric g on Mi#Msy such that

1%(9)| — %(91) — #(g2)| < e.

As a special case, we note that taking the connect sum with a sphere of the same dimension
does not change the topology of the manifold. This observation leads to the following

COROLLARY 4.4. Let n > 3. If S™ has a metric with negative total scalar curvature then so
does every other n dimensional manifold.

PRrROOF. Fix a metric gy on S™ with negative total scalar curvature. For any Riemannian
manifold (M™, g) choose A > 0 large such that Z(\%gg) = \"2 < |%(g)|. Then take the connected
sum of (S™, \2gq) and (M, g). O

In the remaining of this section we are going to conctruct a metric on S™ with negative total
scalar curvature. To do so we first discuss a general smoothening technique that produces large
family of metric with prescribed total scalar curvature.

The simple case that motivates the construction is as follows.

My

FIGURE 2. Gluing two surfaces sharing a common boundary

Let My, M> be two identical pieces of a spherical cap of constant Gauss curvature reflective
along a common boundary curve I', and M = M7 U Ms. Then by the Gauss-Bonnet theorem,

/K—l— K+2/k¢:/K:47r.
My Mo r M
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Therefore the convex curve I' contributes positively to the total curvature of M. Conversely if T is
a concave curve then fF k contributes negatively to the total curvature.

In general, consider two manifolds M{", M3 joining along a common hypersurface £, M =
My U Ms, OMy = 0Ms = X. ¥ has two mean curvatures in M; and Ms, denoted by Hy, Ho,
respectively. Here our convention is that the standard unit sphere in the Eucliden space has
constant mean curvature 1. Then we actually have that

| )= /Ml R(g)) + /M2 Rig2) +2 [ (Hy+ )

in the sense that there is a smooth metric g on M such that its total scalar curvature is
arbitrarily closed to the right hand side. In fact, if Hy + Hs > 0 pointwise then one can actually
smoothen the metric on M to make its scalar pointwise positive. See [Mia02]. The motivation
behind it is following. Suppose M is a smooth Riemannian manifold. Let v = e, be the unit normal
vector of X pointing into M, ¢t be the coordinate such that t = constant representing hypersurfaces
of constant distance to ¥. Then by the Gauss equation,

n—1
Ryr — 2Ric(v,v) = Z Rf\fﬂ
ij=1

n—1

= > (Rijj — hiihj; + b))
ij=1

=Ry — H?> +|h|?

= Ry = Ry, — H? + |h)? + 2 Ric(v,v).
On the other hand, the derivative of the mean curvature assuming ¥ moves with unit speed v is
given by
OH
yr —Ric(v,v) — |h|%.

Therefore we conclude that
orr
ot

Now all terms on the right hand side except for 2%—? are bounded. In particular, if two manifolds

Ry = Ry — (|h|* + H?) -2

My, Ms meet along ¥ in such a way that H; < —Hs, then the last term %—ij behaves like a positive
Dirac-Delta function in M supported on 3.

Schwarzchild neck

FIGURE 3. Connect sum two manifold with a Schwarzschild neck
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Using this gluing-smoothening techinque, we will construct a metric in the unit ball with neg-
ative total scalar curvature. The basic model we use in our construction are Delaunay surfaces. It
is a periodic constant mean curvature surface in R3. Picture [4|is a picture E| of this surface.

FIGURE 4. A Delaunay surface with constant mean curvature

Take a half ball of radius % Dig out a portion of the Delaunay surface described above. Of
course in this procedure the constant mean curvature property is no longer preserved. However
the total negative part of the scalar curvature can be made as small as possible. Therefore we may
cap off a suffiently large part of the Delaunay surface to make it has positive total mean curvature
from outside, or negative total mean curvature from inside, as illustrated by the picture. Dig out
sufficiently many such ’Delaunay strings’ Si, ..., Sk, we have that the total mean curvature of the
boundary of the manifold Bi/z = By —51—...— S is less than —1. Now take two copies of Bi/r
reflectively symmetric across the unit disk, and identify the interior boundary from the Delaunay
strings. By doing so we get a new manifold By /2 which is diffeomorphic to a ball with a metric o
across the boundary. By the gluing-smoothening technique discussed above we may smoothen its
metric, and since now the total mean curvature along the boundary is sufficiently negative, the total
scalar curvature after smoothening is negative. Denote this new Riemannian manifold (B /2:9)-

Take By, C By and extend the metric g trivially into a new metric g in B;.

Ficure 5. Digging Delaunay holes in half ball

Consider the Dirichlet problem of —L in B;. The above shows that the first Dirichlet eigenvalue
A1(=L) < 0. Take the first eigenfunction u and some € > 0 such that u > € in B;/y. Define
v = %max{u, ¢} and smoothen it in By such that it is still super harmonic. With a slight abuse of
notation we still call this smoothened function v. Therefore we get a function v with the following
properties:

v=1on 0By, Lv>0.

IPicture from https://en.wikipedia.org/wiki/Unduloid
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4/n—2

Using v as the conformal factor, we see that R(v4/ n=2g) < 0in By /2. From above we conclude

PROPOSITION 4.5. There exits a metric g in By such that g is Fuclidean on 0By but the scalar
curvature is negative in By p.

Note that the above construction cannot be done for two dimensional surfaces. Since any
manifold is locally Euclidean, we deduce that

PROPOSITION 4.6. Any compact manifold M™, n > 3 admits a Riemannian metric with negative
scalar curvature.

In fact, the following stronger result of J. Lohkamp [Loh99| says that one can locally push the
scalar curvature down by an arbitrary amount.

THEOREM 4.7. Let n > 3 and (M"™,0M,g) be Riemannian manifold. Let f < R(g) in M,
f = R(g) on OM be a smooth function. Then for any € > 0 there is a metric g. which is equal to
g on OM such that f —e < R(ge) < f. Moreover, the metric g. can be chosen arbitrarily close to
g in C° topology.

As we have seen in this section, having negative scalar curvature does not put any topological
obstruction on a smooth compact manifold with dimension at least 3.

5. How about R > 07

A natural and important question in geometry is to characterize curvature conditions locally.
For instance, a classical result by Alexandrov suggests that positive sectional curvature can be
charazterized by the Toponogov theorem on triangles. Recently people have been able to give a
good characterization of positive Ricci curvature via optimal transport, see [LV09], [Stu06a] and
[Stu06b]. How about positive scalar curvature?

As a motivating example, take any two dimensional Riemannian disk (£2,92) with boundary
09 diffeomorphic to S'. By the Gauss-Bonnet theorem

/KdA:27r—/ kds.
Q GlY)

Embed 0 as a round S' in R?. Under this embedding, Joq kods = 2m. Therefore [, K =
Jaq ko — [5q k. suggesting that K > 0 implies [, ko > [5 k-
For higher dimensional manifolds, we have the following result of Y. Shi and L-F Tam [ST02].

THEOREM 5.1. Suppose (M?3,0M = ¥2) has nonnegative scalar curvature. Assume the mean
curvature Hy, > 0 and the Gauss curvature Kx, > 0. Isometrically embed X2 into R3 with mean
curvature function Hy. Then

/(HO — H)dA > 0,
b
with equality only when M is flat.

Recently Gromov suggested using polyhedron to characterize positive scalar curvature. His
proposal is the following: for a tetrahedron or a cube that has mean convex surfaces in a manifold
with nonnegative scalar curvature, the dihedral angles cannot be everywhere less than those of the
regular figures in R3.



CHAPTER 2

The positive mass theorem

1. Manifolds admitting metrics with positive scalar curvature

Previously we have seen that there is no topological or geometric constraints for a smooth closed
compact manifold to have negative scalar curvature. In fact by the theorem of Lohkamp we may
arbitrarily push down the scalar curvature. On the other hand, deforming the metric to increase
the scalar curvature may be hard in general. As a first observation, we have

PROPOSITION 1.1. Suppose (M™,go) is a compact and closed manifold with R(go) = 0 and
Ric(go) # 0 at some point. Then there is a nearby metric g such that R(g) > 0 everywhere.

PROOF. The simplest mordern proof is through Ricci flow. Under the Ricci flow
0 .
%7 = —2Ricy,
9(0) = go

The scalar curvature evolves by

OR )

E = AR + 2| RICgt |2.
By the maximum principle for all ¢ > 0 such that a smooth solution exists, R > 0 everywhere. The
result follows by the short time existance of the Ricci flow. O

REMARK 1.2. We may also look at the question from a variational point of view. Recall that
under a deformation g; = gg + th the total scalar curvature changes by

d . 1
@h:o%’(go +th)=— /M <Rlcg0 —§Rg0, h> d Voly,

=— /M (Ricg,, h) d Volg,

Where we have used that Ry, = 0. Note that if Ricy, is not identically zero, then by choosing
h = —Ricgy, the total scalar curvature will be positive. Of course, having positive total scalar
curvature along is not enough to guarantee that the scalar curvature is pointwise positive. However,
one may calculate the deformation of the first eigenvalue of the conformal Laplacian to conclude
that the scalar curvature can be made everywhere positive.

Let’s discuss a little bit the classification of manifolds admitting a metric with positive scalar
curvature.

EXAMPLE 1.3. Let (M*, go) be a K3 surface. That is, a four dimensional closed compact simply
connected Calabi- Yau manifold. It is Ricci flat, spin and has nonzero A genus. By a Dirac operator
argument M does not have any metric with positive scalar curvature.

We point here that in the study of positive scalar metrics, there are two main approaches.
One is through the study of minimal hypersurfaces, the other is through Diric operator on spin
manifolds. We will focus on the first approach here. We recommend a nice book of B. Lawson and
M. Michelsohn [LMB89] of the Dirac operator approach for interested readers.

The next example shows the subtlety of deforming the scalar on a Ricci flat manifold.

13



14 2. THE POSITIVE MASS THEOREM

EXAMPLE 1.4. Let n > 3, (M?",gy) be a Calabi-Yau manifold. In their work [DWWO05] X.
Dai, X. Wang and G. Wei studied the second variation of the total scalar curvature functional and
proved that the Calabi- Yau metric go is a local maximum. On the other hand, there exists a metric
g which is ’far’ from go such that %(g) > 0.

For simply connected manifold (M™, g) with n > 5, there is a complete classification for positive
scalar curvature:

THEOREM 1.5 ([GL80],[Sto92]). Let M be a simply connected manifold of dimension at least
5. Then M carries a metric of positive scalar curvature if and only if:

o M does not admit a spin structure, or
e M is a spin manifold with certain topological invariant a(M) vanishes (when the dimension
of M is a multiple of 4, a(M) is equivalent to A(M)).

See also the surgery result in [YS79].

For non-simply connected manifolds the existence of a metric with positive scalar curvature is
still open. On one hand, take n > 4 and an aribtrary closed compact manifold Mln_2. Then the
manifold M™ = MI"*Q x 82 carries a metric g with positive scalar curvature, since we may take
a scaling of the standard metric on S? such that the sectional curvature there is arbitrarily large.
On the other hand, there are certain instances where we do know the non-existence of metric with
positive scalar curvature. Let’s mention an open question in this direction.

OPEN QUESTION 1.6. Let M"™, g > 4 be a K(m,1) manifold, that is, the universal cover of M
is contratible. Can M carry a metric with positive scalar curvature?

When n = 3 with the help of Ricci flow we have a complete classification of manifolds with
positive scalar curvature, regardless of the fundamental group:

THEOREM 1.7. If a closed compact 3-manifold (M3, g) has positive scalar curvature then there
is a finite cover M — M such that M ~ S3#(S1 x S?)# - #(S! x §?).

2. Positive mass theorem: first reduction

Inspried by the classification result above, one readily sees that any compact closed 3-manifold
with a T prime factor does not support any metric with positive scalar curvature. Extending this
philosophy to the greatest generality, our central case is to study the existence of positive scalar
metrics on a manifold M" = M{'#T"™, where M is an arbitrary compact closed oriented manifold.
The best result until today can be summarized as:

THEOREM 2.1. Let M{', n > 3 a compact closed oriented manifold. Then M"™ = M{'#T" does
not have any metric g with positive scalar curvature, if either
e My is spin manifold, or
e n <8.

It is believed that these restrictions are techinical. The first case was done by Witten [Wit81]
with spinnors and index theory, and a spin structure is necessary for the argument; The second case
uses the theory of minimal hypersurfaces, and the dimension restriction is to prevent the singularity
of area minimizing hypersurfaces. As will be seen shortly, in higher dimensions the possibility of
singularities of area minimizing hypersurfaces adds significant amount of difficulty of carrying out
a similar argument. Our first goal is to remove the dimension restriction.

Let’s start the discussion of the positive mass theorem. Under the classical setup EL the objects
we consider are asymptotically flat manifolds.

IThere are versions of the positive mass theorem for manifolds with lower regularity.
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DEFINITION 2.2. A complete, noncompact smooth manifold (M™", g) is called asymptotically
flat (with one end), if outside a compact subset K, M — K ~ R"™ — B;(0). Let x1, z2,...,x, be the
pull back of the Euclidean coordinates via this diffeomorphism. We require the metric g to satisfy
n—2

2 9
Bgij = O] "71),  8%gyy = O(|x| 772
R(g) = O(|z|™), for some ¢ > n.

gij = 0ij + O(|z|™P), for some p >

We abbreviate the first decay condition by g;; = d;; + Oa(|z|7P71).
EXAMPLE 2.3 (Schwarzschild). On R™ — {0} the metric

4
m n—2
It is not hard to see that this metric is scalar flat and equals & + Oa(|z|~"*2) near infinity.

The mass of a gravitational system is not easily defined in the most generality. However, for
asymptotically flat spaces- or physically isolated gravitating systems- there is a notion of mass
called ADM mass (or energy) that mimic the usual Hamiltonian formalism. See [ADMS59]. We
define

DEFINITION 2.4. The ADM mass (introduced by R. Arnowitt, S. Deser and C.W. Misner) for
an asymptotically flat manifold is defined by
1 .
- g — Oeas)
m = 4(n _ 1)wn—1 O].L)ngo |x|:o. (alg’bj ajg%) v dS?
where v is the outward normal vector field of |z| = 0. wy—1 is the volume of the unit sphere of
dimension n — 1. The constant is chosen such that the ADM mass is equal to m for Schwarzschild.

REMARK 2.5. The limit exists in the above definition. Indeed, by Stokes’ theorem,

/| ‘ (Oigij — 0jgii) ude — (Oigl-j — 8]'92'@') deS
z|=09

|z|=01

= / Z(&iajgij - (9]‘8]‘91‘1‘) dVol.
0'1<|I|<0'2 ij
Therefore if >, j(a,-aj gij — 0;0;9i;) is an integrable function then the above boundary integral on

balls of radius ¢ is a Cauchy sequence and hence has a limit. Recall that the scalar curvature, in
local coordinates, is given by

R(g) = Z(aiajgij — 8;059:) + O((g — 6)0%g) + O((9g)?).
/L"j
It is assumed that
g—o=z|P, Pg=lx| P dg= x| P, R(g) ~ |z
and intergrability follows by virtue of |z|=2P=2, |z|~¢ € L',
Our main objective is to prove the positive mass theorem in all dimensions, namely

THEOREM 2.6 (Positive mass theorem). Let (M™,g) be an asymptotically flat manifold and
R(g) > 0. Then its ADM mass m > 0, and m = 0 if and only if (M", g) is isometric to (R™,9).
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REMARK 2.7. The above formulation is also called the strong positive mass theorem. The weak
PMT is usually referred without the rigidity part. Namely, mapays > 0 for asymptotically flat
manifolds with nonnegative scalar curvature.

In this section we first provide a connection of the positive mass theorem between the existence
of metric with positive scalar curvature on a compact manifold.

THEOREM 2.8 (Compactification theorem). Suppose for all closed compact manifold M{", M™ =
M7#T™ has no metric with positive scalar curvature. Then the ADM mass is nonnegative for all
asymptotically flat manifold with nonnegative scalar curvature.

The proof will be divided into two steps.

Step 1 If (M, g) is asymptotically flat with mapys < 0 then there is a metric § with conformally
flat asymptotics and mapy < 0 and R(g) = 0.

DEFINITION 2.9. Call a metric § conformally flat asymptotics, if

4 .
gij = un—2 (5ij outside a compact set
Au =0 near co
u—1 as|z]— o0

Step 2 This is an observation due to J. Lohkamp. If (M, g) has conformally flat asymptotics and
mapy < 0 then there exists a metric g with R(g) > 0 and § = ¢ near oo.

Assuming these results, the compactification theorem follows. Take M7 to be a manifold
diffeomorphic to the 1-point compactification of M. Take a big cube C on (M™,g) such that
g is Euclidean outside C'. Since a neighborhood of the faces of C' are Euclidean, and C' is the
fundamental domain of the group Z", we may isometrically identify the corresponding faces, and
get a compact manifold M. As a result the manifold M;#T" is diffeomorphic to C/ ~ and carries
a metric with positive scalar curvature.

In the proof we are going to use the following important function property of asymptotically
flat manifolds.

PROPOSITION 2.10. Suppose (M™,g) is an asymptotically flat manifold. Then there exists a

2n
constant eg = €o(g), such that if f is a smooth function, f € LINL»+2 with q > § and || f_|| /2 < €o.
Then the equation

(2.1) {Au—fu:() on M

u—1 as|z] — o0

has a unique positive solution. Moreover, near infinity u has asymptotics

A —2

PROOF. The proof we include here are taken from [SY79]. Another nice treatment using
weighted Sobolev space can be found in [Bar86].
Let v =1 — u. We then try to solve the equation

(2.3) Av—fov=—f on M
v—=0 as|z]— o0

On a compact subset B,, consider the Dirichlet problem

(2.4) Av,. — fu, = —f in B,
v, =0 on dB,
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We show that equation has a unique solution. By Fredholm alternative, it suffices to prove
that the homogeneous equation

(2.5) Aw— fw=0 1in B,
w=0 ondB,

has no nonzero solution, provided || f_||; /2 is sufficiently small. In fact, suppose w is a solution of
equation Multiply w on both sides of 2.5 and integrate by parts, we have

(2.6) / |Vw|? = —/ fuw? < faw?
T B’r BT
By the Cauchy-Schwartz inequality and the Sobolev inequality,

s () (=)
<o (/f) (/B |vw|2> '

Combine equation [2.6|and 2.7 we see that w = 0, provided || f_|| n/> < 1/c1. Hence[2.4)has a unique
solution v,.. Multiply v, on both sides of using Cauchy-Schwartz and Sobolev inequality again,

we see that
[was [+ [ 1o
o) ()l ) (o)

Therefore there is a constant ¢y depending on (M, g, f) such that ||UTHL27n < cg and ||Vup|| 2 < ca.

(2.7)

n—2
The standard theory of elliptic equations conclude that v, has uniformly bounded C?® norm. By
Arzela-Ascoli we may pass to a limit and conclude that 2.3 has a solution.
A similar argument proves that the solution is nonnegative everywhere. Otherwise there exists
an open set {2 such that

Au—fu=0 1inQ
u=0 on Jf.

This contradicts the Sobolev inequality and the choice of ¢y as above. By the strong maximum
principle u is positive everywhere.

To get the asymptotic behavior of the solution, we take the Green’s function the Laplace
operator on M. To do so consider the function

(2.9) Q(a,y) = Zgz‘j(w)(yi — ")y —a7)

Then we have, by virtue of asymptotic flatness, that
C§1|$ - y|n—2 S Q(Qj,y) S Cg’l’ - y|n—2’ Czl|x - y|n_3 S ayQ(:Evy) S C4‘l’ - y‘n—3,

(210 tim_Jol"2Q(r, ) = 1.
|z| =00

The function Q(x,y)~! resembles the Green’s function in a precise manner, namely

(2.11) AyQ(z, )= —(n— Dwn_16.(y) + €(y), € is a function with rapid decay.



18 2. THE POSITIVE MASS THEOREM

Multiply Q(z,y)~! on both sides of and integrate on a large region D, (z), we find that

(n = Dwn_10(z) = / v(y)Ea(y)d Vol - / (fo+ ()@, y)~"d Vol
(2.12)
/8D ldS v(y)j—nQ(x,y)_ldS.

0D,

By a direct calculation one checks that every term on the right hand side of converges to
zero as r approaches to infinity, except for [(fv+ f)(y)Q(z,y) 'd Vol. Using we find that

(213) tinfo" 2 [ (f0+ H)Qy) Vo) = [ (Fo+ He)dVolly).
|z|—o00 M M
This proves the desired asymptotics. ([l

The next lemma follows from a direct calculation. It relates the mass of a metric and its
conformal change.

LEMMA 2.11. Suppose (M™, g) is an asymptotically flat manifold, uw =1+ o |n =g + O(|z|~"11).
Then the mass of (M, g) and of (M,umg) are related by
(2.14) m(un=2g) = m(g) + (n — 1)A.

REMARK 2.12. In fact, it is proved in [Bar86] that if the metric is asymptotically flat and
conformally flat, then the leading coefficient A in the expansion of u is equal to m/(n — 1).

We are now ready to prove theorem

PROOF FOR STEP 1. Solve the equation
Lu=0 onM
u—1 as|z|— oco.

Then the solution u exists and satisfies

A
(2.15) O<u<l, u= 1—W+O(M_2),

where A = m fC(n)Ru 2 0.
4
The metric ¢’ = un—2g then satisfies

R(g) =0, m(g") <mlg).
Denote ¢’ = d +«, aij = Oa(|z|™P). Take a cutoff function =(r) compactly supported in Ba,(0)
and is 1 in B,(0). Consider the metric ¢ defined by
9ij () = 0ij + E(|z[)exi
Then §;; = 05 + O2(|z|™P) uniformly in 7. Since R(¢") = 0 and a;; = O(|z| ™), for r sufficiently
large we have that

IR(G)-ll s> < €0
We then take the solution of

(2.16) {Lgvzo in M

v—1 as|z| — oco.

2The Sobolev constant is equivalent to the isoperimetric constant. Therefore for a sequence of metrics converging
in C° their Sobolev constants are bounded. This means that ey can be chosen independently of r.
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4
And let g = v»—2§. We see that the metric g then satisfies

4
gij = un—20;; outside a compact set,
(2.17) Au=0 near oo,
u—1 as|z| — oc.

In other words, the metric g is conformally flat asymptotics. By choosing r sufficiently large, the
mass of g and § can be arbitrarily close. Therefore the mass of g is also negative. O

PROOF OF STEP 2. Suppose g is conformally flat asymptotics, g = uﬁé, and m(g) < 0. Note
that u is not a constant function. We are going to see that there exists a metric § such that
R(g) > 0, g = 0 near oo.

By virtue of proposition [2.10] we know that

A
(2.18) u(z) = 1+W+O(|zl A <o,
Therefore we may find € > 0 and r > 0 such that max,—, u <1 —e.

The function v = min{u,1 — §} is the minimum of two harmonic functions, hence is super-
harmonic. Mollify v to be a smooth function such that it is still super-harmonic and equals to 1 — §
near infinity. By slight abuse of notation we still denote it by v. Note that since v is not a constant
function, the function v is not harmonic for sufficiently large r.

Define a metric

nsid <
(2.19) G = {g inside |z| < r

vi=2§  when |z| > r.

Then we find that R(g) is nonnegative everywhere and is not identically zero.
Near infinity,

4
5 €\ s
gij = (1 - 5) * 0.

. 2 .
In a new coordinate system y* = (1 — §)»—22" the metric is Euclidean near infinity.
O

As a last step in this reduction, let us look at the rigidity case of the positive mass theorem. In
fact, the structure of asymptotically flat manifolds impose a strong condition of the manifold near
infinity that the weak version of the theorem also implies the rigidity case.

THEOREM 2.13. Suppose on any asymptotically flat manifolds (M",g), n > 3, we have the
weak positive mass theorem. Namely if the scalar curvature is everywhere nonnegative then its
ADM mass is nonnegative. Then we also have the rigidity case. That is, m = 0 only when (M™, g)
is isometric to (R™,6).

PROOF. The proof proceeds by first showing that R(g) = 0, then Ric(g) = 0, then R;j1,;(g) = 0.
We first prove that the scalar curvature of M is identically zero. For the sake of contradiction
let us assume sup R(g) > 0 on M. Solve the equation

(2.20) {Au —c(n)Ru=0 on M,

u—1 as|z|— oco.

Then a unique solution u exists and 0 < u < 1. Define g = uﬁg. Then R(g) =0 and
(2.21) m(g) = (n — 1)mg + m(g),
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where my is the leading order term in the expansion of u:

(2.22) u(x )—1+2| = +O(|z[*™).

The fact that 0 < u < 1 tells us that mg < 0. However, by Proposition [2.10] mg can be obtained
by integrating equation [2.20] against the Green’s function:

(2.23) mo = —Ch(n) /M Rlg)u < 0.

Therefore m(g) < 0, contradiction.

Next we prove that the Ricci curvature of M is identically zero. This is done by calculating
the first variation of the mass under a compactly supported deformation of the metric. Let h be
a compactly supported (0,2) tensor and g; = g + th, where g is an asymptotically flat metric with
zero scalar curvature. Consider the equation

{Atut - C(n)R(gt)'LLt = 07 on M7

(2.24)
ug — 1 as |x| = oc.

For any h since the scalar curvature depends smoothly on ¢, we have that HR(gt)H L3/2 is suffi-
ciently small Therefore the equation has a unique positive solution u; by Proposition 2 Define

Gt = u/2gr. Then R(g;) = 0. Let m(t) denote the mass of the metric §;. Using the asymptotic
formula again we see that

(2.25) m(t) = —Ci(n) /M R(g¢)usd Volg,,

hence in particular m(t) is C? differentiable in ¢. Taking its first derivative at ¢t = 0, and use the
facts that ug = 1, R(gg) = 0, we have

% m(t) = —Ci(n) /M R(0)d Vol

(2.26) =0

= C1(n) /M (Ricg, h) d Vol.

See the calculation in equation for more details in the above differentiation. If Ric is not
identically zero then take h = n Ric, n a cutoff function, we see that

d
pr t:Om(t) # 0.

This means that for some small ¢, m(t) < 0, contradiction.
We then prove that the Riemannian curvature tensor is zero on M. Recall that by Bishop-
Gromov volume comparision theorem, since Ric > 0 on (M, g), the ratio

Vol(B;(p))

is a monotone decreasing function in o for any point p. However, since (M, g) is asymptotically

flat, we get that
Vol(B,
li ol(Bs(p))

=1.
o—00 wpo™
On the other hand we also know that lim,_,q %{;&p)) = 1. Therefore the volume ratio
Vol(B,(p))

L,

wpo™
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for any point p and any radius o. By the rigidity statement of Bishop-Gromov theorem we have
that (M™, g) is isometric to (R™, ).
O

Let us highlight the conclusion of this section:
No metric on M'#T™ with positive scalar curvature = Positive mass theorem.

3. Minimal slicing

In this section we study metrics on manifolds M7'#1™, where M7 is a closed compact oriented
manifold. Our goal is to prove

GoAL 3.1. For any closed compact oriented manifold M{*, n > 3, there is no metric with
positive scalar curvature on M{'#1™.

The idea is to perform induction on the dimension n by constructing a nested family of min-
imizing hypersurfaces with precise control on their scalar curvature in each stage. We begin by
introducing the general strategy to do this induction.

3.1. General strategy. We first give some intuition of the conctruction we will make. For
the sake of simplicity let us for now ignore the regularity issue that will be dealt with eventually.
For k < n, the object we would like to have is a nested family of oriented submanifolds

Y C--C X C Xy =(M,g)

such that each ¥;_1 C X; is a least volume hypersurface for some weighted volume function in its
homology class. The construction is done through a backward inductive procedure which we will
briefly describe now.

Suppose there is a nontrivial (n — 1)-dimensional integral homology class in (M™,g). By the
general existence theorem in geometric measure theory, take ¥, _1 C M to be a volume minimizing
current representing this class. Let us assume that 3,1 is a properly embedded minimal hyper-
surface. Then it is also a stable minimal hypersurface, meaning that the second variation of its
volume is always nonnegative. Choose u,—1 > 0 on X,_1 to be the first eigenfunction of the Jacobi
operator determined by the second variation, and define p,—1 = up—_1.

Assume, by induction, that we have already constructed ¥;;1 C --- C ¥,—1 C X, = M,
together with the positive functions w;, p; on ¥;, [ > j + 1. Then Let ¥; be a volume minimizer in
some nontrivial homology class in ¥;41 of the weighted volume functional

ij+1(2j) :/ pj+1de7

J

where dH’ is the j-dimensional Hausdorff measure induced from the ambient metric on (M™", g).
Assuming regularity of 3;, choose u; on ¥; to be the first eigenfunction of the Jacobi operator,
and inductively define p; = u;p;i1.
DEFINITION 3.2. We call a nested family of minimal surfaces
ZkC"'CZn_l Czn:(M,g)
and positive functions wj, p; a minimal k-slicing, if ¥; C ;41 is a volume minimizer for the
weighted volume functional V), u; is the first Jacobi eigenfunction on 3;, and p; = u;jpji1.

+17

EXAMPLE 3.3. A trivial example of a minimal k-slicing can be constructed in X* x T™F,
equipped with a product metric gx + &, where & is the flat metric on the torus. Indeed, just take the
nested family of totally geodesic embeddings

XcXxSc...cXxx1k

with all the Jacobi eigenfunctions and weight functions uj = p; = 1.
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The geometric significance of a minimal slicing is the folloiwng.

THEOREM 3.4. If the scalar curvature on M is positive, then for an appropriately chosen min-
imal k-slicing

YpC---CYp1 CE,=(M,yg),
¥, is Yamabe positive for every k <1 <mn. In particular, if k = 2 then X is diffeomorphic to S>.

In example if we further let X = S? equipped with a metric with positive Gauss curvature,
then the above theorem just says that the trivial minimal 2-slicing on S? x T"~2 given by

S?cS8?xStc...cS?xTn?

is such that each S? x T7 is Yamabe positive.

One sees that the existence of a minimal k-slicing depends on the topology of (M, g). To get the
first hypersurface one needs a nontrivial integral homology class a,,—1 in H,,—1(M,Z). In general,
a n — j dimensional submanifold in M may be viewed as the intersection of j — 1 hypersurfaces.
Given n — k integral homology classes a1, -+ ,ap,_k in Hy,—1(M,Z) such that ay N---Nay,— # 0,
we may minimize the weighted volume in the class oy N --- M ¢ inductively in the construction of
a minimal k-slicing. Using Poincaré duality, this is implied by the existence of n — k one forms
Wi, wnok € HY(M,R) such that wy A -+ Awp,_p # 0.

Note that such an assumption is naturally satisfied by the torus T, for every k = 1,--- ,n.
Moreover, it is satisfied by any manifold M™ which admits a degree one map to 7", by pulling
back those 1-forms on 7™. In particular, the manifold M™ = M{'#T™" in our consideration has the
correct topological structure for the construction of a minimal k-slicing. We will give more details
later.

3.2. Geometry of second variation. The proof of Theorem [3.4] granted that all the nested
submanifolds X; are embedded, relies on the second variation of a stable minimal hypersurface.
Suppose (X1 € (M™, g) is a two-sided embedded stable minimal hypersurface with a unit vector
field v. Then S(p,¢) > 0, for any ¢ € C3(2), where the quadratic form S is defined to be

(3.1) S(p.p) = /E (IV6l2 — (AP + Ricar(v, 1)¢?)

To see the connection between the stability and the scalar curvature, let us choose a local frame
e1, - ,e, with e,, = v. Then

n n—1
(3.2) Ry = Rl =2Ricy(en, en) + Y Ry
i,j=1 hj=1
By the Gauss equation, Rf\;fﬂ = Rizjji + hiihj; — hfj. Plugging this into we get

(3.3) Ricar (v, v) = %(RM — Ry — |AP).

Therefore the second variation may be rewritten as

(3.4) S(ove) = [ 196 = 3(Ras — Bs + 4P = - [ i,
J = Ay, + 3(Ry — Ry, +|A[?) is the Jacobi operator.

We compare two interpretations of the connection between the stability of a minimal hypersur-
face and the positivity of scalar curvature.
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e Conformal interpretation. If 3 is stable and Rj; > 0 then X is Yamabe positive.
To see this, let us use the similarity of the Jacobi operator from stability and the
conformal Laplacian. We see that for any ¢ € C3(X),

0<S(p,9)
1
< / Vel2 + L Ryy?
n 2
1

= 2¢(n) /E2c<n>lw|2 + ¢(n)Rg?
1

= 2¢(n)
Note that we have used c¢(n) = 4(7;7__21) < % We therefore conclude from the variational
characterization that A;(—L) > 0, L is the conformal Laplacian.
Therefore we may conformally deform the metric on ¥ with positive scalar curvature,
and find a stable minimal hypersurface of it. The induction may be carried.

e Warp product interpretation. Assume S(p, ) > 0 for any ¢ € C}(X), that is, stability
of X. Then there exists a positive first eigenfunction u of the Jacobi operator. On the
manifold ¥ x S' consider the warp product metric gs; + u?dt?, where gy, is the induced
metric on ¥ and ¢ is the parameter on S'. Then the scalar curvature of this warp product
can be easily calculated as

/ Vgl? + c(n) Reg?.
>

1
R(gs + u?dt?) = —2u™' (Au — QREu)'
Since Ju = —A\ju, A1 > 0, we then conclude that
1
R(gs + u?dt?) = —2u~ (Au — EREU)

1 1
S o, 1(_1 WAL
> —2u"( 2RMu 2|A| u)
= Ry + A%

Therefore if Ry > k then R(gs, + u?dt?) > k.

To illustrate the inductive procedure, suppose we already have 3,1 C 3, stable.
Then by above calculation R(g,—1 +u2_;dt2_;) > x> 0. For an embedded hypersurface
Yh_2 C ¥,_1, we may embed ¥,_5 x S! into ¥,_1 x S by taking identity map on the
S1 factor. Then the volume of ¥, o x S! with respect to the warped product metric
gn-1+ dt2_| is given by

Vol(S,, o x SY, gn 1 +dt2 ) = / Up_1dH" 2.
Yn—2
We then minimize the volume of ¥,,_5 x S! among all the embedded hypersurfaces ¥, o,
namely consider the minimization problem
inf{Vol(%,_2 x St gn1 + dt%,l) : Yp—2 C Xy is an embedded hypersurface}.
Take pp—1 = up—1. Note that this is equivalent to the minimization problem
inf{Vol(X,,—2,gn-1) = / Up_1dH"" 2 : %, _5 is an embedded hypersurface}.
En72

In a general inductive procedure, suppose we have already constructed X, _;;1. Then
for an embedded hypersurface X,,_; C ¥,,_j;1, the volume of the embedded hypersurface



24 2. THE POSITIVE MASS THEOREM
Yn—j X Ti-1 ¢ Yn—jt1 X Ti=1 is given by

Vol(2n—; x Tj_lvgn*j+1+u%—j+1dt721—j+l +o A un_gdty )

3.9 .
( ) — / un7]+1 P unild’)]_ln—].
Y-

J
We then minimize for an embedded hypersurface X,,_; C ¥,,_;41, the volume of X,,_; x
Ti—1 Yn—ji1 X T7—1. Note that this is equivalent to the minimization of Yn—j CXp_ji1
with the weighted volume.

When the dimension of M is less than or equal to 7, area minimizing hypersurfaces are smooth
and embedded. In this case both the conformal interpretation and the warp product interpretation
can be used to prove the nonexistence of a metric on M{'#7T™ with positive scalar curvature, and
the positive mass theorem follows. Such an argument can be generalized to dimension 8 with
some extra work. In fact, in dimension 8, only isolated singularities may occur for a minimizing
hypersurface 7 C M®. They can be perturbed away by the result of N. Smale [Sma93]:

THEOREM 3.5 ([Sma93]). Suppose M? is a closed compact manifold, o € H7(M,7Z). Then there
is a set of metrics, dense in the C* topology for any k, such that there exists a X(g) representing
a which is homologically volume minimizing and is reqular.

Using this theorem the positive mass theorem also holds in dimension 8: we just need to deform
the ambient metric on a manifold M f#TS such that the scalar curvature is still positive everywhere,
and the volume minimizing hypersurface is regular.

However, in general dimension singularities of area minimizing currents may occur. The ad-
vantage of the warp product interpretation over the conformal interpretation is two-fold: with the
presence of singular metric, there is few control of the first eigenfunction near the singularities;
Also in the conformal interpretation, Ry; > k does not imply Ry > k. We therefore use the warp
product interpretation in our proof.

To better handle the singular set it helps to work with a quadratic form which is more ’coercive’.
To see this, define

(3.10) Qe ¢) = S(p.p) + /E P,

P is a positive function to be chosen later. If the hypersurface is stable then an eigenfunction w of
Q provides a bound of P and u? in an integral sense, by virtue of

/EPUZ < Q(u,u) < A1/2u2.

This is an analytic advantage for us.
On the other hand, this extra term a priori may cause some geometric disadvantage, since for
the first eigenfunction wu,

(3.11) —Ju+ Pu= A\u, X >0.

1
(3.12) = Aut S(Ry — Ry + |A*)u? — Pu <0.

We then see that the new scalar curvature of the warped product metric gs, + u2dt?> becomes
(3.13) R(g + u®dt?) > Ry + |A]> — P.

Therefore it is safe to pick P ~ %|A|2 to keep the scalar curvature lower bound. The idea is to
choose P; on X;, on one hand large enough such that it makes the analysis work, and on the other
hand small enough such that it still makes the scalar curvature uniformly bounded from below.
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3.3. Calculation at regular points. We fix some notations and derive necessary geometric
formulas that hold at smooth points. Ignoring regularity issues for now, consider a smooth minimal
k-slicing

Yp C - C Xy,

¥; minimizes the weighted volume V), ., (-) among oriented hypersurfaces in ¥; ;1. Let g be the
metric on ¥y induced by the embedding ¥, C ¥, v; be the unit normal vector field of ¥ C ¥41.
Then vy, - -+ ,v,_1 forms an orthonormal basis of the normal bundle of ¥;. Denote Ay the vector
valued second fundamental form of ¥, in X, that is, for any tangent vectors X,Y on X,

n—1
AXY) = (V) =3 A (XY ),
p=k

where A7 is the scalar valued second fundamental form defined by A,” = (A, v,). Clearly we then
have

n—1
EPEE
p=k
There are two more relavent metrics g; and g;. On X; x T' "=J define a warped product metric
n—1
(3.14) g =g;+ > uldt.
p=j

Here (tj,--- ,t,—1) are variables on 7777, u,, is the first eigenfunction of a quadratic form @, on
¥, which we will define later. Then

VOI(Z]' X Tn—j’gj) = / pjdljj,

J

dv; is just the j dimensional Hausdorff measure.

Recall that ¥; C ¥;41 is a minimizer of the weighted volume functional V),

41, OT equivalently

Ej x Tn=I71 C 2j+1 X jjn_j_1
is minimizing for the metric gj;+1. Let g; be the metric on X; x T"=3=! induced from the embedding
¥ x TPI971 C B9 x T"I7L Equivalently

n—1
- 2 112
(3.15) gi =9; + Z uydty.
p=j+1
We point out here that despite their appearing similarity, the metrics g; and g; have very
different geometric behaviors. In particular, the metric g; more or less has positive scalar curvature.
Let A; be the second fundamental form of X; x 7" 9=1 C £;,1 x T"7~1. We then have

LEMMA 3.6.
n—1
(3.16) Ay =AY = 3 wy(vup)dtl,
p=j+1
B n—1
(3.17) A2 =147+ Y (vjloguy)?.

p=j+1
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PROOF. On X;; take a local orthonormal frame eq,-- -, ej41 such that e; is the unit normal
vector field of ¥; C 31 Forp=1,---,n—j—1let Y, = 0;,. With a slight abuse of notation
let us denote eq,---,ej41 the vector fields under the embedding ¥; x Ti-1 Y1 X Tn3-1,

Note that they are still orthonormal with respect to the metric g;11, and e; is still the unit normal
vector field. For notational simplicity let us abbreviate g;+1 to g and gj4+1 to g.

To calculate the second fundamental form, we first see that if X, Xo € span{eg,--- ,e;41} then
- 1. . . .
Aj(Xq, Xo) = 5911 (X19(X2,e1) + X2g(X1,e1) — e19(X1, X2))
1
(3.18) = —g" (X19(X2,e1) + X2g(X1,e1) — e19(X1, X2))

2
= A7 (X1, X2).

We also have the calculation for A(e;,Y,) and A(Y,,Y,):

(319) Aj(enYy) = 50 @@, e1) + Vpileiser) — e V) = 0.
(¥, ¥) = 50 10500V, 01) + Y (V1) — e1g(¥y, Yy)
(3.20) = _%elﬁ(vaYq)
= —515enl(up)’

We therefore get the expression for flj. Take the square norm with respect to the metric g; we get
the desired formula for |A;[2.
O

For any function ¢ on X;, it can be viewed as a function on XJ; x T"~J which does not depend
on T 7. The Dirichlet integral is then equal to

/ IV pj1dp;,
3

and therefore the weighted Laplacian is given by
(3.21) Ajp = pyly div(pj11Ve).

Let us now define the coercive quadratic form Q).

3 _
Qj(p,¢) = Sj(p, ) + S/Ej [!Ajlz

(3.22) T
g O (5loguy + 1A, pyidu
p=j+1
We also assume that A, = 0,u, = 1. S; is the second fundamental form with respect to the
weighted metric, given by
1 . - .
(3.23) Sj(s ) = /Z [!VMQ = 5By = By + \Aj\Q)@Q} pjr1dps;.
i

Note that the quadratic form @); is more coercive than the second fundamental form, and hence
by choosing u; to be its first eigenfunction, the scalar curvature of the warped metric tends to
decrease. Nevertheless we still have the geometric theorem, Theorem namely

THEOREM 3.7. If R, > k and a minimal k-slicing exists. Then:

o Fork <j<n-—1, if ¥; is a smooth submanifold then it is Yamabe positive.
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o [fk =2 then X is a union of two spheres with diameter bounded from above by %

o I[f k=1 then X1 is an arc with length bounded from above by 2—\/%

We prove this theorem through a number of calculational lemmas. We begin from the following
basic lemma in local calculation.

LEMMA 3.8. The scalar curvature of the warped product Riemannian manifold (X x St, g+u?dt?)
s given by

(3.24) R(g +u?dt*) = R(g) — 2u™ ' A u.

PRrROOF. Choose z!,---, 2" to be a local coordinate system on ¥ normal at one point. Then

01, ,0n,0t/uis alocal coordinate system on ¥ x S normal at one poin. The covariant derivatives
involving ¢ are given by

2
Vo0 =0, Vo0 =-2 Z(@iu)ua
The scalar curvature is then given by

R(g+ u’dt*) = R(g) +2 Z Rigt;
= R(g) +2 Z (ViV, u(0/u), 8;) — (Vo, 1, Vi(Or/u), 7))

1 1
= R(g) +2 Zaz‘(—a@'u) = E(@:U)Q

= R(g) — 2u'Au.

O
LEMMA 3.9. The scalar curvature of the metric g; is given by
n—1
(3.25) R;=R; -2 Z uglAjup -2 Z (Vjlogup, Vjloguy) .
p=j+1 j+1<p<q<n—1
Or equivalently,
~ 1/2 1/2
(3.26) Rj=Rj—4p; 4 2N ]il Z IV log uy|?.
p=j+1
ProoF. We apply [3.24] finitely many times in an inductive manner. For k = j+1,--- ,n —1

let g = g; + Zz ,1 127dt2 We prove the formula

n—1
Rk = Rj — ZZuzlejup -2 Z <V] logup,Vj loguq)

= k<p<q<n-—1
by a finite reverse induction on k‘ When k& = n — 1 the formula follows directly from [3.24, Now
suppose the formula is correct for giy1. Note that gy = g1 + ukdtk We apply - 3.24] to obtaln

Ry = Ryq1 — 2uy " Ay uy.
Note that u; does not depend on the extra variables t,. We use to write Ak+1 in terms of A;:
n—1
LA =u; tp L divg Viug) = u, A v;l v;l
uy Apprug = uy, ppq div; (Pr+1Vjug) = uy Ajuy + (Vjloguy,, Vjloguy) .
p=k+1

Here pp = up - - - up—1. The formula follows from induction.
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To prove [3.26] we observe that the cross terms appear in |3.25| can be rewritten as

n—1
2 Z (Vjloguy, Vjlogug) Z V,log up - Z 1V jup .
j+1<p<q<n—1 p=j+1 p=j+1
Therefore
Rj =R; -2 Z (Aj logu, + |V log up\Q) -2 Z (Vjloguy, Vjlogug)

P J+1<p<g<n—1

= Rj — QAJ' log Pi+1 — Z ‘Vj log Up|2 — |V] log Pj+1|2
p

71/2 1/2 2

= Rj — ]—i—l Aj( ]+1 Z [V logupl”.
p=j+1

0

Next we calculate the scalar curvature of the metric g;. We point out again that g; and g; are
very different geometrically.

LEMMA 3.10. The scalar curvature of the metric g; is given by

n—1 n—1 n—1
. 1 . 1 _
(3.27) Rj=R,+2> M+ i > AP - - > (IVplogug? + 447 |
p=J p=j q=p+1

where A is the first eigenvalue of the quadratic form Q.

PROOF. Recall that wuy is the first eigenfunction of Q) associated to A\, and that Qy is given
by

1 . _
Qo) = [ |19l = (R - Rie?

I 1 « .

~3 |Agl® — - > (IVilogug|* + [Ax|%) 902] Prt1d 4k
p=k+1

Denote Ly the linear operator associated to Q. Then

n

1 ~ 1 ~ 1 -
L= A+ 5 (Rk+1 Re) + 5 | Agl? - - > (IViloguy|* +[4,7) |,
p=k+1
and u, satisfies the eigenfunction equation Lyuy = —Apug, A > 0.

We prove by a reverse induction beginning with j = n — 1. From we have that
R, 1=R,_1— 2u;i1An_1un_1. The equation u,,_1 satisfies is

1 1 -~
Ap_1up—1+ §(Rn - Rn—l)un—l + §|An—1‘2un—1 = —Ap—1Un—1,

and so we have R,_1 = R, + 2 \n_1 + i\[ln,ﬂ?. This proves the result for j =n — 1.
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i Supposia is satisfied by gj;1. We first observe that g; = g; + u?dt?, and therefore I%j =
R; — Zuj_lAjuj. On the other hand u; satisfies the equation

~ 1 - -

Ajuj + §(Rj+1 — Rj)uj
12 1 ¢ 2 12
P 1A =23 (9 10mupl? + 14, | wy = ~Agu.
p=j+1

Substituting this above we have that

. ~ 1
Rj = Rj + 2[/\j + §(Rj+1 — Rj)

1 [ - " .
g (1P -5 3 (95w 14,7 ) |
p=j+1
1 [, 1 — _
=2+ Rjs1 + 5 A7 - - > (IVlogup|* + [4y]%)
p=j+1
Therefore 3.2 follows from the induction. O

LEMMA 3.11. Assume the scalar curvature R,, > k. Then Rj > K — %Ez;jl |V;log up\Q.

Proor. From we have the expression for the second fundamental form |f~1j]2. Therefore

n—1 n—1
3 (n|Ap\2 =Y (9, logu,? + \Aq|2>)

p=J q=p+1
n—1 n _ n N
>3 (X1 Y (Vplogug + 14,
p=j \r=j q=p+1

n p—1

n—1
> Z Z Z(l/r log ug)? — |V, log ug|?

p=j ¢=p+1l | r=j

n—1 n
:_Z Z |V;_1logu,|*

p=j q=p+1
n
> —n Z IV log ug|?.
a=J
We therefore conclude that if R, >  then R; > x — %ZZ;} |V log uy|?. O

Combe this with we find that

n—1 n—1

- . 1
AP+ R = m+ Y (loguy)? = 7 D [V logu,
p=j+1 p=j+1
(3.28) =
2
> K— Z Z |Vj10gUp| :
p=j+1

The importance of is that it implies the following unweighted estimates using stability.
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PROPOSITION 3.12. Assume stability (S;j(¢,¢) > 0) on ¥; equipped with the warped metric,
that is, for any smooth function o,

(3.29) /z (Rjs1+ | A5* = Ry)@®pjadp; < 2/2 Vel pi1du;.
i i
Then we have, for any smooth function o,

n—1

3
(3.30) / Rt Y IVilogu* — Ry | ¢Pdu; < 4/ IV jl2du;.
2 4 p=j+1 %

PRrOOF. We use [3.28] and [3.20] into the stability inequality [3.29] and get that, for any smooth
function ¢,

1 n—1 1 s n—1
/ [E 4 Z |V log up|2 — R; + 4Pj+{ Ajpj—/i-l + Z |V, log upﬂ 902Pj+1d,uj
2 p=j+1 p=j+1

(3.31) < 2/ Vel

J

< 4/ Vel dp;.

%

Replacing ¢ by gppj_jf, we are able to cancel the weight p; 1 on the left hand side. For the right
hand side we see that

—~1/2 —-1/2 —-1/2
4/\V(<ij+{ )?pje1 = 4/|V<P\2 + 2001V Vi, 17) + @2V,0 P s
Using integration by parts, we have

1/2

Vo
1/2 —-1/2 +1

4 / 2s0pjilvw-ij+{ =—4 / V(e?) - v
Pj+1

1/2)

A(P'H 1/2
:4/¢21J/2—/¢2\V10gpj41]2.
Pj+1

Plugging this into we see that all terms involving p;11 cancel, and the desired estimate follows.
O

Now the geometric theorem, Theorem is a direct consequence of Proposition [3.12

PROOF OF THEOREM [3.71 A smooth compact closed manifold X" is Yamabe positive if and

only if
/—Rso2 < C(n)l/ Viepl?,
> >

for any smooth function ¢. Since ¢(n) = 4(’%7__21) < 1, ¢(n)7! > 4. The statement follows from

Proposition [3.12
For the diameter bound, consider any curve ;. Take s to be the arclength parameter, 0 < s <.
From Proposition we have that

l l
. / s < 4 / (¢/(s))%ds,
0 0

for any compactly supported smooth function ¢. Therefore 7;—22 > 4. Therefore [ < % O
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REMARK 3.13. About the sharpness of the constant in the diameter bound, one might speculate
that the following example should be optimal. Take M = S? x T™2, the product of a two-sphere
and a flat torus, equipped witht the product metric. Then R = 2Kg» = k. Then Kg2 = k/2. By
the Bonnet theorem we see that

s Vor

diam(S?) < = —.
(57) < K/2 VE
In our bound the constant is 2 instead of /2. The sharp bound is not known, but when we used

the inequality 2 < 4 we lost information. If the extra term could be exploited the bound might be
improved.

3.4. Existence and regularity. We discuss the existence and regularity of a minimal k-
slicing. For a volume minimizing hypersurface 3,1 C 3, let §,_1 be the closed subset of singular
points, and R,,—1 = X,—1 \ Sp—1 be the regular set. The standard theory of volume minimizing
hypersurfaces then implies that dimS,—1 < n — 8. For a nested family of currents

Y, C-- C Xy,
we define
DEFINITION 3.14. The regular set R; is defined to be the set of points
{x € ¥; : there is an open neighborhood O of x such that O N%, is regular, p=j,--- ,n — 1.}
The singular set S; = £; \ R;.
We clearly have that
(3.32) dim(S;) < max{dim(S;4+1),n — 7}.
In the regularity theory we are going to prove that
dim(S;) < j—3.

The basic strategy for this partial regularity theorem is to use a dimension reduction argument
and study homogeneous minimal slicings in the Euclidean spaces. As a first step, it is essential to
understand the construction of the weight functions p, in presence of singularities. In particular,
we will need an argument to prove that each eigenfunction u, is not concentrated near the singular
sets. To do so let us first embed 3, into some RY. For each j and an open set Q C RY, define the
weighted norms

(3.33) lollZ 0 = / Poradu;,

N

(3.34) lol2 0 = lellose + / (V502 + Pio?)pysrdp;.

A

Here P; is defined by

n—1
(3.35) P = A + Z |V log uy|*.
p=j+1
The term P; is used to make the weighted norm more coercive, which will give us some analytic

advantage in controlling the singular sets. We define the weighted L? space and Sobolev spaces H;,
H;j0 as follows.
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DEFINITION 3.15. Let L2(Zj, 2) be the Hilbert spaces of square integrable functions on X; with
respect to the measure p;1p;.
Let H;,H;0 be the Hilbert space which is the completion with respect to the norm || - ||% ; of

functions in C§(QNR;), CH(QNR;), respectively.

As in the usual definition of Sobolev spaces, the only difference between H; and H; is that
H; o contains those functions in H; with zero boundary data on X; N 0€.

REMARK 3.16. We will say that a minimal k-slicing in an open set () is partially regular if
dim(S;) < j—3for j=k,---,n—1. It then follows from that if the (k + 1)-slicing associated
to the minimal k-slicing is partially regular then dim(Sy) < min{dim(Sk41),n —7} <k —2. In the
inductive procedure, we therefore assume in the study of u; that the singular set S; is of at least
codimension two. Intuitively &; has zero capacity hence do not affect the Dirichlet integral. We
will prove this with the weighted volume.

Next we prove the existence of u;, the first eigenfunction of the quadratic form ;. To do so
we will need a coercivity estimate.

PROPOSITION 3.17. Suppose ¢ € H;o(2). Then there exists a constant ¢ that only depends on
the minimal slicing but not on the choice of v, such that

clle %]Q < Qj(p, ) + ||90H(2),j,9,
where Q; is the quadratic form defined as[3.23

PRrROOF. Recall that

n—1

3 . 1 .
Qj(e, ) = Sj(p, ) + 8/2 AP+ 5= > (AP +IV5loguw) | 9%pjadpy,
J p=j+1

and S; is the form from the second variation for the weighted volume functional:
Sitove) = [ [IVsol = LRyas — By + 14,062 pyardny
(0, 0) . Vel 2( j+1 i+ A9 paduy.
j

Denote
LA i A2
65 = 5 (Rjv1 = By + | 44]7).
To prove the desired estimate, it suffices to bound ||g0\|%JQ for any C' function compactly

supported on 2N R;, that is, to bound
(3.36) / ©*pyr1dp; + / Vil pjr1du; + Pio® pjerdp;.
E]’OQ E]‘QQ

The first term can be handled by ||g0\|(2) ;. by definition. The second term, namely the gradient
term, appeared in S;(¢, ¢), and thus can be controlled:
/ Vil pjsrdp; = Si(¢, ) +/ a¢° pi+1dp;.
;N0 ;N0
To deal with the third term, we need to treat the quadratic form @); more carefully. Denote
5 3(iie,. 1w 12 2
B=2 IR+ o 32 (AP +19;log )
p=j+1
We then have the following easy observation:
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(3.37)

1 n B n B n
0 Z‘Aq|2+ Z IV logup\Z <P < Z’A ‘2 Z IV logup]2
q=j

p=j+1 p=j+1
Using we may simplify the above expression further:

CrLamM 3.18.
n—1 _ n—1
STIAL + Y IV,loguy,l®
(3.38) q=J p=j+1

n—1 n—1
= Z | A2 + Z |V, log uy|?.
q=j

p=j+1

Proor or cLAIM. We have

n—1 ~ n—1 n—1
> A = ZiA”q|2+Z > (vgloguy)?
=J q=j p=q+1
(3.39)
- n—1 p—1
:Z|qu|2+ Z Z(VqIOgUp)Q
q=J p=j+1 q=j
Therefore
p—1

n—1

n—1 n—1 n—1
Z|Aq|2+ Z IV logup\Q = Z‘qu|2+ Z IV IOgup|2+Z(Vq10gup)2
=Jj q=J j

p=j+1 p=j+1 q=J

(3.40)
n—1 n—1
=D AP+ D [Vploguy|®.
p=j

p=j+1

Thus the claim is proved.
Now let us use the geometric relation |A,?| > |AJV.P |, for p > j. Then by

n—1 _ n—1 n—1
DAL 2D AP > Y AR = |47
p=J p=J p=J

Combine the above estimates with the stability inequality S;(¢,¢) > 0, we have

n—1

/ Pj902pj+1d/~tj:/ A7+ D IV loguy|” | 9?pjadp
i Xj p=j+1

p=Jj+1

n—1 n—1
S/z STIAP+ > IV loguyl? | ¢®pjpadp;
7 \p=j

< 8nQ(p; ¢).
A last term we need to bound is fz %qjcp2pj+1duj. By Lemma we have
J

n—1
A 1 ~
(3.41) Rj<c+ > A%

33
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Therefore

n—1

j<c+ Z |Ap|? — ka

p J

Here ¢ is an upper bound for R,, + zp Ap-
Now from Lemma [3.9] we have that
1. 1 n—1
7§R < §|R | + zilw jloguy? + div;(X;),
p=j

where X; = Zp j+1 Vi logu, is a vector field. We use the Gauss equation on the regular part of
%; C Xy and get that

IRj| < c(1+ |A;]).

Therefore
n—1 n—1
g <c+ cz |A,)? + Z IV log uy|? + div; (X;).
p=J p=j+1
We therefore conclude that
(3.42) / <|VM!2 +g, b >pj+1duj < 2Q;i(p, ) +/E aj¢° pjrdp;,
J J

and

n—1 n—1
/ 45 9°pir1dpy < C/ L+ AP+ ) IVilogul | ©%pjdy
(3.43) % B e p=itt
+ / div; (X;)*pj+1dps;.
J

All the terms on the right hand side except for the last one can be bounded by a multiple of
Qj(p, ). The last term can be dealt with using integration by parts. Since ¢ vanishes on the
boundary of 2N X;, we have

/z div; (X;)@*pjprdp; = /E (X;,Vi(¢°pjs1)) dp
(3.44) ! !
= —/ (X5,20V9) pjr1dp; —/ (X;, Vpji1) @ dpy.

X X

By Cauchy-Schwartz inequality, we have

X, 20V ) pjr1dp;| < IVM pivrdp; +2 | 1X;120%pjadp;
2 3

J

2/ Vil pjr1du; +2/ Pip?pjadpy;
% 2j

| /\

IN

1
2/Z V0l pjrdu + 16nQ; (¢, o).
J
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And similarly,

' /E (X, Vpje1) @dp;
J

= ‘/E (X;, V1og pjs1) ©*pir1dp;
3

= / IV log pj 110 pjy1du;

5j

< / Pj ¢ pjsrdp;
X

< 8nQj(p, ¢).
We therefore conclude from [3.42] that

1
g llelliie <2Qi(p,0) + (e + 24n)Q; (0, 9) + cllp 0.0

where c is an upper bound for the scalar curvature of 3, and the first eigenvalues A, as desired. [

An essential consequence of this proposition is the non-concentration result for functions in
H,;0(€2). By Cauchy-Schwartz inequality we have

|H;? < jlA;|1* < 4P

As a result, we have that

(3.45) / 0 (IV;(ev/pir)? + [HjI*9*pje1) duy < 2jll¢lI7 j0-
5N
Motivated by the classical Michael-Simon Sobolev inequality, a typical term like the left hand
2n
side of [3.45( controls the L»-2 norm of the function ¢,/p;51. In particular, the L? norm of the
function ¢,/p;41 cannot be concentrated on any closed set of Hausdorff dimension less than n.
In our context we cannot directly apply the classical Michael-Simon Sobolev inequality because of

the weight p;;1. Nevertheless we could adapt the idea and prove the non-concentration property
directly.

PROPOSITION 3.19 (L% non-concentration). Let S be a closed set of zero (j — 1) Hausdorff
measure. Let 3X; be a member of a partially regular minimal j-slicing in 1. Then for any n > 0
there exists an open neighborhood V- C Q1 containing V N such that

/ ©?pjr1dus < nlleli ;q.
Ejﬂv
for all functions ¢ € H;o(S2).
PROOF. From [3.45| we have already seen that
L (Vi) + U R i) < cliol o
5N

Therefore it suffices to prove that for any n > 0 there is a neighborhood V such that

/EQV

J

©*pjy1dp; <1 ( / (IV5(*pja1)| + [Hjl 0 pj1)dpsy + / @2pj+1duj> :
5,00 53,00
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For a C! vector field X defined in €2, the first variation formula of minimal hypersurfaces gives
/ divs, (X)dp; = —/ (Hj, X) dpu; +/ (X,v0)
f 55 %,
where 19 is the conormal vector field of 9%; C X;.
Take X (z) = ¢?p;j+1(T — o). Let e1,--- ,e; be an orthonormal basis for T%;. Then

J
divs, (X) =D (Ve X, ;)
i=1
= j¢*pi1 + (Vi(0*pj11), T — Zo) .
Integrating in a ball B,(xq) C Q, we have

(3.46)
j/ Y2 pjridu; S/ (IV(@pje)| + [Hjl0?pje1) dﬂﬁr?‘/ 0 pjprdpsi1.
EjﬁBr(xo Z]‘QBT Cto) B(EjﬂBT(xo))
By the coarea formula,
d
/ P pirrdpi1 < o ¥’ pjr1du;.
d(2;NByr(20)) T J%;NBr(z0)

For a small number ¢ to be chosen later, take a finite covering S C UypeaBa, Ba = By, (Za),
such that ) 4 r"1 < e. Take V = UqeaBa.
Denote

La(r)z/B( O pividpj, Ma(r)Z/B (IV;(©®pjs1)| + [Hjl9%pjs1) dps;.

Applying to each B, (zs), we get

(3.47) JLa(r) < rMo(r) + r%(La(r))-

Let 9,9 be small constants to be chosen later. Roughly speaking, J is much larger than . All
the small constants 4, €, g9 depend only on 7 and j.
Divide the index set A into two subsets A1, Ao defined by the following.

Ay = {a € A : there exists 7/, € [ry,d/5] such that eq Ly (5rL) < rl, My (rl)},
Ay = A\ A
Also let Vi = Uqea, Ba, Vo = Uqea,Bo. We apply the 5-times covering lemma to Vi, Va.

LEMMA 3.20. There exists Ay C Ay with {B;, = B, (z4) : o« € A\} pairwise disjoint, and

U B.c | 5B..

€A1 acAl

For a € Ay, we have

)
goLa(57)) < 7l My(rl) < gMa(r'a)
Summing over the indices in A}, we get

5
> eoLa(5ry,) < gMa(r'a).
acA]

Using the fact that V3 C 5B/, and that B!, are disjoint, we conclude

(3.48) Eo/ ¢ pj1duj < 5/ (IV (@ pje)| + [ Hjl0?pjen) dpsy.
|41 Ejﬂﬂ
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Or
(3.49) /V 1 PP pjradpy < dey’t / o (IV3(@2pjr) | + [Hj| 0% pjia) dpsj.
We next treat o € Ay. By definition, for every r € [rq, /5], we have
(3.50) JLa(r) < eoLa(5r) + T%(La(r))-
Denote o), = 574, k = 0,1,2,---. Then there exists some integer p such that op—1 < 6/5 < op.

Define Ay, = Lo(ok), k=0,---,p. Observe that for r € [0y, op41],
A < La(r) < La(5r) < Ak + 2).
By we therefore have

) _ d
JLa(r) < soAk+2Ak1La(T) + TJ(LQ(T)).

Integrate for r from oy to 041, we obtain that
5j—50/\k+2/\,;1 < Ak:—HA];l-
Denote Ry = Ak+1A,;1. Then above tells us that

Ry > ri—coRk+1 Ry

Choose g9 = 5~2/12. The above implies that whenever Rj, < 5771, we would have that
53'*1 > Ry > 5j*€0Rk+1Rk’
and thus, egRgRi+1 > 1, or RgRpy1 > 5%72. As a conclusion, for each k we have either
R, > 51 or Ry R+ > 522,
As a consequence we have either
AAG =Ry 1Ry > 5P(i=1) op Ap 1At =R, 5-- Ry > 5-1)0G-1)
In any case, this implies that
La(ry) = Ao
j—1

(3.51) <5’ 5T max{Ap,, Ap_1}

j—1
ra

2
— O pj+1dp;.
6'7 ! /XVJ]'QQ ! !

Summing over o € Ay and using the fact that >, ., 77! < &, we obtain that

<5

(3.52) / ¢ pjadp; < 57 1edt / 0 pj1dp;.
Va 2;NQ
Finally we choose the constants in such a way that
c0=5"4T2 §<ney, e<nptIeTL
and combine [3.49] and [3.52] to conclude that

/‘/902Pj+1dﬂj <n </z (IV;(£®pj1)| + [Hjl0? pjg)dp; Jr/E Q¢2Pj+1duj> :

LY J
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4. Homogeneous minimal slicings

In this section we develop a partial regularity theory of minimal slicings. Parallel to the regu-
larity theory of area minimizing hypersurfaces, we use the Federer’s dimension reduction technique.
Assume we have a minimal k-slicing

Y C---C%, RV,

and a point x € ¥ N Sk in the singular set. Inductively assume that the Hausdorff dimension of
the singular set Sky1 of ¥j41 is at most £ — 2. We need to prove that dim(Sy) < k — 3. Note that
the inductive assumption implies that dim(Sy) < k — 2. Like the usual regularity theory where the
tangent cone plays an essential role, we rescale the minimal slicing at z and study a homogeneous
minimal slicings. To do so we will need to prove that the rescaled slicings converges in suitable
sense, and that the limit is scaling invariant. We develop a monotonicity formula to guarantee such
scaling invariance of the limit.

For a small radius o and j > k, rescale B, (z) to the unit ball in R, and denote

Ej,o = 0'_1(2]' — CL’)

On each ¥; there exists a positive eigenfunction u; of the quadratic form ;. We rescale it to
be a function on ¥;, inductively. Assume that w114, ,un—1,, have been defined, and that we
have the corresponding weight function pj11,, = %j41,6 - - Un—1,,. Then define u;, by letting

ujo(y) = aju;(z + oy),

where a; is properly chosen such that

/ uf gpjr1odpy = 1.
Z]‘ygﬂBl (0)

To extract a converging subsequence of the pair (£; , u; ») we need bounds on several quantities.

PROPOSITION 4.1. There exists a constant A that depends only on the minimal slicing but not
on o, such that
o The first eigenvalue bound \;, < A.
o The weighted volume bound Vol,, ,  (¥jo N B%(O)) <A.
e The quantity P defined as in[3.35 has an integral bound
n—1
/ (1+ ]Aj]2 + Z |V o log upﬂ\Q)u?’Uij’Uduj < A.
%4,0NBy (0) i1
Proor. The first eigenvalue bound is straightforward. Under the rescaling, the eigenvalue
changes by
Njo = 02N,
and therefore is bounded.
For the weighted volume bound and the integral bound, we prove a stronger estimate inductively.
In fact, we prove that for some § > 0 independent of o the corresponding estimates hold on
Yo NDB 1ys Assume by induction that the same statement holds for ¥;,1,. From the integral
bound and the weighted volume bound we have that

2
ujgpj2dpjer < A, pi+2dpjr1 < A.
N N
Z]‘+1ygﬂB%+6(0) 2j+1,am37 (O)

1
3t

Then by the Holder’s inequality

/ pi+1dp1 < A.
Zjt1,0nBy  (0)

N
3+s
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By the coarea formula,

3+ Pj+1
/ pj+1duj+1=/ / o, Wi | dr
Sj41.00BY(0) 0 41,098 0) VT
2

546
> / C Vol (S41,0 NOBYN (0))dr.
0

Therefore there exists some ¢’ € (0,/2) such that

VOIPjJrl (2j+1 831%\/ 5 (0)) < 2A/(5

(0) with the same boundary. Therefore

Since ¥j C ¥;41 minimizes the weighted volume V), ,, its weighted volume inside ball B

¥
3+

+1
less than or equal to the portion of the sphere 0B
1
Vo, (25N B§+ 5(0)) < 5 Vol ., (8410 aB§+5,(0)) < A/S,
the desired bound for possibly different constants A and 6.
The integral bound is a localization of the coercivity estimate Proposition [3.17] Let Q;, be

the quadratic form for the rescaled slicing. By proposition [3.17, for any function ¢ compactly
supported on the regular part of ¥, ,,

lelli; < e(Qji(p. 0) + llll5 5)-

Note that the rescaled surfaces 3; , have uniformly bounded geometry hence the constant ¢ in
the above inequality can be chosen independently of o. Take a cutoff function ¢ which is identically
1 on BY 5 (0) and is 0 near OB (0). Since Q;, is a symmetric quadratic form, we have that, for

2

any function v € H; o,
QiaG0.0) = Qua(Guc0) + [ V190 CPosi o
Take v = u;, first Dirichlet eigenfunction in the ajgove inequality. We have that
Qjo (g tj0) = Ajo /E | ¢l gpjardiy < Njo < €
by the scaling of u;,. Also -
/Zm 2| V;0C2pis10dp; < 16/w w3, pj1dyty < 16.
We then have Q;»(uj o, ujs) < c. By Proposition we conclude that

n—1

/ A+ 4P+ D | Vielogupe)u? ,pis10dp; < Qjo(Cuje, Cltjo) < c.
Ej,amB%Jré/(O) p=7+1
]

With these bounds, we wish to extract a subsequence o; — 0 such that the slicings (3 4,, %j.o,)
converges. Moreover, we want the limit slicing to be invariant under such rescaling. This brings
the following definition.

DEFINITION 4.2. A minimal k-slicing

Y, C-- 2, CRY
is called a homogeneous minimal k-slicing if for each j > k, 3; is a cone, and u; is homogeneous of
some degree. That is, u;(Az) = A u;(z), for every x and A > 0.
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We will derive two important monotonicity formulas that guarantee the existence of a homo-
geneous minimal slicing after rescaling.

4.1. Frequency function and monotonicity for eigenfunctions. Let C* be a cone in the
unit ball of RN, S € C be a closed set of singular points with Hausdorff dimension less or equal
than k& — 3. On C* consider a quadratic form

Qe p) = /C (IVe|* = q(z)¢?) pdp.
We assume that ¢(z) is a potential function that is in the form
q=q+div(X),
such that
jal + X < P.

We further assume that the density function p is homogeneous of degree p and the potential g is
homogeneous of degree —2:

p(Az) = Np(z), q(Ax) = A"%q(2).

Note that these assumptions are satisfied by the quadratic form () on a homogeneous minimal
slicing.

Let u be a critical point of Q) with respect to fc ©?pdy, and u > 0 on the regular part of C.
Define the quantities

(4.1) Qlu)= [ (Vul ~ qu)odp,
CN B (0)
(4.2) I,(u) —/ u’pdp.
CNOB4 (0)
The frequency function N (o) is defined by
0Qo(u)
4. N = .
(4.3) (o) T, (0)

The importance of the frequency function is the following

THEOREM 4.3. N (o) is a monotone increasing function of o. In fact,

N'(o) = sz)z [[U(UT)IU(U) - (/CWBG urU) 2] ’

where u, denotes the radial derivative of u. As o approaches to 0 the limit N (o) exists and is finite.
Moreover N (o) is constant if and only if u is homogeneous of degree N(0).

Proor. We first derive two formulas by taking variations with respect to two deformations.
The advantage of this variational approach is that it works even in presence of singularities. Let ((r)
be a nonnegative decreasing function supported in [0, c]. The precise choice of ¢ will be specified
later. We describe the first deformation. Let X = ((|z|)z be a vector field in RY where x is the
position vector. The flow F; of X then preserves the cone C, and hence the function u; = u o F} is
a valid function in the variational characterization for (). Since u is a critical point, we have

Q) = -

0= — _ ¢
dt |,_, dt

/ (|Vtu|2 - (qut)uZ) po Fyduy.
t=0 J CNB,(0)
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Note that here we have used a change of variable. V; and u; denotes the gradient operator and
the volume measure with respect to the pull back metric F*(g) where g is the induced metric on
C. Differentiating each term with respect to t and evaluating each derivative at t = 0, we have

%|V7gu\2 = —(Lxg,du® du)
= — (2r{'(r)(dr @ dr) + 2¢g, du ® du)
= —2r' (1) (ur)? — 2¢|Vul?
For a homogeneous function f of degree d, %( foF) = X(f)=d(f. We therefore have that

d d
@(q o Iy) = —2(q, a(p o Fy) = pCp.

For the volume form we have

7| A= dive(X)du = (r('(r) + kQ)dp.

t=0

Collecting all the terms we conclude that

0= [ (o4 b=V — ) + ¢/ (Vul? — 202 — quP)]pd
CN B4 (0)

We now choose ¢ to be a function which is 1 in C'N B,_-(0) and is 0 outside C' N B,(0), and let
€ — 0. Then the above implies that

k=2 =0 [ (Vuf - 202 - qu)pdusy
CNOB.(0)

4Qo (1) — 20/ Uppdpig_1.
do CNOB,(0)

Now we describe the second deformation. Let uy = (1 4 t{(r))u. Then

d
0=—
dt

(4.4)

=0

Qolu) =2 [ (Vu,V(cu) — a¢o?) pin
t=0 CNB,(0)
Like before let ¢ approach the characteristic function of B,(0) we conclude
(4.5) Qo (u) :/ wty pdpig—_1.
CNOB,(0)

Next we directly calculate the derivative %L,(u). Note that u € H;(C N B1(0)), and that the
cone structure guarantees that on each sphere C' N 0B, (0) the singular set is of codimension two.
Therefore the function I,(u) is a C! function of 0. Taking derivative directly, we have

d
(4.6) o—I,(u) = 20/ uuypdpg—1 + (p+ k — 1)/ w? pdpg_1.
do CNoB, CNoB,

We are ready to prove the theorem by combining and First we have
N'(o) = Ia(u)_z[(Qo +0Qu) Iy — 0Qo 1.
Substituting in the expression involving derivatives,

N'(0) =I;?[(Qs + (p+ &k — 2)Q0) s — Qolp+ k — 1)1,]

201 ( [ un - sza) |
CPoB, (0)
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The first term on the right is 0, and we use [4.5]in the second term and conclude

N'(o) = 21, (u)™" (Ia(u)la(ur) - /CmaB o uruduk1> ,

as desired.
To prove that lim,_,g > —oo we look at the expression

2
B J; CroB, o) ¥ Ptk-1

Iy(u) = .
J; CroB, (o) PAHE-1

Set t = logo. By direct calculation we have

Therefore log I, (u) is a convex function of ¢t = logo.
On the other hand, since me B1(0) u?pdyy < ¢, by the coarea formula, for each o7 € [0, %] there

exists some o € [o1,201] such that fCﬁaBU(O) u?pdpy,_1 < c/o. We then have that
-1
co K

<co T,
optk-l fCﬁaBl (0) p(&)dpr—1()

for some K large enough. Hence there exists a sequence of ¢; converging to 0 such that

Iy(u) <

I, (u) < co; X,

k3

or
log I, (u) < —ct;.

The function log I,(u) is then a convex function of ¢ which lies below a linear function —ct, hence
its derivative is bounded from below by some negative constant —cg. That is, N(o) > —¢( for all
o> 0.

Finally if N(o) = N(0) is a constant then we have equality in the Schwartz inequality for each
0. Denote £ = 7 and view the function u as a function of (|z],€). Equality in the Schwartz

inequality then implies that
UT(U7 5) - f(O')’U,(O', f)
for some function f(o). This implies that
N fCﬂaBg(O) Wy pelfiy—1

of(o) = = N(0).
f(o) Tonn o pdHn (0)

It then follows that u, = r~'N(0)u. Therefore u is a homogeneous function of degree N (0).
([l

4.2. Monotonicity formula for weighted minimal surfaces. Consider the first slice >
where a point p is singular. In other words, p € S but p € Riy1. By the monotonicity formula
for the first eigenfunction we know the rescaled surfaces X, , converges to a minimal cone with the
weight function py41 converging to a homogeneous function. To study the regularity of the limit
surface around the point p we need to extend the usual monotonicity formula for minimal surfaces
to surfaces minimizing weighted volume. Let C' be a k + 1 dimensional cone in RN with a singular
set & of Hausdorff dimension at most k — 2. Let p be a positive homogeneous function on C' of
degree p. Assume p is positive and smooth on the regular set of C.
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THEOREM 4.4. Assume X C C is a hypersurface that minimizes the weighted volume V,. Then
we have the monotonicity formula

d
(Ve B ) = [ P,
do $NdB(0)
where - is the component of the position vector = othogonal to ¥. In particular, the function
o~FPVol,(X N B,(0)) is increasing, and is constant only if ¥ is a cone.

PRrROOF. For a vector field X in RV, let F; be the one parameter diffeomorphism generated by
X. The first variation formula for the weighted volume reads

il

rn (po Fy)dux =0,

dt|,_, Js
where g is the volume with respect to the pull back metric F;(g), and g is the induced metric on
> in RY. Differentiating and evaluating at ¢t = 0 implies that

/Z (X(p) + dive(X))djag = 0.

Choose a function ¢(r)which is decreasing, nonnegative, and equal to 0 for r > 0. Define X =
¢(|x|)x, where x is the position vector field. Since p is homogeneous of degree p we have that
X(p) = pCp. And divs(X) = k¢ + r~1{’'|2T|?, where 2T denotes the component of  tangential to
3. Therefore

/E 0+ k)¢ + 3¢ Pl pds = 0.

For a small € > 0, take ¢ to be 1 in B,_.(0) and 0 outside B, into the above equality. Letting
e — 0, we have

(p+ k) Vol, (XN B,(0)) = / YT P pd gy
3NIBs(0)
d _
=0 pdpig—1 — / r a1 pdpg
0 J3ndB,(0) ¥NOB,(0)
d
= o0— Vol,(X N B,(0)) — / Yzt 2 pdpg_y .
do $NOB,(0)

Note that we have used the fact that |z|? = |z7|? + |z*|?, and that z is tangential to C since C is
a cone. The monotonicity formula is then obtained by rearranging terms properly. O

5. Top dimensional singularities

Given a minimal slicing, let p be a point in the singular set. Assume that >, is the first singular
slice at p. In other words, p € S;, and p € Ry, 4+1. From the previous section we know that after
rescaling at p a limit homogeneous minimal cone exists. Since XJ; is regular at p for j > m, the
homogeneous minimal slicing is given by

cm™ c R™tl ... cR",
where C™ is a volume minimizing cone. Note that for this minimal slicing all the weight functions

u; = 1, for j > m, and that the density function p,,+1 = 1. We first need a technical proposition
that will be used several times.

THEOREM 5.1. Assume C™ C R™*! is a volume minimizing cone which is not a hyperplane,
U 1S a positive minimizer for the quadratic form Qup,:

3
Qm(e. ) =/ Sm (e, 50)+8/ |Ac|* o dpin,,
CNB1(0) CNB1(0)
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where Sy, is the stability operator. Assume uy, is homogeneous of degree d. Then there exists a
constant ¢ = ¢(m) > 0 that only depends on the dimension such that d < —c.

The proof of the theorem is divided into several steps. First we prove the following lemma.

LEMMA 5.2. Under the same assumption as in Theorem[5.1], the homogeneity degree d is neg-
ative.

PROOF. Suppose u,, = rév(£), v is a function defined on the cross section ¥ = CNS™(1). Note
that since py,11 = 1 the function wu,, is in the usual Sobolev space W12(C), and v is in W1H2(%).
The fact that C' is an area minizing hypercone implies that the singular set of C' is of Hausdorff
dimension at most m — 7, and that the singular set of ¥ C S™ is of dimension at most m — 8. Since
Uy 18 a minimizer of the functional

3
Qp. ) =/ Sm (¢, s0)+8/ |Ac o dpim
CNB;(0) CNB1(0)
5
= [ (190P = 31AcPe? ) dion
CnB1(0)

)
Aot + §|AC|2um = 0.

u weakly solves the equation

By separation of variables v weakly solves the equation on X:
5
Ayv+d(d+m—1)v+ §|Ac|2(£)v =0.

In other words, for any ¢ € W12(%),

/ <Vv VY- §|Ac|2w) ey = d(d-+m 1) [ ovdps.
) >

Let po = d(d +m — 1). Since the singular set of ¥ C S™(1) is of dimension at most m — 8, the
constant function 1 is in W12(X). Substitute 1) = 1 in the equation above, we have that

5
[ vdues == [ JacPu <o,
b >

since v > 0 and C' is not a hyperplane. This proves u = d(d +m — 1) < 0. Therefore d < 0. O

To prove that d can be uniformly bounded from above by some negative constant, we use a
compactness argument.

LEMMA 5.3. The space
M = {Area minimizing cones C™ C R™ which is not a hyperplane}
is compact in flat norm.

PROOF. To see this, we first note that the volume density Vol(X N B;(0)) is uniformly bounded
by comparision with the unit sphere. Hence by the compactness theorem of volume minimizing
currents any sequence C; of minimizing cones must have a converging subsequence. Now if each
C; is not a hyperplane and C; — C in flat norm, then C is not a hyperplane. Otherwise for any
g0 > 0 and 7 large | Vol(C; N B1(0)) — wm| < €o, hence by the Allard theorem C; must be regular,
that is, C; must be a hyperplane, contradiction. O

The next step is to prove that the quadratic form ); converges as the minimizing cones C;
converge to C. In fact, we prove a more general result that will be used for later purposes.
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PROPOSITION 5.4. Assume {3;} is a sequence of area minimizing hypersurfaces of a Riemann-
ian manifold M such that ¥; converges to X. Let Q;, QQ denote the quadratic forms defined on ¥;,
33, respectively, and u; be the first eigenfunctions of Q;. Let U be an open subset of M. Then

Y; converges to in C? norm to ¥ locally in U on the complement of the singular set of ¥

o0 [luillwzw,) = llullwz @)
For any smooth compactly supported function ¢ on M,

lim Qi (pui, pui) = Qpu, pu).
1—00
where U; is a sequence of compact subdomains of U with U; C U1 C U and UU; = U.

Note that this combined with the previous two lemmas conclude the proof of Theorem If
u; on C; is the minimizer of Q;, normalized |lu;[|z2(c;nB,(0)) = 1, then by the fourth item in the
above proposition the limit function w is the minimizer of Q) on C. In particular, the homogeneity
degree is continuous under the flat norm convergence. Since it is negative for every non-planar area
minimizing cone, it is uniformly bounded from above by some negative number depending only on
m.

To prove this proposition, we will implement an important idea that will be used to handle
the general compactness theorem. The difficult part is the fourth statement, the convergence of
the quadratic form in presence of singular set. One needs to prove that the eigenfunction u; do
not concentrate on the singular set. Recall that by Proposition we do have an weighted L2
nonconcentration result for functions in the weighted Sobolev space. The remaining question is
then to control the Dirichlet integral ||Vu;||r2. The proof is carried out with the help of cut off
functions that isolate the singular sets, as will be illustrated below.

PrOOF. The first and second statements follow from standard theory of area minimizing sur-
faces. We focus on the proof of the convergence of W2 norm and the quadratic forms. First we
prove the L? convergence. To do so, observe that the singular set S; of 3; convergence to S in the
sense that for any € > 0, §; is contained in an € neighborhood of S as i approaches to infinity, by
the Allard theorem. Therefore u; converges uniformly to u on compact subsets of ¥; \ S;, where
we write >; locally as a normal graph over Y and compare corresponding values of u; to u. In
particular, if W is a compact subdomain of U N R; we have convergence of L? norms of u; to the
corresponding L? norm of u. Now apply Proposition with § = §(C), where the Hausdorff
dimension of S is at most m — 7. We may find an open neighborhood V of S N U such that for a
fixed small number 1 and sufficiently large i, S; N U C V, and

/ i <1 / (Vwl? + (1 + Pl dpn
il >NU

< nCo,

here Cy is an upper bound of the W12 norms of w;.

Choosing 7 arbitrarily small, we have a uniform control of the L? norm of u; over a small open
neighborhood of S. Combine this with the L? convergence of u; to u on compact subsets of U — S
we have the L? convergence, namely

will 2@,y = [wll2 -

We next deal with the Dirichlet integral. Recall that the singular set S of ¥ is of codimension
at least 7. We first construct a Lipschitz function v that isolates the singular set S. For any given
constants £,d > 0 and a € (0,7), cover S by finitely balls {B,, (z;)}X, with >.r™ 7 < ¢ and
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€>1r1 >1r9 > ---rK such that

M
m—T7
er < 6.
j=1
Let
1, ifl‘EBj
IBJ(IIZ): 2*7‘;1|CE*3§]‘|, ifl‘GQBj*Bj

0 if w € M\ 2B;.

And denote ¥ (z) = fi(x),

¢j(x) :max{ﬁj—max{ﬁl,ﬂg,--- ’ﬂjfl}’o}a 2 S] SK
Then ; is supported in 2B; and define

K
Gla) = y(z) = max g (z).
j=1

We then have that ¢ = 1 in a neighborhood of S, b = 0 for points that are of 2¢ away from S,
and

M
/ V| gty < T < 5T
by =
We prove this implies that
(5.1) / (Vb Puldpiy, < c®/1°.
To do so, observe that u satisfies ai equation in the form
Au + §|A|2u +qu =0,
where ¢ is a bounded function. On the other hand stability inequality implies that
/E!A\Wdum < /Z(!WDI2 + co®)dpim.
Replace ¢ by ud/ %y and use the equation to obtain

/Z\V(u8/5<p)\2dﬂm < C/Eu16/5(\V<p!2 + ) dpun.

By the Michael-Simon Sobolev inequality, we obtain

m—2/m
<Au16m/5(m2)¢m/(m2)dﬂm> SC/EU16/5(|V<P\2+902)d,um~

Since dim(S) < m — 7 we may choose ¢ properly approximating the constant function 1, and
combine with the fact that ||u|z2(z) < ¢ to conclude

16m
u 5(m—2) dum S c.
%

We then apply the Holder inequality to obtain
[ V0P < IT61R s [0l
) 3m+10) 5(m—2)

16m 7 we have that

Setting a = 5 M5

/ Vol2u2dp, < c3/,
>
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Now we are ready to prove the convergence of the Dirichlet integral. On each ¥; choose a
function v; satisfying We prove that for any smooth function ¢ compactly supported in U,

lim Q;(pus, pui) = Q(pu, pu).
11— 00

Denote ¢; = ;.
We have

Qi(pui, pu;) = Qi(pius, wiu;)
+2Qi(piui, (1 — Pi)pui) + Qi((1 — vi)pus, (1 — i) pus).

The last two terms involve the function 1 — ;, hence is compactly supported in the regular set R;.
Thus the last two terms converges to the corresponding terms of the limit (). It remains to prove
that

Jim Qs (piui, piws) = Q(Ypu, Ppu).

Since u; is an eigenfunction of the quadratic form Q;, by the general variational principle we
have

Qi(iui, pivs) = Qi(piui, u;) +/ Vil uldpim
DI

=\ / prudpin, + / Vi Puidpun,

The first term on the right side converges to zero as € — 0. The first eigenvalues \; is bounded.
The integrand ¢; is abounded function supported in an ¢ neighborhood of the singular set, and
by the L? nonconcentration result the integral converges to 0 as ¢ — 0. Now the second term can
further split into

/2 Vil dpm < /E IV () PPy + /E BRIV oy,

We deal with these two terms separately. The first term converges to 0 because of The second
term converges to 0 because of the fact that 1); is supported in an e neighborhood of S; and the L?
nonconcentration result.

The convergence is then established by letting » — 0 and ¢ — 0.

6. Compactness of minimal slicings

We now establish the general compactness result of minimal slicings. We have seen from the
previous section that an essential issue of this is to prevent the concentration of the eigenfunctions
u; of @); on the singular set. The argument we use here is a generalization of the one we used to
establish the convergence of (); for area minimizing hypersurfaces. The main technical tool we use
is the existence of a proper function ¥ on X that isolates the singular set S;. Let us elaborate
this point.

Assume ¥, C --- € £, € RY is a minimal k-slicing. Inductively we assume that dim(S;) <
k — 2. Take an open subset U C R¥.

PROPOSITION 6.1. There exists a function Wy, > 1 locally Lipschitz on R NU, proper on RNU
and

/ uR | VUi prrrdp, < A,
P

where A is the upper bound appeared in Proposition [{.1].
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PROOF. For z € Ry, define

U (x) = max{1l,log ux(x), - ,logun—_1(z)}.

Then
n—1
up[Vels® <ui [ ) [Viloguy|
p=k
Consequently

/ Up |V eVl prs1dpk
YNU

n—1
< / uj Z Vilogup|? | prs1dp
XNU p=k

<A.

The difficulty is to prove the properness of the function Wy, that is, at any sequence of points
x; converging to g € S, Vi(z;) — oco. For zg € S there exists an integer m such that ¥; is
regular at xg for j > m + 1, and %,, is singular at xg. We prove u,,(x;) — o0o. It can be implied
by the following

LEMMA 6.2. There exists o € (0,1) that only depends on the minimal slicing, such that if o >0
15 a small radius then

inf Upyy > 2 inf U, -
Baa($0)mzm+1 B, (a:o)ﬂEm+1
To prove the lemma, we first need a result by Bombieri-Giusti:

THEOREM 6.3 ([BGT2]). Assume T™ is an area minimizing surface in R™*1 and a function
u satisfies Au < 0, u > 0 almost everywhere. Then there exists a constant ¢ > 0 that only depends
on the dimension, such that for every point y € T

uly) > — / Ud iy,
™ JTNB,(y)

In particular, if u is a function on an area minimizing cone C™ C R™*! that satisfies
5 2
Au+§]AC| u=0, u>0,

then infBg(mo)ﬁCm > 0.
The proof of lemma relies on a blow-up argument. Let us suppose the contrary, that there
exists a sequence o; — 0 and a = 5 such that
inf U, < 2 inf Uy,
Baai (IO)an-&-l Bai (xo)mzm-&-l
where «y is chosen later.
Rescale 0; to 1 and consider

-1

Emjgi =0, (Zm - 1‘0).
By the monotonicity formula and the compactness result for area minimizing cones, ¥, ,, converges
to a cone Cp, C R™* along with u,, ,, converging to a homoegenous un(’; minimizing Q¢. Moreover,
the assumption implies that

inf u¢ <2 inf u©.
iy =2 0
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On the other hand, the mean value inequality implies that infp, (0)u$, > 0. By Theorem the
function u¢ is homogeneous of degree less than —c(m), hence there exists a real number ag such
that

inf  u$ >2 inf uf
Buag (0)NCi, B1(0)NCh,

contradiction. I

We can state the compactness for minimal slicings satisfying the assumptions in Proposition

Assume that E,(;) converge to Y in C* topology on compact subsets of regular sets. By
induction, the singular set S of ¥ has Hausdorff dimension less than or equal to k — 2.
The proper functions ¥ can be used to study the convergence in two aspects.

PROPOSITION 6.4. Let ¢ be a smooth functz’on of compact support in U. Then
Jim QL (puy) pul) = Qulpur, pur).

In other words, the quadratic forms ka converges to Q.

PROOF Observe first that the L? convergence is given by the nonconcentration Proposition
The rest of the proof here closely resembles that of Theorem b.1} For R large, We take a cut

off function +(¢) which is 0 for t < R, is 1 for ¢ > 2R, and |y/| < %. Then the function wk = (\I!S))

plays the same role as the function v; in the proof of Proposition Write ¢; = fy(\Ifl(C))go, and
split

QW (oul?, oul™) = QW (piu?, piu)

+2Q" (pauy, (1 =7 (T))eu) + QP (1 =4 (T eu?, (1 = (T,
The last two terms involves functions that are compactly supported on the regular set, hence
converges to the corresponding terms of (). The first term can be dealt with similar by

Qi (o o)) = Ay / @3 (ug) Vo + /Em Vil (u?) o .
k

The first term on the right hand side converges to 0, since A1 is uniformly bounded and the weighted
L? norm does not concentrate near the singular set. The second term on the right hand side can
be further split into two parts

Lo PO A+ [ A9 0
k

The second term in the above expression can be estimated by the L? nonconcentration and the fact
that Q,Z),Ef) = 7(\1’,(;)) is supported in a small neighborhood of S;. For the first term, we have that

/E(i) |V(7(\I/](€i)))|2g02( (l))Qp](;j,ld#k — /(i) |’7,’2|V\I/](j)| ( ()) pl(cJ)rldlu
k

<cR™ /( ) p,(gj_lduk

(2)

By the construction of W, this term converges to 0 as R — oo. Therefore the convergence of Q,(j)
is established as we choose ¢ — 0 and R — oo. O

PROPOSITION 6.5. Assume that o € Sk11, Bar,(z0) C U. Then for any € > 0 there exists an
open subset Uy C Bayy(x0) and Sky1 N By, (x0) C Ur, such that

Vpk (8U1) < E.
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ProoOF. Take a function ¢ which is 1 on B,,(z¢), 0 outside Bay,(zo). Then by the Schwartz
inequality

/ W Vil Co)lpiss < C,
Barg (z0)

for some constant C' that only depends on the minimal slicing.
By the coarea formula this implies that

oo
/ dt/ U Pr+1dpk—1 < 00.
0 =t

Since pr = ugpr+1 this means that

/Ooo V,, (Coy = £)dt < .

Therefore V,, ((¢y, = t) < € for some t. Define Uy = {x : (¢, > t}. O

REMARK 6.6. Previously we conclude that the rescaled minimal slicing ¥, , converges together
with the quadratic form wy, . This volume non-collapsing result implies that the limit 3, o, of ¥ ,,
as o tends to infinity, does not collapse to the singular set Sx11. In fact, for a fixed ¢ > 0, take
e < %90k+d, where ) > 0 is the weighted volume density of the homoegeneous minimal slicing ¥, o
at p, and d is the degree of homogeneity of the weight function pj o on ¥ o. Then there exists
an open subset U, compactly supported in Bog(p), such that Sp1 N By(p) C U, and V,, (0U) < e.
Since X minimizes the weighted volume V), , we conclude that

1
Vo (B N Sk1 N By (p)) <V, (OU N B, (p)) < 550’”6’.
Letting 0 — 0, we conclude that in ¥j, ,

1
VO](E/@OQ NRit1 N Bl(O)) > 59 > 0.

In particular, the limit homogeneous minimal slicing is a k-dimensional slicing.

7. Dimension reduction

We conclude the regularity theory of minimal slicings in this section. Assume ¥ C --- C X, C
RY is a minimal k-slicing and p € S. The rescaled minimal slicings at p

Yko C - CYno

converge subsequencially, as ¢ — 0, to a nontrivial homogeneous minimal slicing in the unit ball of
RY. We analze the singular set Sy, by Federer’s dimension reduction argument. Roughly speaking,
taking homogeneous minimal slicing at a singular point does reduce the Hausdorff dimension of
singular set. On the other hand, a homogeneous minimal slicing has a cone structure and hence
its singular set splits off an Euclidean factor R%. By repeating this process finitely many times the
dimension d of the Euclidean factor in the singular set is maximized. We then arrive at a minimal
slicing
Ce xRéC ... CcCp xR RN

such that Cf is a nontrivial minimal cone which is only singular at the origin. The next proposition
rules out such a phenomenon for low dimension minimal slicings.

PROPOSITION 7.1. There is no nontrivial homogeneous minimal 2-slicings with Cs regular away

from 0:
CocCy3C---CcCphy CR™
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Proor. Using the unweighted eigenvalue inequality we have that
3 n—1
LG wetogus — Be | P <4 [ VapPae
Co =3 Cs

for any function ¢ € C3°(C'\ {0}).
First notice that a two dimension cone is always flat, that is, Ry = 0. Therefore

/ Z V3 log u;|*p?dus < 4/ (Vo) ?dps.
Cz 2

We apply the logarithmic cut-off trick and send the right hand side to 0. Precisely, define a Lipschitz
function on Cy

0 r<e?
lﬁjggi_ff e2<r<e
@e,r(r) =1 e<r<R
% R<r< R2
0 R%2<r.
Since Cy has quadratic area growth, namely W < C, using the coarea formula we
conclude that
C C
\Y — 0,
/C [Vape sl* < |log €| T logR log R
as € — 0, R — oo. Therefore Vau; = 0 for j = 3,--- ,n — 1. That is, each u; should be a constant

function.

Choose an integer m > 3 such that C,, is the maximal dimensional singular cone. That is, for
every integer j > m, C; = R’, but C,, is singular. By Proposition we conclude that u,, is a
homogeneous function with negative degree of homogeneity. Contradiction. g

Now we describe the dimension reduction argument.

THEOREM 7.2. Assume that Y41 is partially regular, that is, dim(Sk11) < k — 2. Then Xy, is
partially reqular.

PRrROOF. Since dim(Sg11) < k—2, we have that dim(Sy) < k—2. We prove that dim(S;) < k—3.
Suppose, for the sake of contradiction, that dim(Sy) > k—3. Pick a real number d € (k—3, dim(Sy)).
Recall that for any compact set A, its outer infinity measure is defined as

A= _r:Ac|B ()}
The important property we will use is that

HL(A)>0< dimA>d.
(4)

For a sequence of recaled surfaces 3J;” — X, their singular sets also converges. Precisely, for
any € > 0, there exists an integer ¢ such that

S(2) € N(S(Sk))-

Therefore
/Hgo (S(Ek)) > lim sup ’Hgo (S(El(;)))'

7
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We then conclude that for H%, almost every zo in S(Xj) there exists a constant ¢ = c(d,n) > 0
such that
HI(S(Ek) N Bo(0))

lim sup d
o—0 g

Choose a point zg with the above lower density bound. Rescaling the surface at xy produces a
homogeneous minimal slicing

C.

Cp C---CCh
that satisfies
HI (S(Cy) N B1(0)) > c.

In particular, if d > 0 then S(Cy)NAB1(0) # 0. Then pick z; € C,NOB1(0) of HL, density positive
and rescale the minimal slicing at ;. We then obtain a homogeneous minimal slicing in the form
ék—l XRCékXRC"'

Repeat the argument k£ — j times until we get
éj x RF~I C éj+1 x RF—7-1 (@O

with each C'j has an isolated singularity at the origin.

Since there is no minimal 2-slicing with Cy regular away from the origin, we conclude that
j > 3. However, the Hausdorff dimension of S(C;) x R¥~J = k — j. Since the Hausdorff dimension
does decrease as we perform dimension reduction, & — j > d. Therefore d < k —j < k — 3,
contradiction. g

8. Existence and proof of the main theorem

In this section we develop the existence theory for minimial slicings. It is based on the partial
regularity theory in the previous sections. Assume that (M",g) is a closed oriented Riemannian

manifold which admits a smooth degree 1 map F to the n dimension torus 7" = S x - - - x S!. Take

xb, ..., 2™ to be the coordinates on each S! component. Scale the coordinate functions z!,--- ,z"

if necessary, we assume without loss of generality that

/ de! =1,
Sl

on the j—th component S'. Let F7 be the composition of F and the projection from 7" to the
7-th component, 7 =1,--- ,n:

Fj: M™—T" — S
Let w/ = F*(d2/) = F;‘(dmj). Since deg F' = 1,

/ WA AW =1,
M

We first describe the construction of the first hypersurface ¥,,_1 C M™ in the minimal slicing.
To do so let us consider the class of (n — 1) currents

Cn—1 = {X is an integral (n — 1) current in M : / WA AT =1
b

Then C,_1 is not empty. In fact, at every regular point p of F,, since F is of degree 1 by the
area,

/ wl/\'--/\w”_l—/ dxl/\---/\dx"_l—/ de' A Ada™ = 1.
Fy ' (p) F(Fy ' (p)) -1

Hence by the Sard theorem for almost every p € S', F,,; 1 (p) € C,_1.
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We next minimize mass in the class C,,_1, namely consider the variational problem
mf{Mn_l(Z) X E Cn—l-}

The by the compactness theorem for currents with locally uniformly bounded mass the infimum is
achieved by some integral (n — 1) current 3,_1. Moreover, since the condition

[etnnurto
P

is preserved under the convergence of currents 3,1 € C,,_1. Therefore ¥,,_1 is an area minimizing
current and by the usual regularity theory it is regular away from a set of codimension 7.
Assume for the sake of induction that we have constructed

Ek_HC"'CEnflCM

with the corresponding first eigenfunctions ugy1,--- ,up—1 defined on them. To construct ¥ the
most natural idea is to minimize the weighted volume

%kﬂ(z) :/EPkJrldMlm

in some class of integral currents. Here py is the k dimensional Hausdorff measure. We require
that ¥ is an integral current with no boundary on the regular set of ¥j,1. To describe this class
of currents precisely, we first need the following

LEMMA 8.1. Let U be an open subset of T* with U # T*, V is an open subset such that V C U.
Then there exists a k-form 0y defined on T* such that

0, =0inV, 0p=dz* A - ANdz* on TF\ U,
and dz' A --- Adx¥ — 0 = dn for some smooth (k — 1)-form n supported in U.

PROOF. Since U is an open subset of 7% which is not dense, there exists a smooth function f
which is identically 1 in U and ka fdz!'---dz* = 0. Therefore the equation

Au=f
has a solution u on T*. Define an (n — 1)-form 7 by
1 = ((xdu),
where ( is a cut off function which is 1 in V and 0 outside u. We then have
dn=dx*du

= (Au)dz! A--- A daF

=de' A A dat
in V. Finally, let 6, = da' A --- A da® — dn. It’s straightforward to check that

0, =0inV, 6 =dz'A---Ada” inTk\U,

and that dz' A --- A dz¥ — 6y, is an exact form supported in U. ([

We use 0 the replacement of the usual volume to construct Xy as follows. Foreach j =1,--- ,n,
denote F7 : M — T the map onto the product of first j S' components, and 0, = 0 is a form
defined as above on T*+! which vanishes in a neighborhood of T#+!(Sy, ). Assume by induction
that

/ (F* 1)1 = 1,
Yk+1

and Y41 minimizes the weighted volume V,, ., (-).
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Choose a k-form ), on T* which vanishes in an open neighborhood U of F* (Sk+1), and is
homologous to the usual volume form. We consider the collection of k-currents

Cr, = {X¥ locally integrable k-current in Ry41: /(Fk)*ﬁk =1}
b

Notice that the collection Cj is non-empty. Consider the map Fyy1|s, b1 ¢ Dkl S1. Since

Fy.11 is of degree 1, by the area formula, for almost every point p € S*,

/ (F’“)*deuk = / L Gk
F L) F(F. 7 (p)

:/ dz' A - A da®
Tk

= 1.

Since pg11 = Ugt1Pk+2 and ugq € L%Hz(zkﬂ), we know that f2k+1 Pr+1dpi+1 < 0o. We therefore
conclude that

inf{V,, ., (X): ¥ € Cy}
is finite. Take any minimizing sequence Y(9) of this variational problem. By the choice of 6), we

conclude that Z(z’) has uniformly bounded mass in M \ U. On the other hand, by Proposition
we may choose a small £g > 0 and some neighborhood U of Siy1 such that for sufficiently large 4,

V. (5D NU) < &.

Pk+1

k+1

Therefore we conclude that the sequence (9 has uniformly bounded mass in any compact subset
of M. By the usual compactness theorem there is a subsequence converging to a limit . Note
that ¥, is also in the class Cj, and it minimizes V), (-) in its homology class. We may continue
this downward inductive construction until k = 1.

Next we describe the construction of the eigenfunction ui. By the regularity theory developed
earlier we know that dimS; < k — 3. Recall that L? is the weighted L? space with respect to
the weighted measure ppi1dpy, and that the spaces Hy, Hy o denote the weighted Sobolev space
induced by the norm

n—1

HSD||1,1~:=/ 902Pk+1dukz+/ Vol + [Acl> + Y IVilogupl® | ©*prradp,
Tk Xk p=k+1

and that we have the following coercivity lemma:

2 2
lellko < cx(@rle, @) + llellgr)-
Then we are able to prove
THEOREM 8.2. There exists an orthonormal basis in Hy o of eigenfunctions for the quadratic

form Qx (-, ). In particular, there exists a lowest eigenfunction uy > 0. Moreover, the first eigen-
value Ay is of multiplicity 1.

PrROOF. Using the characterization

Ax = inf{Qr(p, ) : ¢ € Hk,07/ 0 prprdpr = 1,}

Xk
we see that the first eigenvalue Ay is finite, since Ry is an open subset of ;. In order to construct
the first eigenfunction it suffices to prove a Rellich type lemma. Namely, we prove that

2

is compact.
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For any bounded sequence {¢;} in Hy g, by the usual Rellich lemma there exists a subsequence
that we will also denote by {(;}, that converges in L (Rj) to a limit function ¢ locally in the
regular set Rjr. To see that the convergence ¢; — ¢ is also in L%(Ek), we use the L? non-
concentration Proposition We see that for any 7 > 0 there exists an open neighborhood V' of
Si+1 such that

@il 2 vy < mll@illko(X) < nC.
Hence ; — ¢ in L?(3},). The existence of an orthonormal basis of L?(Xj) by eigenfunctions of Q,
is then given by the min-max characterization of eigenvalues.

Since Sy is of Hausdorff dimension at most k — 3, the regular set R is connected. Therefore
the first eigenfunction is positive on Ry, and that Ag is of multiplicity 1. O

REMARK 8.3. With the help of the proper function v defined in the previous section it is easy
to check that in the definition of Hy g, it is equivalent to take the closure of functions supported in
Ry, or restrict ambient Lipschitz functions on . Once again, a similar argument as in the proof
of Proposition shows that the capacity of the singular set Sy is zero.

We are now in the position to prove the main theorem.

THEOREM 8.4. Suppose M™ is a smooth oriented closed manifold which admits a degree 1 map
onto the torus T™. Then M does not admit any metric with positive scalar curvature.

PRrROOF. Assume the contrary, that M has a metric g with positive scalar curvature. Take a
minimal 2-slicing
Yo C - CYp1 C M.
Since dim(S;) < j — 3 for each j, we conclude that 35 has no singular set. That is, X9 is a smooth
oriented surface. Moreover, since R(g) > 0, 39 is Yamabe positive. Therefore each component of
Y9 is a 2-sphere.
On the other hand, by construction

/ (F2)*(02) = 1.
3o

Since ¥y has no singular set, #3 = dz' A dz?. We then conclude that

/ WwiAw?=1
P

for some linearly independent closed 1-forms w' and w?.
Therefore H'(35,R) is at least 2 dimensional, and the genus of X5 is at least 1. Contradiction.
O






[ADM59]

[Bar86]
[BGT2)

[DWWO05]
[GLSO]
[LMS9]

[Loh99]
[LVOY]

[Mia02]
[Sma93]
[ST02]
[St092]
[Stu06a)
[Stu06b]
[SY79]

[Wit81]
[YST79]

Bibliography

R. Arnowitt, S. Deser, and C. W. Misner, Dynamical structure and definition of energy in general relativity,
Phys. Rev. 116 (1959), 1322-1330.

Robert Bartnik, The mass of an asymptotically flat manifold, Comm. Pure Appl. Math (1986), 661-693.

E. Bombieri and E. Giusti, Harnack’s inequality for elliptic differential equations on minimal surfaces.,
Inventiones mathematicae 15 (1971/72), 24-46.

Xianzhe Dai, Xiaodong Wang, and Guofang Wei, On the stability of riemannian manifold with parallel
spinors, Inventiones mathematicae 161 (2005), no. 1, 151-176.

Mikhael Gromov and H. Blaine Lawson, Jr., The classification of simply connected manifolds of positive
scalar curvature, Annals of Mathematics 111 (1980), no. 3, 423-434.

H. Blaine Lawson, Jr. and Marie-Louise Michelsohn, Spin geometry, Princeton Mathematical Series, Vol-
ume 38, Princeton University Press, Princeton, NJ, 1989.

Joachim Lohkamp, Scalar curvature and hammocks, Mathematische Annalen 313 (1999), no. 3, 385-407.
John Lott and Cédric Villani, Ricci curvature for metric-measure spaces via optimal transport, Annals of
Mathematics (2009), 903-991.

Pengzi Miao, Positive mass theorem on manifolds admitting corners along a hypersurface, Advances in
Theoretical and Mathematical Physics 6 (2002), no. 6, 1163-1182.

Nathan Smale, Generic regularity of homologically area minimizing hypersurfaces in eight-dimensional
manifolds, Comm. Anal. Geom. (1993), no. 2, 217-228.

Yuguang Shi and Luen-Fai Tam, Positive mass theorem and the boundary behaviors of compact manifolds
with nonnegative scalar curvature, Journal of Differential Geometry 62 (2002), no. 1, 79-125.

Stephan Stolz, Simply connected manifolds of positive scalar curvature, Annals of Mathematics 136 (1992),
no. 3, 511-540.

Karl-Theodor Sturm, On the geometry of metric measure spaces, Acta Math. 196 (2006), no. 1, 65-131.

, On the geometry of metric measure spaces. ii, Acta Math. 196 (2006), no. 1, 133-177.

Richard Schoen and Shing Tung Yau, On the proof of the positive mass conjecture in general relativity,
Comm. Math. Phys. 65 (1979), no. 1, 45-76.

Edward Witten, A new proof of the positive energy theorem, Comm. Math. Phys. 80 (1981), no. 3, 381-402.
S.T. Yau and Richard Schoen, On the structure of manifolds with positive scalar curvature., Manuscripta
mathematica 28 (1979), 159-184.

57



	Chapter 1. Introduction and motivation
	1. Einstein equations of general relativity
	2. Variation of total scalar curvature
	3. Conformal geometry
	4. Manifolds with negative scalar curvature
	5. How about R>0?

	Chapter 2. The positive mass theorem
	1. Manifolds admitting metrics with positive scalar curvature
	2. Positive mass theorem: first reduction
	3. Minimal slicing
	4. Homogeneous minimal slicings
	5. Top dimensional singularities
	6. Compactness of minimal slicings
	7. Dimension reduction
	8. Existence and proof of the main theorem

	Bibliography

