äÉÆÆÅÒÅÎÃÉÁÌØÎÁÑ ÇÅÏÍÅÔÒÉÑ, II ËÕÒÓ IV ÓÅÍÅÓÔÒ ðÉÓØÍÅÎÎÙÊ üËÚÁÍÅÎ, 19 ÍÁÑ 2002 Ç.

1. äÏËÁÖÉÔÅ ÒÁŒÅÎÓÔŒÏ R_{ijkl} = R_{klij} ÄÌÑ ÔÅÎÚÏÒÁ ËÒÉŒÉÚÎÙ ÒÉÍÁÎÏŒÏÊ ÍÅ- ÔÒÉËÉ (ÓÞÉÔÁÑ ÄÒÕÇÉÅ ÓÉÍÍÅÔÒÉÉ ÄÏËÁÚÁÎÎÙÍÉ).

2. äÏËÁÖÉÔÅ, ÞÔÏ ÄÌÉÎÁ ÏËÒÕÖÎÏÓÔÉ É ÐÌÏÝÁÄØ ËÒÕÇÁ ÍÁÌÏÇÏ ÒÁÄÉÕÓÁ ” ÎÁ ÒÉÍÁÎÏŒÏÊ ÐÏŒÅÒÈÎÏÓÔÉ ÉÍÅÀÔ ŒÉÄ

l(”) = 2ß” + A”^3 + o(”^3); s(”) = ß”^2 + B”^4 + o(”^4):

œÙÒÁÚÉÔÅ ËÏÎÓÔÁÎÔÙ A É B ÞÅÒÅÚ ÇÁÕÓÓÏŒÕ ËÒÉŒÉÚÎÕ.

3. ðÕÓÔØ S | ËÏÎÉÞÅÓËÁÑ ÐÏŒÅÒÈÎÏÓÔØ, ÏÂÒÁÚÏŒÁÎÎÁÑ ÐÒÑÍÙÍÉ, ÐÒÏÈÏÄÑ- ÝÉÍÉ ÞÅÒÅÚ ÎÁÞÁÌÏ ËÏÏÒÄÉÎÁÔ É ÞÅÒÅÚ ÔÏÞËÉ ÚÁÄÁÎÎÏÊ ËÒÉŒÏÊ r ⊂ R^3. Á) äÏËÁÖÉÔÅ, ÞÔÏ ÇÁÕÓÓÏŒÁ ËÒÉŒÉÚÎÁ ÐÏŒÅÒÈÎÏÓÔÉ S Œ ÔÏÞËÁÈ ÅÅ ÇÌÁÄËÏ- ÓÔÉ ÒÁŒÎÁ ÎÕÌÀ.

Â) îÁÊÄÉÔÅ ÎÁ S ÅŒËÌÉÄÏŒÙ ËÏÏÒÄÉÎÁÔÙ ÄÌÑ ÓÌÕÞÁÑ, ËÏÇÄÁ ËÒÉŒÁÑ r ÌÅÖÉÔ ÎÁ ÅÄÉÎÉÞÎÏÊ ÓÆÅÒÅ É ÉÍÅÅÔ ÎÁÔÕÒÁÌØÎÕÀ ÐÁÒÁÍÅÔÒÉÚÁÃÉÀ.

4. óÅÞÅÎÉÑ ÔÒÉŒÉÁÌØÎÏÇÏ ÒÁÓÓÌÏÅÎÉÑ ÓÏ ÓÌÏÅÍ R^2 = C ÎÁÄ ÐÒÏËÏÌÏÔÏÊ ÐÌÏÓ- ËÏÓÔØÀ M = R^2 \ {0} ÍÏÇÕÔ ÒÁÓÓÍÁÔÒÉŒÁÔØÓÑ ËÁË ËÏÍÐÌÅËÓÎÏÚÎÁÞÎÙÅ ÆÕÎËÃÉÉ. òÁÓÓÍÏÔÒÉÍ ÓŒÑÚÎÏÓÔØ Œ ÜÔÏÍ ÒÁÓÓÌÏÅÎÉÉ, ÚÁÄÁŒÁÅÍÕÀ ÒÁŒÅÎ- ÓÔŒÏÍ ∇_¸u = ¸u + a

¸_1 + i¸_2 x_1 + ix_2 u; ÇÄÅ ¸ = ¸_1@_{x1} +¸_2@_{x2} , a ∈ C | ËÏÎÓÔÁÎÔÁ. îÁÊÄÉÔÅ ÚÁÄÁŒÁÅÍÏÅ ÜÔÏÊ ÓŒÑÚ- ÎÏÓÔØÀ ÐÒÅÏÂÒÁÚÏŒÁÎÉÅ ÓÌÏÑ ÐÒÉ ÐÁÒÁÌÌÅÌØÎÏÍ ÐÅÒÅÎÏÓÅ ŒÄÏÌØ ÏËÒÕÖ- ÎÏÓÔÉ ÒÁÄÉÕÓÁ 2 Ó ÃÅÎÔÒÏÍ Œ ÔÏÞËÅ (1; 0).

5. (ðÓÅŒÄÏ)ÒÉÍÁÎÏŒÁ ÍÅÔÒÉËÁ É ÓŒÑÚÎÏÓÔØ Œ ÐÒÏÓÔÒÁÎÓÔŒÅ R^3 Ó ËÏÏÒÄÉÎÁ- ÔÁÍÉ x = u_1, y = u_2, z = u_3 ÚÁÄÁÅÔÓÑ ÎÁ ÂÁÚÉÓÎÙÈ ŒÅËÔÏÒÎÙÈ ÐÏÌÑÈ ÒÁŒÅÎÓÔŒÁÍÉ

(@_{ui} ; @_{uj} ) =

@^3F @u_1@u_i@u_j

; (∇_{@ui} @_{uj} ; @_{uk} ) =

@^3F @u_i@u_j @u_k;

ÇÄÅ F (x; y; z) =^1_2 (x^2z + x y^2) + a y^2z^2 + b z^5 ðÒÉ ËÁËÉÈ ÓÏÏÔÎÏÛÅÎÉÑÈ ÎÁ ËÏÎÓÔÁÎÔÙ a; b ÜÔÁ ÓŒÑÚÎÏÓÔØ ÐÌÏÓËÁÑ? ñŒÌÑÅÔÓÑ ÌÉ ÏÎÁ ÓÉÍÍÅÔÒÉÞÎÏÊ? óÏÇÌÁÓÏŒÁÎÎÏÊ Ó ÍÅÔÒÉËÏÊ?

ëÏÍÍÅÎÔÁÒÉÉ Ë ÒÅÛÅÎÉÀ ÎÅËÏÔÏÒÙÈ ÚÁÄÁÞ

2. þÔÏÂÙ ŒÙÞÉÓÌÉÔØ ËÏÜÆÆÉÃÉÅÎÔÙ A = −^{ßK}_3 , B = −^{ßK}_{12} , ÄÏÓÔÁÔÏÞÎÏ ÒÁÓÓÍÏÔÒÅÔØ ÌÀÂÏÊ ÎÅÔÒÉŒÉÁÌØÎÙÊ ÐÒÉÍÅÒ, ÓËÁÖÅÍ, ÓÆÅÒÕ ÒÁÄÉÕÓÁ R = K^{−1=2}. ôÏÇÄÁ ÏËÒÕÖÎÏÓÔØ ÒÁÄÉÕÓÁ ” ÉÍÅÅÔ ÄÌÉÎÕ

l(”) = 2ßR sin(”=R) ≈ 2ß” − 2ß 1 6 ”^3 R^2

= 2ß” − ßK 3 ”^3

óÏÏÔŒÅÔÓÔŒÅÎÎÏ, ÐÌÏÝÁÄØ ÎÁÈÏÄÉÔÓÑ ÉÎÔÅÇÒÉÒÏŒÁÎÉÅÍ

s(”) =

∫_” 0 l(ø) dø ≈

∫_” 0 (2ßø − ßK 3 ø^3) dø = ß”^2 − ßK 12 ”^4:

äÌÑ ÄÏËÁÚÁÔÅÌØÓÔŒÁ ÐÏÌÕÞÅÎÎÙÈ ÏÔŒÅÔÏŒ ÐÒÏÝÅ ŒÓÅÇÏ ÒÁÓÓÍÏÔÒÅÔØ ÎÏÒÍÁÌØÎÙÅ ËÏÏÒÄÉÎÁÔÙ, Œ ËÏÔÏÒÙÈ ÇÅÏÄÅÚÉÞÅÓËÉÅ, ŒÙÈÏÄÑÝÉÅ ÉÚ ÎÁ- ÞÁÌÁ ËÏÏÒÄÉÎÁÔ, ÉÚÏÂÒÁÖÁÀÔÓÑ ÐÒÑÍÏÌÉÎÅÊÎÙÍÉ ÌÕÞÁÍÉ É ÏËÒÕÖÎÏÓÔØ ÒÁÄÉÕÓÁ ” ÉÚÏÂÒÁÖÁÅÔÓÑ ÓÔÁÎÄÁÒÔÎÏÊ ÏËÒÕÖÎÏÓÔØÀ ÒÁÄÉÕÓÁ ”.

3. ðÏŒÅÒÈÎÏÓÔØ ÚÁÄÁÅÔÓÑ ÐÁÒÁÍÅÔÒÉÞÅÓËÉ (r; s) → s r(t). åÓÌÉ r | ËÒÉŒÁÑ ÎÁ ÓÆÅÒÅ, Á t | ÎÁÔÕÒÁÌØÎÙÊ ÐÁÒÁÍÅÔÒ, ÔÏ ÉÎÄÕÃÉÒÏŒÁÎÎÁÑ ÍÅÔÒÉËÁ ÉÍÅÅÔ ŒÉÄ g = ds^2 + s^2 dt^2. üÔÏ | ÐÏÌÑÒÎÙÅ ËÏÏÒÄÉÎÁÔÙ ÎÁ ÐÌÏÓËÏÓÔÉ, Á ÅŒËÌÉÄÏŒÙ ÉÍÅÀÔ ŒÉÄ x = s cos t, y = s sin t ÓÏÏÔŒÅÔÓÔŒÅÎÎÏ.

4. äÉÆÆÅÒÅÎÃÉÁÌØÎÏÅ ÕÒÁŒÎÅÎÉÅ, ÚÁÄÁÀÝÅÅ ÐÁÒÁÌÌÅÌØÎÙÊ ÐÅÒÅÎÏÓ, ÚÁÐÉ- ÓÙŒÁÅÔÓÑ Œ ŒÉÄÅ du(t) dt + a _x x u = 0; 0 ≤ t ≤ 2ß;

ÇÄÅ x(t) = 1 + 2e^{it} | ÚÁÄÁÎÎÁÑ ËÒÉŒÁÑ. íÏÖÎÏ, ËÏÎÅÞÎÏ, ÐÏÄÓÔÁŒÉÔØ ÑŒÎÏÅ ŒÙÒÁÖÅÎÉÅ ÄÌÑ x(t) É ÒÅÛÉÔØ ÐÏÌÕÞÅÎÎÏÅ ÕÒÁŒÎÅÎÉÅ, ÎÏ ÐÒÏÝÅ ÄÅÊÓÔŒÏŒÁÔØ Œ ÏÂÝÅÍ ŒÉÄÅ: ÐÅÒÅÐÉÓÁŒ ÕÒÁŒÎÅÎÉÅ Œ ÆÏÒÍÅ

d ln u = −a d ln x

ÍÙ ÎÁÈÏÄÉÍ ÅÇÏ ÒÅÛÅÎÉÅ

u(t) = e^{−a ln x(t)}u(0):

éÚ ÜÔÏÊ ÆÏÒÍÕÌÙ ŒÙÔÅËÁÅÔ, ÞÔÏ ÉÓËÏÍÏÅ ÐÒÅÏÂÒÁÚÏŒÁÎÉÅ ÚÁŒÉÓÉÔ ÔÏÌØËÏ ÏÔ ÇÏÍÏÔÏÐÉÞÅÓËÏÇÏ ËÌÁÓÓÁ ÐÕÔÉ (Ô.Å. ÓŒÑÚÎÏÓÔØ ÐÌÏÓËÁÑ) É ÚÁ- ÄÁÅÔÓÑ ÕÍÎÏÖÅÎÉÅÍ ÎÁ ÞÉÓÌÏ e^{−2ßia k} , ÇÄÅ k | ÞÉÓÌÏ ÏÂÏÒÏÔÏŒ ËÒÉŒÏÊ x(t) ŒÏËÒÕÇ ÎÁÞÁÌÁ ËÏÏÒÄÉÎÁÔ (Œ ÎÁÛÅÍ ÓÌÕÞÁÅ k = 1).

5. äÅÊÓÔŒÕÑ ÐÒÑÍÏÌÉÎÅÊÎÏ, ÎÕÖÎÏ ŒÙÞÉÓÌÉÔØ 3^3 = 27 ÓÉÍŒÏÌÏŒ ëÒÉÓÔÏÆ- ÆÅÌÑ, ÐÏ ÎÉÍ ÏÐÒÅÄÅÌÉÔØ 3^4 = 81 ËÏÜÆÆÉÃÉÅÎÔÏŒ ÔÅÎÚÏÒÁ ËÒÉŒÉÚÎÙ É ÐÒÉÒÁŒÎÑÔØ ÉÈ ÎÕÌÀ. üÔÏ ÎÅÐÒÏÓÔÏ ÓÄÅÌÁÔØ Œ ÏÇÒÁÎÉÞÅÎÎÏÅ ŒÒÅÍÑ, ÎÅ

ÏÛÉÂÉŒÛÉÓØ, É ÎÅ ÚÁÐÕÔÁŒÛÉÓØ Œ ÉÎÄÅËÓÁÈ. çÏÒÁÚÄÏ ÜÆÆÅËÔÉŒÎÅÅ ÚÁ- ÐÉÓÙŒÁÔØ ŒÙÞÉÓÌÅÎÉÑ Œ ÍÁÔÒÉÞÎÏÊ ÆÏÒÍÅ. éÚ ÑŒÎÏÇÏ ŒÉÄÁ ÍÅÔÒÉËÉ (ËÏÔÏÒÕÀ ÐÒÁŒÉÌØÎÏ ŒÙÞÉÓÌÉÌÉ ÐÏÞÔÉ ŒÓÅ) g = dx dz + dy^2 ŒÙÔÅËÁÅÔ, ÞÔÏ ÍÁÔÒÉÃÁ ÓŒÑÚÎÏÓÔÉ `^i_j = `^i_{jk} du_k ÉÍÅÅÔ ŒÉÄ

` = dF_{31} dF_{32} dF_{33} dF_{21} dF_{22} dF_{23} dF_{11} dF_{12} dF_{13}

; ÇÄÅ F_{i;j} = @^2F @u_i@u_j :

íÁÔÒÉÃÕ ËÒÉŒÉÚÎÙ ÎÁÈÏÄÉÍ ÉÚ ÕÒÁŒÎÅÎÉÑ ëÁÒÔÁÎÁ R = d` + ` ∧ `,

R = A C 0 B 0 −C 0 −B −A ; A = dF_{31}∧dF_{31} + dF_{32}∧dF_{21} + dF_{33}∧dF_{11} B = dF_{21}∧dF_{31} + dF_{22}∧dF_{21} + dF_{23}∧dF_{11} C = dF_{31}∧dF_{32} + dF_{32}∧dF_{22} + dF_{33}∧dF_{12}

ðÏÄÓÔÁŒÉŒ ÚÁÄÁÎÎÕÀ ÆÕÎËÃÉÀ F (ÔÏÌØËÏ ÓÅÊÞÁÓ!) ÍÙ ÐÏÌÕÞÁÅÍ

A = d(4ayx) ∧ dy + d(2ay^2 + 20by^3) ∧ dz = 0; B = dy ∧ dx + d(x + 2az^2) ∧ dy + d(4ayz) ∧ dz = 0; C = dx ∧ (4ayz) + d(4ayz) ∧ d(x + 2az^2) + d(2ay^2 + 20bz^3) ∧ dy = 16a^2z^2 dy ∧ dz + 60bz^2 dz ∧ dy = 4(4a^2 − 15b)z^2 dy ∧ dz

éÓËÏÍÏÅ ÓÏÏÔÎÏÛÅÎÉÅ 4a^2 = 15b. ïÔÍÅÔÉÍ, ÞÔÏ ÓŒÑÚÎÏÓÔØ ÎÅ ÓÏÇÌÁÓÏ- ŒÁÎÁ Ó ÍÅÔÒÉËÏÊ, ÎÏ ÓÉÍÍÅÔÒÉÞÎÁ | ÜÔÏ ŒÙÔÅËÁÅÔ ÉÚ ÒÁŒÅÎÓÔŒÁ ÓÍÅÛÁ- ÎÙÈ ÞÁÓÔÎÙÈ ÐÒÏÉÚŒÏÄÎÙÈ F_{ij} = F_{ji}.

Differential Geometry Examination, 19.05.2002

1. Prove the equality R_{ijkl} = R_{klij} for the Riemann curvature tensor (assuming the other symmetries established).

2. Prove that the perimeter and the area of the circle of small radius ” on a Riemannian surface have the form

l(”) = 2ß” + A”^3 + o(”^3); s(”) = ß”^2 + B”^4 + o(”^4);

where A and B are some constants. Express these constants in terms of the Gauss curvature.

3. Let S be the conical surface formed by the direct lines passing through the origin and through the points of the given curve r ⊂ R^3. a) Prove that the Gauss curvature of S vanishes identically. b) Find the Euclidean coordinates in the case when r belongs to the unit sphere with the center at the origin and is provided with the natural parameterization.

4. The sections of the trivial vector bundle with the ˛ber R^2 = C over the punctured plane M = R^2 \ {0} can be considered as the complex-valued functions. Consider the connection in this bundle given by the formula

∇_¸u = ¸u + a

¸_1 + i¸_2 x_1 + ix_2 u; where ¸ = ¸_1@_{x1} +¸_2@_{x2} and a ∈ C is a constant. Find the parallel transform along the circle of radius 2 centered at (0; 1).

5. The (pseudo)riemannian metric and the connection in R^3 with coordinates x = u_1, y = u_2, z = u_3 are given on the basis vector ˛elds by

(@_{ui} ; @_{uj} ) =

@^3F @u_1@u_i@u_j

; (∇_{@ui} @_{uj} ; @_{uk} ) =

@^3F @u_i@u_j @u_k;

where F (x; y; z) =^1_2 (x^2z + x y^2) + a y^2z^2 + b z^5.

Under what relations between the constants a; b the connection is ‚at? Is this connection symmetric? Is it compatible with the metric?