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Teopema 0 BEICOTAX TPEYTOILHUKA U TOXKIECTBO
Akobn

M. B. Ckoneunkos*

Henr ganHOU cTaTbu — MOAPOOHO TMO3HAKOMUTL YMTATENICH C KPACUBOU
ugeen akagemuka B. . ApHoabaa o CBA3U TEOPEMEBI O BBICOTAX TPEYTOIb-
HUKA ¢ ToxaecTBoM fko6u [1]. OcHOBHOe OTIMYME HALIEH CTATHU OT CTa-
Tou B.U. ApHOasaa B TOM, 9TO MBI MMEEM JeI0 B OCHOBHOM CO cdepude-
CKOW reoMeTpuen, a He ¢ reoMmeTpuen JIo6a4eBcKOro, u 9T0 1e1aeT OCHOBHYIO
uaeio 6oJee TOHATHON. B 9acTHOCTH, GOIBINAA ACTh HAIIEN CTATHU AOCTYIIHA,
TKOMLHUKY-CTAPIIEKIACCHUKY. [Ipr 5TOM HYy)HO UMETb B BUIY, YTO MOXHO
enMHOOOPA3HO TOKA3ATh TEOPEMY O BBICOTAX B CPEPUICCKON T€OMETPUU U B
reomeTpuu Jlo6areBCKOTO.

Mu1 pacckaxeM 0 BYX MHTEPECHBIX puMenenusx ujieun B. V. Aproasga —
IBYyX 00600IIEHUAX TEOPEMBI O BBICOTAX TPEYT OTbHUKA.

[lepBBIn pesyabTaT — 5T0 06OOUIEHUE TEOPEMBI O BBICOTAX HA KPUBO-
JUHENHBIE TPEYTOJIBHUKU. Kpugoaunetinbim mpeyzoabnuKkom MBI HA3BIBAEM
durypy, COCTABIEHHYIO U3 TPEX Ay OKPYXHOCTEH a, b m ¢ (puc. la). Buico-
moti h, KPUBOIUHENHOTO TPEYTOILHUKA, MBI HA3LIBAEM OKPYXKHOCTD, IPOXO-
IALIYIO 9epe3 06€ TOYKU MePEeCcevueHus OKPYKHOCTEN b U ¢, epIeH IUuKyIsap-
HYI0 OKPYXHOCTH ¢ (CMOTpH puUCYyHOK 1b). AHATOrMYHO ONpEAeasaoTCa ABE
OpyTue BBICOTHL hy U he. (MBI UCKII09aeM U3 PACCMOTPEHUA KPUBOIUHETHEBIE
TPEYTOABHUKY C ABYMS IPAMBIMHA yIIAMI. )
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TEOPEMA O BBICOTAX KPUBOJMHENHOTO TPEYTOJBHUKAY. Ecau gse
BLICOTHI KPUBOJIMHENHOT'O TPEYTOILHUKA MEPECEKAIOTCA B HEKOTOPOH TOYKE,
TO M TPETHA BBICOTA MPOXOAUT I€PE3 DTy TOUKY (CM. pmc. lc).

OTa TEOPeMa MEPEXOAUT B KIACCUIECKYIO TEOPEMY O BBICOTAX TPEYTOMh-
HUKA, €CIU PAJUYCHI OKPYXHOCTEU ¢, b U ¢ yBeIMIMBATH HEOTPAHUYEHHO.

Bropou pesyabTaT — 5T0 0600LIEHME TEOPEMBI O BBICOTAX HA CIydYal
TPEXMEPHOT'0 MPOCTPAHCTBA:

TEOPEMA IIETEPCEHA — MoprJi. Ilycth a, b u ¢ — Tpu momapHo Hema-
paJIeIbHEIE TIpAMEBIE B mpocTpancTe. O603HaIMM depes ¢ oOmui IepreH-
JUKYJIAp K mape npamerx b u c. Janee, o6o3HaduMm depes a’ o6yl nepnes-
JUKyAAp K Tape TpAMBIX a # o (JaHO, 9TO >TH MpAMbIC Hemapa/iebHb).
Ananormuno ompegemum npambie b’ u ¢’. Torga Tpum npambie a”, b u ¢’
MMEIOT OJInH OOGIIMN TePIeHAnKYIAp (T. e. TPAMYIO, TePeCeKaoIy0 X BCe u
HePIeHINKYJIAPHYI0 UM BCEM).

JTa TeopeMa MPEBPAIIAeTCA B TEOPEMY O BBICOTAX TPEYTOJBHUKA, €CJAU
OpsaMbIe a, b 1 ¢ JexaT B ogHON mIocKocTu. Teopema [lerepcena — Mopan —
TPYAHAA TEOPEMa CTEPEOMETPHH, ¥ OJHA W3 HAIIUX OCHOBHBIX IEJeN — Pac-
CKa3aTh ee J0Ka3aTelbCTBO.

Wnea B. U. Apmoasga nanboaee ABHO IPOABIAETCA B CHEPUIECKON TeoMe-
TPUH, TTO3TOMY MBI HAYHEM CO 3HAKOMCTBA C 2eomempueti na chepe.

He cregyer nymarh, 9TO reoMeTpus Ha cdepe CIOXKHEE IeOMETDPUU HA,
mwIockocTu. HanpoTws, OKa3hIBAETCA, BO MHOTOM DTa IeOMETPHUA YyCTPOEHA
npoie! MHOrue n3BeCTHLIE TEOPEMBI, HATPAMED, TEOPEMEI CUHYCOB U KOCUHY-
COB, OBLIU OTKPBITHL B C(PEPUICCKON MEOMETPHUN PAHDBINE, EM B IIAHIMETPUH
(MOCKOIBKY OHM OBLTM HEOOXOAUMBI I MTPUIOKEHUN B ACTPOHOMUM).

C1O0KET NEPBbI. COEPUYECKASA TEOMETPUA U
BEKTOPHOE INPOU3BEAEHUE

PaccvoTpum equaudnyo cdepy ¢ NeHTPOM B Hadase koopauuat O Tpex-
MEPHOr0 mPOCTpaHcTBa. HaszoBeMm 6oavwotli okpyxrcnocmuio (cfepuueckoti
npaAmoti) cedeHue >TOU Chephl IPOU3BOILHOU IIOCKOCTHIO, MPOXOIAMICH [e-
pes Touky O.

KaxmoMy HeHymIeBOMY BEKTOPY TPOCTPAHCTBA MOXHO COMOCTABUTL IBA
00beKTa, ChePUIeCKON TEOMETPUN: TOUYKY Ha, cepe U GOMBIITYI0 OKPYKHOCTh.

U31a saeranTas GpopMyIMpOBKA TEOPEMBI 0 BEICOTAX TPEYTOIbHUKA B HEEBKIMAOBOM
reoMerpun OblIa HaugeHa ydacTHUKOM JleTHen koHdepenuun Typuupa 'oponos A. Mady-
CAJIOBBIM.
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Puc. 2.

A mMeHHO, BEKTOPY MOXHO COTIOCTABATE TOYKY MEPECEICHUS CPEPHI C JyIOM,
ucxomammM u3 To4ku O B HANIPABICHUN AAHHOTO BEKTOPA (pHUC. 2a), U MOX-
HO COMIOCTABUTH CEYeHUE CPephl MIOCKOCTHIO, MPOXOAAIE depe3 Touky O u
NePIEeHUKYJIAPHON 3TOMy BeKTOpy (puc. 2b).

Bymem o6o3HadaTh TOYKU Ha cdepe GOMbIMUME OyKBaMu, CpeputdecKre
psSMble — MaJTeHbKUMHU. TOUKY (cq)epnquKyfo OPAMYIO), COOTBETCTBYIOILYO
MAHHOMY BEKTOpY, OyjeM 00603HAYATH TOU XKe 6yKBOI/I 9TO W CaM BEKTOpD,
TonbKO 0e3 3HAYUKa BexkTOopa. Hampmmep, ecau A u b— IBa BeKTOpa, To A
0003HAYAET TOUKY, COOTBETCTBYIOMYIO BEKTODY A, a b o6o3HaaeT chepuie-
CKYIO IIPAMYIO, COOTBETCTBYIOLIYIO BEKTOPY b.

Ucerenyem mpocTennine CBOUCTRA, MOCTPOEHHLIX COOTBETCTBHMN.

YTBEPXKAEHUE 1. (Pucynok 3a) Ecau BekTopsl A u b meprnenjukyisapHet,
TO TOYKA A JeXuT HA ChepUIecKOn mPAMOu b.

[LOKABATEJNBLCTBO. [lercTBUTENLHO, TpoBeaeM u3 TOIKU () a1yt B HATIPA-
Brexnu sexTopa A. Io HAIIIEMY OIpPeIeIeHnIo, ToUKa A — Touyka mepecedenus
Hamero qy4a co chepou. IIposegem uepes Touky O IUIOCKOCTb, IepIeH/u-
KyJqapHyIo BeKTOPY b. [lo mamemy ompenemenmio, cdeputdeckas mpaMad b —
cedeHnme cdepbl HALIEH IIOCKOCTBIO. [lockoabky A 1 b MEPIEeHINKYIAPHEBI, TO
MOCTPOEHHBIN Jy4 JEXUT B HAIIEU WIOCKOCTH. [looToMy TOoYka A JeXuT Ha
cepuIecKon IPAMON IPAMOK b, ITO U TPEGOBATIOCE.

By,qu 0003HaYATL depe3 [A B] BEKTOPHOE TIPOU3BE/ICHNE NBYX BEKTOPOB
An B. HamommmmM, aTo sexmoproe npoussedenue IBYX BEKTOPOB AunB —
5TO BEKTOP, MEPHEHANKYJIAPHBIN JAHHBIM BEKTOPAM M PABHBIA MO MOLYJIIO
IOMA/I HATAHYTOTO Ha, HUX MMapaLIeIorpaMMa. Hanpasierue 3Toro BEKTopa
ONIPEAEIAETCA TIPABIIOM MIPABOU PYKH.

YTBEPXKAEHUE 2. (Pucynox 3b) BekTop [ff, E] COOTBETCTBYeT cdepu-
YECKOW IIPAMOMU, IPOXOAdaInen depes Touku A u B.
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MenicTBuTenasHo, BekTop [A, B] nepuenukyaaper 06ouM Bektopam A u B.
[TosToMy cormacuo yTeepxk genuio 1 o6e Touku A u B gexaT Ha cpepuiaecKon
OPSAMOM, COOTBETCTBYIOIEHN BeKTopy [A, B].

YTBEPKEHUE 3. (Pucynok 3¢) Bexrop [A,b] (ecau on memymresoit) co-
OTBETCTBYET MEPICHIUKYIAPY, ONyLUIEHHOMY M3 TOUKM A Ha chepuiecKyo
npaMyo b.

[lencTBUTENBHO, TyCTH BEKTOPY [;i,l_;] COOTBETCTBYET CdepuydecKas mps-
Mat ¢. I[0CKOILKY DTOT BEKTOp MEpIEHAUKYIAPEH BeKTOpY A, TO cOrmacHo
yTBepxAeHmO 1 chepuaeckas mpAMas ¢ HPOXOAUT depes Touxky A. A mo-
CKOJIBKY OH TEPIEHIUKYIAPEH b, TO cpepruaeckas IpaMad ¢ NEPIEH IUKYJIAPHA
cepudeckon mpamon b, MHLIME croBamu, ¢ — MEPIEHIUKYIADP, OMYIIEHHLIN
u3 TOUKU A Ha CheprIecKyio mpamyio b.

YTBEPXKAEHUE 4. (Pucynok 4) Ecim a +b+ ¢ = 0, To Tpu chepuieckue
OPAMEIE @, b U ¢ IEPECEKAIOTCA B OHOM TOTKE.
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[JOKA3BATEJILCTBO. W3 ycaosus a+b+c=0 CIeRyeT, ITO BeKTOPHL c_[, b
uc TMAPALIETHHE HEKOTOPOR TLIOCKOCTH. PaccMOTpuM BEKTOD 13, MEPIEH [1-
KYJAPHBIU 3TOU ILIOCKOCTH. [IpuMensas yTeepx genue 1, MOIyIuM, 9TO TOYKA,
P nexwuT Ha BCEeX Tpex ChepmiIecKux UPAMBIX G, b U C.

Temnepb MBI TOTOBBI K BBIBOAY 60J€€ COMEPKATEIBLHBIX PE3YALTATOB. [Lis
A00BIX TPEX BEKTOPOB TPEXMEPHOI'0 IIPOCTPAHCTBA BLIIOJIHACTCA Moxcde-
cmeo Axobu:

[A,[B,C]] + [B,[C, Al + [C,[A, B]] = 0.
ITO TOXIECTBO TMO3BOMIET 663 BCAKUX YCUINH TIONYIUTE CAEAYIONUIYIO HEOte-
BHHYIO TEOPEMY:

TEOPEMA 5. BrICOTHI TpeyroabHEMKa Ha Cdepe MepeceKaioTcs B OJHON
TOYKE.

JOKABATEALCTBO. IlycTtn A BuC— TPH BEKTOPA, COOTBETCTBYIOLINE
BepUIMHAM TPeyroabHuKa Ha cdepe. CormacuHo yTBepx 1eHu0 2 BEKTOD [A B]
COOTBETCTBYET cepUIecKol NpAMOH, npoxojsued gepes Toaku A u B. To-
I3 COMIACHO YTBEPXKACHUIO 3 BEKTOP [A [B C]] COOTBETCTBYET MEPIEHIN-
KyJApy, OMyIIeHHOMY U3 TOYKU A Ha chepuueckyio npamywo BC, T.e. chepu-
YeCKOW MPAMOU, CoepXkalen BeicoTy h s Tpeyroapauka ABC. Anamoruduo
BEKTOPHI [E, [6_”, A']] u [6_”, [A', B']] COOTBETCTBYIOT CHEPUICCKAM TPAMBIM, CO-
IepXKaluM OBe ApPyTrue BHICOTHL Tpeyroabuuka ABC. IlosToMy TOXmecTBO
Akobu, BBUAY yTBepXK AeHUA 4, 03HAYALT, ITO MOCTPOSHHBIE TPH IPAMBIE TIe-
PEeCeKaIoTCA B OQHOU TouKe. Teopema MOKA3aHa.

HOJIB3YHCI> ITUM METOJ0M, I'eOMEeTPpUYICCKUE TeOPpEMbI MOXHO 6yKBa,JIbHO
«CIUTBIBATBL» C aJII‘e6pa,I/I‘IeCKI/IX TOXIECTB — B KOHIIE CTAaTbU MBI IIPABO UM
HECKOJBLKO 3a1a'1 Ha 3Ty TEMY.

Jlerko BUAETh, YTO TEOPEMa 5 ABAACTCS JACTHBIM CIYYaeM TEOPEMBI O BLICOTAX
KPUBOJMHENHOTO TPeyroabumka (Ha cdepe). e MOKHO JOKAa3aTh U MPOIIe: TpH IICH-
TPaJbHON IPOEKIUY 13 HeHTpa cdephl Ha ILIOCKOCTh, KACAIOIYIocsa cdepbl B OJHON
U3 BEPIIMH TPEYTOJBLHWKA, TEOpeMa 5 MepexoJUT B OOBIYHYIO TEOPEMY O BBICOTAX.

ToxgecTso fIko6u mo3poasgeT TakxKe AOKa3aTh CAeAyioliee ocIableHue Teope-
Mul [letepcena — Mopau: npamsie a”’, b u ¢’ napasseavuvr 0dnot naockocmu. lna
TOKA3ATEIBCTEA AOCTATOMHO 3allICATh TOXKIeCTBO SIKOGM AT BEKTODOB d, b 1 c,
HapaLIeTbHEIX UCXOTHBIM IPAMBIM a, b I C.

BoT eme 0HO a7eMeHTapHOE IPUMEHCHNE TOXKACCTRA SIKOOu: 118 MOoObIX YeTh-
pex Touek O, A, B u C' Ha MIOCKOCTHU BHIIOJIHAETCA PABEHCTBO OA - S(ABOC) +
+ OB - S(nCOA) +OC - S(,AOB) = 0.

O npumeneHnn ToxAecTBa SIKOGH B TEOPUM Y3I0B MOJKHO TPOYUTATH B [4].

Crenyroime 1Ba CIOXeTa HE OMUPAIOTCA APYT HA APYTa W MX MOXHO -
TaTh HezaBucuMO. CIOXeT BTOPOU MOCBAIICH JOKA3ATEALCTBY TEOPEMBI O
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BEICOTAX KPUBOJUHEUHOTO TPEYTOJLHUKA, 8 CIOXET TPETHH — JOKA3ATEIb-
cTBy TeopeMbl IleTepcena — Mopan.

CIOXKET BTOPOI. OKPYXXHOCTHU

Hazosem oxpyxcrocmvio cedenne cdepbl MPOU3BOJILHON ILIOCKOCTBIO, HE
00532 TEIBLHO TPOXOAAIEr Yepesd nenTp cdepol. Touka Ha cdepe u cepude-
CKad MpAMasg — YacTHBIE CIyYIal OKPYXKHOCTH.

OxpyxHOCTE HA cdhepe MOKHO 3a4aTh YPABHEHIEM

(A, X) =

rie A — QpEKCUPOBAHHLIA BEKTOP, o — (PUKCHPOBAHHOE €HCIO, & X — pa-
AMyC-BEKTOD TIEPEMEHHOW TOYKM Ha cdepe. ITO yDaBHEHWE 3a1aeT CeieHue
cepsl MIOCKOCTBIO, MEPIEHIUKYIAPHON BEKTOPY A M HAXOJANIEUCA Ha Pac-
crosama a/|A| oT HagaTa KOOPAMHAT.
B wactrOCTH, ecim o = 0, TO Hama OKDPYXHOCTb ABIAETCA GOTBIION
OKPYXHOCTBIO CEpPBI, a ecan ¢ = |A|, TO OHA BBIDOXK AETCA B TOUKY.
Caenytoliee CBOUCTBO YPABHEHUA OKPYXKHOCTEN TIOYTH OYEBHUTHO:

YTBEPXKIEHUE 6. Ecmu okpyxkHOCTH (ff,)_(') =amn (B',X') = [ mepece-
KalTCA, TO OKpyxkHOCTE (A + B, X) = a +  npoxoauT [epe3 ob6e wx TO9-
KA TIepeCevIeHus.

[lenicTBUTEABHO, IYCTH X — paanyc-BeKTOP O,qufx’I 13 TOYEK TePecetieHns
NEPBBIX ABYX OKpyXHOCTEN. Toraa mo ONPEAEICHMIO (A X )=amn (B X ) =p.
CkaagpIBasg 5TH PABEHCTBA, TOIY UM (A +B,X ) = a+ 3, To ecTb TpeThbs
OKPYXHOCTH TOXE MPOXOANT 9Iepe3 TOIKy X .

Ha sA3bike HAIIUX ypaBHEHUH JETKO BBIPA3UTH TAKKE YCJIOBUE MIEPIIEHIU-
KYJAPHOCTH JABYX OKPYXHOCTEH:

—

YTBEPXKIEHUE 7. OKpyXKHOCTH (A',X) =amu (E,X) = [ mepneHauKy-
JSPHBL TOT/Ia U TOJBKO TOrAa, Koraa af — (A, B) =0

,Z[OKASATEJILCTBO [IpeanomoXuM, 9TO OKPYXHOCTH (E,X) = amn
(B X ) = [ nepnenaukyaspubl. [lycTs X — PAAMYC-BEKTOP OMHOU M3 TO-
9eK IePEeCcedeHnA 3TUX OKPyXHocTen. Torga BeKTOPE [A', X |m [X: , E] mapaj-
JEIbHBI KACATEILHBIM K OKpyXHOCTAM A m B B sTOm Touke. Paccmorpum
TOX IECTBO

Ero seBas 1acTh paBHA HYTIO B CHILY IePIEHIUKYIAPHOCTH OKpyXHOCTeH A 1
B, a npasaa gacTs B TounocTH paBHa of — (A, B). Tem caMbIM B 0HY CTOPOHY

HYXHOE yTBepXaeHue nokasano. ObpaTHoe yTBEDKICHUE TOKAZBIBAETCI OT
IIPOTUBHOT'O.
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DTO yTBEpPXK/JECHWE ABIACTCA MOTUBUPOBKOM A CIEAYIOMIETO OIpenese-
HUA. .

PaccmoTpum MHOXECTBO map Buga («; A), Tae o — AEUCTBATENBHOE IHUCIIO,
a A — BEKTOp TPEXMEPHOT0 IpOCTPAHCTBA. CKALAPHbIM POU3EEIEHUEM FBYX
raxnx map A = (a; A) u B = (8; B) masosem mcao (A, B) := off — (4, B).

OHpe,quII/IM CJI(Z)K€H_I{I€ nap u yMHO)Ke_)HI/Ie Iapbsl HA 9UCJI0 MOKOMIIOHEHTHO!
A+ B:=(a+8; A+ B), M= (Aa; AA).

ByaeM 0603HAMATE OKPYXHOCTD, 3ajaBaeMylo ypasmermeM (A4, X) = a,
TOM Xe GyKBOW, 4To 1 camy mapy (o A).

Oxa3bIBaeTCs, BBEAEHHBIX OIEPAIMI JOCTATOYHO, YTOOBI IOLYIUTh yPAB-
HEHWE BBICOTHI KpHBOJIHHeﬁHOFO TPEYTOJIbHUKA NCXO O U3 ypaBHeHI/Iﬁ €ro CTO-
POH:

YTBEPXKAEHUE 8. Ilape B(A,C) — C(A,B) coorsercrByer BbICOTA hag
KPUBOIMHENHOT'O TPEYTOJbLHUKA, COCTABICHHOT'O M3 AyT OKpyxHOcTenm A, B

uC.

MOKABATENLCTBO. Ilockonsky napa H = B(A,C)—C(A, B) asrsercs an-
merHON kKoMOGmHanmer map B u C, To coryacHo yTBepXK AeHnio 6 COOTBETCTBYIO-
masa el OKPYXHOCTE H MPOXOAUT depes 06e TOUKHI MePeCeteHnA OKPYKHOCTEN
B u C. A mockorbky

(H,A) = (B, A)(A,C) - (C,A)(A,B) =0,

TO COTVIACHO YTBEPXKIEHUIO 7 OKPYXHOCTH H MepIeHANKYIApHA OKPYKHOCTH
A. To ectb, mo onpegenernto, H — BBICOTA CHEPUIECKOrO TPEYTOJLHUKA,
cocTaBreHHOrO m3 ayr okpyxuocren A, B u C.

B cayuae, xorga A, B u C — Goabimme OKPyXHOCTH CeEpHI, TO yTBEp-
XKIEHNE COTIACYETCA ¢ (POPMYJION U3 TPEALIAYIIETrO CIOXKETa, BBULY 3aMeta-
remsnoro Toxgecrea [A, [B, ]| = B(A,C) — C(4, B).

Temepb MBI FOTOBBI JOKA3aTh TEOPEMY O BBICOTAX KPUBOJIWMHEWHOT'O TPE-
yroabHuKa Ha cdepe. [lencTBATENBHO, yCTh HAII TPEYTOILHUK COCTABICH
u3 ayr okpyxuocren A, B u C, He ob6a3aTeabuo 6oabmmx. CoraacHo yTBep-
xaeanto 8 mape Hyq = B(A,C) — C(A,B) u aBym aHAIOTMYHO oOmpenese-
MbIM mapaM Hp 1 He COOTBETCTBYIOT BLICOTHI HTOT'O TPEYTrOAbHUKA. [Ipen-
mooxuM, 10 H 4 1 Hp nepecekaiorca. HemocpeacTBeHHO IPOBEPALTCA, ITO
He = —Ha — Hp, nooToMy BBUAY yTBepXjeHus 6 BoicoTa He MpOXO uT
4epes TOYKy nepecedenus BoicoT H 4 v Hp, 9T0 1 TpeGoBaAIOCH.

Teopema 0 BEICOTAaX KPUBOIMHETHOT'O TPEYTOALHAKA, HA TLIOCKOCTH JETKO
CBOJUTCA K TEOPEME O BBICOTAX KPUBOJIWHEMHOTO TPEYTOAbLHUKA Ha cdepe,
ecan pagnyc chepbl YBeINYABATh HEOT DAHWIEHHO.

OunpegeneHunii HaMu OOBEKT (MHOXKECTBO AP € OINEPALMAMY CJIOKEHWS, YMHO-

KEHUA HA TUCI0 U CKAIAPHOTO MPOU3BEACHUA) HA3BIBAETCA TPOCTPAHCTBOM MUHKOB-
CKOro u urpaer QyHIaMEeHTAAbHYIO DOIb B TEOPUM OTHOCUTEILHOCTH [2].
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a) b) c)
Punc. 5.

B 1encTBUTENBHOCTY I NOKA3ATEILCTRA TEOPEMEI O BEICOTAX KPUBOJUHENHOTO
TPEyrOJIBHUKA JOCTATOYHO PE3YJIHTATOB TOJBKO [EPBOIO CIOKETA.

A umeHHO, PACCMOTPUM CEAYIOMIUE 3 CIydas:

Caydai 1. CymMa yriioB KPUBOIMHEMHOT'O TPEYTOABHUKS Ooabine 27 (PUCYHOK
5a). B »rom ciyuae mama reopema cBogurcsa x reopeme 5. lig aTOro HyXKHO cae-
JaTh cTepeorpadn<ecKyo IPOeKInio Ha cdepy MOAXOIAIIEr0 PATUYCa, KACAIOIIYIOCST
IUIOCKOCTHU B PAJUKAIBHOM [EHTPE TPEeX OKPYKHOCTeR a, b u c.

Cayyair 2. CyMMa yIVioB KPUBOJIMHEHHOTO TPEYTOMBHUKA paBHa 27 (PUCYHOK
56). Jlerko BugeTh, 4TO TOr4A OKPYKHOCTU G, b U ¢ IepecekanTcs B OQHOU TOUKe.
Hama Teopema cBOAUTCA K OOLIYHOU TEOpEME O BBICOTAX C MOMOIIBLI) MHBEDCUU C
IIEHTPOM B DTOU TOUKE.

Cay4air 3. CyMMa yIVIOB KPUBOJIMHENHOTO TPEYTOMBHUKA MEHbIIE 27 (PUCYHOK
58). Torga cymecrByer OKpyKHOCTE d, NEPIEH AUKYIAPHASL BCEM TPEM OKPY KHOCTSM
a, b u c. Hamma Teopema ecTh B TOYHOCTH TeOPeMa O BHICOTAaX B reomerpuu Jlobaues-
ckoro, chopMyauposansas B Mogenu [lyarnkape (B koropon d — abcomort). Teopemy
0 BeICOTaX B reomerpuu JIo6aIeBCKOrO MOXKHO IOy YU TH AHAJIOTUIHO IIEPBOMY CIOXKe-
Ty, UCXOMA U3 TOXKAeCTBa AKOOU IJIa BEKTOPHOTO MPOU3BEICHUA [%T, é] = *(/T/\ é)
B NICEBIOEBKINAOBOM TPOCTPAHCTRe [1].

CIOXKET TPETUHA. IIPSIMBIE B IPOCTPAHCTBE

[IpAMyIo B IPOCTPAHCTBE MOXKHO 3a4aTh CIEAYIOLMM yDABHEHUEM:
[u, z] = v.

31ech u U U — PUKCUPOBAHHBIE BEKTOPHI, & L — PaJUyC-BEKTOP TEPEMEHHON
TOUKH. BEeKTOPBI 4 1 ¥ MOXHO TIOCTPOUTH MO AAHHOW TMPAMOU TAK: B3ATH ABE
Touku A u B Ha sTOU npsamon u noroxuts u = AB, v =[0OA, OB].

BexTop v a4 ZaHHOU MIPAMOUM HMEET IPOCTON MeOMETPUIECKUH CMBICT —
DTO HANPABIAIOMINYM BEKTOD JAaHHOU mpamou. QTCioga, B 9aCTHOCTH, CAEHY-
eT, 9TO ecau npamag [u,z] = v nepneRamKyaapHa npsamon [u,z] = o', To
(u,u') = 0.

OKa3LIBAETCA, YCJIOBUE TIEPECEUCHUA MPAMBIX TOXKE JEMKO MOXKHO BBIPA-
BUTH HA A3BIKE WX YPABHEHUH:
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YTBEPXKJEHUE 9. Ipamere [u,z] = v u [/, 2] = v/ mepecekarorca (mm
HAPALIETLHE] ), €CI 1 ToabKo ecan (u,v') + (v,u’) = 0.

[TOKA3ATEJIBCTBO. [lokaxeMm yTBepXjeHue B oaHy cropony. Ilycrs Ha-
I TIPAMBIE MEPECeKaIOTCA B HEKOTOPOH TOYUKE ¢ paamyc-BeKTopoM z. Toraa
(u,v") + (v,0) = (u, [v/, 2]) + ([u,z],4') = 0 B cmny M3BECTHOTO TOXAECTBA.

MokaxeM yTBEpXKAeHUE B APYryko cTopony. llycrs (u,v') + (v,u') = 0.
BrifepeM Mpou3BOILHEYIO TOUKY & Ha IEePBOM IPAMOHR M TOUKY ' Ha BTOPOH.
Torga (u,v') + (v,u') = (u, [/, 2]) + ([u, 2], ') = (u,[v/, 2" — z]) B cuny BCE
TOrO Xe TOXAeCTBA. 3HAIUT, (U, [/, 2’ —x]) = 0. 1o o3HAuwAeT, uTO &' — I =
= \u+ N ana sexoropeix 1ucenr A u X. Torga x + \u = 2’ — N/ — uckomas
TOYKA MepeCcevdeHn HAIIMX IIPAMBIX.

Hama ocHOBHAA meab — MOHATH, KAK WCXOAA U3 yPABHEHUU ABYX IIps-
MEIX HOLY<IUTh YPABHEHUE X OOIIEr0 HePIeH UKy IApa. VHEIME CIOBAME, HAM
HYXHO HauTH Takue BeKTOpel u” w v, a1o6b1 npamas [u”, ] = v” mepecekana
npamete [u, 2] = v u [u/, 2] = v’ u 6bL1a HepHeHAUKYAAPHA UM.

flcHO, ITO HmpAMAA ¢ HANPABIAIOIIAM BEKTOPOM [u, '] TepHeHIuKyIApHA
o6enm HammMm npambM. Homoxum u” = [u, u'].

OxasbiBaercs, ana BekTopa v’ Toxe ecTb pocTas ¢opMmya. B kadecTse
BeKTOpa v’ HYXHO B3ATH HPOEKIHIO BEKTOpa [u,v'] + [v,u'] HA mIOCKOCTD,
nepnenauKyaapayto sektopy . To, aro mpamasa [u”,z] = v” mepecekaer
npameie [u,x] = v u [u,z] = v/, nposepsaeTca ¢ nomompw yTBEpKACHUS 9.

JTa dopMmyna ABIAETCA MOTUBUPOBKOH AIA CICAYIONIETO OMPEICTCHU.

[Iycrs (u;v) m (u';v') — aBe mapw BekTopoB. HazoBeMm mx npouseedenuem
napy (u”;0"), rae v = [u,v'] m 0" = [u, V'] + [v,4].

Ompegenum cymmy TAp BEKTOPOB TOKOMIOHEeHTHO: (u;v) + (u';v') =
= (u+u5v+0).

3AMEYAHUE. OfHOM W3 TreOMeTPUYECKMX WHTEPIPETAIMN TAKAX Iap
ABIAIOTCA CKOAbBAUUE SEKMOPBL [3].

Mbl mMeeM ecTecTBeHHOEe 0TOOpaXKeHUe M3 MHOXKEeCTBAa Hap BEKTOPOB B
MHOXECTBO MPAMBIX B IPOCTPAHCTBE: mape (Uu;v) CTABATCA B COOTBETCTBUE
npsaMas [u, ] = pro, rge pro — NPOEKIUsA BEKTOPA ¥ HA INIOCKOCTb, IEPIEH-
MUKYJIAPHYIO BeKTOPY u. DaKTUUECKN Mbl IOKA3a/IM, YTO HTO 0TOOpaXeHue
NEePEBOAUT MPOU3BEJEeHUe B 00NN MEPHeHANKYIAP (CTPOro TOBOPS, TOIBKO
B caydae, ecim v L v mw v’ L v/, HO K HeMy Bce CBOAWNTCA — IPU 3aMeEHe
v — v+ Au, v — v + Mo npoucxoaur samena v’ — v" + (A + N)u).

[IpwBemeM OAHO TPOCTOE MPUMEHEHWE HAIIETO COOTBETCTBHA: TPAMAA
[u+', 2] = v+ v mepecekaer o6WME TEPIEHANKYIAD K TPAMBIM [U, T] = U U
[/, 2] = v" (nposepseTcs ¢ moMombo yTBEpXK AeHNA 9).

C moMOmIBbI0 HAIIETO COOTBETCTBUA MOJIYIACTCA TaKXkKe TeopeMa Ilerep-
cena — Mopau. [[eNCTBATETLHO, IPOU3BENEHAE AP BEKTOPOB yAOBIETBOPAET
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ToXaecTBY Axo6u. Eciu mocMOTpeTs, YTO OHO 03HAYAET T€OMETPUIECKH, TIO-
ayuauM Teopemy lletepcena — Mopamn.

OTO MOKA3aTEIHLCTBO MOXKHO MEPECKA3aTh HA Oosee HAyYHOM a3bike. /lero B ToM,
YTO TOT OOBEKT, KOTOPHLIM MBI ONpETenuan (Mapsl BEKTOPOB C OMEPAIMEN YMHO-
KEHUs1) — 3TO B AEUCTBUTEJILHOCTH airedpa Jlu rpynnbl IBUKEHUU TPEXMEPHOIO
mpoctparcTBa. [lo Teopeme lana m060oe COGCTBEHHOE MBUKEHUE TPEXMEPHOTO PO~
CTPAHCTBA — DTO BUHTOBOE NBUKEHUE BI0Jb HEKOTOPOU IPAMOU JUOO0 HapaLIeIbHBII
neperoc. ComocTaBuM KaxKJA0My GECKOHEYHO MAJOMY ABUXKEHUIO, TO €CTh BJEMEH-
Ty anare6pnl Jlu TpyNOLl IBUKEHWHM TPEXMEPHOTO MPOCTPAHCTBA, TAKYH TPAMYIO.
KarodeBou (paxT: KOMMYTATOpP OPU TAKOM COOTBETCTBUHU HEPEXOTUT B OOMIMU TIep-
MEHUKYIADP. DTO CICAYET U3 TOrO, YTO MPAMAasg, COOTBETCTBYIONIAA KOMMYTAaTOPY,
IOMKHA OLITH HEMOJBUKHA TPHU JHOOOU CAMMETPUM, MEHAIOIIEH MECTAMU TPAMBIE,
COOTBETCTBYIONINE UCXOMHBIM daemenTaM. Terneps Teopema IleTepcena — Mopan me-
TTOCPECTBEHHO TOAYYIAECTCA U3 TOXKAECTBa Axobu.

B Takom Brge HOKa3aTeIbCTBO HPOXOAUT 6€3 CYIMIECTBEHHBIX W3MEHEHUW U IS
npocTpancTBa JobadeBckoro — Teopema Ilerepcena — Mopau okaswpIBaeTCSa CIpa-
BEJIMBON M B HEEBKJMIOBOM IIPOCTPAHCTBE [5].

3ATAYU
Bo Bcex zagatax mpegnonaraeTca, 9To A, B u C — edunuunvie BEKTOPHI,
uayIve B BepmuHbl cpepudeckoro Tpeyroabuuka ABC w3 menTpa cdepb.
Yepes AB, BC u C'A 0603Ha9a10TCA d4UkHbl CTOPOH TPEYTOIBHUKA, TO €CTh
MAAHBL YT COOTBETCTBYIOMNX GOIBIINX OKPYXKHOCTEH.

1. PaccmarpuBas BekTop A+ B + C') nokaxuTe, 9T0 MEIUAHBI TPEYTOIbHIKA
Ha cdepe IePEeceKaTCa B OJHOU TOYKE.

2. C momomsio Toxgectsa ([A, B],[B, C]) = (4, B)(B,C) — (4,C)(B, B) no-

AYUIUTE CHEPUUECKYIO TMEOPEMY KOCUHYCOB:

sin AB sin BC' cos ,ABC = cos AB cos BC' — cos AC.

3. C nomomsio roxzaecrea ([A, B],C) = ([B,C], A) = ([C, A], B) poxaxure
chepuneckyro Mmeopemy CuUHYcos:

sin AB sinBC  sinCA

sin LACB ~ sin ,BAC  sin ,CBA '

4. ChopMyaupyuTe U NOKAKUTE TEOPEMY O OGHCCEKTPHUCAX KPUBOIUHEAHOT O
TPEYTOMBHUKS HA IIOCKOCTH.
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ABTOp 3TOM KHUTE — IPOPECCUOHAILHLIA MATEMATUK — PACCKA3BIBAET O CBOEM OIBLITE
3HHHTHﬁ MaTeMaTHKOI;JI C OOIIKOJIbHUKAMMU. }KaHp KHUT'1 CMeH.IaHHBIIl/JI: JHEBHUKOBBIEC 3aIllUCHA
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pPeab MO3BOIAIT YINIYOUTH U PA3BUTh KaK ObI HAMEUEHHBIE MyHKTUPOM miaen. Kuura 6yaer
WHTEpPEeCHA POAWTENIM MOLIKOILHUKOB (a Takxke mx GalylIKaMm W AenyIiKaM), BOCIHTATE-
JAM NEeTCKHUX CaJ0B, YIATEIAM HAYAJbHBIX KJIACCOB, M BOOOIIE BCEM TeM, KOO MHTEpecyeT
IpOIECC PA3BUTUA JETCKOIO MHTELICKTA.

A. M. Pauropoxackun. IIpo6mema Bopcyka. B-ka «MaTemMaTudeckoe mpocselre-
Hue», BHI. 33. 2006. 56 c.

Bpouropa HanmucaHa Mo MaTepuagaM JeKIUW, TpounTanHou Ha Mamom mexmare MY
1A KOabHUKOB 9-11 kmaccos. B Hen paccka3siBaeTcsa 06 OHOU U3 3HAMEHUTHIX 324391 KOM-
6uHATOPHOU reomeTpun — runorese Bopcyka. MHorme raaBsl cHaGXeHBI 3agadaMu. Bpo-
LII0PA PACCIMTAHA HA IIUPOKUM KPYD IUTATENEU, MHTEPECYIUXCA MATEMATAKON: IIKOIb-
HUKOB CTapPIIMX KIACCOB, CTYJEHTOB MIAANMX KypcoB, yuurenen. OT durarens moTpedy-
€TCA 3HAHVE DIEMEHTAPHBIX TOHATUN KOMOMHATOPUKH, &, KPOME TOT0, OyAeT HOME3HBIM (HO
He 003aTeIbHBIM) 3HAKOMCTBO C aHAIUTUIECKON IeOMETPHEN M HAJAJIAMU AHAIN3A.

B. A. Ycuenckun. YeTsipe amroparMudeckux Juna ciydaunocta. 2006. 48 c.

Bpomropa HallCaHa II0 MaTepuaJaM JCKIUN, HpO‘II/ITaHHOI‘/JI aBTOpPOM B JIeTHeﬁ IIKOJIEe
«COBpeMeHHaﬂ MaTEMaATHUKA». OHa IIOCBAILIEHA q)OpMaJII/IBaHI/II/I TAKOI'O UHTYUTUBHO sACHOI'O
TEPMUHA, KaK (CILYIauHOCTB». B GpOIIOpe pacCMaTpPUBAETCA YETHIPE PA3HBIX MOAXOAA K
3TOMY TIOHATHUIO, OCHOBAHHBIX Ha XaPaKTEPHBIX CBOIL/'ICTBaX Cﬂy‘{aﬁHBIX nocaea0BaTEeaIbHO-
CTel: IaCTOTOYyCTOMIABOCTD, Xa0TUIHOCTD, TUMMYHOCTE W HEIPEACKa3yeMOCTb. Bpomopa
aapeCOoBaHa CTAPIINM IMKOJBHUKAM U CTyA€HTAM MJIa AMINX KypPCOB. Hpe,{[BapHTeJIBHBIX 3Ha-
HUU OT YATATEIA He MOTPefyeTcsa, 0AHAKO OyAeT IOJe3HBIM 3HAKOMCTBO C TEOPHeU alaro-
PUTMOB, a AJA IYTE€HUA HOCﬂeﬂHeIL/'I TJIaBbIl — C OCHOBHBIMU IMOHATUAMU TE€OPUU BepOﬂTHOCTeﬁ.

A. T". Xosauckunu. Teopua Tamya, HakpeiTua u puMaHoBH noBepxHOCTH. 2006.
96 c.

B 6pomope manoxena teopusa [arya u ee TpuMeHeHNA K BOIPOCAM O PA3PEIIUMOCTH All-
re6pamvdeckux ypaBHeHUn. PaccMaTpUBAETCA AHAJOTUA MEX Iy OCHOBHOU TEOPEMOU TEOPUU
Tamya m xraccubukanmed HAKPBLITHN HaJ TOMOJOTMYECKMMU IPOCTPAHCTBAMU. B mocaea-
Heﬁ TaCTU IIPUBEIACHO I'€OMETPUIECKOE ONMNUCAHNE KOHEYIHBIX aﬂreﬁpanquKHX pacmnpeHI/If/i
oA MePOMOPGHLIX (HYHKINNA HA PUMAHOBBIX MOBEPXHOCTAX. 1A CTYAE€HTOB, aCOIUPAHTOB
" CIIeIuaJnCTOB B 00JaCcTU MaTEMATUKU.

A. Illess. O «MaTeMaTHYeCKOM CTPOTOCTH» M IIKOJILHOM Kypce MaTeMaTHKH.
2006. 72 c.

MatemaTuku TpagunuoHHO (1 He 6€3 OCHOBAHUN) TOPAATCA (MATEMATHIECKOU CTPO-
TOCTBIO» — TOYHOCTBIO U TOJHOTOU AOKA3ATEILCTB TE€OPEM Ha OCHOBE OMPENCTCHUN U aK-
CHOM. HaCKOJIBKO STOT yaeaJa AJOCTUTIHYT B HIKOJBHOM KypcCe MaTeMaTHKH? MO)KHO JHn ero
pocTurayTh? U HyXHO am K 3TOMYy cTpeMuThbCsa! B 6pomope pa3éuparTcs HECKOIBKO ae-
JIWKATHEIX BOIPOCOB LIKOJIBHOI'O KyPCa MaTeMaTHKH (B 16M mpo6aeMa, KaK €€ IBITAI0TC
PELINTh B IIKOJBHBIX yIeOHMKAX U KaK €€ MOXKHO OBbLIO ObI pemaTs). V3n0xenne paccauTa-
HO Ha MIO003HATEIBHBIX IIKOJIBHUKOB, KBAIN(MUINPOBAHHBIX yIUTEIEH W N0OPOCOBECTHBIX
3K3aMEHATOPOB.




