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O cymMme yIiioB MHOIOIDaHHIKA

. B. UsmecTheB*

Ilpenogrocs cropupus
CyMMOH CBOUX YIVIOB,
Bermp BrinazaeT u3
Hamero mupa cios.
Hocudp Bponckun,
Hatropmopt VII

1. BBEAEHUE

B sToM cTaThe MBI fOKaXEM pAJ COOTHOIICHUHN, CBA3BIBAIOIINX BEIUIMHEI
BHYTPCHHUX YTVIOB MHOT'OT'DaHHWKA. Ca.MOG N3BECTHOEC U3 HUX (K COXAJICHUIO,
MEHEee M3BECTHOE, IeM OHO TOT0 3aCIykuBaeT) — dopmyaa ['pama. Jus rpex-
MEpPHOT'0 MHOTOTDAHHUKA OHA, TJIACHUT:

TEOPEMA 1.
2> =Y o =21(F —2), (1)
€ v

2de ae — deyepannvll Y204 npu pebpe e, a,, — mesecHbll Y204 NPU 8EPULU-
e v, F' — Koauuecmeo 2paneti Muo202pantuKae, CYMMuposanue 6edemcs no
8CEM BEPULUHAM U PEODAM.

Hanpumep, ky6 umeer 12 pebep ¢ yriaamu 0o 7/2, 8 BepIIuH ¢ yriaMyu Takke
no 7/2 u 6 rpamen. [logcranoska sTux Beauuus B dopmyry (1) mzaer Beproe
TOX I€CTBO.

Dopwmyaa 'pama 0606maeTCs Ha MHOTOT'PAHHUKEY H0JI€€ BHICOKOU PasMep-
mocTH. [l 3TOTO HAM HAMO ONPEAEIATH BEIUHWHY YTJa MPU KX IOU TPAHA
MHOT'OTDAHHUKA. MOXHO IOCTYyNXATH TPAJUIMOHHO: €CJIU IIOCKUK (M BMecTe
C HUM ABYTPAHHBIA) yT'OJT U3MEPAETCA MJIMHOU TYTH, & TEIECHBIM TLUIOIMIA L0
06IaCTH, BHICEKAEMOU Ha €AUHWYIHOU Cepe, TO MOMHLIU k-MEPHBIN YOI CIe-
IyeT MOMOXUTEH PABHLIM TLUIOMIA TN ¢IUHATHON k-MepHOU cdepbl. O 1HAKO UHO-
raa yaio6HO yriabl HOPMUPOBATE, TPUHAB BEAUYIUHY MOJHOTO YTV 38 €TUHUILY .
B HaIIEeM CIy'ae€ 2TO IPUBOAUT K SJCTaAHTHOMY PABCHCTBY.

*PaboTa BHIIONHEHa B paMKax IpoekTa «llommsapaibHBIE IOBEPXHOCTUY, PUHAHCUDYE-
moro DFG (IepmaHckuM MCCIef0BATEIBCKAM OGIIECTBOM).

MaTemaTu4eckoe npocseyenune, cep. 3, sbin. 10, 2006(132-150)
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TEOPEMA 2 (DOPMYJA I'PAMA).

n

Y (=Dfgpp =0, (2)

k=0

ede pp — cymma (HOPMUPOBAMNBIT) BEAUNUH Y2408 NPU k-MEPHBIT 2PAHAL
daHHO20 N-MEPHOZO MHO202DAHHUKA.

HamgmM 6osee cTporoe ompemeneHne BeAw<InHbl yraa. Ilycts P — n-mep-
HBIA MHOTOTPAHHUK, () — ero k-mepHas rpadb. BeibepeM TOYKY & BHYTpPH
@ u paccmorpum map B manoro paguyca ¢ umeHTpoM B x. BeaumduHa yriaa
MHOTOTpAHHUKA P mpu rpamum () momaraeTcsa paBHOU gome o0bema mapa B,
HAXOAIIEUCS BHYTPU MHOTOIPaHHUKA, P:

__vol(BNP)

OJKBUBAJEHTHBIM 00Pa30M MOXHO PACCMOTPETH MAIyio cepy ¢ IEHTPOM B &
7 OTIPEAEIUTE, KAKAA A0JIA €€ ILIOMALN HAXOQUTCA BHyTpu P.

[larHOE OmpeeneHne MPOACHAEST CMBICA CIATAEMBIX On_] U (Pn B POPMY-
ae (2). Crepysa emy, auas Bcex yraos npu (1 — 1)-MepPHBIX PPAHAX MBI IIOLY 92€M
Beamtuay 1/2. Kpome TOro, Mbl yCIaBInBaeMca CUATATH CAM MHOTOTDAHHUK
cBoen (eJUHCTBEHHOM) Nn-MEPHOU I'PAHBIO, OTKYAA [0 ONPEACICHUIO HAXOLUM
¢n = 1. Teneps aurarens 6€3 TPyAa MOXKET yCTAHOBUTH, 9T0 gopmy.aa (1)
ABIAETCS 9aCTHBIM caydaeM Gpopmyast (2).

Kpome ¢opmyast I'pama, MBI JOKaXXeM W APYTU€ COOTHOIIEHUA MEXIY
BEJMYHHAME YIVIOB MHOTOTpaHHuKa, dhopmyJsl [lena — Commepsuia. Onu no-
ABIAIOTCA B PAa3MEPHOCTAX HAYUHAL ¢ 4, T MBI OTIOXUM UX HOPMYIAPOBKY
o bonee yroOHOTO MOMEHTA.

* % k ok k %

[11 TOMHOTLI M3JI0XKEHNA Aa UM ONpPeIeIeHNa MHOTOIPAHHAKA 1 ero I'pa-
mer. Huxe nmpusegeHsl TakkKe HEKOTOPLIE COMVIAIIEHHS, NCIOAL3YEMEIE B MA/Ib-
HEUIIeM.

OUPEJAENEHUE 1. Bunyxavim muozozpannurom B R HaszwiBaeTCA orpa-
HUYEHHOE MEPECEYCHNe KOHETHOTO YMCIa, MOAyIPOCTPAHCTB. MHOTOrDAaHHIK
HA3LIBAETCA 1L -MEPHBIM, €CIH OH He COOEPXUTCA B moAnpocTpaucTse R C R™
MEHBINEH PA3MEPHOCTH.

Bce mmororpannuku B ctaThe OyAyT IPEeANOIATaTHCA BHIDYKIbIMU. Kak
IPABUJIO, MBI TAKXKE TTPEANOJATAEM, YTO PA3MEPHOCTH MHOT'OI'DAHHUKA, COBIIA~
JAeT C PA3MEPHOCTHIO 0OBEMIIONIET0 TPOCTPAHCTBA. JTO BAXKHO, HATIPUMED,
IIpU OIpeIeJeHUN BeJIUINHLI yIvia IPU TPaHH.
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ONPEAEJEHUE 2. Onopuot naockocmbio MHOrorpanauka P C R" naser-
BAeTCA TUMEPIVIOCKOCTH (MOAIPOCTPAHCTBO Pa3MEPHOCTU 1 — 1), UMEIas
HemycToe nepecedenue ¢ P u Ttakas, 9To P geXuT 1m0 OfHYy CTOPOHY OT HeEe.
I'panvio muOrOrpanauka P mHazbiBaeTcs nepecedenne P ¢ 10001 ero OmopHOU
IIOCKOCTHIO. HOra K IPaHAM OTHOCAT TaKXke caM MHOTOrDAaHHWK P u/win
MyCTOE MHOXECTBO.

Kax gas rpash MHOTOTrPAHHWKS CAMa, ABAAETCI MHOTOTPAHHUKOM U UMEET
OTIPENEJCHAY 0 Pa3MEPHOCTE. (PasMepHOCTH MyCTOro0 MHOXECTBA yA0OHO TI0-
J0XuThH pasHOU —1.) I'paru pasmeprocTu 0 — 510 Bepmunel. ['paru pasmep-
HOCTH N — 1 B n-MepHOM MHOT'OTPAHHUKE HA3LIBAIOTCA ero ¢aceramu. Muo-
TOTPAHHUK MOXET OBITh MPE/CTABICH KAaK MEPECeYeHME TOJAyIPOCTPAHCTB,
T'PAHUYIHBIE TUNEPILIOCKOCTY KOTOPHIX 3aMaioTca dpaceTaMul MHOTOTPAHHUKA.
Taxxke MHOTOTPAHHUK ABIAETCA BHITYKION 060m0tKOM cBOMX BepmwmH. «Ca-
MBIA MAJEHBKUWY N-MEPHBIU MHOTOrPpaHHUK B R — DT0 CUMIIEKC, UMEIONTAT
n + 1 ¢pacery u n + 1 Bepmmny. Kcam MbI paccMOTPUM BBITYKIYIO 0060J0T-
Ky KOHETHOT'O THCAa TOUYEK B OOLIEM IIOIOXKEHWU, TO BCE TPAHU IOJYIEHHOTO
MHOT OT'DAHHWKA, 38 UCKIIOTIEHNEM, OBITH MOXET, €ro caMoro, 6y IyT CUMILIEK-
camm (OpUMEP: OKTadAp, ¢ TMOMEBEICHHBIMA BEPUIMHAME, €CJAM Mbl HACTAW-
BaeM Ha o0meM mojoxeHun). Takou MHOTOTDAHHUK HA3BLIBACTCA CUMILTAIM-
arbHBIM. O CHUMILTUIIMAIBHBIX MHOTOIDAHHMKAX MOUAET pPedb B KOHIE DTOU
CTATBHU.

Mur 6yjgeM HUCHOIL30BATH 0e3 JoKaszaTeabcTBa (HOPMYILY JWiepa st
N-MEpPHOT0 MHOTOTpaHHUKa. Kcau Mbl ob6osHawmm depes fi, b = 0,1,...,n
KOJIUECTBO k-MEPHBIX TpaHe JAHHOT O 7-MEePHOT'0 MHOTOTpAHHUKA P, To 3Ta
dopMyna TIacuT:

ky _
S (=1 f =1 (3)
k=0
[Mockonbky fp, = 1 (MHOTOTDAHHUK ABIAETCA CBOEU €IUHCTBEHHOU 71-MEPHON
TPAHBIO), BTy (POPMYIY IACTO 3ANUCHIBAIOT B BUIE

n—1

S0k = 14+ (—1)m

k=0
B ogrom w3 pokasareancts (gokaszarenbcTso [lenapga B maparpade 3) mbr
npuMmenuM GopMyay Duiaepa B 0odee OOIIEN CUTyalnum, KOrJa PacCMaTpH-
BaeTCA pa3OumeHme MHOTOTDAHHWKA Ha 0oJjee MEIKWe MHOTOTDAHHUKU, U fi
0003HAYAET KOMMIECTBO Kk-MEPHBIX YacTel pa3OueHus.

Bouee 6au3K0 ¢ BOCXUTUTENBHBIM U [0 CUX MOP 3araJ0THBIM MUPOM MHO-

FOTPAHHUKOB YUTATEIb MOXET HO3HAKOMUTLCA 10 KHUre [§].
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2. ®OPMVYJA I'PAMA [ TPEXMEPHOT'O MHOTOI'PAHHUKA

B srom naparpade mbr gokaxem Teopemy 1. /las sToro Ham moHa06uTCS
BCIIOMOT'aTeIbHOE YTBEPXK JeHHe:

JIEMMA 1. Jas cdepuueckoeo mpeyzoavnura A wna cdepe edunuunozo
PAOUYCO BLINOAHAELTNCA PAGEHCMEO

S(A)=a+p+y—m, (4)

ede S(A) — naowado mpeyzoabhura, a &, S U Y — BEAUUUNBL €20 Y2A086.
JTOKABATEJNBCTBO. Ilo onpeaenenuto, chepudeckuin TpeyroabHUK Orpa-
HAYEH AyramMu Ooabinmmx OKpyX)HOCcTen. UHadge rosops, A sBiseTcs mepece-

YeHumeM TpeX Horycdep TAKWX, ITO UX TPAHUYHLIE OKPYXHOCTHU HE Iepece-
kaioTca B oguoun Touke. [lycrs Hy, Ho, Hy — 5Tu monycdepnr. Torga umeem

HiNHyNH;=A,
H{UH>U Hjg :S2\A/.
3aecs S — cdepa, A/ — TpeyroabHK, IEHTPAILHO-CUMME TPIIHBIN TPe-
YTOIBHUKY A OTHOCHTEIBHO UeHTpa cdepsl (puc. 1). PaccmaTpusas gacTu, Ha

KOTOpHIE fneaaT cdepy rpanuns obnacten Hi, Hy u Hs, HETPyAHO T0KA3aTh
PABEHCTBO

S(HiUH;UH;3) = S(Hi)+ S(Hz) + S(Hs) — S(H1 N Ha) -
—S(HQ ﬂHg) — S(Hg ﬂHl) —I—S(Hl N Hy ﬂHg)

OpMyJaa BKIYeHuA-UcKIoUeHnsd). OgHako i) =27 g i =1,2,3, a
0 S(H, 2 = 1,23
S(H; N Hj) paBHAETCA yJABOGHHOMY yIUIy TPeyroibHWKa /\ IpU BEpIINHE,

A
&)

Puc. 1. Cpepudeckuii TPEYrOJIEHAK U €10 AHTHIIO
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Jexamend Ha TpaHune norycdep H; m H;. IllogcTapiaa >TH # mOXy<IeHHBIE
BBIIIIE PABEHCTBA, HOJIYIaeM

4 — S(A) =321 — 20 — 28 — 2y + S(A).
Hockoasky S(A') = S(A), orcoga BeITeKaeT paBeHCTBO (4). O

3AIAYA 1. [JokaxwuTe, 9TO ILIOMAAb BHIIYKIOTO CPEPUIECKOTO 7~y Olb-
Huka M Ha equHUYIHOU Cdepe BEUCIIETCA M0 POPMYIe

S(M) =) o — (n—2)m,
i=1

rae «, © = 1,...,n — BeauwumHBl yrioB MHOTOyroabaUKa. ([Todckaska: Pas-
PEeXbTE MHOTOYTOJbHUK HA TPEYTrOIbHUKH. )

[JOKABATEJBLCTBO TEOPEMEI 1. /[1g KaxX 10U BEPIINHLI ¥ MHOTOT'DAHHH-
Ka BO3bMEM C(depy MaJoro pammyca ¢ IeHTPOM B Todke v. [lepecetderue sTon
cepsl ¢ MHOTOTPAHHUKOM ABJISIETCSI CHEPUIECKUM MHOTOYTOJIbHUKOM. YBe-
auauM cdepy Tak, ITOOBI ee pagnyc CTAJI PABHBIM €IUHUINE W OOO3HAYMUIM
TOMYIEHHLIN C(PePUIeCKAN MHOTOyToabHuK 1depes M,. Ilo zagate 1 umeem

S(M,) = iai(v) — (ny — 2)m,
i=1

rme m, — KOJIUIECTBO CTOPOH MHOrOyroibHuUKa My, a «;(v) — BeawduHbl
ero yraos. Ilpm 5ToM (V) paBHBI, KAK HETPYAHO BU/EThH, BEIUIMHAM [IBY-
TCPAHHBIX YIVIOB IpU pebGpax, UCXOMAIINX U3 BepIuuHbl v, a S(M,) paBHaeTCa
IO OIpeJeNeHnIo BeINYIWHE (v, TeJeCHOTo yria npu v. lIpocymmmpoBas Bce
TIOJyY€HHBIE PABEHCTBA, TTOJYIaeM:

E oy = g g Qe — T E (ny —2).

v v esv v
[Mockonbky kaxjgoe pebpo € COAEPKUT ABE BEPIIUHBI, IBYTPAHHBIA YO (e
HOABIACTCA B IPABOK IACTH PABEHCTBA POBHO ABa pasa. TOTHO TaK Xe mMe-
eM » , n, = 2E, rge E — 4ucao pebep MHOrorpasHuka. TakuMm o0pasoM,
PABEHCTBO MEPENMCHLIBACTCA B BU/IE

day=2) a.—2r(E-V),
v €

rae V 0603HAYMAET TUCIO BEPUIMH MHOTOTDAHHUKA. [[puHMMas BO BHEUMAaHUE
dopmyay dunepa V — E 4+ F = 2, Mbl npuxoguMm K paBeHCTBY (1). O

HokazaTeabcTBo JeMMbl 1 MoxeT 6bITH 06061IeH0 Ha, H0Jee BBICOKIE Pas-
MEPHOCTHU, KaK BTO MPEIaraeTcs CASJaTh YATATENI0 B CACAYIOMEN 3a1a9€.

3AIAYA 2. Ilycts S — eamnutdnas cdepa pasMEepPHOCTH 7. (MHOXKECTBO
TOYEK HA PACCTOAHUM 1 OT maHHOW TOYKH B (N + 1)-MEepHOM IpPOCTpAHCTBE).
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CdepudeckuM CUMIUIEKCOM Ha3BIBAETCA mepecetderue (n + 1)-u moxycdepsr
TaKOe, ITO HU OJHA TOYKA C(epHl He ABIACTCA UX OOIIEeN IPAHMIHON TOIKOU.
[Tycts A — cummekc wa S™. JlokaxuTe PaBeHCTBO
3 1I(a)
VO
—1)fpp = (14 (=1)" : 5
(-1t = (14 (1)) 29 (5)

k=0

3aeck vol 0603Ha4aeT 06BEM), (P — CyMMa HOPDMUWPOBAHHBIX BEJIWYUH yTJIOB
mpu k-MEpHBIX TPAHAX CUMILIEKCA A. YTUIBI TPA TPAHAX CHEPUIECKOTO MHOTO-
TPAHHUKA, M3MEPAIOTCSA aHAJOTMYIHO YIVIAM €BKIWA0BA MHOTOIDAHHUKA, CMO-
TPU BBEJCHUE.

dopmyaa (5) masbmBaerca dopmyaon ['pama mas chepuaeckoro CUMILIEKCA.
3aMeThbTe, ITO B HeIeTHLIX PA3MEPHOCTAX IpaBad JacTh B Hel pasHa 0. Ta-
KM 06pasoM, JaHHaA (GOPMYJIa He TTO3BOIIET BLIPA3UTh 00HeM TPEXMEPHOTO
chepryUeCcKOro CUMILICKCa depe3 BeJMYUHbL er'0 YIJIOB.

IlonbrTka 0606IUTE JaHHOE BBHIIE AOKA3aTEALCTBO dopmyast ['pama Ha
BBLICUIE PA3MEPHOCTH HATATKABACTCA HA CEPLE3HLIE TPYAHOCTH (OCO3HANTE,
kakwue!). TlooToMy MBI JOMKHBEL IOUTU APYTUM Y TEM.

3. [BA TOKABATEJLCTBA ®OPMY.JbI I'PAMA B BBICIHIUX
PA3BMEPHOCTHAX

[JOKA3BATEJILCTBO COMMEPBUIA

ITepBoe mokazaTeabcTBO GOPMYJIBI (2) I BHITYKJIOTO 7-MEPHOTO MHOT'O-
rpauauka P npu npousBoasHOM 1 66110 Tpeanoxeno CommepsuaeM B [6]. OHo
COCTOUT U3 IBYX DTAIIOB.

JIEMMA 2. Dopmyaa I'pama eepra das cumnaexrca.

JIOKABATEJNBCTBO. 3amerum, uTo dopmyraa ['pama mis chepuieckoro
cummiekca (5) BepHa Ha cdepe IPOM3BOILHOTO PAJUYCA: IPU TOMOTETHUN Be-
JWYUHBL YTJIOB CUMILIEKCA HE MEHAIOTCS, OTHOIIEHE 00BEMa CUMILIEKCA K 06b-
eMy cdepbl TaKXKe OCTAeTCS Hem3MeHHBIM. Vmes mokasaTeabcTBa COCTOUT B
TOM, ITOOBI PACCMOTPETH AAHHBIM €BKINIOB CUMILIEKC KaK CHEPUICCKUA HA,
cepe GeckomewHoro paauyca. O6beM Takon cdepbl GECKOHEHeH, MO3TOMY
npaBas J9acTh paBeHCTBa (H) obpamaerca B (.

Boxee cTporo: momectum n-mepHoe npocrpancTso R™ BMecTe ¢ gexammm
B HEM eBKIMIOBBIM cHMILIeKcoM Ag B (n + 1)-mepHoe mpocTpamcTso R,
PaccmoTrpuMm cdepy pagmyca R B R*T!, kacatomyioca R" B6ImM3n cHMILIEK-
ca, CKaxeMm, B OfHOM m3 ero Todek. CrnpoenupyeM CMMILIEKC HA cdepy mpu

U,Z[JIH noaMHOXKeCTBa cdepnl S” MBI rOBOPUM O ero o6beMe, a He 0 INIOLIAAN, IOCKOIbKY
BCe paCcCMaTpPUBAaEMbIE 34eCh MHOXKECTBA, U IPEXJe BCEro CUMILIEKC A, cogepxarcia B S";
npocrpascTso R prpaer BCIIOMOI'aTEIbHYIO POJIb.
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TOMOIIY TPOEKIINY U3 ee MeHTpa. | unepmiockoctu B R” mepengyT mpu npoek-
1y B Goabiuue runepcdepsl (TOYHEe, B UX MOJOBUHBL), TOSTOMY 00pa3oM Ag
OyerT chepuvdecKui CUMILIEKC, KOTOPBIX MBI 0003HauuM Ag. Tenepns 6ygaem
YBEJIUYIUBATL PALAYC CHEPBI, CASAS TP dTOM, 9TOOBI OHA MO-TIPEXKHEMY Ka-
canach MpOCTPaHCTBa R” B OAHON M3 TOUEK CUMILICKCA. SCHO, TO Tpu 5TOM
BEJMYUHBI YIJIOB CUMILIEKCA Ag CTPEMATCS K BEAMYMHAM COOTBETCTBYIOMIIX
yrioB cuMmiekca Ar, odbem Ag crpemurca K 00beMmy Ag, a 00beM chepbl
crpemuTcs K Geckoneunoctu. [losTomy B mpegene dopmyia (5) mepexoqut B

dopmyay (2). O

Bropou sTam g0Ka3aTenbCTBAa COCTOUT B PAa3OUEHUM MHOTOTpaHHUKA P
HAa CHUMILIEKCHI U BBIBOAe (opmyant I'pama ans meaoro P u3 dopmyn ais
ero vacren. To cmenumaabHOE TOApa3jeJeHne, KOTOPOe MBI OyjJeM paccma-
TPUBATH, MOAYIACTCA MIyTEM HOCIEOBATEIBHOIO Pa3OueHus IpPAHEN MHOTO-
TPAHHUKA.

[ycrs () — rpams muororpanauka P. Beibepem sHyTpU () TpOoM3BOJib-
HYyI0 TOYKY CQ ¥ HOCTPOMM IIMPAMUIBI ¢ BEPHIMHOU € HaJ BCEMU T'DAHAMH,
COMEPEKAMMUMACA B (). ITa OMEPATINA HAZBLIBACTCA 36€30HbiM Da36UeHUEM MHO-
rorpasauka P B rpanu (). I'paHaMu monyYaroimerocs moaApas ieJe s Ha3biBa-
IOTCA BCE IPAHU MHOrOrpaHHuka P, orauwdnbie ot () (n, Takum 06pa3om, HE
3aTPOHYTHIE Pa30MEHMEM), a TAaKXKe BCE MOIYIUBIIMECH MUPAMUALL U T'DAHA
DTUX TUPAMUL,.

Bygem ocymecTBasiTes 3Be3aHbIe Pa3bueHWs B IPAHAX MHOTOIDAHHUKA, P
B IOPSJKE BO3PACTAHUA PA3MEDPHOCTH: CHAYAMA MOAPA3AEIUM IO OUepPEIn BCE
pebpa, 3aTeMm BCe ABYMepHBIE TPaHU, W T. 1. B KOHIE mpou3BeneM pasbueHne
B camoM P, BBIGpAB TOYKY Cp B €r0 BHYTPEHHOCTH. PUCYHOK 2 murocTpupyeT
oMY AIOMINecs Pa30WeHns B TPEXMEPHOM Ciydae (34ech CHadaIa pa3OuThl
OJIHOBPEMEHHO BCe pebpa, 3aTeM BCe I'PAHU, TOCASJHUN AT ¢ TOYKOU Cp OIy-
men). [locae KaxA0ro mara Mbl HOIY9aeM HOBOE, GOIee MESKOe TI01Pa3 aemne-
aue P. 3Be3aHOe pa3bueHure B TPAHNA TEKYIIETrO TMOAPA3IeICHUI OTPEeIeaaeTCs

Pwnc. 2. Bapunearpudeckoe moapa3aeIeHue KaK Pe3yabTaT MOCICIOBATETb-
HBIX 3BE3/HBIX Pa3OHeHUH
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TaK ke, KaK W BBLIIIC B CIydae MHOTOTDAHHWKA. HOpMUpOBAHHAA BeITTmHA,
yIJIa TpE CPAHU MOAPA3AeJCHHUA ONPENENAETCA TOXE AHAJOTHIHO BEIWTIHE
yTJIa, TIPY TPAHA MHOTOT DAHHUKA.

[TokaxeM, ITO ATBTEPHUPOBAHHAA CYMMA, BEJIWIUH yIJIOB IIPU TPAHAX HE
MEHACTCA TPU 3Be34HOM pasbuenun. [ycTh ¢ — CyMMa BEIWYWH YIVIOB MPU
k-MEpHBIX T'paHAX TOAPA3AECACHUA, MOJIYICHHOTO B PE3YJIbTATE HECKOABKUX
IEepBLIX WIATOB, (¢} — AHAIOIMYHAA CyMMa IOCIE 3BE3QHOIO pa3CHeHHs B
ouepeanon rparu (). O6ozmauum wepes fi(Q)) kommIecTBO Kk-MEPHBIX Tpa-
HeWl TeKyIero MOPa3aeIeHnsA, COAEPKAMMXCA B Tpanu (), 1 9epe3 o — yron
MHOTOrpanuuka P mpu rpaam (). Torga ©MEOT MECTO PABEHCTBA:

0 =@ npu [ > k, o = ek +alfr-1(Q) — 1),
o=@ +afi-1(Q) mpuk>1>0, ¢)=po+a.
CyMMupys ¢ 9epeayIoNuMucsA 3HAKAMU, TOJYyIaeM PABEHCTBO
n n

D DFe =D (D) et

k=0 k=0
k—1 k
Foal—fo(Q) + -+ (=" fi2(Q) + (1) (fi-1(Q) — 1)).
Tak xak fo(Q) = 1, u3 dopMmyasr dunepa AJis MHOOTDAHHUKA () crexyer,
qro KoadpdunueHT npu « paseH (. Takum ob6pazom,
n n
k 1 _ k
> (D= (=)
k=0 k=0
Temeps mopcauTaEM CyMMY ZZZO(—l)kgpk mocJe TMOCTeTHEer0 pa3OueHus.
Hetpyamo mokazaTh MHAYKIMEN TO PA3MEPHOCTH 7. MHOTOTDAHHUKA P, <IT0
N-MePHBIE I'PAHU TTOIYYMBIIETOCA MOAPA3EIeHNA — CUMILIEKCHI ¢ Habopamu
BEPIIKH (€0, CQ1, ..., CQn), TAe Q¥ — oxHa M3 k-MEpHBEIX TPAHEH MHOTOTDAH-
muka P u QF C Q*t! (Takoe mogpasenenye Ha3LIBACTCA GAPHIICHTPHATCCKHM,
ec.Ii B KateCTBe TOYKN ¢ BEIOHpaeTca IeHTp Macc rpaun (). Kaxpgas rpans
IO IPA3 IETEHUSA ABIACTCA TPAHBIO OJHOTO WU HECKOJILKUX U3 TAKUX CUMILICK-
coB. Kpome TOro, SCHO, 9TO Yo P KaX 0N TPAHA PABEH CYMME yTJIOB IIPH
HEW BCEX CUMILIEKCOB, KOTOPBHIM OHA TPWHAMIECKUT. [loaToMy mMeeT MecTO

PaBEHCTBO
n

n
k _ k A
Z(—l) Yk = ZZ(—U Pk >
rae CyMMHPOBAaHHUE BEIE€TCA II0 BCEM N-MEPHBEIM CUMILICKCAM II0APa3 CJICHUI, a

go,f 0603HAYMAET CYMMY YIJIOB IpH k-MepHBIX Tpanax cumiekca A. [Tockons-
Ky KaxX[nad U3 BHyTpPeHHuUX cymMm pasHa ( mo paHee MOKA3aHHOMY, MMEEM
Zzzo(—l)kgok = 0 119 TOJy-IMBIIETOCA TIOAPA3AeNeHNd, 8 3HAMUT U AJII MHO-
rorpauuuka P. Dopmyna ['pama gokasaHa.
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I EEEEE

Yepes 40 aeT nocie nmybaukarmuu goKazaTerbCTBO0 CoMMeEpBMIA OBLIO He-
CIIPABEIUBO COTTEHO OUUGOTHBIM. BEPOATHO, TPUIUHON MOCTY XKUAIO TO, TTO
CoMMepBIIbL yIOTPEOIAI TEPMUH ¢MHOTOTPAHHUKY LI MOAPA3ACTCHAN, BO3-
HUKAIOIINX B MPOIMECCe TOKA3ATENBCTBA, U DTO HE YAOBIECTBOPSIO MOBLICUB-
MIUMCA CTAHJAPTAM CTPOrocTu. B pe3yabTaTe HOABUWINCH HOBLIE [OKA3ATEIb-
ctBa ¢opmyast ['pama. Oguo u3 Hux, omybaukosannoe llenapaom B [7] oTiau-
TAETCA 0COOOU HMETAHTHOCTBIO, W MBI €0 3/16Ch TIPUBEIEM.

[JOKA3ATEJILCTBO IIEIIAPIA

Bepremcsa k ompeneneHuio BeIUYAHBL YTIA goQ(P) MHOTOrpanHuka P mpu
rpaan (). I'parm () MOXHO cOmoCTaBUTE KOHYC L@, OrpaHMICHHBIA THUIED-
mwiockocTaMu daceT, cogepxamux (). Komyc Lp — 5T0 Bce mMPOCTPAHCTBO
R"™, xomyc daceTsl — moaynpocTpaHcTBO. Ecau ¢g — Ipom3BoIbHAA TOYKA
BHYTPU rpasu (}, TO MBI UMeeM

vol(BN Lg)
WQ(P) = TB)Q’

rae B — map Ipom3sBOJIBLHOIO pajmyca C HEHTPOM B cg. Buibpas mo Touke
cQ B KaxJOu IpaHH (), HepeHeceM KaxJbll KOHYC Lg Tak, ITOOBI TOUKa C(
oTIAJIa, B HaYaI0 KoopauHaT. Torga ¢popmyaa I'pama paBHOCHIBLHA PABEHCTBY

D (1)@ yol(BN (Lg — ¢q)) =0, (6)
Q

rae B ma 5ToT pa3 0603HAYaET AP ¢ MEHTPOM B Hadade KoopauHaT. a1 mo-
Ka3aTeIbCTBA TIOCIETHETO PABEHCTBA NOCTATOYHO MOKA3ATh, ITO A (MO9TH)
J000T0 JIy 1, UCXOAIEr0 U3 HAYAAa KOOpAuHaT, cymMma 1, coorBeTcTByIO-
IIAX TeM KOHYCaM, BHYTPH KOTOPHLIX COAEPXUTCA dTOT aAyd, paBHa (. UubIMHT
cJI0BaMH, HOKpPBITHE mapa B konycamu Lg — ¢g, B3ATEIMEA C COOTBETCTBYIO-
UMMM 3HAKAMU, UMEET B IMOYTH JHOOU TOYKEe KPATHOCTH ().

PaccvoTpuM ay4 z, He mapaeJbHBIM HE OTHOU U3 (GaceT MHOIOrPAHHU-
ka P. Toukm mapa B, He mexamwe HA TAKUX Jy4ax, 006Pa3syrT MHOXKECTBO
HYJEBOTO 00BeMa, TO3TOMY AOCTATOYHO PACCMOTPETDL JAYVHUHU, VIOBICTBOPIIO-
mme »ToMy ycaopuo. ChIpoernupyeM MHOTOMPAHHUK [P B HAIIDABICHUM T HA
IIOCKOCTh, OPpTOroHadbhy x. O6o3Hadum mpoekimio Yepes PP, HerpymHo
BUJETh, ITO Jyd & COAEPKUTCA B KOHyce Lo — ¢cg B TOM M TOIBKO B TOM
caydae, ectu () = P wim ecim rpaHb () «OCBeINEHa» JYIaME, MapaJLIeIb-
HBIMU 2 (TPaHW, TPOEKIMU KOTOPBIX JeXaT Ha rpaxune P¥, 0CBemeHHbIMA
He CUMTarTCa). PUCYHOK 3 WLIIOCTPUPYET CUTYalMio B TPEXMEPHOM CIydae.

2 lokaszaTersCTBO Illenapaa COAEPXKUTCA TaK¥kKe B IMEPEBOJE HA AHTVIMACKUN A3BIK KHUTH
B. B. IIpacoxosa u B. M. Tuxomuposa «['eomerpusn» [5]. ToToBuTcs ee pycckoe nepemsnanme.
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Puc. 3. Ceer u TeHb. Pebpa, 10 KOTOPBIM CBET «CKOJIB3UT», CIATAIOTCA 3a-
TeHEHHBIMH

O6o3narmm 4epe3 f7 KOIMYIECTBO OCBEMICHHLIX k-MEDHBIX I'DaHEH, IIOJOXUB
T _ n krr _
f¥ = 1. Tpebyerca goxazars paseHcTso y . (—1)"fF = 0.
[last 5TOr0 paccMOTPUM 3aTEHEHHBIE TPaHW. B pasMepHOCTH k WX KOJIU-
9ecTBO PaBHO fr — fi/. B To xe Bpema mx mpoexium o0pa3yioT pasbmeHume
(n — 1)-meproro Muororpanuuka P?. [losToMmy no dhopmyre Ditiepa umeeMm

n

S DR - ) =1

k=0
BrrauTas 5To paseHcTBO M3 dopmyast Dittepa Y p_o(—1)*fr = 1 maa mrO-
rorpagauka P, mpuxogum K TpeOyeMOMy yTBEpPXACHWIO. Taxmm 06pasoM,
paBeHCTBO (6) mokazaHo, a BMecTe ¢ HuM # ¢opmyaa ['pama.

4. CooTHOmEHUA JEHA — COMMEPBUJISA

Bepuemcsa x cepuieckoMy CUMILIEKCY PA3MEPHOCTH N
A = N H;, (7)

rne Hy, Hy, ..., H, — noxychepsr n-mepuon cdepor S”. Dopmyaa 'pama (5)
A C(PePUIECKOTO CUMILIEKCA ABIACTCA CICACTBAEM PABEHCTBA 00HEMOB CAM-
mwiekca A u cuMMEeTpUIHOTO eMmy cuMmiekca A (CM. J0Ka3aTensCTBO JeM-
mbt 1). Oprako rparuner nonychep H; gemar cdepy HA MHOXECTBO APYyTHUX
oGaacren. IIpum >ToM HETPYAHO 3aMETHTL, UTO CYMMAPHLIN 00LEM TACTEH,
k-xpaTHO TOKPBIBaEMLIX moaycdepamu H;, paBeH cyMMapHOMY 00BHeMy
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YaCTeN, TOKPHITHIX 12+ 1 — k pa3. D Tu paBeHCTBA MPUBOJAT K IEIOMY HAGOPY
HOBBIX COOTHOLICHUM MEXJAY YIVAMEA CUMILICKCA, HA3BIBAEMBIX (METpPUYECKU-
mu) coorromeruamu Jlera — Commepsmas. Kpome Toro, coorromenus /lena —
CoMMepBMIs paCIpOCTPAHAIOTCSA HY BEAMYUHBL YIJIOB CUMILIUITUAIBLHOT O MHO-
rorpamauka. Ho HAMOOIBITYIO U3BECTHOCTD OHM MOJYIUIN KAK COOTHOIICHU
MEX Iy KOAMYECTBOM I'DAHEN MTaHHOU Pa3MEPHOCTU MHOTOT'PAHHUKA TAKOTO
Buga. 060 BceM 5TOM M HOMAET pedb B AAHHOM Iaparpade.

O6o3unaqum gepes S; rparungnyio chepy noaycdepst H;. I'panu cummnekca
(7) momyckaroT caemyiomee onucanue. IlycTs I — mOAMHOXECTBO MHOXECT-
Ba magekcos {0,1,...,n}, He coBmagaiomee coO BCEM MHOXECTBOM. Ilomoxmm

Fr = (NierSi) N A.

Torga F; — rpanb cummiekca A, umeroman pasmepaocts n — |I|. Cpann Fy
MEI COMOCTABUM €€ AYHKY

Hy = Njer H;

(cpaBHMTE C OIpEJENEHNEM KOHYCA T'PAHM €BKJIMA0BA MHOTOIDAHHUKA B IIDE-
neigymeM naparpade). HeTpyaHo gokasaTh, 9TO OTHOIIEHWE 00HEMA JTyHKA
K 00beMy cghephbl eCTh BEIUTIHA YTIA MIPUA COOTBETCTBYIONIEH IpaHu. Takum

oOpa3oM, nMeeM
1
m E VOI(H[) .

|[T|=n—1

w1 =

Paccmorpum Teneps obaacTu, Ha KOTOPBIE pazbusaioT cdepy S™ ee mogcdepnl
S;. Kax gomy muoxectsy J C {0,1,...,n} orBedaeT 061acTh

Gy = (NjesH;) N (Nje Hjy),

rae H; o6o3nataeT moaycdepy, IpOTUBONOMOXHYIO H . flcHO, 9T0 cumMmeTpus
OTHOCUTENbHO HeHTpa cheprl mepeBoauT 06aacts Gy B 061acTb Go 1, . n)\J-
[Mosromy s Beaw<nn

Tl(lgn) 3 vol(Gy)

| |=k

=

(noa o6bema cdepbl, TOKpuITOrO oaycdepamu H; poBHO k pa3) mMenT Me-
CTO PaBEHCTBA

Vi = Pny1—k -
Ecam MBI ¢CMOXEM BLIPA3UTh BEIWYIWHBL {1k} Tepe3 HAGOp Berm<wmH {@;}, TO
noay9aTCA COOTHOINECHUA MEX MY BEANIUHAMU YIVIOB CHUMILICKCA A

Bkmodgenne Gj; C H; uMeeT MECTO TOIJA M TOJABKO TOr'Ja, KOrga i € .J.
IToaromy

GyCH; & JDOI.

JIe TOBATENLH hiut = k, TO AyHKH TBevatolme (n — [)-MepHBIM
CaenoBaTenbHo, ec J k, To Hy, oTBeua e [)-me
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TpaHAM, MOKPHIBAIOT AAHHYIO 00macTh (Gj ¢ KPaTHOCTHIO (];) IT0 HABIIO-

[EHUE IO3BOJAET BLIPA3UTH CYMMAapHBIN 00beM (1 — [)-IyHOK depe3 00BeMbI
obaacren Gy creayromuM 06pa3oM:

Pp—i = ni:l (;ﬂ) P - (8)

k=l

(Hampumep, auas [ = n umeem g = ¢, + (0 + 1)thp41.)
3ameTnM, 91O YPnt1 = vol(A)/vol(S™). [ra ymo6cTBa BBegeM AOMOIHU-
TEIBHYI0 BEIWIUHY

__ vol(A)

~ vol(S")
Toraa pasencTBo (8) Bumoansercs npu Beex [ oT 0 1o n + 1 U MBI moxydaem
cucteMy u3 (n + 2) ypaBHEHUN OTHOCHTEILHO HEU3BECTHBIX 1, Y1, . . ., Pnt1.

Ee MOXHO PENIUTH IIyTEeM TMOCAET0BATEJABHOTI O NCKJIOICHNA HECU3BECTHBIX, HA-
quHAA C Ppp1. OJHAKO €CTh TpUEM, TMO3BOIAONINT PENUTE CUCTEMY OBICTpEE
7 3aMMCATH COOTHOIICHUA MEXKIY YIIaMu B GoJee 3alOMUHAIOMENCA (hopMe.

YMHOXEMM Kaxoe u3 paBeHCTB (8) Ha t! u mpocymmmpyem mo [ ot 0 g0
n + 1. B pesyaprare noay«uuMm paBeHCTBO

n+1 n+1

Z ‘Pnfltl = Z ¢k(t + 1)k'
=0 k=0

[IpousBoas sameny t — t — 1 u cpaBHUBAI KOIPQPUIIUEHTHI IPA COOTBETCTBY-
IOIIUX CTeNeHAX {, IPUXOAUM K PABEHCTBAM

n+1 I
¢k:Z(_1)lk< >§07’Ll npu k=0,1,...,n+ 1. (9)
I=k &
[Toxyuatoutmecs oTCioga TPU MOACTAHOBKE B PABEHCTBA Py = py1_k COOT-
HOIIEHUA MEeXMY yriaaMu cpeprIecKoro CUMILIEKCA MOTYT OBITH TIepeHeCEHbI
HA €BKAUAOB caydan. J[OCTATOYHO TOYHO TAK XKe, KAK MBI DTO [IeJaJu TPU
JOKA3aTeIbCTBE JEMMEIL 2, TPUOIN3UTL €BKINIOB CUMILIEKC C(DEPUIECKUM Ha,
cepe Goabmoro paguyca. B pesyabTaTe BeIUUIWHA @, PABHAS OTHOIIEHUIO
obbpeMa cUMILIEKCA K 00BeMy cdephl, 0OHYIAETCA.
Takum 00pa3zoM, HAMU [JOKA3AHA

TEOPEMA 3 (COOTHOWMEHUA [EHA — COMMEPBUAJA AJs CUMILIEK-
CA). IIycmo g, k = 0,...,n, — cymma seaunun Y2106 npu k-meproit 2paHaT
n-meprozo cumnaerca A (cPepuueckozo uau esraudosa). Bsedem marce

0b03naUuEHUE
vol(A)

(70_1 = VOl(Sn)
0 8 e8kAUdOB80OM CAYUGE.

8 cepuneckom cayuae,
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Pacc.mompum MHO20UAEH
n+1

(P(t) = Z (Pn—k:tk
k=0

u noaoxcum o(t — 1) = ZZié Yt = 1(t). Tozda umeem mecmo pasencmeso

") = o(2). (10)

Hau, 6 boace asnom sude,

Vb =Yni1b npuk=0,1...,[7]. (11)

Hanoneu, 68 MEPMUHATL BEAUHUH P

S (1 (,i) PR ST (”Zfl‘ l)gol_l, 12)

maxace npu k =0,1,...,|n/2].

[Tpoanamusupyem, CKOILKO HOBOU MHMOPMAIMK COAEPKUTCA B COOTHOIIE-
muax [lena — Commepsmia. MoxHo nokasats, aro | (n + 2)/2] pasencrs (12)
nuHenHO HesasmcnMmbl?) OpHaxo cooTHomeHne qaf k = () PABHOCHIBHO pa-
BEHCTBY 19 = p41 ¥ TeM cambiM (opmyae ['pama. Kpome Toro, usz dopmyist
(8) mpu | = 0,1 u coorromenun (11) cregyer:

o 11 +1
n n
on-1 = kihp = 5 > = , Pn
k=1 k=0
9ITO BIOJHE €CTECTBEHHO, IIOCKOJBKY IIO OIPEAeJCHUIo @, = lnu Pn—1 =

= (n+1)/2 (y cummrexca n + 1 dacera, u yrox npu Kaxzgon pasex 1/2).
Takum 06pa3oM, MOCIe DKBUBAJEHTHBIX NMpeobpasoBaHui m3 cucrtembl (12)
MOXHO UCKAIOYATH OJHO TPUBUAALHOE PABEHCTBO, & OQHO U3 PaBeHCTB (dop-
Mmyaa I'pama) 6bw10 HaM yxke msBecTHO. MIToro Mol mmeeM |[n/2] — 1 HOBBIX
HETPUBUAILHBIX COOTHOUICHUU. B «0CA3aeMBIXy CIyHadaX n = 2 U 1 = 3 MHI,
TakuM 00pa30M, HE TOJY<IaeM HUYEr0 HOBOTO; B pa3zmMepHOCTAX 4 m b mmeeT-
s 0 OHOMY HOBOMY JMHEMHOMY COOTHOLICHUI. BMecte ¢ dpopmynon I'pama
Oy 9AI0TCA CACAYIOMNE CUCTEMbI PABEHCTB!

3
900—901+902—5=290—17

npu n = 4,
201 —3pa+5=0
wo—p1+p2—@3+2=0,
{ Py — 25+ 5 =0 npu n = 9.

S)LIJI;{ TOr0, YTOOBI B 5TOM yOEAUTHCA, YAOOHO MEPEUTH OT IEPEMEHHBIX ¢; K II€PEMeH-
HBIM .
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Teopemy (3) MOXHO 0606MIATE HA, CAYYAU CUMILTAIUAILHOI'O MHOTOT'DAH-
nuka. HamoMHUM, 9TO MHOTOTpAHHUK Pa3MEPHOCTH 1 HA3LIBAETCA CUMNAU-
YUGALHBIM, €CIU BCE ero I'DaHM, 33 MCKIIYEHNEM OLITh MOXET €ro CaMoro,
ABIAIOTCA CUMILIEKCAMU.

TEOPEMA 4 (COOTHOWEHUA /[JEHA — COMMEPBUJIA A/ CUMILIALIN-
AJILHOT'O MHOTOTPAHHUKA). Ilycmv P — n-mepuvili CuMniuyuassrvii
mnozoepannuk (cPepuueckuti usu eskaudos). Qb6oznavum uepes fr, k =0,1,
co oy My KOAUYECTNBO €20 k-MEPHLIT 2panetl, Yeped Pk CYMMY HOPMUP OB AGHHBIL
geauuun Y2406 npu k-mepubix epanaz. Kpome moeo, noaoowcum f_1 =1 u

vol(P)
p_1 =4 vol(S")
0 6 esraudosom cayuae.

8 cepunecrom cayuae,

Paccwtompum MHO20UACHDL

n+1

o) =Y on it
k=0

f(t) = an—k—ltk
k=0

U NOAOHCUM
n+1

ot —1) = yt® = 1(t),
k=0

flt=1) =Y hgt* = h(t).
k=0
TO@(?G UMeem Mecino pasercineo
"t + Rt — 1) = o(t) + h(t) — 1. (13)

B 6oace senom sude,

n

wkz - ¢n+1—k = h”n+1—k: - hk: npu k= 17 SR LEJ )
o — g1 = hpt1 —ho + 1.

3ameTum, 9T0 06€ 9acTh mocaeaHero pasencTsa B (14) pasast 0 mo hopmyaam
dunepa u ['pama.

(14)

JOKABATEALCTBO. BribepeM BHYTpPM MHOTOTI'DAHHWKA TOYKY Cp U pa-
306beM P Ha n-MepHBIE CUMILIEKCHI — TUPAMHUILI ¢ BEPIIUHON cp u dace-
TaMU MHOTOIDAHHUKA B Ka4eCTBe OCHOBaHWU. [logcuuTaeM CyMMBI BETUINH
YIJIOB BCEX CUMILIEKCOB MPHU TPAHAX JAHHOU PA3MEPHOCTU. YTUILI PU BEPIIHU-
HaX MHOT'OI'PAHHUWKA COCTABJCHLI M3 YIVIOB IIDU BepUIIMHAX CUMILIEKCOB, IIpU
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BTOM OCTAIOTCA €Ille YIVIBI CUMILIEKCOB TIPU WX OOIIEeN BepiumHe cp. BmecTe
OHM COCTABAAIOT TMOJHBIA YOI, TTO3TOMY UMEEM

> w0(A) = @o +1.
A

Boobue, g aro6oro k ot 0 g0 n—1 yruasr npu k-MEPHBIX IPAHAX MHOT'OT'PDAH-
HUK3 COCTABICHLI M3 YIVIOB TPHU k-MEPHBIX T'PAHAX CUMILIEKCOB Da3OueHUs.
Kax gas u3 He yYTEHHBIX TPU 3TOM Kk-MEPHBIX T'DAHEN CUMILIEKCOB HATAHYTA
HA BEPIIMHY Cp U HEKOTOPYIO (k — 1)-MepHy rpanb mHOrorpanauka. Coor-
BETCTBYIOIMINE YIVIBI TPYIIUPYIOTCA B fi_1 MOJTHBIX yriuoB. TakuM oGpasom,
IMEIOT MECTO PaBEHCTBA

Z‘Pk(A):SDk‘i‘fk—l mpu k=0,...,n— 1.
A

Kpowme Toro,

Z‘Pn(A) = fn—1,
A
D oe-1(d) =
A

O603HaMAT Y-MHOTOWIECH [UIA CUMILIEKCA A depes goA(t), IPUXOIUM K PaBeH-
CTBY

YRt =) + f(1) — 1.
A

Teopema 4 moaydaeTca Tenepb TPUMEHEHUEM TEOPEMBI 3 K KaXJOMY U3 CUM-
IEKCOB A. O

3ALAYA 3. Berawmciure MuOrOowieH h(t) aas n-MepHOrO CHMILIEKCA.

OxkasniBaeTCA, KOXhPUITUEHTH MHOT OXLIEHa, i TaKXKe 06Ja1a10T CBOUCTBOM
CUMMETpPUM, TOTOOHBIM PABEHCTBAM g = pi1_k A1 MHOTOWIEHA 1. DTH
COOTHOIIIECHU 6OJIee IMAPOKO M3BECTHBLI, 9€M COOTHOIICHUA MEXYy yIJaMWu
CUMIVINIIUAJIBHOTI'O MHOT'OI'DaAHHUKA, 1 UMEHHO WX MMEIT B BHUAY, I'OBOPA O
coornomenusx [lerna — CommepBmis.

TEOPEMA 5 (KOMBUMHATOPHBIE COOTHOIIEHUA /[EHA — COMMEPBU-
Ja). ITyemv P — n-mepubiti cumnauyuasbmubitl mmozoepannuk. O603nauum
wepes fr, kK = 0,1,...,n, Koauuecmso €20 k-MepHBIL 2paHesi U NOAOHCUM
f—1 = 1. Paccmompum mmHo2ouien

f(t) = Z fn—k:—ltk
k=0
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U NOAOHCUM
n
flt=1) = hgt" = h(t).
k=0

Tozda umeem mecmo pasewcmao
t"h(t™1) = h(z). (15)
B 6oace asnom sude,
he = hp—k.

[IOKA3ATEJNBCTBO. Bocnoabsyemces Teopemon 4. Ilockoabky HAC mMHTE-
PECYIOT TOMBLKO KOAMHECTBA TPAHEN MHOTOTDAHHUKA, MBI MOXEM CPequ MHO-
FOrPAHHUKOB JaHHOTO KOMOWHATOPHOTO THUIA BHIOPATH TAKOW, BETUIUHBI
YIVIOB KOTOPOT'O JErKO BBIYKCIUTHL WM ONEHWTH. B CiIydae yAadHOrO BbI-
60pa M3 COOTHOWIEHUN TeopeMbl 4 GyayT CIefoBATL HYyXHBIE HAM COOTHO-
[ICHU.

[Iycts P — mamubif eBKAULOB MHOrOrpanuuk B R”. PaccmoTpuMm n-mep-
HYIO cdepy, Kacalolyocs mpocTpancTsa R BO BHyTpeHHEH TOYKE MHOIO-
rparauka P, u cupoemupyem P Ha cdepy u3 ee nenrpa. Eciau paguyc chepsr
7 MaJ, TO TOJYYAOIMUCA TPU MPOEKIINA MHOTOTPAHHUK FPg 3aHWMaeT mo-
gty BCIO nmoxycdepy, obpamernyio K mpocrpancTsy R”. Kpome Toro, MoxHO
IOKA33aTh, YTO BEIWIUHBI YIJIOB MHOTOrPAHHUKA P mpu Bcex rpaHsx pasmep-
uHocren oT 0 o n — 1 crpemarcs k 1/2 npu crpemienun paguyca cdepsl K 0.
Taxum 06paz3om,

}ig(l)(pk = %fk nmpu k=0,...,n—1.

3ameTum Takxke, 9ro lim,_op_1 = 1/2 u ¢, = 1 HE3aBUCUMO OT BEJMIUHBI
paguyca. OTcrioga moaydaeMm

Tim (p(t) + /(1) = 1) = SFO) + 1+ f() =1 = (5 +1) F0),

e CXOAUMOCTD MOHUMAETCS KaK CXOAMMOCTH TOCJAEI0BATENIbHOCTEN KO-
durnmenToB MHOrOwWIeHOB. Ceq0BaATENHHO,

T (4() + () — 1)

Torga um3 paBercrsa (13) cregyer

= h).

-1
R = (),

OTKYy/a HATIPAMYIO CJAeAyeT paBeHCTBO (15). 0
Kombunaropusie coornomenus /lena — CoMmepBmwis ObLIM BOEPBHIE [10-

kazausl CoMMepBmwIeM B [6], HO HE3ABUCHMO OT METPUYUECKUX COOTHOUICHUN
Teopembr 4. Heobxoaumo ynoMauyTh, 9T0 ucciegoBanus CoMMepBuns ObLTH
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BIOXHOBJIEHEI paboTou [ena [2]. [len mokasar Teopemy 3 gasn =4 un =5,
yKa3aB TaKxke Ha BO3MOXHOCTH 0000IEeHNA Ha CIy9al IPOU3BOILHOTO 1. Me-
rputeckue coorromenus [lena — CoMMepsmas JOKa3aHbI TakXke B cTaThe [4]
IUIA (KBA3MCUMILTAIAAIBHBIX) MHOTOIPDAHHUKOB — 7-MEPHBIX MHOTOTDAHHU-
KOB, ¥ KOTOPBLIX BCE I'PAHA PA3MEPHOCTH MEHLIIEH TNO0 PABHOKR N —2 ABIAIOTCA
CUMILTIEKCAMU.

5. [IPYI'AE COOTHOIIEHUA MEXXIY YIJIAMHA

Kpowme BryTpenHero yria mpu rpanu () MHOTOTpaHHUKa P, MOXHO pac-
CMOTPETH TaKX€ W BHEITHUK yroa. [lJag 3Toro onpeaenmM HOpMAJILHEIT KOHYC
Ng(P) rpasu () oTHOCHTENBHO P clefyomum 06pasoMm:

Ng(P) = {Zami | a; > 0},

rie n; — BHEIIHWEe HOpMaiw K aceTaM, COJAepKalmM Trpadb (). OKBUBA-
JEHTHOE ONpeNeNeHne: BO3bMEM TOUKY £ BO BHYTPEHHOCTH rpaHu () W pac-
CMOTPHM BCE TOYKHU TpOCTpaHcTBA R, mId KOTOPBIX 2 — OImMKaWImas TOTKA
MHOTOTpaHHUKA P. D11 To4uku cocTaBaaioT MEOXeCTBO £+ N (P). Herpyaso
BUJETh, ITO pa3MepHOCTH KoHyca Ng(P) passa dim P — dim Q. B wactro-
CTH, HOPMAJIbHBIE KOHYCHI BEPIIWH MMEIOT TOMHYIO PAa3MEpHOCTL. U3 BTOpO-
'O OTIPEeIeJeHNS BHEITHET'O Y4 HETPYIHO YBUAETh, 9TO HOPMAIbHBIE KOHYCHI
BEPIIVH TOKPHIBAIOT BCE MPOCTPAHCTBO, MEPECEKAACH JUIID IT0 KOHYCaM MEHb-
men pasMeprHocTu. [103TOMY, eciu MBI OTIpEIeINM BEIUSIUHY BHEITHETO yTJIa,
npu rpaHn () CTAHAAPTHBIM 06pPa3OM:

. VOl(B N NQ)
vo(P)=—m

TO IIOJdYyYIM DPABCHCTBO

> w(P) =1, (16)
v
rle CyMMUPOBAaHUE BeJEeTCA IO BCEM BepuimHAM MHOrorpanuuka P. B caydae
TPEXMEPHOr0 MHOrOrpaHHuKa dopMmyra (16) sBigercsa AUCKPETHBIM AHAJO-
rom popmyast aycca — Borre masa cdepor.

Haxowerr, ymoMsseM COOTHOIIEHN, BOBICKAIOIINE BHY TPEHHNE M BHEITHIE
yriasl ogHOBpeMeHHO. Ha sToT pas mycts P — mOIus ApaabHBIN KOHYC (me-
pecedeHre KOHEYHOTO HKUCIA MOAYIPOCTPAHCTB, MPOXOJAMINX Hepe3 HAYIAIO
koopaunar). ['paru komyca P, a Takke BeIWIUMHBI BHYTPEHHUX M BHEIIHUX
YIJIOB TIPU T'PAHAX ONPEAEIAITCA O¥MeBUAHBIM ob6pazoMm. [TuTep Makmasmen
IZokasal B [3] paBeHcTBa
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Z()DO(Q)VQ(P) = 17
Q

D (=1)Tm Lo (Q)rg(P) =0,
Q

> (-1)HmQuy(Q)po(P) = 0,
Q

rIe CyMMHUPOBAHME BEASTCA KAXABIA Pa3 MO BCeM TpaHaM KOHyca P, a mata-
JIO KOOPMHAT PACCMATPUBACTCA KaK T'PaHb Ka¥XJOr0 m3 KOHYCcOB. OTmeTnmM,
ITO HA CAMOM J€J€ HOMMAPAJBHBIN KOHYC — DTO TO XK€ caMoe, ITO cdhepute-
CKUY MHOT'OTDAHHUK (PAaCCMOTPEM €ro mepecedenue co ¢depon S ¢ MeHTpoM
B HagaTe KOOpAmHAT). [[pym 5TOM BeTmIMHAM BHYTPEHHUX yTJIOB () oTBe-
qai0T 00BeMBI Tpanen S N P, a BHEITHUE YIVIBI OCTAOTCS BHEIIHUME YIVIAMMA.
Ecam croxuTs mepBoe m BTOpoe paBeHCTBa MakMamiieHa, TO MOAYIUTCA CO-
OTHOIIIEHUE, BOBJIEKAIONIEE TOILKO I'PAHA IETHON PA3MEPHOCTHU ChHEPUTIECKOTO
MHOTOTPAHHUKA. DTO COOTHOIIEHUE ABJIAETCA AUCKPETHBIM aHAIOTOM (POPMY-
aul aycca — Bonme a4 BLICHINX pa3sMEpPHOCTEN.

MokazareancTBa dopmyast 'aycca — Borne u popmyast ['pama npuseaens
B riaBe 7 kuuru [1]. TaMm paccMarpuBaeTcs Takke CIyd9all MHOIOIDAHHUKOB
B mpocTpaHcTBe Jlob6ateBcKoro.

Asrop npusnarenaen . B. Bun6epry, M. H. Bamomy u B. B. IIpacoaosy 3a
[IeHHBIE 3aMEYaHUA.
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