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[Icpadpdpuansr nIm NCKYCCTBO PacCTABIATH 3HAKM. . .
M. H. Bsaapin*
B ynpaxuenun 7.51 u3 xkauru I'poxema, Kuyra u Ilaramnvka «Koukpernas ma-

TeMaTuKay [2] nmpuBoguTcs 3aMedarenbHas GOpMyJa AL HUCIA DA3OUEHUN NPIMO-
YTOJBLHON JOCKU HA TOMUHO:

. 1/4
_ omn/2 2 _Jm 2 2 _km 2)
Dyn(v,h) =2 Il ((cos m+1)v + (cos n+1)h . (1)
1<jsm
1<k<n

Ecin pasnoxurs npaByo H9acTh dTOI'0 PABEHCTBA IO CTEIeHsaM v, h, TO koxdduin-
enT mpu v"h® OydeT paBeH KOIMYECTBY CIOCOGOB DA3OMEHMS MPAMOYTOILHOU TOCKU
pasMepa m X n Ha TOMWHO MPU YCIOBUU, ITO UCTIOMB3YETCA I BEPTUKAMBHBIX TOMUHO

U S TOPU3OHTATBHBEIX. Hampumep, pazbueHune Ha puc. la BHOCUT B DTy CYMMY BKJAJ
67,4
v°h=.

a) 6)

Puc. 1. Illepexon oT pa3bueHNA Ha, JOMUHO K COBEPIICHHOMY MapOCOTETAHHIIO B Tpagde
IPAMOYTOJBLHOU PEHIeTKH

Cpa3sy orMeTuM ABa OYEBUAHBIX CJAEACTBUS U3 3TOro yreepxkaenus: a) Dy, (v, h)
SIBJSIETCS. MHODOYIEHOM 0T U U h; 6) Dy (1, 1) — nesoe quciao (koiudecTso cuocobos
BCEX Pa3OUEHWN MOCKY M X 7). YBUAETH 3TU CBOUCTBA D,y (v, h) HEIOCPEAICTBEHHO
u3 Gopmyast (1) He 0YeHB TPOCTO.

B sron crarbe npuBoguTCca 10Ka3aTeascTBO (hopMyds (1) u pemenue erme 0gHOR
HOXOXKEH 331a49U — O Pa3OUeHUsAX Ha JOMUHO auymekrckoeo duamanwma (cMm. puc. 6a)
Ha c. 140). @opmyaa (1) u nogobusie eit GbLin 1oLy YeHbl B 60- [OLbl IPOLLIOrO BEeKa
TIPY PEmeHnN 34,044 CTATACTAYIeCKON puankn. HeckoapKo mo3ke naen, mpuIyMaHHbIe
(pmsmKaMM, yAATOCH PUCTIOCOONTE M PEIICHUS MHOTHX 34049 MePednCIuTeILHON
koMmGuHATOpUKU. IToapobHOCTH MOKHO HanTu B cTaThix . Kynep6epra [6,7], koTo-
pBI€ ABIAIOTCA OCHOBHBLIM MCTOYHUKOM IIPUBOAUMBIX HUKE PACCY K TEHUIM.

*Pabora moxgaepxkana rpantamu PDODU Ne(2-01-00716 um Ne02-01-22001 HITHW_a u rpamToMm
nogaepx)ku HaydHbIX mikoa HIIT 1721.2003.1.
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s pemenus 3amad 0 pa3breHWAX HA JOMUHO MBI pacCMaTpuBaeM OoJee O6IIyio
3a/a49y MOACUeTa NCIA COBePueHHblr napocovemanut B rpade. ComepinenHOe TAPO-
COYeTaHme — DTO TAKOE Pa3OreHne MHOKECTRA BepIIVH Tpada Ha TaPhI, ITO KaXKIasd
mapa pas3bueHus cBa3aHa pedpoM B rpade. PazOueHuaMm Ha JOMUHO B3aWUMHO OTHO-
BHAYHO COOTBETCTBYIOT COBEPIIEHHLIE IAPOCOYETAHUA Ha Ipade NPAMOYTOILHOU pe-
[IeTKY, KAK MOXHO YBAAETH Ha puc. 1.

3ajgada HoACIeTa YHCIa TAPOCOMeTAHNH B IPOM3BOIBHOM rpade Tpysaal). Y-
BUTEIBLHBIM 00pPa30M OKAa3BIBAETCA, TO DTA 337aYa PENIaeTCs HAMHOTO TIPOINE B
CAYIae NAGHAPHLIL TPadoB, T.e. TaKuUX rpadoB, KOTOPHIE MOXHO HApUCOBATL HA
mwiockocTu 6e3 mepecedenunn pebep. ['pad OpAMOYroAbHOU PEIIETKYU OYEBUIHBIM
06pa3oM IIaHAPEH, 9TO U OyAeT UCHOIL3OBAHO M LOKa3aTelbcTBa dopmy.nt (1).

Bo Bropon nonoBruHe cTaTbU OT 49uTaTels NoTpefyeTcs 3HAHUE JUHEUHOU ajre-
6psl. HeoGxonuMele cBeeHNA MOXKHO HAWTH, HapuMmep, B yiyeOHuKe Bunbepra [1].

1. 3HAK NEPECTAHOBKU U ITAPOCOYETAHUA

CHavana HAMOMHUM HEKOTODHIE XOPOIIO M3BECTHBIE (DAKTHI O MEPECTAHOBKAX.

Iepecmanoskoti maokecTsa {1,...,v} HA3BIBAETCA B3AMMHO OJHO3HAYHOE OTO-
OpaxkeHre >TOr0 MHOXKECTBa Ha cebsa. MHOXKeCTBO BCEX MEPECTAHOBOK OO03HAYUM
gepes S,. IlepecTaHOBKY MOXKHO IEPEMHOXKATH, IPOU3BEACHIE IEPECTAHOBOK — DTO
kommosunus oTobpaxkenun. Toxcdecmsennas nepectanoBka id ocrasiseT Bce aje-
MeHTH Ha MecTe. [lna KaxaI0U TepecTAHOBKU 7 ONHO3HAYMHO ONpeaeteHa oGpar-
Haa 7!, IS KOTOPOW BEITIOMHAETCA PaBeHCTBO 7 o m = id (3maxom o Gyaem 060-
3HAYATH IPOU3BEIEHUE TIEPECTAHOBOK).

3a1aTh IepecTaHOBKY MOXHO, YKA3aB €€ PA3I0XKEHUe Ha [AKJIBI:

_ (1.1 1 2 2 2 c(m) e(m) e(m)
= (a1a;...a; )(a1a; ... ag,) ... (@] ay .. .akc(ﬂ)). (2)
BuyTpu kaxnon mapbl CKOOGOK YHUCIA MEPECTABIATCA NUKINYECKA: 7(d1) = ag,
w(a2) = ag, ..., 7(ag) = a1. Paszroxenne HA UUKJIBI OMPENEJICHO C TOYHOCTBIO 10

MUKIAIECKUX CIBUTOB YUCEJA BHYTPU CKOOOK. IJTO JErKO MOHATDH, €CIN MPOCASIUTD
3a opbumoti ducaa, T.e. o6pa3zaMu YUCJAA NPU IOCIEAOBATENLHBEIX MPUMEHEHUAX 7.
Hukabr gauser 1, T. €. HEMOABUIKHBIE TOYKYU IEPECTAHOBKY, IIPYU 3AMUCA B BALE IIPO-
M3BEAEHUS IUKJIOB OOBIYHO TPOITYCKAIOTCA.

3nax sgn(m) mepecTanoBku 7 — 510 qucao (—1)" ¥ rae n — umcao saemMeHTOB,
k — <wmcao MuKIOB, BKIOYAS IUKJABL A1uHBL 1. [lepecTanoBka HasbIBaeTCa 4emuotl,
eCsiu ee 3HAK paBeH +1, B IPOTUBHOM CJAyYae OHA HA3BLIBACTCS HEUeMmHoi.

Iepecranosku (jk), MeHsomMe MeCTaMU APy YUCEd § U k, HA3BIBAIOTCS MPAHC-
nozuyusmy. JI0Oy0 TepecTaHOBKY MOXHO Pa3JOXKUTh B MPOM3BEAEHNE TPAHCIO3U-
IUY, XOTA ¥ HEOTHO3HAYHO. JIerko MpoBepUTH, YTO YMHOXKEHNE TEePECTAHOBKM HA
Tpacno3unuio (jk) MEHAET KOJMYECTBO IMKJIOB HA 1: YBEIUYUBAET, €CIAU j U Kk BXO-
AT B OMWH UK, YMEHBIIAET, eCIN j U k BXOAAT B pasuble Nukabl. OTCIoa moLydaeM
CIEAYIOIIYIO MOIE3HYIO JEMMY.

n+k

DYmeercs B BUAY, 9TO sTa 3anada # P-norma. Onpenenenue kiacca #P MOXHO HAUTU B KHU-
re I'spu u [xoncoua [3] (rge Anf »TOrO KIacca UCHOAB3yeTCA ycTapesiiee obosznadenme KP).
#P-nonnory »Tou 3aa4y gokasan JI. Bammant [9].
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JIEMMA 1. YeTHOCTH YUCIa TPAHCIO3UIUYI O JUHAKOBA, /IS BCEX PA3JIOKEHUN JaH-
HOU TIePECTAHOBKYU B MPOU3BEIEHNE TPAHCIO3UINN.

Takum 00pa3oM, IPU TEePEMHOKEHUN IePECTAHOBOK MX 3HAKU TOXKE IEPEMHOXKA-
I0TCA:

sgn(w o o) = sgn(w) sgn(o). (3)
IpuBeneM eme HeCKOMBKO XapaKTEPU3AINN I€THOCTH TIEPECTAHOBKY. dnTaTenno
PEKOMEHAYETCA CAMOCTOATENBHO NPOBEPUTH CIEIYIOIIUE YTBEPIK ICHUA.

1. Husepcus mepecTaHoBku T — DTO Takasa napa (j, k), aro j < k, a w(j) > w(k).
T‘IeTHOCTB IIEePECTAHOBKMN COBIIaOAaCT C Y€THOCTBIO IUCIA I/IHBepCHﬁ.

2. YernocTn nepeCTaHOBKU COBIIALAECT C 9€THOCTBIO INC/Ia IUKJIOB 9eTHON AJINHDBI.

3. YeTHOCTH MEPECTAHOBKY COBITAAET ¢ YETHOCTHIO OOPATHOU K HEW TEePECTAHOB-
KH.

IycTs Teneps v 1eTHo. Co6epuennbim napocouemanyem Ha MEOKeCTRe {1,... v}
HA30BeM Da3bUeHMe HTOr0 MHOXKECTBA HA MAphl (CJIOBO «COBEPLICHHEBIM» WHOTAA Oy-
€M OIyCKATDL). MHOXKECTBO BCEX MAPOCOYETAHNA Ha MHOKeCTBe {1,...,v} o6o3ma-
aurm P,. [lapocodyeranus eCTECTBEHHO OTOXKIECTBIAIOTCA C UHB0A0YUAMY O3 HENO-
J6UNHCHBIT MOYEK, T.€. TAKAMHA TEPECTAHOBKAMY, KOTOPHIE PA3JAralOTCa HA IUKJIET
IUHBL 2. 3HAK JIOG0N TAKOU MEPECTAHOBKY PABEH (—1)“/ 2, YT006bLI OIpe e nTh 3HAKH
[UIA TIAPOCOYETAHUN HETPUBUAIBHLEIM 00pa3oM, TPeOyeTcsa MOMOJHUTEIbHAA CTPYK-
Typa.

Paccmorpum cHagana opuewmuposanmuble napocouemanus, T.e. pa3OueHns MHO-
xectBa {1,...,v} Ha ynopazodeHHbe maphl (B KaXIOU Mape U3BECTHO, KaKad U3
BepIIuH ABaAeTcA nepson). [lepenymepanua onpenenser deiicmeue IEPECTAHOBOK HA
MHOXKECTBE OPUEHTUPOBAHHBLIX TAPOCOIETAHIN:

m((p1,p2)s -5 (Po—1,P0)) = ((7(P1), 7(P2)), - -, (T(Po—1), 7(Pv)))- (4)

IIycTh mepecTaHOBKA 7T MEPEBOAUT KAKOe-TO OPUEHTUPOBAHHOE MapOCOYCTAHUE
B cebsa. Torga 7 pasmaraeTcs B IPOU3BelEHUE NEPECTAHOBOK, MEHMIOMNX MECTAMH
[IePBbIE U BTOPEIE BEPIIUHEL 1€THOCTE STUX NEPECTAHOBOK OJNHAKOBA, TAK KAK OHU
Pa3AaralTCa HA OQUHAKOBOE KOAMIECTBO NUKIOB. IlosTOMy 7 HeTHA.

Orcioga crefyeT, 9TO Y€THOCTH MEPECTAHOBOK, MEPEBOJALINX OJTHO OPUEHTUPO-
BAHHOE MAPOCOUETAHUE B APYTO€, OOUHAKOBA: €CIU T, 0 — IBE TAKUE NEePEeCTAHOBKI,
TO 70! mepeBOANT MCXOAHYIO NEPECTAHOBKY B CEOA.

IMockonpKy 3HAK IPOM3BEAEHNA IEPECTAHOBOK PABEH IPOU3BENECHUIO 3HAKOB, KOD-
PEKTHO CAEAYIOLIee OLpeneneHue.

J6a 0pUeHMUPOBAHNBIT NAPOCOUETNANUA UMEIOM 00UNAKOBBIE FHAKY, €CAU 00HO
nepesodumca 6 Opyeoe wemnotl Nepecmanoéroll; pasubie 3HAKU, eCat 00HO Nepeso-
Jumea 6 dpyzoe newemuotl nepecmanosrod.

Mer onpegeuin Iuus OTHOWIEHNE 3HAKOB ABYX OPUEHTHPOBAHHBIX IIAPOCOIETA-
vuy. Ecin HyXHO 0ZHO3HAYHO ONpEneIuTH 3HAKHM, AOCTATOTHO BHIGPATH KAKOE-TO
OPUEHTHPOBAHHOE HAPOCOYETAHUE W IPUIKMCATEL €My 3HAK «+». OOGBIMHO nogaraior,
uTo mapocoderanue (1,2)(3,4)...((v — 1),v) nmeeT 3HaK «+>.
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1 2 3 4 5 6

Puc. 2. llpumep napocoveTaHuy Pa3HOTO 3HAKA

Y1066l npunucaTh 3HaKK (HEOPUEHTUPOBAHHLIM ) TAPOCOYETAHUAM, 38 0UM 0PU-
EHMayUI0 HA TMApaX GUCeNd, T.€. A KaXIOU [Mapbl YACEN YKAKEM, KAKOe U3 HUCe
ABIAETCSA TEPBBIM B 5TON mape. Toraa Kax oMy MapoCOIeTAHUIO OMHO3HAYHO COOT-
BETCTBYET OPMEHTUPOBAHHOE MAPOCOYETAHNE C TEMHU JKe MapaMyl BEPIINH.

[IycTs 3anana opmeHTAIWSA W IBA NAPOCOMETAHUA p,q. BozbMeM v TOUEK M 3a-
HyMepyeM ux umcaamu 1,2,...,v. [lapel, BXogsaime B mapoCcodeTanne p, COSTUHUM
TOHKVMN JUHHUSAMH, a Mapel, BXoAdmue B ¢, — XupHbIMU. Haprcyem opuenTarum:
[OCTABUM CTPEIKM, BEAYLIME OT [IEPBOU BEPUIMHBEL B Iape KO BTOPOU (CM. mpumep
Ha puc. 2). 3 kax 100 TOYKK BEIXOAUT POBHO ABE JIMHUU, TAK YTO IIOLYIWIA HAOOD
IIUKJIOB Y€THOW JJIMHLIL.

IIycte a — obmee kommdecTBO pebep, OPUEHTUPOBAHHEBIX 10 IUKIY, & b — opueH-
TUPOBAHHLIX TPOTUB. /1A IMKIOB Y€THON AJMHLI Y€THOCTE ¢ U b oquHakoBa. ducio
(—1)'*t Gynem maseBaTH 3MaK0M YuKaa F n obosHawaTh s(F).

3AMEYAHUE 1. 3aMeTuM, 9TO 3HAK [UKJIA OIPEAEICH He TOJIBKO ML IUKJIOB 4eT-
wott mmuanr. Jaa mukiop mederHon ammmel §(F) = (—1)1*° = (—1)% u smax nmcaa
3aBUCHT OT HAIPABICHU 00X04a IUKJIA.

JIEMMA 2. 3Haku MapoCOYeTaHUU Pa3JUdaioTCs HA IPOU3BEJEHUE 3HAKOB IIUK-
JI0B, OOPA30BAHHEIX TUMHU [IaPOCOIETAHUAMU.

HdOKA3BATEJBLCTBO. IlomyuuMm ogHO mapocodeTaHue u3 IPYyroro B ABa IpPUEMA.
Buavase mpumeHuM epecTaHOBKY, CABUIAIOIIYIO YKUCIA BAOJL IIUKIOB, 0ODa30BaH-
HBIX [MAPOCOYETAHWAMA. 1eTHOCTH 3TOU MEPECTAHOBKY COBIANAET € Y€THOCTHIO KO-
JUYECTBa MUKIOB. Temepsb COMIacyeM OPUEHTAIMU ¢ TOMOIILIO TPAHCIO3UINY YU-
cel, BXOMAMMX B Taphl BTOPOTO TMAPOCOUYeTaHnsa. 1eTHOCTEH KOJMIECTBA TPEOYEMbIX
TPAHCTIO3UIUN COBMAMAET C YeTHOCTBIO IUCAA Pebep, OPUEHTUPOBAHHBIX TIO ITHKIAM.

Nrax, 9eTHOCTb MEPECTAHOBKY, TEPEBOMANICH ONHO (OPUEHTUDPOBAHHOE) Mapo-
COYeTAHNE B APYroe, PABHA CYMMAPHOUW YETHOCTU KOJIWYECTBA IUKJIOB U KOJIMYIE-
cTBa pebep, OPUEHTUPOBAHHBEIX IO HukiaM. Ho 3TO  eCcTh Ipou3BegeHue 3HAKOB
LIUKJIOB.

2. ONPEIEJUATEb U IIOADDUAH

EcrecTBennnie ompenenenusa oupegennTens u ndadduana maoTCsa HA A3LIKE JIX-
HenHou aareGpet (M., Hanpumep, [1]). Mbr orpanuyumcs 34eCh 31eMeHTapHEIMY OlIpe-
MeTeHUIMU, KOTOPHIE BCE PABHO HAM MOTPEOYIOTCS.
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Paccmorpum marpuiy A pasmepa v X v, B j-H CTPOKe u k-M CTOJ0LE KOTOPOU
HAXOJUTCSA MepeMeHHad a;i. Onpedeaumens A 1O ONpeJeNeHTIO PAREH

det A=Y sgn(m)A(r), rae A(n) =[] axn). (5)
k=1

TES,

B ¢opmyay (5) Bxomutr v! craraembix. OnHaxo, 9TOOE BHIYUCAUTH 3HAUECHUE OIPE-
OEeIUTENA, HE HyXXKHO NEIaTh TAK MHOI'O onepanui. XOpOIIO W3BECTHLIM METO. HUC-
kmodenus [aycca nosBousierT HaliTu 3HadMeHUe oupegeaurets (v X v)-MATPULLL 32
O(v?) apudmeTIIeCKIX OMepaImii.

Hanee cauraeMm v 9eTHBEIM. PaccMOTpuM Kococummempuunyo marpuny A pasme-
pa v X v, T.e. MATPHULY, AIA KOTOPOHU ajj = —aj, ;. Ham 6ygeT yno6HO BBEIIEIHTH
B KOCOCHMMETPUIHON MATPHIE (3HAKW U «a0COJIOTHBLIE BeamanHbh. Cmemraem 5To
Tak. Beegem mepeMeHmHbie aji), 3aBUCAIIIE OT HEYTIOPAI0MEHHOR MapPEl WHICKCOB, I
HEKOTOPYIO opmeHTanmio. [[o opueRTanuu moCTPpOuM KOCOCUMMETPUIHYIO MATPHUILY
e: €jx = 1, ecim B mape (j, k) mepBou ABIAETCA BEPUIMHA j; €j; = —1, ecam mepBon
ABJIAETCA BEPIINHA k; IO IMATOHAIN CTOAT HYJIU: £p = 0.

Tenmepr noaraem a;j g = ajr)Ejk-

HpapPuan A pasen

Pf(A) = ) e(p)A(p), (6)

pEP,

rae A(p) — mpoussegenue ajp) o Becem mapam (jk), BXOAAIMM B ITApOCOYETaHNE D,
a €(p) — BHAK NAPOCOYETAHUS P OTHOCUTEILHO OPUEHTALUY &.
HMeeT MeCcTO COOTHOIIEHUE:

det A = (Pf A)2. (7)

W3 mero ciaegyer, 9T0 Bhivuciaenue mgadppuana He CI0XKHEee BLIMUCACHUA OMPEIe/In-
TQ.H}I.Q)

Dopmyay (7) mpolne I0Ka3aTh «MO-HAYIHOMY», UCHOAL3YA 6OJEe OCMBICICHHBIE
ompeneteHna onpegeantens n ndadopuana. OgHaxko dreMeHTapHOE TOKA3ATEILCTBO
B CTWJIE «PACKPOEM CKOOKM ¥ IIPUBEIEM IOLOOHBIEY , XOTA U 00ee IPOMO3,IKOE, TaKXKe
BecbMa noy4urensHo. Ero unes (Baaras us [6]) cocTouT B TOM, YTO IEPECTAHOBKY C
UMKJIAMY HEYeTHOH MIJIMHLL JAI0T HYJEBOU BKAAJ B ONPEAEINTENb KOCOCUMMETPUIHON
MATPpHUIEIL, a IEPECTaHOBKN C IUKJIAMU ‘{eTHOfl JINHBI €CTECTBEHHO OTOX ICCTBIAIOT-
ca ¢ mapaMu mapocodeTanun. [Ipu 5ToM 3HAKK COMIACYIOTCA.

Pas6epem 510 paccyxaenue nogpoduee. Craraemsie B popmyae (5), M0 KOTOPOR
BBIUUCAACTCSA 3HAUEHUE ONpefeJuTelNd, pa3iejuM Ha TPU IPYINbL:

A: cogepxaiiue HENOABUKHYIO TOUKY (T.e. LUK LJIUHBL 1);
B: me cogepxamiye HEMOABUKHBIX TOYEK, HO COAEPKAIINE UK HEICTHOU AIAHBI;

C: cocToAmpe TOMBKO U3 LUKIOB I€THOW JIMHLIL.

2)MOXKHO GHICTPO BLIYHCIATE M OMPEIeINTelb, i dadduan, 663 UCIOIL30BAHNL He TOILKO OIle-
panyyu M3BIEYEHUA KBAIDATHONO KODHS, HO faxe u onepanwu genenus. Cwm. [8].
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3anuieM craraeMble, COCTABSIONINE ONPEAeHUTeNb, YePe3 OPUCHTAIUN U CUM-
MeTPUIHBIC TIEPEMEHHBIE qaj1). [loTydaeM paBeHCTRO

sgu(m) A(m) = [T s(F)A(F), (8)
F

rie TpOouW3BeleHne GepeTca MO NUKJIAM ThepecTaHoBku 7, a A(F) — mpousseme-
HUE a(j}) BJOMb TUKIA F'.

Cnaraemere u3 rpynmet A passbl (0, Tak Kak ¢j; = —aj; = ( IO OIpeeneHno
KOCOCAMMETPUIHON MATPUIIHL.

Caaraembie n3 rpynnel B MOXHO pasfuTh Ha Maphl C MPOTUBOMOIOKHBIMU 3HA-
YEHUAMU, TAK ITO UX OOIIUHU BKJIA B onpexeanTens pased (. UTo6w onucaTs Takoe
pasbueHue Ha MApHI, BEIAEIAM B IIEPECTAHOBKE IIUKJ HEYETHON [IMHLI, KOTOPBIA CO-
IEPIKUT HAUMEHBIEE U3 YUCEJ, BXOIINX B [IUKJILI He9eTHOU AiuHbl. HazoBem sToT
MK MUHUMAJIBLHEIM HEYE€THRIM. V3MeHeHre Hanpasaenns 06X0 13 MUHUMAILHOTO He-
YETHOTO MUKIA 33JaeT Tpebyemoe pasbueHue caaraeMbix Ha mapel. B cuiy (8) stm
claraeMble UMET TPOTUBONOIOKHEIE SHAIEHUA.

Teneps mepengeM K craraeMbiM u3 Tpynnsl C. COMOCTABUM TEPECTAHOBKAM, CO-
CTOANMM U3 NUKJIOB Y€THOU [JUHBI, YIOPAJOIEHHBIE Maphl mapocoderanun. ukmy

(ay ...asx) conocraBuM mapocoderanus (ai,as), (as,aq), ..., (a2x—1,a2;) u (a2,as),
(ag,as),...,(asg,a1). Kak ux ynopsagouurs? Bysem caurars, 4ro 4y — HauMeHb-
Iee U3 9UCen ay, ..., Az, & TAPOCOIETAHNe, B KOTOPOe BXOAUT (aj,ay), — HEPBOE.

OTO ompe/ieseHne HEMPUMEHIMO K IIUKAY JIWHBI 2, HO B DTOM CIyYIae MapOCOTeTAHNUs
COBI3AAIOT U MOTOMY UX HOPAIOK HEBAKEH.

WTax, MBI COKPATHAN YACTh CIANAEMBIX B JEBOU YACTU paBeHCTBA (7), & OCTAIb-
HBIM B3aMMHO OJHO3HAYHO COMOCTABIINA KAKWE-TO CJAAraeMble B mpaBon dacTu (7)
(pasymeeTcsi, OCHe PACKPBHITU CKOGOK ). OIKMCAHHOE BHILIE COOTBETCTBUE MaPAHTU-
pyeT, 9T0 COOTBETCTBYIOLIKE C/IalaeMble COLEPKAT ONHU U T€ XK€ IePeMEHHBIE a(jg),
pudeM B OJUHAKOBOU CTEIEHU. A 3HAKYU Y COOTBETCTBYIOUINX CAArAEMBIX COBIAJAIOT
1O TPABWILY OMpPENeJeHnA 3HAKA TapOCOYETAHNA U B CUIY (HOPMYJH (8).

3. IIAPOCOYETAHUSA B IIJIOCKOM I'PADE

[lompo6yeM BBIMUCAUTEL KOIUYIECTBO COBEPINEHHBIX MAPOCOTETAHuU B Tpade, uc-
noab3ysa mdadpdpuan. [as >TOro 3aHyMepyeM BEpIIUHBL I'pada ¥ OPUEHTUPYEM €ro
pé6pa, mocae 9ero COmocTaBUM Tpady OPUEHMUPOBAHHYIO MAMPUYY CMEHCHOCTNUL:
Ajr = £1, ecn napa (jk) aBiserca peGpoM rpada (3HAK OIPeIe/SIeTCS OPUEHTa-
mmen); Ajr = 0, ecim mapa (jk) e sapagerca pebpom rpada. Idadduan Taxon
MATPUIIHI PABEH CYMME 3HAKOB COBEPINEHHBIX TapocovueTanny rpada.

I'pad mazoBem ngaddosvim, ecan CymecTByeT OpueHTaIusa ero pebep, OTHOCHU-
TEIBHO KOTOPOU 3HAKM BCEX MApOCoveTaHuu B >ToM rpade paeubl. (Takyio opum-
eHTanuo OygeM HaswBaTh n@ad@osot.) IlosToMy YUCIO COBEPUIEHHBIX IAPOCOTE-
Tapu B ndaddosom rpade coBmasaeT C TOYHOCTLIO A0 3HaKa ¢ ndadhduanom
(T.e. KBAOPATHBIM KODHEM K3 ONPELEIUTENs ) OPUEHTUPOBAHHOM MATPULBL CMEXK-
HOCTH.
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Baxmupiv gacTHBIM ciydaeMm mndgad@oBuX rpadgoB, C KOTOPOrO X HAYAIACH BCSI
5Ta TeOpusa, ABIAIOTCA IJIAHADHBIE Fpa(bm.3) Ilaanapnviti Tpad MOXKHO HAPUCOBATH
Ha TJIOCKOCTH TakK, YTOOBI JUHUM, M300pakamline ero pédpa, He Mepecekaanch
(ecTrecTBenHO, 3a UCKMOUeHUEM KOHIOB). CaMy KapTHUHKY, H300DAXKAIOUIYI0 pad
YKA3aHHBIM BBIIIE CIOCOO0M, OyxeM HA3BIBATL NAockum epadom. I'panp miockoro
rpada — 3TO IUKJ, BEYTPA KOTOPOr'O HE JEXKWUT HU ONHOU BepIUUHBL. Beckoneunasn
2panb — 3TO UUKJ, BHE KOTOPOT'O HE JEXKUT HUA OTHOU BEPIIUHEL.

TEOPEMA 1. ILnockunu rpad sapasercs ndadppOBLIM.

IIpex e 4eM ZOKA3BIBATEL TEOPEMY 1, CAEIAEM HECKOJIBLKO YIPOIIAIINX 3aMetda-
HUY ¥ JOKAXKEM ABE JEMMEL.

3aMeTuM, 9TO OTHOIIEHNE 3HAKOB MApPOCOUETAHUN ONPEAISeTCA 3HAKAMMA INK-
J0B. ITo3TOMy ZOCTATOYHO PACCMOTPETD TOIBKO CBA3HEIE IIOCKUE Ipadbl €3 MOCTOB.
(Mocm — aro pebpo rpada, depea KOTOpOe He IPOXOAUT HU OXHOrO nukia. Opu-
eHTAaUMK MOCTOB HE BJUAIOT HA 3HAKW napocoderanui.) Ecam B mockom cBssnom
rpade HeT MOCTOB, TO KaxKZOe ero pedpo CMEKHO B TOUHOCTH € ABYMs TDAHAME
(KOHEYHBIMI I OECKOHETHOM ).

JIEMMA 3. [IycTb B OpHMEHTHPOBAHHOM ILTOCKOM CBSI3HOM Tpade 6e3 MOCTOB 1
BHYTPEHHUX BepIIMH (He JeXKaluX Ha 0eCKOHedHOU rpanu). Toraa 3Hak 6eckoHed-
HOI I'DaHU DPAaBEH IPOU3BEICHUIO 3HAKOB KOHEUHBIX IDaHel, yMHOKeHHOMY Ha (—1)™.

JTOKABATEJNLCTBO. PukcupyeMm HampaBaeHue 00X01a TPOTUB TACOBON CTPEIKH.
Kaxgoe pebpo, me Bxosiee B 66CKOHEIHYIO I'PAHDb, 0OXOIUTCA B IIPOTUBOIOJOKHBIX
HANPaBAEHUAX OpU 00X0AAaX CMEKHBIX ¢ HUM Ipaned. [lopToMy BKIaj B IpOU3BEne-
HUe OpueHTalui OT Takoro pebpa Bcerga pased —1. Ilycrs B rpadge m pebep na
OECKOHETHOU T'paHu, k BHYTPEHHUX pebep 1 f KOHEUHBIX I'PAHEN.

IIpom3BeeHre 3HAKOB KOHEIHBIX Tpaei paHo (—1)*+/a, rae a — npoussegenue
opueHTanu pebep BAOJb OECKOHEYHOU MPaHU. 3HAK OECKOHEYHOU TDAHU PABEH —da.
ITo Teopeme dunepa

(n4+m)—(m+k)+(f+1)=2,
IO TOMY
—a=(-1)"""a=(-1)"(-1)"a, (9)
9T0 U TPeOOBAJIOCH JOKA3ATh.

JIEMMA 4. CymecTByeT OpUEHTALUs IVIOCKOT'O CBI3HOTO r'pada 6e3 MOCTOB u
€ YETHBIM YHUCJIOM BEPIIUH, OTHOCUTEIHHO KOTOPOU 3HAKW BCEX I'paHed paBHbl +1.

JOKABATEJILCTBO. Jlemmy mporie IOKa3aTh, HEPEeXois K IBOUCTBEHHOMY I'pa-
¢y. Hamomuum noctpoenue qeorcTBeHHOrO rpada. B kaxk 10u rpaHun ucxogHoro rpa-
(da meXKUT POBHO OHA BEPIINHA ABOUCTBEHHOTO Tpada, BEPIIUHLI IBOUCTBEHHOTO
rpada coefuHUM pebpoM, ImepeceKarmuM pedbpo UCXOAHOTO rpada, KOTOPOe CMex-
HO 06eMM TPAHAM, COOTBETCTBYIOIIMM BHIODAHHBIM BEpIIMHAM (8 eClIn TAaKOro pebpa
HeT, He OyAeM COeJUHATH BEPLIMHBL PEGPOM).

3)HO—BM;[1/1M0My, Teopemy 1 Buepsele chopmymuposan u goxasan II. Kacrerenn [5].
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ITo opuenTanuu rpadga MOXHO HOCTPOUTH OPUEHTALMUIO ABOMCTBEHHOIO Ipada:
moTpefyeM, U9TOOBl KPATYAUIUKA TIOBOPOT OT OPUEHTUPOBAHHOTO pefpa MCXOTHO-
ro rpada K OPUEHTUPOBAHHOMY PeOpPY ABOMCTBEHHOT'O MPOUCXOMUT MPOTUB IaCOBOU
CTPEJIKU.

IMocmorpes Ha puc. 3, JErKO HOHATL, YTO MOCJE IEPEXOAa K TBOUCTBEHHOMY I'Da-
¢y yTBepKJaeHVE JEMMHBI 3BYYUT TaK: B CBA3ZHOM ILIOCKOM TI'pade, NUMEIIeM YeTHOe
YUCIO TPAHEU, MOXKHO TAaK OPUEHTUPOBATH PEOpA, ITOOH M3 KAXKJIOU BEPITUHEI BHI-

XOAWIO HeUeTHOE Inciao pebep. [JokaxeM 3TO mOcregHEee YTBED-
T XK IeHue.

Bospmem mpousBonbuyto opuenTaiuio. [lockoabky rpamen —
YETHOE KOAMYECTBO, B CAIY TEOPEMBI JUIepa I€THOCTL TUCIA
BEPLIVH ¥ YEeTHOCTH 4KCIa pebep copuagarotT. llycts vg,v; —
KOIWYEeCTBO BePIINH, U3 KOTOPBIX BBIXOAUT COOTBETCTBEHHO deT-
HOe MM HedeTHOe KoamdecTBO pebep. Torga vg + vy = e = vy

$ (mod 2), T.e. v — deTHO. Pazo6beM BCe BEPIIUHBI, U3 KOTO-
PBIX BEIXOJUT UeTHOE KOIMIeCcTBO pebep, Ha Maphl U COeIUHIM
Puc. 3 Kaxaylo napy nyreMm b rpade. IloMenseMm opueHTaunuu pebep

BJOJIb BCEX BBIOPAHHBIX MyTel. JeTHOCTH KOJUYIECTBA BBIXO-
IAIMX pebep B MPOMEXYTOYHBIX BEPIIAHAX HEe U3MEHUTCA (MOCKOMBKY MEHAETCA
y 9UETHOr0 9ucaa pebep), a KOHIEBBIX — M3MEHUTCA. [lonydaeM UCKOMYH OpPHUEH-
TAINIO.

OpueHTanmo, OTHOCUTEIHHO KOTOPOU 3HAKYM BCEX I'DAHEN HOJIOKUTEIbHBL, HA30-
BeM odnopoduoti. Jlemma 4 rapaHTUpyeT CYIIECTBOBAHVE OJHOPOIHOW OPUEHTAINN
I TIOCKOrO rpada. MBI 3aBepminM MOKa3aTeIbCTBO TEOPEMbI 1, ecin moKaxKeM,
YTO OJHOPOJHAA OPUEHTALNA ILIOCKOrO rpada asiaseTca npaddoson. Jas 3Toro uc-
NONB3yEM JEMMY 3.

Urak, nycTh TApOCOYETAHUA B INIOCKOM CBA3HOM rpade pasindaloTCsa Ha [UKIBL
Fi, ..., F,. BEyTpu Kax10ro Takoro mukK/Ia HAXOAUTCA IY€THOE KOIUIECTBO BEPIIIITH
(oHU BeAb pa3GUTHL HA NAPHL IAPOCOUETAHUEM ), IIOITOMY B CUJLY JEMMEL 3 3HAKU 3TUX
[APOCOYETAHUN OTHOCUTEABHO ONHOPOJHON OPUEHTALUN COBIIAAIOT.

Teopema 1 mokasaHa.

4. TTIOACYET NMMAPOCOYETAHUNA B MPAMOYTOJIbHOM PEIIETKE

[IpumenvnM TeopeMy 1 K MCXOAHOU 3aade MOACIETa MAPOCOICTAHUN B TMPAMO-
YTOJABHOU perneTke. IIpexkie Bcero HyKHO yKa3aTh KaKyH-HUOY b OTHOPOAHYIO OPH-
enranuio (OHA, Kak OLLIO gokazaHo, sBasercs ndaddoson). Ha puc. 4 ykazana og-
HOPO/JHAS OPUEHTALNs, KOTOPYIO MBI Oy €M HUCIOIb30BATD.

Temepb HYXHO COCTABUTH OPUEHTUPOBAHHYIO MATPUILY CMEXHOCTHU pPa3zMepa
mn X mn, UCHOJAb3YS YKA3aHHYIO OPUEHTAINIO, 3aTE€M BBEIYUCAUTHL €€ OIPeNeanTeNb
¥ U3BJIEYb U3 HErO KBAAPATHBIA KOPeHb. [oMydeHHOe YUCI0 U JaCT KOMUIECTBO Ia-
POCOYCTAHUN.

Muorounen det(A] —A) HasbIBAETCA TAPAKMEPUCTIUUECKUM MHOZOULEHOM MATPU-
sl A. Ero cremens paBHa pa3zMepy MATPUIIHL 1, TAK 9TO €CTh POBHO 71 KOMILIEKCHBIX
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Puc. 4.

KODHEH XapaKTePUCTUIECKOrO MHOTOWIECHa (C yd4eToM KpaTHocTh). KopHuU xapak-
TEPUCTUICCKOT'O MHOTOWIEHA SBIAIOTCA COOCMEEHHbIMY wuciamy MaTpunsl A. U3
TeopeMbl Buera momydaem, 4TO ONpeIeauTe]b — 3TO [MPOU3BELeHre COOCTBEHHBIX
quced.

OpueHTUPOBAHHYIO MATPUIY CMEXKHOCTU KBAAPATHOU PEHMIETKU 171, X 11, ONpee-
JIeMyI0 OpHeHTauuen Ha puc. 4, ob6osnadum tuepe3 A, ,. Ee onpesemnrens mbl Oy-
IeM BBIPAXKATH Yepe3 MpPOU3BeAeHre COOCTBEHHBIX umcen. PaccMoTpuM TeH30pHOEe
TIPOU3BEEHYE 11-MEPHOTO TPOCTPAHCTBA, B KOTOPOM BBHIJEJICH GA3UC €1, ...,E,,, U
N-MEPHOTO MPOCTPAHCTRA, B KOTOPOM BBHIIETCH 0A3UC fi, ..., fn. llepBBIN COMHOXHT-
TeTb OTBEYAET CTPOKAM PEIIeTKH, a BTOPOU — CTOJ0maM. ByaeM paccMaTpuBaThb
Ay KaK MaTpHLY JHHEHHOIO omeparopa B 6asuce e @ fi. Csepusuiucs ¢ puc. 4,
IEeUCTBUE 3TOr0 ONEPATOPA MOXKHO 3AMUCATH KAK

Am,n: €; Y flc = Hmej ® fk + (_1)jej ® anka (10)

rae Hy = —A; 4, T. €. OIepaToOp, COOTBETCTBYIOMMH MATPHIE d-1IEIOYKA, CM. PHC. 5.
Onepatop, gercTBylomui mo npasuiy e; — (—1)7e;, 1 < j < d, o6osuamm gepes Py.

Puc. 5.

W3 (10) u muHEAHOCTH OIEPATOPOB MOLydInM (OPMYJIY LI IEUCTBUL A, , HA Da3-
JIOXKUMOM BJeMeHTe (IPeJCTaBUMOM B BUAE TEH30PHOI'O [POU3BELEHUs BEKTOPOB):

ApnieQy— Hpz®@y+ Poax @ Hpy. (11)

3ameTtum, 910 P? = [ (TOXAeCTBEeHHBIN omepaTop), a PyHy + HyPy; = 0, Tak xax H
MEH/ET YeTHOCTDb MHIEKCA ¥ OA3MCHBIX BEKTOPOB €;. [loaToMy

Afn’n:a:®yr—>Hglx®y+x®H,Zy. (12)

Omnepatop H2 — BPMHUTOB, €r0 COGCTBEHHBIC THCIA OOO3HATAM Xf%k. Ecam y, —

co6CcTBeHHbI BeKTOp H2 ¢ cOGCTBEHHBIM qucaoM A2 4, TO
7

2 2 2

AL Ty (Hm—l—)\mkl)x@yk. (13)
W3 (13) noaygaem, 94T0 COGCTBEHHBIE BEKTOPA A‘fn’n HMEIOT BUL T @ Yk, The Yp —
COOCTBEHHBIV BEKTOD Hfl € COOCTBEHHBIM HUCIOM )\% k> & Tj — COOCTBEHHBIN BEKTOPD
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H?, ¢ cobereennpm qucaom A2, ;. Cobcreenneie wncaa A7, |, DaBHbI
A+ X 1<j<m, 1<k<n. (14)

YITO yiKe HANOMUHAET uckoMmyio gopmyray (1). Onpenerurens MaTpumsl A,, ,, pasex
TIPOW3BE/ICHNIO KBAPATHRIX KOPHEN W3 BCEX DTHUX 4ncesa. 3miedeHne KBaJpaTHOTO
KODH/A [eJAeT HEONPEAeJeHHBIMYU 3HAKUu MHOXUTegaen. O THAKO MBI 3HAEM, ITO OMpe-
[eJIUTeNb 0/DKEH ObITh HeOTPUUATEILHBIM LeabiM YucaoM (kBagparoM ndadduana).

Ocranoch HauTu COGCTBEHHBIE YnCiaa onepaTopoB H,,. [l 3TOro BEIYUCANM Xa-
PAKTEPUCTUYICCKUN MHOTOUWICH OPUEHTUPOBAHHON MATPHUITHLI CMEKHOCTHU TTPOCTON T1e-
TIOYKH

7 CTPOK. (15)

Pasznoxum ompegenuTens mo mepBol CTPOKE, & 3aTeM IO NepBoMy cTodalbiry. Ilo-
JIy4aeM PEKYyPPEHTHOE COOTHOLIEHUE:

Cn(A) = ACp_1(A) + Cr_a(N). (16)
Ha‘{aJIO BTOﬁ IIOCAeI0BATE/JBbHOCTA MHOI'OWIECHOB HAXOOUTCA IIPAMBIM BBEIYMUC/ICHUEM:
A -1

Ci(A) =X, Co(\) = =X\ +1 (17)

1 A

OcranbHbBIe WIEHBI MOCIEI0BATEILHOCTH MOKHO BBIPA3UTD Y€Pe3 MHOIOWIEHE e-
OBIIIIEBA BTOPOI'O POJa, OIpeaesseMble COOTHOIIEHUEM

sin nep

U, (cosy) = sng ’ (18)
KOTOPOE, KaK JET'KO IIPOBEPACTCSA, SKBUBAJCHTHO CICAYIOUIEH DEKYPPEHTHOCTA
Un(x) =22U,_1(x) —Up_o(x), Ui(z)=1, Us(z)=2z. (19)
JloxaxeMm, 9TO
CalN) = i"Unir (= 5). (20)

B Borumcienmax moraraem —iA = 2x. IIpoBepum coBageHre HAMANILHBIX LICHOB U 110
MHIYKUAU 3KBUBAJICHTHOCTH PEKYPPEHTHBIX COOTHOILCHWUN:

Co(A) =N +1=—((—iN)? — 1) =*(4a® — 1) = i°Us (),
Crn(A) = ACh_1(A) + Cra(N) =
=i"( = iAUn(2) — Up—1(2)) = i"Ups1 ().

Kopuu muorouwrena Ye6euuésa U, 11 (z) paBusl cos ni—:—rl , k=1,...,n. Hosromy
kKopHE MHOro4ueHa Cp(\) paBHBL
. km
=2 —_— =1,...,n. 21
Ak icos = k N (21)
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2

m,n’

O6benunsas (14) u (21), norywaem coOGCTBEHHBIE YUCIa OnepaTopa A

—4<COS2 mw_i1+cos2n7f1>, 1<j<m, 1<k<n (22)

Takum 06pazoM u npuxoauM K (opmyae (1).

3AMEYAHUE 2. BuumaTenpHbl duTaTens o6paTWi BHUMAHME HA HETOYHOCTD
B nocaexuen ¢pase. Popmyaa (1) yTeepxaaeT GOJBINE, OHA TA€T MPOU3BOIAIILYIO
DYHKIINIO 1718 9UCTa PasOMeHu! TO KOAWYECTBY TOPU3OHTAMBHBIX U BEPTUKATBLHBIX
nomuuo. Ha camom gene, Ta (hopMyna MOMTy9aeTcsa COBEPIIEHHO AHAJOTUIHBIMY PAC-
cyx geamavu. HyXXHO NpunmcaTs BEPpTUKAIBHEIM PEOpPaM BEC U, FOPU3OHTAILHEIM —
Bec h, a BMecTo oneparopa A, , paccMOTpPeTH OepaTop Am,n, KOTOPLIN IEUCTBYET
IO TIPABUIY:

Amm: € @ fr—vHpe; @ fr, + (—1)jej ® hHp f. (23)

Janpuenme paccyk JeHusA IPOBOIATCA AHAJIOIMYIHO: TOKA3LIBAEM, YTO COOCTBEHHLIE
3HadeHua onepaTopa A} | paBHEI

VAT, AL (24)

5. EIIE OAVH NPUMEP: AITEKCKUI ANAMAHT

OnucasHBIN BBIIIE CIOCOO MOACIETA, TUCAA MTAPOCOYETAHUN B ILIOCKOM I'pade ax-
TUBHO UCTIONB3YETCA B TEPEINCIUTEILHON KOMOUHATOPUKE. 3AUHTEPECOBAHHBIN U~
TaTeNb MOXKET Y3HATh MOAPOGHOCTH B cTaThAX [4,6,7], TaM e MOXHO HaUTH Goree
moApoOHYI OnbInorpaduio.

Mu1 OrpaHUYMMCS BCET'O ONHUM MOMOJHUTENLHBIM MPUMEDPOM: MOICIETOM FUCIA
pasOUeHNN HA JOMUHO Gymekcko20 duamanma (cM. puc. 6a). DTOR 3a1ate TOCBAIIEHA
oTAeabHasA cTaTha [4] B 5TOoM cOopHuKe. HTEpeCcHO CPaBHUTE YACTO KOMOUHATOPHOE
peutenve B [4] ¢ BeIMUCIEHUEM OIPEIENUTENA, IIPUBOIUMBIM HIKE (3TO BBIMUCICHUE
Ba3aTo u3 crareu I'. KynepGepra [7]).

Aurexkckun amaMaHT 4-10 TOpAIKa M300pakeH Ha puc. 6a). Y nmaMaHTa 1-T0
IOPALKA 1O 21 BEPTUKAILHBEIX W [OPU3OHTAIBHBIX DANOB KJIETOK, & BCEr'0 KJIETOK
2n(n + 1). AHaJOru<HO IPAMOYIOILHOU AOCKE Mbl PAcCMOTpPUM Ipad coceacrsa
KJIeTOK. JTO TOXKE IUNIOCKUU rpad, MO3TOMY y Hero ecTh ndad@OBbl OPUEHTAIMN.
[ BoraucaeHnsa HaM OyaeT YIOOHO MCTIOTH30BATH OPMEHTAIIN0, M300PAKEHHYIO HA
puc. 66). Bepmmnbl rpada muaMaHTa pACKpacuM B IMAXMATHOM TOPAIKE B I€PHBIN
u Geani ueeT. Ha pucyHke BUAHO, 9TO BCe MOPU3OHTAILHLIE PEOPA OPUEHTUPOBAHLL
CJI€Ba, HAIPABO, a BEPTUKAJLHLIE — OT 4YepHou BepmuHbl K Geaou. IIpaddosocTn
TAKOU OPUEHTALUU MPOBEPIETCS JErKO: ¥ KaX[IOr0 KBaJAPATUKA €CTh Iapa COHA-
MIPABJIEHHBIX TOPU30HTAIBHBIX CTOPOH U AP MPOTUBOHAIPABJIEHHBIX BEP TUKAJBHBIX
CTOPOH.

Maer BOCHONB3yeMCs MAXMATHON PACKPACKOU €IIe U IS TOr0, ITOOBI yIPOCTUTH
BBIUMCJAEHUE. 3AMETHUM, 9TO DT PACKPACKA — MPABWILHASA, T.€. pEOpa COENUHSIOT
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Puc. 6.

BEPIIMHLI pa3HBIX IBeTOB. [lodTOMY OpHEHTHPOBaHHAA MATPUIA CMEXKHOCTU DTOI'O
rpadga umMeeT BU[

0 M
A= , (25)

-M 0
3[€eCh IEePBas [IOJOBUHA CTPOK U CTOIOIOB OTBEYAET YEPHLIM BEPIIMHAM, & BTOPAI —
6ersiv. Hecoxmas mposepka mokassiaeT, uto det A = (det M)? = (Pf A)2. ToaTo-
MY MCKOMO€ YuCIo ecTh | det M.

Orauvnsie oT Hyas saeMeHTH MaTpuiikl M pasubl £1. PaccranoBky 3HaKOB U30-
O6paxaeT puc. 7a), Ha KOTopoM +1 u306pakaroTCs CILIOLIHLIMUA JUHUAMEA, 8 —1 —
WITPUXOBEIMEU. M — 3T0 MaTpuUIa JUHETHOTO PEe06PA30BAHNU IPOCTPAHCTBA, 6a3uc
KOTOPOT'O MHIEKCUPOBAH OeIBIMU TOYKAMU, B IPOCTPAHCTBO, 0A3NC KOTOPOT'O MH-
NEKCUPOBAH YEPHBIME TOYKaMU. Kak BHIHO Ha PHUC. Ta), U Te, U APYTue 06pa3ynT
OpAMOYTONBbHUKEA pasMepoB (n + 1) X n u n X (n + 1) coorsercrenno. O6o3Ha MM

Puc. 7.
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1epes V™ mpocTpaHcTBO ¢ 6a3UcoM {€q, . ..,en_1}, a 1epes V' — npocTpancTso ¢
6asucoM {eg, ..., e, }. VI3 Geabx BEpIIMH BHIXOIAT PEOPA B 9€THIPEX HAMPABJICHUAX.
Ecun caurats, uTo M oTobpaxaer VP @ V2 B V™ @ V!, 10 ero MoxmO 3amm-
CATb B BUE CIEAVIOIMIEN CYMMBI, D€ KaXk0€ CIAraeMoe OTBEYALT COHAPABICHHBIM
pebpam:

M=-LL"+LoR" +RoRT + R L. (26)

3nece L, R — marpuinpl npeobpa3oBaHull, 331aBAEMBIX CAEIVIONMMA IPABUIAMU:
Le, =0,Lej =¢e;mpu0 < j<n—1 Reyg =0, Re;j = ej_; mpu 1 < j <nj;aXT
0003HAYAET TPAHCIOHUPOBAHHYIO MATPUILY.

Onpegenureis NPOU3BEIEHNA MATPUL PABEH [IPOU3BEIEHIIO OPEeAeIUTENeH STUX
MAaTpHUIl. ¥YMHOKEHAEM HA, OAXOIANINE MATPHUIIBI YIIPOCTUAM BEIIUCICHAUE OIIPEICIUTE-
Jasg M. DTu MaTPUIIBL TOAYIAI0TCA U3 MATPUL GUHOMUATLHEX KO2(hduiuenTor B(n),
DIEMEHTHI KOTOPBIX PABHBI

B(n);, = (i) (0<j,k<n), (i) =0 mpu j < k. (27)

Matpuiter B(n) — HMXHETPEYTONbHEIE C eIUHALAMY HA TVIABHOU JUATOHAIN, TIO3TO-
MY UX OINpeIeJuTenN PABHHL 1.

PaBencTna
B(n)L = LB(n +1), T.e. B(n)LB(n+1)"' = L,
B(n)R+ LB(n+1)=RB(n+1), T.e. B(n)RB(n+1)"' =R—- 1L,

TIPOBEPAIOTCA HEMMOCPEACTBEHHEIM BEITUCICHUEM C UCHOJIB30BAHUEM OCHOBHOI'O TOXK-
IeCTBa I OMHOMUATHHBIX KO2(DPUITNEHTOB

J 3\ _[(it+1
(kl) +(k) - ( k )
C moMOIIBI0 3TUX PABEHCTB MOKHO IIPOBEPUTH, ITO

(B(n) @ (Bn+ 1)) M (B(n+1)"' @ Bn)") =
=-LeLl"+LeR-L)'+R-L)e(R-L)'+(R-L)a L' =
=RoRT —2L®L". (28

Crpyxrypy marpuner R @ RT — 2L ® LT moxno ysumeTrs ma puc. 76), rae +1
0003HaYEHbl OAUHAPHEIMEA pedpaMu, & —2 — IBOMHBIMMU. BUAHO, 94TO MaTpHUIla pac-
matach Ha HECKOMBKO OJ0KOB. IIpeobGpaszoBanusa BHYTPU KaKIOTO OI0KA 3aTaf0TCs
HIDKHETPEYTOTBHEIMI MaTpuiiaMu. Ha miaBHon guaroHaqym GIOKa W3 BEPXHEUW MOJO-
BUHEBI CTOAT +1, a HA TVIABHON AUATOHAIM OJOKA U3 HUXKHEU TIOJOBUHBI CTOAT —2.
OnpegenuTens MATPUILL PABEH MIPOU3BELEHUIO onpeaeanTeten 6;10k0B. OKoHIATENb-
HO [OLYYaeM:

|det M| =2%-2%. .. . .2" = on(n+1)/2, (29)

OTO U €CTh UUCI0 PA3OMEHUN AlITEKCKOTO AUAMAHTA Ha JOMUHO.
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