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Bokpyr kputepua KypaToBckoro
ILIAHAPHOCTU r'padoB

A. B. CkoneskoB *

HloBTopsas cioBa,
JluireHHbIE BCAKOIO CMEBICIA,
Ho 6e3 HanpsaxeHps. . .

B. I'pebenmmukos, «Il1ockocToby

Dopmymuposka kpurepua KypaToBCKOro IIAHAPHOCTH T'PApOB XOPOIIO U3BECT-
Ha (BCce HEOOGXOAUMBIE IOHATHUI U 3Ta (POPMYJMPOBKA HALOMUHAIOTCA B HAYale 33-
merky). JokazareabcTBa 3TOI0 KPUTEPUsL, IPUBOAUMELE B OOABIIMHCTBE KHUL, JdubO
IITHHBL, OO0 TPy AHLL B 5TON 3aMeTke MBI MpUBEAEM MPOCTOE NOKA3ATEILCTBO KPY-
tepus Kyparosckoro. Ono nmpuragrexut IOpnio Makaperaesy [14] (koTopwiit mpuay-
MAaJ 3TO JOKA3ATEIbCTBO, elle Oy IyHIu MIKOIbHUKOM!) U UCIOIb3YeT HEKOTOPHIE UIEH
u3 [20, §5]. Ha pyccxom a3sbike 5T0 00Ka3aTeABCTBO (C HEKOTOPHLIMU MOAUMDUKALINS-
Mmu) npusegeso B [5, §1.1]. B macrosuiuen 3ameTke MpUBEJEHO HEMHOIO bojee sCHOE
U3NOXKEHNe MOKA3aTelbCTBa [5], B KOTOPOM TaK¥ke YCTPAHEHBI MeTKNe HETOTHOCTH.
B mpuioxernn «3ampemes e ToCHCTEMB TPUBOAATCA (POPMYINPOBKA OIUBKIX K
kpuTepuio KypaTOBCKOTO pesyabTaTOB.

Bripaxkaro 6marogapuocts M. H. Batomy, A. A. 3acaasckomy u B. B. IIpacomosy
3a moJe3nble 3aMmedanus u obcyxkaenus, a takxke b. Moxapy u C. B. MarseeBy 3a
PEAOCTABICHHBIE CCBLIKH.

HAIIOMWHAHUE: IIJIAHAPHBIE I'PA®DbI

I'padiom (ToUHEE, HEOPUEHTUPOBAHHBLIM IpadoM (€3 TeTelb U KPATHBIX pedep)
Ha3bIBACTCA KOHEYHOE MHOXKECTBO V|, HEKOTODBLIE MBYXDIEMEHTHBIE MOIMHOXKECTBA
(T.e. HEYIIOPAZOIEHHBIE IAPEL) KOTOPOI'O BBLAEJIEHEI. JJIEMEHTHL MHOXKECTBa V' HA3BI-
BAIOTCA Bepuukamy rpada u 0ObIMHO U306paKaIOTCa TOYKaMu (HalpuMep, Ha [LI0C-
KocTu). Borgesennbie napel BepUIMH HA3LIBAIOTCS pebpamu rpada u 0Obr4HO u306pa-
KAOTCA JOMAHBIMY (WM KPUBLIMH), COENUHAINMMEA COOTBETCTBYIOMME TOYKA. Ha
M300PAKEHUN JOMAHBIE MOT'YT MEPECEKATHCHA, HO TOYKM TepecedeHus (KpoMe ABYX
KOHIIOB PeOpAa) He ABIAITCA BEPIIMHAMHE.

*Hactuano nogaepxan Crunenamen MockoBckoro ['oCy 1apCTBEHHOrO YHUBEPCUTETA, A MOJIO-
[BIX MpenojaBaTenel u yienblx, Poccuickum Poungom PyHnamenTanbubix VccieoBanun, rpaara-
mu Ne02-01-00014 u Ne01-01-00583, I'panTom Ilpesuaenta PD noxaepxkkm Hayunbix mkoa HI-
1988.2003.1 u nporpammon PAH «CoBpemeHHBIE TPOGIEMBI TEOPETUYECKON MATEMATUKNY .

MaTemaTu4eckoe npoceewerune, cep. 3, sein. 9, 2005(116-128)
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I'padpr G; 1 G2 HABBIBAIOTCSA U30MOPPHBLMU, €CIN CYLIECTBYET B3aMMHO OIHO-
3HAYHOE OTOoOpaxkenne [ MHOXecTBa V) BepinH rpada (7 Ha MHOXECTBO Vo BepIInH
rpada G, VAOBIETBOPAIONIEE yCIOBUIO: Bepmuubl A, B € V| coenunenst peGpoM B
TOM U TOJBLKO B TOM cayd4ae, ecau Bepumssl f(A), f(B) € Vo coenubenst pebpoM.

Cmenenvio BepumHbl rpada HABBIBAETCA YUCAO BBIXOAANMX U3 Hee pedep.

I'py6o roeops, nodepad mansoro rpadpa — 310 ero dacrtb. Popmaasuo, rpadp G
HA3BIBACTCA nodepadonm rpada H, ecau MHOXKECTBO BepiimH rpada G COnepKUTCA B
MHOXKeCTBe BepimH rpada H n xkaxgoe pedpo rpada G asaserca pebpom rpada H.
ITpu sTom gBe Bepumus: rpada G, coequuenusie pe6pom B rpade H, He 0613aTEaBHO
coepuneHtbl pebpoum B rpade G.

ITymem B rpade HA3LIBAETCA KOHEUHAA TMOCICAOBATEILHOCTH BEPIUH, B KOTO-
POU HU OHA BEPIIVHA HE TOBTOPACTCA W JIOOBIE ABE COCETHNE BEPIIVHBI COCIUHEHET
pebpoM. [{ukiom HABEIBAETCA TMYyTh, B KOTOPOM TIEPBAA W MOCICIHAA BEPIIUHBI CO-
exuHeHbl pebpom. ['pad HABEIBAETCA C6A3HbIM, €CIN JIOOLIE MBE €r0 BEPIIUHEI MOXK-
HO COENUHMTL IIyTeM. | pad HA3BIBAETCA Jepesom, €CaU OH CBA3EH U HE COAEPKHAT
[UKJIOB.

Omnepamnus nodpazdesenus pebpa rpada mokasana Ha puc. 1. /[Isa rpada HA3B-
BAIOTCA 20ME0MOPPHbIMU, €CIU OT OMHOTO MOKHO TMEPENTH K APYTOMY MPHU MOMOIIA
omepanuy noapasneaenus pebpa u 06pATHEIX K HUM. Vim, SKBUBAIEHTHO, €CIH CyIIe-
crByeT rpad G, DOAyIeHHBIA 13 000UX JAHHLIX I'PAdOB OHEPAMIME IO APA3 IeJCHU
pebpa.

Pwuc. 1.

I'pad HA3BIBaEeTCA NaaHAPHBIM, €CIU €T0 MOXKHO HAPUCOBATH HA IIOCKOCTH TAK,
9TO6BI BHYTPEHHOCTH pebep (T.e. pebpa 6e3 UX KOHIIOB) He TIEPECEKATUCh U He Ca-
MOIIEPECEKATUCE.

Hanpumep, 060e mepepo u J060u rpad, 00pa3oBaHHLINA BEPIIMHAMEA U peGpaMu
HEKOTOPOI'0 MHOI'OI'DAHHUKA — ILIAHADHELE.

Acwo, uTo modon moarpad mIaHapHOro rpada miaHapeH. JcHO Takxke, 9YTO TO-
MeoMOpdHBIE TPADBI ABIAIOTCA WIN HE ABIAITCA INIAHADHBIMYU OTHOBPEMEHHO.

Eme B XVIII Beke Jleomapx Jiep gokasan, uro rpadger Ky u Kj 3 (puc. 2)
HE SIBJASIOTCA IUIAHAPHBIMEU. JTO MOXHO A0KA3aTh IyTeM HeGoabmoro mepebopa
UCTIONB30BAHNEM Cleaytommen Teopemsl [5, §1, Teopema 1.3].

TEOPEMA 2KOPIAHA. 3amKnyman Hecamonepecekaiowaics kKpusas (m.e. yuxa)
deaum naockocmv poeno wa deée wacmu. (Ipu smom 0dna wacme oepanuuena, dpyeasn
HEO2PAHUYER A, NPUUEM 08€ MOUKY NAOCKOCTU, He NPURGIIENCAUUe KPUBOT, sexcam
6 00not wacmu mo2da U MoAbKo Moeda, K020a UL MONCHO COEOUHUL AOMAHOT, He
nepecexaowet Kpueot).

O6cyx enne n I0Ka3aTeNbCTRBO STOM TEOPEMEBI CM., HAmpuMep, B [1].
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Ks K3 ®/ @

Puc. 2. Puc. 3.

N3 teopembr 2Kopnana cremyer, 9To 410601 Hapucosaunbili na nsockocmu 6e3
camonepecewenuts epafd pazbueaem nNaockoCmy Ha KOHEUHOE YUCAO CEAZHBIT wacmet.
OTH YaCTU HABBIBAIOTCA 2PanAMY M300pakeHus rpada Ha WIOCKOCTH. JacTo Takoe
m3006PaKeHne HA3EIBAIOT IIPOCTO rpadgOM, HO 3TO HETOYHO, IIOCKOIBKY OJWH B TOT XK€
[LIAHAPHBIA Ipad) MOXKHO HAPUCOBATHL HA ILIOCKOCTHU PasHbIMU crocobamu (puc. 3).
Boaee Tounbm TepMuH — naockutl epad.

DOPMYJA DUNEPA. Jas (u306paXcenus #a NAOCKOCUL) CEAZHO20 NAGHAPHO0
epagda ¢ V sepwunamu, E pebpamu u F epanamu umeem V — E+ F = 2.

JloKa3aTenbCTRO U MIPUMEHEHNA DTON TEOPEMBI CM., HATIpUMeD, B [5].

Mpusenem Gonee uasAuEOE (HO MO CyTH, AHATOTUYHOE BHIIEYKA3AHHOMY) IOKa3a-
TeabCTBO Hemnanapuoctu rpada Ks, ocHoBannoe na dopmyae diepa. [lycts rpad
K5 mapucoBan Ha miockocTu 6e3 camomnepecedenuu. Torga mo dgopmyae Jmiepa
5—10+ F = 2. 3uauur, F' = 7. lHocrpoum okomo kaxaoro pebpa rpada K, Hapu-
COBAHHOT'O Ha TLIOCKOCTH, CTPEJKY BIPABO M CTPENKY BIEBO. TOr7a WMCIO CTPETOK
paao 2F = 20. Ho moCKOIbKY TPAaHUIA KAXKOU T'PAaHU COCTOUT HEe MEHee UeM U3
Tpex pebep, TO 4muciao cTpenok He menbine 3F = 21 > 20. lIporusopeune. OCHOBEHI-
BaICh HA JTOH miee, MOXKHO JOKA3aTh HEIIAHADHOCTEL rpada Kj 3 (ympaikuenue).

JokazarenbcTBO HemmanapuocTu rpaga K5, OCHOBaHHOE HA MOHATHN KO>(duiu-
eHTa nepecedenus, MoxHO HauTu B [2], [5, §1].

TEOPEMA KYPATOBCKOI'O. I'pad A6asemcs NaGHapHbim mMo20a U moabko mo-
2da, K020 on ne codepucum nodepada, 2omeomopdrozo epady Ks uau Ks 3 (puc. 2).

JTa TeopeMma ObLIA OOBABIEHA TAKKE 3AMEYATEILHBIM COBETCKUM MATEMATUKOM
JisBom CemenoBudeMm IlOHTpATHUHBIM ([0KA3ATEILCTBO HE OMYyOIMKOBAHO), & TaK-
ke @punkom u Cumurom. [MosTomMy mHOrZA ee HasbBalOT Teopemou IloHTpIAruHA—
Kyparosckoro. B 1920-e roast Kapn Menrep o6basui, 9to epag, cmenens Kancdot
8EPULUHBL KOMOPO20 PABHA 3, ABALCMCA NAOCKUM MO0200 U MOALKO Mmo2da, Ko2da oH
ne codeprcum nodepada, comeomopdnozo epady Ks 3. Unrareisb MOKET MONBITATECA
CAMOCTOATENBHO T0KA3aTh DTOT (akT (BETeKaromui u3 Teopembl KypaTosckoro),
He omupasch Ha Teopemy Kyparosckoro. Kpome Teopembr Kyparosckoro, cyec-
TBYeT MHOI'O ApYyrux kpurepues wianapuocru rpadgos [20]. Orpomusiii unrepec
[IOUCKY KPUTEPWs ILIAHAPHOCTU I'PAPOB OOBACHAETCS, B YaCTHOCTH, HAJUIUEM Of-
HOW U3 BeIMYANNIINX MATEMATUIECKAX TUIOTE3 — TUIIOTE3Hl YeTHIPEX Kpacok [5, §1].
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1. IIPOCTOE HOKA3ATEJLCTBO KPUTEPUA KYPATOBCKOI'O

Heo6xoaumocts B Teopeme Kyparosckoro yxke moxasasa. llpusemem moxasa-
TEILCTBO AOCTATOYHOCTH. [Ipeanonoxum, HAIPOTHUB, YTO CYIIECTBYET HEILIAHAPHBINA
rpad, He cogepxamuy noarpados, romeomopdusix K5 wm Kj 3. Cpenu Bcex Takux
rpadoB BuIGepeM Tpad G ¢ MUHUMAAL HOLM YUCAOM PEGED.

HMokazareabcTBO TeopeMbl KypaToBCKOrO COCTOMT U3 CIEAYIOMINX TPEX HIArOB.
s ux HpOpMyIUPOBKYU HATIOMHUM CJAEIVIONINE ONpEaeaeHuA. #-epadom HA3LIBACTCA
rpad, romeoMopdHEl Oykse 6 (T.e. rpady Ks o). Yreepxaernue «epad G codepacum
nodepad, 2omeomop@duviii epady H» OyaeMm COKPAIIEHHO 3alUCHBATEL B Buge «G O Hy.
Ounepauuu ydasewus pebpa G — G — e, cmazusanus pebpa G — G /e u ydasenua
sepwunbt G — G — x onpepenensl Ha puc. 4.

Puc. 4.

OIAT 1 (CAMBIA TPOCTOM). U3 xaxgou sepmmbbl rpadga G — & — y BHIXOJUT HE
MeHee TBYX pebep.
OIAT 2 (CAMBIA BAYKHBIN). [lasa awo6oro pedpa xy rpada G BEIIOIHEHO

G-—z—yp8b.

OTAr 3 (CAMBIA KPACUBHIN). I'pad G usomopden Ky mmm Kj 3.
W3 mara 3 momyvaeTcsa MPOTUBOPEYNE, 3aBEPIIAIONIEe TOKA3ATETHLCTRO.

JOKABATEJIBCTBO MATA 1. B rpade G —  — y HET M30IMPOBAHHBLIX BEPIINH,
TIOCKOMLKY OT M30JUPOBAHHOU Bepimubl rpada G — x — y B rpade G OTXOAUT HE
Oosnee 1ByX pebep, 9TO HEBO3MOKHO.

B rpade G — x — y HeT u BUCAYUX BepimH. [[eNCTBUTEALHO, €CaN P — BUCAUAA
BEPINMHA, TO OHA COSIUHEHA U C &, U C Y, TOCKOILKY B Tpade G M3 KAk T0U BEPITHHET
BLIXOAUT HE MeHee Tpex pebep. [padp G — (xy) miaHapeH IO MUHUMAJIBHOCTH I'Da-
¢a G. Hapucyem rpadp G — (zy) Ha miockocru 6e3 caMonepecedeHull U «II0JPUCyeM»
pebpo xy Baoab pebep px u py. [oayuum mzobpaxenue rpada G Ha mwiockocTu 6e3
camotnepecedennn. [IpoTuBopeqne.



120 A. B. Cxonenkon

JOKABATEJBCTBO IWATA 2. Hecaoxuo yGegurnes, aro epad G/xy naanapen.
Hencreurensuo, ecaun G/zy O K33, 70 G D K33, aecmu G/xy O K5, 70 G D K; nan
G D K33 (puc. b). Hosromy mnanapHOCTE rpada G/zy caeayer us MIHUMAIBLHOCTH
rpada G.

Puc. 5.

Hapucyem 6e3 camonepeceuenun na niockocru rpad G/xy (puc. 6). Hoxpacum B
6enblil ueT pebpa rpadga G/zy, Bexoasume U3 BepmrHbl Y. A3o6paxenue rpada
G —z—y = G /zy—zy Ha IOCKOCTH TOAYIAETCA CTAPaHNeM Geabix pedep. TTokpacum
B 9YEPHBIN 1IBeT rpaHuny B Tou rpaun (mzobpakenus) rpada G/zy — xy, KoTopas
comepxuT BepmHy ¢y rpada G/ry. 3ameTum, 4TO

2PanuYa 2pany ne moxHcem codepaucame B-nodepada.

(910 yTBEpX IEHME MOXHO BEIBeCTHU U3 TeopeMbl 2Kopnana. [Ipyroe mokasaTensb-
CTBO TOMYYAETCA OT TMPOTUBHOTO: €CAM TPAHUIA TPAHU COAEPXKUT f-moarpad, To
MOXKHO B3fTh TOUKY BHYTPU DTOU TPAHU U COEAUHUTHL €€ TpeMs pebpaMu ¢ Tpe-
Ms TOMKaMU Ha Tpex «iyrax» §-noarpada. llonyaurcs usobpaxenne rpada Ks 3 Ha
nnockocru 6e3 camonepecedenui. [Iporusopetne.)

IToaToMy AOCTATOYHO NOKa3aTh, 9TO B rpade G/xy Bee pebpa audo Genbie, 160
ugepusie. [lycTs o170 He Tak. Torga Heokpamenuse pebpa HAXOAATCA B TpaHu rpada
G /xy — xy, He cogepKalIen BEPLUIMHBL Y. SHA4UT, rpad B u3 depHbix pebep pas-
6MBAET ILIOCKOCTH HE MeHee 4eM Ha jaBe Ha dactu. [losromy maugercs nuka C' u3
YEpHBIX pedep, OTHOCUTEALHO KOTOPOrO BEPIIUHA Ty JEXKUT (He YMEHBINAA OOIIHO-
CTH) BHYTPH, 4 HEKOTOPOE eIlle He TOKPAIIEHHOe Pe6po — BHE.

Iokpacum B kpacuwbii user Bce pebpa rpada G/zy, aexauwpe sHe unukia C.
Ocrasmuecs pebpa rpada G /Ty nokpacuM B ODAHXKEBBIU LBET. 3aMETUM, YTO KPAC-
HBIE pebpa 00A3aTEeNbHO TPUCYTCTBYIOT, & OPAHXKEBBIX MOXKET He ObITh.

IMocTpoennasn packpacka rpada G/zy mopoxaaer packpacky rpada G (pe6po
xy xpacurca B Geabtt user). I'pad G — R, noaydenunin u3 rpada G yaasenuem
KpacHBIX pebep, MOXKHO HApUCOBATL HA ILIOCKOCTH Ge3 camorepecedeHusr (puc. 7),
Tak Kak (G — MUHUMATLHBIM HEIIAHAPHBIA. MOXHO CINTATL, ITO HA DTOM PUCYHKE
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OpaHXKeBBIe
—  KpacHble

................ GeJIbIe
JepHLIe

Puc. 6. Pwuc. 7.

Geapie pebpa jexar BayTpu depuoro mukiaa C. I[lockonbky o6beaunenue B 4epHBIX
pebep — rpaHuUlla IPAHU, TO OHO He COAepXKUT f-nonrpada. SHAMUT, KAXK A KOM-
moHeHTa cBsa3uocTu rpada B — C mepecekaercs ¢ C' He Gonee 9eM MO OTHON TOUKE.
TosTOMYy MOXKHO MEPEKUHYTh KAXKIyH KOMIOHEHTY cBasHocTu rpada B — C (Bme-
cTe ¢ opaHxeBLiME pebpamm) BHYTDb mukia C. Bygem cumrars gaaee, uro B — C
u BCe OpamxkeBbie pebpa gexar BuyTpu nukia C. Hapucosas xpacubie pe6pa Bue C,
Kak A1a u3obpaxenus rpada G/xy (puc. 6), noaydum siaoxenue rpada G B mwioc-
KOCTh. [lonyuenHoe TpOTUBOpEYNe NOKABLIBAET, YTO G — T — § €CTH IPAHUIIA TDAHI
7 TIODTOMY He comepkur f-moarpada.

JOKA3ATEJILCTBO WAT'A 3. W3 maros 1 u 2 cregyer, uro rpad G —x —y mpel-
cTapjisgeT COO0U OJHO WIM HECKOJILKO «IEPEBLEB), (BEPIIMHAMMUY KOTOPLIX CJIY2KAT
LUKJIBL DY TOM U3 KaXKAOU BEPIIMHLI BEIXOAUT He MeHee aByx pebep (puc. 8). Ilo-
sToMy B Tpade G — & — y CYIIECTBYET «BUCAUNNY IWKJI, T.e. nuka C, UMEIIun ¢
OCTATBHBIM T'PadOM TOJBKO OTHY 00IIyio BepmuHy v. B oToMm mukme C' ecTs ere mo
KpauHen Mepe JABe BepIMHLL p U ¢. Tak xax B rpade (G HeT BEpIINH, U3 KOTOPHIX BHI-
XOIUT MeHee Tpex pebep, TO KaxK1ad U3 DTUX BEPIINH p U ¢ COeAuHeHa aubo ¢ x, aubo
¢ y. [loaromy B o6benunenun nukia C u pebep, COSIUHAONMX BEPIIMHEL T, Y, P, ¢,
MOXKHO BBLIeJUTH f-noarpad. SuHadut, no mary 2 kaxgoe pebpo rpagpa G —x —y
umMeeT koHer Ha nukiae C. [lockonsky rpad G —x — y HE COAEPKUT BUCAYUX BEPIIUH,
TO OH coBmajgaeT ¢ nukaom C.

IMockonpky B rpade (G 3 KaxkIOU BEPUIMHBI BEIXOIUT HE MEHee Tpex pebep, To
mobas BepimHa mukiaa G — x — y coeauHeHa audo ¢ I, aubo ¢ y.

Ecau Bepmnna v nukia G —x —y COEIUHEHA C & U HE COIUHEHA C §f, TO COCEIHSI C
U BepLIMHA ¥ NUKJIA He COELUHEHA ¢ & (IOCKOJBbKY B IPOTUBHOM cay4ae rpad G —vz
TJIAHAPEH 0 MUHUMAIBHOCTHU rpada G, 3HAYNT, MBI MOXeM MoOABUTHL Pedpo v K
BJIOKEHHOMY B ILIOCKOCTE Mpady G — v U TOMYIUTE BIOKEHNE B ILIOCKOCTH rpada ).
IlosTomy nubo

— mobas BepmmHa nukiaa G — z — y coenuaena B G u ¢ x, u ¢ y, aubo
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Puc. 8. Puc. 9.

— BepUMHET MUKJIa G — T — Y, COeIUHEHHLIE C & U COEIVHEHHEIE C ¥, YePeNYI0TCA BIOIb
DTOTO NUKJIA.
B nepsoum ciyuae G = K5, Bo BropoMm G = K3 3. O

3ameTuM, 9YTO B goKazaTeabcTee u3 [5, 1.1] umerorcs caegytonme Herouroctu. Ha,
c. 23 me mokasamo, 9To «rpagd F' paszbuBaeT mIOCKOCTDH He foyiee €M Ha, IBE TaCTHy —
Beb IPAHULA IPAHU MOXKET Pa3bUBaTh ILIOCKOCTL Gojee deM Ha ase dacTu (puc. 8).
Ha c. 24 e goxaszano, 9To «106as BepumHa, mukiaa C coeIuHeHa pedpOM C BEPIINHON

I WU C BEPIIUHON Y» — BEAb DT BEPIMHA MUK '] MOXKET COSMUHATHCA C APYTUMA
pepummaamu rpada G — x — y. Ha c. 25 me goxasamo, uro «rorga rpad G umeer
TaKOU BUI, KAK Ha puc. 11» — Bean pepmuunl nukia C MOIYyT COeqUHATLCA pebpamu

ucx, ucy. B kouue goxasarenscrsa gemmbl 3 u3 [14] e obbsacueno, nouemy G
ABIAETCA 3-TIpUaMon, a He moarpadom rpada Ha puc. 9. Bee yxazaHube HETOYHOCTH
HECYIIECTBEHHBL U JETKO YCTPAHAKTCA (CM. NOKA3ATEIBCTEO B HACTOAIIECH 3aMETKE).

3ANAYA. [lpugymManTe arrOpuTM PACTO3HABAHNUA TIAHAPHOCTH Tpada, OCHOBAH-
HBIU HA TPUBEIEHHOM JOKA3ATEIBLCTBE, U OIEHUTE €0 CIOXKHOCTD. /s 5Toro MoxeT
[IPUrOAUTLCA CJAEIYIOIee N3MEHEHNe IPUBEIEHHOrO JOKA3ATEILCTBA, He CONepIKalIee
[IPEIONOKEHUS O IIPOTUBHOM U IOITOMY HE BKJIIOYAOee PabOTH ¢ HECYIIECTBYIO-
My o6bexkTamu. I'pad, nonydenuniu u3 rpada G Ipou3BOIBHOU HOCIEI0BATEIBHO-
CTHIO OMEPAIAN yAaJeHus pebpa WU BEpIUHLI WIN CTATUBAHUA pedpa, Ha3LIBACTCA
mumnoposm rpada G. fcHo, wTo MuHOp MIaHapHOTO Tpada mianaped. MoxHO moxa-
3LIBATH TeopeMy KypaToOBCKOrO B DKBUBATCHTHOU (HOPMYIMPOBKE, MOJYICHHOU U3
caegyroutero daxta: 2pagd ne codepicum nodepada, eomeomopProzo Ks uau Ks 3
& epad ne umeem munopa, uzomopdrozo Ky uau Kss. Illycts G — nenaanapnord
2pad, 410601 MuKOP KOMOpoeo naanapen. [JoCTaTOUHO TOKA3aTh, YTO G M30MOpdeH
K5 nmm K3 3, 9T0 fenaeTca aHAJIOTMYHO IPUBEAEHHEIM BEIMIE PACCY XK ACHUAM.

IIPUIOXKEHUE: 3ANPEIIEHHBIE [1O/CUCTEMBI

Ecan mekoTopas mogcucrema cuctembl N He peanimsyeMa B apyrou cucteme M,
To u N He peamumzyema B M. EcTecTBeHHas umes — MOMBITATHCA HAUTHU CIIUCOK 33~
IpeleHHsxy cucteM Ni,..., Ny, He peamusdyeMblx B M, CO CI€AYIOIIUM CBOUCTBOM:

das moz2o, ymobwvr cucmema N Oviaa peasuzyema 6 M neobrodumo v docmamou-
1o, umobbt N e codeprcansa My 00ROt U3 IMUT (3ANPEWEHHBITY NOICUCTEM.
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Kiaaccuyeckuu npumMep TeopeMbl Takoro poga — reopema Kyparosckoro. B Tep-
MMHAX 3ANPEIIEeHbIX MOACUCTEM MOXKHO TAK¥Ke OMUCATH MHOI'O APYIHUX KJIACCOB I'Da-
dhor (mm 60ee OOUWX OOGLEKTOR).

Hampumep, Tak MOXHO OOUCATE rpadbl, BIOKUMEBE B [aHHOE 2-MHOr000pazue
[17]. OHAKO CHINCOK 3alpeIeHHBIX NoATPadOB 1/ BIOKUMOCTH rpada B auct Méon-
yca cogepxur neasix 103 rpada [11]. Jaxe cymecTBoBaHME TaKOI'0 KOHEYHOI'O CIIUC-
Ka sl OIPOM3BOJIBLHOIO 2-MHOIO00DA3MA UMEET O4YeHb MLJIUHHOE LOKA3ATEALCTBO [7,
17]. TlosTOMy MHTEPECHBI U APYTHE CIOCOGH MPOBEPKH BAOKUMOCTHU TPAdOB B TIOC-
KOCTb U IPYTHE 2-MHOTO00OPA3NI.

Tax xe MOXHO onmcaTh Tpadbl U AAXKE MEAHOBCKNE KOHTUHYYMBI, 6a3UCHO BJIO-
xumbie B R? [13,19].

IpuseneM GOPMYJMPOBKA HEKOTOPBIX APYTUX DPE3YJIbTATOB (I0Ka3aTeIbCTBA,
OCTaBIAEM YUTATENI0 B KadecTse 3a4ad). Te GOpMyIUpPOBKY, B KOTOPEIX BCTPEYa-
IOTCS HEU3BECTHEIE YUTATEN0 OOBEKTHI, OH MOXET UTHOPUPOBAT.

TEOPEMA IITAPTPAHA —XAPAPU. I'pagh G modcho napucosamv Ha naockoCmu
Oe3 camonepecewenutlt max, umoovl on 6bla epanuyel Hexkomopot OTHOU 2panu, Mo-
2da u moavko moeada, xkozda G ne codeprcum 8-nodepada.

Hazosem mecamonepecexkawoumncs muka C' B cBsasHoM rpade G epanuunbim, eCan
CyuiecTByeT m3o0pawxenue 0e3 camorepecedenuu rpada G Ha WIOCKOCTHU, NPU KO-
TopoM 1k C' n306paxKaeTcsa PpaHunen HeKoTopou rpanu. Caeqyiomm pe3yIbTaT
MOXKHO BEIBECTH U3 TEOPEMEI KypaToBCKOro.

OTHOCUTEJILHASA BEPCUS TEOPEMBI KYPATOBCKOIO. Huka C asasemea 2pa-
HUUHLIM MOo2da 4 Moabko moeda, xoeda epad G naanapen u yura C ne codepacumces
6 nodepade 2pada G, xax na puc. 10 vau 11.

Punc. 10. Punc. 11.

A BOT creAyONIMU pe3yabTaT HPOIIe TOKA3BIBATD, HE UCIOAL3YS Teopemy Kypa-
TOBCKOTO.

TEOPEMA O 8 U . Ilycmw 8 epagdpe G das xaxncdoli sepuunbl yKazan yuriuue-
ckuti nopadok ebizodswur u3 nee pedep. I'pad G ¢ YKAZAHHBIMY YUKAUYECKUMY TO-
PAOKAMU MOHCHO UB00PA3UMDb €3 CaMONEPECEUeRUT KA NAOCKOCTIU MAK, YMOObL 04
KaHcAol eepwunbl 00L00 BbITO0AWUT U3 HEe Pebep No Uacosol cmpeake coenadan
Obl ¢ YKAZAHHBLM YUKAUYECKUM NOPAJKOM, Mmo2da v moabko moe2da, xko2da G ne co-
depacum «80COMEPKUY UAL «OYKEBL O, YUKAUYECKUE NOPAOKU NG KOMOPLIT 3a0aHbL
puc. 12.
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Pwuc. 12.

[Ba Broxenus (T.e. n306pakeHna 6€3 CAMONEPECEICHNN) f, g OMHOTO U TOTO XK€
rpada B ILIOCKOCTH HA3BIBAIOTCA U30TNONMHbIMU, €CAA OJHO MOXKHO TAK HEIIPEPHIBHO
poaeOpMUPOBATE B APYIrOe, 9TOOHI B IIpolecce nepOpMalui MBI BCE BpEMSI UMEIU
6bl BroxkeHue ((pOpMaIBHOE OLpeeJeHre CM., Hanpumep, B [4,5]).

TEOPEMA MAKJEWHA — D IKUCCOHA. /6a 6a0xcenus c843H020 2pada 8 nioc-
KOCTb U30MONHBL 0200 U MOALKO To20a, K020a UL CyHcenus na 410001 necamonepe-
cexarouulics yura & wa 4000% mpuod uzomonust (M. e. we Makxoswl, Kax na puc. 13)

[16].
2 3 3 3
3 1 2©1 1)\2 2)\1
(a)

(b)
Pwuc. 13.

OTy TeopeMmy yA0OHO CHAYANA NOKA3ATH MJIA AEPEBLEB, 4 IOTOM CBECTH OOIIUN
CIIyHal K CAy9al0 JEPEBBEB Iy TEM BHIIEICHIA MAKCUMAILHOTO nepesa. Teopema Mak-
JenHa — JIKUCCOHA, CTPABEIINBA TAKXKe JJA MOMU3APA UIN JaKe MeaHOBCKOTO KOH-
TuayyMa G.

Teopema Maknenna — 3 gkuccona (6e3 yTBEpKACHUA B CKOOKAX) CIPABEIJINBA [
BJIOXKEHU B CEPyY, TOP U APYLUe opuenmupyembie 2-MHOr006pasus (L0Ka3aTeALCTBO
AHAIOIUYHO). 3aMeTuM, 4T0 Jobas uzoronus rpada Ha 2-MHOroo6pasun oGbeMIeMa,
[C. B. MaTBees, 4acTHOE COOOIIEHNE].

TEOPEMA BADPA —DNIITEAHA. /Jee 3aMKHYyMblE HECAGMONEPECERAIOULUECA KPU-
8blE WA 2-MHO2000PA3UL 20MOMONHLL MO20A U MOALKO Mo20a, K020a ONU U3OMON-
not [10].

Teopema Baspa— dmmTenna CBOJUT BOMPOC O KAACCUDUKAITAYN BIOKEHUN OKPY K-
HOCTH B 2-MHOT00Gpasme N (U, TeM CaMBIM, TIPOU3BOJLHOTO T'pada B OPUEHTUPYE-

MO€ 2-MHOT000pa3ne) K BOIPOCY O PeAIn3yeMOCTH deMeHTOB 71 (V) BIOKEHHBIMU
OKpy:xkHOCTAMEU. HO moCAeJHUN BOIIPOC OYEHDL CJIOXKEH.

3A1A4A. (a) ChopMyaupynTe U ZJOKAKUTE AHAJIOL STOU TEOPEMBL A BAOKEHUN
B cdepy.
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> >

Puc. 14.

(b) puBemeM ApyroOe ONMUCAHVE BIOKEHUN MPAdOB B IIOCKOCTH € TOYHOCTHIO [0
mzoronuu. ['pad HasbiBaeTcCa (BEPIIMHHO) k-C6A3MbIM, €CTU OH OCTAETCA CBA3HBIM
Hocae yaaneHus 6o k — 1 BepIIMHEL 1 PACHaIAeTCA TOCIe YAAICHIA HEKOTOPEIX k
sepun. Joxaxure caegyiomue meopemsr Yumunu [21].

JIro60e BIOXKEHUEe TPOM3BOJLHOI0 TPEXCBABHOTO rpada B ¢hepy MOKET OBITh IT0-
JYYEHO U3 JI60r0 APYTOro KOMIIO3UIMEH M30TOMUNA U OCEBLIX CMMMETPHH.

Jlio60e BIOXKEHUME MBYCBA3HOTO Tpada B chepy MOKET OBITH MOJYIEHO U3 JI000T0
IPYTOr0 KOMIO3UIUEN U30TONNN U (IIEPEBOPAIUBAHNN GJI0KOB» (puc. 14).

OmnpegeauTe onepanmuy, Tpy MOMOIIMA KOTOPEIX MOXKHO MOy IATh JTI000€ BIOKCHUE
1-cBasnoro (< ceasuoro) rpada B chepy us ardoro apyroro. Caeranre TO ke u 141
0-cBasuoro (< mpomsBobHOrO) rpada. TakuM 06pa30oM MIOTYyUATCA OMUCAHUE BCEX
BaoxeHul rpada B cdepy (€ TOUHOCTBIO 10 U3OTOIHOCTH).

Momusap (CMHOHWM: TEIO CUMILIAIMAIBHOTNO KOMILIEKCA) — BTO MHOTOMEPHBIN
amasor rpada. PopmansHOe ompeneneHne cM., HampuMeD, B [5, §8]. Yixe asymepubie
TIOAMDAPH] — WHTEPECHBIE U CIOXKHBEIE OOBEKTHI, PO KOTOPBIE UMEETCA HECKOIbKO

BHAMEHUTHIX ¥ O4YeHb TPYAHBIX HeperreHHblx npobuem [4]. IlosTomy yausurennho,
YTO UMEETCSA CICAYIOMUN PEe3yIbTaT.

TEOPEMA XAJUHA —FOHTA. Hoausdp eaoscum 8 chepy S mozda v moavko
P PY

mozda, xozda on ne codepycum 2pados Kz, K33 uau onmurxar U? (puc. 2 u 15)
[12,15].

Puc. 15.

B 5ToM pesyabTaTe MHTEPECHA JUIIb YACTh «TOrIay U JUNIb I/ JBYMEPHBIX [TOJIM-
sapoB. OHa MOKeT GBITH HECAOXKHO NOKA3aHA [0 CaeAyiomeMy wiany. IlycTs cBAa3Hbii
2-nommap N % S? me cogepxur K, K3 3 mm U?. Paccmorpum o6beaurerne N aBy-
MepHBIX rpauen 2-moauaapa N. Ilockombky kaxkgemt us rpadgoB K5 u K3 3 BIOXKUM
u B TOp, u B JucT Mé6uyca, To N ecTh HecBA3HOe 00BEIUHEHNE IUCKOB. 3aMEHUM
KX BN TUCK Ha «kosmecoy. [lonydennnin rpad mianaped. [1o Broxenuto 3Toro rpada
B IVIOCKOCTB JIEI'KO TIOCTPOUTD BAOKEHHE NOAu3Apa N B INIOCKOCTD. DTO JOKA3ATElb-
cTBO (BAUMO, sAs/smomeecs GOJbKJIOPHEIM) HPOLIEe NPEACTABICHHOrO B [12] u Tem
6oxee B [15].
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Puc. 16.

B TepMmHax 3ampenieHHBIX TMOACHCTEM MOXKHO TaK¥Ke OMMCATH «KOMIIAKTHO Oec-
KOHEYHBbIE T'padgbl (T.€. JOKAILHO CBA3HBIE KOHTUHYYMEI), BJIOXKUMEIE B ILIOCKOCT.
Konmunyym — KOMIAKTHOE CBSI3HOE MeTpUYIeCKOe IpocTpancTBo. KonTunyymer ec-
TECTBEHHO NOAB/SIIOTCA LIPU U3YYeHur fruHamMudeckux cucreM (gaxe riuaaxux!). Kon-
TUHYYM Ha3bIBAECTCA A0KAALHO C6A3HbIM (WM KOHTUHYYMOM IleaHo), ecim s Jro-
OLIX €ro TOYKH & M €€ OKpecTHOCTH U CYIeCTBYeT TakKas MEHBbIIAs OKPECTHOCTH
V Toukm x, 4TO JI00BIE ABE TOUKU U3 V COEIMHAIOTCA HEKOTOPHIM IIYTEM, IIEIMKOM
aexamuM B U (uiun, SKBUBAJIEHTHO, €CJIU OH SBJAETCA HEIPEPLIBHEIM 00pa30oM Ayrn).
JIOKaJIBHO CBA3HBIE KOHTUHYYMEL MOI'YT OBITH O4YeHb CA0KHO ycrpoensl [3]. Ilosromy
VAUBUTEIBHO, UYTO UMEETCA CACAYIOMINN PE3yIbTaT.

TEOPEMA KUIDHTOPA. JIoKaabH0 CEA3NIT KOMMUHYYM 640%HCUM 6 cPepy S° mo-
2da u moavko mozda, xKozda on ne codeprcum xowmunyymoe Ks, Kz 3, Cr; u Ck, ,
(puc. 16) [8,9].

IToCTPOEHUE JIOKAJLHO CBA3HBIX KOHTUHYYMOB Cgy U Cf, ;. Bospmenm pe6-
po ab rpada K5 m ormernM Ha HéM HOBYIO Bepmmmny o . [Iycts P = K5 — (ad’). lycts
P, xonusa rpada P. O6osnaaum wepes a, u a, BepmmHel rpada P, cOOTBeTCTBYIO-

mue a u o' . Torga
Cr,=P |J P |J P ) L
=0

aj=as ab=as
rae {P,} — mocaexoBaTenbHOCTL TPpad OB HA IWIOCKOCTH CO CTPEMANMMUCA K HYJIIO

AMAMeTPaMU, CXOAAMAACT K Touke 2 ¢ LIS, P,,. TouHO Tak ke MOXKHO ONPEIeINTh
koHTHHYYM Ck, ., B3AB BHauate K33 BMecTO K.

HOKABATEJBCTBO HEBJOXKUMOCTU B TEOPEME KJ/2UTOPA. /lokaxeMm HEBIO-
xuMocTh KoHTHHYYMa O (JOKa3aTeabCTBO HepnoxuMocTu KoHTuHyyMa Cr, , aHa-
aoruano). Ilycrs, nanporus, [ : Ckx, — R? — paoxenue. [ okpyxuocru C C Ck,
n nmogmuoxkecTBa X C Ck, — C o603naqumm depes C * X yTBepxeHne

«f X aemcum ene fC».
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IIycts S,, — oxpyxuOCTDL B P,, cocraBrennas u3 pebep, He COAEPKALUX BEPIINH
ap, n al,. Tak xak S,, cxogurea kK ¢ = 0, 70 Sy, * 1 masa gocraTouno 60abmoro n. Tak
kak fI — myte Mmexay fOu f1, nexamum Bre fS,, To S, *0. Tak kak S, cxoauTes x
x =0, 10 S, %Sy, u Sy *S; paa gocraroano 6omemmx m < [. Ho Trorga Sy, *{am,a,, },
a 3TO IPOTHBOPEYUT TOMY (haKTy, ITO 1A Mo6oro saoxkenus g : P — R? Touxn ga

1 ga’ JexaT mo pasHele CTOPOHEL OT 0bpasa ¢S. U

Ormerunm, uro B Teopeme Kyparosckoro Moxuo 3amennts R? Ha S2, a B Teopeme
Maxkensa — O JIKUCCOHA, — HeT.

3aMeTVM, YTO He CYIIECTBYeT KOHEYHOI'O CIMCKA BAMPEIEHHBIX MOJUDIPOB 1A
BIOKUMOCTH 2-MepHOTO moamsapa B R® mim n-MepHOro moamasipa B R27, rie n > 2
[18]. TlooTOMY HPUXOAWTCA PACCMATPHBATEH APYIHE MNPENATCTBUA K BIOKUMOCTH.
Hurepecno, 9T0 OAHO M3 CAMBIX IOJE3HLIX IPEIATCTBUN CTPOUTCA C MOMOIILIO KOH-
PuypauUoOnN020 NPOCMPANRCMEG YIOPATOIEHHLIX AP PA3IMIHBLIX TOYEK IaHHOI'O
npocTpaHcTsa [6].
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