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[lepmo guieckue necATUYIHBIE TpoOu

A. E. Epouun

BceM XOpoIo M3BECTHHI AeCATUIHBIE (a Takke m-wanbie) apobu. Ilepu-
OMUIECKWE M-UIHBIE APOOH MOTYT OBITH IPEACTABIEHLI B BUE OOBLIKHOBEH-
HBIX 1 Ha060poT. Eciau 3HaAMeHATEIb ¢ IPABUILHOM HECOKPATUMOU Apobu p/q
(p < ¢) B3AUMHO TPOCT € M, TO M-UIHAA 3AMUCH TAKOU ApOOU OyeT 4ucmo
nepuoduueckot, T.e. umeTh Bug 0,(av ... ap), Tae (a1 ... ap) — HEPUOA APO-
6M; ecan Xe ¢ He B3aMMHO IIPOCTO C P, TO MOXET HAOIIOJATHCA U Npeinepuod

Bi--.Bs:
p/qzongl---ﬁs(al---an)-

B sToM caytwae roBopaT, 9TO ApO6L yca08HO nepuoduueckas. Upparmo-
HaJBHBIE YNCIa He pa3aaraloTcd B mepuoautdeckue npobu. IIpo ux paznoxenue
IOYTH HUYEr0 He m3BecTHO. Hampumep, Hem3BeCTHO, 6ECKOHETHOE JITU HHUCJIO
(I€BATOK» CONEPKUTCA B AECATHIHOM PABIOKEHHL /2.

To memHOrOE, YTO U3BECTHO O CBOMCTBAX MEPUOAMICCKUX APOOEn, CBs-
3aHO ¢ BpalleHueM (IUKIXIECKON MepecTAaHOBKOM) nudp Hmepuoga. ITOMY U
IO CBAIIEHA, HACTOAIIAA CTATHA. MBI TOKaXeM, 9TO B AECATUTHOM PABTOKEHAN
qHCIA,

oo
Xzzi, rae a; = 1 mwagy1 = 9%,
i=1 M
BCcTpeTUTCA M100a8 KOMOWHAIIA unq)p.l)

Hac unTepecyioT mpex e Bcero decamuumbie dpobu v, eCIU He OTOBOPEHO
o6paTHOE, TO MOAPA3YMEBACTCA CUCTEMA CUUCICHUA ¢ ocHOBanuweM 10. 3anu-
CH @1 ... Gp, X, TA€ a1 ...a,, X — nocrejoBarersHoCTE mudp, 0603HAMAOT
qucCiaa, 3a1aBacMbIC 9TUMU ITOCACJ0BATCIBbHOCTAMM.

ApTOp mpuHOCHT GIATOAAPHOCTH CBOEMY pykoBoamTeato Asekcero fko-
piaeBudy Kameno-BemoBy 3a mocTaHOBKY 3a4a<u, MOJE3HBIE OOCYXKQEHUAA U
ydacTue B pegakTupoBanuu. /lannas paboTa TOKAAIBIBAIACH HA HAYTHOU KOH-
depennuu mKOALHUKOB Junior-98, oprammzoBanHon koprnopamuen INTEL B
ropoge Fort Worth, u moxy<una BTOpyo npemurio.

1)3a,qa‘1a 3.10 u3 3agaunuka «MaremaTuieckoro npocsemenusy, Ne3, c. 233.

MaTemaTnueckoe npocsewyeHune, cep. 3, oin. 8, 2004(239-245)
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1. BPAIIEHUE IIM®P B IEPUOJIE. OCHOBHAS{ UIESA
HagueMm ¢ npocrenmero npumepa.

3ATAYA 1. TpefyeTca HAUTHU TAKOE MIECTUIHATHOE “MCI0 A, mpomssege-
HUsA KOoTOporo Ha 2,3,4,5, 6 3anuchBalOTCI IUKINIECKAMI TIEPECTAHOBKAMMI

ero nudp.

PEMEHUE. 3amerum, 9T0o nocaequsas mudpa ducaa A OJHOZHAYHO Ompe-
nmeageT mocaenrion mugpy wucen 24, 3A, 4A, 5A u 6A. Orcioga ¢ mOMOUTHIO
HECJIOXHOTO Tepebopa MOXHO MOJYIUTh, 9T0 A = 142857.

Bamerum, aro 1/7 = 0,(142857). Ilpu sTom
2/7=0,(285714), 3/7=0,(428571), 4/7 =0,(571428),
5/7 = 0,(714285), 67 = 0,(857142).

Takum o6pasoM, gpobu Buga m/7, rae m = 1,2,3,4,5, 6, noaygarorcsa us
apo6u 1/7 nmyrem Bpamesus uudp B nepuo/e.

3AIAYA 2. Tlocaemusas mudpa IUCIA TBOUKA U €€ MEPEeHeCIn B Ha4Iaud0. B
pe3yJabpTaTe YhUCI0 YABOUIOCH. HalTu Takoe IucJo.

PEmEHRKE 1. IlycTs uckOMOE 9MCIO 3aMMCHIBAETCA TOCIE[0BATEIBHOCTHIO
mudp X. Hocreguss nudpa wucia 2X geTBepka, I03TOMy X nMeeT BIJ . . . 42
u uucao 2X 3ammchBaeTeA Kak . .. 84. CregoBaTersno, X mMeeT BUS ... 842,
a 2X samumceiBaeTCA Kak ...684, namee X = ...6842, orkyga 2X = ...3684
n X =...36842 u . 1. [locaegoBaTeabHOCTh M(MP CTPOUTCS OTHOZHATHO, B
UTOTE MMEEM:

X =105263157894736842.

HocaemoBaTeaprocts X = 105263157894736842 MOXHO TPOLOIKATH
Jadabiie. AHATOTUYIHO PACCy X Aas, MOXHO TIOKA3aTh, ITO MHOXECTBO BCEX Y-
cel, YIOBAETBOPAIONINX YCIOBHUIO 3a1a4u, uMmeeT Bug X X ... X.

OnHako Ha DTy 3a1a9y MOXHO MOCMOTPETH U C HECKOABKO HEOXUJIAHHOU
TOYUKU 3pEeHU.

PEMEHKE 2. Iycts X = Y2. Torga Z = 2X = 2Y. PaccMorpum Gecko-
HeuHyo nepuogudeckyio apods x = 0,(X). Torga
(z+2)/10 = 0,2(X) = 02Y2Y2Y ... =0,ZZZ... = 0,(Z) = 2a.
Orkygna = yaosiersopser ypashenuwoo (z + 2)/10 = 2z u z = 2/19. Takum

obpaszom, X ects mepmoa apobu 2/19, m B pesyabrare BpamieHus uudp B
nepuoze >Tou Apobu moaydatores gpobu suga 1/19,2/19,...,18/19.

3AJTAYA HA UCCAENOBAHUE. Vcenenyure ucaa, KOTOPBIE TIPU TEPEHOCE
mocaegHeN TAQPHL B HAMAIO YBETUHUUBAIOTCA B ( Pa3.
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Bpamenue mudp B mepmoge uMeeT MHTEPECHBIN ApUPMETUICCKAN CMBICT,
nprteM IOIYdIaloTCa ApoOuU ¢ TeM XKe 3HaMeHaTeJIeM.

TEOPEMA 1. [Hukauueckue nepecmanosku nepuoda dpobu p/q, 2de 0 <
< p<gq, aq 83aumno npocmo ¢ 10 u ¢ p, ecmv wucaa suda k/q.

[MOKABATEILCTBO. Ilockoabky ¢ B3ammuo mpocto ¢ 10, gpobs p/q «m-
cro mepmogmieckan. Illycrs p/q = 0,(aias...agagi1...6n) 1 OyCTH @ =
= 0,(ags1..-0pa102...aE) — PE3YIBTAT NUKIMIECKOU TIEPECTAHOBKU TU(P
nepuoga. Torga 10¥p/q = aras...ar + 0,(Gps1 ... ana1as...a;) = N + a,
rae N = @10z ...0, — 1enoe uucio. Ilockoabky q B3amMuO mpocto ¢ 10 m
c p, noce npuseaenus o = (10¥p — Nq)/q x Bugy o6erKHOBEHHOU 1po6H ee
3HaMeHaTeJaeM OyIeT q.

B xadecTBe WILIIOCTPAIMN K BLINECKA3aHHOMY PACCMOTPHUM IUKINICCKHEe
nepectaHoBku Apob6u 1/13 = 0,(076923). Nmeem:
0,(076923) = 1/13; 0,(230769) = 3/13; 0,(307692) = 4/13;
O,(692307) = 9/13; 0,(769230) = 10/13; 0,(923076) = 12/13.

2. BCIIOMOT'ATEJLHLIE CBEIEHUS

Hawm mona 1o6sa7csa HeCKOABKO PaKTOB U KOHCTPYKIIUNA, KOTOPBIE OY€Hb TO-
JIE3HBI MDY PEIIEHAU TEOPETUKO-IUCIOBBIX 3a4a4. ©(n) o3HavaeT @Gyrnkyuso
Ataepa, TO ecTh p(n) €CcTh KOIUIECTBO BCEX STUCEN, MEHBIINX 7 ¥ B3AUM-
HO npocThiX ¢ n, u ¢(1) = 1. Ecam wmecno n — npoctoe, To ¢(n) = n — 1.
M3BecTHO, 9TO €Cau 1 = NiNg W TUCAA 73] U Ng B3AMMHO IIPOCTHI, TO ¢(n) =
= @(ny)p(ng). llosToMy, pasiaras 9ucao n B IPOU3BEJCHUE CTEICHEN PABIAY-
HBLIX TTPOCTHIX YHACET 1 = plfl pgz -...-pFs, momygaem mpexcranrenue gua o(n):

o(n) =pi*(pr — Dph> (2 — 1) - pF T (ps — 1),
WNmeeT mecTo caepyromas

TEOPEMA DWIEPA. Ilycmov wucaa x 4 n 83aumno npocmut. Tozda
™ =1 (mod n).
YacTHBIM CIy9aeM TeOPEeMbI DUIEPa ABIAETC

MAJAA TEOPEMA DPEPMA. Ilycmb p — npocmoe uucao u & He Jequmes
Ha p, mozada

1 =1 (mod p).

13 mauon Teopemer PepMa creyeT, 4TO HauMeHbIIee k Takoe, aTo zF = 1
(mod p) neamr p — 1. Teopema 0 cymecTBOBaHMU NEPBOOOPA3ZHOIO KOPHA
(cM. HEMKE) MOKA3BIBAET, UTO NPHU MOAXOMAIIEM BBIOOpE T, TaKoe k 6 mou-
nocmu pasuo p — 1.
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IIPEAJIOKEHUE 1. Ilycms p u q — 630UMHO NPOCMBIE HAMYPAALHBIE YU~
caa. Toeda dauna naumenvuezo nepuoda dpobu p/q 6 10-uurom passoxrcenuu
PABHO MAKOMY MUHUMAALHOMY K, 40 10 — 1 desumesn na q.

[HOKABATEABCTBO. Bes orpammtenus obmrHocTn cumtaem, ITo p < (.
Oycrs p/qg=0,(ay...an), a =ay...an. Torga
p a

g 10"—1
u ¢ geaut 10" — 1 B cuny B3awMHOUW TPOCTOTHL p u ¢. VI maobopor, ecan ¢
geaur 10" — 1, To n — nmepuog apobu p/q.

(Bce paccyxgeHUA HENOCPEACTBEHHO IEPEHOCATCA HA HPOU3BONBHBIC CH-
CTeMBI CIUCICHU. )

W3 npegnoxenus 1 u TeopeMbl DUIEpa BEIBOAUTCA CAEAYIOIEe YTBEPXK Je-
HIUE, HyXHOE A NAJTLHEHIIEro:

CHEACTBUE 1. Ilycmb wucao q 3aummo npocmo ¢ 10 u ¢ p. Tozda dauna
naumenbwezo nepuoda dpobu p/q ecmov deaumens wucaa p(q).

MOKA3ATEIBCTBO. O603HAYNM [AINHY HAMMEHBIIETO IEPUOAa Apobu p/q
gepes n. Pazmenum ¢(q) Ha n ¢ ocrarkom: ¢(q) = ns+r, 0 < r < n.
Torga

10" =10™7 = 1099 =1 (mod ¢).
U, cremoBarenvuo, r = 0.

Kpowme Toro, Ham mouHamo6uTcsa

TEOPEMA O CYHMECTBOBAHUI IIEPBOOBPA3HOIO KOPHA. Cywecmey-
em maxoe x, wmo P~ =1 (mod p), a uz cpasnenus z* =1 (mod p) caedy-
em, wmo a deaum p — 1.

3AMEYAHUE. U3 mpegnoxenus 1 u TeopeMbI O CYIIECTBOBAHUHU IIEPBO-
06pa3sHoOro KOpPHA BHITEKAET JO0ONBITHOE caeacTBue. [lig aw60ro mpocTo-
0 ¢ HAMIETCA TAKOe M, 9TO M-UTHOE PA3IOoXKEeHue Npodu p/q MMeeT Ju-
HY TEpUoja, 6 mounocmu paskyio ¢ — 1. OmgHAKO W3 3TOr0 HE CIAENyEeT, 9TO
TAKUM <UCIOM 11 HempeMmeHHO momxkuO O0miTh 10. Bomee Toro, memseecTHO,
KOHEYHO JU MHOXECTBO Takux p, 9o 109 me cpaBrmumo ¢ 1 mo momgyawo p
npu g < p — 1. U, cOOTBETCTBEHHO, MUHAMAIBHBIN IEPUOA apobu k/p umeet

mauHy p — 1.

XoTs MOBeIeHNE TEPUOIOB APOOEN ¢ TPOCTHIM 3HAMEHATENEM P TIPU Pa3-
JUYHBIX [ IPE3BBHIYANHO CJIOXKHOE, OCTATKHA MO MOIYMI CTerneHen (PUKCUPO-
BAHHOT'O TIPOCTOTO P MOAMAIOTCA M3ydeHUo. VI B 5TOM TOMOTAaeT ClAeAyIo-

mas



Ilepuogmdeckne gecaTuIHbIe APOOH 243

JIEMMA [EH3EJA?). Hycme p — npocmoe uucao.
a) IIyemv = 1 (mod p¥), = # 1 (mod p*t1). H, xpome mozo, aubo
p > 2, aubo k > 1. Toeda das 8caAx020 HaAMYPasbHO20 T

2 =1 (mod p**7), 2P #1  (mod pFtrth.
b) IIycmu, kpome mozo, p° deaum m, no p°' ne deaum m. Tozda
™ =1 (mod pFt"), z™ #1 (mod pFtrHhy.

(OTmeTnm, 9TO ecau ogHOBpEMEHHO p = 2 m k = 1 yTBepxkgeHwe m. a)
MecTa He MMeeT.)
W3 nemmbr ['ensens BeITeKaeT Takoe

CHEACTBUE 2. Hycmb wucao T v k ydoBaemaopsiom Ycao8uim AeMmbl
Iensean. Tozda ocmamxu om deaewus cmeneneti ™ na p? (¢ = k) umerom
6ud pks + 1.

CyMMHUpys BBIMIECKA3AHHOE, UMEEM CACAYIOIIYIO JeMMY, YIOOHYIO I
NAJBHEHIIErO:

JIEMMA 1.
a) 10m =1 (mod 39) moeda u moavko mozda, koeda m =0 (mod 3972).

b) Aauna nepuoda dpobu p/3", ede n > 1 u p ne deaumes wa 3, pasua
3n=2,

c) Ocmamru om deaenus wucea suda 10" na 35 umerom eud 9m + 1.

TOKABATENBCTBO. II. a) BhITekaeT u3 semMbl ['eH3es, II. €) €CTh YacT-
HEIU CIy9all IPeALIAYLIEro CICACTBUSI, I. b) BLITEKAeT M3 I. &) U IpPeLIoXe-
HuA 1.

3. JOKA3ATEJILCTBO OCHOBHOI'O YTBEPXK/JEHUS
Hamra mmens — moKa3aTh OCHOBHYIO TEOPEMY:

TEOPEMA. ITycmb nocaedosameavnocmsd {ag} 3adana pexyppenmmo:
a1 =1, ag41 = 9% u nycme

Tozda 6 decamuunom PassoHcenuy yucas X scmpemumes 410004 KOMOUNa-
yus yugpp.

3AMEYAHUE. UmeeT mecTo Teopema Jluyswams: Ilycmv t — uppayuo-
HaAbHBIT KOpeHb ypasHenus aox” + -+ -+ ap, = 0, ag,...,a, — yeavie wucaa.

D A. 51. Kareas—Bemos. YcTHOE coobmenue.
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Tozda npu nexomopom N nepasencmeo |t—p/q| < 1/Nq"™ ne umeem pewsenui
8 UYEABIT YUCAGL P U (.

W3 orou Teopemer caenyer, 9T0 uca0 X TPAHCIEHAEHTHO, T. €. HE MOXET
OBITH KOPHEM HUKAKOrO aIrebpaniecKoro ypaBHEHUA C HeabiMu KOdDPUIneH-
TaM#, TaK KaK NpUOIMKAETCA PAUOHATHLHBIMHA JYHIIe, IeM aarefpandeckoe
YUCI0 JHOO0U (PUKCUPOBAHHOU CTENEHMU.

Hawm momagoburcs

JIEMMA 2. a) IIycmos p = 9k + 1 < 3°. Pacemompum dpo6v p/3° u ece
dpobu, KOmopvie U3 HEe NOAYUAMCA NYMEM YUKAUYECKOT Nepecmanosru
yudp nepuoda. Tozda muoscecmso ecex marux dpobeti cymv {(9h + 1)/3° |
Oh+1< 3°).

6) B obwem cayuae, ecau p 83aUMHO NPOCNO € 3, O MHONCECMBO YKA-
aannviz dpobeti cymv {h/3°*|lh =p (mod 9) u h < 3°}.

HOKABATEABCTBO. Herpymsuo mpoBepuTb, 910 ApoOHAS YaCTh €UCIA
p10™ /3% ecTb nMKIMIECKas mEpeCcTAHOBKA Iepuoaa apobu p/3°. PaccmoTpum
MHOXECTBO APOGHBIX dacTell wmcen suma pl0™ /3% m = 0,...,3°72 — 1. Ilo
aemme 1 5To MHOXECTBO cyTh MHOXecTBO {p(9h +1)/3° 2:02_1, YITO U COCTa-
BJET YTBEPXKJACHUE JEMMEIL.

I1. 6) mOKA3BIBAETCA AHAJIOTHIHO.

Caenytouiee yTBEepXKAeHUE, KOTOPOE HaM HOTPEOYeTCA MU [NOKA3ATEIb-
CTBE OCHOBHOU TEOPEMBI, MPEACTABIAET CAMOCTOATEILHBIN UHTEPEC.

[MPEAJNOKEHUE 2. Ilycms wucaa p u 3 63aummno npocmui. Toeda 6 deca-
MUUNOM DA3A0ACENUY Yucaa T = p/3° scmpemumesa a06as nocaedosamens-
nocme uz [(s — 2)lg 3] yugdp.

[NOKABATENLCTBO. [lomoxum N = [(s — 2)lg3]. Paccmorpum kakyio-
Hubyab MOCIeI0BATEILHOCTE udp ¢ miuabl N. /locTaTov9HO MOKAa3aTh, 9TO
HEKOMOPAA YUKAUYECKAA NEPECTNAKOBKG YUPD WUCAG T MOHCET, HAUUHATILCA
ca.

IIycts o = a7 . .. ay. MHOXeCTBO BEIECTBEHHBIX YUCET, Y KOTOPHIX IeCsd-
TUYHAsA 3a1IUCh HAYUHACTCA C (¢, €CTh INOJYUHTEPBAJI

A=[0,a1...ay; 0,a1...ay +107%).

Ero mimma pasaa 1077,

PacemoTpum MHOXKECTBO ApOGeH, MOMYUIAIOMMUXCA Ty TEM BPAIIEeHUA mudp
B MEpUOJEe UCXOMAHOU Apobu. B cmiy deMMmbl 2 3TO CHCTEMa TOYEK OTPE3Ka,
[0, 1], maymmx ¢ marom 1/3572:

1 10 3° -8
37,37,..., 38 .
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U B mo6om mogoTpeske orpeska [0, 1] arumbr 66apmed, wem 1/3°2, maxoauTesa
Ipo0b YKAa3aHHOT'O BUIA.

Mockomsky N < (s — 2)1g3, o |A] = 107V > 37672 y 5 orpeske A
BCTPETUTCA HYXHAs HaM APOOb, JECATUIHOE PA3IOKEHUE KOTOPOU HAYUHA-
eTca ¢ yJacTKa «. [Ipeanoxenue 10Ka3aHo.

JOKABATEJABCTBO OCHOBHON TEOPEMBI. O603Ha4uM depe3 X, 4Hact-
MYHYI0 CyMMy paga » ., 1/a;. D10 4ucTo mepumogumdeckas Apobb U t, — ee
nepuo. B cuny nmpemnoxenna 2 yucao X, COAEPKUAT BCe TOCTIETOBATETLHOCTH
nudp AAMEBL MéHbIIER wiu pasaon N, = [a, 1g3/9].

Bonee Toro, B M060M y9IacTKe TECATUTHON BAMUCH UG X, TIAHA KO-
Toporo 6oabine N, + t,, BCTPETUTCA KaxXqasd TaKasd MIO0CIEJOBATEIbHOCTD.

Ham Ha [0 mOKa3aTh, 9T0 OCTATOUHbI wien R, = > ° . 1/a; He ncnop-
TuT cuTyaruio. [Ipexae Bcero, mepuos He MOXKET COCTOATH W3 ONHUX [JEBS-
Tok, u ectn 0 < € < 1073 o mepBsbIe 2t,, 3HAKOB ACCATHYHOIO PA3IOKCHUA
qmcen X, u X, + ¢ coBnagaoT (IEpeHoc pa3pasa MOXET MPOUCXOJANTE TOMb-
KO Ha JEBATKE WM OH OCTAHOBUTCA I'JIe-TO BHYTDPHM TPETBHETO NEpHoaa Apobu
Xp). HosTomy mro6on yaacTok aauHbl N, TaKXKe BCTPEYACTCA B IECATUTHOM
pasmoxenun mcaa X, + €.

B cuny memmbr 1 mavaa nmepuoga t, AECATUYMHOTO PA3IOKEHWI IUCHa X
paBHa t, = a,/9. Jlerko moayuuTh omerKy: R, < 2/an,1 < 1073, Uz sTon
OIIEHKY, B CAIY TOJIHKO 9TO CKA3aHHOTO, BEITEKAET, UTO B AECATUIHOM Pa3JIo-
xeunu ancaa X = X, + R, BcTpedaeTca aobas koMmbuHAMS w3 N, MOAPAI
uAymux nudp.

A Tak xax

lim N, = lim (bg%an) = 00,

n—oo n—oo
mapameTp N ¢ pocToMm n cTpemuTca K O€CKOHEIHOCTH U JA00ad HATepe  3a-
JaHHAA KOMOMHAIMA TP BCTPETUTCA B JECATUIHOM PABIOKEHUM GuCaa X .

3AMEYAHUE. HazoBeMm 4acmomoti MOABIEHUA TTOCIEOBATEILHOCTH V B X
Beaumauny: W (X, v) = lim, oo m/p, rge m — KOIXYECTBO HOCIELOBATEIBHO-
CTe’ v B HAYAILHOM Kycke X mauHbl p. U3 goKa3aTeanCTBa OCHOBHOU TEOpe-
MBI MOXKHO W3BI€Th caegyomui pesyasrar: W(X,v) = 107!, Dro ozmauaer,
910 BCe KOMOMHAIMY mudp B ducae X PaBHOBEPOATHBL Takue 9ucia HA3BIBA-
0TCA HOPMAALHBIMU. CONEPKATEILHBIX IPUMEPOB HOPMAILHLIX IMCEI HE TaK
MHOT0.



