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06 0CTPOYTOIBLHBIX MHOTOT'PAHHIKAX

B. O. Byraenko

OCTpPOYrOTbHBIMYU HABBIBAKOTCA BBIMTYKJIBIE MHOMOTDAHHUKM, BCE ABYTPaH-
HBIC YTJIBI KOTOPBIX OCTPBIC WU TPAMBIE.

OCTpOyroIbHbLIE MHOTOTPAHHUKKM B E€BKIMJOBLIX M C(EPUIECKUX IIPO-
crpancTBax mobou pasmepaoctu kaaccubunuposan . C. M. Kokcrep [4].
Oxa3anochb, 9T0 BCE OHU ABIAIOTCA CAMILICKCAMY Ha, chepax Wiu MPOU3BEICHI-
AMH CHMILIEKCOB B €BK/JIWJOBLIX IPOCTPAHCTBaX. Hampumep, 0CTpOyTOILHLIE
MHOTOYTOJILHAKY Ha, €BKJUAOBOU TIOCKOCTH MOTYT OBITH TOJBKO TPEYTOJIb-
HUKAMU (JBYMEPHBIMH CUMILUIEKCAMU) WIM TPAMOYTOJbHUKAMEU (IIPOUM3BENE-
HUAMEA OBYX OTPE3KOB — OJHOMEPHBIX CUMILIEKCOB). OCTpPOYrOabHEIE MHO-
FOTPAHHUKY B TPEXMEDPHOM €BKJIMAOBOM IMPOCTPAHCTBE MOTYT OBITH TOJBKO
TeTpasapaMu (TPEXMEPHBIMYU CUMILIEKCAMH ), TPEYTOJbHBIME Tpu3MaMu (IIpo-
U3BEIEHUAMY TPEYTOIbHAKA W OTPE3KA) WIN IPAMOYTOIbHLIME A PAJLICIETIN-
negamMu (IPOM3BEACHUAMA TPEX OTPE3KOB).

Kraccupukanma MHOrOrpaHENKOB KOKCTEpa B TPEXMEPHOM NPOCTPaH-
cre JlobGaueBckoro Guuia nposegena E. M. Anapeessim [1]; oH xe gokasai,
9ITO B MPOCTPAHCTBE JI06aIeBCKOr 0 060N Pa3MEPHOCTH TUIEPILIOCKOCTH He-
CMEXHBIX TPaHell 0CTPOYTrOILHOTO MHOIOTpaHHUKA He epecekaorcs [2]. TTo-
cJeTHee yTBEDXK ICHUE BEPHO TAKXKE B €BKAUIOBBIX U CHEePUIECKUX MPOCTPAH-
CTBAX: BTO ABIAETCA OICBUAHBIM CICICTBIEM KOKCTEPOBCKON KAACCA(DUKAIIAN.
B mHacTosmen craThe MBI MIPUBENEM IIPOCTOE AOKA3ATENBCTBO 3TOrO YTBEP-
XKICHWA, HE OMMPAIONICECA HA Pe3yabTaThl KoKcTepa U MPUMEHNMOE BO BCEX
TPEX THUMAX TPOCTPAHCTB.

B crarse [3] B mponuiom Bhimycke «MaTeMaTHHeCKOro IPOCBEIIeHs ) Obl-
JIa, TPUBEICHA, KIACCH(PUKAINAA OCTPOYTOMBHBIX MHOTOI'DAHHUKOB B €BKJIWIO-
BBIX ¥ CPEPUICCKIX MPOCTPAHCTBAX, MMOJYICHHAA OTAMIHBIM OT HMCIOIb30-
BaHHOT'O KOKCTEpOM METOZOM. DTOT METOJ OCHOBLIBAICA HA PACCMOTPEHUN
CHCTEMBI HOPMAJIEH K TPaHAM MHororpananka. OIHAKO TPU DTOM MCIOIb30-
BaJOCH 60JI€E CHITBHOE OTIPEICTECHIE OCTPOYTOTBHOTO MHOT'OT DAHHUKA, 3, MMEH-
HO, TPe6OBAIOCH, ITOOBI YIJIEI MEX Y MEPECEKAIONUMHACA TUIIEPILIOCKOCTAMA
ero JI00BIX, a He TOJBKO CMEXHBIX, IPAHEN ObLIA HETYIBIMU. (YTJIOM MexX-
JIy THTIEPILIOCKOCTAMHA TPAHEN HA3BIBAETCA TOT M3 IeThIPEX 00Pa3yeMbIX UME
IBYTPAHHBIX YTIOB, KOTOPBIUA COAEPKUT BHYTPHA ce6a MHOTOTpAaHHVK.) U x0-
TA HTO ONpeeTeHne PABHOCAILHO OCHOBHOMY (JeMCTBATENILHO, KAK yKe OLLIO
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YIOMAHYTO BBIIIE, TUNEPILIOCKOCTH HECMEXHEBIX TPAHEN OCTPOYTOMLHBIX MHO-
COTPAHHUKOB HE [EPECEKAIOTCS), HO NOKA3ATEIbCTBA PABHOCUILHOCTH OILpe-
JIeJIEHUH, He ONUPAIOIIEroCs Ha KOKCTEPOBCKYIO KIACCU(DUKAIMIO, ABTOPY W3-
BecTHO He ObLI0. OMHAKO BCKOPOCTH MOCIE BBIXOMAY, CTATHU MOATBEPAWIACH
HeHE30CHOBATEILHOCTE CTAPON MIYTKU, OLITYIOMEN B CPele MOCKOBCKUX Ma-
TEMATUKOB: YTOOBI Y3HATH PEIIEHNE MATEMATUYECKOW 3aa4d, HYKHO TPEe.-
JOXUTE €€ yIacTHUKAM MOCKOBCKOU MaTeMaTrdecKon oaumnuaabl. Ha LXVI
MMO B mapTe 2003 r. mrkonbHIKAM ObLTA TPEIIOXKEHA, 32,1a49a; «Y BBITYKJIOT O
MHOTOIPAHHMKA BHYTPEHHUN ABYTPAHHLIA YIOJ IIPKU KaXI0M pebpe OCTPHIN.
Cxonbko MoOXeT GbITH PpaHed y MHOrorpanamuka?y. DakTudeckn mpeaiara-
JIOCH ONIUCATH TPEXMEPHBIE €BKAUI0BBL OCTPOYTOAbHEIE (MIPABAA, OCTPOYTOMb-
HEIE B CTPOTOM CMBIC/E, T. €. He JOMYCKAIOMNE He TOJBKO TYIIBIX, HO U MPAMBIX
JMBYTDAHHBIX yTJOB) MHOTOTPAHHUKY. V3 yIOMAHY TON KAACCHMDUKATIN CIELY-
€T, 9T0 TaKAMU MHOT'OI'DAHHUKAMU MOTYT OBITH TOJBKO TE€TPA’3APBI, HO JO-
Ka3aTelbCTBO 3TOT0 (PaKTa, He UCIOIB3YIoNee O0IIEero KAACCUPUKAITMOHHOTO
pesyabTaTa, OTHIOAL He TPOCTO. HeymuBuTenbHO, ITO HA OJUMITUAIE 33,1y
petnmiu Bcero asoe yaacTHukoB. Onun n3 Hux — yuenuk 11 kunacca Muxann
Packun — sameTun ciaefyromiee CBOUCTBO OCTPOYTOJBLHLIX MHOTOTDAHHUKOB!
X MPOEKIUA Ha IMIOCKOCTH JIOOOU CBOEU IDAHU COBIANAET C DTOU I'PAHBIO.
OTO CBOUCTBO MOXET CIYXKUTH €IIe OJHUM ONPEIENeHUEM OCTPOYTOJBLHOTO
MHOTOT'PAHHUKA, U €T'0 UCTIOIL30BAHAE JAET MPOCTOE NOKAZATETLCTBO PABHO-
CUIBLHOCTH ABYX APYTHUX OMPEAETCHUN. ITO HOKA3ATEIHLCTBO MBI M3I0XKUM HU-
xke. [lasa HATIATHOCTY TPOBENEM er0 A CIyYas TPEXMEPHOTO MPOCTPAHCTBA,
3aMETUB JUIlb, 9T0 0000IIEHNE JOKA3ATEIbCTBA HA CILyYad JI0OOU Pa3MepHO-
CTH TIOJYHAETCA MyTeM OYEBUAHOU 3aMEHBI BCEX TPEXMEPHBIX OOBEKTOB Ha,
UX N-MEPHBIE AHAIOTH, NBYMEPHBIX — Ha (n — 1)-MepHBIE, 8 0 THOMEPHBIX —
Ha (n —2)-mepuble. Turarens, 3HakoMbil ¢ reomerpuen JlobaueBckoro, 3ame-
TUT, 9TO MPEACTABICHHOE TOKA3ATEALCTBO MPUMEHUMO He TOMBKO K CIYHalo
eBKJMIOBBIX MHOTOT'DAHHUKOB, HO TAKXKE ¥ K CJAYTal0 MHOTOIDAHHUKOB B IIPO-
cTpancTBe Jlo6adeBCcKOro.

TEOPEMA 1. Cuedyroujue c80Ucmea BbINYKALIE MHO2O2PAHHUKOE DABHO-
CUABHDBL:

1. ece deyepannvie y2avl Hemynbvie;
2. 6ce yaabl MEHCIY NEPECERAIOUUMUCI NAOCKOCTNAMY, 2PAKET Hemynble;

3. mpoeryua Ha naockocmsb 410001 epany cosnadaem ¢ IMOT 2PaHbIo.

[JOKABATEILCTBO. 2) = 1). O4eBugHo.

1) = 3). Paccmorpum rpass F' MHOrOIpaHHUKA W ABYT'DAHHBIE YIUIbI TIPA
ee CTOPOHAX (KOTOpBIE ABIAIOTCA HETYIBIMY TI0 yCI0BUI0). CIpOeKTHpyeM Ka-
XK IBIU U3 3TUX YTJIOB HA IMIOCKOCTD TPAHU F. DTa MIOCKOCTD ABIAETCA TAKXKE
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IIOCKOCTHIO TPAHU KAXJOTO W3 PACCMATPUBAEMBIX [BYT'PAHHBIX yruaoB. IIpo-
eKIMeN HETYIIOrO NBYTPAHHOTO YTV HA IOCKOCTH CBOEH I'PAHU ABIAETCS TIO-
JYIIIOCKOCTH (cama Tpasb). [103TOMy MOLy9eHHBIE TIPOEKINY Oy Iy T ABAATHCA
MOy IWIOCKOCTAMY, COAepKAIUME F'; Ipu 5TOM KaX 1as U3 OrPAHUITABAIOIINX
X TPAMBIX COMEPXKUT IO OJAHOU cTopone rpanu F. [lepecewenmem sTux mo-
JymaockocTen Oyaer rpasb F.

B cury yciaoBus BBIIYKIOCTH MHOTOTPAHHUK COAEPKHUTCA B KAXKAOM K3
pacCMaTPUBACMBIX NBYTI'DAHHBIX YIVIOB, & 3HAYUT, U B UX NNEPECCICHUN. HOBTO-
MY ero TMPOEKIUA COAEPKUTCA B TEPECETCHUAN TTPOESKIINT STUX yIIOB, T. €. B F.
O6pataoe (rpaub F' cOOEpXKUTCA B PACCMATPUBACMON MIPOEKIWMK) OYECBUTHO.

3) = 2). [IpeamomoxuM IPOTUBHOE: YTOI MEXKAY ILIOCKOCTAME IpaHen F' u
Py tymon. Torma mpoekiusa 110601 BHY TpEHHEN TOYKYU MPaiu F| HA ILIOCKOCTD
IT rparu F' gexuT mo APYryw CTOPOHY OT JIMHUK MMEPECEYEHUS ILIOCKOCTEN
5TUX TPAHEH, UeM caMa T'pPaHb F. ITO MPpOTUBOPEUUT TOMY, ITO MPOEKIINA
JI060U TOYKY MHOTOTPAHHUKA Ha TWIOCKOCTE I comepxkurcs B F.

Kak ykazan asropy 9. B. Bunbepr, moxoxue paccy X ieHus TO3BOISAIOT J10-
Ka3aTh u 6osee CHIBHBIM PE3YIHTAT — YHOMUHABIIYIOCA BBIIE TeopeMmy AH-
npeepa. llpuBemem 310 mokazareabcTBO. ONATH XKe OTPAHUYUMCH CIYUAEM
TPEXMEPHOTO MPOCTPAHCTBA (eBKanA0Ba min JI06ateBcKoro), XoTsa, Kak U B
OPEBIAYIIEN TeopeMe, TOKA3ATEIbCTBO B GIyUae JI000W Pa3MEPHOCTH TIPWH-
IUNWATLHO OT HETO HE OTIMIAETCA.

TEOPEMA 2. Iliockocmu HECMENCHBIT 2DaHel 0CMPOY204bHO20 MHO20-
2PAHHUKG HE NEPECEKAIOMCA.

[OKA3ATEJBLCTBO. IlycThs ¢ — auHUA mepeceveHna ILIOCKOCTEN IpaHen
F u I} ocrpoyroasroro muororpanauka P. /lokaxem, aTo npamas £ conaep-
XKUT pebpo MHOTrOrpaHHuka P (wim, 9To TO Xe caMoe, CTOpOHY Tpauu F').

3aMeTuM IIPex/e BCEro, 4TO eCau mpAMad £ ImepecekaeTcs ¢ OTIWIHON
OT Hee TMPAMON 1M, COAEPKAIEN HEKOTOPYIO CTOPOHY MHOTOYTOILHUKA F, TO
06pasyeT C Hel HETYIOUW yroa (Cpead YeTHIPEX YIVOB, 06pa3syeMbIX Mapou
OPAMBIX, MBI PACCMATPUBAEM TOT, KOTOPbIM coaepxut F'). JlercTBUTENBHO,
mapa nNpaMbIX £ U m 06pasyeTcsa MpHU MePeCeeHun TWIOCKOCTH rpanu F MHO-
rorpaHanka P ¢ mapou ILIOCKOCTeN ABYX APYTHX ero rpamen. [lockomabky
MHOTOIPAaHHUK P OCTPOYrOJbHBIU, MONAPHBIE ABYTPaHHBIE YILJbL, 0Opasye-
MBIE DTUMU TPEMA TLIOCKOCTAME, HeTyIble. OCTaroch BOCTIOIB30BATHCA Cle-
OYIOUIEN TEOPEeMOR SIEMEHTAPHON CTEPEOMETPUHN: €CIU BCE MBYTPAHHBIE YIVIBL
TPEXTPAHHOT'O yIVIa HETYIIBIC, TO U INIOCKUE €TI0 YIJbl TOXKE HEeTYUhIC. rZ[OKa-
3ATEABCTBO 3TOI>,I TECOPEMBI OCTABJIACM B BUAC YIIPAXKHCHUA.

Bce manpmeummue paccyxjgerus OyAyT IAHAMETPUYECKUMUA: HAM HE TIPH-
JIeTCA BBIXOIUTE 38 PAMKH ILIOCKOCTH Tpain F. O9eBUIHO, ITO MHOTOYT OIh-
HUK F' IeXUT UeIuKoM Mo OfHYy CTOPOHY OT TIPAMOU £, TepeceKaich ¢ Hel
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pasBe ITO MO CBOMM T'PAHUYIHBIM ToukaM. Crupoektupyem F wa £. [[nsa sToro
mpeacTaBuM F Kak mepecedeHne BCEBO3MOXHBIX (PUTYD, UMEIOIIAX CATYIO-
WU BU[: TIEpecevYeHne IBYX MOJYILIOCKOCTEN, OHA U3 KOTOPBIX OrPAHUYEHA,
npsamon £ (OHa OgHA U Ta XKe AuA Bcex GUryp), a BTOpas OrPAHUTEHA OTINY-
HOU OT ¢ IPAMOU M, COAEPKALIECH HEKOTOPYIO (KaXALIM pa3 CBOIO) CTOPOHY
MHOTOYTONbHUKA F' (BO BCEX CIyvadx M3 ABYX BO3MOXKHBIX MOJTYTLUIOCKOCTEN,
OrPAHWYEHHBIX 33JaHHOU NPAMOU, BEIOMpaeM Ty, KoTopas cogepxut F'). Ta-
Kasg GUrypa ABIACTCA MO0 HETYILIM YIVIOM (€Cau mpamble ¢ U m mepeceKa-
I0TCA), AU60 TMOMOCON MEXAY ABYMS HEIEePEeCEeKAIUMUCA IPAMBIMA (B IPO-
THBHOM Caydae). B 06oux caydasx purypa 061a1aeT CIeayonmM CBORCTBOM:
ee TMPOEKIWs Ha TpAMYIo £ COBHANAET C ee mepecedeHueM ¢ mnpsamon ¢ (men-
CTBUTEIBLHO, B MEPBOM CIydae MPOeKIua OyaeT Jy<IoM — CTOPOHOU yTJa, &
BO BTOPOM — TIpAMOn £ neaukom). JIErko BUAETH, 9TO yKA3AHHOE CBOMCTBO
COXPAHAETCS IPU B3ATUA IIePecedeHus pUryp, HodTOMY HepeceydeHne Beex dhu-
Typ — MHOTOYTOAbLHUK F' — Takxke uM oOaagaeT. [Ipoeknna MEOTOyTOMbHIKA
HA TPAMYIO €CTh OTPE30K, 3HA4YUT, nepecedenue F ¢ £ — orpesok. [lockoabky
npsMas £ He COMEPKUT BHYTPEHHUX TOYEK MHOTOYTOABHUKA, F') 5TOT 0TpPe3ok
ABJIAECTCA €00 CTOPOHOMU.

3AMEYAHUE. [lns caydas cpepuaecKoro IpoCTPAHCTBA IPUBEEHHEIE 10-
Ka3aTeJbCTBA TeopeM | W 2 HAIpAMYIO HE TPUMEHUMBI, TOCKOILKY OHU WC-
MOJB3YIOT MOHATHAE MPOEKIWK HA NPAMYIO, KOTOPOe HE BCErfa OIpefe]eHO
OJHO3HAYHO (HAIPUMED, HEBO3MOXKHO OIPEISIUTE IPOEKIINIO IOII0CA HA DKBA-
Top). OfHAKO CPepUIeCKUN CIyIall MOXKHO CBECTHU K €BKIUAOBY, TaK KAaK JIIO-
Ooit c(pepruIeCKU MHOT ONPAHHUK 33126T MHOMOTPDAHHBIA KOHYC B €BKJIU JOBOM
OPOCTPAHCTBE PA3MEPHOCTHU HA €IUHUITY O0JbINe. JTOT KOHYC SIBIAAETCA €B-
KJIUJOBBIM MHOT'OTPAHHUKOM. U3 CIpaBefIMBOCTH TeOpeM IAA HErO CIefyeT
WX CIIPaBEAINBOCTH M JJIA MCXOTHOT'O CHEePUIECKOTI0 MHOTOTPAHHUKA.
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