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CpaBHUTEIbHAA TeOMETPUA TPEYTOILHIKA 1
TeTpasIpa

A. A. BacraBckun

IIOCTAHOBKA 3AZAYU

IDTa CTAThA MOCBAIIEHA 33 4a49€, KOTOPasd ObLIA MPEII0KeHA IIIKOILHUKAM
Ha XV agernen koudepenruu Typuupa ['opogos B asrycre 2003 roga. [locra-
HOBKA, 33,JAYA ABIACTCA COBEPIIEHHO €CTECTBEHHON. [[eNCTBUTENALHO, GOMBIIAL
YACTDH IAHUMETPHUU COCTOUT B M3YYEHWM CBOUCTB TPEyroJbHUKA. Tpexmep-
HBIM aHAJOT'OM TPEYTOJABbHUKA ABJACTCA TETPpasap, HO3TOMY BIOJHE JOT'MIHO
MOCTABUTD BOMPOC, A KAKAX CBOUCTB TPEYTOIbHUKA CYIIECTBYIOT TPEXMep-
HbIe aHajoru. BupotdeM, B OJHOM 06beMe 3Ta 33,1243 a0COJIOTHO HEIOAHEM-
Ha. [JoCTATOYHO CKa3aTh, YTO B DAEKTPOHHON SHIMKIoNEe AU [1] uucio ceaszan-
HBIX C IIPOU3BOJABHBIM TPECYT'OJBHUKOM 3aMEIATECABHBIX TOYICK HpI/I6JII/I)Ka,eTCH
yxe k 2000. 3mech MBI pACCMOTPHUM BOMPOCHI, CBA3AHHBIE IPUMEPHO C IeCAT-
KOM DTUX TOUEK, KOTOpHIE OyAyT IMepeInucaeHbl HIDKE.

1. Hewmp mascecmu M — ToUka mepeceveHns MeIuaH TPEYTrOJbHUKA.

2. leump onucannoti oxpysrcrocmu () — TOYKA TEPECETCHUS CEPETMHABIX
MEPIEHAVKYIAPOB K €ro CTOPOHAM.

3. Henump enucannoti okpyscnocmu I — TOUKa mepeceeHus ero 6uccek-
Tpuc. HamomuumMm, 4To ams 1106000 TPEYyroJbHUKA CYIIECTBYIOT €Ile TPU BHE-
BIIUCAHHBIE OKPYXKHOCTY, KAX A8 U3 KOTOPBIX KACAETCA OJJHOU U3 €ro CTOPOH
7 TIPOJOIXKEHUN ABYX APYTHX.

4. Opmoyenwmp H — To4Ka mepeceveHus BEICOT TPEyroabauka. OT™MeTnM,
gro Touku O, M u H nexar Ha omHou upamou (mpsamas Jduaepa) u HM =
= 2MO. Kpome Toro, Toukn O u H M30roHATBHO CONPAKEHbI.

5. Toura XKepeonnag G — TOYKA MEPECEICHUS OTPE3KOB, COEAUHAIONINX
BEPUIMHBI TPEYTOIBHAKA C TOYKAME KACAHWA MPOTHUBOIMOIOXKHBIX CTOPOH U
BIIMCAHHOU OKPYXHOCTH.

6. Touxa Haceas N — TOUYKa TIepecedeHns OTPE3KOB, COEIUHAIOMINX BEP-
HOIWHBI TPEYTI'OJIBbHUKA W TOYIKW KACAHUA IIPOTUBOIIOJIOXKHBIX CTOPOH C COOTBET-

YEcn pausl TpeyroasHuk ABC u Touka P, To mpsamble, cumMmeTpudHbe npaMbeiM AP,
BP, CP oTHOCUTEIBLHO OUCCEKTPUC COOTBETCTBYIomuX yriaos ABC, nepecekarTcsa B OJHOU
Touke P’, KOTOpas HA3BIBACTCA U3020HAAbHO conpadcennol P ormocureasno ABC.

MaTemaTuyeckoe npoceewyernue, cep. 3, sbin. 8, 2004(78-92)
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CTBYIOIIEY BHEBIUCAHHON OKPYXHOCTLIO. [Ipu sTom Touku N, M, I nexat ma
oauon npsavon u NM = 2M 1. OrmeruMm Takxke, 910 Toukn G u N m30TO-
MUYECKN COHpH)KeHI:IQ) APYT IPYTY, a W30TOHAJTHLHO CONPAXKEHHBIE MM TOYKW
SIBIAIOTCS MEHTPAMY TOMOTETAN ONMUCAHHOW W BIMCAHHOU OKPYXHOCTEH.

7. Touxa Jemyana L — wm3oronaabuo compsaxennas Touke M. Touka L
0o6IaMAeT TAKKE TEM CBOMCTBOM, YTO CyMMa KBAAPATOB PACCTOAHUU OT HEE
IO CTOPOH TPEYrOJBLHUKA, MEHBINE, YeM JUIA JI000U APYTOU TOYKHU IIOCKOCTH.

8. Touxu Toppuuessu — Touky nepecedenus npameix AA', BB nu CC’,
rae ABC', BCA', CAB' — npasmibHBIE TPEeyrOIbLHUKH, HOCTPOCHHBLIC HA
croponax Tpeyroabuuka ABC. [Ipu 5ToM, €ciu TpeyrOAbHUKA CTPOATCA BO
BHEITHIOID CTOPOHY, MOAydaeTcA mepBag To4uka Toppwuemnn 717, a ecam BO
BHYTPEHHIO, — BTOpad Touka Toppudentu Ts. Ecau Bce yrabt TpeyroibHuKa
MenbIre 120°, To Touka T TeXUT BHYTPY TPEYTOILHUKA ¥ U3 Hee BCe CTOPOHEI
TpeyroabHuKa BUAHBI oA yraamu 120°. B srom caydae oma obmamaer ere
OIHUM BaXHbIM CBOﬁCTBOM: CyMMa paCCTOﬂHHﬁ OT BEPHIVNH TPEYI'OJbHUKA O
TouKHu T MeHbIe, ©IeM A0 JI000U APYTOW TOYKH ILIOCKOCTH.

9. Toukru Anoasonus — TOYKA MEPECETCHUSI TPEX OKPYKHOCTEH, KaXK 1A
W3 KOTOPBIX IPOXOJUT Yepe3 OJHY BEPHIMHY TPEYTOJbHUKA WM TOYKU IIEpe-
cedeHna OMCCEKTPUC BHYTPEHHETO W BHEITHEr'O YIVIOB MPU DTOU BEPIIUHE C
IPOTUBOIOMOXHON cTopoHon. Touky Amommonua o6JaIaloT TeM CBOUCTBOM,
9TO PpacCCTOAHUA OT HUX AO BEPUIVH TPEYTOJIBHUKA O6paTHO OTpONnOPUMOHAJIb-
HBI COOTBETCTBYIOIIUM CTOPDOHAM, a4 UX IIPOCKIVU Ha CTOPOHBL TPECYT'OJbHUKA
06pa3yioT TPABWILHLIE TPEYTOAbHUKA. KpoMe TOro, TOMKN ATOMLIOHA W30~
TOHAJIBHO COMPAKEHBI TOYKAM TOPPUYELIN, MIO3TOMY MBI OyaeM 0603HAYATH
nx kax 17, Ty.

Me1 6ygeM mcciaenqoBaTh BOMPOC, CYMIECTBYIOT JU AHAJIOTWIHBIE TOYKU B
MPOM3BOILHOM TETPasApe, W, €CIN HET, TO KaK OMUCATL COOTBETCTBYIOIINE
KJACCHI TeTPA3IPOB, & TAKXKe CYIIECTBYIOT U MEeX Ay TPEXMEPHBIMM 3aMeda-
TEJIbHBIMU TOYKAMU TAKUE XK€ CBA3U, KaK MEXNY UX IJOCKUMU dHAJOT'aMMU.
[IpuBegeM cHatama Pe3yJabTATHI, KOTOPHIE MOXHO CYATATL ITUPOKO U3BECT-
HBIM.

W3BECTHBIE ®AKTHI TEOMETPUN TETPADIPA

1. OTpesku, COENUHSIONMINE BEPIIUHBI TETPASAPA C [EHTPAMU TAKECTH
MPOTUBOMIOMOKHBIX TPAHEN, IEPECEKAIOTCS B O THOU TOYKE — MEHTPE TAKECTHU
reTpasapa M. Ouu geaaTt apyr apyra B oTHoumeHwuu 3 : 1.

YEcm mpameie AP, BP, C'P mepecekaiT NPOTUBOMOIOKHBIE CTOPOHBI TPEYTOIbHUKA
ABC B Toukax Ai, Bi, Ci, a Touku A2, B2, Co cmmmerpuansr A1, Bi, C1 oTHOCHTEIHLHO
CepeauH COOTBETCTBYIOIIUX CTOPOH, TO mpaMbie AA,, BBz, CCy; mepecekaioTcsa B OJHOU
Touke P’, KOTOpas Ha3BIBAETCA U30MOMUNECKYU conpaxcennoli P orrocuremsno ABC.
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2. Bokpyr mt060r0 TeTpasapa MOXHO onmucaTh cdepy. Ee nenTp — Touka
O mepecetieHns TEPUEHIAKYAAPOB K TPAHAM TETPA3APa, TPOXOAAMINX epes
OECHTPBI OIIUCAHHBIX OKOJIO HUX Opr)KHOCTeEI.

3. B nro6ou TeTpasap moxHO BrucaThb cdepy. Ee nearpom I Gyger Tou-
Ka MepPeCevueHmsI OUCCEKTOPHLIX TMIOCKOCTEN ero ABYTPAHHLIX yIiioB. Caoxmee
BBIACHUTDL, CKOJBLKO CYIIECTBYeT cdep, KACAIIINXCA ILIOCKOCTEN BCEX TIpa-
Hen Terpasgpa. Ilpexge Bcero orMeTHM, 9TO UX HE MOXET ObIThb Gojblie 8.
[leRCTBUTENLHO, TAaK KaK IIEHTP TAKOW ChepLl PABHOYAAJEH OT ILIOCKOCTEN
ABC u ABD, ou meXxuT B 6UCCEKTOPHOU TIOCKOCTH OJHOTO U3 ABYX CMEX-
HBIX ABYI'DAHHBIX YIVIOB MEXIYy 3TUMHU INIOCKOCTAMU. AHaJIOI'I/I‘IHI:I yciaoBusa
pasHoypamennocTu oT mwiockocten ABC u ACD; ABC u BCD. Tak kak Ka-
XK VIO TLIOCKOCTH MOXHO BEIOPATH 2 CIOCOOAMY, A TPeX MIOCKOCTEN MMeeM
8 BosMoxHOCTEU. B KaxqoM u3 oTux 8 CIy4aeB ILIOCKOCTHU UMET He Gonee
OfHOU O0mEeN TOYKM (B MPOTUBHOM CIydae, HAPUMEDP, OUCCEKTOPHAA ILIOC-
KOCTb yrua npu pebpe AB mpoxonwia Obl gepe3 Touky C, 9T0 HEBO3MOXHO),
KOTOpas OJHO3HAYHO ONpeneiseT chepy.

OcTanock NOHATE, TeRCTBUTENLHO Ju 3Tu 8 cdep cymecTsyoT. s aToro
MOCMOTPHUM, HA KAKWE YACTH Pa3OUBAIOT MPOCTPAHCTBO TIOCKOCTH T'DAHEN
rerpasapa. O4ueBuaHO, ITO >TUX YacTen 15:

a) BHYTPEHHOCTb TETPAdIPA,

6) 4 TPEXrpaHHBIX yTJa ¢ BEPIIMHAMYA B BEPUIMHAX TETPAIPA,

B) 4 9aCTH, IPUMBIKAIOMNAX K FPAHAM TETPAdAPA,

r) 6 «KOpBITeI), IPUMBIKAIOMKX K pefpaM TeTpadapa.

O4eBnanO, 9TO B wacTu Tuna 6) chepa BIUCaHA OBITH HE MOXKET, TAK KAK
KaX/asd U3 TAKAX 9aCTEel HE MEePECeKAeTCA MIOCKOCTHIO YeTBEPTOU T'DAHMU.
[okaxeM, 9T0 A1 9AaCTHU THUIA B) BHEBIUCAHHAA cdepa CYLIECTBYET BCETA.
[l 5TOr0 MOCTPOUM BIUCAHHYIO B TETPadAp cepy u mpoBeaeM K Heu Ka-
CATEIBHYIO MIOCKOCTh, HAITPUMED, napawieabayo miockoctu ABC. Ona ot-
CeKaeT OT TeTpasApa TOMOTETUYHBIN (¢ HeHTpoM roMoreTuu D) TeTpasap
A'B'C'D. CooTBeTcTByIOMAA FOMOTETHA IEPEBOJUT BIUCAHHYIO CHEPY B UC-
KOMYIIO BHEBIUCAHHYIO.

Haxkonen, uccaepgyem gactu tuna r). [lycTs B TaKyIo 9acTh, IPAIEKALTY IO
K pebpy CD, MOXHO TOMECTUTE CPepy, KACAOUYIOCA TIOCKOCTEN BCeX Tpa-
wen, ¢ nearpom K u pagmycom r. Toraa

Vapep = Vapck + Vaspk — Vacpx — VBepk =
T
= g(SABC +Sapp — Sacp — Spep)-
OTcioga creayeT, 9T0 HEOOXOAUMBIM YCIOBUEM CYIIECTBOBAHUA UCKOMOU
cepnl OyaeT HEpaBeHCTBO Sapc + Sapp > Sacp + Spep- s gokazarens-

CTBA €r0 JOCTATOTHOCTH 3AMETHUM, UTO IJIA JI0OOU TOYKYA PACCMATPUBAEMOTO
(KOPBITIIAY €€ PacCTOAHUA a,b, c,d mo mrockocren BCD,CDA, DAB, ABC
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YAOBJIETBOPAIOT COOTHOIICHUIO

dSapc + ¢Sapp — bSacp — aSpep = 3V.
3V
Sapc +SaBp —Sacp — Secp

[losTomy, masa Toukuy K ca = b =c¢c =1 =

BBITIOJTHAETCA d = 7.

Takum obpasom, ectun Sapc + Sap = Sacp + Spep, TO HE B OAHO U3
«KOpLITeIl, mpumieratomux K pebpam AB u CD, puoucaTh cdepy HeIb3d, a ec-
ma Sage + Sapp # Sacp + Spep, TO chepy MOKHO BIUCATH POBHO B OJTHO
N3 3TUX ABYX «KOPBITCI . COOTBeTCTBeHHO, B 3aBUCUMOCTHU OT TOI'O, CKOJBKO
U3 paBeHcTB SABc +SaBp = Sacp +SBeps SaBc +Sacp = SaBp — SBeD:
Sapc+ SBep = Sacp + SABD BHIIOIHAIOTCA, KOIMIECTBO CPep, KAaCAIOIIIX-
€A BCEX TWIOCKOCTEUW MPAaHed TeTpadiapa, MoxeT ObITh oT 5 n0 8. Herpymuo
IOCTPOUTL IPHMEPLI TETPA3IPOB, PEATU3YIOUNX YKAZAHHLIE BO3MOXHOCTH.

Kpacuogapckunn mkonbauk U. [[luypaukoB Hamen apyroe yCioBHUe st
OIpefieIeHNs INCaIa BHEBIUCAHHBIX Cdep.

YTBEPXKIEHUE 1. Ecamu L ADB+ ACB = ,CAD+ ,CBD, To uu B 01HO
73 «KOpBITEI, npuieraoiux K pebpam AB u C D, menwssa Boucats cdepy, a
eciu ,/ADB+ ,ACB # ,CAD+ ,CBD, 1o cdepy MOKHO BIUCATL POBHO B
OJIHO M3 3TUX ABYX «KOPBITEID).

JIEMMA 1. Ilycts mam derwipexrpannbid yroa OABCD u cdepa, kacaio-
masaca usuyTpu ero rpanen OAB, OBC u OCD. Toraa

—ecm ,LAOB + ,COD = ,BOC + AOD, to miockocts OAD Takxe
KacaeTca cdepsl;

—ecm L AOB 4+ ,COD > ,BOC+ ,AOD, to mrockocts OAD me mepe-
cekaeT c(ephr;

—ecau ,AOB+,COD < ,BOC+ ,AOD, o mnockocrs OAD nepecekaer
cepy.

lToka3aTeabCTBO JeMMBI | MOMHOCTHIO MTOBTOPAET JOKA3ATEIHCTBO AHAJIO-
TUIHOT'O yTBEPXKACHUA 00 ONUCAHHOM Ye€THIPEXYT OJNbHUKE.

[TOKA3ATEJBCTBO YTBEPXK/JAEHUA 1. Hangem renepn meoOxoaumoe u
JOCTATOYHOE YCIOBHUE CYIIECTBOBAHUA ChEPhI, BIUCAHHOU B «KOPBITIIEY, TPH-
ageratomiee K pebpy CD. Illycts ayuu DP u D() TpoTUBOTIOMIOXHBI COOTBET-
crBerro DA u DB, a nyuu DR u DS napaanensust aygam BC u AC (puc. 1).
Paccmorpum awobyio cdepy, kacawolnytocsa Beex rpanen yraa DPQRS, kpome,
BoaMoxHO, DRS. Eciu mrockocts D RS mepecekaet cdepy, TO MeHsA ee pa-
IUYC, MOXHO A0OUTHCA MCKOMOTO KACAHUA C MIOCKOCThI0 ABC, a ecnn meT —
TO Heab3dA. [lo semme 1 cooTBeTCTBYyIOIIEE YCJIOBUE NMEET BU[T

+ADB+ JACB > ,CAD+ ,CBD.
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Puc. 1.

Ananoruuno, mis pebpa AB HEOOXOAUMBIM 1 JOCTATOYHBIM YCIOBHEM Oy 1eT
IPOTUBOTIONOKHOE HEPABEHCTBO.

Buopouem, ybeauThea B paBHOCHIBHOCTH ycaosun ADB + ACB >
> CAD+ ,CBD u Sspc+Sapp > Sacp+SBcp MOXHO HEOCPEACTBEHHO,
paspesas TeTpasap no peopam AC, BC, AD u BD Ha aBa 9eTHIPEXyrOJIbHUA-
Ka C PABHBIMHU CTOPOHAME, HO PA3HBIMU YIVIAMU U CPABHUB WX ILIOIIA TH.

OrMerum Takxke creayomuin Baxub (gakT. [lycrs I — 1ieHTp BOmcas-
HOHU cepnl TeTpasapa, X, Y — ero mpoekmuu Ha pebpa AC, BC, D' —
TouKa Kacauusa cdepsl ¢ rpansio ABC (puc. 2). Torga mo Teopeme o Tpex

AC BC
neprenaukyaapax D' X = rctg <5 DY =rctg -5

Taxum 06pa3oM, PACCTOAHUA OT TOYKYU KACAHUA 1O CTOPOH OCHOBAHUS OT-

HOCATCA KaK KOTAHT€HCBI TOJOBUH ABYTI'DAHHBIX YTVIOB IIPU COOTBETCTBYIOIINX

D

A 45 >

X

)

C

Pwuc. 2.
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pebpax. AHATOTHYIHO, €CIM PACCMOTPETh BHEBIHUCAHHYIO CPepy, Kacarouyo-
ca rparun ABC' u IpofoIKEeHUN OCTAIBHBIX TPAHEH, TO PACCTOAHUA OT TOYKH
D" ee xacanusa ¢ ABC' 10 pe6ep 0CHOBaHMA OTHOCATCA KaK TAHI'€HCHI TeX ke
yrioB. OTcona ciaegyer, 9To

,D'CA=,D"CB, ,D'AC=,D"AB, ,D'BC = ,D"BA,
T. €. JOKA3aHO

YTBEPXKJAEHUE 2. Touky kacaHusa BIMCAHHOU M BHEBIIMCAHHOU cdep n30-
COHAILHO CONPAXKEHLI OTHOCATEILHO COOTBETCTBYIONIEN T'DAHM.

Paccvorpum Teneps Todky kKacanus mockoctu ABC ¢ BHeEBIUCAHHOU
cepon, kacaomenca rpaau ABD u npogomkeHu oCTarbHBIX TPanen. Pac-
AC

A 2
tg TB. CaenoBaTenbHo, M M30TOHAILHO COMPAKEHHOUW TOYKH OTHOIICHUE

AC
T .
noaytdaeTca mis Touku kKacauua ABC co cdepon, BONCAHHOU B «KOPBITIIEY,
npureraiomee K pe6py C'D (wim AB). Takum 06pa3om, 8 TOYEK KACAHUA TLIOC-
koctu ABC co cdepaMu, KaCAIOIMIUMUCA IIOCKOCTEN BCEX TPAHEN TeTPasapa,
pa3buBaloTCA Ha 4 TAPHI U30TOHAIBLHO COTPAKEHHBIX.

o BC
crosuua ot sron Touku 10 BC, CA u AB oTHOCATCA Kak ctg T ctg

o BC AB
9THUX PACCTOAHUU PABHO tg - tg ctg - - Nmenno Takoe oTHOIIEHUE

[longem maapime. Kak mapecto, ecin Sape + Sapp = Sacp + Spep, TO
HU B OJHO U3 «KOPBITEI, mpuieratpomux K pebpam AB n C'D, Henb3sa BOucaTh
cepy. DTO CBA3AHO ¢ TEM, 9TO TOUKYU KACAHUA CPEPHI € ILIOCKOCTAMEI TPAHEN
yX0OAT B 0eCKOHeIHOCTH. Ho TOrma M30rOHAILHO COMPAXKEHHLIE UM TOIKHI
JIEeXAT HA OMUCAHHBIX OKPYXHOCTAX Trparer. OTComa u u3 paHee TOKA3aHHBIX
YTBEPXK IEHUU CJAEeNyeT

TEOPEMA 1. Ciexyroriue yCaOBUsS PABHOCWIBLHEL.

a) Hu B ogHO w3 «kopwiTemy, mpueraroumx K pebpam AB u CD, nenbss
BIIHCATE Cepy.

6) Sapc + Sapp = Sacp + Seep-

B) +ACB+ ,ADB = ,CAD + ,CBD.

r) Touka kacamua maockoctu ABC' ¢ BHeBIHCAHHOU CHEPON, KACAIOUIEH-
ca rpaan ABD w npOJOIKEHUN OCTATLHBIX I'PAHEN, JEXUT HA OKPYKHOCTH,
omucannon okoao ABC.

1) Touxa kacanusa mrockoctu ABD ¢ BHEBOIUCAHHOU C(HepPOU, KACAIOIIECH-
ca rpaan ABC u mpofoIXKeHuN OCTATBHBIX TPAHEH, JeXUT HA OKPYKHOCTH,
omucanHOou 0Komo ABD.

e) Touka xacanusa mmockoctu AC'D ¢ BHEBIUCAHHOU CHEPOU, KACAIOIIEH-
ca rpaau BC'D n npofomKeHuit OCTATLHBIX TPAHEH, JEXKUT HA OKPYKHOCTH,
ommcannon okoao ACD.
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%) Touka xacanusa maockoctu BC'D ¢ BHeBmuCaHHOU chHEPOR, KACAIOMIEH-
ca rpaar ACD u mpogonkeHV OCTAJBHBIX IPDAHEN, JeXUT HA OKPYXKHOCTH,
omucanuou okono BCD.

3) LlenTp BOuMCAHHOU CQEPHI JEKUAT B IIOCKOCTH, IPOXOAMIEH Yepes ce-
penunnl pebep AC, BC, AD, BD.

[Mocaenmee yeaosue mangeno C. JI. Bepaosbiv. Ero paBHOCHILHOCTE yCiI0-
BuiO 0) CIeAyeT W3 TOrO, YTO IEHTD BIUCAHHOU CGEPHI ABIAETCA BBIILYKJIOU
JMHENHON KOMOMHAIMEHN BEPIIMH TeTPasapa ¢ KO3DOUIMEHTAMH, IPOIOPIHU-
OHAJILHLIMHA ILIOWIALAM IIPOTUBOMOMOXKHELIX IPAHEN.

W3 Teopembl 1 MOXHO TOSYYUTH MHOXECTBO KPACUBBIX CJAeACTBUU. BoT
ORHO W3 HUX.

Ecan ToUku kacaHuA OJHOU M3 BHEBIMCAHHBIX Cdep € ILIOCKOCTAMU TPEX
TpaHen TeTPasApa JeXKaT Ha OTMUCAHHBIX OKPYXHOCTAX STUX TPAHEN, TO TO XKe
BEPHO I TPEX APYTUX BHEBOUCAHHBIX cdep (COOTBETCTBYIOIIMAN TETPAdAD
HA3BIBAETCA PABHO2PAHHbIM, TAK KAK BCE €T0 TPAHU — PABHBIE TPEYTOJHHUKY.
O paBHOI'DAHHBIX TETPAdAPAX MOXKHO IIPOYECTh B crarhe [2]).

MO)KeT BO3HUKHYTBH BOIIPDOC: IIOYEMY B Ka9€CTBE aHAJOTa BHI/ICE],HHOI?I OK-
PYXHOCTH TPEYTOMbHUKA MBI PEIIIN B3ATh Chepy, KACAIOUIYIOCSI BCEX TPAHEN
TeTpasapa, a He Beex ero pebep. [leqo B ToMm, 9T mocaenuaa cdepa cyiec-
TByeT He Bcerga. [lencTBUTENbHO, ycTh cdepa KacaeTca pebep TeTpasapa
B roukax X,Y, Z, U, V. W (puc. 3). Torga AX = AU = AW = q, kak kaca-
TeNbHLIE, TIPOBEJEHHLIE K cdepe U3 ogHou Touku. Amagorum«no, BY = BU =
=BV =b,CZ=CV =CW =c¢, DX = DY = DZ = d. CaegoBarens-
o, AB+CD = AC + BD = AD + BC = a + b+ ¢ + d, T.e. nHeobxoan-
MBIM YCJIOBHEM CYINECTBOBAHUA HUCKOMOU CHEPHI ABIACTCA PABEHCTBO CYMM

D
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IPOTHUBOIOIOKHEIX pebep TeTpasapa. Kak mokaszamo B [2], 5T0 ycaosue Gyner
7 JOCTATOYIHBIM.

Terpasapsl, 418 KOTOPBIX CYyLIECTBYET cdepa, KaCaIoWaics BCEX ero pe-
6ep, HABBIBAIOTCA KapkacHbimu. B [2] mpuBogUTCA Crefyomui nepedeHs pas-
HOCUJIBHBIX KapPKaCHOCTH CBOﬁCTBZ

a) TeTpasAp ABIAETCA KAPKACHBIM;

6) CyMMBI TPOTUBONIONOXHBIX PeGep PABHB;

B) CyMMBI IPOTUBOIOMOKHBIX ABYT'DAHHLIX YIVIOB PABHBL;

') OKPYXHOCTH, BIUCAHHBLIE B TDAHU, TIONAPHO KACAIOTCA;

1) 160U YeTHIPEXYTOMALHUK, 00PA30BAHHLIN HA DAa3BEPTKE TETPAdAPA
OBYMS €r0 M'PDAHAME, ONUCAHHBIN;

€) MEepIeHIUKYIAPEL K TPAHAM, BOCCTABICHHBIC U3 IIEHTPOB BIUCAHHBIX B
HIX OKDPYXHOCTEH, IEPECEKAIOTCA B OJHON TOUKE.

Huxe 6ygeT moka3aHno, 9T0 5TOT CIMCOK MOXHO TOHOJHATH.

4. BBIcOTHI IEpECEeKaOTCA B OTHOU TOYKE HE [ BCEX TETPAdIPOB, & JUIIIL
[UIsL HEKOTOPOT'O CIENUAJBHOIO KJIACCA — OPMOUEHMPUUECKUT TETPAIPOB.
B [3] mokasbIBalOTCA CIEAYIOMINE YCIOBUA, SKBUBAJCHTHLIE OPTOIECHTPUTHO-
cTu:

a) IPOTHUBOIOMOKHBIE PEOPA TETPAdAPA NEPIEHAUKYIADHBL;

6) CyMMBI KBaJPATOB MIPOTHBOTIONOKHEIX PEGEP PABHBL

B) OCHOBaHWE JI0O0U BHICOTHI TETPAdAPA COBIAAET ¢ OPTOLEHTPOM IIPO-
TUBOIOJIOXKHON T'PAHMU.

OTMeTuM TakXke, 9TO A OPTOUEHTPUIECKUX TETPADAPOB CYIIECTBYET
AHAJIOT TIPAMOUN JWIEPa: TOYKA Tepecetenus BuIcoT H, menTp Taxectu M u
nenTp omucanHou cdepsl O gdexat Ha oguon npamoun u OM = OH.

B [3] omucan eme oguH Kaacc TeTpasApoB. TeTpasap HA3BIBACTCA UHUEH-
MPUYECKUM, ECTU OTPE3KHU, COETUHAIONINE €70 BEPIINHLI C IEHTPAMU BIUCAH-
HBIX OKPYXHOCTEN TPOTUBOMOMOKHBIX M'PAHEN, TEPECEKAIOTCA B OJHOU TOYKE.
s >Toro HEOOXOAMMO U AOCTATOTHO, ITOOBI IPOU3BEACHUA IIPOTUBOIOIONK-
HBLIX pebep OLLIM paBHEL.

HOBBIE ®AKTHI

BrlscHUM Teneph, B KAKUX TETPa’dIpax CYIIECTBYIOT aHAJOTH TodeK 2Kep-
rouna u Harens. [lns sroro GygeT mOJe3HOU CJeryIomas

JIEMMA 2. Ilycts Touka C’ nexut B rpanu ABD rerpasapa ABCD, a
touka D' — B rpanu ABC. Orpesku CC’' u DD’ nepecekarorca Torga u
TOJBLKO TOraa, Korga Sacp'Sppc’ = Spop'Sapcr.

[MOKABATEILCTBO. [laa Toro, ato6er CC' u DD’ nepecekaancs, He06X0-
IUMO ¥ IOCTATOTIHO, 9T00bI Touku C, D, C' u D’ 1exanu B OZHOM IIOCKOCTH.
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[Iycte X — Touka mepecedeHns »TOU IMIOCKOCTH ¢ oTpeskoMm AB. Torga ot-
pesku CD’' u DC’ mepecekatorca B Touke X, ¥ 3HATAT
Sacpr  Sacx —Sap'x _ AX _ Sapc
- - - ?
Spepr Spox —Sep'x  BX  Spper
9TO PaBHOCUJIBHO yTBep)K,quI/IIO JEMMBI.

Tenepb Ompe/ieauM yCJIOBUS TIEPECedeHns ABYX OTPE3KOB, COEJUHAIONINX
BEpIIMHLI TeTPadfpa ¥ TOIKN KaCAHUA IPOTUBONOIOKHLEIX TpaHel ¢ BIMCAH-
HOM cepol, Hanpumep oTpeskos CC’ u DD’'. W3 puc. 2 Bugno, 910 Sacp =

AC
= AC x D'X = AC x r/tg - Brmucas aHaqoOrudIHbIE COOTHOUIEHUA [/

maomaenn rpeyroabaukos BCD', ADC', BDC' u npumenus Jjemmy 2, HOLy-
UM yCIOBHE TEPeCeTeHu.

ACXBD/tgATCtg%

ITO yCJIOBUE MOXHO YIPOCTUTL, BOCIOAB30BABIINCEH TEM, YTO B TPEXTPAH-
HOM yTJle CUHYCHI THMIOCKWX YTJIOB OTHOCATCA TaK Xe, KaK CUHYCHI ITPOTUBOJE-
Kammx UM AByrpaHHbix. COOTBETCTBEHHO, UMEEM

:ADXBC/tgATDthTC.

AC x BD  sinABCsin BAD  sin AC sin BD

AD x BC sinB/EsinA/BB N sin BC'sin AD

7 TIOCJTe TPEeOOPA3OBAHUN YCIOBUE TIEPECETCHUA TPUHUMAECT B

AC __ BD AD _ BC
COS — COS — = COS — COS — .
2 2 2 2

OTcrofa, 09eBUAHO, CAEAYIOT OBA YTBEPXK ACHUL.

YTBEPXKIEHUE 3. [lycTh Bumcannas cdepa KacaeTcsa TpaHed TeTpasapa
B roukax A', B/, C', D'. Eciu orpesku AA’ u BB’ nepecekatoTcs, TO OTpesKn
CC’' u DD’ Ttaxxe nepecekaroTcs.

HazoseMm TeTpasap scepzonHo8biM, €CIU OTPE3KH, COETUHAIONINE €TI0 BEP-
IUHBI TETPADIPA ¢ TOYKAMEU KACAHUA TTPOTUBOMOJOXHEIX TPAHEN € BITUCAHHOU
cepon, IePeceKaroTCA B OJHON TOUKE.

YTBEPXKIEHUE 4. TeTpasap aBadeTcAa XKePrOHHOBLIM TOTJAa M TOJIBLKO
TOT 3, KOTJa IPOU3BEEHUI KOCUHYCOB IIOJOBUH €r'0 MPOTUBOMOMOKHBIX IBY-
T'PAaHHBIX YIVIOB PAaBHBI.

Paccyx mas aHATOTUHO, HAXIEM YCIOBUA, IPY KOTOPHIX BHITOJIHEH AHAJIOT
ceoucTa 6. Takue TeTpasapsl GymeM Ha3BIBATL TeTpasapaMu Haress.

YTBEPXKIEHUE 5. [lycTh BHeBnucanubie cepbl KACAIOTCA TPAHEN Te-
rpasapa B Toukax A', B', C', D'. Eciu orpesku AA" u BB’ nepecekarorcs,
to orpesku CC’ u DD’ Takxe mepeceKaroTcs.
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YTBEPXKIEHUE 6. TeTpasap saBageTcsa HaTeleBHIM TOTJa W TOALKO TO-
rfa, KO3 IPOW3BeAEeHNA CHHYCOB MIOJOBUH €70 TPOTUBOIOIOKHEIX By DAH-
HBIX YI'VIOB DAaBHBI.

YrBepxaerus 3—6 ObLIM MOKA3aHBI YIEHUKOM ABTOPA, IIKOTHLHUKOM MO-
ckoBckou rumHasum 1543 /1. Kocosemm. Ha XV JleTHen KoudepeHnuu Ty pHIPA
ropogos mkoasHuky M. Vcaes (Bapuayn) u B. ®urumonos (ExaTepuntypr)
0OHAPYXWIU €Ile OTHO CBOUCTBO TeTpasapoB 2Keprouua.

YTBEPXK/IEHUE 7. Terpasap aABIdeTCA XEPrOHHOBBHIM TOTJA& W TOJBKO
TOrga, KOrjaa Jio0oe ero pe6po BUAHO U3 TOYKU KACAHUA BIUCAHHOU CQephl
¢ comepxaiien >To pebpo rpaubio mox yraoMm 120°. Takum o6pasom, B xep-
POHHOBOM TETPAasApe TOYKK TOppUYe/Iin BCeX TPAHEN COBIAJAIOT ¢ TOYKAMEI
KACAHNA I'PaHeN U BINCAHHOK C(EpHL.

[IOKABATEJIBCTBO. [lokaxeMm cHadaga, 9TO €CAW sl OMHOW T'PDAHU Te-
TpasIpa TOUKA €€ KACAHWA C BIOMCAHHON CepoU COBIAJAET C TOIKOU Top-
puUYesLIM, TO DTO BEPHO W AiA OCTambHbIX rpamen. Ilycts A, B, C', D’ —
TOYKM KacaHusa BoucaHHou cdepsrl ¢ rpawavu BCOD,CDA, DAB,ABC, un
+AD'B = /,BD'C = ,CD'A = 120°. Tak kak KacaTelbHble K cdepe 13
omaou Touku pasubl, AD' = AC', BD' = BC’, o Tpeyrompuuku ABD' u
ABC' pasast u ,AC'B = ,AD'B = 120°. Ananorununo, ,BA'C = ,CB'A =
= 120°. ,Z[a.zlee7 4AB,D == 4AC/D, 4BC/D = 4BA/D, 4CA/D = 4CB,D n
+AB'D+ ,CB'D = ,BC'D + ,AC'D = ,CA'D + /BA'D = 240°, oTkynma
CleAyeT, 9TO BCE dTU yriabl pasHbl 120°.

[Iycts Temeps Touku Kacauusa C' m D' — Touxku Toppudentn cooTBeT-
crBytommx rpaner. Tak kak npambie CD' u DC’ apnaoTcs 6uccexkTpucaMu

yrios AD'B u AC'B, oun nepecekaroT pebpo AB B Touke X, Takoh 9TO
AX  AC' _ AD'
BY = BO ~ BD Caenosarensro, Touku C, D, C’, D' nexar B IIOCKOCTH
CDX, u orpesku CC’' u DD’ nepecekatorca. JlioOble Apyrue ABa OTPE3Ka
TaKXKe ePEeCeKAloTCA, a TaK KaK IeTHIPe OTPEe3Ka, He JeXaT B OJHOM ILIOCKO-
CTH, TOYKa HepecedeHns ofHa u Ta xe. O6paTHOe yTBEpXKICHUE JOKA3HIBA-

CTCA aHAJOTI'MIHO.

OdeBuiHO, yTBEpXKJAeHUE 7 MOXHO TepeOPMYJIAPOBATH CICTYIOIINM
00pa3oM: TeTpasap ABIAETCA XKEPTOHHOBBIM TOTAa M TOJBKO TOT'Aa, KOTIA
OTPE3KH, COETUHAIONINE BEPIINHBL ¢ TOYKAMU TOPPUIEIIN TPOTUBOMOJOKHBIX
IPaHEed, TEPECEKAIOTCA B OJJHOW TOYKe. Bce MpuBeeHHBIE BBINE PE3YJIbTAThHI
o0beMHAET CAeIYIONIAd

TEOPEMA 2. Cruemyiolnue yCIOBUS SKBUBAJIEHTHBL:

a) OTpesku, COEUHSAIONMNE BEPIIXHBI TETPASAPA U TOYKA KACAHWA IIPO-
TUBOIOJIOXHLIX IPaHell ¢ BIXCAHHOU C(epou, IEPECEKaIOTCA B OQHON TOTKE.
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6) IlpomsBemeHus KOCMHYCOB IOJOBUH NPOTUBOMONOKHBIX IBYTDAHHBIX
YTJIOB DABHEL.

B) To4ka KacaHWsa OHON U3 TPAHEN TETPadAPA C BIUCAHHON CHepOu ABIA-
eTca ToUkor Toppude/sIn >Tor IPAHMN.

r) Touku KacaHUs BceX IPaHER TeTPadApa ¢ BIUCAHHON C(PePOU ABIAIOTCI
TOYKaMu TOPpPUYENIn >TUX TPaHEN.

1) OTpesku, COEUHAIONINE BEPUINHELL TETPA3APa ¢ TOYKaMu Toppudenin
MPOTUBONOMOXHBIX TPAHEN, MEPECeKAIOTCA B OJHON TOUKE.

e) Ilpoeknum neHTpa BHEBNUCAHHOU Cdepbl HA pebpa COOTBETCTBYIONIEN
rpaHu 06pa3yoT PABHOCTOPOHHUN TPEYTOILHUK.

k) Terpasap, 06pa3OBAHHEIN TOYKAME KACAHUSA BIMCAHHOU C(EpHI C Ipa-
HAMUA, HHHeHTpH‘IeCKHﬁ.

PaBHOCMIBLHOCTL yCIOBUM €) U T') CAeAyeT U3 TOrO, ITO TOYKM KACAHUSI
PPaHU ¢ BOMCAHHOW ¥ BHEBIMCAHHOU C(PpepaMu CONPSXKEHBI, a TOYKa Toppwu-
YeIIM W3O0TOHAJIBHO COMPIKEHA ¢ TOUYKOM AIOIOHWA; YCJAOBUE O) U X) — U3

CD
Toro, aTo, Hanpumep, A'B’ = 2r cos -

BreiscuuM Temeps, weM aBiageTcs Touka 2Keprouna Tetpasapa ABCD mia
terpasapa A'B'C'D’. Tockoabky orpesku CC' u DD’ nmepecekaioTcs, mps-
mbie CD u C'D’ nexar B ognoi miockoctu. Pacemorpum miaockocts A'B'C.
Omna mepecekaer srnucauuyio cdepy ABC' D 1o 0OKpyKHOCTH, OIMUCAHHOW OKOIO
tpeyronbuauka A’ B'CY, mnockoctu BCD u ACD — 10 IpaMbIM, KACAIOMIAMCSA
pTOM OKpyx)HOCTH B Todkax A’ m B’ m mepecekarommmcs B HEKOTOPON TOY-
ke ), a maockoctsh CDC'D’ — no npamon C’'Q). Herpyaso pokaszarb, 9TO
torga mpamaa CQ OygeT cumegumanon tpeyroabauka A'B'C’ (T.e. mpamor,
CUMMETPUIHON MeAMaHe, TPOBeNeHHON u3 BepmmHEl C’, OTHOCHTENBHO OHC-
CEKTPHCHI, TPOBECHHOU u3 Tou xe Bepmmabl). CaegoBaTeabro, npamas DD’
nepecekaeT rpaub A’ B'C’ B Touke, Texalein Ha cuMeuaHe. AHAJOTHYIHO TOY-
KA TIePeCetdeHnd JeKUT Ha IBYX APYTUX CUMEIMAHAX, T.e€. ABIACTCA TOIKOH
Jlemyana Tpeyroabauka A'B'C’. TouHo Tak e JOKa3bIBACTCA, YTO IPAMBIC
AA', BB', CC' npoxoaat 4epes Touku Jlemyana rpamen B'C'D', C'D'A’,
D'A’B’. OrmeTum, 9TO0 10 JeMMe 2 TIPAMBIE, COCIUHAIONINE BEPUIMHE TETPa-
pipa W TOYKM JleMyaHa NIPOTUBOMOJOKHBIX T'PaHEH, TePECeKalTCa TOTAa 1
TOJMLKO TOI'/Ia, KOTJa TeTPadAp ABIACTCS MHIEHTpUIeckuM. Takum o6paszom,
TOKa3aHA

TEOPEMA 3. Ecmu tetpasap ABC D xeprounos, To Tetpasap A'B'C'D’,
00pa30BAHHLIA TOUYKAMHA KACAHHUA €r0 I'PaHed ¢ BIMCAHHOU cdhepou, MHIIECH-
Tpudeckun, u Touka Keprowua ABCD coBmagaeT ¢ TOYKOU NEPECEICHUA
OpAMBIX, coeguamonmx sepumusl A’ B'C’' D’ ¢ Toukamu JlemyaHa IpoTHBONIO-
JIOXHLIX TPaHel.
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TeopeMma 3 ABAACTCA AHATOTOM ILIAHUMETPUTIECKOTO YTBEPKACHUA O
COBHIaMeHUM TOYKM 2KEeproHHA TPEyTroJbHUKA U TOUKHU JleMyaHa Tpeyrob-
HUK3, O0PA30BAHHOIO TOYKAMM KACAHUA €r0 CTOPOH ¢ BIUCAHHOU OKPYXK-
HOCTBIO.

[nsa rerpasapos Harems moka me HAWAEHO HUKAKWX YCAOBUU, OTIUTHBIX
OT 3aJaBaeMbix yTBepxXiaeHueMm 6. HemspecTHO Takke, JeXWT JU TOYKA,
MEPECEYEHUS OTPE3KOB, COCAUHAIONNX BEPUIMHBI TETPAdAPA U TOUYKU KACa-
HIs €r0 IPaHel ¢ BHEBIUCAHHLIME cdepaMM, Ha IPAMOH, IPOXOIAIIe Iepes
[IEHTD TAKECTH TETPADAPA U NEHTP ero BnucanHon cdepsl. BoamMoxHo, BIpo-
9eM, 9TO KAKOU-TO AHAJIOT DTOrO CBOUCTBA, BBIMTOIHAETCS IS IPYTOro KIacca
TeTPas IPOB.

B saxmiouenue ormeruMm caegyiomiee. MoXeT MOKA3aThCA, YTO €Ie OIUH
KJACC TETPadapOB 3a0a€T YCAOBHE MEPECEYCHMS B OJHOU TOUIKE OTPE3KOB,
COEUHATOMMNX BEPIIMHBI TETPAdAPa U TOUKEU 2KeproHHa mMpoOTUBOMOMOKHEIX
rparen. OHAKO, TPUMEHUB JEMMY 2, HETPYIHO YOEIUTHCSI, 9TO DTO YCIOBUE
3a/1aeT KapKacHBIE TeTpadphl. J|eCTBUTEABHO, B DTOM CJIy4ae, HAIIPUMED,
SAacD’ . AB + AC — BC
Spopr  AB+ BC — AC
My, ocae npeobpazosauun noayanm AC+BD = AD+ BC'. To xe noxydurcs
u ipu 3amMene Tokuek 2Keprouna Toukamu Haresus.

. HO,Z[CT&BI/IB 9TO ¥ aHAJOTUIHBIC BBIPDAXECHUA B JCM-

Ilpex e <weM DBITATLCA CTPOUTL TpexMepHble Touku Jlemyana, Toppw-
YeNau U ATIOIOHUS, OTIPEAEIUM A TETPAIPOB AHAJIOTY U30TOMUYECKOTO U
N30T OHAJIBHOI'O conpsikeHus. [ n30TOMUYECKOIO COLPAXKEHUA CAEIATH DTO
HECJOXKHO.

YTBEPXKIEHUE 8. I[lycts gan Terpasap ABCD u touka P. Ay, By, C,
Dy — mouku nepecedenus npsameix AP, BP, C'P, DP ¢ npOTHBOMOJIOXHEIMEI
rpamaMu TeTpasapa, As, By, Co, Dy — TOYKEN, M30TOMAYIECKH COMPAKEHHLIE
Ay, By, Cy, D otnocurensuo rpanen. Torga npsameie AAs, BB, CCy, DDs
MEPECEKAIOTCA B OJJHOU TOYKE.

OJTO yTBepXaeHme cpa3y caeayeT w3 jgemMmbl 2. lloxydennyio Todky ec-
TECTBEHHO HA3BATH U30TMOMUUECKU conpaxcennot K P. Bupoyuem, uzoromu-
YecKoe COTPSKEHWE MaXKe Ha IUNIOCKOCTH He 00JanaeT 0cob60 MHTEPECHBIMUA
CBOUCTBAMH, TAK ©ITO U B MPOCTPAHCTBE TPYIHO OXUIAATE TOTYICHAA KAKWUX-
ar0O0 MEHHBIX PEe3yIbLTATOB.

Onpeneanm Teneps U30TOHAIBLHOE CONPSKEHNE B MPOCTPAHCTBE OTHOCH-
TenanHo Terpasapa ABCD. Ilpex e BCEro 0TMETUM CAEAYIOMNY (HAKT.

YTBEPXKIEHUE 9. [lycte mam TeTpasap ABCD wu Touka P. Torga 6
IOCKOCTENn, cuMMeTpudHbix miockoctam ABP, ACP, BCP, ADP, BDP,
C D P oTHOCHTEIBHO BUCCEKTOPHBIX IOCKOCTEN COOTBETCTRBYIONINX IBYTPaH-
HBIX YTUIOB, IEPECEKAIOTCA B OTHOU TOMKE.
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[ noxa3aTerbCcTBa AOCTATOYHO 3aMETUTD, ITO €CIN PaccTodHus oT P

IO TpaHen TeTPasapa OTHOCATCA KaK a : b : ¢ : d, ToO Kaxaas u3 paccMaTpH-

BAEMBIX TLIOCKOCTEU IMPOXOAUT YePe3 TOYKY, PACCTOAHUA OT KOTOPOU IO TEX
1 1 1

o 1
XK€ I'paHEM OTHOCATCA KaK — ! g P g .
a (&

Omnpegenernyo TakuM 06pa3oM TOYKY P’ HA30BEM U3020HAALHO CONPA-
acennotli P orrocurenvio ABCD. TlokaxeMm Teneps, 9TO, KAK U B IIOCKOM
caydae, CymieCTByeT APYTOU CHOCO0 ee OIMpemeTeHus.

YTBEPXKAEHUE 10. Ilycts A, B', C', D' — npoekuun Touku P Ha mioc-
koctu BCD, CDA, DAB, ABC. Toraa nepnesukyaaphl, OMyleHHbe n3 A
Ha B'C'D’, w3 Bua C'D'A’, u3 C na D'A'B’, u3 D' na A’ B'C’ nepecekaiorcs
B M30TOHAILHO compaxenHon P Touxe P’

ITpexme BCErO AOKAXKEM CAEAYIONIAN, MMEIOUAN CAMOCTOATEIBHYIO TCH-
HOCTEH (PaKT.

JIEMMA 3. IlycTes aambl asa Terpasapa ABCD u A’B'C'D’. Tlepnengu-
Kyaapsl, onymennsle u3 A’ ma BCD, us B’ na CDA, uz C' na DAB, us D’
ma ABC mepecekaoTca B OIHOU TOYKE TOTAA M TOJBLKO TOTAA, KOT A (AHTH-
COOTBETCTBEHHBIEY pebpa oTux Terpadapos (manpuvep, A'B’ u C'D) nepnen-
JTUKYJISPHBI.

HOKABATEABCTBO. Ilycte P — Tovka mepecetieHus MEePIeHUKYIIPOB.
Tak xaxk PA' | BCD u PB' 1. CDA, ro PA' L CD u PB' | CD. Carenosa-
tensno, CD | PA'B'u CD 1 A'B'.

O6paTHO, IyCTh «AHTUCOOTBETCTBEHHBIEY pebpa meprneHquKyIspHbL. 1o-
raa nepneaaukyaapsl m3 A’ ma BCD u w3 B’ ma ACD jexaT B ILIOCKOCTH,
npoxoaamein yepes A’ B’ v nepnenauxyaspron C' D, 1, 3BHAYUT, TIePECEKAIOTCA.
AmanormvaHO mEpeceKanTea ABa MIOOLIX APYTUX MEPHEHANKYIAPA, U TaK KK
YeTHIpe TMEPHEHAVKYIAPA HE JeXAT B OJHOU ILIOCKOCTHU, BCE OHU TIPOXOIAT
gepe3 OJHY TOUKY.

HJOKABATEALCTBO YTBEPXKAEHUA 10. W3 memmur 3 cpa3y caeayer, ITO
eCJI TepIeH,IUMKYJISPhl 13 BEPUIMH OJHOI0 TeTPad/ipa Ha IPaHU JPYroro mnepe-
CEKAIOTCA, TO ¥ IEePIeHJUKYIAPhLI 13 BEPUIXH BTOPOT'0 HA I'PAHU IEPBOT0 TOXKE
nepecekatorca. [[03ToMy 0CTAIOCh A0Ka3aTh, 9TO B YCIOBUAX yTBEPXK ICHUA
TOYKOU TIepecedenus OyaeT nmenno P’

ILiockocts PC’' D' nepnenaukynapua pe6py AB. IloaTomy, ecau oHa me-
pecekaeT AB B Touke ), To C'QD’ — nunennniir yroa yriaa AB. Ilepnenu-
Kyaap, onymennsiin u3 A na B'C'D’, nepnengukynapen C'D’, snaqur, manns
HepecevdeHna IWOCKOCTH T, IIPOXOAAIICH depe3 dTOT IepneHauKyiap u AB, ¢
C'D'X raxxe nepnenaukyaapaa C' D’ o Teopeme o Tpex nepneHAnKyIapax.
OTcrofa 1 w3 cBORCTBA | IIOCKOTO M30TOHATLHOTO COMPIXKEHNA, CICAYET, ITO
7 mpoxoauT depes P’. YTBepxeHHe JOKa3aHO.
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Uccmemyem Teneph CBOUCTBA M30TOHAIBHOTO cOMpaxenua. OHMeBUIHO, ITO
KaK ¥ HA ILIOCKOCTH, IEHTPHI BOUCAHHON M BHEBIUCAHHBIX C(ep COMPIKEHEI
camu cebe. He mpeacrasaser Takxe TPyga JOKA3aTh, IYTO MEeHTP TaxecTu M
M30TOHATBHO CONPAXKEH TOIKE L, mMIs KOTOPOU CyMMa KBAaJAPATOB PACCTOA-
HUU A0 TPAHEN TeTPA3APA MAHAMAILHA. DTY TOUYKY MOXKHO CIATATEH TOYKOU
Jlemyana Terpasapa. C Apyrou CTOpOHBI, TOYKY, U30TOHAIBEHO COMPAKEHHBIE
OECKOHEYHO yIAJEHHBIM, JEXAT HE Ha ONMUCAHHOU cepe, a Ha HEKOTOPOU TOo-
BEPXHOCTH TPETHETO MOPAAKA. BOTpoc 06 N30T OHAILHON COMPAXEHHOCTH TO-
ek O u H, 0eBUIHO, UMEET CMBICA CTABATE JUIIE I OPTOUEHTPATCCKUX
TeTpasApoB. Brpouem, ¢ momomelo yreepxkacHua 10 JETKO JOKA3BIBAETCA,
ITO JaXe A HUX OTBET OyAeT MOMOXUTENICH, TOALKO €CAU TEeTPasAp Ipa-
BWIBHBIN. Kakumu cBomcTBaMU 00Ja1aeT TOYKA, M30TOHAILHO COMPAKEHHAIL
O, B 001IEM Ccayvae, HENOHATHO.

Haxouerr, monpo6yem pa3zobpaThca ¢ Toukamu Topputestn u ATOmIoH.
Cynsa mo BceMy, eIMHCTBEHHBIU MEPCIEKTUBHBIU IyTh — HAUTH TOYKY, MU-
HAMU3UPYOLUIYIO CyMMY PaCCTOSHUAW IO BEPIIWH TeTpasapa. [lias sToro mpo-
BEJIEM MEXAHUTECKOE PACCY XK ACHUE, AHAJOTUTHOE TLIOCKOMY.

IIpomycTum depes BepmnHbI TETPA3APA I€THIPE BEPEBKH, CBIXKEM UX BHY-
TPEHHUE KOHILL B Y361, & 338 BHENIHUE OyaeM TAHYTH B OMHOM HAIPABICHUN C
paBHBIME cuiaMu. Kcam y3ea He MPOCKOYUAT Uepe3 OJHY W3 BEPIIUH, TO OCTa-
HOBUTCA B UCKOMOU TOUKe T, mpudeM CyMMa, JeUCTBYIOIIUX HA HErO CUI Oy aeT
paBHa Hyao. MccaegyeM cBOUCTBA >TOU TOYUKI.

IlycTe ey, ez, e3, €4 — eAUHUIHBLIC BEKTOPHI, HAIPABICHHBIE U3 1 B Ha-
npasaerun A, B, C, D. Umeem

e1+ex+es = —eq
(e1+e2+e3,e1+ex2+e3)=1
(e1,e2) + (e1,e3) + (e2,e3) = —1,

T. €. I JIIO6I)IX TpEeX BEKTOPOB €3 CYMMa KOCMHYCOB yTI'JIOB MEX /1y HUMHW DABHA
—1. Hamee

(e1,e4) = —(e1,e1 +e2+e3) = —1 — (e1,e2) — (e1,e3) = (ez,€3).

ITO 03HAYAET, 9TO U3 TOYKM 1 TPOTUBOMOJOXKHBIE pebpa TeTpasapa BU-
HBI IO paBHBIME yraamu. OTciona creayeT, 9To Tpexrpammbie yriast TABC,
TCDA, TBAD u TDCB pasubl. Tak kak ux 00beIVHEHNE COBMIATAET CO
BCEM MPOCTPAHCTBOM, KaX B U3 HUX BBICEKAET HA eIWHUIHOU cdepe ¢ IeH-
TpoM 1T’ 061aCTh WIOMAAYN T, U, 3HAYMUT, CYMMa, €70 IBYTI'DAHHEBIX VIVIOB PaBHA
27. COOTBETCTBEHHO, NI TOTO YTOOBI y3€l1 HE IPOBAJWICA B BEPIIWHY Te-
Tpasapa, HYXKHO 9TOOBI CyMMa JABYT'PAHHBIX YIVIOB B JIOOOU BEpIIUHE OBLIA
MeHbIIe 27 (WIM CyMMa KOCHHYCOB ILIOCKUX yriioB Goabire —1). Iloasenem
UTOT HAIIUM PACCYXK TEHUAM.
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TEOPEMA 4. Ecam B mo6Gou sepurmne Tetpasapa ABCD cymma aByrpam-
HBIX YIJIOB MEHBIIE 27, TO BHYTPH TeTPasApa CymecTByeT TOdKa 1, u3
KOTOPOU TMTPOTUBONOJIOXKHEIE PeOpa TeTpadipa BUIHBL TIOJ PABHBIMU YTIAMU.
[Tpm sTOM CymMMa PACCTOAHWEA OT BEPIIWH TETPadApa A0 TOo4Yk: 1 MeHbIe,
TeM [0 10001 APYrou TOUKH IPOCTPAHCTRA.

Hanpernyto Touky 1" MOXHO CIATATE TPEXMEPHBIM AHAJIOIOM EPBOU TOY-
ku Topputdemnn. AHAJOTHYHO TWIOCKOMY CIYYalo JOKA3BLIBAETCA, ITO MPOEK-
UK U30TOHAJBHO COMPAXKEHHOU eif Toukm T’ Ha rpaHu TeTpasapa 06pa3yioT
paBHOI'PaHHBIM TeTpadap. [looToMy Touky T MOXHO CUMTATH AHAJOTOM TOY-
ku Anomnonusa. HeBEIACHEHHBIMEU OCTAIOTCA CACAYIONTAE BOIPOCH.

1. Kak onpegenuTts Touky Toppumdenin Amisd TeTpasapa, CyMMa, IBYTDaH-
HBIX YIVIOB MPU OJHOU U3 BEPUIMH KOTOPOTO Goablie 277

2. CKOJBKO CYIMIECTBYET TOYEK, MTPOEKIUU KOTOPBIX HA I'PAHU TETPAdAPA
06pa3yoT PABHOTPAHHBIN TETPASAP, ¥ KAKAMU CBOUCTBAMU O0MATAI0T COMPSI-
XKeHHbIE K HUM! (DT TOYKM 33JAI0TCA CHCTEMOW TPEX yPABHEHUE BTOPOU
CTENeHU, CIeJOBATEILHO, nX He Gomee 8. Ho He MCKIAOYEHO, YTO YUCIO TEU-
CTBUTEILHBEIX ¥ KOHEYIHBIX CPEAU HUX BCET[a MEHBIIE. )

3. O6nagaoT au TOUYKKM ANONLIOHWS ele KAKUMU-IHO0 CBOMCTBAMMU, aHA-
JOTUIHBIMEA TLIOCKUM |

Bo3M0OXHO, OTBETHI HA 3T BOMPOCHT YAACTCA HAUTHU TUTATELAM.
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