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CuMMeTpHUH IOBEPXHOCTEN U BEIIeCTBEHHEIE
alrebpandecKkne KpUBLIE

C. M. Haranson

Eme apeBHme camTanm, 9TO KPacOTa M COBEPIICHCTBO CBA3AHBI C CHMMe-
Tpuen. C 5TOM TOYKH 3PEHUsA CAMOU COBEPIIEHHON MOBEPXHOCTBIO ABIACTCA
cdepa, uvennas 6eCKOHEIHY0 TPyNny cuMMeTpun. Pazymeercs, He Bce HO-
BEPXHOCTHU 00A3A0T TAKOU GOJBIION I'PYIION CUMMETpHUM. B DTOU CTaThe
MBI O0CY UM, KAKAMHA TPYTIAMA CAMMETPHAX MOTYT O6IaAaTh TOBEPXHOCTHI
B 3ABUCAMOCTH OT MX TOHOJOTMIECKOrO THUHA. MBI yBUAUM, 9TO 5Ta Ipobie-
Ma CBA33HA C TOMOJOTAIECKUMU CBOUCTBAMY BEIIECTBEHHBLIX aareGpanmiecKnx
KPWBBIX.

1. IlepergeM K TOYHBIM ONPEAETCHUAM. B3aMMHO OJHO3HAYHOE U B3AWM-
HO HEIIPpEPLIBHOE 0TOOpAaXeHre HA3BIBAETCA 2omeomopdusmon. IloBepxaocTH,
MEX Iy KOTOPBIMHU CYHUIECTBYEeT TOMEOMOP(}U3M, HA3BIBAIOTCA 20MEOMOPPHbI-
mu. TomeomopdHbIME ABIAIOTCA, HampuMmep, cdepa u Ky6 (puc. 1). He Bce
TIOBEPXHOCTH, pasdyMeeTcsa, romeoMopdHul chepe. He romeomopder chepe,
Hanpumep, Top (puc. 2).

Paznuynble TOBEPXHOCTH MOXHO CKIEHBATEH MeXay cobou. it sToro Ha-
IO BEIPE3ATH Y KAXIOU U3 HUX IO JUCKY ¥ CKJIEATDH MOBEPXHOCTH 10 I'PAHUALIAM
paspesos (puc. 3). Ecim x cdepe npukienTs TOp, TO NOLYIUTCA CHOBA TOP.

Puc. 1. Puc. 2.

MaTemaTudeckoe npocsewenue, cep. 3, sbin. 7, 2003(116-125)
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Puc. 3. Puc. 4.

Ho ecim x cdepe npukrents ¢ > 1 TOPOB, TO HOJYyIATCSI HOBEPXHOCTH, HE
roMeoMopdHaa Hu cdepe, Hu TOpy. Besakas noBepXxHOCTD, ToOMeOMOpPdhHASA TO-
BEPXHOCTHW TAKOTO THUIA, HA3BBIBAETCA noseprrocmuvio poda g. Cdepa mmeer
pozg 0, top — pox 1. (Ha puc. 3 u 4 uso6paxeHsl qBe IOBEPXHOCTH POAA 4).
Bcesakas xkOMmaxkTHas CBSIBHAS OPUEHTHUPYEMAs HOBEPXHOCTHL P 6e3 rpaHums
ABIAETCA MOBEPXHOCTHIO HeKoToporo poga g = ¢(P). IlosepxrocTn pasimd-
HBIX POJOB He I'OMEOMODQHEI.

2. B mIpuBBIYHOM CO ITKOJABI TIOHUMAHUW CUMMETPHA — DTO OTOOpaxke-
HUE IIOBEPXHOCTH B €6, COXPAHAIONIEE PACCTOSHAE MEXy TOYKaMu. Takue
oTo6paxenus 06pa3yOT TPyIIy, Ha3bBaeMyto 2pynnot usomempuii. Camyio
GorsIIyto TpymnIy m3oMeTpui mmeet chepa S = {(z,y,2) € R |22 +9y? 4+ 22 =
= 1}. Beckoneunyio rpynmy m3omMeTput uMeeT u TOp T, MOLY IAIOMIUKCA BPa-
mermeM BOKpYT ocu Y oxpyxuoctu {(z,y) € R? |(z — 2)? + y? = 1}. Moxzo
JIOKa3aTh, OAHAKO, 9TO IOBEPXHOCTH POAA ¢ > 1 MMEIOT JUIIL KOHEIHYIO
IPYIILy U30METPUM.

Bceskas cummerpus nosepxuocTu P siBasieTcss aBTOroMeoMopdu3MOM, TO
€CTb TOMeOMOP(HU3MOM MIOBEPXHOCTH HA ce6sl. VIMEHHO 5TO CBOUCTBO ABIACTCA
PEIAONMM [IPY UCCACAOBAHUM KOHEYHBIX TPYNI W30METPHUM MOBEPXHOCTH.
IlosToMy MBI 6yq€M TOIBE30BATHCS CIACAYIONIAM OIPEICICHUEM:

Iosepxzrnocmpio ¢ cummempuamu HazbBaeTca napa (P, G), cocrosamasn u3
CBA3HOM MOBepXHOCTU P u koHewHOW Tpymnmbl G €e aBTOrOMEOMOPQMU3MOB.

Hosepxaoctu ¢ cummerpusamu (Pp,Gi) u (P, G3) camraorcs monowo-
2UYECKY IKBUBAAECHMHBIMY, €CIU CYIIeCTByeT romeomopdusm ¢: P, — Py
Takoit, 9o PG~ ! = Gs.

Ecam Bce aBToromeomopdusmbr m3 G COXpPAHAIOT OPUEHTAINIO, MBI Oy1eM
rosoputs, 9To (P,G) — n06epIHOCMb ¢ 0PUEHMUPYEMBIMU CUMMEMDUAMU.

[osepxuocTamu poga 0 ¢ OpUEHTUPYEMBIMYA CAMMETPHAAME ABIAOTCA, HA-
npumep, naps (S, G), rae
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1) G — rpyumna moBOpOTOB chEpH S BOKPYT OCH Z Ha yIubl 27 /n;

2) G — rpynna, IOpOX JeHHASA OTPAXKEHUAAME B IPAMBIX £, . . . , £, 1. 31€Ch
£y — 10 ock X, a £ noxydaercs u3 g IOBOPOTOM Ha yrox km/n B ILIOCKOCTA
X,Y;

3) G — opueHTHpyeMasa IpyNNa CAMMETPUHX ILIATOHOBOT'O TEJA, BIUCAH-
HOro B S. (HamomHMM, 9TO CymecTByeT POBHO HATH IMIATOHOBBIX TEI, T.e.
TIPABUIBHBIX MHOTOI'PAHHUWKOB: TE€TPAdAP, KyO, OKTAdAP, MOJEKADAP, UKOCA-
oap. ['pynnel cummeTpun Ky6a U OKTadApa COBNAAAIOT. [ DyIIbl CHUMMETDPUN
IOJEKa’Ipa W MKOCAdIPA TaKkKe COBmAZAIoT [1], cM. Takxke craThio [2] B Ha-
crosmeM COOPHUKE. )

Oxa3viBaeTcs, 9To J106as MOBEPXHOCTL poga 0 ¢ OPUEHTUPYEMBIMHA CAM-
METPUAMM TOIIOJOTUYICCKHN SKBUBAJCHTHA OAHOI‘/JI n3 9TUX HOBerHOCTeﬁ.

IMosepxuOCTH POAa 1 ¢ OpMEHTUPYEMBIMY CAMMETPUAMY TAKIKE IO/ A0 T-
ca knaccndukanuu. OHa CBOAUTCA K KIACCU(DUKAIUA TBYMEPHBIX KPUCTAILIO-
rpadpuUecKux TPYMM, T.e. TUCKPETHBLIX TPYIN ABUXEHUN €BKIWIOBOU TLIOC-
kocTu. Bee Takue rpynmsl onuckBaioTca Teopemon Pegoposa [3].

[MosepxuocTH ¢ cummerpusamu (P, G) poga 0 u 1 MOryT uMeThb IpyIILy CUM-
MeTpuu (G MPOM3BOJIBLHO GOJBIIOTO MOpALKa. s moBepxHOCTER poaa g > 1
aTo yxe He Tak. CormacHo Teopeme ['ypeuna [4], B TOM ciry4ae nopsagok opu-
EeHTUPYEMON rpynnsl cummeTpuu He npesocxoaut 84(g—1). Orcroga cregyer,
B YaCTHOCTH, 9TO IUCJO TOMOJOTMIECKAX TUMOB TIOBEPXHOCTEN C OPUEHTHUPY-
eMbIME cUMMeTpusaMu KoHedHo. [li1s HeGombmmx pogos (¢ < 6) Bce Takme
TUOEL ygaeTcs HauTu [5, 6]. MoXHO HAWTH TakXe BCE TOMNOJIOIMYECKUE TH-
TIBI TIOBEPXHOCTEN C OPUEHTUPYEMBIMA CAMMETPUAMY, OOPA3YIOIUMHA TPYIITY
Buga Zp X -+ X Lp, TAe p — OPOCTOE 4ImcIo [7].

3. lleperigem Teneps K CHUMMETPUIAM, MEHSIOIMIMM OPUEHTAIMNA IOBEPXHO-
ctu P. VIMeromui HeNOABMXHBIE TOYKA W MEHAMIIAA OPUEHTAIAI0 aBTOTO-
MeOMOp(dU3M T HA30BeM 3epKaavhot cummempuetd. [pynna (1), mopox gaemas
3ePKAILHOM CHMMETpPUeH T, COCTOMT U3 2 DIEMEHTOB, T.e. 72 = 1. Crasnas
HNOBEPXHOCTE ¢ cummeTpuen (P, (7)) 6yneT HA3BIBATLCA 3ePKAAbHOU NOBEPL-
HOCMBIO.

IIpocrenmuy npuMep 3€PKAILHON IOBEPXHOCTH — 9TO cdepa S ¢ MHBO-
monwen 7(x,y,z) = (z,y,—2) (T.e. T — 5T0 oTpaxenue B miockoctu z = 0).

[TocTpouMm Temeps 6oIee MUPOKYIO CEPUI0 IIPUMEPOB.

[laBazTe pacCMOTPUM HOBEPXHOCTE POJA h, PACIONOKEHHYIO B IPOCTPAH-
cree R® = {(z,y,2)} Takum ob6pasoM, ITOOLI €e YaCTh, JeXamas B TOLY-
npocTpaHcTBe 2z < 0, COCTOANA U3 N OTAEIbHBEIX AUCKOB. QOO003HAYMM dYepes3
PT wacTs moBepxHOCTH, JeXamIylo B moxympocTparcTse z > 0. OTob6paxke-
mwe 7(z,y,2) = (z,y,—2) nepesogur ee B mosepxHocts P~ . VHBOmOIMSA T
MHAYIUPYET Ha MOBEPXHOCTH Py, = Pt UP~ poma g = 2h + n — 1 unso-
Ionuio T,. Takum 06pasoM, (Pyp, (T,)) — 3epKalbHas IOBEPXHOCTH POAA g.
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Punc. 5.

HenoaBuXHble TOYKA WHBOMIOIAA T;, — 3TO IPAHUIHBEIE KOHTYPHL C1, ... ,Cp
nosepxaOocTH P'. OHE pasersioT IOBepPXHOCTE P, ,, 5a nBe 9acTH Pt u P~
(puc. 5).

3epkaababie noBepxHOCTH (P, (7)), TONOIOrMYeCKU HSKBUBAICHTHHIE
(Py,ns(Tn)), MBI Gy €M HA3BIBATD 3ePKAIbHbIMU NOBEPTHOCTAMY UG (g,n, 1).
WuBomonua T B 5TOM CIydYae Ha3BIBACTCA pazdessrowet.. OUeBUHO, 9TO TO-
BepxHOCTH THHOA (g, k,1) cymecrsyer, eciu u Tomsko ect 1 < k< g+ 1m
k=g+1 (mod 2).

Moaudunupyem Tenepb 3Ty KOHCTPYKIU. KaX Ibi 13 KOHTYPOB C1, . - - ,
Cp MMEET CBOI0 CAMMETPWIO 7);: C¢; — C; — (IIOBOPOT Ha, yroa 7. llaBaure
paspexem P, mo KOHTypam ci,...,¢ (1 <7 < n) u CKIenM X BHOBB «C TO-
BOPOTOM Ha m». [lory4nTca HOBasA MOBEPXHOCTE Py, POJA g, HA KOTOPOM MHBO-
JIOUHUA T, WHAYIAPYET HOBYI0 MHBOMIONUIO Ty i Py, — Py p. HemoasmxabIe
TOYKU UHBOJIONAA Tp_p — DTO KOHTYPHI Cpii,---,Cq. VI OHE HE Pa3bUBAIOT
0BepxXHOCTH Py, (KOHTYDHI C1,...,C TOJ AEWCTBUEM MHBOMIOLVA Tp_p IIO-
BOPAYMBAIOTCSA «HA YTOX T», U, CAEOBATEILHO, HE COAEPKAT HEMOIBUKHBIX
Touek). CornacHo HammM ompegereHusM, (Pgp,(T,—r)) — 3€pKaIbHAA IIO-
BEPXHOCTBb POAA (.

3epkaabubie nosepxHocTE (P, (7)), TOmOIOrMYeCKW SKBUBAJIEHTHHIE
(Pyns(Tn—r)), OYAYT HA3BIBATBHCA 3EPKAALLHLIMU TNOEEPTHOCTMAMY MUNG
(g,m — 7,0). HBOMIONMA T TAKOW MOBEPXHOCTH HA3LIBAETCA Hepazdeastoulet.
PaccmoTpenHas KOHCTPYKIus NOKa3BIBAET, 9TO IOBEPXHOCTH THna (g,k,0)
cymecTByeT, ecin u Toiabko ecan 1 < k < g. Henogeuxasle Touku oTobpa-
XEHUA B DTOM CIydae PaclafaroTcA Ha k MPOCTHIX 3aMKHYTHIX KOHTYDPOB, HE
Pa3bUBAOMIMX IOBEPXHOCTD.
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3amevaTenbHas TeopeMa Banxonsga [8] yTBEpKAAET, UTO 410044 3€PKALb-
nasa nogeprrnocmy (P, (7)) asasemes 3epraavnoti noseprrnocmuio muna (g, k, €)
(ede € = 0 uau 1). Bonree Toro, zeprasvrbie NOBEPTHOCU MONOAORUUECKY
IKEUBAAECHINHBL, €CAU U MOALKO ecau oWy umetom odunaroswviti mun. (IIpo-
CTO€ NOKA3aTEeIbCTBO DTOM TEOPEMbI MOXHO HauTH B [9]).

U3 Teopemwb Banxombga cregyer, B 9aCTHOCTH, 9TO MHOXECTBO HEMO-
ABUXKHBIX TOYEK 3€PKAILHOUM CHMMETDHUE T DACHALAeTCA Ha k MPOCTHIX 3a-
MKHYTHIX KOHTYDOB, Ha3BIBAEMBIX 3€pKaiamu. Mel OyseM 0603HAYATH THUCIO
3epkaa gepes |T|.

4. TlpomssonbHas noBEpXHOCTH ¢ cumMmeTpuamu (P, G) moxer, pazymeer-
€A, CONEPKATH HECKOJBKO 3€PKAILHBIX CAMMETPHH T1,...,T, € G. OxaswBa-
eTcs, 9T0 9TOT HAbop {71,..., T, } obIagaeT pAIOM 3aMeYATEIbHEIX CBOMCTB.
ITepsoe u3 mux |7;| < g+1 (mepaBerncrso XapHaka) cpa3y CleayeT U3 TEOPEMbI
Banxonsga. Uz Hee xe caemyeT, 9TO oTa OIEHKA gocTuraerca. [locturaercs
TakXke u oneHka |7i| + |72| < 2¢9 + 2 (cm. pumc. 6).

Puc. 6.

Tewm 6onee yIUBATEIHLHON KAXKETCSI TEOPEMA, YTBEPKAAOIMNAA, ITO
n
> Il <42(g—1) mpmg > 1 [10]
i=1
u naxe, 6oree TOrO,
n
DIl <12(9—1) mpmg > 9 [11].
i=1
Ecmr a € G saBaseTcsa 3epkaabHOM cuvmmerpueir u h € G, To f = hah ™!

OyIeT TOXe 3ePKAILHON CuMMeTpren. Takue CHMMETPUN HA3BLIBAIOTCA CONPA-
scenubimy. OKA3BIBACTCS, 9TO MAKCAMAIBLHOE YACIO TOMAPHO HECONPIKEHHBIX
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3ePKAIbHBIX CAMMeTpul He npeBocxoauT 2(1/g+1) u 5Ta oneHka [0CTUraeTCs
A1t 6eCKOHEIHOro uuciaa pas3sbix ¢ [12]. Ecan Bce oTu cummeTpun pasgensio-
I7e, TO CyMMAPHOE YMCIO WX 3€PKAT He TTPeBocxoauT 2g — (n—9)2" 3 — 2 <
< 2¢g+30 [13]. Eciu xe g — YeTHOE, TO ONAPHO HECONPSXKEHHBIX 3E€PKAILHBIX
cummeTpui He Goree deThipex [14].

YaaeTca Takxke HOTHOCTHIO HEPEYUCINThH BCe Trpynnbl (G, comepxaiiue
3€pKaJbHblE CUMMETDHUHU C YUCIOM 3€PKaJ, PABHBIM WIU OOJBIIMM HY€M POJ
nosepxrocru [10, 15].

5. DTH 9UCTO TOMOJOTHYECKHE PE3YIbTATH HMEIOT BAXKHBIE IPUIOKEHUA
B Teopuu arre6pamvecKux Kpusbix. HauneM ¢ ompeereHui.

ITwockas afPunnas wpusas nad nosem K ompemersercs moOImHOMOM
F(z,y) ¢ xoodpunmentamu u3 K. Muoxwcecmeom ee K-mouex sBasercsa Muo-
xectso map (r,y) € K? rakux, aro F(z,y) = 0. [oBOps 0 KpWBBIX HAT HOIEM
K, mp1 6ygeM Bcerjga CuuTaTh, ITO OHU uMeloT K-Toukm.

[Ipocrenmas HeTpUBHAILHAA AdPUHHAL KPABAA — DTO 2UNEPIAAUNITIUYE-
cxas wpusas F(x,y) = y?> — f(z), rme f(r) — MHOTOWIEH ¢ MOMApHO pas-
JWYHBIMA KODHAMY L1, X2, ... ,Lon—1- Bcam F — BemecTBennas kpusas (T.e.
K=R)u f(z) = Hfgfl(w —z;), 7Ae T1 < ... < Top—1 € R, TO ee BemecTBeH-
HBEIE TOYKM — 9TO mapHl (z,++/f(x)), rge z € [x2i_1,22)] (i =1,...,n—2)
wm T > Top_1. llocae gobasreHuws Toukm (00,00) MHOXECTBO BEIIECTBEH-
HBIX TOYEK KPUBOU F' PACHALaeTCAa HA 7 3aMKHYTHIX KOHTYPOB, HA3BIBAEMBIX
oBaramu (puc. 7).

Yy

/‘\ m )
z1 \j@ T3 USM Ton—1

Puc. 7.

[TocKOMBKY BEIIECTBEHHBIE YUCIA ABIAITCA YACTHBIM CILY93a€M KOMILIEKC-
HBIX 9mCeT, MBI MOXEM paccMaTpuBaTh abduanyo Kpusyo F(z,7y) = y? —
— f(z) n xak kommrekcuywo kpusywo (T.e. K = C). Ee xoMmekcHbie TOYKH
umeror Bug (xz,++/f(x)), e B KadecTBe & MOXET TeNepb BHICTYNATH JIHO-
6oe xommekcuon wucao r € C. IlosToMy MHOXECTBO KOMILTEKCHBEIX TOYEK
KOMILIEKCHOM KPUBOW CBA3HO M AByauCTHO HakpwiBaeT mHOXecTBO C. ITocae
H06ABIEHNS TOYKH (00, 00) TO MHOXECTBO IPEBPAIIAETCA B KOMIIAKTHYIO I10-
BEPXHOCTB pojga g =n — 1.

[Toxoxee CTpPOEHME MMEET W MHOXECTBO KOMILIEKCHBIX TOYEK IIPOU3-
BOJBLHOM IIOCKOM KOMILTEKCHOM adduunon kpusou F. OHO momxydaercs
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BLIKAJIBIBAHUEM U CKICMBAHUEM KOHETHOI'O 9HCIA TOYEK HEKOTOPOU (BO3MOX-
HO, HecBasHoM) nosepxuocTu C(F). Ecim C(F) — cBA3HAA MOBEPXHOCTH, TO
TOBOPAT, 9TO KPUBASL HENPUBOIUMA.

HanomuuwMm, 9T0 payuonaivnoti @gynkyuet, HA3BLIBAETCA OTHOLICHWE MHO-
rowieHoB. [Ipou3BOIBHAS DPAIMOHATLHAS 3aMEHA IepeMeHHBIX T — &(s,1),
y > n(s,t) ¢ koapdunmenramu n3 K nepesogur adpdunnyio kpusyo F(z,y)
B adPUHHAYIO KPUBYIO Fv(s,t). Ecau cymecTsyeT m o6paTHAs parMOHAILHAA
3amena ¢ kodddunmenramu u3 K s — a(z,y), t = B(x,y), To roBopar, 9To
kpussle F(z,y) n F (s,t) 6upanmonarsao nzomopdus: Hag K. Krace 6upany-
OHAJIBHON M30MOP(PHOCTH IIOCKON adPUHHON KPUBON HA3BLIBACTCA GA2€0DaU-
yeckol kKpusol.

Hosepxuoctu C(F'), oTBevamme GUPATUOHAILHO U30MOPGhHBIM addus-
HBIM KOMILJIEKCHBIM aJI]."e6pa.I/IquKI/IM KPDUBBIM, OTOXICCTBAAKOTCA. HOSTOMy
MOXHO CYATATDH, YTO HEINPUBOAUMOU KOMILIEKCHOU AITre6pamvdecKON KpPUBOU
F orsevaer mekoropas nosepxaocts C(F') poga g = g(F).

Bocmonbayemcs Temeps TeM, YTO BEMIECTBEHHBIE UUCIA ABIAIOTCA YaCT-
HBEIM THUIIOM KOMIUIEKCHBIX ducel. 1103TOMy MBI MOXEM PaCcCMaTpPUABATH ILIOC-
KYyIO BeIleCTBEHHYIO KpuByl0 F' u kak adduUHHYIO KOMILIEKCHYIO KpuByio Fr.
Ha s3bike TOYEK 5TO 03HAYAET, 9TO KPOME BEIIECTBEHHLIX PEUICHUN yPaB-
uernusa F'(z,y) = 0 MBI paccMaTpUBAeT M €ro KOMIUIEKCHBIE perreHus. Berre-
CTBEHHAA KpwBasA F HA3LIBAETCA Henpusodumoll, ecim Fr — HempuBOamMas
KOMILIEKCHAs KpuBasd. [lanbime MBI CIMTaEM, 9TO BCE PACCMATPUBAEMbIE KPH-
BbI€ HEIPUBOJLUMEL.

BBugy BemecrBerHOCTH K03DGUIMUEHTOB TOTUHOMA F' BMECTE C KX IBIM
pemenunem (z,y) € C ypasmenma F(z,y) = (0 pemenumem 3TOro ypaBHEHUs
ABISAETCA Takke U mapa (Z,y). Takum o6pasom, coorsercTsue (z,y) — (Z,7)
nopoxgaet 3epkanbuyio cummerpuio 7p: C(Fg) — C(F¢). Ero menoasuxabie
TOYKYM — DTO BEIIECTBEHHBIE TOYKYU KpuBon F'. Kak MbI yxe 3HAEM, 5TU TOYKHI
obpasywoT k < g + 1 3epkan. DTu 3epKaia HA3LIBAIOTCA 0604AMU BEIIECTBEH-
Hol KpuBo# F. BemecTBeHHas rumepariunTHdeckas Kpupag F = y2 — f(z),
HAaIpUMep, UMeeT 1 = g + 1 OBAIOB, OTBEYAIINX OTPE3KaM [T1, T2, [T3, T4],
evy [Ton—_1,00] (cMm. pmc. 7).

TakuMm 06pas3oM, MBI COMOCTABHIN KAXIOU BEIIECTBEHHOW aareGpanmde-
ckou kpusou F' zepxansryio nosepxuaocts (C(Fr), (7). MoxnO mokasaTs,
9YTO HTO COOTBETCTBUE ABIAECTCA B3AUMHO OJHO3HAYHBIM [16].

6. CooTBercTBHE MEXIYy ANTE€OPANIECKUMHA KPUBBIMEA U IIOBEPXHOCTIMU
TMO3BOMAET MCCAEAOBATEL CICAYIONIAN BAXKHBIA IS TPUIOXKEHUN BOMPOC: Ha-
CKOJIBKO TIOJTHO KOMILTEKCuUKAIusa Fr BEIIECTBEHHON AIreGpamvdecKon Kpu-
Bou F' ompegenseT caMy BEIIECTBEHHYIO KPUBYIO!

Ha s3pixe addUHHBIX KPABBIX DTOT BONIPOC O3HAYAELT CACAYIONIEe: KAKIUMMU
cBoUCTBaMU OGIAMAIOT OUPAIMOHAILHBIE KOMILUIEKCHBIE 3aMEHBI TIEPEMEHHBIX
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(z,y) = (§,n), mepesofsamue ApYT B APYra BeUECTBEHHBIE adUHHEIE KPU-

Bole F'(z,y) u F(s,t). [Ipusegem npumep, NOKA3BIBAIOIMT, 9TO TAKAE 3AMEHBI
CYLIECTBYIOT.

MpumeP. Kpusas Fi(z,y) = y% — z(2® — 1) neperoaurcs o6parumoi 3a-
MeHOH (s — & = €'5s,t > y = ei%”t), (x> s=e 5z, ym—t= e_i%”y)
B xkpuBy0 Fy(s,t) = t? — 5(s® + 1). Ora xe xpusas F| mepesoguTcs obpa-

™

v v uU—1 4e'% 11—z
THMOM 3aMeHOR (U = T = ——, v = §y = ———=), (T = u =1 ,
ix —u—1 (u+1) 1+
Yy v = (8j_74)5y) B kpuByio F3(u,v) = v2 —u(u* — 1)(u* — 6u? + 1).
T 2

Ha reomeTpudeckoM A3LIKE BEIIECTBEHHBLIM KPUBBLIM C OOIIEN KOMILIEKCH-
uKanmen OTBEYAIOT PA3IUIHLIE 3€PKATHHBIE CAMMETDPUA T OTHOU U TOU XKe
noepxaocT P. YTOouHUM 5TO cooTBeTcTBHe. Ha camMoM jere MOBEPXHOCTH
P = C(L), orBevamomas KOMILIEKCHON AIreOpamveckon Kpusou L, sBiaseT-
Csl PUMAHOBOU TOBEPXHOCTBIO, TO €CTh 00J3[aeT KOMILUIEKCHON CTPYKTYPOH.
BTO O3HAYa€T, 9TO MaJCHBKAA OKPDECTHOCTH Ka.)K,II;Oﬁ TOYKHU ITOBEPXHOCTH B3a-
MMHO OJHO3HAYHO MPOEKTUPYETCA HA KOMILIEKCHYIO WIockocTs C, m Bce oTm
TIPOEKITAHA COTVIACOBAHLI MeX 1y cobou. Hampumep, B crydae KOMILIEKCHOU T'H-
MEPYILUTATITAYECKON KPUBOX DT, MPOEKITAA TIOYUTH A BCEX TOYEK MMEET BU[L
((z,v/f(z)) = z). IIpr g > 1 aBTOroMeoMOpPHU3MEI, COXPAHAIOIIYE DTy KOM-
IUIEKCHYIO CTPYKTYPY, O6pasyioT KOHEYHYIO T'PYIILY, HA3LIBAEMYIO T'DYIIIION
aBTOMOP(U3IMOB PUMAHOBOU MOBEPXHOCTH.

Ecim L = Fr — xoMmiueKCupUKAIUA BEIIECTBEHHON aIre0pamIecKou
kpuBou F', TO 3epKaibHAA CUMMETDUS TF MEHAET KOMILIEKCHYI CTPYKTY-
Py Ha KOMILIEKCHO COTMPAXEHHYI0. [[pyrumMu cioBaMu, Tp ABIAETCS AHTHU-
romoMOpGHON MHBOIIIMEN. Bomee TOro, OKa3bIBAETCA, ITO Ji06AA AHTHU-
romoMopdHas HWHBOMONUA C HEMOABUXHLIME Todkamu T7: P — P umeer
BUA T = Tp, 'ie F' — HeKOTOpas BemECTBEHHAsA aarebpamveckas Kpu-
Basg [16].

Kpowme Toro, npoussegenue 006X IBYX aHTUTOIOMODGHBIX WHBOJIOIUN
ABIAETCA aBTOMOPPU3MOM PUMAHOBOW MOBEPXHOCTH. Takmm 06pa3zomM, aHTH-
rosoMOp¢HBIE MHBOMOIAN MTOPOXK JAI0T KOHEYHYIO Ipynny G, ¥ MBI TTOJIydaeM
HNOBEPXHOCTH ¢ cumMmeTpusamu (P, G).

Bupammonansubin m3omopdusM Hag R BEMIECTBEHHBIX KPUBHIX F u F
O3HATAET, ITO OTPAKEHWS TF W T COMpPsKeHsl B rpymme G. Taxmm o6pazowm,
BEIIECTBEHHLIM KPUWBBLIM C PUMAHOBOW MOBEPXHOCTHIO P B3aMMHO OXHO3HAM-
HO OTBEYAIOT KIACCHI COMPAXEHHOCTHW 3€PKATbHBIX cuMMeTpuu m3 G. ITo
COOTBETCTBHEC MEXAY BEIICCTBECHHBIMU a.JIFera.I/I“IeCKI/IMI/I KPDUBBIMA W 3€P-
KaJbHBIMU CUMMETPUAAMUA MO3BOJIACT UCIIOAB30BATH TOIOJOTUIECCKUE CBOﬁCTBa.
3E€PKAIBHBIX CAMMETPHUH IS UCCISAOBAHUA OUPAIMOHAILHBIX OTOOPaXKEHUN
MeX [y aarebpanvdecKuMy KPUBLIMA.
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[IpounnmiocTpupyeM 5TO Ha IpUMeEpPE OMUCAHHBIX BHIIIE BEIIECTBEHHBIX AJ-
re6panveckux kpuBbix Fy, Fy, F3. Ux o6mas KOMILIEKCU(PDUKAIAA ABISICTCSI
PMMAaHOBOM MOBEPXHOCTBI0O P poga 4. DTw KpuUBBIE MMEIOT COOTBETCTBEHHO
[IBa, OOVH W YeTHIPE OBaJaa. TOmoJOrmYecKas KIacCupUKAIUA MOBEPXHOCTEN
¢ cummerpuavu (P, G), rae rpynna G COZEpXUT CUMMETDUM C TAKAM UW-
CJIOM OBAJIOB, TOKA3BIBAET, IYTO B DTOM CJIydIae MHOXECTBO 3€PKAJBHBIX CAM-
MeTpu# m3 G pacmagaeTcsa Ha 3 KIACCa COINPIXEHHOCTH. TakmMm o6pasow,
BCAKAA 3ePKaJIbHAA CUMMETpHA U3 G COIPAXKEHa 3ePKAIbHOU CUMMETDHH TF;,
rae 1 = 1,2,3. Ha s3p1ke GupanmuoHAILHEIX OTOOPAKEHUN 3TO O3HAYAET, ITO
€CJII MeX Ty BEIIeCTBEHHBIMY aarebpandeckumu KpuBsiMu F' u F) cymecTByeT
obpaTuMoe GUpaTMOHATHEHOE OTOOpaXKeHNe C KOMILIEKCHBIMY KO3 PUITMEHTA-
mu, TO MexAy kpusou F' w ogmom w3 kpusbix F; (1 = 1,2,3) cymecrsyer
obpaTumoe OMpanmoOHATHLHOE OTOOPAXKEHWE C BEMIECTBEHHBIMU KOXDPUImen-
TaMu. ITOT, KA3AIOCH OBl (POPMYIbHLIN (HAKT, MO-BUAUMOMY, HEBO3MOKHO
J0Ka3aTh 6e3 UCHOAB30BAHUA TOMOJIOrTIeCKUX coobpaxenuu [10] u MeTo10B,
OCHOBaHHHIX Ha reomerpuu Jlobadesckoro [15].
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