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TMokazaTeancTBo TeopeMrl [loncene mo [lapby

B. B. IIpacomos

Teopema Ilomcene cocrout B caenyromem. Ilycrs 3agansr aBe kouuku [y u s,
HE KACAIOIMUECa Apyr Apyra. B xoMmiekcrou curyamun w3 xaxaou toukum A; € T'p,
OTJIUIHOU OT TO4YEK mepecedenusn ['1 u ['a, MOXHO MPOBECTU POBHO [BE KACATEILHEIX
x ['s. [losToMy MOxHO mocTpouTs JoManyo Ay Ay ... Ay Aptq Tak, 9TOOH €€ Bepruu-
uel A; nexanu ua 'y, a npavete Ay A, AsAsg, ..., A, A, 41 xacamucs [y (mogpasyme-
BaeTcs, 9T0 Ao # A;). lpennonoxum, 9T0 aus HEKOTOPON TOIk: A; Touka A,
coBmana ¢ Ap, T.e. IOIyINIACh 3aMKHYTasA N-3BEHHAA JOMaHaA. Toraa u mpu J000M
BEIOOpE TOUKE A1 € 'y TOXE MOLyImTCa 3aMKHYTAA N-3BEHHAA JOMAHAS.

O 10 w3 HanbOIee NOHATHEIX JOKA3ATENbLCTB Teopemul Ilorcene npemtoxma lap-
6y [[d]. On 3amermn, uro Teopemy IloHcere yno6HO NOKA3EIBATH, UCIOAB3YS CACTE-
My KOOPAWHAT, B KOTOPOU TOJOXKeHWe TOUYKM A 3a1aéTca OByMsA KaCATEIbHBLIMU K
HEKOTOPOU (PUKCHPOBAHHOU KOHWKE, MPOBEAEHHEIME 13 Touku A. B xagecTse ¢puk-
CUPOBAHHOU KOHUKYU MOXKHO BHIOPATH TMPOU3BOJBHYIO KOHUKY, TIOCKOILKY TTPOEKTUR-
HBIM TIpeo6pa3oBanueM J0YI0 (HEBEIPOXKACHHYI0) KOHUKY MOXKHO [EPEBECTH B JIO-
Oy apyrywo. BribepeM KOHEKY, KOTOpad B OZHOPOAHEIX KOOPAMHATAX (T : Y : 2)
sagaércs ypasHeruem y2 = rz. Touku >Ton koHUKE nmeroT koopauuarht (1 : ¢ : 12);
npu ¢t = 0o moaygaeM Touky (0: 0 : 1). Kacareasnaa B Touxe (g : Yo : 20) 3amaéTCA
ypaBHeHueM 2yoy = Toz + 2o%, T.e. t?x — 2ty + z = 0, Tge t — mapaMeTp, COOT-
BETCTBYIOIMY TOYKE (T : Yo : 20). ITOOLI HAUTH ONHOPOIHBIE KOODAUHATE TOYKA
TepPeCceveHusa B TOYKAX C TMapaMeTpaMu t; U tg, HYXKHO PEIIUThL CUCTEMY JUHEUHBIX
ypaBHEHUN

t?m—Qtiy—{—z:O, 1=1, 2.
Pemas eé, noaygaem

2y = .’L'(tl + tz), z = xtito.

IIPUMEP 1. Hczoduas wowuxa y?> = zz 6 xoopdunamaz (t1,t2) 3adaémca ypas-
nenuem (ty + t2)? = dt1ty, m.e. (t; —t2)%2 = 0.

IIPUMEP 2. Kacameavnas % uczodmoti xonuxe 6 mouxe (1 : a : o?) 3adaémea
ypasnenvenm (t1 — a)(ta —a) = 0.

Ham morpelyercs onucanue CeMEUCTBA KPUBHIX MUHUMAJILHOU CTEIEHU, [IPOXO-
OAIIAX Yepe3 BCe TOYKU IEPECEYEHNI N NPAMBIX OO0MIEro MOJOXKEHUs Ha INIOCKOCTH.
Kax nas us »Tux OpsMbIX IepecekaeT TaKy KPUBYIO B N — 1 TOUKaX, IODTOMY CTe-
TIeHb KPUBOM HEe MOXKeT OLITH MeHbIIe 1 — 1.

MaTemaTu4eckoe npoceewenue, cep. 3, Bein. 5, 2001(140-144)
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JIEMMA (APBY). Ypasnewue 060t xpusot cmenenu n—1, nporodswet uepes
8Ce MOUKU NEPECEUECHUS NPAMBIE, 3000HHVIL AUHEUHLIMY ypasHerusmy Py = 0,...,

pn =0, umeem sud
A An
—+...+—1)=0
P pn(?l pn) ’

2de M1, ..., \p, — Hexomopvie Koncmarnmuvl (Npednoasaz2aemcs, wmo 6ce Mouky nepe-
ceuenus JanHbIT NPAMBIL TONAPHO PASAUUNDL).

HOKA3ATEJILCTBO. IlycTs paccmarpuBaemas Kpusas 3a1a8Tcsa ypasuenuem C' =

= (. BosbMéM npsmyio [, mepeceKaromy IPAMEIE D1, . . . , Pp B 1 PAIMYIHBIX TOYKAX
Z1,-.., Ty, 1 BEIOEPEM YUCIA \; TAK, YTOOBI B TOYKAX &; BHIIOIHAIOCH PABEHCTBO
A A
C—pl-...-pn(—1+...+—n>=0. (1)
p Pn
[lJ1s1 3TOr0 HyXXHO OJIOXUTH
fopi(@i) e pilma) ()

Torga paseHcTBO (1) BEIIOIHAETCA B N PA3IAIHBIX TOYKAX KAXKAOU NPAMON p;. Ecan
paBeHcTBO (1) BHINOJAHAETCA He AJA BCEX TOYEK ILIOCKOCTH, TO OHO 334aéT KPUBYIO
crenenu He Boime 1 — 1. Ho 5Ta kpuBas moKkHA COIEPKATH BCE IPIMEIE P;, ITIOITOMY
eé crerneHb He MOXeT OBITHL MeHbIle 7. llpuxonum kK npoTuBopeunio, mosromy C =

A A
:pl-...-pn(—1+...+—”> =0.

p1 Pn
BrifepeM B Ka4eCTBe IPAMBIX P1, . . . , P KACATEIbHEIE K KOHIKE Y2 = T2 B TOYKAX
C mapaMeTpaMu Q, .. ., &p. CoruacHo semme [JapOy kpusas crenenu n — 1, mpoxoas-

Imad 9Yepe3 TOYKM NepecedeHns dTUX IPAMEIX, 3a0a6TCA yDaBHEHIEM

i:zl (t1 —ag)(t2 — ;) 0

Tox gecTBO

i Ai (2t

t1 — a; to — oy - (tl — ai)(tz — ai)

TIOKA3LIBAET, YTO MOCJIE YMHOXKEHUSA Ha ty —t] DTO ypaBHEHME MOXKHO 3aIIUCATH B BUAIE
n n
Z i Z Ai
t1 —a; to —a;
=1 1 [ =1 2 i
HamoMHEM, 9TO TOYKH, IJIsI KOTOPHIX t1 = to, JEXKAT HA UCXOLHON KOHUKE y? = zz.
ITycTs

i P,_1(t) _
t—a;  Qn(t) = R(®),

n
i=1

rae Q,(t)=(t—aq)-...- (t —a,) u P,_1(t) — MHOrOUIEH cTenenu He BoIIe 7, — 1.
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PasenctBo R(t1) = R(t2) sxBuBanenTHO paBeHcTBY R, (t1) = R, (t2), rae

_ P,_1(t)
Qn(t) + pPn1(t)

OTO 03HAYAET, ITO MJIA BCEX [ TOYKU TEPECEICHMSA KACATENBHLIX B TOYKAX C Ha-
pameTrpamu i (), - - -, an (@), vae ay(p), ..., an(u) — xopuu muOorowieHa @, (t) +
+ puP,_1(t), mexar Ha OOHOUM W TOU Xe KPUBOU cTemeHu 7 — 1. [leRCTBUTENBHO,
panuoHaIbHY0 GyHKIMO R, (f) MOXHO IpeICTaBUTL B BUIE

Ry(t)

n

Lty —ai(p)’
=1

31€Ch IPENOIATAETCA, ITO TUCHA (1 (1), - - . , 0y (f4) TOMAPHO pasmmanbL')

st n = 3 u n =4 reopemy Iloucene reneps jgerko goxkasars. llpu n = 3 6epém
TPEYrOJIbHUK, BIUCAHHEIU B KOHUKY 'y 1 omucaHHbiz BOKPYTr KoHuku ['a. CymecTBy-
€T OJHOTAPAMETPUIECKOE CEMENCTBO TPOEK MPAMBIX, KOTOPHIE KACAIOTCA KOHUKHU ['o
¥ TOYKU TepecedeHus: KOTOpHIX JexaT Ha koHuke ['7. [lpu n = 3 Bce TOuku mepe-
CeYeHUs MPAMBIX SBJISAIOTCS BEPIIMHAMY PACCMATPUBAEMOU JOMAHOU, & KPOME TOro,
HUKAKUX OPOGJIEM ¢ BO3MOXKHBIM CAMAHAEM TOYEK ;) He BO3HUKAET 110 IeOMEeTPHU-
JecKuM COoOGpaKeHmaM.?)

[ass n = 4 Toxe HeT mpobieM C BO3MOXKHBIM CIAAHUEM TOYEK ;({), HOTOMY
9YTO B HTOM CIy9a€ MOTYT CIATHCA TOMBLKO TOYKE (), COOTBETCTBYIOIME COCE-
HUM 3BEHBLAM JOMAHOU, a TOTAa MoaydaeTca kacanue kouuk 'y u I's. Ho qna n = 4
yXK€ HE BCE TOYKU MEPECEUYCHUsA MPAMEIX SBIAIOTCA BEPIIMHAMU PACCMATPUBAEMOU
JIOMAHOW: s 9€THIPEXYrOJbHUKA IOMUMO BEPIIMH €CTb eI M TOYKM IIePEeCeICHUs
NPOJOIXKEHNN CTOPOH. depes 5T 6 TOYEK mepecedeHns CTOPOH YeTHIPEXYTOMbHUKA,
¥ UX TPOJOKEHUU HYXKHO MPOBECTU KPUBYI) CTEMEHU 3, TPUIEM KPUBAA, TPOXO 15~
A Yepe3 BEePIIUHEL YeTHIPEXYTrONbHUKA, TOMKHA ObITh ganuoun kouumkou I'. Taxas
KpUBasA NOMXKHA OBITH OObEAUHEHNEM KOHUKM | ¥ mpAMOU [, COeAMHAIOMEN TOYKA
IepeceyveHns MpoOgoLKeHn CTOPpOH. CymecTByeT OqHONaPAMETPUIECKOe CEMENCTBO
9eTBEPOK MPAMBIX, KOTOPLIE KACAIOTCA JAHHOM KOHUKMA M TOYKM IIEPECEICHUs KOTO-
peix qexat Ha [ u [. BooOmwe roBops, BepinHa, Y€ THIPEXYrOAbHAKA MOV ObI IpU
IBU2KEHUM «[1€peexaThy ¢ KOHuky I’ Ha npsamyo [. Ho I' u | He umeroT BemecTBeHHBIX
TOYEK CAMOIEPECEeICHMUS.

Ilpu n > 5 npo6aEMEL C BO3MOXKHEIM CAUSHUEM TOYEK (1) U C Iepee3xaHueMm
BEPINUH JOMAHOU C OJHOU BETBU KPUBOU HA APYTYIO CTAHOBATCS GOJee CIOKHEIMI.
ITosToMy mogonaém K 3amade mo-apyromy.

Paccmorpum momanyo A; Ay Az ..., BEpIIMHBI KOTOPOU JE€XAT HA KOHUWKE ['7, a
3BEHbA KACAIOTCA KOHUKU ['5. Mul cHOBa OyneM 3aJaBaTh MOJOXKEHUE TOYKU KOOP-
IUHATAMU, CBA3aHHEIMU ¢ KoHuUKOU ['s. Bymem mpegnoaarars, uTo Touka A; umeer

1) Cosnagenue uncen a;(p) u o (p) mpu ¢ # j COOTBETCTBYET TOMY, YTO DU JAHHOM 3HAYEHUM [
BMECTO 3aMKHYTOH 71-3B€HHOM JOMAHOU IOABIAETCA (n/k)-3BeHHAA IOMaHasg, KOTOpas 00XOAUTCA k
pa3. B gencTBUTEILHOCTH TAKOrO He GEIBAET, HO 3TO TPeOyeT OTAENLHOrO NOKA3ATENLCTBA.

2)B yciaoBum TeopeMnl IloHCene npeamonaraeTca, 4To KOHUKY ['1 u ['o He KacatoTca. U3 cauanus
ABYX TOYEK Q; (l,L), COOTBETCTBYIOIMUX COCEIHUM 3BEHBAM ﬂOMaHOﬁ, BEITEKa€T KaCaHVEe KOHUK. AsB
TPEeyroJbHUKE JI00as 1Mapa CTOPOH COCENHSA.
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xoopauHaTH (01, ;). Konuka I'y 3agaérca ypasuenuem f(¢1,t2) = 0, rae
F(t,ta) = at?ts 4 btyto(ty +to) + c(t + 13) + dtyty + e(ty + o) + f.

BrIaCHEM, KAKMM yPABHEHNEM 3a,1a8TCA KPUBAsA, HA, KOTOPOM JIEKAT TOYKH Iepecede-
Hus npameix A; 1 A; 1 Ajp1 Ao, s 5TOr0 HyXHO UCKIIOYATH (v; U3 COOTHOIIEHNN

f(ai_l,ai) =0mn f(ai,a,url) =0.
Dyuknuio f MOXKHO MIPEICTABATHL B BUIE
flti,t2) = alt)ts + Bt )t +(t) =
= a(t2)f; + B(t2)ts +7(t2).
YTOOH UCKIIOYATE (v U3 YPABHEHUN
afai1)ad + Blai—1)a; +v(ai1)
a(aiy1)of + Blaip)ai + y(aip) = 0,

=

HYXHO COCTAaBUTH PE3YyJBTAHT

a(aifl) B(az’fl

)
0 a(a; 1)
)
)

vgamg ( 0 |
Blai-1) vy(ai—1)| _ o
7%%’4—1; 0 = ®(a-1,Q41)-

B (072N |

a(ait1)  Blaitr

0 (@it y(@iy1)

Touku nepecevenus npaMuix A; 1 A; u A;y1 4,402 JeXaT HA KPUBOU, 33 JAHHON yPAB-
menmeM P (t1,t2) = 0. HemocpeacTBeHHO w3 ompeneneHus BUAHO, 9TO P(t1,ts) =
= ®(ty,t1) m ® pemurcs ma t; — to, moaTomy @ nemmresa ma (t; — t2)?. Paccmarpu-
BAaEMBIU PE3YJbTAHT ABIAETCA MHOMOWIEHOM cTermeHd 4 (10 KaxkI0U MepeMeHHON),
HOTOMY HOXY9aeM CHMMETPUIHOE KBaAPATUIHOE cooTHOmenue fi(a;_1, ;1) = 0,
KOTOpPOE 331a8T KOHUKY.

IMokaxewm, uTo 1 pu a1060M k TOUKM nepecedeHus IPAMeix A; 1 A; m A p—1 A
OyIyT J€XKATh HA OTHOU KOHUWKE. [Ipeamonoxum, 9T0 y2Ke U3BECTHEL CUMMETPUIHEIE
KBaIpaTUIHLIE (IO KAXKOU TIEPEMEHHON) COOTHOIICHNS

floj—1,03) =0,  fi(ai—1,0441) =0, ...,  fe—1(@i—1,0448-1) =0.

Mu1 xoTuM oy auTh cooTHOmeEHue fi, (a; 1,4 r) = 0. 14 3TOr0 HyKHO UCKIIOYUTH
Qjtkp—1 U3 CUCTEMBI ypaBHeHI/Iﬁ fk,l(ai,l,a,q_k,l) = 0, f(ai+k,1,a,-+k) = 0.
B pesyabrare momyuum coorHomenue 4-u cremenu P (a;_1, ;) = 0. Pyskuus
flaiyk—1,t) obpamaeTca B HyJb HEe TOJBKO NPU t = (ljtg, HO U IPA t = Qiyp—2-
TMostomy ®(a;_ 1,1 k_2) = 0. D10 ozmauaer, uro muorowied ®(x,y) nerurca Ha
fe—2(z,y), T.e. neIUTCA HA COOTHOIIEHWE, CBA3EIBAIOMEE (; 1| W Qitk_2. OCTASTCS
IIPOBEPUTH, 9TO MHOrO4UIeH f, = ®/ fr_o cummeTpuyes.

Yr06B CMMMETPUIHOCTE COOTHOIICHWS, CBA3BIBAIOIIETO (1 U (ljtf, OBLIA OTe-
BUHA, MOXHO DTO COOTHOLIEHHE MOJIY4YNUTH MO-Apyromy. Byxem mocaegoBaTenbHO
UCKIIOYATD (U, Qlit1y - - - 5 Oitk—1 U3 cooTHOmernun f(a;—1,a;) =0, f(az,aip1) =0,

s flark—1,@iyr) = 0, IpUUEM Kaxk ABIA PA3 MOy Y€HHLIA MHOTOWIEH 0y 1eM COKPa-
maTh Ha f;. Eciu BOCIONB30BATHCA CHUMMETPUIHOCTBIO MHOIOWIEHOB f, fi,..., fr—1
7 00paTUTE MOCIEL0BATENLHOCTD BEIYUACAEHUN, T. €. UCKIIOYATD (it f—1, - - - Qi 1, iy
u3 f(ai-l—k:—la ai-l—k) =0,..., f(aia ai-l—l) =0, f(ai—la Oéi) =0, o8B pe3yabTaTe NOoIy-
YUM TOT € CAMBIM MHOTOUWIEH fi. [[03TOMYy MHOTOWIEH f}, CUMMETPUYEH.
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Teneps mpu n > 5 Teopema IloHcesre merko AOKA3LIBAETCSA, MOCKOJIBKY TOYKA
Ay, ..., A5 ONHO3HAYHO 33MAIOT KOHUKY, & 3HAYAT, TOYKU MEPECEICHUS MPIMBIX
AiAivi m Ajpn 1Aipn = Aipn1A; 1€XAT HA TOU XK€ CAMOU KOHUKE.

Eciu n = 2m, T0O kpuBas, IO KOTOPOU ABUKYTCA TOYKU MEPECEICHUA TPOLOJI-
JKEHUU 3BEHLEB BIMCAHHO—OMUCAHHOU JOMAHOU, MNOMKHA COCTOATH HE U3 M KOHUK,
au3 m — 1 KOHMK ¥ OJHOU HPAMOM, MOCKOJBKY CTENEHb DTOU KPWBOU paBHA N — 1.
Tosicarm, movemy OfHA W3 KOHVK (M KAKas MMEHHO) BEIPOXKIAETCA B IPAMYIO.

Ypasuenue fi(a;—1,z) = 0 umeer xkopuu ;1. Eciu k = m, 70 5T kopHU CcOBHA-
IAIOT, MO3TOMY MHOTOYIEH [, NOMXKEH OBITH KBAAPATOM CUMMETPUYHOU JUHEUHOU

$yHKIIAN.
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