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CI0KHOCTE BBIUNCINTEIBLHBIX 3alaq

M. H. Baaprir*

B mpomunom momepe «MaTeMaTuieckoro MpoCBellleHnSy ObLTa OMyOINKO-
BaHa cTtaThs A. A. Paz6opoBa, B KOTOpPOI H3Jarainch OCHOBHEIE U TeOpHn
CTOKHOCTH Bhducaennii. /lanHas cTaThd MPOJOIKAET ITY TeMyl). Hac 6y-
IyT WHTEpPeCcoBaTh ABa Bompoca: «dTo Takoe CA0KHAS BEITUCAATENbHAS 32 Ta-
qa?y u «Kak Jgoka3aTh, 9TO HEKOTOpas BRIYHCJANTENbHAS 3aMada caoxkua?y B
MOTHOM OOheMe DTH BOTPOCHI CANIIKOM HIHPOKH, NOITOMY MBI COCPETOTOYNM
BHUMaHIe Ha CaMOM HHTEPECHOM ciydae: TeX 3ajadaX, KOTOphIe MO BCell BH-
AUMOCTH CJOYKHBI, HO TIPU 9TOM HACTOABKO OJU3KHM K MPOCTBHIM 3ajavaM, 9TO
MOKa3aTeNbCTBO WX CIOKHOCTH B HamboJee eCTeCTBEHHOM TMOHUMaHUHU DTOTO
CJIOBA JIEXKUT BHE BO3ZMOYXKHOCTEH COBpeMeHHON HayKu. UTOOK aHAIN3HPOBATH
CITOKHOCTH TAKWX 3a/a¥, NTPHAYMaHbl 0COOBIE CTOCOOHI OTBEYaTh HA TEePBLIH
u3 chpOpMYJUPOBAHHBIX BhIllIEe BOMPOCOB.

[lox BEIYHCANTENRHOW 3ajavell 6yeM MOHNMATH CJAEAVIONIYI0 THIHIHYO
CUTYaNnio: MO 3aJaHHOMY 620dY HYKHO TOJYINTH, €CIH DTO BO3ZMOXKHO, pe-
3yabmam, yIOBIeTBOPSIONINI ONpeIeNéHHBIM YCIOBHAM U OJHO3HAYHO OTpe-
JneaseMblit BxogoM. /IpyruMmn cioBamu, pedb Bcerjga OymeT WATH O BHIYUCTE-
HIT HEKOTOPOU (PYHKINH, 6BITH MOXKET, YacTHIHO onpegenénnoi. [loatomy B
JajJbHeHIeM MBI 6yeM HCHOJb30BaTh BHIPAKEHHA «PEIINTh 3a1a9y» U «BHI-
YUCAUTDH (PYHKINIO» KaK CHHOHUMUIEeCKHE.

YTo6LI HEe BBOAUTH YUTATeNd B 3a6IyKIeHUE OTHOCUTEALHO BO3MOYKHO-
CTell W3jJaraeMoll TeOpHH, IpeJIynpeuM cpa3y 06 OCHOBHOM eé OT paHUYeHHH.
Boiuucaenue 11060t GyHryuy 43 KOHEUHO20 MHONCECMEA 6 KOHEUHOE MHO-
Hcecmeo cuumaemcea mpueud.apubim. QO4eBHIHO, 9TO B TAKOM KOHTeKcTe Hec-
CMBICTTEHHBIM CTAHOBHUTCS J0O0HW BOMPOC THIA: «CMOTY JH S PENINTh BOT 3TY
3a/1avy 3a Mapy 4acoB (HeJIeldb, JeT, BEKOB)7»

Mpur 6yjieM paccMaTpHBAaTh CJAOKHOCTD pellleHns 3ajTadnm Ha BceM (0OBIY-
HO GeCKOHETHOM) MHOKecTBe BXOMOB. C «paKTHIECKON» TOYKN 3PEHNS DTO
O3HaYaeT, 9TO HAC HHTepecyeT KaK OBICTPO PacTyT pecypchl (Bpems, MaMsiTh
W T.M.), TpeGyOIInecs 1Js PelleHns 3aKaqn MpH yBeINYeHNH JINHBI BXOJA.
Boisee Tounoe o6bsicHeHTe DTON (Ppaskl [aéTCA HUKE.

*PaboTa BHINOAHEHA 1IpH oA gepkKe doHga PDDI (mpoekt Ne99-01-00122).
1 )
)OHa HammcaHa [O MaTepHalaM IEpBOi 9acTH KHUTH [4] m cymecTBeHHO OMMpaeTca Ha
cTaThio [7], momeménnyio B 3ToMm Bhimycke «MaTemaTndeckoro IIpocsemenmsy.

MaTemaTu4eckoe npocseljeHue, cep. 3, Bbin. 4, 2000(81—114)
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1. BBIYUMCIEHUE KAKUX ®YHKIIUA PACCMATPUBAETCHA

Bxon n pe3yabpTaT npeanosaraioTcs KOHETHEIMHI CIOBAMH B HEKOTOPOM KO-
HeIHOM ajdaBuTe (T.e. KOHETHBIME TMOCIEI0BATETHLHOCTIME DIeMEHTOB HEKO-
TOPOTO KOHETHOT'O MHOXKeCTBa). Boslee Toro, 1acTo paccMaTpuBaeTCs TOIBKO
MBOMYHBIN atdaBuT. Takoe orpannydenne Mo CyTH He CAUIITKOM 0OPeMeHHUTelb-
HO — [JaHHBIE JIOOOUW JOCTYMHOW HaM 3aa4Yi MOXKHO C(OPMYJIHPOBATH CJIO-
BaMn, i To 6y/IeT TeKCT B HEKOTOPOM KOHEYHOM ajdaBnTe (BKIIOYAIONIEM B
cebd, moMrnMo OYKB, IN(QPHLI N BCe NHBIE CMIeNNalbHBIE 3HAKN, BCTpedalolnecs
B TeKCTe — 3HAKN MYHKTYAIlun, MaTeMaTHdeckne 0603HAYEHNUS W TMPOT. ).

EcTh HekoTOpas TOHKOCTH, CBSI3aHHAA ¢ TeM, 9TO K0Jupo60ok (CMoco6OB
NpPeJCTaBNTh OGBEKT CJOBOM B KOHEYHOM al(aBNTe) MOXKET OBITh HECKONb-
KO, a CIOXKHOCTH 3aMa4l, OUEeBHIHO, 3aBUCHT OT KoAmpoBKu. Mu me 6yiem
Mo IPOGHO OCTAHABINBATHLCA HAa DTOM BOMPOCE, B MajJbHEHIeM KOJTUPOBKH JIH-
60 OyIyT YKa3bIBaThCA ABHO, ANO0 OyAyT NoApa3dyMeBaThCcsA Hambojee ecTe-
CTBeHHBbIE KOJMPOBKH (CKayKeM, 3aMiCh YHCIa B MO3NIMOHHON CHCTEME CHICTe-
HUS; XOTSA OT BHIOOpa OCHOBAHUSA CHCTEMBI HHYEro He 3aBUCHUT, O YMOJYaHUTO
npeAnosaraeTcs NCIOMbL30BaHNe TBONIHON CHCTEME).

[Toka MBI TOBOpHIN O (PYHKIUAX OT OJHOTO aprymeHTa. B nanwHeiiteMm
6y IyT BO3HUKATH W PYHKINA OT HECKOABKIX apryMeHTOB. YBeandenne aada-
BATa Ha | cnMBOa (0GO3HAYNM ero #) MO3BOASET 3aKOANPOBATH KOHETHYIO
nocaeI0BaTeNbHOCTD CIOB O, . . ., o, B aipaBuTe A OTHUM CJIOBOM

o FFond .. Foan# (1)
B andasute A U {#}. BygeMm umeTsr B BuIy 5TO mpeobGpasoBaHue B TeX CIy-
Yasix, KOTJa BO3HHWKaeT XKejlaHHe pacCMaTpHBaTh (PYHKIUIO OT HECKOABKHUX
apryMenToB KaK (pYyHKINIO OT OJHOTO apryMeHTa.
[TpuBegeM HECKOABKO MPUMEPOB BLIYHCINTEIBLHBIX 3a1a.

[TpumEP 1. JINHENHBIE YPABHEHUA HAJ Q.

Aanwt: mampuya A pasmepa m X n, 34EMEHMBL KOMOPOU — PAYUOHAALHBLE
wucaa, 6exmop-cmoabey b (mampuya pazmepa m X 1), makdice cocmoAujut
U3 payuonaAbHbIY YUCEA.

CnpalUU6a€mCﬂ.' paspewiuma AU 6 payUOHAAbHBILY YUCAAL CUCTMEMA

Az = b? (2)

[TpencTaBuM 3Ty 3a a4y B Buje 3a,1a49i BEIYUCAEHHS HEKOTOPOU (PYHKIIH.
Jlns mavana HYXKHO ONNCATh KOAMPOBKY BXOJa B BHIEe CJIOBA B HEKOTOPOM
andasuTe. B kavecTBe andaBuTa BO3LMEM

{07 17 #7 /7 _}'
HeJIbIe qucJjaa 6y,L(eM 3alluChBIBATHL B r,'_[BOI/I‘{HOI‘/JI cucTeMe, UCHOJAb3yA 3HAK «—»
ML obo3HavYeHNs OTpHUIATEJABHBIX THCEJ. PaHI/IOHaJILHOG YUuCJa0 p/q 6y,1[eM
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3aMNCHIBATH CTOBOM k0d(p) / x0d(q), a mocIeoBaTeIbHOCTE dncen GyqeM 3a-
MUCHLIBATh, Pa3jefsas 3aNiCcH Pa3JUudHbLIX THCET 3HAKOM .

B onucannonn KoanpoBKe BXOJ 3aj1aun JUHENHBIE YPABHEHUA HAT Q —
ci0Bo K0d( Az = b), KogupyolIee MOCIEIOBATENHHOCTD THCEN

rje a;; — DJIeMeHTH MaTpuusl A, b; — dreMenTH b.
Dyukunsa, KOTOPY HYXKHO BEIYUCJINTEH, UMEET BH/I

1, ecim t = xod(Az = b) mas HekoTOPHIX A, b
n Ar = b umeeT pelnenns,
x(t) =14 0, ecan t = kod(Az = b) 115t HEKOTOPHIX A, b (3)
n Ar = b He uMeeT peleHni,

He omnpejieeHo B JI060M JPYTOM CIydae.

[IpuBemeHHbIl TPUMEP OTHOCHTCS K OJJHOMY U3 CAMBIX PAClpPOCTpPaHEHHBIX
B MaTeMaTHKe TUMOB BHIYHCAUTENbHBIX 3ajad — MPOBepKe pa3pelllnMOCTH
CHUCTEeMBbI YpaBHeHUH Win, 6Gojee O6IIIO, TPOBEPKe 3a[aHHOTO CBOUCTBA y 00b-
€KTa, OMncanne KOTOPOTO ABIAETCS BXOIOM 331a49u. B Jornke npuHITO TOBO-
PUTH O TPOBepKe ucmunnocmu npeduxama. Tax xe, kak n B npnMepe 1, Takon
3aave cONOCTaBAAeTCA (PYHKINA, KOTOpPas CTAaBUT B COOTBETCTBUE ONMUCAHNTO
o6bekTa 1, ecan 06BEKT yIOBIETBOpSeT CBOUCTBY, u 0 B MPOTHBHOM CIy-
qae. Ecam cr1oBo He gBasgeTcs onuncanneM o6beKkTa, (PYHKINSA HAa TAaKOM CJIOBe
He ompejiejeHa. JTa (PYHKINS HA3KIBAeTCH Zapaxkmepucmuueckol Pynrxyued
MHOXKECTBA ONMUCAHWH OGHEKTOB, yIOBIETBOPSAIONINX 33 TAHHOMY CBOUCTBY.

Coopumyanpyem elié HeCKOJIBKO 3a,1a4 0 Pa3peliuMOCTH YPaBHEHU B B, Te
3ajJla¥ BRIYHUCIEHUS XapaKTepHCTHIeCKOn (PYHKINN HEKOTOPOTO MPeIuKaTa.
Bo Bcex ynoMsHyTHIX HEUXKe 3a/adaxX O pa3pellnMOCTH ypaBHEHUN WJIH CH-
CcTeM ypaBHEHHWH TOAPa3yMeBaeTCs, 9TO BHRIYHCISETCA XapaKTepHcTHYecKas
dynkuns, anasorndras (3).

[TPUMEP 2. JINHENHBIE YPABHEHWA HAZ Z7T.

Aanvt: mampuya A pazmepa m X n, 3AEMEHMBL KOMOPOT — UYEABIE UUCAL,
6exmop-cmoabey b (mampuya pazmepa m x 1), MaKdice COCMoAWUl U3 Yeable
HUCEA.

CnpalUU6a€mCﬂ.' paspewtuma AU 6 HEOMPUYAMEADHDILY YEABILY HUCAAT CU-
CMEMA YPGEHEHUT

Az = b7 (4)
[TpumEP 3. CUCTEMA YPABHEHHN B [y,
Aanvr: mrozouaenst py, ..., pr € Folzy, ..., 2,].

Cnpauwueaemesn: paspeutuma au 6 node Fy cucmema ypaenenui
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Kak kogupoBaTh MHOTO4JIEH CJIOBOM B HeKOTOpoM ajdaBute? MoxHo, Ha-
mpuMep, YKa3aTh CTemeHb MHOTOWIeHa d W KOTHYeCTBO MepeMeHHBIX 1, TPe/l-
CTaBUTh MHOTOYJEH B BH/JEe CYMMBI MOHOMOB

a1 o a
p($1;---7$n): E pal...an$11$22---$nn7
a1+..+an<d

noce 9ero nepeduciuTh KOdMPUIUEHTH ero MOHOMOB B HEKOTOPOM OTOBO-
peHHOM 3apanee Topsjake. /Ipyroi ¢mocob6 COCTOUT B TOM, 4TOOBI Mepedi-
CIUTH BCe HEHyJeBble MOHOMBI, YKa3biBas TakxKe WX KOXMPPUUUEHTHI. ITH
c1noco6Gbl MOTYT MPHUBOIUTH K 3AMNCAM BeChbMa Pa3HOW [JIMHBI: IINHA 3ali-
CW MHOTOYJEHA Z1 * ... T, MEPBBIM CMOCOOGOM TMOpsifka n”, a BTOPHIM — He
6oubliie, geMm n log n.

ITPUMEP 4. YPABHEHWE HAJZ Z.
Aan: muozouten p € Zfxq, ..., z,].

Cnp(lulU6a€mCﬂ.' €ECMb AU PEWEHUA 6 YEADIT HUCAAT Y YPA6HEHUA

2. CroCOBHI PENIEHUA 3ATAY

Korpga MBI yTBep:K 1aeM, 9TO 3a/a49y PElIUTh CJIOKHO (B peIelbHOM Cay-
1ae — HEBO3MOXKHO), BCET/[a OCTAeTCS COMHEHNe, 9TO YITeHBl BCE MBICAMMbIE
cnoco6nl eé pernenns. /[0 KOHIIa DTO COMHEHUE CHATDL HEAb3fA — KTO MOXKET
3HATh, 9TO MPHUAYMAIOT J0u B 6yayiiem? Ho Hy:KHO, IO KpallHEll Mepe, CTpe-
MHTBCS K TOMY, 9TOOBI y4€CTh BCe H3BECTHBIE Ha CETOHANIHAN JeHb CIIOCOOHI
BRIYHCJICHUH.

[Tpu >ToM Hac MHTEPECYIOT TONBKO TaKHWe CIOCOOLI, KOTOPhLIE MOXKHO ABHO
7 OMHO3HAYHO ONMHUCATh U KOTOPHIE MOXKHO XOTS OLI B IPUHINIE PEaJn30BaTh.
[locnennee o3navaeT, 9TO BCe MeHCTBUSA, BXOAAIINE B OMHCAHHE BHIYHCACHNS,
JTOMKHBI OBITh IAEMEHMAPHBIMY, T.€. JTOCTYTHBIMI BCAKOMY (Tayke camMoMy
Tymomy) ncnorrnTenio. Cnoco6 BEYACAEHNS, Y IOBIeTBOPSIOUINT TAKHM CBOM-
CTBaM, Ha3BIBACTCA AA20PUMMOM.

B 30-vte rogsr mamero (emé) Beka GBLTa MpoJelaHa OCHOBHAS YacTh pa-
60TH 1O (GOpPMAJTLHOMY ONpefeleHNIo MOHATHSA alropuTMa. B pesyibTaTe
MOSIBUJIOCH HECKOJNBKO Pa3JHYHBIX ONpefeleHnd W ObLIAa JOKa3aHa WX DKBH-
BaJleHTHOCTE. [locie dero GbLI cpOpMyAnpOBaH 3HAMEHHTHIN me3uc HEpua,
KOTOPHIH YTBep:KaaeT, 9TO Gojee OOUINX OTMpefeleHUud, yIOBIETBOPSAIOMINX
cpOpPMYJINPOBAHHLIM BEINIE YVCIOBUAM, He cylnecTByeT. Tezuc Yépua ne aBas-
eTcsS MaTeMaTHIeCKNM YTBep:XKAeHUeM, TOTOMY UTO NPUBeeHHLIE YCIOBUA He
¢dhopMaIn30BaHHI.
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2.1. UCTIOJIHUTEJDb

[Tpexme 1eM maBaTh (popMadbHOE ONpeJeNeHne aITOPUTMa, BBeIeM B 06-
cyxjmenne Hed)OpMaAbHBI mepcoHak — McmonauTens. DTo JOBOJBHO OTpa-
HUYeHHOe CYIIeCTBO — Yy HEero KOHedHas MaMATh (pa3Mep KOTOPOIl, BIpoteM,
MOXKeT OBITh CKOJIb Yyroauo Beank). Joctynuse UcnonanTenio meficTBusS Tak-
JKe BechMa TPOCTH. UcTOMHUTENh yMeeT pa3indaTh CAMBOJK HEKOTOPOTO KO-
HedHOrO aadaBuTa (CKOIb YyTOAHO GOMBIIOTO) W MPaBHIBHO X 3aNNCHBATH.
Kpowme Toro, o ymeeT moab3oBaTbcsi TabjaniaMu. ODTO O3HAYAeT, YTO €CaH
BREITATh €My KHIXKKY, B KOTOpOUl TpHBejJeHa Tabiulla HEKOTOPOU (PYHKIHH
13 KOHEUYHOTO MHOXKECTBa B KOHETHOE MHOXKECTBO, TO MclmoaHmTeab MOXKeT
HaXOMUTh 1O apryMenTaM (pYHKINU eé 3HaUeHNeE.

[Tomumo »Toro y UcnonrnnTens ecTh Kapaujgail, JacTHK W HeOT panWYeH-
HOM (6eCKOHEYHON) TOMMNHBL TeTpatb. CTpaHNIB TeTpaji NMeIOT OrpaHu-
YeHHBIN pasMep, Tak 9To McmorauTens MoXKeT 3anucaTh Ha HAX JHUIIH OT pa-
HIYeHHOe KOJHYecTBO CHMBOJOB. Ha mepBRIX cTpaHWIIaX TeTpan 3amncaHo
3ajlaHWe — BXOJ TOHW (DYHKIWH, KOTOPYI HYKHO BHIYHCANTH. UcnorunTtens
MOXKeT JUCTAaTh TeTPajb, CTUPATH CHMBOJKI, 3aNUCHIBATH HOBBIE. 3aKaHYN-
BAaeTCA DTA €ro AeATeTHHOCThL TeM, 9TO OH OTAAaéT TeTpaib ¢ Pe3yaIbTaToM
cBoell pabGOTHI.

WucTpykunnm, KoTopwiM cienyeT HcmoanuTenb, coOGpaHBl B OTAEILHYIO
KHIKedKy. MOXKHO c4UTaTh, 9TO OHU 3aal0T TAaOAUNY 3HaYeHUl (QPyHKIHH

(cocTostume UcnonnnTens, Tekymas cTpanuna) — (reictBus VcenonnnTens),

rae (menctBus McnomunTens) — 5TO HOBoe colep:KaHme TEKyIUIeH CTPaHNIIBI
n Kyga goaxken VcmomanTe b TpOAuCTaTh TeTpa b — K HaYaay WIN K KOHITY.

Pa6ota UcnonuuTens B HECKONBKO KapHKaTYpHOH (hopMe OTpaxKaeT Te
peaJbHble KHU3HEHHBIE CHTYyalliW, KOTJa MBI CKJAAAbIBaeM YHCIa B CTOJOWK,
OPUBOUM TOMOOHEIE WIEHK B 3alUCH MHOTOUYJeHA, BEIYHUCAAEM HANGOIBIINT
OOIINH JequTeNb NBYX YHUCeS W T.M., T.e. KOTJa MBI «[eUCTBYeM IO ajaro-
pUTMY».

C Ipyrodl CTOpPOHBI, TaHHOE BHIIIE ONHCAaHHE YKe Jerko HpeBpaTuTh B
dopManbHOE onpejenenne, 9TO U OyJAeT cAelaHo B cleAyiollleM Noapa3snese.
Bupodewm, mogpobuocT 5T0r0 GopMaTLHOTO ONpeaefenns He TaK YK BayKHH.
EnuncTBenHOE cylllecTBeHHOE B JaJbHEHIIEM CBOUCTBO COCTOUT B TOM, YTO
yTBepxkKaenne «McnomHuTeNb NPpaBUIBLHO BRIOJHILI OY€peTHON I1ar BRIYHCIe-
HUI» MOXKHO 3alUCaTh JOCTATOYHO KOPOTKOW JOTHYECKOW (DOPMYJIOH, mepe-
MeHHBbIe KOTOPOU KOJHPYIOT ONMUCaHie COCTOSHIT Hallenl cucTeMmbl (Mcnonnn-
Telb, TeTPab, KHMKKA ¢ WHCTPYKIUAMN) 0 W MOCJTe 0UePeHOTO TeHCTBUS
UcnogauuTtens. DTo cBONCTBO XOPOIIIO COTJACyeTcs ¢ He(pOPMaJTbHBIM TPeICTa-
BJeHHEeM 06 DIeMeHTapHOM JeHCTBHE — €CJH CIeTaHO KaKoe-TO MPoCcToe Teli-
CTBHe, TO U YTBEPXK,eHHE O TOM, 9TO CAeTaHO HMEHHO DTO JeUCTBHE, TOJKHO
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OBITH He CJANIIKOM CJIOXKHBIM ([InHHEIM). /loKazaTeabCTBO DTOTO CBONCTBA
A UCTIOAB3YyeMOTO HIKe (POPMATLHOTO ONpefeleHusl airOPNTMa JerKo H3-
BJeYb W3 NMPWBEJIEeHHOTO B pa3f. b HabpocKa JOKazaTedbCTBa TeopeMhbl Ky-
ka — JleBuna.

2.2. MAmUHBLI ThbIOPUHT A

[Tpuegem ¢opmanbHOe ompefeleHne alTOPUTMa, COTJAACOBAHHOE C TIpe-
OB IYIIAM HeOPMadbHLIM 0OCYXK ICHIEM.

Mawuna Tewopunza (coxkpaménno MT) ognoznadno 3agaéres ykasannem
Ha60pa (S = -/47 Q7 qo; 6) rure

> § — KOHedHOe MHOMXKeCTBO, HazkiBaeMoe adgacumon MT (B mperbriy-
meM ONNCaHUHM SJeMeHTaM 3TOroO MHOXKeCTBa COOTBETCTBYIOT BCe€ BO3-
MOZKHBIE€ 3allUCH Ha O,Z[HOI‘/JI CTpaHunoe TeTpaman, BHﬂaHHOI;I Ucnoanute-
mo);

> A — Takke KOWeTHOEe MHOXKECTBO, HA3KIBAEMOE 6HEUWHUM (APA6UMOM
(B mpebIIyIIeM ONMHUCAHNE DIeMeHTaM 3TOT0 MHOKECTBA COOTBETCTBYIOT
CHMBOJBI, KOTOPHLIMHE 3aNUCLIBaeTCA 3afanne 1 VcnomruuTens n pe3yib-
TaT ero paboTh);

D = — MycTOH cmMBOJ (Mo mpoben), 5TO HEKOTOPHIN saement S \ A (B
npebIAyleM ONHCAaHIH eMy COOTBeTCTBYeT ycTas CTPaHula B TeTPaIn
UcnomanTens);

> Q — KOHeYHOe MHOYXKeCTBO COCTOSIHUU ympaBasioliero ycrpouctsa MT
(nrecpopmanbro — UcnomunTtens);

> go € Q — Ha4YaJbHO€ COCTOsTHHE;

> J: QxS — QxS x{-1,0,1} — (vactnunasn) ¢pynkuns nepexogoB MT
(HepopMaTbHO — KHMXKKA ¢ HHCTpYKuaMn gas WcnornnTens).

Cocmosnue MT 3anaéres Tpounkon (o,p,q), rie 0 — GeCKOHETHOE CIOBO
B andaBuTe S, T.e. MPOU3BOJILHAS MOCAETOBATENBHOCTD Sq, ..., Sy, ... DJ6-
MeHTOB §; p — HeoTpHIaTelbHOE Memoe duciao; ¢ € Q. CuMBOJBI CJIOBa O
OyleM, KaK 3TO MPUHATO, NPEICTABIATh 3aNNCAHHBIMA Ha J€HME, pa3buToin
Ha fuetliKuy, MO fsdeiike Ha cuMBoa. Ha jeHTe Takke uMeeTcsi 20406kKa, KOTOpas

pacIoJozKeHa Ha T AYCUKOH C HOMEpOM p. HaI‘JIHrZ[HO 2TO I/I306pa}KaeTCH TaK:

TMomoxenne TomoBKI v
Aenkn ‘80‘81‘...‘829‘...
Howmepa sueex 0 1 P

[Tomumo menTH Mammuua ThIOPWHTA HMeET YNPaA6.AAI0UEE YCMPOlcmeo, co-
CTOsIHHE KOTOPOTO 3a/[aéTCH DIeMEHTOM ¢ MHOXKecTBa Q.
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Coctosunsa MT MeHsiioTcA IUCKPETHO. 3a OJUH makm pabombl yIpaBisi-
folllee YCTPONCTBO BHIMOJHSAET ciaefayiomine geicTBus (momaraem, 9to MT na-
XOMUTCA B cocTostHNN (0, p, q)):

a) yumaem CUMBOJ, HAXOIAUINUCA TOA T'OJOBKOR (T.e. onpeneaseT Sp);

S . . — ! o
6) ebluucasem 3uavenne QyHKIHN mnepexotos: 6(q,s,) = (¢',s, Ap) (ecan
GYHKINA TepexonoB Ha mape (¢, s,) He ompejeneHa, TO OCTaHABINBAET
mammuy Telopnura);

B) 3anucbléaem Ha JeHTY B S9€lKy p CHMBOJ S, CIBUTAET TOJOBKY Ha Ap n
NePeXoUT B COCTOANNE ¢’ (APYTUMHU CIOBaMH, HOBOE COCTOSHUE MAIITHHBI
3aaéTcs TPOHKOM ((So, .. .: Sp—1: S, Spt1:---): P+ Ap. ¢'));

r) ecan p+ Ap < 0, To ocTaHABINBAET MAIINHY.

Pa6ota manmusr Thlopnara HaunHAETCA W3 COCTOSHNA (0. .., 0, o), T 1€
3a KOHEYHBIM CJOBOM (v, COCTOSIIIINM I3 CHMBOJOB BHEIIHET 0 andaBnTa, (MHO-
JKeCTBO TAaKHUX CJIOB obo3HadaeTcs A*) crenyeT 6eCKOHETHOE CJIOBO, MEIHKOM
cocTosAIee W3 MycTHX cuMBoaoB. CroBo o 6yjgem waswiBaTh 6zodom MT. B
J1060H MOMEHT BpPEMEHH CJ0BO, 3alliCAHHOE Ha JeHTe, OJHO3HAYHO 3alHCHI-
BaeTcs B BHUJE O=..., TJe TOCJIeJHHH CHUMBOJ CJIOBA ¢ — He MyCTOW, a 3a
HAM HJIYT TOJBLKO MYyCTHe CAMBOJH. BylTeM Ha3BIBaTh CIOBO 0 UCNOAbIYEMOT
UGCTNBIO AEHNBL.

Buimonnss oqun TakT paboTH 3a APYyTuM, Malinia ThIOpHHTA TTOPOXK TaeT
MOCJIe[OBATENBHOCTE COCTOSHUT

(0'0707q0)7 (Ultp17QI)7 (027p27QQ)7 s

Ecan MT ocTanaBimBaeTcs, HCIOJIb3yeMas 9acTh JeHTH B JOCTHTHYTOM
mepejl OCTaHOBKOU COCTOSHUE Ha3kiBaeTcH pe3yabmamon pabotsr MT.

Kaxnpas mammna Teiopuara M ébiuucadsem dacTHIHYIO PYHKINIO Chf T3
A* B A*, oTob6pakarolyio BXoI & B peayabtaT paboTst MT ma Bxoge o mpu
VCJIOBUM, YTO Pe3yJabTaT paboThl ABASETCA CAOBOM BO BHeIIHEM aJjdaBuTe.
[lns BXOMOB, Ha KOTOPLIX MallliHa He OCTAHABJINBAETCS WIHW Pe3yAbTAT CO-
gepkut cumBoanl n3 S\ A, QyHknus ¢y He onpejenena. U3 onpepenenns
scHO, 9TO atobas MT BerducaseT poBHO ofHY (GYHKINIO (6BITH MOXKET, HUT e
He ONpeIeTénHyio).

ONPEAEJNEHUE 1. Yacmuunas ¢gynxyus f uz A* ¢ A* nasvieaemces 6bi-
wucaumotl, ecau cyuecmeyem mawuna Toiopunea M, das womopoii ¢ar = f.
IIpu smowm 6ydem 2060pums, umo [ eéviuucauma nwa M.

He Bce @)yHKIUEM BBHIYUCAUMEI. DJTO SCHO W3 CPaBHEHUS MOIIHOCTH MHO-
KecTBa (DYHKUMH (KOHTHHYYM) W MOIIHOCTH MHOXKecTBa MamnH Thiopnara
(caérHoe MHOXKecTBO). ECTh n sBHBIE MPHUMepPH HEBBIYHCAUMBIX (DYHKIIH.
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OnuH U3 BaXKHEUITHX — NpobaemMa ocmano6ky: faHa MamnHa ThlopuHTa U
BXOTHOE CJOBO; HYXKHO NPOBEPUTH, OCTAHABIWBAETCA JU DTa MalmnmHa Thio-
pUHTa Ha MaHHOM BXOJe.

YUPAXKHEHUE 1. Onpedeaume (ynrxyuio na MHONCECMEE CA06 6 KOHEU-
HoM aipacume, omeeuauyo npobieme ocmanoeku mawunsl Triopunza.

[Monckaska: xoTs mammnuaa ThlopuHTa peanrnsyeT MYHKINIO Ha GeCKOHET-
HOM MHOYKeCTBe, OHAa MOXKeT ObITh ONNCaHa KOHEYHBIM CJIOBOM.

3. CIOXHOCTb U CJAOKHOCTHBIE KJACCHI

3.1. CJI0YKHOCTB BBLIUYNCJEHNUSA

CnoXKHOCTH BHIYHCACHNSA (T.e. paGOTHl alTOPHTMa Ha JAHHOM BXOTHOM
CJIOBE) OTpeenseTcs pecypcamu, TpebyOIMMICS s 9TOT0 BHYncIenns. /[Ba
Ba)KHENIIAX pecypca — 6pemA (KOAMIeCTBO TaKTOB pabOTHl 1O OCTAHOBKH
WM, Ha JPYCOM HCOOJB3YyeMOM HaMU fi3bike, — KoaudecTBO fgeunctBuin Uc-
MOJHUTENS) I namams (HanGONBIINT HOMep SYelKN, Ha T KOTOPHIM MOGKIBaIa
roaoBka MT B mpomnecce BEIYHUCACHNSA, WAN KOJANIECTBO CTPAHUI, TPOCMOT PEH-
HBIx VcmonnnTenem).

UTak, pecypc, TpeGyeMblil i KOHKPETHOTO BRIYHCIECHUS, — 3TO YUCJO.

3.2. CI0KHOCTEL AJTOPUTMA

Y1o6bl 0XapaKTepu30BaTh CJIOKHOCTH pabOTH aaropuT™a (T.e. cnocoba
BEIYHCJAEHNS QPYHKINN), MBI TOJKHBI MPHHATH BO BAUMaHHe pabOTy alropnT-
Ma Ha Bcex Bxojgax. CrenaeM MBI 3TO OJHUM U3 HanboJee pacmpoCTpaHeHHRIX
cmoco60B, KOTOPLIN HAa3BIBAETCA «CJIOYKHOCTH B HAUXYIIIEM CAyTae).

Bynem rosoputh, uto mammua Triopuara M pa6otaet 3a Bpems Thas(n),
ecam MaKcnMaabHoe (MO BCeM BXOJaM [INHBI 1) KOAMIeCTBO TAKTOB, KOTOPOe
npopabotaer M g0 octanoBkm, paBHO Tis(n). Aranorndno, mammnaa Thio-
puara M pabotaer Ha mamsTn Sps(n), ecin Hambosee ymaléHHOE OT Hava-
Ja JeHTH MOJOXKEeHNe TOMOBKH TPH BHRYHCICHHAX HA BXOJaX JJAUHBI 12 PaB-
1o Sy(n).

NTak, c10:KHOCTH alTOPHTMa XapaKTepu3yeTcs HEKOTOPOU (PYHKIHEH OT
HATYypaJbHOTO MapamMeTpa.

3.3. CJI0KHOCTbB 3ATAYHA

Ho maBaiiTe BCIOMHEM, 9TO HAC HHTEPECYeT CIOKHOCTh BRIYHCANTEIBHON
sagadn. PemaTh 3a7avy MOXHO pasHBIMH CHOCOGAMU W €CTh pasHBle (op-
MarbHBle Momenn Burancienni. K tomy xe (cm. [6]), HAamBHBIN moaxXOx —
OmpeneNsiTh CAOXKHOCTH 33JaYl MO CJIOKHOCTH HAWAYUIIErOo aATOPHTMa, eé
peliaoliero, He paboTaer.
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[TosToMy TpuHAT ApyTOH cOocO6 XapaKTepn3annn CaI0KHOCTH 3aa4qu. On
COCTOUT B TOM, 9TO BRIIEIAIOTCH KAACCH TeX PYHKIIHH, BEIYHCIeHTE KOTOPHIX
BO3MOXKHO NPH 3a/aBaeMbIX OTpaHUYeHNAX Ha NOTpeb/seMble pecypchl.

Han6oaee BaxKHBIE KJTACCH MOAYYIAIOTCSA, €CJIN HAKAAMHIBATEH OT paHUIeHIS
Ha POCT BpeMeHH pabOoThl U/WIH WCHONB3YeMOH MaMATH B 3aBHCHMOCTH OT
JIIWHKI BXOTHOTO CJOBa. A HanboJee BayKHOe pasiudue MeX 1y d(hPeKTHBHBIM I
7 Hed(PPeKTUBHLIMA BHTUCACHUAMA 33 Ta6TCAd PYHKIAAME NOAUHOMUAALHO20
pocma. Pyuxuns f(n) — MOIMHOMIATBLHOTO POCTA, €CJAH I HEKOTOPOH KOH-
CTAHTH d PN TOCTATOTHO GOJMBINNX T BHIMOMHAETCS HepaBeHCTBO f(n) < n?.
B sTom caydae 6ymem ncnoas3oBaTh oboznadenne f(n) = poly(n).

ONPEAEJEHUE 2. Dyuxyusa f npunadsexcum xaaccy P (u nazvieaemes
NOAUHOMUAABHO 6BINUCAUMOT), ECAU OHA 6BIUUCAUMA Ha mauiune Tviopunza

B

M, das komopoii Tyr(n) = poly(n).

OnPEAEJNEHUE 3. Dyuxyusa f npunadaexcum xaaccy PSPACE (u na3wr-
6AEMCA 6BIUUCAUMOT € NOAUHOMUAALHOT NAMANBIO), ECAU OHA 6BINUCAUMA HA

mawune Toiopunea M, das womopoii Syr(n) = poly(n).

3.4. TTOYEMY MOJUHOMBEI?

[lo4Tu BeaKuMil, KTO 3HAKOMUTCS C TeOpHell CA0KHOCTH BHRIYHCICHHH, 3a-
MaéT B DTOM MeCcTe BOMpOC: «modeMy >PPeKTUBHOCTH BRIYHCICHHH OTOXIe-
CTBASETCS € MOAMHOMHUAJIbHOCTHIO»? Takoil BEIGOp He TpeacTaBIAseTCS OUe-
BUIHKIM, U VK 3aBeJIOMO OH He eIMHCTBEHHO BO3MOXKHBI. [lockoabKy B 1aih-
HelllleM W3J0KeHuun Mbl 6yjgeM 6Ge3 ChelnnajbHBIX OTOBOPOK OTOXKIECTBIAATH
MOJNHOMHUATBHYIO BEYUCIUMOCTE W 3P PEKTHBHOCTh, CTOUT CJeJaTh OTCTYT-
JeHWe U TaTh XOTH OBl KaKne-TO MOSCHEHNS.

OcHoBaHuA A5 TAKOTO BEIOOpA JeJATCA Ha [Be TPYINEI TeOpeTHIecKne
n npakTndeckne. HagynéM ¢ mepBHIX.

> [loanHOMBI yIO6HBI TeM, ITO OHH 3aMKHYTH OTHOCHTEIHHO KOMIO3UIIAM.
ITO 06CTOATENBCTBO Oy €T aKTHBHO DKCILIYyaTHPOBATLCSI B TEOPHUH, H3-
JaraeMoll HIXKe.

> BcmomunM, 9TO npn opMyInpoBKe BHIYHCINTENBHON 3aJa9l KakK 3a1a-
97 BRIYUCTIEHNA (PYHKINT Ha CIOBaX eCTh MPOM3BOM, CBA3BAHHBIN C BBIOO-
pOM BO3MOKHOW KOJIHMPOBKH BXOJa W pedyibTaTa. Hampumep, mepecta-
HOBKY M3 7 DIeMeHTOB MOYKHO 3a/[aBaTh TablNIell 3HaTeHNH (KaK (GyHK-
unio Ha MHoxkectTBe {1,...,n}) min matpuueit n X n. [locregnnit cnoco6
e pkonoMen — mykHo 3a1aTh O(n?logn) 6utos BMecto O(nlogn) 6u-
TOB, KaK B IIePBOM clydae, HO 9acTO yJo6eH NpH (HOPMYINPOBKe 3a1ad
I aJITOPHTMOB. XOTeI0Ch OB, ITOOHI ONpe/eleHne CIOKHOCTH 3a/Ja4n He

BaBUCEN0 OT TAKHX «MeJodely, KaK yI06CTBO (GOPMYIUPOBKH.
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Kak mum ctpamno, oToxaecTBieHne d>P@eKTUBHOTO W MOJMHOMHUAJLHOTO
BRIYHCJIEHUS UMeeT CMBICA U € TOYKH 3PEeHus MPAKTHKN BRIYHCICHUH, XOTS U
He Bcerfga MpuMeHUMoO. HamoMHUM, UTO BCe HAIN PACCYKACHUS MPOBOIATCS
€ TOYHOCTBIO JO MYJAbTHIMINKATHBHON KOHCTAHTHI, TaK 9TO NPUMEHHMOCTH
paccMaTpuUBaeMOll TEOPHH K MPaKTHKe HYXKJaeTcs B CHeNnaJbHRIX 060CHOBaA-
auax. TeMm He MeHee, ykKe K cepennue 60-5IX TOMOB ONBIT MTPAKTHIECKOTO TPO-
rPaMMUPOBAHUA TOKA3ad, ITO €CAU JJAf TOJAHOMHUAJIBLHEIX aJTOPATMOB €CTh
cMBICT 60POThCA 3a d(PPEKTHBHYIO peann3annio (MpaKTHIeCKH BO3HUKATOIINE
3a/Ta9YN PEHIaloTCs 32 Pa3syMHOe BpeMs), TO s GOMBIINHCTBA alTOPUTMOB, He
UMEIOIINX TOJNMHOMUAJIbHBIX BEPXHUX OIIEHOK, pellleHne MpaKTHieCKn BO3HU-
KalolINX 3aja49 3aHuMaeT HempuemJgeMo GOJbIIIOe BpeMs U ropa3no pa3yMHee
n306peTaTh HBPUCTUYECKNE TPHEMEBI PellleHns TaKWX 3aJa¥, pacCMaTpHBaTh
OpuGIMKEeHHEBIe TTOCTAHOBKN W T. 1.

B nocaenytoriine robl CMBICT TOHATUS I(DPEKTHBHO BEIYUCIUMBINY YTOY-
HAJCS U HECKOJABKO m3MeHmaCHA. [losIBHIOCH, CKaykeM, MOHATHE «BBIYUCAUMEBIH
3a peajbHoe BpeMms»y. OHO 6osee aNeKBaTHO ONUCHIBAeT CHTYalHH, BO3HUKA-
folllie B BHIYUCAUTENBHBIX CUCTEMaX, OT KOTOPBLIX TpebyeTcs Mo-HACTOAIIeMY
o6vicTpas peakuns. Hu ofHOro moib3oBaTelss He YCTPOUT TEKCTOBHIH pelak-
TOP, KOTOPBIIl BCTaBAseT B TEKCT HOBHIM CHMBOJ 3a BpeMs, JUHEHHO 3aBH-
cAlIee OT pa3Mepa TekcTa. /[aHubie BHIIIE onNpeeNeHus He MO3BOAAIOT (Hop-
MaJbHO OMHCAThH TakWe CHTyallil, MHTepecoBaTh OHNW HAcC He 6yayT. O HAKO
YATATENIO TOJe3HO MONpo6OBAaThL MOCTPONTH (POpMadbHOE ONpejeneHne, Mc-
X0 W3 MPeINoKeHHOTO MpuMepa.

[TonsaTwe 3¢ deKTNBHOTO AATOPATMA B MOCAeTHIE TOTBI CTAJI0 BKAIOIATH B
cebs U BepOATHOCTHBIE aJTOPUTMBI, paboTalolllne 3a TONMHOMAAIbHOE BpeMs
(o Hux cM. HUXKe, pasgen 8.1).

4. KAK PA3JIMYATH CJOYKHBIE U MMPOCTHIE 3ATAYNA?

YuTaTenb, He TOTEPSBIINN OCHOBHYIO HUTh PACCYKI€HUN, JOIKEH B DTOM
mecte yanBuThes: «Kak? PasBe Toabko 9T0 He GBIIO JaHO Pa3bACHEHNE DTO-
ro Bonpoca? [lpocTee 3aja9n pemaoTcs 32 NOIMHOMAAIBHOE BPEMS, CJIOXK-
Hele — HeTh

YBBI, TaKOHW MPOCTONW OTBET MPUMEHNM fajfeko He Bcerjga. Kowewno, ecTh
MHOT'O 3aJa4, MIs KOTOPHIX MOCTPOEHK MOJMHOMUAJbHEIE aIropuHTMEL. Bce
Takme 3a/Ja9M MBEl CIUTaeM TMPOCTHIMA. M3 mpmMepoB, MpuBeneHHBIX BHIIIE,
NPOCTON SBASETCS 3aj]ada O Pa3pelinMOCTH CHCTeMbl JHHEHHBIX ypPaBHEHIH
B pannoHalbHLIX dncaax (mpuvep 1). [lormHOMUATBHBIN AATOPUTM pelleHns
STOW 3ajJadl CTPOUTCS Jerko (IMTaTens, WHTepecyolerocs >pdeKTHBHbI-
MW aITOPATMAaMH, B TOM 9HCJe W aJTOPAUTMaMN pelleHus CHCTeM JUHEHHBIX
ypaBHeHUH, oTchlaeM K kauram [2], [9], [1]).
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B nekoTophIx ciyvasx JoKaszaHO OTCYTCTBHE alTOPHTMa, pelllalonlero 3a-
Javy; mpuMep 4 — OJNH N3 HUX (DTO BapHAHT JecATON MpobreMbl | mib6epTa;
JOKa3aTelbCTBO HEBBIYMCANMOCTH COOTBETCTBYIOIIEH (YyHKINN CM., HAIpH-
ep, 1 [5)).

Ho pns orpommuoro 4mcia ecTeCTBEHHO BO3HMKAIOIINX BBIYHCANTEIbLHBIX
3ajad He yIaéTcA HU MOCTPOHTH d(PMEKTHBHBI (=IOINHOMHANLEBI) alro-
PUTM, HW JOKa3aTh OTCYTCTBHE Takoro aaropnt™a. MiMerHO TakoBBE ocTamb-
HBle TPUMepHI U3 pa3jena 1: pellleHne TNHENHOTO ypaBHEHNA B HEOTPHIIATENb-
HBIX TIeJBIX YHCJaX U pellleHne CUCTEeMBl YpaBHEHHH B IMOJe U3 JBYX dJIeMeH-
ToB. KoHeHO, Hey1ava MHOTOJeTHUX YCHINH 1O MOCTPOEHNIO (PP eKTHBHOT O
airopuTMa [ HeKOTOPOH 3aladl yKe fABIAeTCA BECOMBIM apryMeHTOM B
noab3y eé ciokHocTn. Ho xoueTcs mMeTh Teopnio, B KOTOPOW Takme 3aTaqn
MOJKHO JTOKa3yeMo OTJeNUTh OT MPOCTHIX 3aad.

[Togxoxamasn Teopus Oblla MOCTpoena B Havate 70-BIX FOJOB W MOTy9HIa
€ TeX MOp MHpoKoe pacnpocTpanenne. OcHOBHAA Ues COCTONT B TOM, ITOOHI
BBECTH Ha MHOXKeCTBe 3a]1a¥ OTHOIIeHNe c6odumocmu («3aj1ata A He cloXKHee
3ajaqn By) 1 xapaKTepH30BaTh CIOKHBIC 3a,1aTH KaK 3a /a1, K KOTOPBIM CBO-
JIATCA BCe 3aJa9H N3 HeKOTOporo kinacca. Himxe B 5ToM pasiene onuceiBaeTcs
caMBIil TIOTYJAPHBIN BapHaHT Takoil TEOPHH, OCHOBaHHBII Ha KJlacce Mpej-
KAaTOB, BHITHCINMBIX 3a TOJMHOMHAIBHOE BPEMS HEJEMEPMUNUPOSannblmu>)
mammuamn Teiopuara (kracc NP).

4.1. ITOIMHOMUAJBHAA CBOJUMOCTD

ONPEAEJIEHUE 4. CBOAUMOCTB IO Kaprny. @yukyus fi ceodumcsa «
Pynxyuu fo (0b6o3nauenue fi < fy), ecau cywecmeyem mawas Gynxyus f €

€ P, umoVz fi(z) = foa( f(2)).

CaoaumocTs o Kapny Tak:ke Ha3BIBalOT MOJIMHOMAAJBHON CBOIHIMOCTHIO,
a 9acTO — MPOCTO cBoguMocThio. OTHOIIIEHNe X 6yeM paccMaTpHBATh Kak
dopMalbHKEIN BapHaHT OTHONIEHUSA «3ajava f; He ciaoKHee 3amadu fy». [len-
CTBHTENBHO, ecal fo € P, To mw f; € P: moamHoMuanbHLIN alropuTM [Aas
BRIYHCJICHUA f; WCTONB3YeT MOCTeNOBATENbHO MOJHHOMHUAIBHBIE AT OPHTMBI

st f (ma Bxome z) m aast fy (wa Bxome f(z)).

4.2, Kuacc NP

[Tpex e Bcero 3amMeTHM, 9TO DTOT KJACC BKAOYaeT B cebd TOTLKO Xapak-
TepucTHYeckne GYHKINHE (HATOMHUM, 9TO 3a a9, COOTBETCTBYIOIINE TAKHM
(YHKINSAM, COCTOST B MPOBEPKe HEKOTOPOTO CBONCTBA BXOHOTO CJIOBA).

2 )
)M e 0OBACHSIEM, YTO BTO TaKoe; HYXKHBH HaM Kiacc NP MOXHO onpegeinTh, He

Hpﬂﬁeraﬁ K HeI€eTEPMUHUPOBAHHBIM BBIYTUCJIECHUAM.
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Tenepr gaguM HedopMalbHOe ONUCAHHE DTOrO KJAacca 3ajad. ¥ Hac MO-
saBasgeTcs HoBHIH mepcoHaxk — CoBetrnnk. Ot UcnornunTens CoBeTHHK OT-
JUYaeTCd ABYMA YePTaMU: OH UHMEAAEKMYAALHO 6CEMO2YU, U NPUCTNPACINEN
(pTo o3mavaer, uTo COBeTHHK X04YeT, 9TOOH ¥ PacCMaTpHBAEMOr0o 0OBEKTa
OLLIO NPU3HAHO HAJINIHe HCCAeIYEeMOro CBONCTBA, 6e30THOCUTOILHO K HCTHH-
HOMy ToJokernio nen). [locrennss ocobennocTs He mo3BoaseT VcemonnunTenio
cIeno onupaThes Ha MEeHne CoBeTHHKA: OHO BCerJa onHakoBo. UcmonrnnTens
MoxkeT 3agaBaTh COBeTHHKY BONMPOCH U TeHCTBOBAThH, NCXO/A M3 MOJYIeHHBIX
orBeTOB. KaX LIl BOOpOC—OTBeT CYUTaeTCa OJHHM JedcTBHeM. Peimenme o
BHAYCHNN PYHKIHHE TpHHAMaeT NCHOAHHTEND.

3AMEYAHUE 1. B autepatype mo Teopun caoxuoctu McnonnnTtens (He-
CKOJIIBLKO 60JIee CHIBHBIN — CHAOKEHHBIN MOHETKOH ISl TOAOPACKIBAHIIS ) NMe-
myetcss Aptypom, a CoBeTHnk — MepauHowm.

dynkuns (xapakTepuctndeckas) f(z) mpunamrexnt kiaccy NP, ecan cy-
mecTByeT aaroput™ mis napel (Mcnorantens, CoBeTHNK), KOTOPHIM BCer1a
(mpm MI06BIX BO3MOXKHBIX BapnaHTax Ananora Mexay Ucnomrantenem n CoBet-
HUKOM) 3aKaHIMBAETCS 3a MOJHHOMAATBLHOE OT JJINHBI BXOTA BPEMS I Pe3YJIb-
TaT paBGoOTH KOTOPOTO VIOBIETBOPAET CleAYIONeMy ycaoBmuio: ecan f(z) =1,
TO CYIUIeCTByeT Takoll BapuaHT gumajiora mexay Ucnoruutesem u CoBeTHH-
KOM, 9TO pe3yabTaT paBed 1; ecinm ke f(z) = 0, To mpm m060M BapmanTe
anajora pesyabTaT paBel 0.

3AMEYAHUE 2. U3 gamuOrO BHINIE HEPOPMAIBHOTO ONpeIeIeHus SICHO,

ato P C NP (UcnosmnnTens MoXKeT HHYEro He CHpalinBaTh). SIBasercs Jjm

5TO BKJAOYeHHe cTporuM? /IoBOBHO HHTEHCHBHBIE, XOTS U Ge3yCHellHke, Mo-

OBITKI OTBETHTH HA DTOT Bonpoc npogomkatoTes yxke nodtn 30 aet. C. Cumeinn
?

BKaIf0YIT mpobaemy P # NP B 9icio Tpéx BaxKHEHIINX MaTEeMaTHIeCKIX TTPO-
6JeM cleyiolero ctoaeTns (ABe Apyrue — runoTe3a PuMana m rumoresa
[yaukape), cm. [10].

[Tpex e vem maBaTh popMaabHOe ompenenenue kaacca NP, 3ameTnwm cae-
nyioriee. UcnonanTtens paboTaeT BHOMHE onpeeséHHbIM o6pa3om, a CoBet-
HuK — BceBenyul. [losTomy, mocmoTpeB Ha BxOg, COBETHHK MOXKET Cpasy
coo6muTh UcnmomuanTenio Bech nX guajor, a UcmoanuTeas — y6eInThCA, ITO
CoBeTHuk He coBpan; UcnosunTtento Ha »TO TOTpebyeTCs BpeMms, TOJMHOMHE-
aJbHO 3aBuCsAlllee OT MJANHBI AHAJOTa.

ONPENENEHUE 5. @yuxyus f (co anauenusnu 6 muoxcecmee {0, 1}) npu-
nadaexcum xaaccy NP, ecau ona npedcmasuma 6 gopme

f(z) =3y ((lyl < q(|z])) A R(z,y)).

2de q(-) — noaunom, R(-,-) € P, a|-| — dauna caoea.
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31ech (7 BCIOy Tajee) MBI OTOXKIECTBISEM JOTHIECKNE 3HATEHUS TOKb)
n «mucTuHay ¢ 0 m 1 cooTBeTCTBEHHO.

B nyxe npeabiayiiero HepopMaabHOTO 06CYXK IeHUSA DTO ONpeiefeHne HY K-
HO MOHUMATh Tak: y — 5T0 coobuienne Copernnka Ucnoauntenio, a R(-, ) —
QITOPUTM MPOBEPKH, KOTOPHIH OCYIIeCTBAAECT McnoaHnTen s,

3AMEYAHUE 3. [lpuBegem elé HeckKOAbKO He(OPMATbHBIX WHTepPIpeTa-
nuit kaacca NP. CioBo y B jJaHHOM BBIllIe ONpejleJeHHH MOXKHO MOHUMAaTh
KaK «mo/cKa3Ky» UcmomHuTeN0, BOCTOAB30BABIINCE KOTOPOH OH MOYXKET TPo-
BepuTh Buimoanenne NP-cBonicTBa. /Ipyrumu caoBamu, y NP-3agatn ecth oT-
BeT, KOTOPHIN, OBITH MOYXKeT, TPYAHO HAWTH, HO MPOBEPHTH NMPABHABHOCTH
oTBeTa — Jerko. [lonyaspHo TakXKe npefcTaBleHne O CIOBe i KakK O «oKa3a-
TeJhCTBE HATWYNS CBOUCTBa» (MOApa3yMeBaeTCs, 9TO M3yYeHNe TOKA3aTelb-
CTBa 3aHUMaeT MOJUHOMHATBHOE OT €ro JINHBI BpeMs).

JIEMMA 1. [Tyems fi o fo. To2da
a)f1€P2>f2€P; 6)f2€NP:>f1ENP.

/IOKABATEJBCTBO. [lyHKT a) dakTHIeckn MOKa3aH BEIIIE.

[okaxeM myHKT 6), mpuBIeKas HeOPMATbHBIX TePCOHAKeN U3 TPeIbIy-
mero o6eyx rernsi. CoBeTHnk coobmaet Uenoaantenio f(z) (1imua koToporo
orpaHNYeHa HEKOTOPHIM MOJINHOMOM A OT AIWHH &, TOCKOIBKY f € P) n cio-
BO ¥, KoTOopoe y6ex gaeT Ucnonuantens B Tom, 9t0 fo( f(2)) = 1. UcnonunTens
MOXET MPOBEPHTH, 9TO €My JeHCTBATENLHO coobieno f(z).

ONPEAEJIEHUE 6. Dyuxyus f € NP nazvieaemcsa NP-noanoi, ecau aio-
3)

6as Pynxyus usz NP x nei ceodumcs’ .

Ecan wexkotopyio NP-nonuyto QyHKINO f MOXKHO BREYHCAATEH 3a BpeMms
T(n), To mobyio pyukunio g u3 NP MoxuO BermcasTh 3a Bpems 1'(n¢), rie
YHCAO € 3aBUCHT OT ¢, HO HE OT BXOJa.

NP-normbie GyHKINT CYIIeCTBYIOT, HAaTpuMep, (PYHKINSA 33 Talolias Tpe-
IUKAT BBIMOJHUMOCTD mjisi 6yaeBrIX POpMy.r:

1, ecim 3ty, ... tp s x(ty, ... te) = 1,

SAT(z) = { '

0 B mpoTuBHOM cJay4ae.

B nepBoii cTpouke mpejgnonaraeTcs, 9TO T €CTh 3aMHCh JOTHYECKOU POPMY-
Al ¢ OyJIeBBIMU NepeMeHHBIMU %y, ...,{; U MPOMO3NNNOHAJbHBIMU CBA3KAMHU
(=, V, A).

TeoremA 1 (Kvk, JIEBuH). 1) SAT € NP;  2) SAT — NP-noana.
CaeactBuE. Fcau SAT € P, mo P = NP.

3
)HI/I)KG ﬁyrZ[yT HUCTTIOJIB30BaAThCA aHaJOTWYHBIE TTOHATHUSA TIOJHOTHI [IJd APYTUX CAOKHOCT-

HBIX KJaCCOB.
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DcKu3 mokaszaTedbcTBa Teopembl Kyka — JleBuna 6ymeT mpuBefeH B cJe-
ayiollleM pa3sedJe.

A moka zameTnm, 4TO 6OJbIIAs YaCTh MOKa3aTedbCTB NP-TOTHOTH nc-
Nob3yeT MONMHOMUAJIbHYIO CBOJUMOCTD U CAEAVIOUIYIO JEMMY.

JIEMMA 2. Feau SAT «x L v L € NP, mo L — NP-noanas. H 600buye,
ecau Ly — NP-noanas, L1 < Ly u Ly € NP, mo Ly — NP-noanas.

JIOKABATEJBLCTBO. /locTaTOYHO TPOBEPHTH TPAH3IUTHBHOCTH CBOTIMMO-
ctu: ecan Ly o« L9, Ly o< L3, To L1 o« L3. Oua ciregyeT m3 TOro, 9TO KOM-
HO3WUINSA JBYX MOJNHOMHAILHO BBIYHCAHNMBIX (DYHKINH TMOJHHOMHAILHO BBI-
qHCANMA.

5. HABPOCOK JOKA3ATEJBCTBA TEOPEMbI KYKA — JIEBUHA

1) D1o yrBepkenne moatn oveBngno. CoBeTHUK coobmaet MenonnnTe-
JIIO 3HAYEeHUS epeMeHHBIX, BXOAANINX B (DOPMY.IY, TPH KOTOPHIX OHA HCTHHHA.
UcnosunTent cipaBUTCSA ¢ TPOBEPKOW HCTHHHOCTH MOJYYeHHOTO BHICKA3hIBa-
HUS 32 TOJHHOMHAJbHOE BpeMs.

2) Ilycts dyuxuns uz NP, xoTopyio HyxHO cBecTn K SAT, umeer Buj
f@) =3y ((lyl < q(z])) A R(z,y)).

Pacemorpnm mammnay Teiopuara, Beraucasomnyo R(-, ) 3a ToITMHOMAATb-
Hoe Bpems. Ham Hy:KHO 3anmcaTh B BHJe JOTHYeCKON (POPMYJbI YCJIOBHE TO-
ro, 9YTO NPH HEKOTOPOM Yy (M 3aTaHHOM BXO/e Z), MAllllHA BBIIAET PE3YJb-
taT 1. /[[ng 3TOro mpejcTaBUM BeCh MPOIECC BHIYUCAEHUS, [JIANIETOCHS BpeMs
T = poly(n) n ncnonsayiomero namaTh S = poly(n), mabauyeti eviuucienus
pasmepa T X S, nokazaHHON Ha pHCYHKe 1.

t=20 I‘OJ
t=1
t=j VR
t=j+1 T
t="1T
S KJaeTok
Puc. 1.

Crpoka ¢ HOMepoM j Tabaunbl 3amaét coctosune MT mocie j TakToB
pa6otsl. CumBoawl I, 3anmcanuble B Tabimie, TpHUHaIIeKAT andaBuTy
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Sx{@UQ}. Cumson I'; ; onpegenser napy (cuMBOJI, 3aMUCAHHLIN B k-7 sei-
Ke Tocae j TaKTOB paboTH; COCTOAHNE YIPABJIAOIIETO YCTPONCTRA TOCTe j
TaKTOB PabOTHI, €CAU TOJOBKAa HAXOTHTCA Hajg k-H A9eHKOH, B MPOTHBHOM
clIydae BTOPOH dieMeHT mapbl — ). /I mMpOCTOTH TakiKe CINTaeM, 9ITO
ecJi BHIYHCICHHE 3aKaHIMBaeTCs MPH HeKoTopoM Bxoje 3a T’ < T TakToB,
TO CTPOKN ¢ HOMepaMu, 60abiuMu T, ToBTOpPAIOT cTpOKy ¢ HOMepom T7.

CocTosiHne KaX oM KJIeTKH TaOJNIIBl MOXKHO 3aKOINPOBATH KOHEYHBIM (He
3aBHUCANUINM OT 1) IHCIOM OYJIeBHIX MepeMeHHBIX. MMeoTes aokatbubie npa-
6140 CO2AACO6ANUA, T.€. COCTOANNE KaXKJION KaAeTKNH [T B cTpoKe HMXKe HyJe-
BOT OJTHO3HATHO OMPEIEIAeTcs] COCTOSHUAMA KIeTOK B MPeIBIAYIIeH CTPOKe,
JeKaumx HemocpeacTBenno Hajg manuon (1), nesee mammon (1)) m mpaBee
nannoin (I). Kax1oe Takoe ycioBHe MOXKHO 3alHCcaTh B BHJE JOTHYIECKON
(hOPMYIBT OT MepeMeHHBIX, KOANPYOIINX COCTOAHNSA KACTOK, TPHIEM pa3Mep
DTON (GOPMYALI OT N TaK¥Ke He 3aBUCHT.

Emre naM HY:KHO 3amncaTh yCJIOBHE YCHENTHOCTH BBIYUCIEHNS (pe3yabTaT
paBen 1). /las sToro 3ameTnM, 9T0 Ge3 OTpaHWYeHNs OBIIHOCTH MOKHO CUNI-
TaTh, ITO COCTOAHUS KJIETOK TABIUIH KOINPYIOTCA TakK, 9TO OJHA W3 KOIU-
pPyIOIINX TepeMeHAEX paBHa 1 TOABLKO B TOM cJaydae, KOT/a B s9edKe 3amnca-
Ha 1. Torja 3navenne >Toil nepeMenHonl 11g kKogxa I'r o i 6y1eT pesyabTaToMm
BEIIHCACHMUS .

OnpegenuM GOPMYIY @, KaK KOWBIOHKINIO BCeX POPMY.I, B KOTOPHIE MO/~
CTaBJICHHI 3HATEHUS TEPEMEHHBIX, KOTUPYIOMINX BXO T#Y, TOTOJHEHHBIN CIM-
BOaMU o g0 aanusl |z| + 14 ¢(|z|). 3navenns, cooTBeTcTBYyIOIIME T W #, —
KOHCTAHTH, TODTOMY TlepeMeHHBIe, OT KOTOPHIX 3aBHCHT DTa GopMy.aa, OT-
BeYAlOT Y W KOJaM BHYTPEHHUX fideek Tabanubl. Tak ¥TO MOXKHO CINTaATh,
9TO POPMYIa ¢, BABUCHT OT Y W €II€ OT KAKNX-TO TePEMEHHBIX, KOTOPHIE MBI
0003HAYHM 2.

UTak, MBI comocTaBmIn cioBy & GopMyay ¢, (y,z), KoTopas Mo MOCTpO-
eHnio 06JaTaeT cregyomnM cBoiicTBoM. Ecan Bemonusetcs R(z,y), To Hai-
JTeTcs TakoW HaGop 3HadYeHUN z(z,y), mpnm KoTopoMm ¢ (y, z(z,y)) mcTnHHA
(oTm 3Havenms ommcwBaioT paboty MT ma Bxome z#y). A ecin R(z,y) ne
BBITIOJHSETCA, TO (Y, 2) Bcerjga JoxkHa (MOCKOJIBKY MO CYTH YTBEPKIAeT,
9TO BHEIYHCJIeHNe HA Bxome (z,y) maéTt oTBeT «ga»). TakmMm obpaszom, mpu
f(z) = 1 Takas gopmyra mHOTJa (MPH HEKOTOPHIX 3HAYEHUAX YY) NCTHHHA,
npu f(z) =0 — Bcerga JoXxHa.

6. IIPUMEPBI NP-IOJHBIX 3ATAY

O6mupabi cnucok NP-nofubix 3a1a4 cogepKutcs B Kaure ['apu u [[3KoH-
cona [3]. Kak npasmio, ux NP-nosnoTa f1oKa3siBaeTCs ¢ MTOMOIIBIO CBeTEHUI.
[TpuBeném HECKOMBKO MPUMEPOB TAKHX JOKA3aTeNbCTB.
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6.1. 3-KHD

OTa 3ajava 3aMaéTcsa MPeIuKaToOM

3-SAT(z) =1 = =z ectb 3-KH®, koTOpas mcTnHHA MpH HEKOTOPHIX 3HA-
JeHnaX nmepeMeHHLX. 3-KH®D — 5To KOHBIOHKINSA T35
IOHKIAN, KaXK1as U3 KOTOPHIX COJEPKUT TpHU JUTepasa,
a JuTepat — DTO TMepeMeHHas WIH €€ OTpHuIaHue.

3-SAT(z) =0 = =z ectp 3-KH®D, koropas J10okHAa TMpm BCeX 3HATEHUSX
nepeMeHHBIX.

3-SAT(z) ne ompenenena BO BCEX OCTANBHEIX CIydasx.

3-S AT taxxe NP-nosna. D10 ycTaHaBiuBaeTcs cBeflennem K et SAT.

TEOPEMA 2. SAT «x 3-SAT.

ﬂOKABATEﬂbCTBO. PaCCMOTpI/IM BbIIHUCJAJeHNe MCTHHHOCTH 3a,z[aHHoﬁ

BBIIIOJTHEHO OTHO U3 TpéX PaBEHCTB

Y =u Vv,
Yr = u N0, (7)
Y = 70,

rje u, v 160 nepeMenHbe GOPMYJIBI, JUO0 yiKe OlpeJeJéHHbIe BCIOMOT AT el b-
HBIe MepeMeHHbIe, T.€. U, U € {Z1, ..., Tp, Y1y s Yk—1}-

Teneps zannuiem 3-KH®, paBrocuipnyio ncxognon dopmyae ¢(-). B sty
KH® 6ynyT BXOIUTH TepeMeHHBIE X1, ..., Ty T Y1, ..., Ys. [lOCTPONM BHaYaATE
KoublonKnnio K’ ycaoBuit, o3nadaommx, 9To KayKjas U3 BCIOMOTaTelbHBIX
NepeMeHHBIX Y MMeeT 3Hadenne, 3agaBaemoe dopuysoin (7). Ecth Tpn Tnma

TaKNX YCJIOBHH M KaxKIBIH MOXKHO 3anucaTh B Buge 3-KHD:
(y<:> (;rl\/;rQ)) =(z1VaaV-y)A(mzVazaVy) Az V-oza Vy) A
A (mzy V oz V),
(ye (z1Az2)) = (21 Vo Vay) A (mzr Vo V-y) Az Vozg Voy) A
A (mzy V oz V),
(ye —z)=(zVy) A(-zV-y).
[Moxctasaas otu 3-KH® B K”, nonyanm 3-KH® K’. Mickoman 3-KHD nmeer
Bug K = K’ A ys. [leicTBATEIBHO, HCTHHHOCTH K paBHOCHJILHA YTBEpPKIe-
HUO: BCe MPHUCBANBAHUSA BHIMOJHEHBI TPABUJIBHO I B pe3yJbTaTe MOAyImIach 1

(ys = 1). 3Ha4unuT, ecanm Npn KaKNX-TO 3HAYEHUAX MEpeMeHHBIX Z; opMyIa ¢
nctunana, To 3-KH® K BuimoannMa, n Hao60poT.
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6.2. PABPEIUMOCTL CUCTEMBI YPABHEHUII B TOJIE [y

Tenepnr ngoka:xkem NP-moanoTy 3agadm w3 mpuMepa 3. BcmoMmumm, 4TO
MBI MOXKEM 3aMHuCHBAThL MHOTOWIEH ABYMSA CYIIECTBEHHO Pa3JnvaloNIdMUCT
no mamue cnoco6amu. Tak 4To pedb maeT O ABYX, BOOOIe TOBOPS, Pa3HBIX
BRIYHCIUTENBHBIX 3agadax. O1Hako oHn o6e mpuHagrexaT kaaccy NP. DTo
BHOMHE 04eBUIHO — ecan COBETHHK cOObIIaeT pelenne cucteMbl, To Ucmoa-
HATEJIb MOYKeT ITPOBEPUTH BLIMOJHEHTE BCX PABEHCTB MPH MTaHHLIX 3HATECHAIX
nepeMeHHBIX 3a MOTNHOMUAAbHOEe BpeMs U B OMHOM, I B IPYTOM cCaydae.

Bonree Toro, o6e atu 3agayn NP-nmoaubl. /Jasg mokazaTenbcTBa MOJHOTH
cBegeM 3amady BemosHnMocTH 3-KH®D k paspemmnmoctn cnctemsr Bumga (5).
SanuieMm cBS3Ku —,V,A B BHJIe MHOrO4WIeHOB. Ecan cduTaTh, 9TO HCTHH-
HOCTHEIE 3HaveHns — 5To 0 u 1, To aas aoboro mojs n ao6ux z,y € {0, 1}
BBLITIOJHEHO

(—z)=(1-12),
(z ANy) =y, (8)
(zvy)=1-(1-2)(1-y).

Hostomy Bemmoaunmocts 3-KHD AJL, Dy paBHOCHIBbHA paspelImMOCTH HaJ
noqaem Fy cuctemnr

ADY) +1=0, k=1,...,m, (9)

re A(Dk) o603HavTaeT MHOTOWIEH, COOTBETCTBYOMINH AU3BIOHKINN Dy mpn
COOTBETCTBNUH, 3aaBaeMOM (POpMyJaMu (8) [TocKoJMBKY MBI HCHOJB30BAIH
IS CBOAWUMOCTH MHOTOWJIEHHEl CTeNeHW 3, TO MOJHOTA JOKa3aHa Jai ob6emx
KOJTHPOBOK: IS MHOTOWIEHOB CTENeHN 3 JINHLI 3aliCell MHOTOYIeHa DTHMM
cnocobaMu pas3JanvarnTca He 6oJee 9eM KyOUIecKn.

6.3. IEJOYUCJEHHOE JUHEHHOE NPOIrPAMMUPOBAHUE (LIJIII)

Tenmepnr pazbepem 3ajgady W3 mpuMepa 2, T.e. Pa3pelluMOCTh CUCTEME
JUHENHBIX MHO(MAHTOBHIX YPpaBHEHHH B HEOTPHIATEJbHKEIX YUCAAX.

3AMEYAHUE 4. HasBaume «inHelHoe TpPOrpaMMHUPOBaHNEe) OTHOCHTCSA K
3ajadaM MUHAMHU3AOHN JHHEHHON (PYHKINN Ha MHOXKECTBE PEIIeHIH CHCTEeMbI
ANHERHBIX HepaBeHCTB. CIOBO «IeTOYNCICHHOe» YKAa3BIBACT, ITO YINTHIBAIOT-
cS TOJBKO Te pellleHNs, MJA8 KOTOPHX 3HAaYeHNUs BCeX NMepeMeHHBIX — Iefble.
C TOYHOCTBIO [0 MOJHHOMHUAJABHLIX CBOAMMOCTEH 3ajatda Pa3pelrnMOCTH CH-
ctemnr (4) skBuBanenTHa 3amade LLJTI. /lokazaTerbcTBO 3TOrO OCTaBAsSETCSA
IUTATENI0 B KadeCcTBe yIpakKHeHus.

TrOPEMA 3. 3adaua nposepru pa3apeuiumocmuy Cucmembl AUHETHBIT YPa6-
Henul 6 Heompuyameabunr yeavix wucaar NP-noana.
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Kak n B mpesraymnx caydasx, HaM HeOOGXOAUMO MOKa3aTh JIBa YTBep-
JKIeHHUS: 9TO DTa 3ajada NpHHAIEKHUT kiaccy NP u 9TO K HeHd CBOJAT-
ca Bce 3amayn u3 NP. Ho Tenepws HeTpuBHaabHE 06a yTBepxKaeHus. Ecte-
CTBEHHO MBITAThCA JOKA3BIBAaTh NpuHaexxHocTh NP caenyronmm ob6pasom:
nycth CoBeTHUK coobunT peienne, a Vcnonrautens ero npoeput. Ho To-
rjga pelieHne JOJKHO COCTOAThH U3 He CAUIIKOM 6OMbINNX ducet, 4Toob Wc-
NOJHATENb MOT NMPOBEPHTH BHINOJHEHNE PaBeHCTB (4) 3a MoJIMHOMHAIbHOE
BpeMs.

OxaswiBaeTcs, 9TO TaK OHO W €CTh: M3 Pa3pelmMoCcTi cucTeMbl (4) cie-
[IyeT CylIeCTBOBaHME He CJANIIKOM NIUHHBEIX pertenui. QnuiineM KpaTKO HIe0
JTOoKa3aTeabCTRA.

OcHoBHast ucnoMb3yeMas OlleHKa — DTO OleHKa BeJNYNHBI ONpPeNeuTens
MaTpHIIEL Yepe3 MIuHy eé onuncanus. O603HAYNM [IJINHY 3alUCH MaTpuUubr A
(kogmpoBKa ykasana B mpumepe 1) depes s. Torga

n
|det Al < JT (1 4 lasj]) < 2°. (10)
i,7=1
[lepBoe HepaBeHCTBO ciefNyeT HeMOCpeACTBeHHO u3 omnpefenenus det A, BTO-
poe — U3 TOTO, 4TO 3aNuCh Incia a Tpebyet He Menee 1+log |a| > log(1+|al)
ONTOB.

MHOXeCcTBO BelIeCTBEHHBIX PEIIeHNT CHCTeMB (4) SABASeTCA noAuadpom —
mepecevdeHneM KOHEYHOrO YHCJIa MOJYTPOCTPAHCTB. XOPOIIO U3BECTHAS TeO-
peMa BHIMYKJIOU FeoMeTpHH yTBep¥XKIaeT, 9TO Jio6asd TOYKa MOTUIAPA ABJISA-
eTcs BHIMYKJIOW KOMOWHAINEN ero KpalHHX TOYeK W TOYeK Ha ero KpamHumx
nydax. Kpaitaune ToYkn moamsIpa, 3aJaBaeMoro cucteMon (4), sBIsoTCS pe-
[eHUSIMH CHCTEM JUHEHHBIX YDpaBHEHUH BH A

Arx =0,
. (11)
z;, =0, 1€5,
s Kakux-to nogaMmuoxkectB S C {1,...,n}. KoopauHaTel >TUX TOYeK 1O

npaBuny KpaMmepa ABIS0TCS OTHOIIEHNAME MIHOPOB PacClInpEeHHON MaTPHIIEL
5TOM cnctemul. B cimry onenkn (10) oHn He MpeBOCXOAAT 9s+n’+n (B mokaszaTe-
Jle HanncaHa MaKCHMalbHO BO3MOYKHASA JINHA ONNCAHNA MIHOPA PACHINPEHHON
MAaTpUIIL).

Hanpasisiomine BeKTOPLI KpallHUX Jy4ell — HeHnyJaeBble (63 orpannvenus
OGIIHOCTH, MeJOYNCIeHHBIe) PellleHus OTHOPOTHBIX CHCTEM BH/Ia

Az =0,
z; =0, 1€.8, (12)

MOSTOMY MOXKHO CIUTAaTh, 9TO IJd X KOODAUHAT BBINOJHAIOTCA Te Ke Hepa-
BeHCTBa.
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O6o3HadnM KpallHIe TOYKH MOJUDIpa .r(l), .. .,;r(N), HamnpaBAfiolIne BeK-
tops kpaitaunx ayqaei yN, ..., yM) Tlyers y cuctembr (4) ecTh memOYHCIEH-

HO€e pelienue . TOI‘,H& ero MOXKHO 3alliucaTh B BH e
N ' M ‘ M ‘
T = Z PP Zﬂjy(l) =M 4 Z(”J _ LﬂjJ)y(]) + y(“), (13)
=1 i=1 j=1

rae A, u; > 0, Zf\; Ai = 1, Bce koopgunaThl BekTopa (M) orpanmuens:
25+”2+”, a BEKTOp y(“) — nejouncaenubiii. Ho Torga u BekTOp = — y(“) SABJISA-
eTCsl MeJOINCIEHHBIM PellleHneM CHCTeMHB (4), a ero KoOpAnHATH He MPeBOCc-
xonst (M + 1)25+n2+n. 3amernwm, uTo M 3aBegomo He mpeBocxoanT 2" (a
ecm BCTOMHATE Teopemy Kapateomopn, To M < n).

WUTak, MBI JOKazanu, 9TO [Jsf Pa3pelinMoil B HEOTPHNATENhHBIX IIeJBIX
qHCcJAax CHCTeMbI HallJeTcs W Takoe pellenue, QinHa 3amncu koToporo O(s)
(MBI Tpy60 onermaAN 1 Kak s). OTcoga caeayeT NpHHAIEKHOCTH DTON 3a TaTH
kaaccy NP.

Mlns mokazaTeabcTBa NP-TOAHOTH 3amadl pa3pelimMOCTH CHCTEMBI JH-
HEMHBIX YpaBHEHHU B HEOTPUNATENbHBIX MEJKIX YHCAaX CBeJeM K Hel 3a-
nagy 3-KH®. [loctpoum mo 3-KH® cucrtemy auHellHBIX ypaBHEHUN B HEO-
TpUIATEeJbHKEIX TeJbiX duciax. bymeBon nepemennon x; u3 3-KH®P conocta-
BUM IMEJOYNCICHHYI0O HEOTPHUIATEAbHYIO NEepEeMeHHYIO p;, OTPUIAHUIO Hepe-
MeHHOW x; — n;, AuabloHKINN ) — mepemeHHy0 ¢p. Kaxmol Mu3bIOHK-
unu D = X; V Xy V X, (X, — JInTepanbl) cONOCTaBHM TaK:Ke ypaBHEHIE
P;+P.+ P, —qp = 1, BxoTopom P}, P, P, — nepeMennble, COMOCTaBIeHHLIE
JuTepataM AU3BLIOHKIIAM.

Nckomas cmcTeMa COJep:KHT JAs BceX ¢ ypaBHeHHs p; + n; = 1, a Tak-
JKe BCe YpaBHeHHS, conocTaBaerukle gu3bionknusm m3 KHD. Oderugro, 910
BRIMOMHEMOCTH 3-KH® paBHOCHIBHA COBMECTHOCTH TAaKOU CHCTEMEI.

6.4. 3-PACKPACKA

Jlau rpad. CnpammBaeTcss, MOXKHO JH PAaCKpPaCHTh €r0 BepIINHB B TPH
IBeTa TakK, 4TOOK KOHIK KaXJgoro pebpa OBLIN TNOKpallleHbI B pa3HbIe
mBeTa’?

Bymem cuntaTh, 9TO rpad 3agaéTca maTpunein cmexuoctn A. CTpoku u
CTOJNOIBI TON MaTPUIB HHIEKCHPOBaHBI BeplimHaMu rpada, a;; = 1 ecin B
rpacde ecTh pebpo ij, B IPOTUBHOM caydae a;; = 0.

Jlerko moHATH, 9TO 3agada 3-PACKPACKA npuHapiexxut NP: CoBeTHuk
IpeIbsIBUT packpacky, a UcnomHuTenb 3a THHEHHOE OT [WHKI OMUCAHUA TPa-
da BpeMs MPOBEPUT, YTO OHA MpaBUILHAS.

TEOPEMA 4. Jadaua 3-PACKPACKA NP-nouana.
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0 1 ax; z; R e
q p
7—0l3
2 2 '1
KOHCTaHTHI nmepeMeHHasd MU LIOHKIIUSA
a) 6) B)
Puec. 2.

JIOKABATEILCTBO. CrejgeM K »Tol 3agade 3agady 3-KH®D. [lycts ecTh
3-KH® u3 m ausbioHKINI, B KOTOpHIe BXOAAT N nepeMeHHbIX. ['pad, koTo-
poiit conoctaBasercs atoit KH®D, umeet 7m + 2n + 3 Bepuiun. /las onucanus
CTPYKTYpH Tpada yro6HO MOMETHTH TacTh BepIinH. Bo-TepBHIX, MTOMETHM
Tpu Bepuimabl ducaamu 0, 1, 2. Bo-BTopuIX, mTOMeTHM KaXKILIM JUTEPATOM
(mepemenHON Wam eé oTpunanneMm) mo oxHon BepmnHe. OcTanbHBe 7m Bep-
IINH pa3006béM HA TPYNNBI MO 7, KaKJas Cpylla COOTBETCTBYET OJHOU U3
MU3HIOHKIIN.

Teneps onuiiem pé6pa »Toro rpada. Kak mokasamo na puc. 2a, BeplIInHE
0, 1 n 2 coeunaenb MeX Iy cobolt péopamu. Ha puc. 26 mokazaHkl eIé n Tpe-
VTOoJABHUKOB B DToM rpade. U, makonen, puc. 2B MOKa3uIBaeT, KaK COeTUHEHEI
pé6paMu BepINHbBI, COOTBETCTBYIOIINe Kaxoh Au3boHKnuu. Ha »>ToMm pu-
cyuke [y, Iy, [3 0603HAYAI0T BEPIINHEKI, TOMEYEHHBIE JUTEpAaTaMi, BXOIAIIHMA
B IU3BIOHKINIO. 3aMeTHM, YTO HEKOTOphie pEGpa MBI MEPeYNCAUIN MO He-
CKOJIBKO pas.

O4eBHIHO, YTO OMHCAHHOE BHIIE MOCTPOEHNEe MOYKHO BHITIOJHUTE 3a TO-
JUHOMHATLHOE OT © U M BpeMs. /lokaxKeM ero KOPPEKTHOCTD.

PaccmoTpnm, Kakme mpaBUIbLHBIE PACKPACKH B 3 IIBETA BO3MOXKHEI /IS Ta-
koro rpada. be3 orpanndennus O6IHOCTH MOXKHO CIUTATh, UTO BepIIuHE! (),
1 m 2 mokpauiensr B uBeta 0, 1 n 2 (M3 miecTn packpacok, pasindarolnxcs
nepecTaHOBKaMM IIBETOB, MBI BEIOpain ofuy). Torga Bepimusl, moMedeHHbBIE
x; W —z;, ToKpalleds B nBeTa 0 m 1, mpuiéM WX NBeTa MOJKHE OBITH MTPOTH-
BOTOJIOXKHET (CM. prc. 26).

[TpsveiM mepe6opoM BapuaHTOB MOYKHO MPOBEPUTH, UTO Tpad, m3obpa-
JKEHHBIN Ha pUC. 2B, YAOBJIETBOPAET CJeIYIOIIEMY CBOHCTBY: €CIW KPacuTh
BepIINHLI, TOMeYUeHHLIe JnTepataMu, B nBeta 0 mam 1, a BepIImHLI, OTMe-
YeHHBIe OTPUNAHUIMHE JUTEPATOB, — B TPOTUBONOJOXKHLIe TBeTa 1 mam 0, To
IpaBUJIbHAA PaCKPacka OCTATBLHBEIX BEepIINH DTOT0 Tpada B 3 MBeTa CYIIeCTBY-
eT (1 eqnHCTBeRHA!) TOT/Ia W TOMBKO TOT [, KOT1a XOTS OBl OTHO W3 3HATEHIH
AuTepagoB oTanvHo oT 0.
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[TosToMy mpaBmIbHBIE 3-pacKpackm MOCTPOEHHOTO Tpada, MJIf KOTOPHIX
Bepmunbl 0, 1, 2 mokpatensl B nBeTa 0, 1, 2 COOTBETCTBEeHHO, HAXOAATCA BO
B3aNMHO O/THO3HAYHOM COOTBETCTBHH C BHIMOJTHAOIINME Ha6OpaMu 3Ha9eHH I
nepeMeHHbIX ucxopuon 3-KHD.

3aMeTuM, 9YTO TPOBEPUTH pacKpallnBaeMOCTh Tpada B 2 mMBeTa MPOCTO.
HyxXHO mokpacuTh OJHY W3 BepIINH B KaKOU-HUOYJb [BET, BCE CMeXKHBIE C
5TON BEpIIMHKEI B MPOTHBOMOMOKHKIN U T. n. Eciu einé e mokpaiennsie Bep-
IINHBI He COeJIMHEHKl HU C OJHON W3 yXKe MOKPAIIeHHKIX, ONSATh KPaCUM OJHY
M3 HUX B MPOM3BOJILHO BHIGPAHHBIH NBeT. MBI MOXKeM CTONKHYTHCS C TeM,
YTO KaKylo-TO BepUINHY HeJAb3s MOKPAacUTh HU B OAWH mBeT. Torma rpad
Helb3A MPAaBUABHO PacKpacuTh B 2 nBeTa. /l0Ka3aTeqbCcTBO KOPPEKTHOCTH
5TOT0 (0OYeBUHO, MOJHHOMAATBLHOTO) AJITOPHTMA OCTABISETCS YHTATENIO B
KadecTBe JerkoTo yIpakKHeHn.

SHaMeHUTas THIOTe3a YeThIPEX KPACOK YTBEPXK,aeT, 9TO JOOU MiIaHap-
HEIH Tpad (T.e. rpad, KOTOPHIN MOXKHO HapHCOBATh Ha TJIOCKOCTH 6e3 me-
pecedennit pebep) packpaimBaertcs B 4 nBeta. Jlerko mocTpouTh mpuMeps
MIaHAPHBIX TpadoB, He pacKpallliBaeMbIX B 3 IBeTa (CKaXKeM, MOJHBIN Tpad
Ha 4 BepIIMHAX, CM. pHC. 3).

OxaswiBaeTcst, 9TO MPOBEPKA pacKpallnBaeMOCTH MJaaHapHOTO rpada B 3
nmBeta NP-monna. /loka3aTeihCcTBO NPOBOANTCS MOTHHOMHAIBHBIM CBeTeHTEM
o61eil 3agan 3-PACKPACKA K 3ajade 3-PACKPACKA TJIAHAPHOTO TPA®A.
Wnes cBefeHns odeHb MTPOCTa, HO UCTOJIB3YET HETPUBHATBLHYIO KOHCTPYKITIO,
M300pakeHHyo Ha puc. 4 (MBI MO3aMMCTBOBAJIN DTY KOHCTPYKIHNIO W3 KHIH-
ru [3], B cBoto odepeb I'spn u /Ixxoncon npnnnceiBaioT eé M. /:x. duiepy).

WNTak, Ham HYXKHO MO TPOuU3BOIbHOMY Tpady (G MOCTPOUTH HEKOTOPHIH
MIaHaPHBIH rpad, 3-packpalimBaeMoCTh KOTOPOTO PABHOCUIBLHA 3-pacKpallii-
BaeMocTH ucxonguoro rpaga. Hapucyem rpad G Ha miockocTn, gonyckas me-
pecedenns pebep, HO He TPOBOMAA pebGpa depe3 BepIiluHEL. V3 HapHCOBaHHOT O
¢ nepecevdennsiMu pebep rpada G U3ArOTOBUM ILIAHAPHBIN Ipad MO cleayole-
My perenty. BmecTo Kaxk ol TOUku mepecedeHus pebep BKJIEHM IK3EMILIAP
rpada H, u3o6pakeHHOTO Ha puC. 4, TaK, YTOOK BEpIINHBI, IOMeYEHHbIE I,
x', okazaJuch Ha OJHOM pebpe, a BEPIINHEI, TOMeYeHHbIe ¥y, Yy — Ha JIPYyroM.
C nmonydenubIM (y:Ke MIAaHAPHBIM) TpadoOM MPOIeNTaeM elllé OgHy TPoueaypy.
Bri6pas pe6po uv ncxoguoro rpada, 6yaemM IBUTaThCE OT ¥ K U I CTATUBATH
pebpa Tuna zz', coeMHAIONINE BePIIHHB U3 HAYIIHX MOAPS T BAOJL HAIIETO
nyTH >K3eMmaspoB rpada H. [lnasaprocTs npu 5ToM coxpanseTcsa. CTaHeM
Tak:Ke pebpo, coeHHsAOIIee BEpPIINHY ¥ C MepBoU U3 BepiinuH rpadoB H Ha
namem nyTn. (Ecam wa pe6pe uv He 6bLIO TOYeK mepecevdeHus ¢ APYTHMH
pebpamu, To He meraeM Hudero.) [loBropuB oTy mpouenypy mis Bcex peGep
rpada G, noryaum nckombiii rpad P(G). 3aMeTnM, 9T0 MHOXKECTBO BepIITH
P(G) comepXnT 10 MOCTPOEHNI0 MHOXKECTBO BepiinH (.
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Puc. 3. Puc. 4.

[MTormHOMIANBHOCTEH TAKOT O CBeIeHNS OUeBUIHA. [JOKa3aTelLCTBO eTo KOp-
PEKTHOCTH HCIOJB3yeT CleAyolliie nBa cBolcTBa rpada H:

> mpm d0601 packpacke H B 3 mBeTa mBeTa BepIInH & U x', paBHO Kak M
uBeTa y u %', coBnagaoT;

> ecTh pacKpacky B TpH IBeTa, NPH KOTOPBLIX BEPIINHBLI T W Y MOKpallle-
HBI OJIMHAKOBO, €CTh W TakKue, TPH KOTOPHIX OHNW MOKpallleHbl B pa3Hble
nBeTa.

YuTaTeno mperocTaBAgeTCS CaMOCTOATENLHO MTPOBEPUTH BLITOJHEHNE DTUX
CBOWCTB 1 y6eauThCs, 9TO MpaBmibHas 3-packpacka P(G) mopoxmaeT mpa-
BIIIbHYIO 3-packpacky (G (Kpacmm BepIInHY B TOT Ke NIBeT, B KOTOPHIN OHa
nokpamiena B P((G)) n nao6opoT (r0b6as npaBuibHas 3-packpacka Bepmna G
NPONOMKAETCS 0 MpaBuaAbHON 3-packpacku P(G)).

7. Kaacc PSPACE

Kak yxe roBopuioch, B 9TOT KJIacC MOMAAa0T Te (PYHKINN, KOTOPHIE MO-
ryT O6bITh BhvuciaeHbl Ha MT, mcnoabsyrolieil maMsiTh, OrpaHHYEHHYIO TO-
JUHOMOM OT [JWHK BXOJHOTO CJOBAa. JTOT KJIAacC BKJAIYaeT B cebs KJIacc
P (3a Bpems T MBI CMOXeM HCHONB30BATh MaMATh, He MpeBocxosiyo 1)
n kracc NP (amansor CoBetnnka ¢ UcnosunTeneM 3aHNMaeT MOJHHOMUATb-
HOe BpeMsi, modToMy McHmonHUTeNb, He OTPAaHUYEHHBIH BO BPEMEHH, MOXKeT
mepe6paTh MO OYepeqn BCe BapWaHTHI 3aMncell TAKOTO [HAJOTA, UCHOJB3YS
[T DTOTO CPABHUTENBHO HEGOMBIIYIO — OrPAHNYEHHYIO TOJHHOMOM OT JIJIH-
HBI Bxoga — nmamsaTh). Ho kracc PSPACE, no-Bugumomy, ropasio mmpe qem
NP. K coxanennto, 10Ka3aTh 3TO HUKOMY IO CHX TIOp He yIaJOCh.
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Knaccy PSPACE, To4unee ToBOps, XapakTepucTudecKuM (PYHKIUAM, BXO-
pauinm B PSPACE, mox#O 1aTh caenyioliiee HedpopMaibHoe onucanue. [Ipe-
CTaBUM HECKOJbKO HeaJu3UPOBAaHHYIO MO[elb cyjgonpousBojgctBa. CiaoBo
¥ — ONHcaHWe HEKOTOPOTO [eja, HaXOAAIIerocss Ha pacCMOTPEHUH Cyaa, KO-
TOPBIH MOKEeH BHIHECTH BepANKT: BUHOBEH Ji OOBHHSIEMBIN (3HaYeHIe XapakK-
TepucTndeckoil Gpynkunu paBuo 1). Cyabs — yyKe 3HAKOMBIN HaM TOJAHOMN-
anbHO orpannvenusrii Ucnorantens (o 6yger paboTaTh Bpems, He MPEBOC-
Xo/slee MOJMHOMA OT JIWHBI onucanns nena). EcTs Takke [Ipokypop, Ha-
CTaWBaMOIINKE Ha BUHOBHOCTH OGBHHSEMOTO, I A TBOKAT, YOEXK MAIOIIHE CY B0
B o6paTHOM. O6a OHN WHTENIEKTYaJbHO BCEMOT VI U 10 OYepeqn TPUBOIAT
cBou aprymenThl. [IpaBuia Bemenus cyjge6HOro paszbupaTenbcTBa 3aUKCH-
poBausl B YroaoBuo-IIponeccyansnom Kogekce. Cyabst MOIBOIUT HTOT pas-
O6UpaTeNbCTBa, OCHOBHIBAACh Ha ONMMCAHUN [eja T, Ha COCTOSBIIENCS THCKYC-
cun mexay [Tpokypopom n Ansokatom m Ha YIIK (T.e. mo cyTu Burancaser
3HaYeHNe HEKOTOPOH MOJMMHOMUAABHO BRIYHCANMON (DYHKIHH, ONperensieMon
YIIK, Ha BXOe, onuchIBakoIIeM cyIe6HOe pa3bupaTenbCcTBO — CJAOBO X, TEKCT
nepBoro BeicTymieHus [Ipokypopa, TekcT mepBoro BeiCTyIaeHHs AjBOKaTa,
TEKCT BTOPOTo BhICTyIeHus [Ipokypopa u T. 1.).

B Takom skctpaBaranTHOM KOoHTeKcTe Kiaacc PSPACE onpenensercs cae-
nytommM obpaszoM: xapakTepucTudeckas pyukuus f npuragiexuat PSPACE,
ecim MOXKHO TpuaymMaTh Takon YIIK, 9to npn f(z) = 1 y [Ipokypopa ecth
cTpaTerus BefeHUs MUCKyccuu, KoTopas ybexgaetT Cynbio B BHHOBHOCTH 06-
BUHAEMOTO TPN JI0OKX BapnaHTax jgeficTBnil AjxBokata; a npn f(z) = 0 ana-
JOTHYHas cTpaTerus ecTh y AmBokaTa.

3AMEYAHUE 5. O6BIYHO OMUCAHHYIO BHIIIE MO/IeJb H3JATa0T B Gojee Hell-
TpaJbHEIX TepMuUHaX. | OBOPAT 06 Mrpe ABYX JUIl, 3aBHCANIEH OT BXOJHOTO
CJIOBA, W CYUIECTBOBAHUN BHIUT PHIIIHON CTPATETUN y OJHOTO U3 HTPOKOB.

TrEOPEMA 5. Cmandapmuoe u y20.406HO-NPOYECCYAABHOE ONPEIEAEHUA
kaacca PSPACE pasnocuabubl.

JIOKABATEJIBLCTBO. llokaxem, 1to a3wik u3 PSPACE B cmbicae YIIK
npunajiexut PSPACE B cumbicie ctangapTHOro onpefgenenus. [lycts wu-
CJI0 BBICTYILIEHHH CTOpOH orpanmdeno p(|z|). Oupegesum mo mMHIYKIHA Ha-
6op mammnu Teiopuara My mis k& = 0,...,p(|z|). Kaxgas My no sanan-
HOMY Ha4ajly MUCKYCCHU Z,dy,by,... gaunbl k omnpefenser Haam4dme yoGe-
Kpawotrenn ctpaterun gas I[lpokypopa. Ilocienqnen B >TOM psgy MalinHe
M,(|z) HYKHO mpOCTO MpoMMUTHPOBaTh paboTy Cyabnm nm BEYACIATH (yH-
kunio YIIK(z,ay,...). Mammua M) nepebupaeT Bce BO3MOMKHEIE BapHaHTH
(k + 1)-ro BeICTynIeHNst 1 KOHCYABTHPYeTCs ¢ M1 O MOBOIY OKOHYATENb-
HBIX Pe3yJbTaTOB CyneGHOTO pa3bupaTenbcTBa. Ee olleHKa mepcnekTHB pas-
OUpaTesbCTBa COCTABAAETCS OYEHb MPOCTO: €CIH TeKylllee BHICTYILIEHNe 3a
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[TpoKypopoM, TO AOCTATOYHO HAWTH XOTS OBl OJNH BapHAaHT BHICTYILICHUS,
nociae Kotoporo Mpiy TapanTupyeT y6expawolyio cTpaternio aas [Tpoky-
popa. Ecau Tekyuiee BeicTyIIeHNe 32 A TBOKATOM, TO TOCJ€e JI06GOTO U3 BO3-
MOYKHBIX BHICTYIIEHHN M1 1OMKHA 0GHAPYKUTH yOEXK TAfONIYI0 CTPATEr Hio
nas TIpokypopa. Mammua My onpejenser Haandune yOexjaioliell cTpaTe-
run aas [Ipokypopa B caMoM Hadaje mpoiecca W Aas eé paboThl HYKHO
3a/[eflCTBOBATh BCIO TocaegoBaTenbHocTh Mamnd M. Ho kaxmas us stux
MaIlNH UCIOABb3YeT HeGOMBIIYIo (MOTMHOMHATLHO OTPAHWYEHHYIO) TMaMSATh,
TaK 9TO BeCh Mpolecc MoTpebyeT JHIIb MOTHHOMHAILHO OTPaHHYeHHON Mma-
MATH.

A Tenepn mokazkeMm obpartnoe. IlycTh ecTh Mammua M, BRIYHCASIONIAs
HEKOTOPYIO XapaKTepHCTHIeCKY0 PYHKINIO f Ha MOTMHOMUATBLHON MaMSATH.
3aMeTHM Mmpexkje BCero, 94To BEIYHCIeHe Ha TaMATH S 6eCCMBICIEHHO TTPOBO-
auTh goabine, sem BpeMs 2005 (Bce HadTHET MOBTOPATHES MOCTE TOTO, KAaK MBI
ncuepIaeM BCe COCTOSHUA Halllell CHCTEeMH, a nX He 6osee qeM | A|%-|Q|-S, rae
Q, A— cOOTBETCTBEHHO MHOKECTBO COCTOAHMIN Y PaBAAIONIETO YCTPONCTBA I
andasut paccmarpuaemoin MT). TTooToMy MOXKHO cHHTATh 6€3 OT paHUdeH U
OGUIHOCTH, 9TO BpeMs paboTs Mammusl M orpanmdeno 29, rae ¢ = O(p(|z])).

Jl1s MPOCTOTH ONMHUCaHUs MOTpeGyeM, YTOOK MOC/e 3aBepllIeHus BEITHcIe-
st MT coxpansia 6e3 U3MeHEHUN JOCTUTHYTOE COCTOSHIE.

[TpaBuia cyaeGHON AUCKYCCHH COCTOAT B cJexyioineM. [Ipokypop yTBep-
JK/TaeT, 9TO Ha BXOJHOM CJIOBe I MalllMHa BHIAAET pesyibTaT 1, a AjBokaT
noJBEpPraeT ®TO COMHeHHI0. B mepBoM cBoéM BhicTymiaenun [Ipokypop 06s-
3aH OMHUCATh COCTOAHMe MamnAabl M (cTpoka, 3amncannas Ha JeHTe, NOJ0XKe-
HIe IATaloNIell TOJOBKH, COCTOAHNE YIPaBIAIIIEro yCTpoicTBa) mocae 2971
TakTOB paboThl. B oTBeTHOM CiloBe AIBOKAT yKa3biBaeT HA OJUH U3 MPO-
MeXKyTKOB: oT Hadada jgo (2971)-ro Taxta wam ot (277 !)-ro Takra 10 KOH-
ua. ITocse sToro Ipokypop 06s3an onucaTh cocTosiune M B cepejnne 3TOro
npomexyTka. /lanee Bcé moBTOpsieTcs: AJBOKAT BHIGHpAET OJHY W3 MOJOBH-
HoK, [Ipokypop omuchiBaer coctositme M B cepeiute BHIOPAHHON MOJOBHH-
KW U T. .

JucKycensi 3aKaHIMBAeTCs, KOT/AA [IJINHA MPOMEKYTKA CTAHOBHTCS PaB-
woit 1. Cyabsi MOABOJINT WTOT Tak: B TedeHHe Mpolecca Ais 060HX KOHIOB
5TOr0 MPOMEKYTKA OBLIN OMHCAHBI COCTOSHUA M, ecim cOCTOsHNEe MPAaBOro
KOHIIA TOMYYaeTCsAs U3 COCTOAHUSA JEeBOTO KOHIIA 32 OMWH TakT paboThl M, To
Cyabst ckionseTcsi K MEeHno [IpoKypopa, B IPOTHBHOM Cly4ae — K MHEHHIO
AnsokaTa. Heo6xonvbie npoBepkn 3aitMyT y Cyabu BpeMsi, TOTUHOMHATBHO
OrpaHnYeHHOe JIHHON BXO/JHOTO CJOBA.

Mycts f(z) = 1. Torga y6ex natouias cTpaTerus aus [[pokypopa cocTonT
B TOM, 9TOOBI KaXK/Ibiil pa3 cOOBIIATH NCTHHHOE MOJOKeHHe Tell (HATOMHIM,
470 [IpOKYpOp HHTELIEKTYalbHO BCEMOTYII, TAK 9TO OH B COCTOSHIH TPOMO-
JeIMpoBaTh B yMe paboTy Maunubl M).



CIOXHOCTH BRITHCANTEALHBIX 32T 105

[ycts f(z) = 0. Torga, ato 661 Hn roBopua [Ipokypop, Ha ogHOM u3
POMEXKYTKOB (Ham Ha 060nX) GyIeT COTep:KAThCA OmmbKa. A TBOKAT TOJKEH
VKa3BIBaTh KaXKIKIH pa3 NMEHHO TAKOU ITPOMeKYTOK — DTO FapaHTHPYET eMy
ycrmex.

B knacce PSPACE cyimiecTByOT nmoJHBIE OTHOCHTEABHO TMOJHHOMHUATBHON
CBOJMMOCTH 3agavu. [IpocTefimnit BapnaHT moaydaeTcA U3 TPUBEIEHHOTO BHI-
e JoKa3aTeqhCTBRA.

3an1a49a TQBF (Truth of Quantified Boolean Formula). 3azaércs mpe-
JTMKaTOM

TQBF(z) < 2 ecTh NCTHHHAS KBAaHTH(UINPOBaHHAS OGyaeBa (op-
myaa (QBF), T.e. popmynra Bumga

rie y; € {0,1}, ¢ — HekoTOpas Jormdeckas GopmyJa,
a Q; — ambo Y, mu6o .
[To onpegenennio KBaHTOPH AEHCTBYIOT Ha (HOPMYILI CASAYIONIAM eCTe-
CTBEHHBIM 06pa3oM:

Vap(zy,...,z) ety (z1,...,0) AYP(zq,...,1), (14)
Jzp(ar,....2) © Pz, ..., 0) V(zy, ..., 1)). (15)
TrorPEMA 6. 3adaua TQBF PSPACE-noana.

WUTor onucanHOU BHIIIEe MUCKYCCHH MOYKHO BHIPA3WTh B BHJe KBaHTH(H-
[HPOBAHHON (DOPMYJIBI, €CJIU 3anucaTh ycaoBue «ogHo coctosane MT momy-
YaeTcs W3 JPYroro 3a OJWH TaKT» B BHIE JOTHYeCKOW (GPopMyabl. XOTs B
DTON [INCKYCCHHU BRICTYILIEHUS ObLIN [NIWHHee dYeM B OJUH OUT, UX HETPY/-
HO NpeBpaTUTh B ONHOOUTOBBIE, BCTABAAA TOCAe KaxKI0T0 6WTAa HACTOAIIETO
BRICTYILIEHUS OJHOW U3 CTOPOH (PAHTOMHOE BRICTYILIEHHE TPOTHBOIOIOKHONM
CTOPOHHK! («moKamInBaumey). PopmMyTa ¢ OT «MOKAULTHBAHTIY He 3aBUCHT.

8. Kanacc IP

Bepuémcs x mape (Mcmoanntens, CoBernnk). Pa6oTa 5Toll mapsl mo3Bo-
JfeT pemaTh 3agaqn w3 kiacca NP. A waMeHHUTCS U 9TO-HUOYIb, €CAN BHI-
1aTh VcnosHnTeno reHepaTop CIyIanHoCcTH (MOHETKY [ O I0packiBaHms)?
Krace ¢pynkunit, Berqucanmuix napoin (Mcnoaantens ¢ moneTkon, CoBeTHNK)
3a TOJNMHOMHUaJbHOe BpeMs HaswiBaeTcs [P (6osee TouHOe onpenenenne GyeT
nano Hmke). CrpaBemanBa ciegyiolas 3aMedaTe bHAs TeopeMa.

TroPEMA 7. PSPACE = 1IP.
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[Ton6pacrBanme MOHETKH 3HAYUTEALHO yaAyUIaeT d(PPeKTNBHOCTL COBe-
ToB! B ocTanbuoll 9acTu »Toro pasjgena MBI MOTPOOGyeM OOBACHUTH DTO He-
OXKHUTaHHOE SABJEHNE.

8.1. /IONOJHUTEJBbHBLIE BO3MOYKHOCTH: NMOJBPACBIBAHUE MOHETKHU U
KJAcc BPP

Jlisi Havasa HYXKHO MOHSATH, YTO U3MEHHUTCH B ONpeJeleHNN aJrOpHTMa,
ecii pa3peluTh UCMOAB30BaHNe TeHepaTopa caydainnoctn. PesyabTaT pado-
Thl VicomHUT IS, HCTOMB3YI0IIero Mo I0packiBAHNA MOHETKH, TlepecTaeT OhITh
O/THOBHAYHO onpefenéHubiM. Kak Torma moHUMaTh yTBEPXKAeHHE «AJITOPUTM
(BepOSITHOCTHBIN) pelaeT 3a1aqy»’

EcTecTBerHO moOMaraTh, YTO BEPOATHOCTHRIN AJATOPHTM pellaeT 3ajadvy,
ecii BeJKa BepOATHOCTH MPaBUIBLHOTO OTBeTa. KoHewHO, 5Ta BepOSATHOCTH
3aBUCUT OT CBOWCTB reHepaTopa caydaiiHocTu. MBI 6yeM cYnTaTh, 9TO Te-
HEpPAaTOp CAYYAWHOCTH MPOU3BOJNT MOCJIEJOBATEIBLHOCThH HE3ABUCHMBIX CJY-
qainbeix 6uToB (0 minm 1 ¢ paBHBEIME BeposTHOCTsIMA). [IpocTeimas pearbuas
MO/IeJib TaKOT'O TeHepaTopa — MOI0packiBaHne MOHETKH.

Ecaun uaBecTHa BepxXHsAs Ol€HKA BpeMeHN paboThl alTOPHTMAa, TO €70 MOXK-
HO Mpeo6pPasoBaATh K CIEAYIONIEMY CTAHIaPTHOMY BHY: CIeJaeM T0CTaTOYHOe
KOJH9ecTBO MOAOPACKHIBAHUN MOHETKH W 3alMOMHUM HX Pe3yJbTaThl, COCTaBUB
Tabauny caydaiusix 6uToB. [locie 5Toro HavHeM AelCTBOBATH MO AT OPUTMY,
BaMeHsis TTOAOpachiBaHe MOHETKH oOpallleHneM K TabJauIe CIyIaliHBIX duced,
COCTABIEHHOW Ha TepBoM miare. Bpems pa6oTh TakoW BepCcHH aJrOpHTMa
nMeeT Ty ke (¢ TOTHOCTBIO 10 MYJbTHILINKATHBHOTO MHOKATENS) BEPXHIOI
OIleHKY. A BepOSATHOCTH TOJYYeHHS OTBETA @ [Jsf aJrOpUTMa B TakoMm ¢op-
MaTe MOJCYUTHBAETCS MPOCTO: ITO OTHOIIEHIE KOJANYeCTBA TeX TaGMHIl Cay-
YaWHBIX YHCeJ, TTPH HCIOJb30BAHUN KOTOPHIX MOJydaeTCs MaHHKIH OTBET d,
K o0leMy KoiudecTBY TabJuil, paBHOMy 27, Tlle 1 — KOJHYeCTBO CAYyY9auHBIX
ONTOB.

ODTO 3aMedaHme MO3BOJAAET JaTh onpenenenne kiacca BPP — 3ama4, pe-
[ITA€MHBIX BePOATHOCTHRIME aJTOPHTMaMHi 32 MOJIMHOMUAJbHOE BpeMs, — aHa-
JOTHUIHO onpefenennio 5 kracca NP.

ONPEAEJNEHWUE 7. Dyuxyus [ npunadaeacum waaccy BPP, ecau cyuye-
cmeylom makue noaurom ¢(-) u gyuwyus R(-,-) € P, umo doas cio6 r daunw
q(|z|), dan xomopwix evinoaneno f(xz) = R(z,r), 6oavue 2/3.

Ecan B TOM omnpejgenennn 3aMeHnTh dnciao 2/3 Ha Ji06oe (PUKCHPOBAH-
Hoe umnciao, 64abiee 1/2, kracc BPP we mamenntcsa. Ecth mpocToit cnoco6
MOBUTHCSA BEPOSITHOCTH, CKOIb YTOMHO 6an3Kkol K 1. BozabMéM HecKOTBKO 011~
HAaKOBHIX MAIlNH, 3a0yCTHM WX BCe, a OKOHYATENhHBIM Pe3yJbTaToM Oy1eMm
CYNTAaTh MHEHHUe GOMBIIHHCTBA. Kcan BeposTHOCTh NPaBUIBLHOTO OTBETA /s
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KayKTOTO DK3eMILIfApa MAIUHLl paBHA ¢ > 1/2, TO BepOATHOCTH HENPABUIb-
HOT'O OTBeTa MOcJe TOJOCOBAaHUA N MAIINH

[n/2] [n/2] _
S ()= < S e = o) (i)n/2 F <

C

<AT Z (lzc)n/Q_k <A (%)n/Q_Ln/QJ 1—(11— c)/c -

=O(\") (16)

mast moaxogsaiero A (24/¢(l1 —¢) < A < 1). Takum o6pasom, rorocoBanme
DKCIOHEHINAJLHO OLICTPO YMEHLIIAeT BePOATHOCTEL HENPaBUJILHOIO OTBETA.

8.2. ONPEJEJEHHUE KJACCA IP

Kaacc IP coctaBasoT 3aga4qn, 118 KOTOPHX CYIIECTBYIOT «MHTEPAKTHB-
HbIe OKa3aTelbCTBa NPAaBIILHOCTH OTBeTay. /I pyruMu cioBaMu, eCTh WHTeJ-
JeKTyaabHO BCceMOTyIIni u npuctpacTHbll COBeTHUK, K YyCIyTraM KOTOPOTO
paspeiliieHo npuberaTh MOIHHOMUAIBHO OTPAHUYEHHOMY BEPOSTHOCTHOMY aJj-
FOPUTMY, a 3ajada MpHHALIexuT Kiaccy IP, eciu ecTh Takol cnocob opra-
HM30BaTh paboTy mapel (McnonrauTens ¢ MoneTkoll, COBETHHK), 9TO BEpOAT-
HOCTH MPaBUIBHOTO PE3yIbTATa JOCTATOTHO BHICOKA (Goablie 2/3).

Kak w B mpeuI gyImmx cIyvasxX, MBI XOTAM TIPABECTH paGoOTy Maphl HAINX
nepcoHaKel K HEKOTOPOMY KaHOHHYECKOMY BHIY. 3aMeTHM, YTO Temepb, B
otanyane oT Kiacca NP, CoBeTHWK He 3HaeT 3apaHee CMHCKAa BONPOCOB, KO-
TOphIe eMy OyAyT 3a/laHbl: 3TH BOMPOCH ONPEIEISIOTCS, TOMUMO TPOYEro,
nojgbpaceiBanneM MoHeTkn. OQHAKO, KaK U B cay4ae kiacca BPP, Ucnonuu-
Telh MOXKET COCTABAATH TAOMHUIKl CAYYANHBIX OUTOB H MOJB30BATHCA HMH.

bymem cuutaTth, 9T0 COBETHHK BHAUT Pe3yJbTATH MOJAOpACKHIBAHUS MO-
HeTku. [loatomy co croponsr UcnoanuTtens 6b110 661 HEOCMOTPUTENBHO CO-
CTaBASATh TabGAUNY CAyYalHEIX 6GHTOB HAa Bce Bpems guainora ¢ CoBeTHUKOM.
O/HaKO OH HUYero He TepsieT B BO3MOXKHOCTH KOHTPOJupoBaTh COBETHHKA,
eciu TaKasf TabJaHIla cOCTaBaseTcs mepej KaxawiM BompocoMm. A CoBeTHUK,
A8 Ha TaGAUNy, y:Ke MOXKeT MOHfATh, KAKOW HMEHHO BOTMPOC 3aTacT eMy
Ucnonruutens, coobunTh McnomHuTe 0 3TOT BOMPOC I CBOI OTBET Ha HETO.

[Tostomy paboty mapel (Mcmomuntens ¢ monerkoi, COBeTHNK) MOXKHO
npeobpazoBaTh (C HE3HAUNTENLHON TOTEPEN PECYPCOB) K CIeAYOIIeMy KaHO-
HuYeckoMy Buny: VMcnmomHuTes b cocTaBiaseT TabJAUIYy CAyYalHBIX OGHTOB, MO-
kasbiBaeT eé COBETHHKY, TOT TOBOPHT HedTO B oTBeT u T. 1. KormdecTBo
TaKWX PayHIOB OTPaHWYEHO 3apaHee 3aJaHHBIM MOJMHOMOM OT MJIWHEl BXO/I-
HoTro caoBa. [locae 3aBepinienus gnanora ¢ CoBetunkom, UcnonsuanTtens mo 3a-
MICH DTOTO AUajJoTa IpHHIMaeT pelieHne. BeposTHOCTH NpaBIIBLHOTO OTBETA
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(mosst TMANOTOB, MPUBOJAIINX K MPAaBIILHOMY OTBETY) MOMKHA OBITH MOCTa-
TOYHO Beanka. Bce o1 HedpopMadabHble coOO6paKeHNs YITEHH B CJIeTyIONIeM
onpejieJeHll, B KOTOpOM f — XapakKTepucTudeckas (QPyHKIIHS.

OnPEAEJNEHUE 8. f € IP o03nauaem, umo ecmb Makue NOAUHOMUAABHO
eviuucaumas (rapaxmepucmuuecxas) @ynxyus V (Henoanwumenn), nexomo-
pas pynxyus P (Cosemnux) u noaunomvr q(-) (dauna mabauyst cayuainse
wucen), s(-) (dauna duaqoza), umo |P(u)| = poly(|u|) (Coeemnux daém no-

AUHOMUAADHO OZPAHUYEHHDBIE CO6€ﬂ2bl) u das Kavcdoz2o T doan mer J6oUNbIT
nocaedo6ameabnocmeti

11 12 T1q(|z])
21 22 T29(|z])
Ps(lz))1 Ts(la)2 s(lel)a(le)

das Komopwlr
f(*r) = ‘/(;t, 1, P(r1)7 T2, P(rh ?“2), s Ts()z))s P(rh LT rs(|x|)))

boavute 2/3.

Mur nenonbsoBann o6osnaqenne ry = (Tk1, Tk2; - - ; Thg(jz]) W €CTECTBEH-
HOE COTJallleHne: KOr/fa MBI TpAMeHseM (GYHKINIO K MOCIe[OBATENLHOCTH ap-
TYMEHTOB, TpeanoJaraeTcs, 9TO 3Ta MOCIeJ[OBATEIbHOCTh NpeICcTaBlIeHa B

Buje, anarorndnom (1) (cM. HavaTo CTATHH).

3AMEYAHUE 6. Pa6ora VcnosnuTenss B onucanHoM BHIlle popMaTe MO-
xo¥a Ha paboTy CyIbH U3 YT OJIOBHO-TPOIECCYATbLHON HHTEpIpeTalnn Kiacca
PSPACE. Tonwsko Temepb ojiHa U3 CHOPSAIINX CTOPOH — TeHEPATOp CIydail-
HbIX qncen. Teopema 7 nonydaeT JIOGONBITHYIO HHTEPIPETANNIO: AHAJN3 UT PBI
OPOTHB CKOJb yTOMHO YMHOTO TPOTHBHAKA € BEIYUCJINTEIBHON TOYKH 3PEHUS
SKBUBAJEHTEH aHAIM3y (APYroi) UTphl MPOTHB MPOCTEHIIEro MPOTHBHAIKA:
remepaTopa caydaiunx ancent),

8.3. IP C PSPACE

Onpegenenne [P moxoxe Ha yrofOBHO-TPONECCYaTbHOE ONpeleneHne Kaac-
ca PSPACE. U nokazaTeasctBo IP C PSPACE nanomunaeT Ty 9acTh foKa3a-
TeAbCTBA TEOPEMBI 5, B KOTOPOH CTPONTCA aATOPUTM OTpeIeNeHNs BEIUT PHITI-
HOW CTPAaTEernn, HCHOIL3YONINT TOJNHOMAAIHLHO OT PAHNIEHHYIO TaMATh.

[ycts f(z) € IP. CHoBa no mugyKunn onpenensercs Habop Mammu Thio-
puara My mus k=0, ..., s(|z|).

Kaxpgas My mo 3ajanioMy Havdaly AUATOTA L, 71, Pl .-, g, Pp JAUHBL K

MeXK 1y NcnonuuteseMm 1 COBETHHKOM OLICHUBAET BepOsATHOCTBL OTBeTa 1 npn

4
)ABTOp omarogaper A.KwutaeBy, o6paTuBiiieMy ero BHUMAaHIE Ha 5Ty, U3BECTHYIO CITe-

nmruajarucTaM II0 TeOopuu CJHOKHOCTU., MHTEPpIpeTalnuio TeOpeMbI 7.
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npogonxkennn auanora. [locreguss B oTom pagy mamnna M|,y *METHPYET
pa6oty UcnonnanTens, Beraucaset Gynkunio V(z,ry, py...) 1 cOOOIIaeT B Ka-
JecTBe OTBeTa eé 3Havenue. Mamnna My, mepe6upaeT Bce BO3MOXKHEBIE BapHaH-
THl (k+1)-r0o coobuienns n KOHCYIbTHpPYeTCs ¢ M1 O TOBOAY OKOHYIATENb-
HBIX pe3yabTaToB. Ecan cioBo 3a CoBeTHHKOM, TO olleHKa M} — MakcuMywm
oneHoK Mpy,q O BceM BO3MOXKHBLIM BapmaHTaM coobienns CoBeTHuka. Ecan
cioBo 3a UcnoanuTeneM, To onenka M} paBHA cpefHeMy apudpMeTHIECKOMY
oneHok My41 1o BceM ry (3T0 hOpMyTa MOTHON BEPOSTHOCTH).

AsropuTtm Berducqaenus f Ha HOJMHOMHUAJTBHON MaMsATH 3anyckaeT My u
BHITaéT B KadecTBe pesyabTaTa 1, ecan omnenka My Goabire 2/3, u 0, ecin
onenka My Menblie 2/3.

8.4. PSPACE C IP

JlaguMm HaGPOCOK JIOKa3aTelbCTBa, HOJAPOOHO DTO IOKA3aTEeALCTBO H3J0-
xeno B kanre Crmcepa [9)].

JloctaTtouno gokazaTh, 9To PSPACE-moanas zagava TQBF mpumamie-
xut IP.

WUTak, nycTh HYXKHO IPOBEPUTEL UCTHHHOCTL BHICKA3LIBAHUA

To=Qz1Qez2. .. Queme(T1, ... Tm),

B KOTOpoM ¢(-) — HekoTopas Jormdeckas ¢gopmyra, Q; € {V, 3}, kBauTopsr
TefcTBYIOT Ha GopMyasr mo npaBmaam (14)—(15).

OneHnTh UCTHHHOCTH BhICKa3bIBaHUSA Ty MOXKHO Cleyolleldl peKypCuBHOR
npouegypoit. O6osnatum tepes 1;(zq, g, ..., ;) BEICKa3bLIBaHLe

Torma Ty = T1(0) #1 T1(1), e *; — cBs3Ka, onpejgenseMas KBaHTOPOM Q.
Haingem Bragamne T7(0), a satem T1(1), KaK 611 pa3 BRI3BIBasA PEKYPCHBHO Ca-
My OmmnchBaeMyio mpouenypy (aas onpenenennst T, (21, ..., 2,,) JOCTATOTHO
BEIYHCJANTE 3HaUeHne POPMYIALl ¢(Z1, ..., Ty ), TAK 9TO PEKYPCHS KOHETHAS)
n Beraucanm 17 (0) 1 Th(1).

OTa nporeiypa TpebyeT BLIYNCICHHA BCeX 2™ BO3MOMKHLIX 3HaYeHUT Pop-
MyJIB ¢(+), a TOTOMY 3aHUMAaeT DKCIOHEHINAIHHO OOMBIIOe MO CPAaBHEHUIO €
pasMepoM BXoJa 3ajadu BpeMs. Harisamo 5To BLIYuCIeHHe MOXKHO H306pa-
3UTL B BHJE JepeBa, Kak MOKa3aHo Ha puc. Ha. B mpouecce BLIYHCICHHS ML
HoJayvaeM He TOJABLKO 3Ha4YeHNe B KOPHE, HO H 3HaYeHHA BO BCEX HPOMEKYTOY-
HLIX y3JaX JepeBa, KOJNIeCTBO KOTOPHIX DKCIOHCHIHAILHO BEAUKO.

Yem moxkeT nomodb CoBeTHHK B TaKoM Boiduciaennn? OH, KOHEYHO, MO-
JKeT coobmuTh 3uavenue Ty, BupodueMm, mockoabky CoOBeTHHK NpHUCTpacTeH,
TO B JI060M caydae o ckKaxkeT, 94To 1o = 1. [lonpo6yem npoBepuTh 5T0 c006-
wenne n 3anpocum 3uadenns T1(0) u Ty (1) — TOMKHO BEITOTHATHCS COOTHO-
menne To = T1(0) % T1(1). [Janree BeibGepem cIyd9aiiHO n PaBHOBEPOSTHO THCIO
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o)
Q2

Z1 0 1 1

T o/\10/\1 P

Puc. 5.

r1 € {0,1}, sanpocum y CoBetnuka suavenns T5(ry,0) nu To(rq1, 1), npoBepnm
Ti(r1) = T2(r1,0) %2 T2(rq,1) w 1. 1. Ha mocaegnem mare yxe 6e3 BCAKOTO
CoBeTHHUKA MOKHO TIPOBEPHUTH, ITO

Tm—l(rlv s '7rm—1) = Tm(rlv © '7rm—170) *m Tm(rlv s Pm—1; 1)

Berauncaenus 6yayT mauthes O(m) + ®(n) = poly(n) TakToB, rae ¢(n) —
KOJU9eCTBO TaKTOB, HEOOXOMNUMBIX /s BBIYUCJAEHUS B3HAYEHUS JOTHYeCKOH
OPMYJBI JJIUHBI 1 PH 3aJaHHBIX 3Ha9eHUAX nepeMeHHbIX. OHI TpouCXOAAT
BJIOJb OJTHOTO U3 TMyTel OT KOPHS K JUCThSIM B JepeBe Ha puc. Ha, BEIOHpae-
MOT'O CJAYYallHO W PaBHOBEPOSITHO.

C kaxkolt BeposiTHOCThI0O WUcnosunTens npuauMaet peiieriie 06 HCTUHHO-
ctu QBF? Ecan paccmaTpuBaemasi popmyaa uctunna, To COBeTHUKY TOCTa-
TOYHO TOBOPHTH NCTHHHEIE 3HAYEHNS BCEX 3ampaliuBaeMbix Bean4dnH, Wcmos-
HUTENh He YBUHIUT HUKAKOTO NPOTHBOPEYHs U C BEPOATHOCThIO | mpusuaeT
dopmyay mcturnon. Uto 6yxet, ecin QBF noxna? Ytobwr yoeants Ucmon-
HuTenss B o6paTHoM, COBeTHHKY XOTs OBl pa3 NpUAETCSA CONTATh, COOOIINB
HeBepHOe 3HaYeHHe OJHON W3 Maphl 3alpallnBaeMbIX MepeMeHHBIX. JTa JOXKhb
C BepOsITHOCTHIO 1/2 3amedena He OyjeT, 9TO MOKa3hIBaeT HENMPHTOJHOCTH
ONHUCAaHHOW MPONEeJIYPH M5 HaJeKHOTO onpenetenus uctuanoctn QBE.

Kak #vu cTpanHuo, ecTh cmocob WCMPaBUThH OMHNCAHHYIO BHIIE TPONETYPY.
Ecaun B mcxomHOM BapmaHTe U3 MOJHOTO OGHHAPHOrO jAepeBa Tepebopa ciy-
YallHO BHIOWpAJCS OJUH TMYyTh, W DTO HUHYEr0 HE Jafo, TO B HCIpaBIeHHON
BEpCHN [epeBO CTaHeT Minpe (KaxXK sl pas 6yaeT BLIGOp N3 p BAPUAHTOB, T'je
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p = Q(n*) — npocToe wucao) U rAy6uKe (TIy6UHA JepeBa 6blia ™M, a B HCTpa-
BJICHHOH Bepcun 6yjeT mpumepro m?). DTo AepeBo n306pakeHo Ha pHc. 56.

YT0o6BI MTOCTPONTHL TaKoe Pa3BeTBAEHHOE JepeBo, 6yJeM CUNTATh NCTUH-
noctuble 3Havenns 0 u 1 orementamu noas K, BerietoB mo moxynio p. Jlo-
6Y10 TOTHIecKyio GopMyny ¢(Z1, Lo, . . ., Ty ) MOKHO 3ATMNCATH KaK MHOTOYJIEH

KOoTopas MeHbIlle 7 — pasMepa Bxoga 3agadn TQBE.
KsanTopawm comocTaBuM caeyioline onepannu ¢ MEOTOYIeHAMM:

V oA, f(zy,. .. 1) &

= f(mlo)f(rll) (17)

Tenepsb ancao

Po = (Ql)xl(QQ)xQ (Qm)xmp('rlrm) (19)

PaBHAETCS HCTHHHOCTHOMY 3HAYEHUIO POPMYIBI ¢(Z1, To, ..., Tm) (Q; — ome-
pamnns, coOTBeTCTByomas KBaHTopy Q;). Berauciaenne sToro 4ncia oprann-
30BaHO B [EPEBO, AaHAJIOTHYHOE N300pakeHHEIM Ha puc. 5. CTenenb BeTBIEHUS
y 9TOT0 JiepeBa paBHa p, a TIybuHa — M.

BrickaswiBannam T (21, 22, ..., ;) IPH DTOM COOTBETCTBYIOT MHOT O'LICHEI

pj($17 BN $]) = (Qj+1)z]+1(Qj+2)xj+2 cee (Qm)xmp($17 R TR B R mm)
3amernum, 4To omepannu A,, F, yMeHbIIAalOT 9YMCIO0 MepeMeHHBIX Ha 1, HO
yABamBaOT, BOOOIIE TOBOPS, CTeNMeHb KayKJOH M3 OCTaBIINXCA MepeMeHHBIX,
TaK 9YTO CTelleHn p] MOTYT OBLITH BeJuKH. YTOOLI cTeeHn MHOTOYJICHOB He po-
CJIN 9Ype3MepHO IpPpH BBIYUCIEHUAX, MOXKHO BOCHOJb30BATLCA CJIe,L[yIOLHefl o1re-
panmei:

def
fo(‘rlt .. x) = ‘rf(‘rlt LR 1) + (1 - r)f(xl .. 0) (20)
MHOI‘O‘{JIGHBI f " Lz-f HUMEeIT OJWNHaKOBOE€ KOJMUIeCTBO MepeMeHHbIX, COBIla-

natot npn z € {0,1}, a cTrenens nepementon z B L, f paBHa 1.
WNTak, ncTHHHOCTHOE 3HAaYeHNe BLICKA3BIBaHuUs 1 paBHO

Po = (Ql)aclLacl (Q2)$2L$1L$2 e (Qm)a&ml/xl LI'Q e Lacmp(‘rlt e xm)

rie (); onpenensercs no Bxoy 3agaun TQBF (Tak xe, kak B (19)). K muOTO-
qeny p(-) TpuMeHSIOTCSA B 3aKaHHOM Topsiake kK = m+m(m+1)/2 onepanni
Buga A, K, wan L. [lycTes nocie npuMeHeHus MepBbIX k — ¢ ollepannit moay-
qaercs Muorowien p;(ty,....t;), 1 < i < k. [lockoabky onepanns L ne menseT
KOJMY9ecTBa TepeMEeHHBIX B MHOTOU/IeHe, 9HCJI0 § He 065i3aTeJbHO PABHO 1.
Teneps onutiem guagor mexay Ucnonautenem u CoBetnunkom. Hauunnaet-
csi of ¢ Toro, 9To CoBeTHHK cOoobIIaeT 3Ha4YeHNe py (Kak W paHblle, B CAMOM

HavaJjie OH CKazxKeT, 9YTO pg — 1 He3aBHCHMO OT ero HaCTOAIIETO 3Ha‘IeHI/IH).
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3atem UcnonranTens cnpammBaeTt y CoBeTHIKA, 9eMy paBeH MHOTOWIEH P (1).
[MonyuwB ko> PUINEHTH >TOTO MHOTOWIEHA, cOJHNTEAb TTPOBEPAET, ITO
po = (S1)¢p1(t) (6ymem oneparnmio, cTosmyo Ha i-M MecTe 0603Ha4aTh ;). [lo-
cie sToro VcnorunTens cryqaiiHo I paBHOBEPOATHO BHIONpaeT 4ncio ry € [,
U MpUMeHsAeT PeKYyPCUBHO TY XKe MPOIeTypy MJfS NpOoBepKH paBeHCTBa

pl(rl) - Lxl (QQ)xQLlexQ e (Qm)xmLlexQ .. -Lxmp(mlt e :Cm)

KoneunocTh pekypcum obecnedmBaeTcs TeM, YTO 3HaUYeHWe MHOTOYJICHA
p(z1,..., Tp) VcnonauTens BEMHCASET caMOCTOSTENbHO. Ecian Bce mpoBepkn
Ma0T MOJOXKHUTENbHBIH pe3yabTaT, WUcnomHuTenb BHIJAET B KadeCTBe OTBe-
Ta 1, ecin XoTs 661 pa3 obHapyKeHo HepaBeHCTBO — (.

Tenmeps omeHUM BepOATHOCTH OTBeTa 1.

Ecan paccmaTtpuBaemas QBF nctunna, To CoBeTHUKY ONATH [OCTATOYHO
FOBOPHTH MCTHHHBEIE 3HAYEHHS BCEX 3alpallliBaeMBIX BelWduH. A BOT ecin
QBF noxua, CoBeTHUKY XOTsi ObI pa3 mpujercs coaraTb. [lockoabky jaBa
mHOTro4IeHa cTenern d = O(n) coBmajgaoT He 6otee deM B d TOYKAX, TO C
BEPOATHOCTRLIO He MeHbllel | — d/p Ha caepyiouieM Imare 6yaeT TPOBEPATh-
¢ noxKHOe yeaoBue. [lo WHIYKINA TOTyIaeM, YTO BepPOATHOCTL OOGHAPYKATH
JOXKb B OMUCAHHOM [HAJOTe He MeHbllle

N

14

p
rae N = O(n?) — obuee koandectBo nposepok. Ilpu p = Q(n?) ora BeposT-
HOCTHL OyaeT 6am3ka K 1.

9. 3AKJIIOYEHUE

WUTak, momMuMo mpsMoro cmnocoba JOKa3KBAaTh BHEYUCIUTENBHYIO CIOXK-
HOCTh 3a/a4d, eCTh KOCBeHHKEIE — [TOKa3kIBaTh MOJHOTY 3a/a4d B MOIXOIS-
IeM CI0KHOCTHOM KJacce. MBI mpuBeJn nBa mpuMepa TakKuxX KiaaccoB — NP
u PSPACE. Ecan korga-uu6y b B 6y yieM yIacTcs J0Ka3aTh, 9TO BKJIKOYE-
aust P C NP u/umu NP C PSPACE ctporme, To, Kak ciejgcTBue, I1s O9eHb
MHOTUX 3a/[a9 HOSBATCA MOKA3aTeSbCTBAa WX CJOKHOCTH.

CyliecTByeT MHOTO [PYTHX CJIOKHOCTHBIX KiaccoB. Hanpumep, B yroJos-
HO-TIPOIECCYANBHOU MO/ENH BBIYHCAEHUS MOYKHO OFPAHHYNTH YHCJIO BRICTYII-
JEeHUH CTOPOH HEKOTOpon abconioTHoW KoHcTaHTOW. [lomy4mtes memas ue-
Paprus CIOKHOCTHBIX KJIACCOB, BKAOYAOIIAA HA OJHOM W3 HIKHUX ypPOBHEN
ki1acc NP (exmucTBennoe BeicTymienue [Ipokypopa). [lomyaspra rumoresa,
YTO BCe BKJAIOYEHHS B DTOU HepapXui CTPOTrHe.

YrnoMsHEM TakyKe 0COOYI0 MOJeqb BHIYNCJAEHUI — KBAaHTOBHEIE BRIYHCJIE-
unst (cM. [4]). PacckaswiBaTh 0 HEX MBI He 6yjJeM, 3aMeTHM JHIIb, 9TO OHH
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cogepxkatT BPP un cogepxatcas B PSPACE. Ho mpuBegem 3ajgatdy, mo BBHIYH-
CTUTENbHON CHJe DKBHBAJEHTHYIO KBAHTOBHIM BBIYHCJAEHHUSIM.

[ITPuMEP 5 (cM. [8]). OIIEHKA KBAJPATHYHOW CYMMBI. Jana: (0,1)-
mampuya A pazmepa nxn, na duazonaiu Komopoti cmoam edunuyst (a; = 1).
C'npawuaaemm: Kaxo6 3HAK Y CYMMBbL

S= 3 (c1)E Beglellgnlil,

Az=0,ze{0,1}"

ecau uzéecmuo, umo |S| > 5"?

B npusegéunnon ¢popmyste MmaTpuia B noryuaeTcs n3 MaTpHILl A 3aMeHOM
BCEX DIEeMEHTOB Ha TJABHON IMArOHAIN W BHINIE HYJIsSMH, |[z|| — koimdecTBO
eIMHUI B 3aNUCH Z.

C/ioBa «ecam M3BeCTHO» O3HAYAIOT, YTO HA BXO/AX, HE YIOBIETBOPSIOMINX
ycaoBmio |S| > 5", QpyHKUNS He ompeeneHa, H alrOPATM MOXKeT paboTaTh Ha
TaKMX BXOJaX KaK YT OJHO.

ODTOT HpUMEp 3aMedaTelbHEIM 00pa3zoM HATIOCTPUPYET 06CYKTaBIITHECS
HaMd WAed TOJHOTH W CBeflleHusA. [Lcam WHTepecoBaTLCA TOJLKO BpeMeHeM
paboOTHl ATTOPHTMOB C TOYHOCTBIO IO MOTMHOMAY, TO BHIYHCINTEIbHBIE BO3-
MOYKHOCTH KBaHTOBBIX KOMNBLIOTEPOB COBNAAI0T ¢ BO3MOXKHOCTAMHI BepOAT-
HOCTHBIX MallnH, paboTaloUInX MOJHNHOMHAILHOE BpeMs W MMEIOUINX JOTOoJ-
HATETBHO MOCTYN K YCTPOUCTBY (Opakyay), pelraioleMy 3ajgady ob omeHke
KBaPAaTHIHOU CYMMHBI.
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