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Jlormveckue popMy. eI I CXEMBI

H. B. Bepemarun A.Illenn

OTa cTaThs — COKpAIlIeHHBIN BapUAHT IJIaBbl U3 KHUTH «BbIducanMble
dyHKUNMY, M3TaAHNE KOTOPOH TMIAHUPYeTCA B GanKaniiee BpeMs.

1. BBICKA3BIBAHUA U OINEPALINU

«Ecau 9ucno m pannorasbHo, To T — aidrebpandeckoe qncao. Ho ono He an-
rebpamieckoe. 3HAYNT, T He pallHoHaILHOY. MBI He 0643aHBI 3HATH, ITO TAKOE
YUCJA0 T, KaKe 9ucaa Ha3bIBAalOT PAalMOHAJBHBIME U Kakne aarebpandecKnMn,
4TOOBI IPU3HATH, YTO 3TO paccyXkJeHne MTPpaBUJIbHO — B TOM CMBICJE, YTO U3
IBYX C(OPMYINPOBAHHLIX TMOCHLIOK TeHCTBHTENBHO BHITEKaeT 3aKJAl0Uenie.
Takoro pojia cuTyanunm — KOI'jla HEKOTOpPOe YTBep:KJeHne BepPHO He3aBUCHMO
OT CMBICAA BXOIAIINT B HETO BHICKA3BLIBAHNHE — COCTABAAIOT MPEIMET A02UKU
6b1CKA3bI6 AHUY.

Takoe Havaso (0COGEHHO €Cin y9ecTh, 9TO KyPC JOTHKH BXOMHT B MPOT-
paMMmy (puaocodckoro GpakyabTeTa, T'jJe B CBoe BpeMs HM3ydaJach U «INAJeK-
THYecKas Jlorm(a») HacTOpaKNBaeT, HO HA CaMOM JeJe Hallll pacCMOTpeHus
OyIyT WMeTh BIOJHE TOYHBIN MaTeMaTHIeCKHH XapaKTep, XOTA MBI HaTHEM
¢ He(pOpMaJbHBIX MOTHBHPOBOK.

Buickaszvieanus MOTYT OBITH UCTMUHHBLMU T A024cHBIMUY. HampuMep, 16 4+
+ 1 — mpocToe ¥nca0y» — WCTUHHOE BHICKAa3LIBaHWe, a 3?41 — npocToe
IHUCA0Y — JOXKHOE (9TO IHCIO TeTUTCS Ha 641). ITpo BEICKa3BIBaHWe «CYIIECT-
ByeT 6€CKOHEeYHO MHOTO MPOCTHIX P, AAfl KOTOPHIX P + 2 — TaKXKe MPOCTOoe»
HOKTO He 6epéTcs cKa3aTh HaBepHIKa, HCTHHHO OHO WM JOXKHO. A (pasza
«T TeAuTCHA Ha 2» B DTOM CMBICJe He fBASeTCA BHICKa3kIBaHWeM, MOKa He CKa-
3aHO, Y€MYy PaBHO Z; NPU Pa3HBIX T MOJIYyYalOTCHd Pa3Hble BEICKA3bIBaHUA, OTHU
HCTUHHBIE (TP 9€THOM m), Ipyrue — JOXKHBE (MIpH HEYETHOM m)

BrickasbIBaHUS MOXKHO COeTHHATH APYT C IPYTOM C MOMOIIBIO A02UUECKUT
€6A30K. DTH CBA3BKH NMEIOT JOBOJBHO CTPAHHBIE, HO TPAUIHOHHEIE Ha3BAaHILS
n oboszHadvenns (Tabi. 1). OTmeTnM Takke, 9TO B A = B BhickasbiBanne A
Ha3BLIBAIOT NOCHLAKOU, WIN aHMEYEJENMOM UMNAUKAyUY, a B — 3akatouenuen,
UIH KOHCEKEEHMOM.

T'oBopsAT Takke, 4TO BHICKa3BIBaHHE HMeeT ucmurHHocmuoe 3nauernue U
(I/ICTI/IHa), ecqu OHO WCTUHHO, wan JI (JIO)KL), ecan oHo Joxuo. MuHorga BMme-
cto U ynoTpebasercs 6ykBa T (true) nian gucyao 1, a BMecto JI — 6ykBa F
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CBA3KA o6o3HavYenne HazBaHme
Au B A&B AAB KOHBIOHKITUS
A and B
A nm B AV B A or B | 1u3bloHKINS
e A -A ~A A oTpuUTaHme
A HeBepHO not A
m3 A cregyer B A— B A= B | uMminkanus
ecan A, To B ADB cleToBaHme
A Breuét B if A then B
B — caenctBue A

Ta6u. 1. Jlorudeckne cBA3KH, 0603HATEHUSA U HA3BAHUA

(false) mam wncao 0. (Ha mepBorii B3rasg nges BeGpaTh wucaa 0 m 1 mpons-
BOJTLHBIM O6Pa3oOM KaxKeTcs JUKON — KaKasf MOJb3a MOTJa OBl ObITh, CKaXKeM,
OT CJIOXKEHHS NCTHHHOCTHHIX 3HAYeHUN! YIUBHTEIHHBIM 06pa3oM B TOCJe[-
HUe TOAbl OOHAPYXKMJIOCH, YTO TaKaf MOJb3a €CTh, U €CIU ONepHpoBaTh C
HCTHHOU U JOXKBIO KaK dIeMEeHTaMil KOHeYHOIr O MOJf, MOKHO MOJYYUTh MHOT O
HEOXKHJaHHBIX Pe3yJhbTaTOB.)

Jlormvyeckne CBA3KHU TMO3BOJAAIOT COCTABIATEL CAOXKHBIE BLICKA3BIBAHWS W3
npocTeX. [Ipm >TOM WCTHHHOCTL COCTABHOTO BHICKA3BIBAHUS ONMpeIeIseTCs
HCTHHHOCTBIO €ro 9acTell B COOTBeTCTBHU ¢ Tabauuen 2.

A|B|AANB|AVB | A—B

J | Ja J JI n A -A
J |1 J n n J| !
n Ja J n JI niJa
nn n n n

Taba. 2. Tabaunsl HCTHHHOCTH JJASA JOT HI€CKHX CBA3O0K

Te :xe mpaBmIa MOXKHO H3JI0KATH cI0BecHO. BrickasniBanne AAB ncTnuHoO,
ecan o6a BeickKa3bBannd A n B ncTnHHbL. BrickaseiBanue AV B HCTHHHO, ecan
XOTH OBl OJHO W3 BBICKaswmBaHmN A m B mcTnuHO. BhickaswiBanme A — B
JOJKHO B eIHHCTBEHHOM ciydae: ecin A mctnuHO, a B noxno. Hakonen, —A
ICTHHHO B TOM U TOJBKO TOM cIydae, Korja A J0xKHO.

N3 Bcex ¢BA30K 60JbIlIe BCEI'0 BOIPOCOB BHI3BIBaeT IMILINKanus. B camom
Jelle, He O1eHb MOHATHO, TOYeMYy HA O CIUTATh, CKaKeM, BRICKa3BIBAHNS «eCIH
2x2=5,102x2=4 ncmm2x2=0>5,103x3 =1 ncrunusimu. (Mmenno
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Tak roBopaT Hamm Tabanue: JI — U = J — J = W.) Crexgytoumnit mpumMep
MOKa3bIBaeT, 9TO B TAKOM OMNpeJeNeHNl eCTh CMBIC.

O6uienpu3HaHHO, YTO €CIu YHCAO T TeJuTcs Ha 4, TO OHO JejJuTcs Ha 2.
IDTO O3HAYAeT, YTO BHICKa3bIBAHIE

(z merntcs ma 4) — (z meanTes Ha 2)

ncTuHHO TpH Beex z. [lomcTaBum ciofa @ = 5: o6e JacTH JOXKHBI, a NMILIA-
kannsg ucTuHHa. [Ipm 2 = 6 moChLIKa UMIJIUKANWH JOXKHA, a 3aKIIOYeHNe
NCTHHHO, W BCA WMIINKANWSA WCTHHHA. HakoHen, mpm & = 8 MOCHIIKA W 3a-
KJt0YeHne UCTHHHBI W BCA uMminkKanus uctuaaa. C apyroi cTOpoHEI, o6paT-
HOe yTBepXKaeHne (ecan x TequTcs HA 2, TO & TeInTCs Ha 4) HeBepHO, N NCI0
2 aBaseTcs KoHTpupuMmepoM. [lpu 5>ToM mocCHIKAa IMIAUKANNE UCTHHHA, 3a-
KJII0YeHne JOXKHO, 0 caMa HMIAKANNAS JoXKHa. TaknM o6pa3oM, eclin CIATaTh,
9TO MCTHHHOCTh MMILTHKANNN ONpeesieTcs NCTHHHOCTHIO eé dacTell (a He
HAJIMIHeM MeXIy HEMI KaKHX-TO NPHIMHHO-CIeICTBEHHBIX CBf3el), TO BCe
CTPOKH TabAWNELI UCTHHHOCTH OGOCHOBAHBI. dTOGHI MOAIEPKHYTH TakKoe y3-
Ko-popMabHOe TOHNMaHle UMIUKAINN, (PUAOCOMCKE HACTPOeHHbIe JOT HKH
Ha3BIBAIOT €€ «MaTepHalbHON HMIJINKATHeNny.

Temeps oT HeOpPMANBHEIX PAa3rOBOPOB TepelIéM K ONpeeleHnsiM. OJe-
MeHTapHble BHICKA3LIBAHNUS (M3 KOTOPHIX COCTABIAIOTCS GoJee CAOKHBIE) MBI
6y eM 0603HaYaTh MaIeHbKIMHA JaTHHCKIME OYKBaMu (C HHIEKCAMN, eCIH MO~
HAJOOUTCS) 1 HA3BIBATH NPONO3UYUOHAALHBIMU NEPEMErHbLMU. U3 HUX cTpo-
ATCA NPONOUYUOHAALHBIE HOPMY.Abl (CTOBO «MTPOTMO3NTHOHANBHBINY IS KpaT-
KOCTH GyjeM OTMyCKaTh) MO TaKWM TpaBIIaM:

> Bcesgkag mpomosnnuonanbHAs mepeMenHas ecTh popMyJa.

> Ecan A — nponosnnnonansuas ¢popmyia, To - A — TPONO3UIHOHATBHAS
dopmyaa.

> Ecim A m B — nponosnnnonanbubie ¢popmyas, To (AAB), (AV B) n
(A — B) — nponosnnnonaibHbE GOPMYJIHL.

Mok HO ellié cka3aTh Tak: POPMYJB — BTO MHHUMAJbHOE MHOXKECTBO,
ob/ia fafolee yKa3aHHBIME CBONCTBAME (CIOBO «MUHHMAJTbHOE) 37€Ch CYyIIIe-
CTBEHHO: Be/lb eCau OBl MBI OOBABIIN JIO6YI0 MOCIe[OBATEIBHOCTE MepeMeH-
HBIX, CKOGOK T CBS30K (POPMYJIOH, TO DTH TPH CBOUCTBA OBLIN OBl TOXKE BhI-
MOJTHEHBT ).

[IycTh popMmya ¢ cofiep:KUT n MepEMEHHBIX Pi, P, ..., Pn. Ecan nogcTa-
BHTH BMECTO BTHX MepeMeHHBIX HCTHHHOCTHEE 3Havenus (U mam JI), To mo
TabauaM MOYKHO BEIYHCANTH HCTHHHOCTHOE 3HaYeHe POPMYJK B eaom. Ta-
KM 06paszoM, popMy.ia 3a,1aéT HEKOTOPYI0 PYHKIINIO OT 7 apryMeHTOB, Ka-
KB U3 KOTOPHIX MOXKeT npuHuMaTh 3Hadenns Jl u W. 3uadenus pyHknunn
TakxKe JexkaT B MHOkecTBe {JI, A}, koTopoe MbI 6ynem o6oznadaTh B. Kak
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Ve TOBOPUJIOCH, MBI 6yIeM CJIeTOBaTh TPaJUINN U OTOXKAeCTBAATEH U ¢ enn-
uunei, a JI — c uyaém, tem cambim B ects {0, 1}. Popmyna ¢ 3a1aét oTo6pa-
xkenne B” — B. Takue oTobpakeHus Ha3bIBAlOT TaKkKe OY.1e6blMU GYHKYULMU
om n apeyMeHmMOos.

[TpuMEP. PaccmoTtpum dopmyay (p A (¢ A —r)). Ona ncTnHHAa B €InH-
CTBEHHOM CJIydae — KOTJa p W ¢ NCTHHHEL, a 1 JOXKHO (cM. Tabua. 3).

plalr|-r](gAn-r) | (PA(gAT))
0[0[0] 1 0 0
olo|1] 0 0 0
of1fof1 1 0
of1|1] 0 0 0
1|o0]o0] 1 0 0
1/0]1]0 0 0
1/1]0] 1 1 1
11|10 0 0

Tabua. 3. Tabruna ncrunnoctn xkounonknun (p A (g A —r))

HeKOTOpre CpOpMyJIH BBIDAXKaIOT JOTUYIeCKNe 3aKOHBI — COCTaBHLIE BEI-
CKa3bIBaHUs, HICTUHHBIC HE3aBUCHUMO OT CMBICIAa UX qacten. Takne CpOpMy.]IbI
(I/ICTI/IHHHG Ipn BCeX 3HaYeHUAX BXOMAANINX B HHUX HepeMeHHHX) Ha3bIBAalOT
maemoao2ufimu.

[TpumEP. dPopuyra ((pAg) — p) ABASETCS TABTOMOTHEN (3TO MOXKHO ITPO-
BepUTh, HampnMep, cocTaBnB Tabanuy). OHa BEIpakaeT TaKOW JOTMIECKIH
BaKOH: M3 KOHBIOHKINN YTBEPKJICHUN CAeJyeT MepBoe W3 HUX.

3ATAYA 1. Kak BRITISAANT CHMMETPHYIHOE YTBEpXKIEHHE 1A MU3HIOHK-

uun?

JlBe (pOpMY.JIBI HA3BIBAIOT IK6U6AAEHMHBLMY, €CAN OHI UCTHHHBI MPH OJ-
HUX U TeX K€ 3HAYeHUAX MepeMeHHBIX (IPyruMH CJOBAMU, €CTH OHU 3aTaf0T
OIHY W TY e O6yaeBy ¢pyukuuio). Hanpumep, popmyra (pA (p — ¢)) nctuana
anue npn p = ¢ = U u noTomy skBuBajteHTHA dopmyae (p A q).

Pacemorpnm dopuyny ((pV ¢) A q). Ona ncTnHHA, €cin 1 TOIBKO ecan
nepeMeHHas ¢ HCTHHHA. XOTEJOCh OB CKa3aTh, 9YTO OHA DKBUBajdeHTHa (Pop-
MyJe ¢, HO TYT eCTh popMajbHas TPYIHOCTh: OHA COTEPKUT /Be TepeMeHHEIe
Il OTOMY 3a/1aéT GPyHKINIO OT ABYX aprymenToB (Tuma BxB — B), B To Bpe-
MSA KaK ¢ 3a7aéT PYHKINIO OT OMHOTO aprymMenTa. Mur He 6ymeMm o6pamiath
Ha DTO BHUMaHUA u OyJeM CYUTATh 3TN (POPMYJbl DKBHBaJeHTHRIME. Boo6-
IIe, eCau eCTh COHCOK MepeMeHHBIX i, ..., Pn, COJEPKAIINE BCe MepeMeHHbIe

HEKOTOPOH (DOPMYJIBI ¢ (I, BOBMOXKHO, €llIé KaKne-TO TMepeMeHHBIE), MOXKHO
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CIATATh, ITO GOPMyIa ¢ 3a1aéT PYHKINIO OT N APrYMEHTOB, BO3MOXKHO, Ha
Jlelle 3aBHCAIIYIO He OT BCEX apryMeHTOB (IIOCTOAHHYIO MO HEKOTOPLIM apry-
MEeHTaM).

[locie Takux OroBOpOK JIErKO MPOBEPUTDL CIACIYIONIHN (PaKT: POPMY.ILI
¢ U 1) DKBHBaICHTHLI TOTJa I TOJMLKO TOrjJa, Korja gopmyra ((¢ — ¥)A
A — ¢)) aBagerca TaBroxormei. Wcnoassys cokpamienne (p <> ) gus
((p = q@) A (¢ — p)), MOKHO 3aNUCHIBATH YTBEPK/ICHHA 06 HDKBHBAICHTHO-
cT (OpMyI B BHJe TaBTOJOTHI. BOT HECKOIbKO TaKHX DKBHBAJIEHTHOCTEIL:

TroPEMA 1. Caedyroujue gopmyapl A6.A410MCA MAEMOAOLUAMU:

(pNq) < (gADp);

((pAg)AT) < (PA(gAT)):
(pVa) < (qVp);

((pvag)Vvr) < (pV(gVr)):
(PA(qgvr) & ((pPAgV(PAT)):
(pV(gAr)) < ((pVa A(pVr)):

~(pAq) & (mpV )

=(pVaq) & (mp A )
(pV(PAQq)) < p;
(PA(pV Q) < p;

(p—q) < (=g — —p)

p e op

JIOKABATEJIBCTBO. IlepBhle deThHIpe S5KBHBATEHTHOCTH BHIPAYKAIOT KOM-
MYTaTHBHOCTH I ACCONMATHBHOCTL KOHBIOHKINN I Ju3bionknnn. [Iposepnm,
HAlNpUMep, BTOPYIO: JeBas I MpaBas 9acTH HCTHHHBL B €[HHCTBEHHOM CIydae
(korja Bce mepeMeHHBIe HCTHHHBI), I TOTOMY SKBHBaJXeHTHEL. (/{18 IN3BIOHK-
uny ygobHee CMOTPETh, KO /I OHA JOXKHA.)

/IBe creyioline >KBIBaICHTHOCTH yTBEPKAAIOT THCTPUOY THBHOCTD — 3a-
MeTHM, ITO B OTJINYHE OT CIOKEHHA H YMHOXKEHHS B KOIbIAX 3/€Ch BEPHBI
06a cBOMCTBA INCTPHOYTHBHOCTH. [IPOBEPHTH SKBHBAIEHTHOCTH JETKO, ECIH
OT/IeIBHO PACCMOTPETH CIydYal NCTHHHOTO U JOKHOTO P.

Crenytomne JBa CBOHCTBa Ha3sbIBaloTCA 2axonamu de Mopeana. Ux mxer-
KO NPOBEPHTH, BCIOMHHB, 9TO KOHBIOHKINS HCTHHHA, @ IU3BIOHKINS JOKHA
POBHO B OJHOM ciIydae. 3akoHwl e Moprana HHOT/Ja BBIPAXKAIOT CIOBAMIL:
(KOH'BIOHKIIHS [BOHCTBEHHA IU3BIOHKINHY.

[azee cleyioT [Ba O9eBH HBIX 3AKOHA NO2AOWEHUA (ONH U3 HIX MBI yKe
YIOMUHAJN).

3a HIMI IJET NPaBIIO KOHMPANO3uyul, KOTOPOE TOBOPHT, B 1aCTHOCTIH,
49TO YTBEDKJCHHS (CCIN T COBEPIICHHO, TO & HEIETHO» W «eCIN T HEIETHO,
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TO T HECOBEPIIEHHOY PABHOCUABHEI. XOTA OHO W OYEBUIHO TTPOBEPAETCH € TO-
MOIIIBIO TabJAUN HCTHHHOCTH, C HAM CBfi3aH JIOOONBITHBIN Mapagokc. BoT oH.
Buogsor A BeIgBHHY.I rUNOTE3Y: Bce BOPOHK 4épHbie. [IpoBepss e€, on BhIlIen
BO JBOp W OGHApYXKWI Ha gepeBe BopoHy. OHa okazaaock 4éproil. Bpoje 6b1
V HeT'0 €CTh OCHOBAHUSA PafoOBaThCA — THIOTe3a MOATBep:kaaeTca. buoaor B
nepeOpMYyJAPOBAT TUMOTE3Y TaK: BCe He-UEpHBIE MPeIMEeThl — He BOPOHBI
(TpuMeHNB Hallle MPaBHIO KOHTPANMO3WINN) W He CTal BHIXOINTH BO JBOP,
a OTKPBLI XOJOJUJABHUK U HAIIEN TaM OpaHkKeBHH mpeamer. OH okazajcs
amnejbCHHOM, a He BOpoHOlU. Bmomor b o6pagoBaicsi — rumoresa moaTBep-
JKgaeTcs — u mo3BoHma 6uonory A. ToT yauBasercs — y Hero Toxe eCcTh
anenbCHH B XOJOMUAbHUKE, HO ¢ €ro TOYKH 3peHns HUKAKOTO OTHOUIEHUS K
ero TUNoTe3e aneJbCuH He UMeeT. . .

[Tocrennee (m oveBHHOE) MPABMJIO HA3BIBAETCS CHAMUEM J601HO20 Om-
PUYAHUA.

3A0AYA 2. llepedncienHble >KBHBaJIeHTHOCTH COOTBETCTBYIOT PaBEHCT-
BaM [ MHOXKeCTB: HAlpUMep, mepBas rapauTupyet, ato PNQ = QN P aas
J06kx MHOXKecTB P u (). Kakue yTBepXeHHUs COOTBETCTBYIOT OCTalbHBIM
DKBUBAJEHTHOCTAM?

3A1A4YA 3. JIBe popMykI, comepKalline TOJbKO MepeMeHHBIe W CBABKI A,
V 7 -, DKBUBaJeHTHEI. /[OKaKWTe, 9TO OHN OCTAaHYTCA DKBUBATCHTHBIMH, €CJIN
BCIOJIY 3aMeHUTh A Ha V U HaoOOpoOT.

3aMeTuM, 4TO JajleKo He BCe TaBTOJOTHH UMEIOT SCHBIH HHTYHTHBHBIN
cmpica. Hampnwvep, dopmyaa (p — ¢) V (¢ — p) sBasercs TaBTosorunen (ecan
OJTHO U3 YTBEPXKJIeHUH P U ¢ JOXKHO, TO U3 HETO CJAeIyeT BCE, 9TO YT OHO; eCTH
06a UCTHHHEL, TO TeM GoJee (pOpPMyTa HCTHHHA), XOTS I OTYACTH MPOTHBOPE-
YUT Halllell HHTYAIUd — To4YeMy, COGCTBEHHO, N3 ABYX HUKAaK He CBA3aHHBIX
yTBep:KIeHul oqHo BaedéT apyroe? Emié 6omee 3aragoina TaBTOJOT U

((p—q)—p —p

(XOTH €€ HNYero He CTOUT MPOBEepUTH € TOMOIIBIO TabJann I/ICTI/IHHOCTI/I).

OTCTYNJEHHUE O MOJb3E CKOBOK. Ha camoum Jene Hallll pacCyXKIeHus
COJIepXKAT CephE3ubIl mpoben. YToOB 0GHAPYKHUTH €ro, 3afaiuM cebe BO-
MpoC: 3aveM HYKHBI CKOOKH B ¢opmyaax? [IpemctaBum cebe, 9T0 MBI m3Me-
HUM OmpejiejeHe GOPMYJIbl, 0 6yaeM TOBOPHTH, 9T0 PAQ u PV () aBiaswoTcs
dopmyaamn gas a06eix P u (). OcTaHyTcs MW HAUIM PACCYXKIeHUs B cuje?

Jlerko MOHATH, YTO MBI CTOAKHEMCS ¢ TPYAHOCTBIO IPH ONpeIeJeHnn Gyae-
BOU (DYHKIHH, COOTBETCTBYIOIIeH opmyae. B 5ToM onpeesenn Mbl TOACTa-
BJISAJNW HYJIW N €INHUIB HA MeCTO TepeMeHHBIX N 3aTeM BBIYHUCAAIN 3HAYEHUE
GOPMYJIHI C TOMOIIBIO TAGMAUI NCTHUHHOCTH IS CBA30K. Ho Temephb, KoT1a MBI
N3MEeHWIN olpefenenne (GopMyasl, opMyaa p A gV r MoxXeT OBITH MOJyYeHa
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AByMS cnoco6aMu — u3 POpMya pA g U r ¢ TOMOIILIO onepanun V u u3 (op-
MyJa p i ¢V T C TOMOIIBIO OMepalui A. DT IBa TOJAKOBAaHUS TaJyT Pa3HBIH
pe3yJabTaT NpH NONBITKEe BHIYUCANTH 3HadeHne 0 A OV 1.

W3 ckazannoro sicHo, 9TO CKOOKN HYXKHBI, YTOOK FapaHTHPOBATL OTHO-
3HATHOCTH CHHTAKCHIeCKOT O pa3zbopa popmyasl. TouHee roBops, BepHO TaKoe
VTBepXKIeHne:

TEOPEMA 2 (OJIHO3HAYHOCTDL PA3BOPA). IIponosuyuonaibras @opmy-
A, HE AGAAOUAACA NEPEMENHOT, MONCEM GBIMb NPEACMAGAEHA PO6HO 6 00-
nom uz mpéxr eudoe (AN B), (AV B) uwiu —A, 20e A u B — nexomopsie
Popmyavt, npuuém A u B (6 nepevix d6yr cAyuair) 60CCMAHA6AUE6AOMCA
00103HAUNHO.

JTOKABATEJIBLCTBO. PopManbHoe J0Ka3aTeILCTBO MOXKHO MPOBECTH TaK:
ompenenM MOHATHE CKOOOUH020 uMOo2a KAaK PA3HUNEl MEXKIY TUCIOM OTKPHI-
BAIOIINXCSA U 3aKphIBaonxcs cko6ok. WHayKunelr mo noctpoeruio GopMyasl
JerkKo MoKas3aTh TaKyIo JeMMY:

Cko6o4HbI HTOT J10601 (POpMyJIkl paBeH Hyat0. CKOGOYHBIN HTOT
J1060T0 Havasa POPMYJIbl HeOTPHUIIATENeH U PABEH HYJII0, JHIIE €CTH
DTO HATato COBMAaeT CO Bcel GOPMYJON, MyCTO WIH COCTOUT W3
OJTHUX CHMBOJIOB OTPHIIAHUS.

CroBa «MHIYKIAEH MO TOCTPOEHTIO» 3HATAT BOT ITO: MBI MPOBEpsieM HHTEpe-
cylolllee HaC yTBepXKeHue s TepeMeHHBIX, a TaKKe JOKa3hiBaeM, 4TO eCau
oHO BepHO 15t popMyn A n B, To ono Bepro u mas dopmya (AA B), (AV B)
u —A.

[Tocne Toro kak JeMMa Jokaszana, pa3bop GOPMYIBT TPOBOANTCS TaK: €CJTH
OHAa HAYMHAETCS C OTPHUIAHUSA, TO MOXKeT OBITh 06pa3oBaHa JHUIIE M0 TPeThe-
My mpaBmay. Ecan ke oma HadmHaeTCA O CKOOKH, TO HAI0 CKOOKY YIaluTh,
a MOTOM HCKAaTh HadYajo, nMellee HYJeBON CKOOOYHKIH UTOTr. Takoe HavaI0o
eMHCTBEHHO. (DTO Jerko MPOBEPHTH, UCHOAB3ys JeMMy.) Tem cambim dop-
MyJda pasbupaeTcs OJHO3HATHO.

B nanbueliniem Mbl 6yjieM ONycKaTh CKOOKHU, eciu OHEH JHOGO He HTPaOT
poiu (HampmMep, MOXKHO HAMHUCATh KOHBIOHKINIO TPEX UI€HOB, He yKa3biBas
MOPATOK TeHCTBHN B CHIY ACCONMATHBHOCTN), NGO SCHB N3 KOHTEKCTA.

3A1AYA 4. Toabcknit doruk JlykaceBud npejiaran o6XoIuThesa 6€3 CKo-
60K, 3amnChIBas B GOpPMy.Tax CHadada 3HAK ONEPANNN, a TOTOM OepaH bl (6e3
npo6enoB n pasnenntenen). Hanpnvep, (a 4+ b) X (c+ (d X €)) B ero o603Ha-
GeHNAX 3anuiieTcs Kak X + ab 4+ ¢ X de. DTy 3amuch emé Ha3LIBAOT N0.b-
ckoti 3anuckio. O6paTHas MOTLCKAA 3aMNCh OTANTALTCA OT Heé TeM, 9TO 3HaK
omepamun UAET nocae onepangoB. [lokakuTe, 9TO B 060X CaydasX NOPSI0K
JefCTBAI BOCCTaHaBIMBAaeTCA OHO3HATHO.
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2. IIOJHBIE CUCTEMBI CBA30K

PaccvaTpuBaemast HaMu CHCTeMa MPOTMO3NIHOHATBHBIX CBA30K (A, V, )
NOAHG B CJAeTYyIOlIeM CMbICJe:

TeEoPEMA 3 (ITOTHOTA CUCTEMBH V, A, —). Jhobas 6yac6a Pynrxyus om
N aPeYMENMO6 MONCEM ObIMb 3ANUCAHA 6 6UJE NPONO3UYUOHAABHOU Hop-
MYADL.

JTOKABATEJABLCTBO. I[Iporme Bcero moscanTh 510 Ha npuMepe. [IycTh, Ha-
npumep, 6yieBa Gyukuus ¢(p,q, r) 3agana tabanuen 4.

plal|r|¢elpqr)
0[0]0 1
001 0
o[1]0 0 (=pA=gA-T) V
0(1]1 1 V (apAN gAT )V
1o 0 V(pA qAT )
1|lo|1 0
11110 0
11101 1

Taba. 4. Tabanna 3gadenni 6yJIeBOH (DYHKIINH W 3aaiomas eé ¢popMy.ra

B Tabauie ecTh Tpu CTPOKH C eIHHUIIAMH B MPaBOH KOJOHKE — TPH CAY-
qas, Korja 6yeBa pyukuns nctnana (paBua 1). Hannuiem Tpn KoHbIOHKINH,
Ka)K/as W3 KOTOPBIX MOKPBIBaeT OJNH Caydail (2 B OCTAIbHBIX CTPOKAX JOXK-
Ha), W COeIMHNM nX gn3blouknnei. Hyxuas ¢popMyra moctpoena.

SlcHo, 9TO aHAMOTUYHAS KOHCTPYKINS NPUMEHUMA U JJs JI60U TabaAnIbI
(n ¢ TOGBIM YHUCIOM TTepeMEHHBIX ).

[lns gopmys mogobHOTO BHIA €CTh CleliMaJbHOe Ha3BaHme: (POPMYIHI B
duavionkmuenoti nopmaibnot @opme. Boree mogapobuo: aumepaiom Ha3HI-
BaeTcsl MepeMeHHas WJAH OTpUIaHWe MepeMeHHOU, KOHBIOHKMOM Ha3bIBaeT-
cs MPOW3BOJbHAS KOHBIOHKIINS JUTEPAJOB, a ANIBIOHKTHBHOW HOPMaJbHON
¢opMOll Ha3BIBaeTCs TU3BIOHKINA KOHBIOHKTOB. B HallleM caydae B KaK bl
KOH'BIOHKT BXOJNT N JUTEPatoB (Te n — 9IHCI0 MePeMeHHBIX ), a TCI0 KOHb-
IOHKTOB PaBHO YHCJIO CTPOK € eIUHATIAMI I MOYKEeT MEHSThCSA OT HyJs (TOT 4,
npaBja, moaydaeTcs He cOBceM (pOopMyJa, a «nycTasd MU3BIOHKINAY, I € MOXK-
HO 3aMeHNTh KaKoW-HUOYIh BCerjga JOXKHOHW Qopumyton Ttnma p A —p) no 2"
(ecim GyneBa (DyHKUMS BCErja NCTHHHA).

3AMAYA 5. JliWHA TOCTPOEHHON B MOKa3aTeabCTBE TeOPeMbl 3 (POPMYJIbI
BaBUCHT OT YHCJIA eIHHUI: popMyaa 6y1eT KOPOTKOU, eCau e[UHAI B Tabauie
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Mano. A Kak HammcaTh (CPaBHAUTEIBLHO) KOPOTKYIO (POPMYJY, ecin B Tabauie
Majio HyJell, a B OCHOBHOM eJHHUIIKI?

WNHorma WCHONB3yeTCs KOHBIOHKMU6HAAL HOPMAAbHAA (Popma, KOTopas
MpeICTaBAACT COO0N KOWBIOHKINIO QU3 BIOHKMO6, KaXKIKIN W3 KOTOPHX CO-
CTOUT W3 JUTEPAJOB, CBABAHHLIX MU3BIOHKNUAME. TeopeMy 3 MOXHO Telephb
VCUJIUTH TaK:

TEOPEMA 4. Bcakxas 6yaeea ¢ynryus moscem Ovimov 6vipadcena Gopmy-
A0t, narodsauetics 6 U3 BIOHKMU6HOT HopMaibHol Popme, a makdice Gopmy-
40T, HATOOAUWETCA 6 KONDIONKMUEHOT HOPMAAbHOTU Popme.

JTOKABATEJBLCTBO. IlepBas 9acTh yTBep:XK IeHHS VKe ToKazaHa. BTopyio
YaCTh MOYKHO JOKA3aTh AHAJOTUYHO TIePBOH, HA O TOMBKO I/ KayKJIOW CTPOKH
¢ HYJEM HAMHCATh TOAXOMSIIHE MU3BIOHKT.

MoK HO Tak:Ke TpeICcTaBuTh PYHKINIO ¢ B TU3HIOHKTHUBHON HOPMaJbHOM
dopMe, a 3aTeM BOCHIONB30BaThCsA mMpaBmiaMu jge Moprana, 9To6B BHECTH
OTpUTIaHWE BHYTPh.

3AIAYA 6. [lpoBeqnTe BTOPOU BapmaHT pacCykKjeHUus MOAPOGHO.

Boo6iiie roBops, omnpejenente Mu3bIOHKTHBHON HOPMajlbHOU (POPMEI He
TpeGyeT, 9TOOH B KaXK/IOM KOHBIOHKTe (I JN3BIOHKTE) BCTPeYalnch BCe
nepemennbie. ([loBTOpsTH TepeMeHHY0 60MbIIE OTHOTO pa3a CMBICIA HET; €C-
AU, HanpuMmep, GopMyJa n eé OTpUIaHue BXOAAT B OMHY KOHBIOHKINIO, TO 9Ta
KOH'BIOHKIINS BCETa JOXKHA I €€ MOXKHO BHIGPOCHTH. )

3A0AYA 7. llpuBeguTe mpumep Oy.ieBod (PYHKIHH OT 17 apryMeHTOB, ¥
KOTOpOI Jt0bas Tn3bIOHKTHBHAA Wi KOHBIOHKTHBHAS HOpMaJdbHast GopMa Co-
JTEepXKUT JUITD 9IeHBl IIUHB 1. (YKa3zaHue: pacCMOTpHTe QYHKINIO, KOTOpas
MeHsleT CBOE 3HaYeHne NPH M3MeHEeHUN 3HAYeHNs 10601 mepeMenHoN. )

BaMeTI/IM7 9TO IpH JOKa3aTelbCTBe TeOpPeMbL 3 MBI OOOTLINCEH 663 NMILIH-
Kalud. JTO U He YAUBATEABHO, TaK KaK OHa BbhIpazKaeTCs Yepe3 TU3BIOHKIINIO
n OTpHIIaHHueEe:

(r—q < (-pVa)
(mpoBepbTe!). Boobie-To MBI MOrn 661 OGOHTHCH TOJHKO KOHBIOHKIHEH W
O'I‘pI/IHaHI/IeM7 TaK KaK
(pVaq) < —(-pA-q),
NJNn TOJBKO r,'_[I/I?a’IJIOHKHI/IGI‘/JI n O’I‘pI/IHaHI/IeM7 TaK KaKkK

(pNgq) < —(=pV—q),
(066 DKBUBaJEHTHOCTH BBITEKAIOT W3 3aKOHOB ,qe MopraHa; NX JerKkKo HpO—
BEpHTh W HENOCpencTBeHHO). MOXKHO cKa3aTh, 9TO CHCTEMa CBA30K A, -, a
TaKzKe cucTeMa CBA30K \/7 1 ABJAAIOTCH NOAHBIMU. (HO onpe,qeﬂeHI/Ho D2TO O3Ha-
9aeT, 9TO ¢ UX MOMOIIBIO MOXKHO 3AMNCATH JI00YI0 OyIeBy (PYHKIINIO).
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3A1AYA 8. JlokaknTe, 9TO CHCTEMA CBA30K —, — MOJHA. (YKazaHue: Kak
3amMncaTh Yepe3 HIX JAN3BIOHKINIO?)

A BoT 6e3 oTpunanns 060uTHCH Heab3d. CucTeMa CBS30K A, V, — HemoJ-
Ha — 0 10 OY€Hb NPOCTON MPUYHNHE: eCJIH BCe MepeMeHHbIe HCTHHHBL, TO Jr0basd
X KOMOWHAINS, COepKalias TOAbKO yKa3aHHbIe cBA3KH, nctnrna. (Kak ro-
BOPST, BCE DTN CBA3KH «COXPAHSIOT €MHUIYY.)

3A1AYA 9. Jlerko moHATH, 4TO JA006as GOpMyaa, COCTaBIeHHAs TOABKO C
MOMOIIIBIO CBA30K A 1 V, 32 TaéT MOHOTOHHYIO 6yJIeBy QPYHKINIO (B TOM CMBI-
cjie, 9TO OT yBeINYeHns 3HaYeHHsA JI000r0 N3 apryMeHTOB 3HavdeHne PyHKINNT
MOYKEeT TOJBKO BO3PACTH — WM OCTAThes npexunM). [lokaxknTte, ¥To mobas
MOHOTOHHas OyJeBa (PYHKIHS MOXKET OBITH BhIpakeHa (POPMYJOH, COMepIKa-
1Iell TOJbKO A 1 V.

3Aa1A49A 10. Myets ¢ — @ — TaBTomorus. llokaxkuTe, 9TO HaWIETCA
dopMmyaa T, KOTOpas BKJIOYaeT B ce6si TONBKO O6IIINe s ¢ U 1) nepeMeHHEIe,
IS KOTOPO# (OPMYyJbl ¢ — T U T — b sBasoTcsa TaBTomorusvu. (Bomee
OOIIHH BapHAHT 3TOTO YTBEPXKAEHNS, B KOTOPOM (OPMYJIbl 6epyTCs B A3HBIKE
MepBOTO MOpsIKa, HazbiBaeTcs JemMon Kpeiira.)

B mpnunume MuI He 06A3aHBI OTPAHNINBATHLCSA T€THIPbMS PACCMOTPEHHBI-
Mu cBa3kamu. Jliobas 6yaeBa GpyHKINA MOXKET HTPaTh poab cBA3ku. Hampn-
Mep, MOYXKHO pacCMOTpeTh CBA3KYy (p notand ¢), 3a1aBaeMyio SKBHBAJIEHTHO-
CThIO

(p notand q) < —(pAq)

(croBamm: (p notand ¢) JOXKHO, JUIIb €CIN P W ¢ UCTHHHB). Yepe3 Heé BHI-
paskaeTcs oTpunanue (p notand p), mocje 4ero MOXKHO BEIPA3NTh KOHBIOHK-
W0, a 3aTeM, KaK MBI 3HaeM, U BooOIIe M06yto (pyHKIno. (3HAKOMBIE C IH-
(POBHIMU JOTHIECKNMHU CXeMaMW MaJoro YPOBHS MHTETPAlliy XOPOIIO 3HAKO-
MBI C DTHM yTBepxXK JeHneM: ToCTaToIHo 6oabinon 3anac cxeM U-HE nmosBoaseT
peann30BaTh JA00YI0 TpebyeMyo 3aBUCHMOCTH BHIXOTAa OT BXOJOB.)

JIpyras mHTepecHas TOJHAfs CHCTEMa CBA30K — 3TO CJAOXKeHWe 10 MOJTY-
J10 2, KOHBIOHKINSA W KOHCTaHTa 1 (KOTOpYIo MOXKHO cunTaTh (-apHOU CBS3-
KOW, 33 1afoleil GyHKINIO OT HYJs apryMeHTOB).

HazoBéM moromom KOHBIOHKINIO JI060T0 Habopa TepeMeHHBIX WIN KOH-
ctauTy 1 (KOTOpYIO eCTeCTBEHHO pacCMaTpUBATh KakK KOHBIOHKIINIO HYJIS Te-
pemenubix). HazBanme 5To ecTecTBEHHO, TaK KakK TMPH HANUINX COTJANIEHUAX
(1 — mcrnra, 0 — J0XKB) KOHBIOHKINS COOTBETCTBYET YMHOXKEHNIO.

HazoBém noaunomom cyMMy TakKnX MOHOMOB MO MOAYII0 2 (2TO 3HAYHT,
1910 0+0=0.0+1=140=1ul1+1= O). ScHo, 9TO JBa MOBTOPSAIOMINXCS
MOHOMa MOYKHO COKPAaTHTH (Belb CIOXKEHNe MO MOAYII0 2), Tak 9TO OygeMm
paccMaTpUBATH TOJBKO MOJHHOMEI 663 TTOBTOPSAIOMINXCS MOHOMOB. [Ipw aToM,



Jlormaeckne (popMyabl I CXEMBI 63

eCTeCTBEHHO, TOPAJOK YJeHOB B MOHOME€ M TIOPAJOK MOHOMOB B TIOJHHOME
HeCcylieCTBeH, X MOXKHO NepeCTaBASATh.

TEOPEMA 5 (MOMMHOMBI ZKETAJKWHA ). Beaxas 6yaeea dynxyus oo-
HO3HAYHO npe@cmaﬁﬂﬂemm NOAUHOMOM YKA3AHHO20 6uﬁa.

JTOKABATEJBCTBO. YTOOH MT0Ka3aTh CYyIIeCTBOBaHUE NCKOMOTO TIOJNHO-
Ma, MOXKHO COCIaThCS HAa M3BECTHOE M3 airedOpbl yTBep:kKAeHNe, YTO BCAKAA
(YyHKIHS ¢ apryMeHTaMHi W3 KOHEYHOTO TMOJs (B MAaHHOM ClIydae 5TO TBYX-
BJeMEHTHOe TMOoJe BRYeTOB Mo MOAyIio 2) 3ajgaércs noimaomowm. [IpaBra, B
anrebpe moHATHe mMoidmHOMa Gojee obllee, paspelnenbl cTemenu. Ho 3To He
BaxkKHO, TaK KakK NepeMeHHble NMPUHUMAIOT Julllb 3HadeHus 0 u 1 u moTomy
CTeTNeHn POJN He UTPaloT.

[lanee MOXHO 3aMeTHTh, ITO MOJAHOMOB CTOJLKO K€, CKOTLKO GYJIeBHIX
¢yuknuit, a umenno 22 . B camoM jere, 6yeBa (GyHKINA MOXKeT TPHHUMATE
J060e W3 IBYX 3HaYeHHU B Kaxjou m3z 2" Todek OyaeBa Kyba B", a mHOTO-
4JIeH MOYXKeT BKJI0YaTh WIN He BKJIIOYATH Ji060i n3 2" monoMoB. (MoHOMOB
CTOMBKO, TOTOMY YTO KaK,JJOW MOHOM BKJIIOYaeT WJIH He BKIIOYaeT JI00YI0 U3
n mepeMeHHBIX.) [lodTOMy M36BITKa TMONMHOMOB HET, N eCaH J06as PyHKINS
npejcTaBUMa MOJUHOMOM, TO €TMHCTBEHHBIM 0Opa3oM.

MoxkHo 1 He cCRIIaThCA Ha CBeIeHUS U3 aAreGphl, a 1aTh ABHYIO KOHCTPYK-
. JTO yaI06HO caenaTsh nHAyKineld no n. [lycTs MBI yiKe yMmeeMm mpepcTa-
BAATH A100yI0 6yJaeBY PYyHKIHNIO OT = — 1 apryMeHTOB C TIOMOIIBIO TIOJNHOMA.

Q‘:(pl: .- pn) :S‘C(OPQ .. pn) +

(mpoBepbTe, 9TO Bcé cxomuTces). OcTaéTcs 3aMeTHTh, 9TO MPaBYIO 9aCTh MOXK-
HO TPelCTaBAThL MONMHOMOM MO MPeJANON0KEHNT0 WHAYKIINH.

Jlns emMHCTBEHHOCTH TaKXKe eCTh JAPYroe MOKa3aTedbCTBO: MYCTh JBA
MHOTO4JeHa paBHbl. Torma nx cymMMa (HJIM pasHOCTh — BBIYHCJIEHHS TTPONCXO-
JAT MO MOMYJIO 2) SBAAETCS HEHYJIEeBBIM MHOTOWIEHOM (COMEPKHUT KaKMe-TO
MOHOMET), HO TOX/IeCTBEHHO paBHA HyJ 0. Tak He GHIBaeT, W DTO JETKO MO-
KazaTh Mo mHAyKInu. B camoMm gerne, mo6onn Maorodten A(pi, ..., p,) MOXKHO
npeJicTaBUTh B BUJE

A(plpn) — B(pQPn)+PIC(p2Pn)

rge B u (' — MHOTOYJIEHB OT MeHbIIIero 4ucaa nepeMmeHHbix. [logcTaBiss
cHagana p; = 0, a satem p; = 1, ybexkgaemcs, 9to MHOro4wIensl B u C pas-
HBI HYJIO BO BCEX TOYKAX, W MOTOMY (COTIACHO MPeIMONOKEHNIO WHIYKIINN)
PaBHBI HYJIO KaK MHOTOWIEHH! (He CO/epKaT MOHOMOB).

3A0AYA 11. HazoBém myabmuaunetinoti GyHKINell TOTHHOM OT 1 mepe-
MeHHBIX, B KOTOPOM BCe TOKa3aTeJn cTeneHell paBHb an6o 0, an6o 1. (Takum
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06pasoM, KaK KU MOHOM B Hell eCcTh MpOouW3BefeHne KOdPQPUINEHTa T HEKO-
TOpOTO Habopa mepeMeHHBIX Oe3 moBTopenni). [lycts F' — mpomaBoabHOe
noxe. bygem paccmarpuBath B = {0, 1} xak moamuoxkectBo F. /lokaxnuTe,
4TO Beskas OyaeBa pyukuus B® — B ogHosznavHO mpogomKaeTcs 10 MyJabTH-
auHeitHOW GyHKIHE I — I, 1 KO3POUIHEHTH B MYJbTHINHENHON (DYHKIHH
Oy IyT TeTBIMU.

Ecam paccmaTpuBaTh Npou3BoabHBIE 6YJIeBH (DYHKIAT B Ka9eCTBe CBA3OK,
BOBHUKAET BOMPOC: B KAKOM CJaydae OHI 06pa3yioT noaubi 6asnc? OTBeT naet
cjefyiolias TeopeMa.

TeEOPEMA 6 (KPUTEPHI [loCcTA). Habop 6ysesvix ¢ynryui mozda u
moabko mo2da A6ALEMCA NoAHbLM (3mo 3nawum, umo aobas 6yte6a Pym-
ryus# npedcm%mzemm 6 6ua€ UL KOMNO3UuYyuu, m. €. 3aNUCHBIGAEMCA 6 ﬁué?e
Popmyavt, 2de ceazkamu cayxcam Gynkyuu Habopa), ¥o20a oH HE COJEPAHCUM-
CA HU 6 OdHOM u3 nAmMuU ((Tl])EdTlOJlell‘ KAACCO6» .

> MOHOMOHHBIE PYHKYUU;

> PYHKYUY, COTPAHAOUUE HYAb;

> Pynkyuy, corpansouue eUHUYY;
> AuHelinble PyHKyUL;

> camodeoticmeennbie GHynryu.

(Pyukuus f monomonra, ecinm OHa MOHOTOHHO HeyOBIBaeT MO KayKJIOMY W3
cBoux aprymenToB. Dyukuns f corpansem wnyaw/edunuyy, eciu f(0,...,0) =
= 0 (coorBetctBenro f(1,...,1) =1). dynkuns f auneiina, ecin oHa Mpes-
CTaBUMa MHOTO4YJEHOM, B KOTOPOM BCe MOHOMBI cOfepXKaT He Gojee OMHOMN
nepemennon. Hakowen, ¢gynknns [ waswiBaeTcsa camodeoticmeennot, ecan

Ecan Ha60p COJIEPXKUTCA B OJJHOM U3 KJaCCOB, TO U BC€ KOMINO3NIINHA TaK-
Ke He BBIXOIAT 3a IpeleqJbl 5TOTr'o KJjaacca (JIGI‘KO IIPpOBEPUTHL OJas1 KazKAO0TI'Oo
U3 KJacCcOB B OT,T.{GJH:HOCTI/I) n IMOSTOMY Ha60p He ABJAsAeTCd MOJHBIM. ﬂ:OKa3a—
TedIbCTBO O6paTHOFO yYTBepXKIeHnsT OMyCTUM (‘{I/ITaTeJIb MOZKeT HOHpO6OBaTB
JTOKa3aTh ero CaMOCTOHTeJILHO).

3. CXEMBI U3 ®YHKIIMOHAJBHBIX 3JIEMEHTOB

DopMyabl TpeAcTaBAAIOT CO60N CMOCO6 3aMUCH KOMIO3UNUU (PYHKIHI.
Hampumep, ecim MBI cHadafda mpuMeHseM (YHKIHO f, a TOTOM (PYHKIHIO ¢,
5T0 MOXHO 3anncath dopmyaoi ¢(f(z)). Ho ecth m apyron cmoco6: MoXKHO
n306pa3uTh KaXKAyio PYHKINIO B BHe MTPAMOYTOJbHAKA C «BXOJTOM» U «BBIXO-
JOM» T COeIMHNTH BHIXOJ pyHKINN f co Bxomom ¢yHknnn g (puc. 1).
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f g g(f(z))

Puc. 1. /IBa cnocob6a n306pa3nTh KOMIIO3AIIHIO

Takoe mpeacTaBieHne OTHIOIL He SBJASETCH YHCTO TeopeTudeckum. B Te-
YeHNe HECKOMhKUX TeCATKOB JeT DAeKTPOHHAS MPOMKBIILIEHHOCTE BHITYCKaeT
MHUKPOCXEMEI, KOTOPEIE BEITOJHAIOT JOTHYecKne onepannu. Takas MIKpoOcxe-
Ma HMeeT BIeKTpHYecKne KOHTAKTHI, HalpsKeHNe Ha KOTOPBIX KOAUPYyeT Jo-
rudeckne 3uadenus U n JI. KonkpeTHoe HampsikeHWe 3aBUCHT OT THIA CXe-
MBI, HO OOBIYHO DTO €IWHUIIKI BOJHT, I BHICOKHH MOTEHIHWAN (OTHOCHTEIHHO
3a3eMJIeHNs) CINTAETCSA eNHNNEN, a HU3KAN — HYJIEM.

OHoW M3 THOMYHBIX cXeM aBasgeTcs cxema U-HE, ona nmeeT nBa Bxoja u
o/ BeIXoA. CHTHAN HA BBIXO/E SIBASETCS OTPHIAHNEM KOHBIOHKINN CHTHAa-
JIOB Ha Bxojie. /IpyruMn cioBaMu, Ha BBIXO/Ie TOABIAETCS BHICOKUH MOTEHINAT
(curmax 1) Torga n TOABKO TOT A, KOT[a HAa OTHOM U3 BXOJOB OTEHINAX HI3-
knit (0). U3 Takon cxemsr Jerko noayanTh cxemy HE (m3mensifomnryio ypoBenn
CHTHaJa Ha MPOTHBOMOMOXKHBIN), COETHHUB MPOBOIOM ABa Bxoja. [Ipm sTom
Ha 06a BXOJa MOCTYNMaeT OMUH W TOT YKe cUrHaa, u onepanus W ero me me-
usgetT (p A p = p), a HE menser ma nmpormBomnosoxubii. B3sB 1Ba sremMenTa
U HCTONB3YS BTOPOU U3 HUX B KadecTBe saemenTa HE, mensitorero curuar c
BEIXOa MEPBOT'O DJAEMEHTa, MOJAyIaeM CXeMy, KOTOopas peasundyeT (PyHKIHIO
M. A ecan mocTaBuTH ABa oieMenTa HE mepenq kaxkIbIM 13 BXOJTOB DJIeMeHTa
U-HE, noxy4aum cxemy, peannsytomyio ¢pyakunio WJIN: —=(—-pA—q) < (pVq).

Teopema 3 0 mONTHOTE CUCTEMBI CBA3OK Temeph FapaHTHPYET, UTO JI06YIO
6yJaeBy (PYHKINIO MOXKHO pPealmn30BaTh B BhAe cxeMbl. Hamo mMeTh B BHIY,
OJHAKO, 9TO Tpe/IaraeMas B €€ JTOKa3aTeJbCTBe KOHCTPYKIHS (M3 HIOHKTHB-
Has HOpMaabhHas (pOpMa) WMeeT CKOpee TeOpeTHYIecKNi MHTepec, MOCKOIbKY
OPUBOIUT K CXeMaM O49eHb GOJBIIOTO pazMepa fJaKe [Misi TPOCTHIX (PYHKIHK
(ecam 9mcao aprymenToB Beanko). Hanpumep, cxema, cpaBHuBatommas 18a 16-
OMTOBLIX YHUCJAQ, TOMKHA HMETh 32 BXOMa W MODTOMY B €€ pealmu3alnun ¢ TOMO-
IIBI0 TU3HLIOHKTHBHON HOPMaXbHOH (GOPME 6yJeT nopsaika 232 51eMenToB —
9T0 Majgo peanbHo. (Mexk Iy TeM TaKyio CXeMy MOXKHO MOCTPOUTH TOpa3io
npolie, N3 HECKOIBKAX COTEH DIeMeHTOB. )

[loaTOoMy BOmpoc 0 TOM, CKOMBKO DIeMEHTOB HYKHO /s peanu3aluu Tou
WM WHOU (PYHKINHU, MPeACTaBaAsieT GOMBIION HHTepec — KaK MpaKTHI9ecKui,
Tak u purocodekni. (OHa U3 MeHTPATbHBIX TPOGJIEM MaTeMATHKN W HHPOP-
MaTHKH, TaK HazeBaeMmas «mpobiema mepe6Gopay, MOXKeT O6BITH CPOPMYINPO-
BaHa B OTHX TEPMMHAX.)
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Mg cefigac faaum Gojee (popMaabHOe ONMpefeNeHne CXeMBl 0 peatn3yeMon
eto 6yaeBon pyaknuu. Ho mpex e Bcero oTBeTHM Ha TaKOU BOMPOC — MOYEMY
MBI BOOGIIIe TOBOPHM O cxeMax?! Benb MOXKHO 3amicaTh KOMIIO3UIIHIO OyJIeBBIX
PYHKIHT B BHIe (POPMYJbI, He OYAeT JH DTO TO XKe camoe?

OxaswiBaeTcsi, He COBCEM, I Pa3HNIy JEerko BHJeTh Ha mpuMepe (puc. 2).

g1

/ h —— h(g1(f(z)), g2(f(2)))

92

Puc. 2. DieMeHT BXOAUT B (DOPMY.IY [BAaZK b

3/1ech OWH W TOT e DIeMeHT cXeMbl (f) TpuXoauTCs yKa3hiBaTh B GOp-
MyJie IBaxK/dbl, TOCKOJbKY €ro BBIXOJ HCIOJAb3yeTcs B KadeCcTBe BXOJa MBYX
apyrux saeMeHToOB. CXeMBI, B KOTOPBIX TAaKOr'O BeTBIeHHS HeT (Ha MPakKTH-
Ke OHO BIIOJIHE BO3MOYKHO, XOTS W OTPAHUYEHO «HATPY30YHOU CHOCOOGHOCTHIO
BEIXO/[a», KaK TOBOPST WHYKEHEPHI), KaK Pa3 W COOTBETCTBYIOT (DOPMY.IaM.
Ho B obiiem caygae gopmyaa MoXKeT OBITH JJIHHHOW, JaKe eCln CXeMa Co-
JMePKUT HEeBOMBIIIOe YHCIO DJIEMEHTOB, MOCKOBKY YHCIO KONNH MOXeT pacTn
DKCMOHEHIINAIBHO C POCTOM TJIYOWHBI CXEMBI.

XoTsa uges o6pa3oBaHud cXeMBl U3 (PYHKINOHATBLHLIX DIEMEHTOB, pean-
3yomnx OynaeBH (DYHKINHU, TOCTATOYHO HATAATHA, AajguM Oofnee (popMalb-
Hoe ompegenenne. [lycTh nMeeTcs m OYJIEBHIX TMepPeMEHHBIX 1, ...,T,, Ha-
3BBaeMbIX 6xodamu. [lycTh Takke mMmeeTcs HEKOTOPOE THCIO TepEeMeHHBIX
Y1, .- Ym, HABBIBAEMBIX npoeoduuxamu. [lycTh m1f KaKJI0ro MpPOBOJHAKA
CXeMH 3aj1ana 6yreBa PYHKIAA U3 HEKOTOPOTO MHOXKeCTBa B, BuIpaxKaiolas
ero 3HavYeHne Tepe3 Ipyrue TPOBOAHUKN W BXOAH. [Ipn aTOM TpebyeTcs, 9To-
6bl He OBLIO IMUKIOB (KOTJa Y; 3aBHCHT OT Y;, KOTOPOE€ 3aBHCHT OT Yk, ...,
KOTOpoe 3aBUCHT OT ¥;). [lycTh, kKpome TOTO, Cpen NMPOBOJHUKOB BHIIENEH
OJINH, Ha3LIBAGMHBIN 6bizodosm. B TakoMm caydae ToBOpAT, 9TO 3ajaHa Crema
pasmepa m u3 PYHKYUOHAAbHBIE daemenmoe 6 Oa3uce B ¢ n Bxomamu. (C
TOYKHN 3peHns MHXKeHepa pasMep — DTO HYHUCJI0 NCIOJb30BaHHBIX DJeMEeHTOB,
a 6asnc B — 5TO aCCOPTHMEHT MOCTYMHBIX €My DJIeMEeHTOB.)

OTcyTcTBHE NUKJIOB TapaHTHPYET, 9TO eCTh TPOBOTHUK, 3aBUCAIIINN TOTb-
KO OT BXOJOB (MHa4Ye MOXKHO OBLTO ObI MPHUTH K NUKIY: BO3bMEM KaKOW-
TO TPOBOJHUK, 3aTeM BO3bMEM TOT TPOBOJHWK, OT KOTOPOTO OH 3aBUCHT,
n T.1.). Ero 3nadenne, TaknM 06pa3zoM, OTHO3HATHO ONpeeJseTCs CUTHATa-
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MM Ha BXOJTaX. Cpe;m OCTaBIINXCA MPOBOJHUKOB TaKXKe HeT IHNKJaa, MO3TOMY
MOXKHO HaHTH OMWH W3 HHUX, 3aBUCAIINN TOJBKO OT yiKe M3BeCTHBIX, I OIpe-
IeJNTh ero 3Ha'veHue. HepeHyMepOBaB MIPOBOAHUKH B TAaKOM IIOpPAAKe, MBI
MOXKeM 3allucaTh MOCJAeT0BaTeIbHOCTH HpI/ICBaI/IBaHI/II‘/JI (HporpaMMy)

= f1(---)§
Yo = fal(.. )

B MPaBHIX TaCTAX KOTOPHIX CTOAT (PYHKINN w3 B, IpuMeHEHHLIE KO BXOTaM
U yKe HallJleHHBIM 3HadeHHUsM. [IpW 3TOM MOXHO CYHTATh, 9TO pPe3yJAbTAT
CXEeMBI eCTh U, (Bce mociegyioline MPHUCBAaMBaHUA yxkKe He HyXKHHI). Takas
nporpaMma onpefnenseT Y, NPH U3BECTHBLIX 3HAYEHNAX BXOJOB I TeM CaMbIM
6bIUUCAAEM HEKOTOPYIO 6yaeBy (pyHKIINIO.

Ha6op 6yaeBbix pyHknuil B Ha3BIBa€TCH NOAHBLM, €CIH Jt00as GyieBa QyH-
KNS MOXKeT 6bITh 33 TaHa CXeMOU n3 B-dJ1eMeHTOB (CyliecTByeT MporpaMma,
€8 BRIYHCAAIONIAA, TPH DTOM B MPAaBHIX YacTAX MPHCBANBAHUE CTOAT (DYHKIHK
u3 B). flcHo, 9T0 5TO paBHOCHIBHO BO3MOKHOCTH 3aMNCATh Gy1eBy QYyHKINIO
B BHJe (DOPMYJBI €O CBi3KaMn n3 B (Kak MBI TOBOPHIN, Pa3HUIa TOJbKO B
TOM, 9TO ONWH W TOT XKe dIeMeHT OyneT (PUTrypupoBaTh B (pOpMyJe MHOTO-
KpPaTHO).

Caoxcnocmpbio GyjaeBoll GyHKIUEH f OTHOCHTENBHO B Ha3kBaeTCH MUHH-
MaJbHBEIH pasMep CXeMbl W3 B-3l1eMeHTOB, BRIYHCAAIONIEH QPYHKIHIO f. DTOT
pasmep Gynem oboznavaTh sizeg(f).

TroPEMA 7. [lyems By u By — déa noanvix nabopa 6yieevir @ynxyuii.
To2da coomeememeyOUUE UM CAONICHOCTNU OMAUUAIOMCA HE OOAEE UEM HA
nocmoannbl MHONHCUMEDL: Hatidémes maxoe uucao C, umo sizeg, (f) < <
C'sizep, (f) u sizep,(f) < Csizep, (f) dan woboi gynxyuu f.

JTIOKABATEJBCTBO. YTBep:KaeHHe MOUTH OYEBUIHO: MOCKOABKY HAGOPEHI
By m By moansl, To Kaxjgad (GpYHKINS OMHOTO W3 HAGOPOB MOXKET OLITH BEI-
YHcaeHa KaKoW-TO MIPOTPaMMOll, COCTaBIeHHON U3 PYHKIHH Apyroro Habopa.
Teneps MOxHO B3STh B KadecTBe (' HANOOJIBIIYIO JJINHY TaKNX MPOTpPaMM, U
HepaBeHCTBA Oy Iy T BBIMOJHATHCA: KaXK VIO CTPOKY MPOTpaMMbl MOXKHO 3aMe-
HnTh Ha C' (WM MeHbIIe) CTPOK € NCIONB30BaHueM (PYHKINH IPyroro Habopa.

Y710 MOXKHO CKa3aTh O CJIOKHOCTH MPOU3BOILHON OyJaeBOl PYHKIHE OT 7
aprymenToB? Cienyioliias TeopeMa MOKa3kIBaeT, 9TO OHA DKCHOHEHIHAIBHO
3aBUCHT OT N (/s «Hayra/j B3STOW» (DYHKINH).

TEOPEMA 8. a) Cuaoxcrnocmyv atoboti 6yae6otii Gynkyuu om n apeymen-
moé e npesocrodum C" das nexomopozo xoncmawmer C. 6) Caoxrcrnocms
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604bWUHCMEG OYAEEHIT PYHKYUT 0M N AP2YMEHMOE HE MEHbULE ¢ DAd HEKO-
mopoti KoHcmanmel c.

JIOKABATEJILCTBO. [lepBoe yTBep:KJeHe OY€BUIHO: pasMep CXEMEI, pe-
anm3yiolen TH3BIOHKTIBHYI0 HOpMaIbHyo hopmy, ecTh O(n2") (nMeetcs He
6osee 2" KOHBIOHKTOB pazmepa O(n)).

YT1o6HI [0Ka3aTh BTOpPOe YTBep:KIeHHe, OIeHUM HYHCIO PA3JIHYHBIX CXeM
¢ n aprymentamu pasmepa N. Kaxmgas Takas cxema MOKeT OBITh ONHCaHA
MOCJAe[OBATENBHOCTRIO 13 [N MPUCBANBAHUE, BRIPAKAIOIINX OJTHY U3 TepeMeH-
HEIX Wepe3 mpefbigymme. /Ias Kask 1ol (GopMyas ecTh He 6odee 3(N + n)?
BapmaHTOB (TPM THTA ONepannii — KOHBIOHKINS, IN3BIOHKINSA, OTPHUIAHNe,
I KaXKIbIll U3 He Gojee 4eM JBYX apryMeHTOB BHIOHpaeTCs cpein He Godee
dem N +n BapnanToB). OTCI0a JeTKO MOAYIATE OINEHKY 20(NlogN) ya qycao
Bcex PyHKINN croxuocTH He 6onee N (camtas N > n).

Bcero 6yneBex (GyHKINA ¢ n aprymenTamu mmeerca 22 . U3 cpaBrenus
3THX (OpMy] BHJIHO, 9TO ITO HPH ¢ < 2 U IpPH JOCTATOYHO OOJBIIEX 7
OyJIeBBI (DYHKIHH CJIOKHOCTH MeHbIlle ¢” COCTaBJAAIOT MEHBITHHCTBO, TaAK KaK
20(c™log<™) \igoro menbure 227, (YMeHbITasi KOHCTAHTY €, MOXKHO JTOOUTHCS,
YTOOK OHH COCTARBJISIN MEHBITHHCTBO TPH BCEX N, a HE TONBKO JOCTATOYHO
GOJTBIIINX. )

IJTa TeopeMma, OJJHAKO, HIYEro He TOBOPHUT O CAOKHOCTH KOHKPETHHIX 6Y-
geBbix pyukuui. Cutyanus 3mech TakoBa. EcTh pazHooGpa3Hble METOIBI U
OpHEMBI TOMNYYeHns BepXHUX OlleHOK. Ho mpo HMKHWEe ONeHKH HEeW3BeCTHO
npakTudeckn Hudero. [Ipo MHOr e PYHKIUU MBI TTOMO3PeBaeM, YTO UX CJIO0K-
HOCTH BelNKa (DKCMOHEHUMATbHA), HO JOKa3aTh DTO TOKa He y1aércs. Bech-
Ma HeTPHBHAJBbHBIE HJeH TMO3BOJISIOT MOKa3bIBATh HKCNOHEHINAJbHEIE HUMK-
HIe ONEHKH [1si HeKOTOPKIX CHeNNaJbHRX KIACCOB CXeM, HalpuMep, CXeM W3
MOHOTOHHBIX DJEMEHTOB WJIH CXeM OTPAaHMYeHHOHW TIyOHHBI (MCTOJB3YIONINX
saemenTsl I m WJIN ¢ npousBoabubiM qnciom BxogoB). [lorydenne skcmonen-
MHAJbHEIX OIEHOK s 60/ee O6IINX CXeM — OUH U3 BO3MOXKHEBIX MOIXO0I0B K
BHAMEHUTOU NPod.LeMe NEPEOOPA, TEHTPATBLHON TpOGIeMe TEOPUH CJAOKHOCTH
BRIYHCJICHUH.

Mgl He 6ygeM yriayGasiTbcsi B DTy TEOPHIO, a HPUBEAEM JIHIIh HECKOJb-
KO BEpXHHUX OIEHOK [ KOHKPeTHBIX 3ajad. [Ipum 3TOM MBI He mpeTeHayem
Ha MOJHOTY, a XOTHUM JHUIIb MOKA3aTh HECKOJBKO MHTEPECHBIX HIeH U TPH-
€MOB.

PaccmoTpum yxe ynoMuHaBIIyocs GPYHKIINIO CPABHEHUS MBYX N-OGHTOBBIX
ancen. OHa nMeeT 21 apryMeHTOB (n s OMHOTO YNCIa W 1 s JPYroro).
O6oznaynm o1y dyukunio Comp,,.

TrEOPEMA 9. Ilycms B — noanwviii nabop dyuxyui. Cyuwecmeyem maxas
konemanma C, umo sizeg(Comp, ) < Cn.
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/IOKA3BATEJIBCTBO. 3aMeTHM, 9TO MOCKOALKY B POPMYINPOBKE TEOPEMET
OlleHKa paszMepa MPOBOJUTCSA ¢ TOTHOCTHIO 0 KOHCTAHTHI, TO BHIGOP KOHKPET-
HOro Gazuca He MMeeT 3HadeHusA. I pyruMu cIOBaMH, MBI MOYKEM MpeAnofa-
raTh, 9TO A060€ KOHETHOE TUCA0 HeOOXOMUMEBIX HaM PYHKINT B DToM 6asnce
eCTh.

CxeMma cpaBHeHHUs 4ncesn 6y1eT PeKYypPCHBHON (4TOGLI CPAaBHUTH [BA YNCIa,
MBI OT/ICJHHO CPaBHUBAaEeM HX JeBbie W MpaBble MOJOBUHBI, a 3aTeM 00benHsi-
eM pesyabpTaThl). [Ipnm 5TOM, Kak 9acTO GBIBaeT, Ha IO YCHINTH YTBEPXK T€HUE,
YTOOH WHAYKIHUS TPOILTa. A NMEHHO, MBI 6y IeM CTPOUTH CXeMy ¢ 21 BXOJaMu
Tlyeees Ty Y1yeey Yp W ABYMSA BHIXOJAME, KOTOPAS YKa3biBaeT, KAKOU U3 TPEX
caydaeB ¢ < Yy, & = Yy WA T > Yy UMeeT MecTO. (31ech & — UHCI0, 3aNNChl-
BaeMoe B JTBOMYHOW CHCTeMe KakK Zi...ZT,). [IBa BEIXOIHBIX OUTa KOTHPYIOT
deThIpe BO3MOKHOCTH, a HYKHO TOJBKO TPH, TaK 9TO €CTh HEKOTOPKIN 3arnac.
Jlns onpegeéHHOCTH MOXKHO CINTATh, 9TO NEePBLIH BLIXOAHON OGHT HCTHHEH,
€CJU YHCIa PABHBI, & BTOPON — ecau & < Y. Torma BO3BMOXKHBI TPH BapuaHTa
curuaaoB Ha Bexoqe: 10 (paBenctBo), 01 (npm z < y) u 00 (mpm z > y).

O6nLACHAM Temeph, Kak cOBpaTh, CKayKeM, CXeMy cpaBHeHnA IByX 16-6uTo-
BHIX wuced. CobepéM OTAeqbHO CXeMy CpaBHEHUS CTapiinxX 8 6GUTOB W MJa -
mux 8 6uToB. Kaxkgas w3 HHX gacT oTBeT B opMme aAByX 6mToB. Temeph
I3 DTHX YeTHIpEX GUTOB Ha0 cobpaTh ABa. (Ecam B crapmmx paspsjgax He-
paBeHCTBO, TO OHO ONpejeNseT pe3yAbTaT CpaBHEHUS; eCAU CTapline pa3ps-
JBI PABHBI, TO PE3yJIbTAT CPABHEHHUS ONpefeNseTCs MIAIINMA Pa3psjaMi.)
Hamucannas B cko6kax ¢dpasa onpegenseT 6yaeBy PYHKIAIO ¢ YeTHPbMA 61-
TaM#i Ha BXOJe M JAByMs OHTaMi Ha BHIXOJe, H MOXKeT OLITh peaju3oBaHa
HEKOTOPOH CXeMOW (PUKCHPOBAHHOTO pasMepa. Takum o6paszom, ecan depes
T(n) 0603HaINTEH pa3Mep CXeMBI, CPaBHMBAIOIIEH N-6NTOBKIE TNCIA, TO MOXY-
JaeM OMeHKYy

T(2n) < 2T(n) + ¢,

rjge ¢ — HeKOTopas KOHCTaHTa, 3aBUCAIadg OT BrGopa 6asnca. OTcioa cae-
nyeT, 9TO T(Qk) < /2% npu mekoTopom ¢/. B camom jere, m1d JOCTAaTOYHO
60abIIOT0 ¢ MOXKHO JOKa3aTh MO MHIYKIHN, ITO

T(m)<cdm—c

(MBI TOJKHBI YCHIATH HEPABEHCTBO, BEIUTS U3 IPABOH 9aCTH ¢, ITOOK HHIYK-
TUBHBLIA AT MpOUIEN; 6a3a MHIYKINN OCTAeTCs BEPHOH, ecan ¢’ TOCTATOTHO
BEJINKO).

Ty ke caMyio OIEHKY MOXKHO OOBACHUTHL u Harasgno. Hama cxema nme-
eT BH] mepapxXudeckoro nepesa. Ha KaykIoM ypoBHe U3 JBYX IBYXOHTOBHIX
CHrHAIOB ToydaeTcs ognd. OcTaéTcs BCIOMHATD, 9TO B MOJHOM [BONTHOM
JlepeBe YHCIO BHYTPEHHUX BepIINH (KOTOpOe ompejelseT pazMep CXeMHl) Ha
eMHAIY MEHbIIle ncia 1ucTheB. (B TypHupe no ornMmuiickoit cucTeMe TucIo
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UCp Ha eUHUIY MeHbIle 9HCIa KOMaHJ, TakK KaK IOCIe KaXJOH HTPH OfHA
KOMaH/1a BEIGKIBAET. )

Kaxas BHYTpeHHsS BeplInHA W KaK[bIl JuCT (T CPaBHUBAIOTCSA [Ba
6UTa) MpeJCTABIAIOT COGOM CXeMBI OI PAHNYEHHOT O pa3Mepa, OTKY/[a U BhITe-
kaet omenxa T'(2%) < ¢'2*.

OcTanock JIuiIb CKa3aTh, 9TO JelaTh, €ClIN pa3Mep 9ucel (KOTOPHIH MBI
0603HaYaN Yepe3 1) He eCTh TOYHA CTeNeHb JBOMKH. B 5ToM ciydae MOKHO
YBEIUYATEL pasMep 0 GauKailllleil cBepXy CTemenn IBONKH (He Gotee geM
B /Ba pasa) W NOJATh Ha CTapline pas3psisl BxojgoB Hyixu. O6a reilcTBHA
NPUBOAAT K YBEJANYEHUIO pa3zMepa CXeMBl He Golee deM B KOHCTAHTY pas.

Tenepb paccMOTPUM 3aa4y O CIOKEHUH TBYX n-6nToBHIX dncen. (CTporo
roBOpA, TYT BO3HMKAeT He OyleBa (pyHKNNA, a pynknus B® x B® — B*T!, no
BCe HAIIN ONpeJeJeHns OYeBHHO MePEHOCATCA Ha DTOT CAydai.)

TroPEMA 10. Cyuecmeyem crema caoncenus 6 yr n-6umoeblxr YUCEA PaA3-

mepa O(n).

JTOKABATEIBLCTBO. Hamomunm cmbica o6osnadenns O(n): HaM HALO MO-
CTPOUTHL CXeMY CJIOXKeHWf n-6MTOBBEIX THCeJ, HMEIIyIo pa3Mep He Hogee cn
IS HEKOTOPOTO € W [ BCEX n.

IT0 coBceM mpocTo. [locMoTpuM Ha caoKeHHe B CTOJOUK:

0 1 1
1 0 0 1
1 0 1 1
1 01 00
Bepxussi cTpoka — 6HTH TepeHOCa, HUMKHAS — Pe3yabTaT. 3aMeTHM, 4TO

KaXK /b U3 GUTOB TMepeHoca WIH pe3yabTaTa ONpeJefsieTcs TpeMs APYyTUMH
6uTamn (6T pe3yabTaTa paBeH CyMMe MBYX GMTOB claraeMblX i 6UTa mepe-
HOCA MO MOIYJI0 2, a 6UT mepenoca paBeH 1, ecanm XOTsA OLI IBA W3 DTHX TPEX
6nToB paBHE! 1). [To>TOMY MOKHO COCTABATH CXeMy, KOTOpas BHIYACISAET DTH
OUTHI CIpaBa HaJeBO U NMeeT pa3Mep n.

3aMeTnM, 4TO TpefbIIyliee yTBep:KjaeHne (Teopema 9) siBiaseTcs cief-
CTBUEM DTOro: 9TOGH CPAaBHATH 9HCAA & U ¥, CAOKAM ducao (2" — 1) — z
(To ecTh 9HWCIO T, B KOTOPOM BCE eIMHUIBI 3aMEeHEeHBl HYIAMHI U Hao60poT)
qucao y. Ecam B cTapineM paspsie MOSBUTCA eINHANA, 3HATAT, Y > &, & €CJIn
HeT, T0 Yy < . OcTaéTrcd 3aMeTHTh, YTO W CJAOXKeHWe, H obpallieHne GHTOB B
qucae T peatu3yiTCs cXeMaMU JHHEHHOTO pa3Mepa.

Tem He MeHee KOHCTPYKIINSA, NCTIONL30BAHHAS TIPH TOKa3aTeAbCTBE Teope-
MBL 9, IMeeT HeKOTOpHEe TpenMyliecTBa. Ha3oBéM eaybunoti cXeMBI MaKCH-
MaJbHOE YHUCJIO DIEMEeHTOB Ha MYyTH OT BXoJa K BHXOIy. Ecam mpeacTaBuTh
cebe, UTO CUTHAJ Ha BBHIXOJE DJeMeHTa MOABAAETCS He cpaldy mocje moaadn
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CHTHAJOB HA BXOJHKI, a C HEKOTOPOI 3aep>KKOU, TO TIy6nHA CXeMbI OTpeIeis-
eT CYMMapHYIO 32 1epXKKy. JIerko moHATEH, 9TO peKYpPCUBHAS CXeMa CPaBHEHUS
nmena rayouny O(logn) (dmcio ypoBHEH NpPONOPHHOHATBHO JOTapHMMY pas-
Mepa BXO/Ia), B TO BpeMs KaK MOCTPOEHHAs TOMBKO ITO CXeMa CIOKEeHHS nMe-
eT rIyOGuHy, NPOMOPHNOHANBHYIO 1 (6UTH MepeHoca BBHIYUCIASIOTCS MOCTeT0-
BaTeNbHO, CpaBa HaleBO). Ho MOXHO cOeMHNTE DTH JBa pe3yJsbTaTa:

TEOPEMA 11. Cywecmeyem crema caoncenus O06Yr n-O6UMO6HIT UUCEL
pazmepa O(n) u 2aybunv O(logn).

JIOKABATEIBCTBO. Kak MBI Bujgenn, npobieMa B TOM, 9TO GUTH mepe-
HOCa BRITHCISIOTCS MOCTETOBATENbHO, a He TMapafijiesbHo. Ecam ymactes mx
BCe BHIYMCANTH cxeMoll pasmepa O(n) n ray6must O(logn), To narbreiee
OYEeBH,THO.

Kak MBI y:Ke roBopmIn, BEIMHCICHTE GUTOB MepeHoca paBHOCHABHO CpaB-
HEHWIO, TaK 9TO JOCTATOTHO HAYINTHCA CPABHATEH MapALIETHHO BCe «CyhPuK-
CBIY 9HCEN, T.€. IS KaXKJOTO ¢ CPABHUTE THCAA TiTit] - .- Ln W Yilfit] - - - Yn-

BenmomEnM, 9TO MBI Tenann IpH cpaBHeHnH dncen (ckaxeM, manubr 8). Ha
HIKHEM YPOBHE MBI CPABHUBAIN OGUTH:

Ty T2 X3 T4 Ty Tg IT7 Iy
Y Y2 Y3 Ya4 Ys Ye Y7 U8
Ha cilenayioneM ypOBHe MBI CpaBHUBaJW IBY3HaYHLIE THCTA
1T X3T4 TyTg T7TY
Y1Y2  Ys3Ya YsYe YrYs

3aTeM ‘IeTpréXE»Ha‘{HbIe

T1T2X3T4 T5TEL7LY
Y1Y2Ysys  YsYslYrys
7, HAKOHell, BOCbMU3HaYHbIE:

T1T2T3TL4L5TELTLY
Y1Y2YsYalysYeYrys

Taxkum o6pazom, piasa cypdunkcoB minubl 8, 4, 2 w 1 pe3yIbTaTH CpaBHEHAA
yxke ecThb. /lasa cypdnkca qanHbl 6 pe3yJbTaT MOXKHO MONYIUTh, KOMOUHUPYS
pe3yabTaT CpaBHEHUA T3T4lysYs U TsTeZ7Zslysyeyrys. Llocae »Toro y Hac
ecTh nadOpMaANHA 0 cyPPUKCaX BceX YETHHIX MJINH, U COeTUHASA eé ¢ nuH(op-
Mallfell ¢ mepBOTO BTamna, NoJydaeM CcBefeHus Mpo Bce cypdukce. Hanmpumep,
IJifg cCpaBHeHUA Cy(PPUKCOB AIUHBI 7, TO €CTh Tg...Tg U Y2 ...Yg, MBI COeJIH-
HfeM pe3yJbTaThl CPaBHEHNSA To U Yo C Pe3yJbTaTaMU CpaBHeHNA Cy(pP(hUKCOB
MJIUHBL 6, TO €CTh T3...28 U Y3 ...Ys.

B obuiem caydae kKapTmHA TaKaf: TOCAE «CYXKAIOMIETOCHs TepeBay MBI
CTPOUM «pacliupsiolieecs»; 3a k MIATOB MO0 KOHNA MbI 3HAaeM pe3yJbTaThl
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CpaBHEHTA BCeX cyPUKCOB, LITHE KOTOPHX KpaTHH 2. DTo 1epeBo mmeeT
pasmep O(n) n rayéuny O(logn), 9To 3aBepuiaeT I0Ka3aTeIbCTBO.

3A1A4A 12. TlokazaTh, 9TO BLIYATAHHE IBYX 7-OHTOBLIX YHCE] O MOTY-
a0 2" BuimoaHsieTcs cxemon pasmepa O(n) u ray6uusr O(logn). (Ykasanne:
BLIMATAHNE JeTKO CBOMUTCA K CIOKEHUIO, €CIH 3aMeHNTh HYJIHW HA eTHHUILL I
Ha060poT.)

Teneps zatimémcs ymuHOKeHHeM. CxeMa yMHOXKeHHUS IBYX N-OUTOBHIX WH-
cel mMeeT 21 BXOMOB (MO m ISl KaXKIOTO MHOXKHTENS) U 27 BBIXOJOB JJf
MpON3BeIeHUS.

[TocmoTpuM, Kakme OleHKH MaéT OOBRYHBIN CMOCOO YMHOXKEHUS 4ucen
cTON6NKOM. B HEM yMHOXKeHHe IBYX N-paspsIHBIX YHCET CBOJTUTCH K CJAOMKEe-
HUIO N KON MepBOro 4ucaa (YacTHIHO 3aMeHEHHBIX Ha HYJH B 3aBUCHMOCTH
OT mudp BTOPOTO IHCIA) CO CIBATAMH.

[Monyuenne >Tux kommii TpeGyeT cxeMmbl pasmepa O(n?) (obuiee wmcao
ungp B komusx) u raybmasr O(1). Croxkenne IBYX n-paspsgHbIX qHCeN MBI
MOXKeM BHITIOJHATE ¢ TOMOIIb0 cxeMbl pasmepa O(n) n rayémuasr O(logn),
TakK 9TO HeoOXomammbie n — | CIOKEHUH MOXKHO BBHINOJHHTH CXeMOW pazme-
pa O(n?) u ray6unsr O(log? n) (ecam ckaagHBaTh CHavasa MOTAPHO, TOTOM
pe3yabTATH CHOBa MOMapHO W T.n.). OKaskIBaeTCs, DTOT pe3yabTaT MOXK-
HO yay4ninTh. Haubosee s5KkoHOMHBIE CTOCOOK OCHOBAaHbI HAa MpeoOpa3OBaHUN
Dypbe 1 fafeko BEIXOMAT 3a PAMKHI HAIIero o6CYK/IeHNs, HO [Ba yJIy4IlleHus
MBI TPHBETEM.

TEOPEMA 12. Cywecmeyem crema yMHoNCEHUA O6YT M-OUMO6BIT UUCEA
pazmepa O(n?) u aaybunst O(logn).

JIOKABATEJIBCTBO. Kak MBI yKe TOBOPMJIN, yMHOXKEHIE TBYX N-OHTOBBIX
YHCeN CBOJIUTCS K CAOKEHWIO 7 TAKHX YHCeJd, U OCTAETCS BHIMOJHUTH TaKoe
caoxenne cxemoil pazmepa O(n?) u ray6uns O(logn). KaoueBsM MoMeHTOM
3/IeCh ABAAETCS CBeJIeHNE CJIOXKEHUS TPEX duceN K CAOKEHHUIO JIBYX C MOMOIIBIO
npocToi cxembl pazmepa O(n) n raybnast O(1). B camom jgene, mycTh ecTh Tpu
4qucaa ., Yy u z. Ecan Mur 6yeM CKJIaIbIBaTh OT/IeMBHO B KaXK[OM paspsje, TO
B pa3psjle MOXKeT HaKONuThcs Jarobas cymma ot 0 10 3, TO ecTh B [BOMYHON
sanucu ot 00 mo 11. ChopMmupyeMm m3 Maafgiinx GHTOB DTHX JABYXOHTOBHIX
CYMM 9HCJIO U, @ U3 CTapUINX (CABIHYTHIX BJeBo) — Jucao v. Tora, oueBuano,
r4+y+z=u+v. [lonrydenne nundp 4ucaa 4 n v TPOUCXOIUT TapalieSbHO BO
Bcex paspsgax u Tpebyer pasmepa O(n) n rayéunsr O(1).

Teneps, ecan HATO CIOKHUTH N YHCET, MOXKHO pa3bUTh UX HA TPOUKH U U3
KayKIBIX TPEX dHces MOJYYUTh MO ABa. B cregyroninit Kpyr, TaknMm o6pas3oM,
BEIIIYT (2/3)n 9ucen (mpnMepHO — rpaHndHbEe 3PQPeKTH GOIBIION poin He
nrpaioT). X cHOBa MOXKHO CrpynmmpoBaTh Mo Tponkam n T. 1. [loxyvaetcs
JepeBo, B KOTOPOM pasMephl ypOBHElN 06Pa3yIOT reOMeTpPHYecKy0 MpOrpec-
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CHIO CO 3HaMeHaTeleM 3/2, MODXTOMY TiybHHA DTOTO JepeBa JorapugpMmute-
ckast. Uncio Bepinn B HEM (CYUTas 3a BepUINHY MpeobGpa3oBanme TPEX dncen
B 1Ba) OyJeT NpUMepHO 7, TaK KaK MPH KaXKTOM Mpeobpa3oBaHMH THCIO Cla-
raeMblX yMeHbITaeTcs Ha efuHuIy. MTak, Ta KOHCTPYKIus uMeeT OOIIHI
pasmep O(n?) u ray6uny O(logn). Hago ToabKo OTMeTHTE, 9TO B KOHIIE y
Hac MOJyYaeTcs He OJHO TUCI0, a IBa, W UX HAMOCJIeJOK HA O CIOKHTH — 9TO
MBI yMeeM jgenaTh ¢ rayonuon O(logn) n pasmepom O(n).

3Aa1A4A 13. [okasaTh, 9TO cXeMma, BHIHCIASOMIAL OyIeBy GyHKINO f OT
n apryMeHTOB, y KOTOPOH HII OJHH apryMeHT He fBIfeTCS (PUKTHBHBIM, HMe-
eT pa3Mep He MeHee cn U rayOnHy He MeHee clogn (rjge ¢ — HeKoTOpas KOH-
CTaHTa, 3aBUCAIIAA OT BHIOGpaHHOro Habopa d1eMenTOB). (ApryMenT GyHKINT
HA3HIBAIOT (PUKTHBHBIM, €CJN IPH ero H3MeHeHHN 3HadeHne QYHKINH He Me-
HAETCS. )

ITa 3ajlada MOKA3bIBAaeT, 9TO eC/H B MpOIecce YMHOXKeHHs TBYX n-6uTO-
BEIX YHCeN MBI CyMMEpYeM n claraeMbix, To onenkn O(n?) mis pasmepa m
O(logn) mast rTIyGUHBL, TOJYYeHHBIE IPH JOKAa3aTeIbCTBE TEOPEMEl 12, cytie-
CTBEHHO YAVUIINTH HENb34.

OnHako HEUKTO He 006S3bIBaeT HAC CJAENOBATh TPaJUIHOHHOMY CHOCOGY
YMHOXKeHNSA CTONONKOM — OTKa3aBUINCH OT HEr0, Mbl MOXKeM YMEHBIIHThH pa3-
Mep CXeMHI.

TEOPEMA 13. Cywecmeyem crema ymmoNcenus 06yxr n-6umoeblr YUCEA
pazmepa O(n'°823) u 2ay6unst O(log? n).

JTOKABATEJBCTBO. HaunéM ¢ Takoro 3aMedanns. Beranciss nponssee-
HIe IBYX KOMILIEKCHBIX THCEN

(a+ bi)(c+ di) = (ac — bd) + (ad + be)i

OGBIIHBIM CITOCOOGOM, MBI [leJaeM deThipe yMHOXKeHnsA. Ho MoxkHO 060HTHCE T
TpeMs ¢ TTOMOIIBI0 TAKOTO TPIOKa: BHUNCINTH ac, bd n (a+b)(c+d), a notom
Hantn ad + be kak pasunocts (a + b)(c+ d) — ac — bd.

AHaJOTHIHBIN (POKYC MOXKHO TPOJenaTh W JAf MedbiX [dncen. Pazobném
2n-6UTOBOE TUCJAO Ha JBe N-OGUTOBHIE YaCTH, TO €CTh MPEJICTaBAM €ro B BIHIe
a2"™ 4+ b. Temepn 3anuiiieM TPOA3BeJIeHNE IBYX TaKNX THCEN:

(a2” +b)(e2" 4+ d) = ac2?” + (ad + bc)2" + bd.

OTcroia BUIHO, 9TO Jif ONpejiejeHusi BCeX TpeX caaraeMbiX B MPaBOH YacTn
paBeHCTBaA JOCTATOYHO HAWTH TpH mpon3Beenns ac, bd n (a+b)(c+d). [oxy-
JaeTcdA, ITO YMHOKEHHE JABYX 2n-OGMTOBBIX THCET CBOJANTCS K TPEM yMHOXKe-
HUSM N-OMTOBBIX W K HECKOJHKUM CIOKeHUsAM i BuranTannsam. (Ha camom mene
npn ymuaOXKeHnn (a+b) Ha (c+d) comHO)KNTENH MOTYT 6BITH (14 1)-6NTOBBI-
MU, HO DTO He CTPAIHo, TaK KakK 06paboTKa JAITHEro Pa3psa1a COOTBETCTRYeT
HECKOMBKHM CJIOKEHUSM. )
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/s pasMepa CXeMBI, TAKHM 06pa3oM, MOJydaeTcs peKypCHBHAA OleHKa
S(2n) < 3S(n) + O(n),

m3 KoTopoi caeayet, 9To S(n) = O(n!°&23). (B camowm gene, mis yMmomenus
n-GUTOBBIX YHCEN MOJYIaeTCs JePeBO PEKYPCHBHBIX BBI3OBOB ray6nubl log, n
U CTeNeHW BEeTBJEHUSA 3, TAK YTO YHCJIO €ro JUCTheB U 06Illee YUCIO BEPIIHH
eCcTh O(310g2”) = O(nloe 3). OcTaéTcs MOHATEL TOMLKO, ITO CPeJHUI paszMep
cxXeMBl B Kaxjon Bepimue ecth O(1). B camom gene, on mponopunonaien
qHCay CKJIaAbBaeMBIX 6uToB. [Ipnm mepexome oT oAHOTO YPOBHA K CJAeIVIO-
memy (6oee 6IM3KOMY K KOPHIO) 9MCJIO GHTOB PacTéT BJBOE, a IHCJIO Bep-
IINH YMEHBIIIAeTCss BTPOE, MOITOMY 0bIllee YHCIO DJIeMeHTOB Ha 3TOM ypPOBHE
YMEHBINTAeT s B MOATOpa paza. TakuMm o6pasoM, PN IBUKEHUH MO YPOBHAM
OT JUCThEB K KOPHIO MoJydYaeTcs yOBIBaolllafg reoMeTpuyYecKas Iporpeccus
co 3HaMeHaTeneM 2/3, cyMMa KOTOPOW BCETO JHUIIh BTPOE MPEBOCXOIUT eé
HePBLIN J€H.

Onenka rayGHHBI TakKyKe OYeBH/IHA: HA KaXKJOM YPOBHE MBI HMEEM CXeMY
croxkenns rayonust O(logn), a qucao yposrei ectsh O(logn).

PaccmorpnM Temeph QyHKIHO 2040cosanus (majority). Ona nveer He-
YE8THOE YHWCJAO apTYMEHTOB, W 3Ha4YeHme eé paBHo () mam 1 B 3aBUCHMOCTH OT
TOTO0, KaKoe U3 JBYX 3HAYEHUU Yallle BCTPeYaeTCs Cpelu BXOIOB.

TEOPEMA 14. Cywecmeyem ebluucasionas GyHKYuO 20.40C06AHUA CLE-
ma pazmepa O(n) u zaybunst O(lognloglogn).

JIOKABATEJIBLCTBO. Ha camMmoM jgesie MOXKHO fasKe BHIYHCINTE obIliee 9-
CJIO eUHUT CPeIH BXOMOB. DTO [e1aeTCs PeKYPCUBHO: CIUTAEM OTAENbHO s
Ka)K/[OW MOJOBIHBI, MOTOM CKJaTbiBaeM. [lomydaeTcs morapndpmuieckoe 4u-
cio ypoBueit. Ha BepxHeMm ypoBHe Ha 0 CKJIablBaTh 4ncjaa pa3Mepa logn, na
caenyioliieM — pasMepa logn — 1 w Tak 10 caMOTO HU3a, T/Je CKJIaIbIBAlOTCS
OMHOBUTOBHIE THCAa (TO eCcTh GUTH BX0j1a). Kakoi cpeqnuil pasmMep cKiaaIbl-
BaeMbix 4ncen? [lofoBuHa BepiinH B fepeBe MPUXOANTCA Ha HIKHUH YPOBEHD
(wmcra mawHE! 1), 9eTBepTh — Ha caeayiommi (dncaa games 2) n T. 1. Bemo-
munas, 9To pag > (k/2%) cxoamTes, BUANM, 9TO CpeHMIl pa3Mep CKJaThiBa-
eMmbix gucen ecth O(1) n obmmnit paszmep cxeMmbl ecth O(n). A obmmas raybnaa
ectb O(lognloglogn), Tak kak Ha kaxjIoM 3 logn ypoBHeH cTONT cxema
ray6uusr O(loglogn).

3aMeTHuM, 9TO TOCTPOEHHAS CXeMa BHIYHCAeHNS PYHKIINH TOJOCOBAHUSA CO-
JTepXKAT B cebe HEMOHOTOHHBIE DJIEMEHTHI (MOCKOIBKY ONMepalus CAOKEHUs He
MOHOTOHHA). MBI yiKe TOBOPH/IN, 9TO BCAKYIO MOHOTOHHYIO (DYHKINIO MOXK-
HO COCTABUTh U3 KOHBIOHKINN U AU3BIOHKNHH. /ljas PyHKIWE TofTOCOBaHUS
€CTh OYeBHIHBIN CMOCO6 DTO CjeJaTh: HANUCATh JAUIBIOHKINIO BCEX KOHD-
IOHKINH pazMepa (n+ 1)/2 (HamoMHIM, 9TO 9MCI0 BXOJOB 1 MPEINONAT A€ TCSA
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HedéTHBIM). OHAKO TPH BTOM TMOJYYNTCS CXeMa DKCMOHEHINAIBLHOTO TO 7
pasMepa.

TeoPEMA 15. Cywecmeyem cxema pazmepa O(nc) u 2aybuns O(logn),
cocmaeaennas moavko uz saemenmos M u HJH (c deéyma 6xodamu), 6biuu-
cagouas GYHKYUIO 204006 AHUA.

JIOKABATEJILCTBO. [las Havajsa 3aMeTHM, 9TO OTpaHHYeHHe Ha pasMep
ABASETCA CleJCTBUEM OTpaHWYeHNA Ha TIyOHny, Tak Kak daemedTs U n UJIN
HMEIOT TOJBKO JBa BXOJA M IHCJO BXOJ0B cxeMbl ray6unnr d ecth O(27).

Cxema 6yeT CTPOUTHCS U3 DJIEMEHTOB OOJBIIHHCTBA C TPeMs BXOTaMu
(3-6ompmmucTBa). Ka B 13 HIX MOXKHO cOOpATh W3 KOHBIOHKINH W I35
foHKIIH 10 popmyne (aAb)V(aAe)V(bAc). Buxor cxeMbl 6y,1eT 60IbIITNHCTBOM
U3 TPEX 3HaYeHU N, KaXK[0oe I3 KOTOPhIX eCTh GOMBIINHCTBO U3 TPEX 3HAYEHH I
u T. 1. (puc. 3).

Puc. 3. /lepeBo n3 >1eMeHTOB 3-60JbITHHCTBA

[TpogomKas 5Ty KOHCTPYKIWIO Ha k ypOBHAX, MBI MOIYYnM cxeMy c 3F
Bxoamu. (OTMeTHM, 9TO HTa cxeMa He 6yIeT BHIYUCAATH GOMBITHHCTBO Cpe-
[ CBOMX BXOJIOB — MO TOW YKe NpUYUHE, MO KOTOPOH pe3yibTaT HENpPAMOTO
rOJOCOBAHNS MOKET OTANIATHCA OT MHeHHus GoabmmuacTBa.) Ho MBI ¢1emaem
BOT KaKyi0 CTPaHHYIO Belllb: BO3bMEM k paBHBIM c logn mpu g0cTaTOYHO 60JIB-
oM KO3(pUIHeHTe MPOMOPINOHATHLHOCTH ¢ (TIPH DTOM YHCIO BXOMOB TaKOH
CXeMHBI 6y 1eT MOJMHOMHUATBHO 3aBUCETH OT ) I HAMIIEM HA BXOAAX CTy9alHoO
BhIOpaHHBIE MepeMeHHble W3 TaHHOrO HaM Habopa Zi,...,Z,. ([lepemennsre,
3amMnchiBaeMble Ha Pa3HBIX BXOTaX, BHIOWpatoTcs HezaBucumo.) OxasbBaeT-
cf, 9TO C HEHYJeBOHW BePOATHOCTBIO DTa cXeMa Oy/[eT BBIYHCAATH (PYHKIHIO
OOJBIINHCTBA CPEIU 1, ..., L,, €CAH KOHCTAaHTA € JOCTaTOYHO Bedmnka. Cie-
MoBaTeNbHO, HCKOMasf cXeMa CYIIecTByeT.

O6paTuTe BHUMaHUe: HaM yJacTCA TOKa3aTh CYyIIeCTBOBaHNHE HHTEPECYo-
el HaC cXeMbl, He mpelbsiBuB eé aBHO. (Takoe ncmosb3oBaHNe BepOATHOCT-
HBIX METOJIOB B KOMOMHATOPHBIX PACCyKJIEHMAX 1aCTO OLIBAET MOJE3HO.)

NUTak, nmouemy ke cxema € MOJOKUTETBLHOW BePOATHOCTHIO BBIYHCASET
PYHKIHIO OGOJBIIHHCTBA? IJTO JOKAa3KIBAaeTCA TaK: PACCMOTPHM KaKOH-TO
OJIMH HabOp 3HAYEeHHWH Ha BXOJaX W JOKa)KeM, 9TO Ha 3TOM KOHKPeTHOM



76 H. B. Beperrfarun, A. lllens

Habope caydaliHas cxeMa BRIAéT MPAaBMIBHBIN OTBET C BEPOSITHOCTHIO, OY€Hb
61M3KON K eqnHuIe (paBHON 1 — € TPH OYeHb MAJIOM €).

Ecanm 49mcnao € HACTOMLKO MaJo, ITO OCTAETCA MEHBIIUM eTWHUILI TayKe
noc/ie YMHOKEHHS Ha THCJI0 BO3MOKHBIX BXO/OB (2"), To noxy4daeMm Tpebyemoe
(kaxkgoe m3 2" COOBITHI MMeeT BEPOSTHOCTHL He MeHbIle | — £, 3HAYNT X
nepecedenne MMeeT BePOSTHOCTH He MeHblne 1 — 2% > ().

NTak, ocTanock oleHUTh BePOATHOCThH TOTO, YTO CAydaliHas cxeMa JacT
HpaBUIBHBIN OTBeT Ha gaHHOM Bxoje. llycTh jgouis equnun cpeim Bcex BXO-
noB paBHa p. Torga Ha KaXIBIH BXOMHOW MPOBOJ CXEMEI TOMAETCS €IMHUIIA
C BEPOSITHOCTHIO p W HYJIh C BEpPOSTHOCTHIO | — p (BBIGOp caydaiiHon mepe-
MEHHON JaéT eINHUIY C BEPOSTHOCTHIO P), MPUIEM CHTHAJIH Ha BCEX BXOAAX
HE3aBUCHAMEI.

Ecam ma Tpéx BxOomax daeMeHTa 3-60JBIIMHCTBA CATHAJLI HE3aBUCUMEI,
U BEPOSTHOCTH NOSABJIEHHS €IUHWIBI HA BXOJ€ eCTh p, TO BEPOATHOCTH MO-
SBJEHNS] eNHANLI Ha BHIXOTE ecTh ¢(p) = 3p2(1 -p)+ p® = 3p* — 2p>. Ha
CJIeTYIONINX YPOBHAX BEPOATHOCTH MOABICHUSA €IUHUILI OY1eT paBHa

¢(e(p), ¢(e(e(p)), - -
I'paduk pyuxunnm ¢(z) ra orpeske [0, 1] (puc. 4) moka3bBaeT, 9TO NpH HTEpa-
unsx QGyHKnun ¢ gucbananc (OTKIOHEHNe OT cepeJuHbl) HapacTaeT. [lopTo-
My TOCJe0BaTeqbHOCTh NTepaliil CTpeMHuTCA K Kpalo oTpeska. Hano Toabko
OLeHNTH IHUCIO IIAroB.

Puc. 4. Hrepupyemas Gpyarnus ¢

Ecan BHavase e IMHUIIBI COCTABIASAIOT GOMBITHHCTBO W3 N aprYMeHTOB (Ha-
MOMHWM, N HeYETHO), TO NX Kak MuHUMyM (n+1)/2, Tak 9top > (n+1)/2n =
=1/241/(2n). Takum o6pa3oM, Ha9aIbHBIN THCOATAHC COCTABIAET KaK M-
HEMyM 1/2n. A B KOHIIe HAM HYKHO MPHOJU3NTHCSA K Kpalo OTpe3ka Ha pac-
cTosinme 27",
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NTak, HaM ocTaI0Ch TOKa3aTh TAaKylo JeMMY (OTHOCAIUIYIOCA CKOpee K Ma-
TeMaTHIeCKOMY aHAIN3Y):

JIEMMA. [Tycme gynxyus ¢ : [0, 1] — [0, 1] 3adana dopmy.aoi
¢(z) = 322 — 223,

ITIyems nocaedosameavnocms xp, onpedeena pexyppenmuoi Gopmyaoi
Try1 = ¢l(zr). Hyemo xg > 1/241/(2n). Tozda nocaedosameavrocms xy, mo-
HOMOHHO 603pacmaem u npubauxcaemes x 1 na paccmosnue 2" 3a O(logn)
wazoe.

Ha6pocok mokazaTeabcTBa: MOCMOTPUM Ha TMOBeJeHne (PYHKIUN B HEMO-
JTBIKHEIX ToYkax. B okpectHocTn ToYku 1/2 ¢pyHkums 6iu3Ka K JTHHEHHON
i pom3BoTHAs Goablle 1, TOdTOMY yjaadenne oT 1/2 pacTéT Kak reoMeTpH-
YecKas TPOTPECCHS, U TOYKA TMepeléT KaKyl-TO (PUKCHPOBAHHYIO TPAHUILY
(ranpumep, 0,51) me moszguee wem 3a O(logn) miaros. 3aTem moTpebyeTcs
O(1) maros, 9T06H HoHTH, cKaxeM, 10 0,99. B okpecTHOCTH eMHNIEI Mep-
Baf Mpou3BoJHAfA (PYHKIWN paBHA HYJIIO, TODTOMY PacCTOSHUE MO eTWHUIILI
KayK b pa3 MPUMEPHO BO3BOAUTCS B KBAJApAT, U MOTOMY s TOCTHXKEHUS
norpentroctn 2" notpebyercs O(log n) mraros (Kax Il pa3 4nCI0 COBIA[a-
I0IAX TUQP YBeINIABAETCA TPUMEpPHO BABOe, Kak B MeTole HrhloToHa OTHIC-
kanug xopus). Beero noxyuaercs O(logn) 4+ O(1) + O(logn) maros, 1To n
TpeboBaJIOCH.

Ha camowm fefe cnipaBeinBo ropa3sfo 6ojee CHIbLHOE yTBEpK IeHHe: CyIile-
cTByeT cxema pasmepa O(nlogn) n rayouust O(logn), cocTosmas TOIbKO n3
oaemenToB U uw UJIN, koTopas nMeeT n BXOAOB W N BEIXOMOB W OCYIIECTBJIS-
eT COPTHPOBKY (PTO O3HAYaeT, 9TO HA BHIXOJE CTOJHKO K€ eNHUI, CKOJBKO
Ha BXOJe, MPUYEM BEIXOJHAS MOCJIETOBATENHHOCTH BCET 1A HEBO3PACTAOMIA ).
ScHo, 4TO cpeiHuit 6GUT BRIXO/Ia B TAKOUW CHTYAINN peann3yeT PYHKINIO GOab-
IINHCTBA.

[Ipu kaxytieiics mpocToTe POPMYJIHPOBKH e[HHCTBEHHAs W3BeCTHAs KOH-
CTPYKINs TakolW cxeMbl (coprtupyiomias ceTh AKS, mpmaymannas Anrtan,
Kowmuaoriom u Criemepein cpaBHUTEILHO HeJJaBHO, B 1983 ro;[yl)) BeCchbMa CJOK-
Ha, W MOSBIEHIE KAKOU-TO Gojiee TPOCTON KOHCTPYKINH OBLIO G 3aMedaTeb-
HBIM [OCTHKEHUEM.

Boo6iie MHOTHE HeTpHBHAJBHBIE PE3YJAbTAThl MOXKHO TepedOpMyIupO-
BaTh B TEPMHUHAX CJAOKHOCTH KaKux-ToO OyjaeBwIX (pyHknui. Hanpumep, ecTsb
BEPOSATHOCTHBRIN AATOPUTM MPOBEPKH MPOCTOTHI GOJBIIOTO YHCIAa (€ TOMO-
b0 KOTOPOTO B KPUNTOTpadpuu MPOBEPSIOTCA YHCIA U3 HECKOABKUX THICHT
ungp). Ucnoas3ys 5TOT aaropuT™, MOKHO TOKa3aTh TAKOE YTBEPK/IEHHE:

U Ajtai M., Komlés J., Szemerédi E. An O(nlogn) sorting network // Proc. of the 15th
Annual ACM Symposium on Theory of Computing. Boston, MA, 1983. P. 1-9.
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CYIIECTBYET CXeMa MPOBEPKH MPOCTOTH N-6GUTOBOTO YHCaa (Ha BXOJ
nofgaloTcs 17 6UTOB, HA BBIXOJE MOABAAETCHA €IUHUIA, €CAU IUCJAO0
NpoCTOe), pazMep KOTOPOH OTPaHUYeH MOJNHOMOM OT M.

Bepuémcst k o61InM yTBepXKIeHUSIM O cxeMax u (popmyaax. Mul yxke ro-
BOPHJIN, ITO C TOYKH 3PEHUS H3MEPEHUs pa3Mepa CXeMBl H (POPMYJILI — DTO
pa3Hble Bellll (CXeMbl DKOHOMHUYHee, TaK KakK B HIX OJMHAKOBHIE MOA(POPMY-
JBI YINTHIBAIOTCA TOIBKO OAWH pa3). OKaseiBaeTCs, 9TO pasMep (HOPMY.IH
MOYXKHO CBSI3aTh ¢ TJIYOGHHON CXeMHI.

Bynem maswiBaTh pazmepom (POPMYIBI THCIO JOTHIECKUX CBA3ZOK B Hel.
Mer mpejgnonaraeM, 9To (GOpMyJaa HCIOIb3yeT KOHBIOHKIINH, TU3BIOHKIHN
U OTPHUIAHUA, U B cXeMaxX OygeM HCIONbh30BaTh Takue ke sieMmeHTHI. Hamo-
MHUM, 9TO Pa3MepoOM CXeMBI MBI HA3BIBAIHW THCJIO DJIEMEHTOB, 2 CJIOKHOCTHIO
OyJeBOH (PYHKINN — MUHUMAJAbHEIH pa3Mep cxXeMbl, e€ Budncasionen. Caox-
HOCTH (pyHKnNN h obosuadarack size(h) (tounee sizeg(h), rme B — nabop
pa3pelénubiX (PYHKINOHATBHBIX DJIEMEHTOB, HO CeiYac MBI JOTOBOPHJINCH HC-
MOJbH30BATH KOHBIOHKIINN, TU3BIOHKINN I OTPHNAHNS I ONyCKaeM HHgeKC B).

MuHUMaTBHBIN pazMep GOPMYJKI, BRIpaXKatoliel pyaknuio h, 6yjaemMm 060-
snaqath fsize(h). OueBngno, size(h) < fsize(h). Boxree nuTepecno, omuaxo,
creyrolliee yTBepIKIeHIe, CBA3LIBAIOIIee pa3zMep CXeMBl ¢ TIyOHHOH dhopmy-
aer. O6o3nadnm depes depth(h) MUHIMAIBHYIO TAYOMHY CXeMbI, BBITHCISIO-
el pyHKuuoo h.

. depth(h
TEOPEMA 16. Hmerom mecmo oyenxu fsize(h) < ¢ (h) depth(h) <
< g log fsize(h) (das nexomopuiz koncmanm ¢y u cg u das 6cex h). Jpyzumu
caoeamu, mepovl caoxcnocmu depth u logfsize omauuaiomes ne 6oaece uem 6
KOHCManmy pas.

JIOKABATEJIbCTBO. [lepBas olenka o4YeBHHA: eCJU MBI CKONUPYyeM Mo-
BTOpSATOIINECH (PParMeHThl CXeMBbl, YTOOLI pa3BepHYTH €€ B IepeBo, TO IIyou-
Ha He u3MeHnTCs. Ecau ona paBHa k, TO B NOJy4YeHHOM jAepeBe Oy/eT He 60/Ib-
mre 28 — 1 5IeMeHTOB (HamOMHEM, 9TO DJeMeHTaMH ABIAIOTCA KOHHIOHKIHH,
JIM3BIOHKINA W OTPUIAHNSA, W TOTOMY BeTBIeHHe He Goabire 2). To ke camoe
MOYKHO CKazaTh HHIYKTUBHO. [IycTh riaybuna cxembl paBHa k. BuIxoa cxeMbr
ABAACTCA BHIXOJOM HEKOTOPOTO djaeMenTa. Tora Ha ero BXo/bl nogaoTcs 6y-
JeBBI PYHKIHN TIyOHHE He 6oubiie k — 1. [To npeanosoKenuio HHAYKINH HX
MOXKHO 3amucaTh (opmysamn pasmepa 2571 — 1. Taknx GopMyas MakCHMyM
[Be, TaK 4TO OOIINI pa3Mep He TPEBOCXOMUT 2(21“_1 -1)+1= 2k _ 1.

Bropas onenka 6ogee ciaoxkua. Eciu Mbl 6yjeM npeo6pa3oBLIBaTL Gop-
MyJy B CXeMy eCTEeCTBeHHKIM 06pa3zoM (BBeJs MO TMepeMeHHON [JIs KaKAou
1101(POPMYIBI), TO IIyOHHA MOJYIHBIIEHCS CXeMbl MOXKeT OBITh OJM3Ka K pas-
Mepy (OpMYJIH, a He K ero jorapudmy. Hanpumep, ecan popmysa nMeeT BUT
(«..((p1 A p2) Ap3) A...p,), TO y HAC TIOAYIUTCS Tenmodka siaemeHToB U, y
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KOTOPHIX KaXKJKH CIeIYIONINE TOJBEIlleH K JeBOMY BXOAY TPeIRIAVIIero,
ray6una ectb n — 1. Koneuno, ecan mcmoib30BaTh aCCONAATHBHOCTH KOHD-
IOHKIINH, CKOOKH MOYKHO NepecTaBUTh U MOJAYIUTH Oojee cOalaHCHPOBaHHOE
JepeBo TIyOHHBI TpuMepHO log n, Kak u TpebyeTcs. Ho Kak BRIMOIHUTH TaKoe
npeo6pa3oBaHie B caydae MTPOU3BOJIBLHON (POPMYIBIT

O6o3nadynm gauuyto HaMm gopmyay depes [7. Bribepem y Heé HEKOTOPYIO
nogdopmyny GG (Kak WMEeHHO, MBI OOBACHEM To3Xke). PaccMoTpum dopmy-
ay Fo, xotopas nonydanTcs, ecan BMecto (¢ moacTaBnTh 0 (M0XKB), a TakKe
dopmyay Fi, KoTopas MOTYINTCA, €CIN MOACTaBATEH 1. Jlerko mouATs, ¥T0 F
paBHOCHUJIbHA hopMy.JIe

(Fo A=G) V (Fy AG)).

Ecaun Temeps ygactcs 3amenuTh gopumyawl Fp, I, G cxemaMu TAyOUHBL He
6oabliie k, To mias I noayduTcs cxema raybunsl He Goablie k + 3.

Takoe npeoGpazoBaHue MOME3HO, ecan Bce Tpu dpopmyant I, Iy, G numeot
3aMeTHO MEeHBINHH pasMep, deM ucxonuas gopmyna F.

JIEMMA. VY w060t dopmyant pazmepa n (npu docmamouno 6oabuiur n)
ecmb nodgopmyaa pazmepa om n/4 do 3n/4.

JTIOKABATEJIBLCTBO. Kaxkgas ¢popMyna ecTh KOHBIOHKINSA ABYX TOI(MOP-
MYJI, TU3BIOHKIAS MBYX MOA(OPMYJT WanW oTpunanme mondopmyasl. Havas co
Bcell pOpMY.IEI, 6yIeM MepexonTh K eé moopMyaaM, Ha KaKJOM Iare BhI-
6mpas w3 ABYX mondopmya HambGoablnyio. Torga Ha KaXJIoM IMare pasmep
yObIBaeT He H6ojee YeM B Ba pa3a, i NOTOMY Mbl He MOXKEM MHHOBATh MpoMe-
KYTOK [n/4,3n/4], KOHIB KOTOPOTO OTJIHYAIOTCS BTpoe?). Jlemma mokazana.

Bri6upas nogdopmyny G ¢ TOMOIIBIO DTOH JeMMBI, MBI TapaHTHPYeM, ITO
pa3Mep Bcex Tpéx dopmya Fo, Fi, G He mpeBocxomuT 3/4 pazmepa HCXOTHON
hopMyIBI (MOACTAHOBKA HYJS MW e[UHUIB MOXKET TOJbKO YMEHBIIHTh pa3-
Mep (POPMYIbI — HEKOTOPHIE 9acTH MOXKHO 6y/1eT BEIOPOCHTH).

[Ipumenum ko Bcem Tpém dopmyaam Iy, F) u G TOT XKe NpuéM, BHIIEIUM
B HUX MOOPMYJIE CPeIHETO paszMepa W Tak fajee, TOKAa MbI He CMYCTHMCSH
n0 (OpMyJ MaJoro pasmepa, KOTOpble MOXKHO 3amucaTh B BHIE CXeM Kak
yroguo. B uTore monyduTcs mepeBo ¢ JOrapupMHUYECKHM HYHCIOM YPOBHEI,
Ha KaXKJOM M3 KOTOPHIX CTOAT CXeMBI TJAYOHHBI 3, a B JUCThAX HAXOIATCS
cxeMbl ray6nner O(1).

JpyruMu cioBaMu, WHAYKIHEH TO pa3Mepy (OPMYJbI, BEIpaXKaklel He-
KOTOpYIo (pyHKUMIO h, terko noayanTh onenky depth(h) = O(logfsize(h)).

2)TyT ecTh Heboablllasg HETOIHOCTH: pa3Mep (GOPMYJIB MOXeT yOHBaTh 9yTh OBICTpee,

4eM B/IBOE, TaK KAaK pazMep GOpMyJbl HA €IUHUITY OOJbIE CYMMBI PA3MEPOB YaCTEH, HO Y
HAC eCTh 3arac, MOCKOJBKY KOHITHI IPOMeXYyTKa OTINYaloTCcs BTpPOe, a He BBOE.
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3A0AYA 14. Oupegenum Tay6uHy (OPMYJIH KaK MaKCHMalbHOE YHCJIO
BJIOYKEHHKIX map CKOOOK; [Misi ennHoO6Gpasus O6yaeM OKpYy:KaTh OTpHIaHUe
ckobkamu n ncaTh (—A) BMecto —A. [lokaknTe, 9T0 IpH 5TOM He TOXYIHTCSA
HIYer0 HOBOTO: MUHUMaJlbHas TIyOHnHA (POPMYJIbI, 3aMHCHIBAIOIIEH HEKOTOPYIO
¢yHkuuio f, coBmagaeT ¢ MEHUMAJbHON TJIyOHHON CXeMBI, BRIYHCAsSIOMENn f.

Ompenenenne dopmyabHON croxkuocTn fsize(h) 3aBucuT 0T BHIGOpPa 6a-
auca. OKasweIBaeTCs, 9TO 3/eCh (B OTIMYNE OT CXEMHON CJIOKHOCTH) BHIGOP
6a3mca MOXKeT M3MeHNTH fsize(h) Golee YeM B KOHCTaHTY pas.

3A0AYA 15. Ob6bscHUTE, TOYEMY TOKA3aTeAbCTBO TEOPEMHE 7 HE MEepPEHO-
CUTCA Ha caydai (popMmy..

[Ipumep Takoro poja foctaBiseT GYHKIUA Py Ep2E. . .Ep, (3HaK & obo-
3HAYAET CJOXKeHNe MO MOAYIo 2). DTa (PYHKINS nMeeT GPOPMYIbHYIO CIOK-
HocTh O(n), ecan ciokenne Mo MOTyaio 2 BXouT B 6asnc. Oguako B 6asuce U,
WJIN, HE ona uMmeeT GOJBINYIO CTOKHOCTD, Kak fokazaaa b. A. Cy66oToBckas.
WUnes mokazaTelhcTBa TaKOBa: eCJaH 3aMEeHUTH CJAYyY9alHO BHIOPAHHYIO Tepe-
MEHHYIO B (DOpMYyJe ¢ KOHBIOHKIUAMI W JAU3BIOHKIAAME Ha CIYyY9alHO BhI-
6pannoe 3Havenne 0 wiam 1, TO popMyaa ynpocTuTcs (He TOABKO DTa mepe-
MeHHasi TPomaéT, HO ¢ HEKOTOPOH BEPOSATHOCTHIO MpomagyT u apyrue). Ecim
MefaTh TaK MHOTOKPATHO, TO OT (POPMYJBl OCTaHeTCs Hebogablllasg 9acTh —
¢ IPYTOH CTOPOHBI, DTa YaCTh BCE PAaBHO JOMKHA PEASN30BBIBATH CJIOKEHHE
OCTaBIIUXCA apPTYMEHTOB MO MOIYJIIO 2.

3ATAYA 16. [JokaszaTh, 9TO (PYHKINA OOJBIIHHCTBA MOXKET OBITH BBEITH-
clIeHa He TOJABKO CXeMOH, HO I (POPMY.JIOH MOJHHOMHAJILHOTO pa3Mepa, comep-
Katen Toabko csaskn M u UJIN.

3A1A49A 17. Jlokasath, 4To 3Hadennus fsizei(h) u fsizep(h) mis oxHon
GyneBoil (MYHKIHN h W PasIMTIHLIX MOJHBIX GA3MCOB MOJIMHOMHAILHO CBA3a-
HBI CYIIECTBYeT moinnoM P (3aBucsuinii oT BoI6opa 6a31coB), 118 KOTOPOTO
fsizeq(h) < P(fsize;(h)) npn Bcex h. (Ykasanme: ncrnoabsoBaTh Teopemy 16.)



