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Coerckas maTemaTnka 30-x rogos (I1):
A.O.Tersdora u JI. I'. [llauperbman

B. M. Tuxomuposn B. B. Ycnewnckui

Bo BTOpom BHIycke cGopHuka «MaTemMaTu4deckoe MPOCBEIIEHUE), B
CBA3M C MIPUCY XK JeHUEM TEPBBIX (DUJIICOBCKUX MeIajel, MBI PacCKa3bIBaIN
o Koamoropose n Ioutparune (cm. [3]). 3aech peub TOHAET 0 ABYX APY-
TUX COBETCKUX MATEMATHKAX, MOJYIUBIINX BHIJAIONINECA Pe3YAbTATH B
30-e roanr: o lerwdonge n Hlaupenpmane.

AJNEKCAHAP OcUNoBuY I'EJb®OH/I U CEJABMAA ITPOBJIEMA
TUIBBEPTA

KoMnaexkcroe 1ncao Ha3uIBaeTCA a42€0DAUYECKUM, €CIT OHO ABIACTCA KOP-
HEM HEKOTOPOTO MHOTOYJIEHA C NeJbiMu Koddduunentamu. TakoBo, Hampn-
Mep, Tucao /2, apasiomneecs kKopaeM ypasrenns z2 — 2 = 0. Eme B ganekoi
ARTHYIHOCTH OBIIO JOKA3aHO, 9TO /2 He ABISETCA PANNOHATLHBIM THCIOM.
Yucna, we ABAAONINECS alTeOpan<ecKUMN, HA3BIBAIOTCS MPAHCYEHIEHMHbI-
M. JIeHOGHUT YIOMUHAET, 9TO HHUCIO 9v2/2 (MHTEepIeHIeHTHOY, He onpeenss
DTO MOHATHe. ABHOEe yKazaHme Ha TO, ITO na TpaHCIeHeHTHO, eCAn a —
pannoHalbHOE, 2 7 — HaTypaJbHOe, He ABJAIONIeeCT KBAIPATOM, COMEPKUTCA
y Ditjepa.

[lepBriii mpuMep TpaHCHeHAeHTHHX ducea noctpoua K. JluyBuiis B
1844 r. On gokasal, 9T0 aarebpamdeckoe THCa0 He MOXKET «CAHIIKOM XOPOIIIO»
anmpOKCHMHUPOBAThCA pannoHasbabiMi [6]. Tak nHazwiBaemoe «aucao JlmyBua-
am oy 10", mMmelollee B JeCATHYHON 3aNNCH €IUHUIL HA TMO3MIUAX C
HoMepamu 1, 2, 6, 24, ... W HYJW HA OCTAJbHBIX, (CJUITKOM XOPOIIO» TPpub/In-
JKAeTCsl CBONMM «HAYaJbHBIMH KyCKaMimy n moToMmy (kKak jgokasan JImyBu/iin)
TpaHcneHgeHTHO. CylllecTBOBaHMe TPAHCIEH IEHTHRIX YHCEN BRITeKaeT TaKiKe
u3 pesyiabTaToB KanTopa: MHOXKecTBO A anrebpandeckKux 4uceya CIETHO, B TO
BpeMs KaK MHOXKecTBO R meilcTBUTeabHEIX dHces HecuéTHO. MeTon KanTopa
MaéT W aJropuTM MOCTPOEHUS TPAHCIeHIeHTHLIX dncena. Ho ecTecTBeHHO BO3-
HUK BOTPOC O TOM, ABASIOTCS JU TPAHCIEH IeHTHLIMA BCEM U3BECTHEBIC UNCIAA €
n 7. Bompoc o TpaHcueneHTHOCTH 7 6511 0co60 aKTyaJteH, n60 OT OTBeTa HA
HEr0 BO MHOTOM 3aBHCEJIO pellleHie OTHOU N3 W3BeCTHEHINX 3a /a4 aHTHIHON
MaTeMaTHKW — 3aMavl O KBajApaType Kpyra. TpaHcueHIeHTHOCTL TUCTA €

MaTemaTu4yeckoe npocseujenue, cep. 3, Bbin. 4, 2000(33—48)
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nokaszan JOpMuT B 1873 r. Yepes geBsaTh JdeT, B 1882 r., Jlungeman gokasan
TPaHCIEeHJeHTHOCTE duces Buaa €*, rae a # 0 — anare6pamndeckoe. OTciona
BLITEKAeT, 9TO T TpaHCHeHeHTHO (160 €™ = —1). Tem caMbIM GBl1a perena
(B oTpnmaTesbHOM cMBICTe) MpobieMa KBaApaTyphl KPyra.

(FoBopsT, JInugeman mMONyYnaT STOT BBITAIOMIANCS PE3YJabTAT B J€Hb CBO-
ero TpugnaTuietus. KTo-To U3 Apy3el, NpUIIeqInX Ha Npa3THOBAHUE THS
pOXKTeHUsA, cKazad eMy: « Bl BHITJIATUING TAKUM CYACTAUBLIM, KaK 6GYATO pe-
U mpobaeMy KBaApaTyphl Kpyraly JInngeman oTBedans, 9To Tak OHO W €CTh.
B mocaenyiomne ronnr JIluugeman 6bl1 peKTOpoM yHuBepcuTeTa B Mionxene
7 THITAJICA PeluTh npobiemy depMa — TOBOPAT, MO TaBIeHUEM KEHEBI, KO-
Topas TpeGoBala OT My’Ka He OCTAHABINBATHCSA HA JOCTHTHYTOM.)

Cpenu 23 maTemaTudeckux npobieMm, kKoTopeie [ mabbepT chopMyanpoBan
B CBOEM BHAMEHHUTOM JOKJaIe Ha mapmKckoM kourpecce 1900 r., cegbmas npo-
61eMa TMOCBAIIeHA TPAaCHeHTeHTHREM YncaaM. [mapbepT cnpamimBaeT, BceTaa
MU TpaHCIEeHAeHTHO YHCIO BUAa of, rae a n (3 aireGpandeckne, & OTIHIHO
or 0 u 1, a § He sBAseTCcH panmoHasbHEIM. B wactHOCTH, 'MAK6EpT yKa3h-
BaeT KOHKPeTHBIe YucJia V2™ = 7% g npejiaraeT J0Ka3aTbh, YTO OHU
TpaHCIeH TeHTHEI.

[Mosicanm paBencTBO €™ = i~ %, Ecin a He ABIAeTCH NOMOKHTETLHBIM Be-
IIeCTBEHHBIM THCIOM, BHIpaxenume af ompefgeneno meogmnosmatno. Ilo ompe-
renennio of = €818 rpe ¢ = > z"/nl, a loga — kakoe-au6o pelenne
ypaBHenuns e€” = a. [locaennee ypaBHeHne uMeeT GeCKOHEYHO MHOTO pellle-
HUH, OTJAWYAONINXCA MeX Iy cobol Ha meioe KpaTHoe dncaa 2mwi. Ecaun 3 He
ABASETCA PANUOHATBLHBEIM, OTCIOA MONydaeTcs 6eCKOHEYHOe MHOYXKECTBO 3Ha-
qennit ara Buipaxenns af. Tax kak €7/? = i, oguum n3 3wavennit mrs log i

ABAAETCA 7i/2, a OJHUM U3 3HATCHUH s i~ 2 ABAAETCHA e2imi[2 — ¢

lunpbepT cYnTad CBOW0O CeAbMYI0 NpobiaeMy o4YeHb TpyaHou. OH momarad,
ITO €€ pellleHne TPUHA IICKUT eIlé 6ojee TajteKoMy OYAVIIEMY, IeM pelleHne
npobaem Pumana n depma. Ho 31ech on omubes.

[lepBoe dacTu4YHOe pellleHne celbMOU MPOGJIEMEBI OBIIO MOTYYEHO
A.O.Teasporgom B 1929 r. u P.O.Kyspmunnim B 1930 T. B 1934 r. T'ean-
GoH ToAyINT OKOHYaTedbHOe peliieHne. Heckonbko mo3xke peliieHne ceabMON
npobieMbl HezaBuCHMO mony4mi Hemenkunu matemaTuk T.llued gep.

Anekcaugp Ocunosnd lenbdong poamacs 24 (11) oxtabps 1906 r. B le-
Tepbypre B ceMmbe Bpada. OKOHYHB CPeIHIOK MIKONY, OH MOCTYNHJI B Y4H-
auite M. baymana, HO Bckope TepeBesicsi Ha (PU3MKO-MaTeMaTHYecKHH (a-
kyabTeT MockoBckoro YuuBepcuteTa. CTyjeHdecKne W acOHPaHTCKHE TO-
ne1 Amexcarngpa OcumoBuda npornuin non pykoBogctBoMm B.B.CrenanoBa u
A. 5. Xununna. Pemrenne cegbpMon npobiembl 'mibbepTa MpHHECIO eMy BCe-
MEUDPHYIO U3BecTHOCTE. B 1935 r. [eabdouay 6e3 3ammThl uccepTannu 6BI-
Ja TPHCBOEHA ydYeHas CTeNeHb MOKTOopa (PU3NKO-MaTeMaTHIecKnX HayK, a
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B 1939 r. on 6nu1 usbpan wienom-koppecnongentom AH CCCP. C 1933 r.
A.O.Teanhon 66 CTAPIIEM HAYYHBIM COTPYAHIKOM MaTeMaTn4ecKoro mH-
ctutyTa uM. B. A. CrekaoBa AH CCCP, ¢ 1938 r. — zaBeayouinm Kadeapoi
TeopHnn dYncea MexaHHKo-MaTeMaTudeckoro ¢akyiapteta MIY. A.O.Tens-
¢ong ymep 7 nHoabpsa 1968 r.

[TpuBemem petrtenne cegbmont npobaemul [mab6epta. OcHOBHEIE TOHATHS
U oTpejlefeHns, CBA3aHHbIE C airebpanvdecKUMH YHCJAAMHU, MBI MpeIIOoJaraeM
W3BECTHBIMN; HAWTH WX, HAPHMepP, MOXKHO B KHUTaX [2, 6].

TEOPEMA [ENb®OHTA — IIIHEAAEPA. [Tycms o — aqz2ebpauueckoe vu-
cto, omauunoe om 0 u 1, a f — a42e6pauueckoe uUCAO, HE A6AIOUEECS
pauHOHaﬂbewn.fToeda %awc&oe SHAUYEHUE 6DIPANCEHUA &B TnpaHCUEHdEHTnHO.

Tennon g 6611 TpUTAANIEH TPUHATH YiacTHe B Mexk 1yHapo 1HOM KOHT pec-
ce B Ocio B 1932 roay. Ho on He moay4ma paspeliienusi Ha Boie3. KOHTaKTH
MKy COBETCKUMHN MaTeMAaTHKaMH W MaTeMaTHKaMHU OCTAlLHOTO MAPA B Te
TOME PAaKTHIECKH MTPeKpaTHINCh. KauIn1aTyphl COBETCKUX MAaTeMaTHKOB HA
CONCKaHMe MeXIYHAPOMHKIX MpeMnil He paccMaTpuBajnch. Ho HeT HUKaKo-
O COMHEHHs B TOM, 9TO pellleHue celbMoll mpobiaeMmbl ['mib6epTa MOTIO GBI
npeTeHI0BaTh Ha (PUIICOBCKYIO Menaab B 1936 roxy.

Uz Teopemnr Leanconga — [lluennzepa BrITeKkaeT, B 4aCTHOCTH, TPAHCIEH-
MeHTHOCTH YHCeN 9v2 (oTo mpegnonarann emé Jleibnnn u Dittep!) n €™ =
=720 rje B # 0 BemecTBenHOE anre6pandeckoe. OTMETHM, 9TO 0 CHX TOP
HEM3BECTHO, SIBASIOTCA JN TPaHCHEHJeHTHBIME (WJIH XOTS Obl HPPalnOHATb-
HBIMHA!) 9HUCTa € + 7 U €T.

MokazaTeabcTBo Teopembl eabdonga — llueigepa Moxuo Hantu B [1],
[4], [6]. Becbma obuinil pe3yabTaT 0 3HAYCHAAX (DYHKIUH, Y IOBIETBOPSIONIHX
anrebpandeckuM Au(pdepeHNnaTLHEM YPaBHEHUIM, U3 KOTOPOTO BHITEKaeT
Kak TeopeMa leabdonga — Hlueigepa, Tak n Teopema JlunjgemMmana, 10Ka3aH B
no6asaenn k [2]. Hate nanoxenne sanMctBoBano u3 ctaThi A. U. Tadouknna
[1] (rme Teopema JImHmemana Tak:Ke JOKa3aHa HA CXOTHBIX MIEfX).

O6umit 3aMbIcen JOKa3aTerbcTBa TakoB. [onyeTnM, 9To o anreGpamde-
ckoe. Jlag KaxX10ro HaTypaJbHOTO 1 > 1 MBI HOCTPONM HEHYJIEBYIO (PYHKIHIO
[ = fn Buna

n—1n-1
F) =)0 apet)z, (1)

k=0 [=0
HMEIONTYI0 HYIh BEICOKOTO TOpsKa (Todnee, mopsagka > [n°/?]) B Touke z = 0.
[Tpu >ToM Ko(DPUINEHTH HYHKIUN f, — IHeJble 9Hcaa, KOTOPhIe «He CJAMII-
KOM GBICTPO» PACTyT C POCTOM 1: CIpaBeInBa oleHka |ag| < nM™, rae v; —
He 3aBUCAIIAS OT N NOJOKATENbHAs KOHCTAHTA (B JaJbHENIIeM aHaJOT HIHEIN
CMBIC UMEIOT Y2, Y3, ...). lorga uHa mo6om kpyre |z| < R ¢yukunn f, 65
CTPO CXOAATCA K HYJIO BMecTe co BceMn cBoumnu npousBogubiMu. C apyrou
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ot
CTOPOHHI, 1A HATYPAJTbHBLIX T U { 3HaYeHNe MPON3BOTHON ]”7(2 ) B Touke log o
€CTh MHOTO4JIeH € HeTkIME KO3(P(UIHEeHTaMI 0T airebpandecKux ducena «, [

n a”. OTcioa BEIBOANTCA ONEHKA CHU3Y Ha |f7(zt)(:nlog a)|, mpoTnBOpevamIas

OlleHKe CBepXy Ha CKOPOCTh CXOAMMOCTH IMOCJIeIOBATENBHOCTH (f,) K HYIIO.
[Ipeanosoxum, 9T0 s KaxKJI0ro n GyHKIAA f, ¢ YKa3aHHBIMHI CBOUCTBa-

MU yiKe TocTpoeHna. [lokaxkeM, KaK MOAYIAIOTCA YIOMAHYTHE OMEHKH.
O6oznaunm gepes ord,—, F'(z) nopsanok uyas ¢pyakunu I’ B Touke z = a.

JIEMMA 1. Iycmb wy, ..., W, — PG3AUUHDIE KOMNAEKCHBIE YUCAC,

gm(2) = @€V 4+ -+ 4 a €™,
2de xoaduyuenmst aj ne 6ce paeuvt nyawo. Tozda
ord,—g gm (2) < m.
JTOKABATEABCTBO. Nuaykuns mo m. [IpousBonnas
Im-1(2) = (7" g (2))’
nMeeT B
Gme1(2) = brei=om)z 4o pelommtmwm)z

[lo mpenmonoxennto nugyKunn, ord,—g g,m—-1(2) < m — 1, OTKy1a BEITEKaeT
TpebyeMoe 3aKTi0deH e, O
MycTh m, my U My — CTENenn anrebpantecknx dncer 3, a n o cooTBeT-
ctBerno. [lonoxum X = 3mmymg+ 6. 3apukcupyem Kakoe-HUOYIb 3HAYEHIE
log a. U3 nemmur 1 BurTekaet, ato ord,—g f(z) < n?. Takum o6pazom,
. 2
N = min_ord,—;10ea f(2) < n*.
0K X z=zloga ( )
JIEMMA 2. /Jas a06020 R > 0 npu docmamouno 604bwur n cnpaeéedineo
HEPU6 EHCMEO

max |f(N)(z)| < p1/3n*P—1/3(X—6)N
lzI<R

JTOKABATEJIBCTBO. DyHKIHA
g(z) = f(z)z_[nS/Q](z —loga)™ ... . (2= Xloga)™N

HMeeT TOJbKO YCTPAaHHMBIE OCOOEHHOCTH W MOXKET pacCMaTpPHBAThCS Kak
BCIOY omnpejefénnadn netas QyHknnsa. [[ppMeHuM K 5Tol (PYHKINH TNPUHIAT
makcumyma. [lycTs n TakoBo, 9uto R+ 1 < 4/n. Torga

max z)| € max u)l,
max l9(2)] \u:ﬁlg( )
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OTKYyJa
M= max |7(2) <
|o|<R+1
3/2 N N
< max_[f(u)]- max (i)[n/] z—logal) (2= Xloga
A3 .
|u|=v/n |z|<R+1, | \u u—loga u— Xloga

ful=v/m
(2)

o o 3/2
ITepBBEIT COMHOXKHUTENb B MPaBOW YacTH He MPEBOCXOINT n2pnne(1+8)n
(3gech n? — umcao craraempx B (1), 1™ — BepxHAA OUEHKa 1 KOd(-
(UIMEHTOB ay), W 1 106010 € > 0 BTOPOH COMHOXKHTENb He MPEBOCKOMUT

n—(l/?—s)(n3/2+XN)
npu Goapinx n. OTcoga
M < n—1/3n3/2—1/3XN‘ (3)
Manee,

2w
|¢—=|=1

_ M J(¢)d¢
fW(z) = — / T

R numeem

(NYM < NNM < ¥ M,

MOD>TOMY s JI060T0 2 ¢ |z

|F ™ (2)]

n u3 (3) cregyeT yTBepiKIeHUe JeMMHI. O

<
<

N3 jemMbr 2 BbBIT€KaeT, 9TO NpH OOJNBIINX 7. BHIMOJHAETCSA
—1/303/2_
1FM(zloga)| < n1/3n*2-mmimaN oy — g X (4)

Tenmepsb ycTaHOBUM OIEHKY CHU3Y Ha f(N)(£C log @), HecoBmecTuMyIO € (4). DTa
OlleHKa OCHOBaHa Ha CJaeJyIOIIen JeMMe.

HazoBem manHOU MHOTO4YIeHa P cyMMy MOIyJell ero Kod(p@UIHEeHTOB.
O6osnaunm manay muOrodrena P gepes L(P).

JIEMMA 3. IIycmb oy, ..., 05 — G12€6DAUNECKUE YUCAG CMENENET cOOM-
6EMCMEENHO My, ..., M. To2da cywecmeyem maxas noAoNCUMEABHAL NO-

> L= 04 ade d u I — coomeememeenno cmenens u QAUNAG MHO20-
utena P(zq,...,25).

JTOKABATEJIBCTBO. [lycTh @ — Takoe HATypasbHOE YUCIO0, 9TO BCe TACIA
oy, ..., a0 Teawle aare6panveckne. Toraa MmeauIM aare6pamvIecKuM SBJIS-

etcs n 3 = a®P(ay,...,a,). lpeanonoxnm, 910 [ # 0. MuAAMaTLHEI
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mHorowleH B(z) dncia [ nmeet nenbie Koddduunents. [TycTh
Bz)=a2"+b,_12" " . dbo=(x—B1) ... (z = Bn),
rae § = (. Torma
|BB2 ...~ Bnl = |bo| > 1. (5)

[TycTh 041, ..., G4y, — €HCIA, CONPSKEHHBIE ¢ aarebpamdecKuM THCIOM

a; (1 <1< sj, Cy = amax; (1, |a;;]). Kaxkpgoe 3; conpsaxkeno ¢ § n nmeet
Bug a’P(ay,,, ..., as..), TOOTOMY
1Bi| = [ P(ary,, ..., a5.)| < CIL. (6)
U3 (5) n (6) BEITeKaeT
1 < |ﬁ| ' |62 e ﬁn| < ad|P(a1, e '7O‘8|(CilL)n_1'
Tak kak n < My - ... Mg, TO U3 DTOTO HEPAaBEHCTBA CJACAYeT YTBEP:KJIeHHe
aemmpr ¢ C' = aCJH-memt O

[lo ompegenennio uncia N mafigercs Takoe nemoe z, 0 < z < X, 4To
M) (zloga) # 0. Tax xak

n—1
FNE) =Y ank +18)N ek 9z,
k.[=0
TO
n—1
fM@loga) =Y an(k +18)¥ o™ (0”)" = P(B, a,0”),
k.1=0

rjge P — Muorouwien ¢ neasiMu koddguunentaMmu. [Ipn sTom
L(P) < nQn“n(Qn)N, deg P < N +2nX.
N3 meMMBr 3 moaydaeM, 9TO MPH JOCTATOYHO OOJBIIHX N

f(N)(;ploga) = P(ﬁ,a,aﬁ) > (L(P))l—mmlmQC_degp S
> n—’YQn(Qn)N(l—mmlmQ)C—N > p—2n—mmima N

[Ipn GoxbuIux n 5T0 MpOTHBOPEdNT (4).
OctaeTcs moctponTh (yHKuND f(2) = Zz;é ?:_01 akle(k"‘m)z, TaKyIo,
q10 ord,—g f(2) = [n%/?] u |ag| < n".

JIEMMA 4 (Burens). Hycmos a;; € Z, |a;;| < A, § = (21,...,24) u
g

Li(§) =) aiz;, 1<i<p, p<q
=1

To2da cucmema ypasnenui

Li(§)=0, 1<i<p
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uMEEM HENYAE60€ pewente (T1,...,2,) € Z?, dan xomopoeo max; |z;| < 1+

+ (qA)P/(a=p), l

JIOKABATEJIbCTBO. PaccmMoTpnM Hally cucTeMy Kak JUHEHHOe ypaBHe-
une L(§) =0, rge L = (Ly,...,L,) — auneiinoe orobpaxkenne Z? — ZP. lns
BCAKOTO TEJOT0 MOJOKATENHHOTO dncia B o6oznatnm qepes Z4(B) muOXKecT-
Bo Takux BekTOpoB & u3 Z?, aro |{| = max; |z;| < B. Torga L oto6pakaer
Z(B) B Z?(gBA). Yncno snementoB B Z?(B) pasuo (2B + 1)?. Haiigem 3Ha-
denne B, I KOTOPOTO CYUIECTBYIOT TBa Pa3andHbX saementa &, us Z(B),
MMeIINX OANH 1 TOT ke 06pas L(§) = L(n). I1s 5Toro 1ocTaToIHO, ITOGH
BBHITIOMHAJIOCH HepaBeHCTBO (2B + 19‘1 > (2¢gBA + 1)P. DTo HepaBeHCTBO BHI-
nonusercs npu B = [(1+ (qA)?/(4=) /2], tak xak Torga 2B+1 > (qA)r/(a=7)
n (2B4+1)77P > (qA)? > ((2¢AB+1)/(2B+1))?. B kadecTBe pelenns Haein
cucteMbl 6epeM BekTOp & — 1), Mg Kotoporo |€ — | < 2B <1+ (qA)p/(q_p).

O

JIEMMA 5. Hycms 3 — yenoe anzebpauueckoe wucao,

B =bp 1" . b B+be, b €Z, |b;] < B.

FEcau k ul — neompuyameabuvie yeabie wucaa, He NPEGOCTOIAUUE T, MO A
6CAK020 HAMYPUALHO20

k+13) =™ '+ cdaBte, ¢ €L, |c¢j| < (B+2)n.
JTOKABATEJIBCTBO. /I1g Hadala 3aMeTHM, 9TO 15 BCAKOTO HaTypalbHO-
ro t BHIIOJHACTCA
Bl= b1 B b B bro, by €Z, |bij| < (B41)
OTo BepHo npH ¢ < M, a paBeHCTBO
Bt = bt,m—1(bm—1ﬁm_1 +...+bo) + bt,m—zﬁm_l + .. 4 bof

MO3BOJAET cAenaTh nepexon oT t K ¢+ 1.
Temepb U3 paBeHCTBa

t m—1
(k+18)' =) CE™°1° Y~ by p?
s=0 7=0
cjaefyeT, 4TO KOd(PGhUIUEHTHl IpHU ﬁj He TPEBOCXOIAT

13
Y CIET(B41) = (k+1(B+ 1)) < (B+2)'n'.
s=0
O

Y Hac Bce TOTOBO A 3aBepllleHns TOKAa3aTelbCTBa TeopeMbl | eabgon-
na — [luren gepa. MBr MOXKeM CHYHTATh, 9TO 3 — Mejoe airebpandeckoe 4ucJo.
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Nnage kﬁ ABJAETCH IeJbIM aJIFeraI/I‘{eCKI/IM O HEKOTOPOT O Iejaoro k > 07
n ecjn MBI TOKaKeM, 9TO Ockﬁ TpaHCIEeHJeHTHO, TO TAaKOBO Ke I Ozﬁ.
Mgur xoTum INOCTPOUTHL HEHYJEeBYIO prHKHI/IIO
n—1n-—1

1) = % apeltto):

k=0 [=0

¢ kodpdunmenTamu ay € Z, Takyio, 9o |ag| < " w fAO(0) =0, 0 < t
< [#%/?] — 1. Tak xak

n—1 n—1 m-—1
FO0)=>"au(k+18) = > > Birrsfan,
k1=0 k=0 5=0

HaM HaI0 HaUTH IeJOYUCIeHHOe pemienne CUCTEMbI JUHEHHBIX ypaBHeHI/Hjl

n—1
Y Birrsan=0, 0<t <[ -1, 0<s<m—1, (7
k.[=0

2 HeU3BeCTHBIX

coctosmedt n3 p = m[n®?] ypaBHenuit oTHOCHTEIBLHO ¢ = T
ag;. Ilo nemme 5
t, t n3/?
|Biktsl < (B+2)'n" <n

(MBI Bocmob30BaIHCh TeM, uTo ¢ < n®/2). Cornacno memme 4, cnctema (7)
nMeeT TaKoe HEeHyJIeBOe NeNOYnCIeHHoe pellenne (ag), 9TO BCe IHCaa d 1o

3/2 _ 3/2 372 70,2 _ 3/27
MOJYJIIO He TPeBOCXOasT 1+ (gne" )p/(q p) & g iR (nf=mnt ) g,
DTo 3aBeplaeT fOKazaTeabcTBO TeopeMhul [enbdonga — Illueiigepa.

JIEB 'EHPUXOBNY IIIHUPEJBMAH, AHTUTIO/IBI HA CHEPE U
KBA/IPAT. BIMCAHHBI B KPUBYIO

JleB T'empuxoBnu Illampeabman poamics 2 saBaps 1905 roma B Lomere.
Tawm on mpoxua 1o 16 set. OTen ero 6B yauTeaeM PYCCKOTO f3BIKA.

JleB 'enpuxoBud o4eHb paHO OGHAPYKUI BhIatolinecs crnocobnoctu. On
pHCOBaJ, MHUCAM CTHXH, B 12 JeT caMOCTOATENBHO TMPOIea KypC dIeMeHTap-
HOW MaTeMaTHKn. B TedeHne HECKOIBKHX MECSANEB MAJbUHK MOCEIIaa (PU3uKO-
MaTeMaTHYeCKHe KYpChI [1si OKOHYHBINHX CpeIHIO IKoay. Tam Ha Hero
0o6paTuJ BHEMaHHE TPeNofaBaTelb, KOTOPHIH MTOOWICS TOTO, YTOOR Majb-
YnKa HampaBmau B MOCKBY [is mpogoJKeHuss 0Opa30OBaHus.

B 15 seT on ucnpo6oBag cBOU CHIBI B CAaMOCTOATENBHON paboTe. CoraacHo
ofHOW u3 Jeren (KOTOpble BCerga COMPOBOXKAAOT KUIHEHHBIN MYTh BHITa-
IOIIIErocsi 4eoBeKa), OH mphexas B MoOCKBY B HIeCTHaAUAaTHIeTHEM BO3pa-
cTe mocTynaTh B MOCKOBCKHE YHHBEPCHTET, MPHBE3sS C COOOW 3alUCaHHYIO
B IIKOJBHOW TeTpajam (Ha y)KacHOW Gymare — [Apyroi B Ty TPYJHYIO MO-
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py He GBLTO) TeopeMy O packpacke cdepbl (MB 06CYINM €€ 9yTh Jafblie).
DTa TeopeMa ChIrpaja OCHOBOMOJATAOINIYIO POIb MPH pelieHnn (Hal IeHHOM
lanpeasmanom coBmecTHO ¢ Jlazapem AponoBnyem JliocTepaukoM) npobie-
Ml [Iyankape o Tpéx reofesndecknx. Pemenne mpobiaevur [lyankape caerano
nusa [ManperbMana W3BeCTHLEIM BCEMY MHUPY.

OxoHYWB YHHBEPCUTET 3a [Ba C mMoaoBHHOU roja, lllaupenrbman mocty-
nua B acmupanTypy «MHCcTHTYyTa MaTeMaTnknm m MexaHuku [leporo MI'VY».
On 6b11 yuennkom Hukonas HukomsaeBuwa Jlysuna. Jlazaps ApoHoBudY Bcmo-
muHad, 910 Jlysnny (mo-BuIuMoOMy, CKIOHHOMY B HEKOTOPOW Mepe K MUCTHe-
CKOMY BOCTIPHATHIO MUpa) KaK-TO NPUCHWICS COH, 9TO K HEMY TPH/AET I0HOIIA
(«c TeMU JKe aHKeTHBEIMI TaHHBIMMY, 970 1 JleB [enpuxoBnd, kak mucax JI. A.)
u pemnT npobieMy KoHTHHyyMa. M korma x Hemy siBuics toubiil [laupenb-
Man, Jly3un BocmpuHAJA ero Kak mocaanma mnebec. YBul, Ulaupearman mpo-
61eMy KOHTHHYYMa He Pellua, pelleHns eé MPHUILIoch XK I1aTh 1o 60-x ronos,
korjga eé ocuana [lor Koom.

CBon camhbie 3aMedaTenbHBle pe3yabTaThl llHupensman ony6imkoBas B
Tedenne ABYX deT — 1929 w 1930. BoT ux (opMyInpoBKH.

TEOPEMA 1 (O BOINCAHHOM KBAJPATE). B.106y10 3amknymyio kpueyio
Ha nJAoCKoCMuU MONCHO 6NUCAMD mﬁadpam.

Todunee, MOKHO HAUTH 4 TOYKHN Ha KPUBOH, CAYIKAIIlNe BepITHHAME KBa Ipa-
Ta (ecam KpuBas OTpaHNYNBAET HEBHIMYKIYIO 06JaCTh, TO KBa[paTy paspela-
eTcs BBLIE3aTh 3 5Toi o6aactn). B pabote lllunpenbmana kpuBas npeanona-
raeTcs JgocTaTodHo Taajgkoi. Korga nuntupyiot Teopemy llnuperbmana, eé
9acTO POPMYJUPYIOT I TTPOU3BOIHLHON HENPEPBI6HOT KPUBOI. ABTOpaM He-
H3BECTHO, OMYOJNKOBAHO JI TIe-HUOY Ib TOKAa3aTeAhCTBO s DTOTOo cay4as. B
1996 r. omun n3 mac (B.B. Ycnencknit) cnpocna suamerntoro [lora Dpnémra,
KaKOB CTAaTyC TeopeMbl O BOIHCAHHOM KBajpaTe B cAydae MPOU3BOILHOU He-
MPEPLIBHON KPHBOI. DP/Iell OTBeTHI, 4TO I3TO OTKPHITas npobiemMa.

TEOPEMA 2 (O TPEX TEONAE3WYECKNX). Ha w060t 21adkoii noeeprio-
cmu, 2omeomopduoii cepe S?, umeemca no MEHbULET MEPE MPU 3AMKHYMBLE
2eode3uneckuz.

Hangute Ha Gepery Mopsi (MM MBICAEHHO) KaKOH-HUOY b IJIaJKHN KaMme-
mek. U Toukyo anTednyio pesuwHouky. [lompo6yiTe HajgeTh pe3smHOYKY Ha
KaMelreK, ITOOLI OHA «He chmoj3aftas. [Kcam BaM 3TO yAacTcs, BBl HAILIH 3a-
MKHYTYIO Teofe3nveckyio. Ha mapoobpa3zmoM MfYNKe 3aMKHYTHIE TeOMe3N-
YecKne — OOJbllINe KPYTH: eCJi Bbl YYyTh-4yTh coOBbeTech ¢ OOMBIIOTO KPY-
ra, pe3mHOYKa COCKOYHT. A Ha DJIIUNCONJTe — BCETO TPH 3aMKHYTHIX Teo-
Me3NvecKnX: ceYeHHus DTOTO DIJIUNCONTA TMAOCKOCTAME, NPOXOJAIINME qepes3
ero ocu. I'mnotesa Ilyankape cocTosna B TOM, 9TO «Ha JI060OM TJIaTeHBKOM
KaMeIlTKe» TMeeTCsl He MeHbBIle TPEX Pa3AuIHBIX 3aMKHYTHX Te0le3nTIecKuX.
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B 1929 rony Jlioctepauk n [Mlaupeasman mokazaam rumote3y I[lyamkape, n
5TO cTajJo BcemnpHoil cencanneii. ([IpaBa, BnocaeqcTBIE B MOKa3aTelbCTRe
6bIT OGHAPYKEH MPo6el, HO ero yaloch 3a1aTaTh. )

TroPEMA 3. Cywecmeyem wamypaavroe N maxoe, umo a0b6oe namy-
PAABHOE YUCAO ECMb CYMMA HE boaee uem N npocmuvlr wucen.

Beskoe an maTypaabnoe qucao, 6oabliiee NIH paBHOE MIECTH, MOXKET OLITh
IpeJIcTaBIeHO B BH/jie CyMMBI TPEX MpocThIX 4ncen? Takon Bompoc mocTaBuI
nepes Jiiepom Xpuctunan [onbab6ax — HeMENKHH MaTeMaTHK, MOJKU3HE
npoxupini B Poccun u ymepurnit 8 MockBe. OH 3aaJ 3TOT BOIPOC B MUChMe
ot 7.6.1742. B otBeTHOM muckMe (o1 30.6.1742) Dinep ykaswBami, 9TO Js
pellleHust 3Tol MpobJeMBl JOCTATOYHO [MOKa3aTh, YTO Ji060e YETHOE YUCJIO0
> 4 ecTh CyMMa IBYX TPOCTHIX.

[TepBBIM cABATOM B HCCAeTOBAHUT DTHX MPO6GJIeM (0 KOHIIA He PelTeHHBIX
no ceil genn) 6bin pesyabraT llunperbmana. (Bupodem, k ToMy Bpemenn
OLLTN ONYyOJNKOBAHH WCcCaeqoBannd Xapau u JINTTABYZa, B KOTOPHIX THIO-
Te3za ['onpg6axa TOKasBIBatach (s JOCTATOIHO OOMBIINX HEYETHHIX UHCEN)
B MPeANONOKEHNH, 9TO BepHBI HEKOTOpHIe Npyrue (He TOKAa3aHHBIE W MO Cel
nenb) runoTessl. B 1937 rogy U. M. Bunorpagos jgokasan runotesy ['onbi-
6axa /s TOCTATOYHO OOMBIINX HeIETHHIX dncen.) Ho ocoboe 3navenne umen
He caM (aKT MpeNCTAaBIMOCTH JI060r0 9icjia CYMMOU OTPaHUYeHHOTO YHCaa
mpocThiX (Tem 6osee, uTo y camoro lluupesbMana 9ucao craraeMbiX OlMeHN-
BATOCh B HECKOBKO COTEH THICAY), a CBOEOOPA3HKIN N OUeHb OPUT MHATHHBIH
MeTOJI, C MOMOIILI0 KOTOPOTO YAaJOCh CABAHYTH DTY W MHOXKECTBO IPYTUX
npobaeMm. Mbr pacckakeM 06 DTOM MeTOIe HU¥KeE.

B 1931 roay lllaupeabman 6L KOMaHINPOBAH 3a TPAHUILY HAa TPHU MecCAIa
i TaM uMeJ orpoMHubii ycnex. O paboTan HekoTOopoe Bpems B [eTTunTeHe —
Mekke MaTeMaTHKH TOTO BpeMeHW, T/ie KWJI W TBOPWUI B TY MOPY BeTUKHH
['man6ept. (IllHpesbMan 3aMOMHUICS MHOTAM TOT/a He TOJHKO CBOUME (he-
HOMeHaJhHBIMU pe3yibTaTaMu, HO n TeM, 4To «walked barefoot through the
streets of Gottingen» — mporyauBajgcs 6ocukom mo yaunnam [eTTunrena, —
kak mncana Koucrant Pug B kuure o Kypante.) Emy 66110 npepnoxeno Ha-
nucaTh MOHOTpaduio IIs MPEeCTHKHOTO HEMEIKOTO M3IaTelbCTBa, HO DTOMY
He TaHo O6BLTO OCYIIeCTBUTHLCA: B ['epManmio nmpuunin (aimcTH.

B 1933 roay llluupenbman 6611 W36paH 4IeHOM-KOPPeCTOH IeHToM AKa re-
muu wayk CCCP.

B 1934 roxy IIpaBaenne MockoBCKOTO MaTeMaTHIeCKOTO OBIIIeCTBA TPH-
HSJO pellleHre O MpoBefeHnn mepBoil MOCKOBCKOU HIKOJBHOU OJUMIHA BI MO
MaTeMaTuke. B oprkoMmTeT mo mpoBefenunio oamuMmnuaau Borea JI. T [Tan-
peabman. OH 661 ofHuM w3 mHHNHATOPOB llIKoABHOrO MaTeMaTHYECKOTO
kpyxkka npn MI'Y (mapsay ¢ Jlioctepankom n ['enrndangom). Torna xe mpo-
deccopa m mpenoaaBaTeNn ABa pa3a B MeCAI MO BOCKPECEHBAM THTAJIN JEK-
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Nuu B YHUBepCUTeTe Miaf mMKoAbHUKOB. U croBa Hlnupensbman 6511 ogHIM 13
OpraHm3aTopoB >TuX Jeknunit. OH NpOYNTaJd, B 4aCTHOCTH, JEKIUN O MHOTO-
MEpHOH TeoMeTpHH, MO TeOPHH T'PYII.

Opnuaum u3 nepBwix HlHnpensman cTas KyabTHBIPOBATH B MOCKBe BRIMYK-
ayio reomerpnio. OH HanmucaJs 3aMedaTelbHYIO PabOTy MO MPHIOKEHUIO BHI-
NYKJIOW TeOMeTPHH K TeOPHH HAWJAydIero npubanmkenus (omybIuKOBAHHYIO
MOCMEPTHO).

Eure 06 omguoit pabote lllanpesbmana Hago cKaszaTh — O €ro cTaThe (Ha-
nucanuon coBmecTHO ¢ JI. C.IlOHTPSATHHBIM), MOCBAIIEHHON MeTPHIECKOMY
onpeJleJleHN0 pa3MepHOCTH. JTa paboTa oOKasafla BAHSHIE Ha pa3paboTKy
kounenmnu e->aTponuu Koamoroposa. CtaTes [lonTparuna n [llaupessmana
noMellieHa B KavecTBe MPHUJIOKEHHS K pycckoMmy mepeBony «Teopmm pasmep-
HOocTH» ['ypeBnda m BoamoHa.

JleB 'enpuxoBud ovenn apyxkua ¢ Jlioctepaukom, ['eabdpongom, leabdan-
moM. MHOTHe BCIOMUHAMN O HEM, KaK O JUIHOCTH GOJBINOTO MacmTaba, qe-
JOBeKe MATKOM W TeJNKATHOM, MMEBIIEM CaMble MHOTOTPaHHbIe HHTENICKTY-
aJbHbIE 3aTPOCH, YeJ0BeKe OCTPOYMHOM, HAOMI0JaTeAbHOM, O TyXOTBOPEHHOM
7 0vYeHb 06agTeILHOM.

7Ku3un ero o6opBasack Tparnieckn: 24 cenTabpsa 1938 romga on MOKOHIAT
¢ coboii. Te ntou cTapiero MOKoJeHHs, C KeM HaM JOBOJHJIOCH TOBOPHTH HA
DTV TeMY, CBA3BKIBAIN DTOT IIar JIpBa ['enpnxoBnva ¢ KpoBaBHM Ge3yMHueM TO-
o BpeMeHU: oHu ToBopuan, 9To JleB I'enpuxoBut nonas B nose 3penns HKB /I
W, YCTPAIINBIIACH DTOTO, PEIIHI MTOKOHYIATH C YKN3HbI0. BEITH MOXKeT, NCTHHA
OTKpOeTcs, KOrja KTO-TO U3 JI0J[ed, KeTalllnX y3HaTh NpaBay, fobepeTcs
mo apxuBoB KI'B.

A Temephb pacckaxkeM 4yTh mojgpobHee o Teopemax [llnupesbmana. Ha-
YHEM € yKe YIOMHUHABIIErOCH pe3yabTaTa W3 IOHOIIECKON TeTpa .

TEOPEMA 4 (O PACKPACKE C®EPH). ITyemb cepa S? noxprima mpe-
MA BAMEHYMBIMU MHodcecmeamu. To2da odno uz nur codeparcum napy awmu-
nodos (m €. 0uabwempa./szo npomu60nNoA0NCHDIT moue%’).

NubsiMn cioBaMu, ecan cdepy S? packpacnTh B TPH IIBeTa, TO HallJeTcs
mapa OJHONBETHEIX aHTHmogoB. lllHupessbMan 1okaszal CBOIO TeopeMy H s
cep IPOU3BOJILHON PA3MEPHOCTH: €CAU M-MepHai cPepa S™ packpautena 6
n+ 1 y6emoe (m.e. noxpwima 3amxnymuimu muoxcecmeamu Fy, ..., Foy1),
mo natidemca napa 0dHOYCEMHUBIL AHMUNOJ06.

Teopema IllumpenbMana >KBHBaJeHTHA JAPYrodl TeopeMe, KOTOPYIO JOKa-
3aJd B TpUANATELIC TOAL moabckne MaTeMaTukn K. Bopeyk u C. Yiam: eca-
xoe omobpaxcenue [ cepvr S™ 6 e6kaudoeo npocmparncmeo R™ cracueaem
Hexomopylo napy awmunodoé. VIHLIME clIoBaMH, HaljeTcs Takoe z € S™,
910 f(z) = f(—=z). (Bce oTo6paxennus 31ech n jJajee MpeanosaraloTcs He-
npepuiBEBIME.) Ette onna sBnBasenTHAs GOPMYINpPOBKa TeopeMbl Bopcyka —
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YiaMa TakoBa: He cyuecmeyem Hewémmuozo omobpaxcenus f: 8" — S”TL
[Ipn sTOM oTOGpakenne f HazwIBaeTcs HeIETHHIM, ecan f(—z) = — f(z).

[TokakeMm, Kak BHIBECTH TeopeMy O packpacke cdephl m3 TeopeMbl Bop-
cyka — Yaama. [lycte Fy, ..., Fj,41 — 3aMKHYTHIe TIOAMHOXKeCTBa cephl S™,
oObeIHEHNe KOTOPHIX paBHo S”. Ham Hago gokazaTh, 9TO TPH HEKOTOPOM
1,1 <1< n+1, maoxkecTBO F; COMEpXKNUT Napy aHTUNOAOB. Ecan cyuiecTByeT
TOoYKa T, MpWHAJJIexKallas BceM MHOXKecTBaMm Fj, TO Bce sicHO: HeKOoTopoe Fj
COMEPXKUT Mapy aHTHNOMOB z, —z. [Ipeanonoxnm, ato FyN...N F,41q nycTo.
Mnst xkaxgoro z € S™ nycth fi(z) — paccTosHme OT TOYKM & M0 MHOXKe-
ctBa F;. Torga f;: S™ — R — HenpepbiBHas HeoTpHIaTeJlbHAs PYHKIUSA, U
fi(z) = 0 Torga m Toabko TOTAA, Korga z € F;. CoriacHo Hallemy mpejmno-
goxkennto, pyuknun f;, 1 < ¢ < n+ 1, Hurge He o6palnarOTcs B HYJb OJHO-
BpPeMeHHO, MODTOMY (PYHKINS h = 2?211 ; BCIOMY moJoXkuTenbHa. [logoxum
gi=fi/h,1<i<n+1,nuG(z)=(91(2),....gn(z)). Torga G: S™ - R" —
HenpepbeiBHOe oTOGpakeHnue. [Ipumensis Kk Hemy Teopemy Bopcyka — Yiawma,
HaxoqnMm Takoe z € S™, uto g;(z) = g;(—x) nupm xaxgom i = 1,...,n. Tax
KaK g1 = 1 — Yy §i, UMeeM Takke §p41(2) = gny1(—2). Ecan 7 Takoso,
ato ¢ € I}, 1o g;(—2) = gi(z) = 0, Tak 9T0 F; COIEPKNT Mapy aHTUTOIOB &
0 —Zz.

Yto kacaetcs Teopembl Bopcyka — Yaama, TO el MOXKHO MpPHIATH Gogee
CHTBHYI0 POPMY, HCHONB3YA MOHATHE CTemeHn O0ToOpaKeHus cdeprl B cebs:

TEOPEMA BOPCYKA. Beakoe neuémuoe omobdpaxcenue f: S™ — S™ ume-
€M HEUEMMHYIO CMENEHD.

OTciofa cienyet, 9T0 6caxoe omobpaxcenue f: S — S™ uémmuoti cme-
nenu crAeu6aem napy anmunodoé. [leficTBUTENLHO, ecan oTo6paykenne [ He
CKJIeWBaeT aHTHUNO/OB, TO €r0 MOXKHO MpoIeOPMUPOBATHL B HETETHOE OTO-
OpakeHme, a MpH HENPepHBHOHW geOpMalll CTelNeHb OTOOpaKeHus He Me-
usetca. /ledopMmanuio MOXKHO OCYIIECTBUTE TakK: Jas Kaxkaoro z € S™ Touku
f(z) m f(—z) paBHOMEpHO IBUTAIOTCSA B pa3Hble CTOPOHET MO JIyTe GOMBIIOTO
Kpyra, MOKa OHU He 3aUMyT AUHaMeTpPaJbHO MPOTHBONOMOKHEE MO3UIIHH.

O6bsicauM uIe0 JoKa3zaTelbcTBa TeopeMbl bopcyka. HedéTHoe oTo6pa-
xkenme f: S™ — S™ mpuBogaut K orobpaxkenuio ¢: RP" — RP”, rae RP* —
BellleCTBEHHOe MPOEeKTUBHOE TPOCTPAHCTRO, Moaydatlieecs u3 cdpepb S” 0T0-
XKJIeCTBJICHNEM aHTHMOAOB. [[J1a oTo6paikenus ¢ onpegenena CTeNeHb MO MO-
nyaio 2. Ecan ¢ rmajgko, To 5Ta cTemenb COBMAaeT ¢ TETHOCTHIO THCIA TPO-
06pa3oB Toukn obiiero nojoxenus. Ecan #¢g71(p) = k u Touka p € RP”"
npe/cTaBseTcs Tapoil aHTHNONOB =, —z Ha cdepe, To #(f~H(z)Uf 1 (—2)) =
=2ku#f~Yz) =k, Tak 9TO f N g UMEIOT OIMHAKOBLIC CTENEHN IO MOTYJIIO 2.
Ham Hajo ycTaHOBHUTH, ITO ¢ UMeeT HEHYJIEBYIO CTENeHb.

3amkuyThe KpuBbie B RP” 6LIBatoT ABYX COPTOB: 06pashl 3aMKHYTHIX
KPHUBHIX Ha cepe u 06pas3bl KPUBLIX, COeTUHSIONINX aHTUNO k. KpuBbie mep-
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BOT'O COPTa MOTYT OBITh CTAHYTH B TOYKY, KpHBEIE BTOPOTo copTa HeT. OTO-
OpakeHle ¢ MePeBOAUT HeCTATHBAaeMble KPUBhLIe B HECTATHBaeMEIe, TaK KakK f
nepeBOMUT KPUBbIE ¢ AaHTHIOJANbHBIMI KOHIAMH Ha cepe B Takue e KpH-
Bele. Takum ob6paszoM, Bce CBOJUTCA K CAEAVIOUIEMY YTBEPXKIEHUIO: 6CAKOE
omobpascenue RP™ 6 ceba, nepecodaujee HECMALUGAEMBIE KPUGHIE 6 HECTA-
2U6AEMDBIE, UMEEM HEUEMHYIO CMENEHD NO MOIYA10 2.

C KaxKIBIM KOMTAKTHRIM MHOTOOOpasneM X MOXKHO CBfi3aTh €r0 KO.4blo
nepeceuenuti no modyaio 2. JIeMeHTaMn dTOro Koablia (0603HAYHM ero de-
pe3 A(X)) caykaT K1acchl TOMOJOTHYHBIX MUKJIOB O MOJAYJIIO 2, a YMHOXKe-
HIle COOTBETCTBYET NepecevdeHnio MIKIOB, HaXOIAIINXCSA B OOIIeM MOJOKEeHHH.
OTobpaxennto h: X — Y MexIy KOMOAaKTHREIMH MHOTOOOpa3susMi OTBeda-
et romomopduam korxen h*: A(Y) — A(X) m romomMopdmsMm aIInTHBHBIX
rpynn hy: A(X) — A(Y). DTH roMoMOppuU3MEl MOXKHO MPEJCTABIATH COOT-
BETCTBEHHO KaK Mepexoi K Npoobpasy uian o6pasy nukiaa. LomoMopdusMer fi,
1 h* cBs3aHBI POPMYIOH

ha(R*(n) - &) = n-ha(§)  (n € A(Y), & € A(X)). (8)
[lycts Temeps X = RP™ u A = A(X). /las kaxkgorok =0, ..., n mMeeTcs

TOJNBKO OJMH HeHYJeBoW Kiaacc k-mepHbIX nukioB B RP". mpemcTaBieHHBIR
nogmuoroo6pasmem RPF. Tlostomy xombno A cocrtont us 2"t spemenTon
BHIA Y . g a;x’, e a; € Z /27, x cooTBeTCcTBYeT runepmiockoctn B RP”, a z®
COOTBETCTBYeT o MHOr006pasnio RP"™* kopasmepnoctn k. B wacTrocTH,

2"~ — kracc oxpyxunoctn RP!.

[Tpennonsoxum, ato h: RP® — RP” nepeBofuT HecTATMBaeMble KPHUBBIE
B HecTarnBaeMble. Torga h,(z"~1) aBaseTcs KIaccoM HecTATHBAaeMOil Kpi-
Boit h(RP'), Tak wTo h,(z"~!) = 2”71, Monownum & = 2"~!, n = = n npn-
Mennm dopumyay (8). [lpaBas qacth 7 - he(€) = z - 2”71 = 2" oTamuna ot
nymas. CregoBaTenbro, h*(n) = h*(z) oTaAWIHO OT Hyas — WHade JeBas 1acTh
h«(h*(n) - €) 6bu1a 661 HyaeBon. Kiace h*(z) mpecTaBiaseTcss THKIOM KOpas-
meprocTn 1. [TockombKy 5TOT Kiracc HeHyJIeBOW, MOMKHO OHITH h*(z) = z.
Tak kak koablno A mopoxmgaetcs djgemenTom x u h*: A — A — Kojable-
BOI TOMOMOP(U3M, TO 3TOT TOMOMOP(MU3M JTOJKEH OBIThH TOXKJeCTBeHHBIM. B
qacTHOCTH, h*(2") = 2™. Ho 2™ — 5To KiIacc TOYKM, 1 MOC/Te/[Hee paBeHCTBO
O3HaYaeT, YTO h UMeeT HEYETHYIO CTENeHb MO MOJYII0 2.

MEeToa HIHUPEIBMAHA B AJJUTUBHON TEOPUM YUCEJA. Ilycth Au B —
JTBa MHOXKECTBA HATyPaJbHbLIX dnces (HaTypasbHbiil psig N 6yneM canTaTh Ha-
anHaomnMes ¢ enHnibl). Cymmoi A m B 0OBIYHO Ha3BIBAETCS MHOXKECTBO
A+ B uucen Buga a+ b, rne a € A, b € B. Ham 6yjgeT yno6Hee Ha3hBATh
cymmon A n B muoxectBo AG B = (A4 B)UAU B, nonydennoe fo6aBieHnem
K A+ B saemenTtoB MuOoxkecTB A n B. CkaxxeM, 9To MHOXKeCTBO A ABIsfeTCS
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ba3ucom HATYpaIbLHOTO pAMa, ecan k-kpaTHasd cymMa A& .. .4 A Ipn HEKOTO-
pPOM HaTypaJIbHOM k COBNaTaeT ¢ HaTypaabHeIM psagoM. Hampumep, ecim A —
MHOXKECTBO BCeX KBaIpaToB, To A — 6azuc, nockoibky AG AE AG A =N
no TeopeMe Jlarpamika. [lycte P — MHOXKecTBO, cocToflllee W3 BCEX TPO-
CTHIX 9HCel U eTNHANHL. fIBrgeTcs am P 6asucom? [loroKnTenbHBIN OTBET HA
5TOT Bompoc ObLT BiepBhle noayuen lllnupersmanom: P aeasemes 6asucom.
Pacckaxkem 06 OCHOBHON mjee JOKa3aTeIbCTBA.

Crnepsa BBejewm, crenys lllanpersmany, mondaTne niomuocmu MHOXKeCTBa
A matyparbubix qucern. [las kaxgoro n € N nycers A(n) — 9ncio b1eMeHTOB
mHOXecTBa A Ha oTpeske [1,n]. HazoBeM naommuocmsio d(A) muaoxectBa A
HIKHIOIO Tpanb dncen Bujga A(n)/n mo Bcem n € N. Taknm obpasom, nioT-
HOCTH — DTO Hamboxblee a Takoe, 9To A(n) > an npn Bcex n. lllnnpersman
JTOKa3BIBaeT CJAEeTYIONINN Pe3y.IbTaT:

TEOPEMA 5. Bcakxoe mmosxcecmeo HAMYPAaAbHBIL YUCEA NOAOHCUMEABHOU
NAOMHOCTU A6ALEMCA 6aA3UCOM.

DTy TeopeMy Hellb3si HEIOCPe[CTBEHHO TPUMEeHUTh KO MHOXKeCcTBY P mpo-
CTHIX YHces ¢ T06aBJIEHHOU eIWHUIIEH, TOCKOJIbKY OHO MMeeT HYJEBYI TJAOT-
HOCTh. (Ymcso m(n) mpocTHIX dmcen, He MPEBOCXOMSNINX 7, PAacTeT Kak
n/logn: ornomenne 7(n)logn/n crpemutes k egnnnie.) Ognako Hlrnpens-
MaH yCTaHOBWI, 9TO P ¢ P uMeeT MOMOKUTENBHYIO MIOTHOCThH, OTKY/a BhI-
TekaeT, 4T0 P sBaseTcs 6azucoMm. OcTaeTcs OTKPBITHIM BOMPOC, COMEPKUT
an P & P Bce 4éTHBIe 4ncaa (3TO BapHaHT BONpoca JHIepa).

Jlokaxkem Teopemy 5. OHa BEITeKaeT U3 caegyomux jemm 1 u 2.

JIEMMA 1. Feau A, BCNud(A)+d(B)>1, mo A¢ B=N.

JIOKA3ATEJIBCTBO. 3adukcupyem n € N. Ecinn € B, Ton € AGB. Ecim
n ¢ B, To paccMoTpuM JBa moAMHOXKecTBa oTpeska [l,n]: {a € A:a < n}n
{n—>b:b€ B, b<n}. Oun 06a3aHKl TepeCceKATHCHA, MOCKOIBKY B TEPBOM U3
HUX He MeHbIre n - d(A) 51eMeHTOB, BO BTOPOM He MeHbIe 7 - d(B) sreMeHTOB
nn-d(A)+n-d(B) > n. CregoBaTenbto, a = n — b npn HEKOTOPHIX a € A,
be B, orkygan € AE B. O

JIEMMA 2. Jas wobviz A, B C N umeem mecmo nepasencmeo llnupean-
MaAHA:

d(A& B) > d(A) + d(B) — d(A) - d(B).

JTOKABATEILCTBO. [lomoxnvm C'= A& B, a = d(A), § = d(B). 3adpuk-
cupyem n € N. Ham wano onennts cuusy guciao C(n). [lycts a1 < ... < a, —
BCe DIeMeHTH MHOXecTBa A m3 oTpeska [1,n], rge r = A(n). Otpesox [1, n]
pasbuBaeTCs YUCAAME Ay, . .., d, Ha T+ 1 OTPE3KOB (HEKOTOPHIE U3 HUX MOTYT

OBITH MYyCTHIMA) AAUHBL [y = a; — 1, [y =ay —ay — 1,...,l,41 = n — a,, npn

DTOM k- 0Tpe3ok cogepkuT > [l wucen w3 C: upn k > 1 pTo 4mciaa Bujga
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agp_1+ b, taeb € B, b <lp, anpum k=1 - »nT0 uncaa m3 B, koTopse < [y.
OTciofa mofydaeTcs oneHka

k=r+1
C)zr+8- Y le=r+Bn—r)=(1-B)r+pn> (1-HFan+ bn,
k=1
osnavatomas, 910 d(C) > (1 — fla+ =a+ § — af. O

BuiBemem Teopemy 5 m3 qemm 1 m 2. HepaBencTBO JeMMBI 2 MOXKHO Tiepe-
nucath B Buge 1 —d(A&B) < (1—d(A))(1—d(B)). B Takom Bume oHO pacmpo-
cTpanseTcs (0 MHAYKINN) Ha Jo60e 9ncio craraeMbix: 1 —d(A;&. . .G Ag) <
< Hle(l — d(A;)). llycth Teneph A — MHOXKECTBO MOMOKUTEIBHON MIOTHO-
ctu n Ay, = AG --- ¢ A — cymma k craraemurx, paBueix A. [lpenwigyiiee
HEPaBEeHCTBO MOKa3bIBaeT, 9T0 d(A) CTPeMUTCS K e[HHIIE TPH BO3PACTAHIH
k. lycts k TakoBo, 9to d(Ag) > 1/2. U3 nemmbr 1 BeiTekaeT, aTo A = N.
Takum obpazom, A sBasercs 6azucom. Teopema 5 mokazana.

[Tpn Beskom aum n € N muoxectBo W, = {1",2", ...} Bcex n-THIX cTe-
neHel sfBAseTcsa 6azncoMm? ITO — Tak HaszkiBaemas npobuaema Bapuwea. Ona
ObLIa TONOKATEIBHO pelileHa | mirbepToM B Hadade Beka. Pelllenne 0Kazaioch
BecbMa CJHOXKHBIM. Teopema b MO3BoOJsSET MOAYYUTH [APYTOe pelleHue: T0CTa-
TOYHO YCTaHOBUTH, 4TO k-kKpaTHas cymma W, & ... & W, npu Goapmux k
MeeT MOMOKHTETbHYIO MIOTHOCTE. JIeMeHTapHoe (XOTs OYeHb HempocToe)
peitterne npobaembl Bapuhra, ocHoBanHoe Ha MeToie [llHupessMana, MOXHO
HaWTH B KHMKKe XuH4nHA [5].

Bot 4rto numet Xun4us [5] B cBA3H ¢ teMMoil 2 (IHTHPYeM ¢ COKpaIleHH-
aun): «Ocenpio 1931 roga JI. . lllnupensman, pacckasniBas o cBonx 6ecejax
c Jlangay B l'eTTuHreHe, COOBIINI, 9TO OHH YCTAHOBUIH CJAEAVIONINT HHTepPec-
HBIT (PaKT: JJs BCeX IPHMEPOB, KaKWe UM Y[aBaJoCh MPHUIYMATh, HEPaBEHCTBO

d(A® B) > d(A)+ d(B) - d(A)d(B)
MOXKHO OBIJIO 3aMeHUThL OoJiee CUIABHBIM U OoJee MPOCTBIM HEPaBE€HCTBOM!
d(A® B) > d(A) + d(B)

(mpm ycaoBum, 9to d(A)+d(B) < 1). Ho 10ka3aTeabcTBO 9TON THIOTE3H NTPH
HEePBHIX MONBITKaX He yaaBaaock. [Ipobiema ctana MogHoli. Ydensie obiecTBa
mpenaranu eé Ha npemnio. [Jo6pas MOJOBINHA AaHTJINICKEX MaTeMaTHKOB, OT-
JOYXKUB BCe [efla, 3aHAIach pellleHneM >Tol 3ajgadu. Ho oHa okazanach oveHb
TPYAHOU U NN PAJT JeT He MO/ JaBafach YCHAUAM CAMBIX UCKYCHBIX HCCJe-
noBaTedqeii. Toabko B 1942 r., HaKOHell, ¢ HEIO CIPABUJICS MOJOJION aMepUKaH-
ckuit MaTeMaTuk Mauty. /lokasaTeabcTBo runoTessl Jlaugay — [llaupensmana
MOKHO HalTh y Xundnua [5]. MBI 04eHb cOBeTYeM YHTATEN0 TO3HAKOMHTHCS
¢ DTOW 3aMevYaTeabHOU KHHUTOW. He MeHee MocTOWHA Baliero BHUMaHUS KHI-
ra camoro [llaupensbmana [7]. U3 Heé BbI y3HaeTe U JOKa3aTEIbCTBO TEOPEMBI
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Jlarpanika o cyMMe TeTHIPEX KBaIPaTOB, I pellleHne BeIuKoN Npobremul Dep-
Ma 114 MokKasaTexrenl 3 m 4, n MHoroe japyroe. O 3aTPOHYTHIX 37eCh TeMax,
kacafommxcs TBopuecTBa JI. . [llumpensmana cm. Takxe [3].
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