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1. BBEJIEHUE

IMpapoaurensem Teopun yamaos asisgerca K. P. Tayce, KOTOpHIN BHIBEJ 3aMeda-
TeJIbHYIO HHTErPAIbHYIO GOPMYILY [Aad Yucia 060pOTOB OJHON 3aMKHYTON KPUBOU B
MPOCTPAHCTBE BOKPYT JAPYTOM, a TaKKe OCTABII B CBOUX 3AMNCHBIX KHUKKAX MHO-
TOYUCAEHHBIE PUCYHKHU y3J0B 63 KoMMeHTapueB. CHcTeMaTHYecKoe pa3sBUTHE TeO-
pum yaa0B Hadamoch ¢ 1880-x rojoB, KOTJa HECKOJIBKO MAaTEMATHKOB M (PU3UKOB C
GOJBLIINM DHTY3Ma3MOM 3aHAMNChL COCTAaBJAeHHeM TabJAUIl y3J0B O] BIAUAHNEM WUl
sHaMeHUTOroO (usuka Y. Tommcona (BmocAeCTBHH M3BECTHOTO Kak Jop1 KeabBuH)
O TOM, YTO y3Jbl JOJXKHBI B3aMMHO OJHO3HAYHO COOTBETCTBOBATL XUMUIECKUM DJe-
MeHTaM. Bckope BBIACHMIOCH, 9TO 5Ta Ujed Oblia OMMUOOYHON, B XUMHUKU BOCTOPXKE-
crBoBada Teopus [I. . Menjgeneena, u JUIbL MHOTO TO3%Ke 6BUIN OTKPHITHL pealbHble
€CTeCTBEHHO-HayYHble TPUJIOKeHNA Teoprn y3ia0B (crpoenne moaekya JTHK, ruapo-
IMHAMAKa, (peppoMarHeTHKH U T. 7.). BrpodeM, B Halllell cTaThe MBI He COGUPAEMCS
3aTparuBaTh NPUKJIAJHBEIX TeM 1 6yJeM pacCMaTPUBATh y3Jbl KaK YUCTO MaTeMaTH-
qecKUU 0O0BEKT.

Teopusa ysaoB — ojHa u3 Haubojee NPUBAEKATEILHLIX 06JacTell MaTEMaTHKH.
JIJI 3TOro eCTh HECKOABLKO MPUYNH:

> Teopuwm yanoB HemuOTEM 60see 100 meT, 9TO, MO-BUAMMOMY, ABIAECTCA BO3PaC-
TOM paclBeTa Hay9YHOU TEOPHUH.

> [IpeameToM Teopuu SBAAETCH y3ed — MPOCTON W HATIATHBIA OOBEKT.

> TeOpI/IH y3J0B TECHO CBA3aHa IIOYTH CO BCEMH obracTaMnI MaTEMAaTUKH, U B
Hen YCIIEUIHO pa6OTaIOT T€OMETPHUIECKHUE, aJIFe6paI/I‘IeCKI/Ie 1 aHaJUTHUYIECKHE
IIOHATUA U METO/BI.

MaTemaTuyeckoe npocseuweHue, cep. 3, Bbin. 3, 1999(59—93)
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> B Teopum y3m0B m0KazaHO MHOT'O COMEPKATENLHBIX U TPYAHBIX TEOPEM, HO O
CUX TOP CYIIECTBYET MHOTO OTKPBITHIX TPOGIEM C TPOCTON (hOPMYIUPOBKOMN,
WHBIE U3 KOTOPBIX CTOAT yXKe ACCATKH JET.

[Teab 5TOM cTAThH — paccKa3aTh O TOM, 9TO TaKoe y3el W KaKhe eCTh CIOoCOObI
pacIo3HaTh, OJMHAKOBLI MU Da3lWIHBl IBa JaHHBIX y3aa. Hapany c TmoHATHAME U
TeopeMaMi KAacCHIeCKON TEOPUH Y3J0B, B CTAThe YIOMHHAIOTCA HEKOTOPHIE JOCTH-
KEHUSA MoCAe HAX JeT (MHBapuanThl BacmabeBa, dexan1poBsl yaabl). He nperenays
HUKOMM 06pa3oM Ha TOJHOTY M3JOKEHUA, Mbl OTCHLIAEM 3aMHTEPECOBAHHOTO TMTa~
Tens kK kauram A namca [1], TIpaconosa n Cocunckoro [22], Kpoysana n Pokca [7].

2. IIOHATUE Y3JA

Y3eq4 — 3TO Taajgkasd 3aMKHYTad HecaMOTepeceKalomaaca KpuBasg B MPOCTPaH-
crBe. MBI OymeM Bcerja mpeanofaraTh 3Ty KPHBYIO TapaMeTpPU3OBaHHOW u GoJee
TOYHO OTpejeNeHne yaaa (popMyaupyeM Tak.

ONPEAEJEHNE. Y3e4 — 3TO IiafKoe BIOXKEHIe OKPYXKHOCTH S' B TpexMepHOe
npocTparcTBo R3, T.e. 6eckomeuno auddepennupyeMoe oTobpaxenme f : S —
R3, KoTOpoe TIepeBOANT pa3Hble TOYKN OKPYXKHOCTH B PasHbEIE TOYKH IPOCTPAHCTBA,
npudem BekTop ckopocTu f’(u) He o6parmaerca B 0 Hu npu kakom u € St.

Eciu BRIGpaTh cucTeMy KOOpAMHAT B IIPOCTPAHCTBE, TO Y36l MOXKHO 3aJaTh Ha-
GOpOM U3 Tpex NIAJKWX mepuogndeckux dbyHkuui z(u), y(u), z(u).

ITpuMEP 1. Tpusuaavrviti yzea

r = cosu,
y = sinu,
z = 0.

ITpumMeP 2. Tpusucmuuk

r = (24 cos3u)cos2u,
y = (24 cos3u)sin2u,
z = sin3u.

Mu1 6ygeM Bcerjja CIUTaTh Y3Jbl OPUEHMUPOSAHHBIMU, CANTAA MOJOKUTEILHEIM
HampaB/JecHHEM 06X0/a y3Ja TO, KOTOPOE COOTBETCTBYET BPAIICHHIO TIPOTUB IacOBOM
cTpeaku Ha mapameTpusytomeii okpyxuoctn ST = {(cosu,sinu)|lu € R} C R%

2.1. U3oTonusa

I'nankaa samkHyTas KpuBad, pacCMaTpuBaeMad caMa Mo cebe, MOXKeET CIYyXKUTH
npeaMeToM auddepeHInaIbHON TeOMETPUHT, HO HE TOMOJOTHHU. 10no4o2uneckoe mo-
HATHE y3Ja TOpa3yMeBaeT, 9TO Y3/Abl PACCMATPUBAIOTCA C TOYHOCTHIO IO €CTECTBEH-
HOT'O OTHONICHUA SKBUBAJCHTHOCTH, MOIEINPYIONIETO Te MTpeobpa3oBaHmsA, KOTOPbHIE
MOXHO (PU3UYECKU TPOJEJaTh C KYCKOM BEPEBKH, KOHI[BI KOTOPOU CBA3aHHI.

ONPEAEJNEHUE. [ uadkas uzomonus ysaa K, 3adannozo kak omobpancenue f :
St — R3, — 5mo eaadkoe cemeticmso ysaoe f, makoe, umo fo = f.
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Taadkoe cemeticmeo omobpaxcenuti, naum omobpaxicenue, 24a0K0 3a6UCAUEE OM
napamempa, — 3TO, TOBOPA (GOPMAILHO, TIa JKoe oTobpaxkermne F : ST x I — R3 rae
I — oTpesoxk umcaoBon ocu. Ecian zadukcnpoBaTh BTOPON apryMeHT OTOOpaKeHUs
F, mpujaB eMy 3Ha4eHHIe v, TO MBI IOIYINM oTobpaxenne f, : ST — R3,

Hamnpumep, dopmyast

r = (v+cos(3u))cos(2u),
y = (v+cos(3u))sin(2u),
z = sin(3u)

safaoT npu v € (1, 4+00) TIaKyI0 H30TONHIO PACCMOTPEHHOTO BHIIIE TPUIANCTHUKA,
OTBEYAIOIIETO 3HAYEHNTO ¥ = 2!

S &

v =2 v=1,2 v=1
Tpu Beex 3HAYeHUAX v > | 5T0 Gy €T HecaMOIepeCEKAOIIAACA BAOKEHHAA KPUBas,
aTpu v = | Ha Hel NOABUTCA TPONHAA TOYKA, & MMEHHO, COBNAJYT 3HadeHuA (2, Y, z)
g u=mn/3, u=mnnu=>5r/3.
JlBa y3/1a HA3BIBAIOTCA IKEUBAAECHMHbLMU, ECIH OT OJHOT'O K IPYTOMY MOXKHO Tie-
penTn naa kol nzoronunen. Ha prucyHke nzo6pakeH MpuMep NIAJKOH H30TOMHN Y34,
HA3BIBAEMOTO 60CbMEPKOU:

ORORIRRURTRES

[epopmanua BOCBMEPKH B €€ 3ePKaJbHBIH 06pa3

TpuBMATbHBIN y3ed (MIH HEy3ed) — DTO y3ed, SKBHBAJCHTHBIN TIOCKON OKPYXK-
HOCTHU W3 mpuMepa 1.

Wmes mepen raazaMu pUCYHOK TPUBHAJBHOTO y3Ja, WHOW pa3 GbIBAET JOBOJBHO
TPYAHO TIOHATH, YTO OH TPUBHUAJEH.

R

TpuBHAaIbHBIE Y3JIBI

AJropuTM pacrmo3HaBaHUs TPUBHAJILHOTO yaaa BepBble paspaboran B. Xaken
[14] B 1961 roay. Aaroputm XakeHna paboTaeT CAUIIKOM MEJICHHO U TIOITOMY HUKO-
r/1a He pealu30BBIBacA Ha KoMnbioTepe. CoBceM HegaBHo (npenpurT 1998 roga [5])
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Jx. Bupman m M. Xupin npuayMaan Apyrol ajropuTM, KOTOPHIH, CYId MO BCEMY,
yKe UMeeT CMBICI 3alpOrPaMMUPOBATH.

2.2. OPUEHTAIUA

Y3en — 3TO OpUEHTHPOBaHHAd KPUBasd B OPUEHTHPOBaHHOM mpocTpaHcTBe. OT-
paXeHWe OTHOCUTENBHO TMIOCKOCTH MeHAeT OPUEHTAINIO TpocTpaHcTBa. UaMeHnenne
HampaBJIeHusa 00X01a KPUBOW Ha MPOTUBOIOIOKHOE MEHAET OPUEHTAINIO KPUBOH.

EcTecTBEeHHO BHIIEMUTH KJAACCH Y3JI0B, KOTOPBIE OCTAIOTCA YKBUBAICHTHBIME cebe
TIpU TakuX Mpeobpa3oBaHUAX.

OHPE,I[EJ[EHI/IE. Ysen mazbIBaeTCA 3EPRAAbHBIM, €CJIN OH OKBUBAJECHTEH CBOEMY
3€PKaJbHOMY OTPaXKEHUIO.

ITPUMEP 1. ¥Yzen «BocbMepKay 3epKajeH. JTO JA0Ka3bIBACT M3OTOINSA, TPUBE[EH-
Had Ha PUCYHKE BBIIIE.

ITPUMEP 2. TpuamcTHUK He ABAAETCA 3€PKATBHBIM Y3JI0M:

> ap

JIeBBII TPHIHCTHHK IpaBeiit TpHIHCTHUK
JToT dakT OymeT goKazaH B pasjeie 4.2.

ONPEAEJEHUE. Y3ea Ha3blBaeTCsA 06pAmMuMblM, €CIU OH DKBUBAJIEHTEH CBOEMY
obpaTHOMY, T.€. TOMY XK€ Y31y, TPOXOANMOMY B 06pPaTHOM HallpaB/ICHUN.

ITpuMEP. TpuaucTHUK 06paTUM, TaK KaK HampaBJeHWe 06X01a MOXKHO 3aMeHUTH
Ha o6paTHoe mIaBHBIM moBopoToM Ha 180° Bokpyr ocu Oz (B NpUBEIECHHOM BHIIIE
TPUTOHOMETPHYECKOM MPECTABIECHNN) .

YTPAKHEHUE. IIpoBepbTe, 9TO y3ea «BOCbMepKay TaKkKe 06pPaTUM.

Cpenn y3740B, uMeonux He Gojee 8 mepeceveHnil, eCTh TOJBKO OJWH HeOGpaTH-
MBIH: 5T0 y3ed 817 (CM. Tabauly y3/10B B IPUIOKEHNH).

PacnioznaTh, o6paTum au gaHHBIN y3ed, HenpocTo. [lepBoe cTporoe noxasaTenb-
CTBO HEOGPATHMOCTH GBIIO TPOBeieHO ToabKO B 1962 roay (npumep TpoTrepa [26]).
O6miero aaropuTMa i PeIeHns >TON MPob6JeMbl He HAWJEHO 0 CHX TIOP.

2.3. KoMImo3uuusa y3JioB

CymiecTByeT eCTEeCTBEHHBIN CIOCO6 CTPOUTH Goliee CAOKHBIE V3Bl U3 IBYX GoJee
npocThiX. [lasg 5Toro Kax bl W3 ABYX Y3J0B HYXKHO pa3pe3aTh B KAKOM-TO MECTE,
a TIOTOM TIPUKJIENTD /Ba KOHIIA OJHOTO y3Ja K ABYM KOHIaM fApyroro. Bece aTo Hamo
JIeqaTh JOCTATOYHO OCTOPOXKHO: CHAaYaka HYXKHO IyTeM TJIaJfKOW M30TONUHU MPOe-
dopmupoBaTh 06a MaHHBIX y3Ja TakK, YTOOBI 1 KAKOU-TO PETYJAAPHON TPOEKIUH
Ha MJIOCKOCTH HaIleJcA MUCK, BHYTPHM KOTOPOT'O HAIX Y3Jbl UMeJau Obl BUJ, YKa3aH-
HBIU Ha CJAeIYIOIIEM PUCYHKE CJAEBA, a 3aTe€M M3MEHWTh WX BHYTPH 3TOrO JIUCKA, KaK
moKazaHo crpaBa. [lockoabKy MBI paccMaTpUBaeM OPHUEHTHPOBAHHBIE Y3JbI, CKIEHKY
MOXKHO TTPOM3BECTH TOJBKO OJTHUM CIOCOOOM.
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CBA3Hag CyMMa y3JI0B

Jlerko nouATk, uTo cymma K17 Ko n1Byx y3a0B K1 u K5 He 3aBUCHT OT TOYeK pas-
peza (BOOOIIE, BCe TOYKM y3/1a PaBHOMPABHBEI MEXAY COGON OTHOCHTENBHO TIaNKAX
U30TOINH).

Ecau npegcTaBiasTh ceGe CBA3ZHYIO CYMMY y3JOB KaK YMHOXK€EHNE, TO TPUBAAJLHBIN
y3eqa UrpaeT, O9eBUAHO, poab equHulbl: F# K = K ana ao6oro K.

Y3en Ha3bBIBAETCA NPOCMbIM, €CIU €T0 HeAb3A MPeJCTABUTH B BHje CYMMBI ABYX
HETPUBHUATHHBIX y3J0B. [IpocThie y3abI BBIMTOAHAIOT POJIb MPOCTHIX YHCEN B apugMe-
THKE: OKa3bIBAeTCs, ITO JIOOOU y3el MOXKHO MPEJCTABUTH B BUE CBA3HOU CYMMBI
HECKOJBKUX MPOCTHIX, W MPUTOM OJHO3HATHO.

Io »sTot npuynHe B Tabaumax y3/a0B, COCTaBIEHNEM KOTOPBIX MaTEMATHKN 3aHU-
MatoTca ¢ 1880-x To10B, MPpUBOAATCA TOMIBLKO IPOCTHIE yaabl. K HacToAIeMy BpeMeHM
COCTaBJEHBI TIOJHBIE TAOMUIBI BCEX MPOCTHIX Y3J0B, KOTOPHIE JOMYCKAIOT PEryJsip-
HYIO TPOEKTNIo ¢ He Gomee deM 16 Toukamu nepecedenns (/Ix. Xocr, M. Tucarysur,
k. Yuke, 1997). B Tabiuuax ysaoB IPUHATH 0603HAYEHNA BHA Ny, TJAE N — GUCIO
Tepecevenni, M — HOMED IO MOPAAKY CPEJN BCEX Y3JOB C 1l IEPECETEHUAMMA. Y3JIhI,
TOMYYAOIINECH APYT OT Apyra 3aMeHOW OpUeHTAlNN WM 3ePKAJbHBIM OTPaKEHIEM,
B TabJuNIaX y3JI0B HE Pa3IMdarOTCA.

TIpu cocTapieHnr TabIUI Y3JI0B IO YacTO NOMYCKANN OMHUOKH (M HEMYIPEHO).
CaMBIll 3BHAMEHUTHIA CIydYall Takoro poja — 3TO napa llepko, IBa SKBUBAJEHTHBIX
APYT APYTY yamda, KOTOphble B TedeHHe 79 JeT, HaunHad ¢ 1899 ronga, cuuranuch pas-

JAUYHBIMU. BoT oHu:
/\ I

D &

ITapa Ilepko

O6GHapyXuJa WX SKBUBAJEHTHOCTH FOPUCT U3 Hb}o—ﬁopKa K. A. Tlepxo B 1974
rojay. CodeTanune «l0puCT-MpOdeCcCHOHaN U OJJHOBPEMEHHO MaTEMATHK-TIOOUTENhb) HE
MepBHIA pa3 BCTpedaeTcs B McTOpuH MaTeMaTnku (BemomuuTe Ibepa Pepmal) n
BCerjia MTPUBOJAUT K HOBBIM OTKPBITHUSIM.

B IIpumoxenun npuBegera Tabauia TPOCTHIX Y3JI0B 10 8 caMOepecevdeHni BKIIO-
qnTeabHo. /las paboThl ¢ y3iaMu ya0GHO TIOIb30BATHCSA KOMIBIOTEPHBIMHU IPOTPaM-

MaMd W TabJINIaMK, KOTOPble HMEIOTCA Ha HECKOABKHX WWW-CepBepax (CM., HalpH-
Mep, [24]).
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3. INATPAMMEI

B mpunnmne, mo601 y3eal MOXHO 3ajaTh ABHBIMH (opmyramu z(t), y(t), z(t)
B BH/i¢ TPUTOHOMETPHICCKAX MHOTO4IeHOB. IIpuMep TpeJcTaBIcHAA B TaKOM BH/E
OJHOTO y3aa (TpUaMCTHWKA) GBLT MpUBejieH Bhime. ToT (akT, 9To A a060r0 y3aa
HaliJeTcA 3KBUBAJCHTHBIN eMy TPUTOHOMETPUYECKHH, BEITEKAET U3 TOTO, 9TO AF00BIE
nepuoandeckne dyukunu z(t), y(t), z(t) MOKHO ¢ MOGON CTENEHBIO TOYHOCTH TIPH-
6JM3NTH TPUTOHOMETPHICCKAME MHOTOWICHAMH, T. ¢. KOMOGHHauAMH sin kt u cos kt.

Ha o, ogHaKo, 3aMeTHTh, 9TO He CyHIeCTBYeT HUKAKOTO Pa3yMHOr o crnocoba pac-
NO3HATH BKBHBAICHTHOCTh UM JOKA3aTh HESKBHBAJCHTHOCTDL Y3JO0B, 3aTaHHBIX AB-
HEIMEI (bopMydaMu. Bce cmocobbl 3aMaHnA y3J0B, ¢ KOTOPBHIMEH MOXHO PEaJbHO pa-
60TaTh, IMEIOT KOMOGHMHATOPHBIN XapaKTep. B 3ToM pasjele MBI pacCMOTPHM JBa
Takux crnocoba: (KJaccuaecKne) AMArpaMMbl Y3J0B W JEXKAHAPOBO NpeJCTaBJICHHE.

3.1. JITUATPAMMA Y3JIA

Auaepamma y3aa — 3TOT TOT €CTECTBEHHBIN CII0CO6 M306paKeHHA ya/aa Ha II0C-
KOCTH, KOTOPBIM MBI yXe MOJb30BaJiCh Ha MPebIIyIINX pUCyHKax. LoBopa 6odee
¢opMasbHO, AUArpaMMa y3Ja MpeIcTaBageT coboil TaaTKyI KPUBYIO Ha IJIOCKOCTH,
He UMEIONIYI0 APYTUX OCOGHIX TOYeK, KPOMe KOHEYHOT'O YHCAa TPOCTHIX JBONHBIX
Todek (TaM, rje TPOMCXOIAT TPaHCBepCaabHOE CaMoTiepecedeHne), U CHabKEeHHYIO
B KaX O JBONHON TOYKE OTHUM 6UTOM TOTOJHUTEILHON MHGOPMAINH, YKA3BIBAIO-
wUM, Kakad U3 JBYX BeTBeH B 5TOU TOYKe ABAACTCA nporodom (T.e. NeKAT CHU3Y),
a Kakad neperodom (T.e. JeKHUT CBEPXY).

YT06bI HAPHCOBATL AWArPAMMY JaHHOTO yara f : S' — R3, myxHO ero HeMHOTO
HOIIEBEANTD, T. €. TIOJBEPTHYTh M30TONNH, 6AM3KON K TOXKICCTBEHHON, ¢ TeM, ITO6bI
ero mpoexmna wo f : S' = R3 - R? ga BLIGpaHHYIO ILIOCKOCTD CTAla pe2yApHot,
T.e. (1) BekTOp mpousBoaHOU (7 o f)' Hurge He obpamaica 661 B 0 u (2) Hukakas
TOdYKa He mMeda 6bI 6ojee ABYyX MpoobpazoB. O9eBUAHO, YTO HTOrO BCEr/ja MOXKHO
NOBUThCA MaJoll M30TONUEH, He BLIBOJAAIICH 3a Mpelelbl KAAcCa SKBUBAJCHTHOCTH
yaaa.

A A &

Heperyaaprable npoeknun Peryasprrie npoeknnn

ITpu uzoTonuu yaaa B MpOCTPAHCTBE €r0 JUArpaMMa MOKET MEHATHLCA. DTH U3Me-
HEeHUs MOTYT OBITh JABYX MPUHIUIHAJILHO Pa3JUIHLIX BUA0B. Bo-TepBLIX, amarpam-
Ma yaJa, KaK TaajKad 3aMKHyTad TIOCKad KPHUBad, MOXKeT TPeTepreBaTh NAOCKYI0
uzomonuio, T.e. TIOBEPraThCA BO3AeNCTBUIO CEMENCTBA B3AMMHO OTHO3HATHBIX Mpe-
06pa3oBaHMi MIOCKOCTH, TJaKO 3aBUCAMIETO OT IapaMeTpa.

Bo-BTopEIX, Bo3MOXHBEI nepecmpotiku duazpammol, KOTjJa OHa MEHAET CBOH THII,
HanpuMep, MOKa3aHHBIE Ha CaeAyIOlIed cTpaHule nepecmpotixu Petidemeiicmepa.

K. PeliemeiicTep — aBTOp NMepBOil KHATH, MOCBAMEHHON NEJUKOM TEOPUU y3J0B
(1932). B Hent nokasana ciaepyomas TeopeMa: deée duaepammvl 3adaiom odur u mom
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Ilnockaa mzoTonus AuarpamMMbl

) 1) 1)

o )R X

IHepectporikn Pengemerncrepa

Jce yzea moeada u moAavko mozda, Koeda om 0dHoll U3 HUT MOJCHO nepelimu K dpyeoti
nocpedemeom naockur uzomonuti duazpammvl u nepecmpoek Petidemeiicmepa.

C Touku 3peHUs COBPeMeHHOUW Teopum ocobeHHOCTEeW Teopema PeligemernicTepa
JNOBOJILHO OYEBHUIHA: ACHO, UTO JIOOYIO TJIAAKYIO0 M30TONHIO y3Ja B MPOCTPAHCTBE
MOXKHO HEMHOT'O TOIIEBEIUTh TaK, 9TO OHA CBEJETCA K TOCAEIOBATEILHOCTH DAEMEH-
TAapHBIX TEPECTPOEK YKa3aHHBIX Tpex THMoB. [loApo6HOro jgoKazaTelbcTBa >TOTO
YTBEPK eHUA Mbl TPUBOAUTE He Gy /IeM, OTChLIAA 3aMHTEPECOBAHHOT O YUTATENA, Ha-
npumep, K Kuure [22].

IMpuMEP. IlpeBpalnenne BOCbMEPKH B €€ 3epKaJbHBIA 06paz, MOKa3aHHOE HA PH-
cyHKe Bbiiie (c. 61), TOMIMO TIOCKAX M30TONHUH, COAEPKUT CAeAYIONUIYIO MOCTE0Ba~
TeJbHOCTH TepecTpoek Penpemenicrepa: 11, 111, 111, I, I, IIT, II.

O6BACHUM, B KAKOM CMBICJIE UarpaMMa MOXKET PACCMAaTPUBATHLCA KaK 9ACTO KOM-
GMHATOPHBIN CIIOCO0 3aJaHusd KJIacca HKBUBAJEHTHOCTH y3Ja.

JnarpamMma ysia, paccMaTpUBaeMasd ¢ TOYHOCTHIO 10 TIOCKMX M30TONMH (Taa-
KX fepopMalmil B INIOCKOCTH), COAEPKAT cleayoulyo nadopmanuio: (1) B kakom
TOpAKE BAOMb KPUBOW CIEAYIOT TOYKN caMolepecedeHns, (2) Kakad BETBb KPHBON
B TOYKEe caMollepeceyeHNA ABAACTCA MTPOXOIOM, a KaKad TIEPEXOTOM.

Jlaga KomupoBaHUA TMIOCKUX 3aMKHYTBHIX KPUBBIX YAOOHBIM WHCTPYMEHTOM ABJISA-
10Tca 2ayccosnt duazpammbl. Ha camom [feie; rayCccoBBl AMarpaMMbl GOJBINE TPUCTIO-
cobJieHBI 171A OTMMCAaHUA 3aMKHYTHIX KPUBBIX Ha cdepe, HEXKeMN 3aMKHYTHIX KPUBBIX
Ha MIOCKOCTH. ITOGH K HUM TIEPERTH, MBI CIeJAEM CIEAYIONIEE TIPOCTOE HAOMIO EHHE.

BwmecTo niockux amarpamMm yaia MOXKHO PacCMaTpUBaTh chepudecKne,  3TH TBa
mo1x01a abCcoMoTHO bKBuBateHTHH. Cheputdeckas guarpamMmma MOIy9aeTcs Kak mpo-
exnua yaaa Ha chepy S? C R3, comepxkalnyio Hall ysea BHYTPHU, U3 TeHTpa cheps,
ecan »Ta TpoeKIus peryasapra. [I[pokanbiBasg chepy B KAKOU-TO TOYKE, MBI [TOJY A€M
u3 chepuvecKol AUarpaMMBbl IIOCKYTO.
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Ccpepudeckas guarpaMMma BOCBMEDPKH

Kaxk srnepsoie samerna eme K. &. Tayce, a BnociegcTBun (BIIOTH 10 KOHIA XX
BEKa) 3aHOBO OTKPHIBAIN MHOTHE JPYTHe MaTeMaTHKHI, 3aMKHYThle caMoIepeceKaro-
IMecs OPUEHTUPOBAHHBIE C(DEPUIECKHE KPUBBIE C TOYHOCTHIO [0 TJIa KON M30TOMNN
Ha MOBEPXHOCTH C(ePhl OHO3ZHAYHO KOIUPYIOTCH MOCPEACTBOM [IHATPAMM CJIEIYIO-
IETO BUIA.

ONPEAEJEHUE. TayccoBa gmarpamMma MOpsAAKa 1 — 3TO OPUEHTHPOBAHHAA OK-
PYXHOCTB, Ha KOTOPOHW OTMEYEHH 27 Pa3fW9HBIX TOYEK, pa3buTHIX Ha Maphl, W HA
KaXJOW M3 N XOPJ, COEJUHSAIOMNX TapHble TOYKN, YKa3aHO HAIPaBJEHHE.

OmnuiieM MoOCTpoeHMe TaycCOBOU auarpaMmbl Kpuboi. Ha okpyxHoCTH, KOTOpas
mapaMeTpHU3yeT AaHHYIO KPUBYIO, HYKHO OTMETHTH MPOOOPa3bl BCEX TBOMHBIX TO-
Y€K W COEMHUTH KaXK Iy mapy mpoobpa3oB oIHOU TOYKH Xopaou. Hampasienue Ha
xXopjax BuIbupaeTca Tak. Ha moBepxHOCTH cdephbl eCTh BIIOJHE ONPeeJeHHOe TOM0-
KHUTEJIbHOE HalpaBleHue BpalleHus (IPOTHB YacoBON CTPEIKH, ecln Ha chepy CMo-
TpeTh cHapyXn). [[Ba KOHIa XOP/B COOTBETCTBYIOT JBYM BETBAM KPHBOU B OKPECT-
HOCTH ABoWHOU To4ukW. [lomoXuTeabHBIE HATTPABIECHUA DTUX BETBEN 06pPa3yOT YT OI.
Tak BoT, HalpaBJeHnEe HA XOPje COOTBETCTBYET MEPEXOAY OT OJHOU CTOPOHBI yTIJia
K IPYTOU B MOMOXUTEALHOM HAIPABICHUH.

d b
c b
d a
a c
Bri6op HanpapaeHus XOp bl

Nudopmanua o mpoxoaax W TepeXogaX COMEPKUTCA B OCHAUEHHOU 2ayccosol
duazpamme: TO ZHAYUT, UTO JOMOJHUTEIHHO HA KAXKJOW XOp/le CTAaBUTCA 3HAK (4,
ecJI OHA HAIpaBleHa OT TIEPEX01a K MPOXOAY, W 3HAaK «—» B 06paTHOM caydae. Jlerko
BHUE€TH, 9TO 3TOT 3HAK COBHATAET CO 3HAKOM A0KAAbHOU 3AKPYNEHHOCMU TBOWHON
TOYKHU, KOTOpad ONpeaeadeTca CAeAYIONNM PUCYHKOM.

N /
AN /

+1 -1

JlokanpHaa 3aKpyY9€HHOCTH

BoT npumep amarpaMMbl ya/ia W COOTBETCTBYIOIIEN OCHAIEHHON TayCCOBOU ana-
T'PaMMBbI:
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/lmarpamma y3jaa o rayccoBa JHarpaMMa

HekoTopeie maTtemaTuxu, Hanpumep, M. [loask u O. Bupo, npumenstoT apyroe
PaBUIO PACCTAHOBKH CTpeloK Ha xopjax (cMm. crarbio FO. BypmaHna B jJaHHOM BhI-
nycke, c¢. 94— 115). O6a npaBuia paBHOCHJBHBI, HO HAIlle HMEET TO MPEHMYIIECTBO,
49TO0, 3a0bIBad O 3HAKAX HA XOP/axX, HO COXPaHAS HAPUCOBAHHBIE HA HUX CTPEIKH, MBI
TMOMy9aeM KJIACCHIECKYIO TayCCOBY AUArpPaMMy, ABIAIOMIYIOCSA MOJHBIM WHBAPUAHTOM
OPUEHTHPOBAHHON cPepUIecKON KPUBOM.

3.2. JIEXKAHAPOBBI Y3JIbl

IIpeacraBaenne y3/J0B MIOCKAUME AHarpaMMaMi — CAMBI eCTECTBEHHBIN U WCTO-
pUYECKHU TEPBBIN Coco6 HATJIATHOTO 3a/aHusa y3J0B. B 5ToM pazjele MBI IpUBEIEM
IpYTOe TIpeIcCTaBleHNe, KOTOPOE B MOCAeTHIAE TOBI Bce 6OMAbIIEe TPUBACKAET BHUMA-
HUE CHENHAAINCTOB.

IIpeamonoxum, ITO Ha TJIOCKOCTH BBHIJETEHO HEKOTOPOE HATpaBJeHHE, KOTOPOE
MBI 6y /1eM Ha3BIBATH BEPTHKAJBLHBIM (HANPUMED, HalpaBIeHHe OCH OPINHAT B JeKap-
TOBOH CHCTeMe KOOPJUHAT).

OHPE,I[EJ[EHI/IE. @pmtmom Ha3bIBacTCA 3aMKHYTad KpHUBad Ha IIJIOCKOCTH Oe3 BED-
TUKaJbHBIX KacaTeJAbHBIX, BCE 0co6eHHOCTH KOTOpOﬁ NCYEPNIBIBAIOTCA HOJIyKy6I/I‘Ie—
CKIMM TOYKaMM BO3BpaTa (K?A706CEMU) 1 TpOCTBIMUT r[[BOI‘/,IHLIMI/I TOYKaMH.

IMoaykybudeckasa TOYKa BO3BpaTa — HTO TOYKA, BOAM3M KOTOPOW HaIlla KPUBas
JOKATLHO BBEITIAINT KaK TOTyKy6udeckad mapabona y> = 23 B OKpECTHOCTH Hadaga
KOOD/JMHAT. JTO caMblil OGN BU/ TOYKM HA MapaMeTPH3OBAHHON KpHBOW r(t), B

KOTOpPOI BeKTOp r’ ob6pamiaeTca B HyJIb, a BeKTopHl 7’ u r'’ HexolrnmHeapHEL.

3AMEYAHUE. HazBauue «ppoHTY HCMIOJIB3YETCA TO TOW MPUYHMHE, 9TO DKBUIU-
CTAHTHI 1A KPHBOH OBIIETO MOMOKEHUA Ha TMIOCKOCTH (HATIPUMED, BJINICA) UMEIOT
TOMBKO OCOGEHHOCTH YKA3aHHBIX TUMOB. A DKBUIMNCTAHTAa — 3TO KaK OBl (PPOHT CBe-
TOBOW BOJHBI, MCXOIAIIEH M3 JAHHOW KPUBOM.

O6bsAcHUM, B YeM COCTOUT CBA3b MeX Ay (PpOHTAMU U y3JaMU. 3a0JHO MBI pac-
cKaxkeM, oTKyaa GepeTca TpeboBaHNEe OTCYTCTBUA BEPTUKAJbHBIX KacaTCIbHBIX.

PpoHT — HTO KPUBadA Ha TNIOCKOCTH, CKaXKeM, ¢ KoopauHaTamu (2, y). Jlo6apasas K
HUM ellle TPETHIO KOOPIMHATY 2, PAaBHYIO TaHTeHCY yrJa HakKJIOHA KPUBOU B JaHHOU
TOYKe, MBI TOIYYHNM KPHBYIO B TpexMepHOM mpocTparcTBe R3. Ecam ma mcxomHol
KPHUBOU €CTh TOJBKO MPOCTHIE [BOWHBIE TOYKW W KJAKOBBI, TO TOJYyYeHHAsd KDPUBAs
B TPOCTpaHCTBe GyeT TagKuM y3aoM. TaHTeHC yria HaKJIOHA ONMpejeleH BCIOTY,
TIOCKOJBKY HET BEePTHKAJBHBIX KacaTeJlbHbIX.
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Ecan oTkazaThbca oT TpeboBaHUA OTCYTCTBUA BepPTUKAIHHBIX KacaTeTbHBIX, TO
yroJ HakJOHAa KPUBOU OyjgeT MPUHUMATH 3HAYEHUA HE B TOYKAX MPSAMOU, a B TOY-
KaX OKpyxkHOCTH. TakmM 06pa3oM, B 5TOM cIydae MbI HOIYYHM y3el He B R3 a B
TpexMepHOM MHOToo06pazmu R? x S| mpexcTapasiomeM coboli MOIHOTOPHe.

OnuiieM Termeph COOTBETCTBHE MeXAy (PPOHTAMHU W y3JaMd B TEPMUHAX AHa-
TPaMM.

ITo dponTy amarpaMma TpeCTABIAEMOTO WM y3Ja CTPOUTCA TakK. Bce Todkm
BO3BpATa HYXKHO MTPOCTO CIJIAUTh, & IPOXO/Ibl U TIEPEXO bl B JBOUHBIX TOYKAX OMpe-
NeJUTh TakK: 66M6b Kpusol, udyuwas u3 Ae6020 HUICHE20 Yead 6 NPasbili eeprHut,
scezda ssasemca neperodom, a dpyzas semseb — nporodom. Tak kak GpOHT He UMe-
€T BEPTUKAMBHBIX KACATEIbHBIX, TAKOE pa3/leJeHrne BeTBEH KOPPEKTHO OIMpPEIeNeHO.

> < - XX

IlocTpoenne gmarpaMMbl IO (ppOHTY

O6paTHO, O AHArpaMMe MOXKHO TOCTPOUTH (PPOHT MPEACTABIIEMOTO €10 y3Ja.
IlpuBemem guarpammy B o6lllee TIOJOXKEHWE TaK, YTO B ABOMHBIX TOYKaX HU OJHA
U3 KacaTelbHBIX He OyIeT BepTUKaJbHOU. [locie 3Toro 3aMeHnM BCe TOYKH C BEPTHU-
KaJbHBIME KacaTeIbHBIMI Ha TOYKH BO3BPaTa, & BONHBIE TOYKN, B KOTOPBIX TEPEXO,I
WMeeT HalpaBJeHUE «CeBepo-3ara—oT0-BOCTOKY, Tpeobpa3dyeM Tak, KaK MOKa3aHO

Ha pHUCYHKE.
X oo

IlocTpoenne ¢ppoHTa IO JHArpaMMe

Tem caMBIM MBI TOKA3aJdU, 9TO BCAKUH y3€J1 MOXHO NMpeAcTaBuTh (pporTom. Ha-
puMep, Ha CAeAYIONeM pUCyHKe n306paxeHbl (PPOHTHI U JAATrPAMMBI IEBOT'O U IIpa-
BOT'O TPHJINCTHUKA (clAeBa Mo (GPOHTY TMOCTPOEHA AMarpaMma, a cipaBa, HaoGopoT,
no auarpamMme — (GpoHT):

b
)

JIeBbIIT TPHIHCTHHK IpaBerii TpHIHCTHUK
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Yaen, npefcTaBieHBIN HPOHTOM, HABHLIBACTCA AEHCAHIPOSHLM Y3AOM. AHAJOT me-
pecTpoek PeliemenicTepa s JeKaHIPOBBIX Y3J0B, OMUCHIBAIOIIIX TOMOJOTHIECKY IO
SKBUBAJEHTHOCTD ABYX Y3JOB, B ABHOM BH,Ie ObLT BhITIAcaH coBceM HepaBHO /. B. Pyxk-
com u C. JI. TabaunukoseiM. [TosTOMy mepedncieHHbIE B CAEAYIONIER TEOPEMe TEpe-
CTpPOUKH MBI 6y1eM Ha3bIBaTh nepecmpotikamu Pyrca—Tabaunurosa.

TEOPEMA (/. B. dyKc, C.JI. TABAYHUKOB [13]). [Jea dponma npedcmasas-
10M 2K6UBAAEHMHBIE Y3.4bl Mo20a U Mmoabko mozda, kKoeda om odnozo Pponma x Ipy-
20MY MOJNCHO NEpetimu KOHEUHOU NOCAed06aMEADHOCTbI0 CACOYIOUUT NEPECMPOER:

1)/\‘¢’X uau SN <2 /AN

[ e (<K
X
o e

ONPEJAEJEHVE. B oTindne oT NpHBeIeHHON BBINE SKBUBAICHTHOCTH (TOMNOJO-
PHYECKON) CKaXkKeM, 9TO JBa JEXKAHPOBHIX Y3714 A€HCAHOPOSO IKEUBAACHMHBL, ECIH
oT (pOHTA OJHOTO M3 HUX MOXKHO MEPENTH K (PPOHTY APYTOro MPH MOMOIIH TOJIBKO
TIEPBBIX TpeX nepecTpoek Pykca—TabavHNKOBA.

B kxax oM kjaacce TOMOJOTUYECKH DKBUBAJIEHTHBIX Y3J0B CYIIECTBYeT HeCKOHE-
HO MHOTO JIeXKaHAPOBO He 3KBUBAJEHTHHIX y340B. Hanpumep, cienyiomme nBa ppoHTA
MPEICTABIAIOT Ba HeysJa (TPUBHAMBHBIX y37a) U MOTOMY TOMOJIOTHYIECKH OHW HKBH-
BajgeHTHH. Ha pucyHKe mokazaHa TakiXKe TOCJAeTOBATENbHOCTh MepecTpoekK Pykca—
TabaunukoBa, mepeBOAAIIasa OJUH (DPOHT B APYTON.

<><><>< <><><

Tonojiorndeckada 3KBUBaJIeHTHOCTH ABYX HEY3JIOB
B paznmene 4.4 mMbl gokaxeM, YTO 3THW JBa Hey3da JeXKaHAPOBO He DKBUBAJCHT-

HBI. DTO O3HAYAET, 9TO Jr0basd MOCAe[0BATEALHOCTE mepecTpoek Pykca — Tabaunu-
KOBa, MEPEBOAIIAsA OJWH (PPOHT B APYTOH, 06A3aTEABHO CONEPKUT XOTA OBl ONHY
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nepecTpoiiky Tumna 4). Mbl npusefem Takxke Teopemy . Damambepra, onmchiBa-
OIIYIO JIEKAHIPOBY KBUBAJCHTHOCTH CPENM TOMOJOTUYECKN TPUBUATBLHBIX Y3J0B.

4. IHBAPUAHTHI

Mag Toro, 4To6Bl 0KA3aTh, YTO ABa y3Ja DKBUBAJECHTHBHI, JOCTATOYHO TIPEIh-
ABUTH M3OTONWIO MEX Iy HUMU, 3aaHHYIO, HApUMep, MOCAe0BATEALHOCTHIO TIepe-
cTpoek PelijieMelicTepa A COOTBETCTBYIOMINX AUATPAMM.

CraHgapTHBIM IPUEMOM 0Ka3aTelbCTBA HE3KBUBAJEHTHOCTH, KAK B TEOPUH y3-
JOB, TaK W BOOOIIe B MaTeMaTHKe, ABAACTCA UCIOIb30BaHNE NHBAPUAHTOB.

4.1. OBUIEE NOHATHUE NHBAPUAHTA

,Z[OHYCTI/IM, B KaKOM-TO MHOXecTBe X 3aJaHO OTHOIIIECHNE SKBUBAJCHTHOCTH. Oro-
6pa)KeHI/Ie X — A maszpiBaeTcsa UHBAPUAHMOM, €CJH OHO IIPDUHUMAaET PaBHBIC 3HATCHUA
Ha 3JeMeHTaX X, SKBUBAJECHTHBIX MEXK Y coboii. B kauecTBe A MOXHO UCIIOJAL30BATE
MHOXK€ECTBO HpOI/IBBOJIbHOf/i IpUpoOabI. Ecau A cocrour us quces, TOBOPAT O 9IUCJJO-
BBIX HHBapHaHTaX; €CJIN U3 MHOT OJICHOB — O IMOJMMHOMMAJBHBIX MHBapHUaHTax, M T. 1.

IlouaTue WMHBapuaHTa peaJbHO pa60TaeT B T€X CAy4vadX, KOT'Ta B MHOXKECTBE X
OTHOLIEHNE 3KBUBAJECHTHOCTH YCTPOEHO AOCTATOYHO CJO0XKHO, a B MHOXKECTBE A opo-
baeMa, PaBEHCTBa pearacTcA JOCTATOYHO MPOCTO.

[MpuMEP 1. /IBoWiHOEe OTHOINEHWE KaK WHBAPHAHT YETBEPKU TOYEK HA MPAMON
OTHOCHTEJIBLHO OTOOPAKEHNN EHTPAIBHOTO TTPOEKTUPOBAHNA.

PaccvoTpum MHOXecTBO X, dieMeHTaMHU KOTOPOTO ABIAIOTCA YIOPAIOTEHHBIE
qeTBEPKM TOYeK Ha TpaMon. /[IBe derBepkm, Ay, Ao, Az, Ay m By, By, B3, By, 6y-
IeM CUMTATh SKBUBAJEHTHBLIMHI, €CJAN MIPAMBIE, HX COAEPKAIINE, MOKHO PACIOJOKITH
Ha TIOCKOCTH TaKUM 06pazoM, ITOOHI IeHTpadbHad MPOEKINA U3 HEKOTOPON TOUKMI
mIockocTn mepepoamaa A; B B; maa Bcex i =1, ..., 4.

By B, B3 By

DBHBAJEHTHOCTE ABYX 9€TBEPDOK OTHOCHTEJIBHO HeHTpaJIbHOI;I npoeKnuu

3ATAYA. JloKaxknTe, 9TO OJHY 9eTBEPKY MOKHO TIePEBECTH B APYTYIO TOTAa U
TOBKO TOT/Ia, KOT/1a BHITTOJHACTCA MPOTOPINA
A1—As3 A1 - Ay Bi—Bs Bi—By
Ay — A3 " Ay — Ay By —Bz By— By
Al — Az AL — Ay
Ay — Az T Ay — Ay
ueK) ABASAETCA MHBAPUAHTOM yTIOPA T09MeHHON 9eTBEPKHU TOYeK Ha IpAMoil. PeayabraT

MbI BUAWM, 9TO BETUIUHA (dsotinoe omuowerue vembiper mo-
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TMPeILIAYINER 3aa9 TOKAa3bIBAET, YTO BTOT WHBAPDUAHT OYEHB CHJABHBIA: €CAU €0
3HAYEeHNA Ha ABYX DJIEMEHTAX COBMAIAIOT, TO CAMHU 3JAEMEHTHl DKBUBAJCHTHBI MEXK Ty
co6on. UuBapuanT, 06Ja1al0NMHA TAKUM CBONCTBOM, HA3BIBAETCS NOAHbBIM.

Takum o6pazoM, TBOMHOE OTHOMIEHUE YETHIPEX TOYEK ABAAETCA TOTHBIM HHBAPHU-
AHTOM OTHOIIEHNA TPOEKTUBHON 3KBUBAJEHTHOCTH.

[TPUMEP 2. DuepoBa XapaKTEPUCTUKA IBYMEDHOU MOBEPXHOCTH, IPEACTABICH-
HOW B BHU/€¢ TPUAHTYJIANNN.

BeAkyio KOMIAKTHYIO JBYMEPHYO MOBEPXHOCTH (cdepy, ToOp, auck, aeHTy Mébn-
yca W T.1I.) MOXKHO Pa3pe3aTh Ha TPEYTNOABHUKN TaK, YTO JIO0BE JBa TPEYrOJbHUKA
60 BooOIIe He TlepeceKaloTca, AMH60 UMe0T OHY OO6UIyIo BepmmHy, Aubo ogHy 06-
myto cTopoHy. Takoe pazpesanne Ha3bIBaeTCA mpuaHaysayuet TOBEPXHOCTH.

Komb6unaTopHoe 3a1anne TPUAHTYJAATNN COCTOUT B TOM, UTO BCE BEPIIWHBI HY-
MepYIOT, a 3aTeM YKa3blBalOT, KAKHE TPOUKHM HOMEPOB OTBEYAIOT I'PAHAM TPUAHTY-
JAATUN.

IIpumep. Tpnauryasunsa (1,2,3), (1,3,4), (1,4,2), (2,4, 3) sagaeT chepy:

Y

Tpraaryranua cgepb

Jiigeposoti rapakmepucmukoli TPUAHTYIAUNN HasbiBaeTcA 4ucao f — e + v, Tje
f — "mcao rpaHenl (TpeyroJbHWKOB), € — [ucao pebep (CTOPOH TPeyTrOJbHWKOB),
¥ — 9WCJIO BEpIINH.

PyHAaAMEHTATbHAA TeOpeMa KOMOMHATOPHOH TOTOMOTHH TMIACAT, ITO HHIepoBa
XapaKTePUCTHKA He 3aBACHT OT BLIGOPAa KOHKPETHOH TPHAHTYIANH, & OTIPeIeIAeTCA
TOMOJOTMYECKUM THIIOM caMoll moBepxHocTH. Clie/loBaTeNbHO, 3IIEpOBa XapaKTepH-
CTWKA ABIAECTCA MHBADHAHTOM MOBEPXHOCTH, PACCMATPHBAEMON KaK TOMONOTHIECKOE
MPOCTPAHCTBO.

N3BecTHO, 9TO MObGad KOMIAKTHAA OPHEHTHPYeMad TTOBEPXHOCTH 6e3 Kpas Mpe/l-
cTaBasgeT coboil chepy ¢ pydKaMu, IPUFIEM eCln § — TO 9UCAO PYIeK, TO SHIepoBa
XxapaKkTepucTnka paBHa 2 — 2g. Taknm 06pa3om, 51iIepoBa XapaKTePUCTHKA ABAACTCA
MOJHBIM TOTONOTHICCKAM WHBADHAHTOM KOMIIAKTHON OPHEHTUPYEMOH MOBEPXHOCTH
6e3 kpad. [[1A TPOM3BOMBLHBIX KOMIAKTHBIX JBYMEPHBIX MOBEPXHOCTEH MBI TOSYTHM
TOJHBI MHBAPUAHT, €CIU K DHIePOBON XapaKTePHCTHKE T06aBUM ellle Be BeTUIHHBI:
YUCAO KOMNOHEHM KpaA (MTPUHUMAET HATYDAXbHBIC 3HAMEHAA) W OPUEHMUDYEMOCTb
(MpUHUMaeT 3HAUEHUA B MHOXKECTBe {/1a, HET}).

3A1A4A. [lpoBepbTe, 9TO caeAyIOIINe IBe TPUAHTYIANNE 33 ai0T TTOBEPXHOCTH
C OIMHAKOBOU BUIEPOBON XapaKTEPUCTUKOW, HO TOMOJOTMIECKH HEDKBUBAJECHTHBIE:
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)a (21315)1 (21516)1 (11416)1 (31517)1 (41617)1 (41617)1 (11317)1 (21417)1
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[\]

13)7 (17374)1 (11415)7 (11516)1 (17677)1 (17778)1 (11819)7 (27376)1 (21617)7

4.2. NHBAPUAHTHI Y3JIOB

I/IHBapI/IaHTbI, TMpUuAyMaHHbIE JIOABMU NJAA PA3JUYIEHUA y3/J0B, TIOUCTUHE HEUCHTN-
CJINMEIL.

Haumewm ¢ KpaTKOr'o OnmucaHuA HECKOJABKHNX 3aMeYaTeJbHBIX MHBAPpUaHTOB, UT'Pa-
OIIUX IO Pa3sHbIM IIPpUYUHaAM BaXHYIO POJb B TEOPUHU y3J0B.

> Hucao nepeceuenud, T.e. MUHIMAJIbHOE YUCJAO JABOWHBIX TOYEK Ha JHATPAMME
yaaa.
B xakom-To cMBIcie WHCAO TEpecedeHNH MOXKHO CINTAaTh MEPOU CJIOKHOCTH
yaaa. YaJdbl ¢ YUCAOM TepecedeHnid | miam 2 Bce TpuUBHAJbHBI. [IpocTenmrui
HETPUBHUAIBHBIN y3€Jl — TPUWINCTHUK — UMEET YHUCJAO TIepeceveHnil, paBHOE 3,
M C TOYHOCTBIO [0 3€PKAJBbHOIO OTPAXKEHNA DTO €IUHCTBEHHBIN Y3€el C TpeMs
mepecevdeHnsAMHA.

B Tabautax y3ael TpaauIMOHHO YIOPAAOYABAIOTCSA MO YUCAY MEPECEIEHIH.

> Tonoaozuueckuti mun donoaHeHUuAs — TIONHBIA MHBAPUAHT HEOPUECHTHPOBAHHO-
ro y3Ja.
1o Teopema l'oppana-Jlioke, fokazannas Toabko B 1989 roay, xorsa npobiaema
6BlIa ocTaBAeHa ellle B Hadade X X Beka. Teopema 3By4YHT Tak: ecau donoame-
nua R3\ Ky uR3\ Ky deyr y3.406 2omeomop@rbl, mo camu y3.avl 5K6U6 AACHMHbL
€ MouHoCmMbI0 JO OPUEHMAYUY Y340 U OPUEHMAYUU NPOCTMPAHCMEA.

> Pod ya/ia — HaMMEHBIINI PO,T ero MoBepXHOCTH 3efidpepTa (cMm. crarhio B. IIpa-
cosoBa B HacToAIIeM c6OpHUKe, ¢. 116— 126).

> ['pynna ysia — ¢yHIaMeHTadbHaA IPYMIa TOMOJOIHIECKOr0 MPOCTPAHCTBA
R3\ K (gononHenus K yaidy B IPOCTPAHCTBE). DTa TPYMNa COCTOMT U3 KIACCOB
SKBMBAJCHTHOCTH 3aMKHYTHIX IyTel, HAYMHAIOMUXCA W 3aKaHIUBAIOMIAXCA B
OTHOW W TOW e To4Ke (TPYNTOBasd ONepalua — MOCAeJOBATEAbHOE MTPOXOXK /e
Hue aByx myTeit). CylecTByeT TPOCTON alrOPUTM 3aaHUA TPYIIHL y3aa Mpu
MOMOIIH 06Pa3yoIMX W OTPEIENAIONINX COOTHOIIEHUT (CM., HanpuMmep, [7]).
HeskxBuBaJeHTHBIE y3JIbI MOTYT HMETh H30MOPdHbIe rpynnbl. Hanpumep, rpym-
nel 6a6yIIKAHA y3/a U CKBep-y3Ja M30MOPMHBL:

/"_ m
— S

Ba6yniknn y3er CkBep-y3zea
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O6a »Tu y3aa cocTaBHBIE: OHU TOMIYYAIOTCA KOMIIO3UIWEN NBYX TPUINCTHUKOB
(ABYX JIEBBIX WK JA€BOTO U MPaBoro). NHTEepeCHO OTMETHTD, YTO JUIA MPOCTHIX
y3J0B TOJOOHBIN TPUMED HEBO3MOMXKEH. JTO BHITEKAeT W3 TeopeMbl ['opgana—
Jlioke, cchopMyanupoBaHHON BhIllle, W caeaytouieln Teopembl [29]: Fcau epynnu
deyr npocmulr Y3408 u30MOpPHBL, MO MU Y346l umelom 2omeomopduvie do-
NOAHEHUA.

4.3. MMoanHOoM J[?KOHCA

Oco6oe 3HaYEeHNE B TEOPHUH Y3JOB MI'DAlOT WHBAPHAHTHBIE TOJUHOMBI, T.€. WH-
BapUaHTHI Y3J0B, TPUHUMAIOIINE 3HAYEHUA B KOJbIE MHOTOWIECHOB OT OJHOTO WU
HECKOJBKUX MEPEMEHHBIX. [lepBLI M3 TMOIMHOMUAJBHBIX WHBAPUAHTOB OBLI BBEIEH
Jlx. Anekcangepom B 1920-x rogax. Koncrpykuns Asekcangepa TOBOJBHO CIOXKHA.
B mocaegume rogbl MOABUIOCH MHOXKECTBO PA3JNYHBIX WHBAPUAHTHBIX TOJMHOMOB,
Ui KOTOPBIX CYIMIECTBYIOT TPOCTHIE AT OPUTMBI BHIYUCACHUA UX 3HAYEHWH MO Jua-
rpaMMe yaaa. I3 HUX MBI IPUBEEM ONPeETeHIE TOJBKO OTHOTO: moanHoMa [[KoHca.
(OnpeneneHne n OCHOBHBIE CBONCTBA IPYTUX TOJWHOMOB MOXKHO HAWTH, HATIPUMED, B
kHure [22]).

Honunom [I:koHca ompefenseTcs MO AuarpaMMe y3Ja MOCPEICTBOM HECKOABKHUX
MPOCTHIX TMPAaBWI. 3aMeTHM, ITO moanHoM [[koHca HeO6XOAUMO OMPEAENaTh Cpasy
Ui Y3J0B U 3ayendeHuti, TIOCKOJIbKY MPH MEPECTPOUKAX AuarpamMm, KOTOpbIE (u-
CYPHDYIOT B IIPUBEJICHHOM HHXKe PEKYPPEHTHOM cooTHomeHun (1), nmarpamMma yaiaa
JIETKO MOXKET MPEBPATUTHLCA B AUATPAMMY 3alleTJIeHNA . SalelIEHHE — 3TO MHOT OKOM-
TMOHEHTHBIN y3€eJ, T.e. Habop HECKOABKUX 3aMKHYTHIX DNJIaJKUX KPUBBIX B TPOCTPaH-
CTBe, pPaCCMAaTPUBAEMBIX C TOYHOCTHIO M0 TIaaKou maoTonuu. Kaxgad KOMIOHEHTa
3allelJeHns MOXeT OBITh 3ay3/eHa Kak camMa ¢ CO0OW, TaK W C APYTUMHU KOMIIOHEH-
TaMu. SalelIeHus m300pakaioTcs Ha MIOCKOCTH MPH TIOMOIIN TaKUX K€ TOYHO THa-
TpaMM, ITO U Y3JbI, C €[HHCTBEHHOW PAa3HUIEN, 9TO MIOCKAA KPUBasd, COCTABIAIONIAT
quarpaMmy, MOXKeET COCTOATh U3 HECKOABKNX KOMITOHEHT CBA3HOCTH.

ONuPEAEJNEHUE. [loaunom [Jncornca V — 3TO JOPaHOBCKUN MOJUHOM OT TTEPEMEH-
HOW \/t, ollpelesseMbIi COOTHOIIIEHUAMM:

0 v ) = (5) = @7 = (5

@ vi(O)=1.

Jlopanosckum noauHomom OT TEPEMEHHOU, CKaXeM, T, HA3bIBA€TCA TOJUHOM OT
nepeMeHHLIX ¢ 1z~ !. Taxum o6pazom, moamaoM [[KoHca IpeJcTaBIgeT cO6OM HeKO-
TOPYIO JUHEUHYIO KOMOUHAIINIO TIOJOKUTEILHBIX U OTPUIATEILHBIX MOAYTIEIBIX CTe-
TeHed OYKBHI t.

CooTHomrernne (1) cBasbiBaeT MeX 1y coboi moanHOME JIXKOHCA TPeX 3alerIeHuH,
KOTOpBIe BHYTPU HEeGOJBINOTO IIapa BHITIAAAT, KaK HAPUCOBAHO Ha KapTHHKAX, W
COBEPIIIEHHO OMHAKOBHI BHe »Toro mapa. CooTHommenne (2) raacuT, 9TO MOIHHOM
JlxoHca TpuBHadbHOTO y3aa paseH 1. Mcmoabsysa coornomenne (1) pekyppeHTHO,
MOXKHO BBIYHCAUTE ToAUHOM [IXKoHCa J1060T0 yaaa Wil 3alelieHus My TeM CBejIeHus
€ro K HadalbHOMY ycaoBuio (2). PazyMeeTcs, Ha o ellle 10Ka3aTh, 9TO PE3yABTAT He
3aBUCHT OT MOCJIEI0BATEIBHOCTH JeUCTBUN, a TakXke, 9TO moauHoMm /IKomHca ompe-
NeJIIeTCA M3OTOMMYECKUM KJIACCOM y3Ja, T.e. He MeHAeTCA TpH mepecTpolikax Pen-
neMerncTepa. JTO JEUCTBATENHHO TaK, HO I0Ka3aTelbCTBA MBI IPUBOAUTE He Gy IeM.
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Hoaunom /IxoHca o6manaeT MHOTUMEI 3aMed9aTeIbHBIMUA CBOUCTBAME. Y TOMAHEM
cleyToIIme.

> ,Z[JIH BaHeHJIeHI/Ifl C HEYIE€THBIM YUCJIOM KOMIIOHEHT (B TaCTHOCTHU, OJA y3JIOB) BCeé
CTEIIEeHN HepeMeHHOﬁ t B MOJMHOME ﬂ)KOHC& oeanie, a nJad BaHeHJIeHI/Iﬁ C Y€THBIM
IUCAOM KOMIIOHEHT — NOJYTEIBIEC.

> [Moaunom J[IKOHCa CBA3HOU CYMMBI Y3J0B paBeH NMPOW3BEJAEHUIO MOJUHOMOB
JlxoHCa craraeMbIX.

> IMorwHowm /[xKoHCca He MeHAeTCA MpW OOpAIIEHUN y37a, T.e. TP 3aMeHe Halrpa-
BJIeHNA 06X0/1a Ha TPOTUBOTIONOXKHOE.

HecvmoTpsa wHa To, uTo moanroMm JIKoHca «He TyBCTBYeT» OpUEHTAIINN CAMOTO y3-
Ja, OH YyBCTBYET OPHWEHTAIIWIO TpocTpaHcTBa. HampuMep, oH MO3BOAAET OTAUINTH
JEBLI TPUJINCTHUK OT MPABOT'O, Y€T0 HEAb3A CAeJaTh MPU TOMOIIM ToJuHOMA AJek-
carepa. Cellyac MBI TpoeqaeM HEOOXOUMBIE A DTOTO BHIKJIAKN, HAYHMHAS C BbBI-
qUCTEeHUs TOMNHOMOB [IKOHCA TPOCTENINX 3aleNJIeHAN.

(O0) =-or-rr
leticTBurentHo, coraactuo (2) V (O()) =V (CX)) = 1. Torga (1)
maer t=h —t = (t/2 =1V (O O) , OTKY/la U CAeJyeT OTBeT.

)V (CD) -

HpI/IMeHI/IM 1) X MCXOMHOMY 3alleTIeHHIO:

v (CD) (D) = - QD).
Ho V (@D) — (2 +471/2) 1o mynxry (i), a V (@:)) = 1 coraacto

(2). CaenoBaTensHo,

(QO) t1/9 t—1/2) _ tz(t1/2 + t_1/2) — M2 52
111 (OO) —¢75/2 _¢=1/2,

AHaTOTUYIHO TIPEBIAYIIEMY:

v (QD) - (QD) =@ -rv (QD)

CaenoBaTeabHo,

(OO) t1/2 t_1/2) _ t_2(t1/2 +t_1/2) — _y-5/2 =12
|4 (&) =t 4172 417
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Ncnonwsysa (1), morygaem:

RUENRUENERE N

Nanee, V (C@Q) = 1 mo (2), xak moanroM /I)KOHCa TPUBHAABLHOIO Y3714, a
Vv (&) =V (C@) = —t7%/2 — =12 110 (iii). CaegoBaTembHo,
v ((L\ ) — 42 _ t—1(t1/2 _ t_1/2)(—t_5/2 _ t_1/2) — B gt

(8-
T

V(&):lno 2), (&) :V ):—t1/2—t5/2no(ii).
Mostomy V (C/Q)) =2 4t (t2 =) (2 15 = 1

s pPa3angausa IMMOJMHOMOB ,Z[)KOHCZL JEBOT'O U TIPABOT'O TPUAUCTHUKOB BBITEKAECT UX
HEBKBUBAJECHTHOCTD.

4.4, JIEXKAHAPOBBI UHBAPUAHTBI

IIpuBemem omnpefencHme ABYX MPOCTEUININX WHBAPUAHTOB JEXKAHIPOBOU DKBUBaA-
JEHTHOCTH (DPOHTOB (T.€. JEKAHAPOBBIX Y3J0B, cM. pasjen 3.2): uncao MacnoBa py
u uncao Bennekena (3, KOTOpble He SABAAIOTCA TOMOJOTHYECKUMI WHBAPUAHTAMU B
TOM CMBIC/TE, ITO UX 3HAYEHNA HA TOTIONOTMYECKN 3KBUBAICHTHBIX y3JaX MOTYT pas-
andaThbea. [Ipu cmene opuenTanum dpoHTa umucao MaciaoBa MeHAET 3HAK, a UUCIO
Bennekena e mameHseTcA.

ONPEAEJEHUE. Tovky Bo3BpaTa Ha30BEM ROAOHCUMEALHOU, €CIN B €€ OKPECTHO-
CTHU OpUEHTANNA UeT C HUXKHEU BETBU HA BEPXHIO, N OMPUYAMEAbHOL B TPOTUBHOM
cray4ae.

o e =X o

IHomoxureasHpIle TOIKH BO3BpaTa OTpI/IHaTGJIbeIG TOYKH BO3BpaTa
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Hucaom Macaosa p(L) nexangposa ysna [ Ha3bIBaeTCA MOJIOBUHA PA3HOCTH MEXK Y
YUCTOM TIOJOXKUTENBHBIX U YHCIOM OTPUIIATENBHBIX TOYEK Bo3BpaTa (dpoHTa L.

pm =g (# <) =) - # <) -# =

ONPEAEJEHUE. /[BolHYO TOYKY (PPOHTA HABOBEM RNOAOHCUMEAbHOU, €CAU OPH-
EeHTAlNN JBYX BeTBel (hpOHTA B HEW HANPABJIEHHI B Pa3HbIe MOMYIIOCKOCTH, I OMpPU-
yameabHotl B MIPOTUBHOM caydae. [lockoabky GPOHT He MMeeT BEPTUKAJbHBIX Kaca-
TeTbHBIX, TAKOE OMpejIeJHIe 3HaKa TBOMHON TOYKH KOPPEKTHO.

w2 =X

IHomoxureasHpIE ,Z[BOI;IIHBIG TO9KH OTpI/IHaTGJIbeIG ,Z[BOI;IIHBIG TO9KH

Hucaom Bennexena f(L) mexanaposa ysaa L Ha3bIBacTCA PA3HOCTb MEXJY THCIOM
TMOMOKUTENBHBIX U YUCAOM OTPHUIATETHHBIX JABOMHBIX TOYEK, YBEANYEHHAA HA MOJO-
BUHY OOIIeT0 YNCTa TOYeK Bo3BpaTa dpponTa L:

B(L) = # >O§ —# >®< + <+%# >

YTPAXKHEHUE. [lokaxure, uTo uncaa p(L) u f(L) — nexaHgpoBE HHBAPUAHTHI.

(Vrasanue. TIpoBepbTe, 9TO OHN He MEHAIOTCA PN TlepecTpoiikax Pykca—Tabad-
HWUKOBA. )

[1. Benneken [6] gokaszad, aro uncao S(L)+|u(L)| He MeHBIIe 5iIepOBOT XapaKTe-
PHUCTHKH TPOM3BOJILHON TOBepXHOCTH 3efihepTa y3aa L (cm. craThio B. TlpacosoBa B
JTaHHOM BHIycKe, c. 116-126). Ycunenue sToro HepaBeHCTBa CM. B cTaThiax [12, 23, 9].
(IIpedocmepencenue. B craTbax [6, 12, 23] ncnoabsyeTca NTpOTHBOMOMOKHOE HAIIEMY
coruamreHne 06 OPUEHTANNN OOBEMIIONIETO TPOCTPAHCTBA, TIOITOMY COOTBETCTBY-
IOI[ie HEPABEHCTBA B HUX MMEIOT MPOTUBOMOJOKHBIN 3HAK. MBI MCIOAB3yEM 3/€eCh
corJialieHne, o6IIeNPUHATOE B TEOPUH Y3JIO0B. )

JlJ1s1 ek aHAPOBBIX Y3J0B MOXKHO IMTOCTPOUTH TEOPHUIO NHBAPUAHTOB KOHEYHOT O 1O~
pAjiKa, aHAJOTUYHYIO T€OpHH WHBapuaHToB BacuibeBa u3 clefyommero pasieraa (cM.
[12]). TIpu sTom g umeer mopsaok 0, a 3 — nopsagok 1. W, 94To camMoe yauBHTENb-
HO€E, BCE OCTAJbHBIE JEXKAHIPOBBI NHBAPUAHTHI KOHEYHOT O TTOPSA KA, OTIANIHBIE OT [ U
(3, ABAAIOTCA MHBaAPUAHTAMHI TOMOJOTUYECKON SKBUBAJCHTHOCTH, T.€. WHBAPUAHTHBI
TakXke W OTHOCUTEJIbHO deTBepTON mepecTponkn Pykca—Tabaunukosa.

Yucaa Macioa n BeHHekeHa IBYX HEY3JI0B (TOMOMOTMYECKM TPUBHAIBHBIX Y3-
JIOB), TIPHBEJIEHHBIX B KOHIE pazjela 3.2, BEIYUCAAIOTCA Ha PUCYHKe Ha CIeAyIoen
CTpaHUIE.

Pasauvne p u f ama 5TuX HEY3/I0B JI0Ka3bIBaeT WX JEXKAHAPOBY HE3KBUBAJEHT-
HOCTB.



Y3Jpl U UX HHBAPHAHTHI 77

)

@
<>O<><g S ®
@ S 2 & & S
lu:? [)’:5 @ ,u:l /)):4 @

Hucra Macrosa n BeHHekeHa ABYyX HEY3JOB

TEOPEMA (DJUAWBEPT[11]). [Jea aexncandposur Heysaa aexncandposo skeusa-
Aenmubl moada u moavbko moezda, xKozda oHu umelm odunaroswvie uucia Macaosa u
Fennerena.

JloBOJIBHO 0JT0 6B OTKPBIT BOIPOC 06 aHAJAOT e TEOPEMBI DIHAIIOEPTa I PO~
u3BoJbHBIX y37a0B. Henasuo K. Yekanos [8] mpe1yoxXua HOBbI MOIIHBIN HHBAPUAHT
JeXKaHIPOBON DKBUBAJECHTHOCTH U JOKA3aJ, 9TO CJAeYIOIINe ABA y3Jaa JeXKaH IPpOBO He-
3KBUBAJEHTHBI, XOTA TOMOJOTHYECKH OHN SKBUBAJEHTHBI M MMEIOT OUHAKOBBIE YHACIA
Maciaosa n Bennekena.

SEX e

Ilapa HexanoBa

Mui ocTaBisgeM YUTATENO B KAYeCTBE YIIPaXKHEHNA MPOBEPKY TOTO, YTO TH IBA
y3J1a TOTIONOTWYeCKT SKBUBAJIEHTHHI U 4TO WX uncaa MacaoBa paBubl 0, a uncna Ben-
HeKeHa paBHBI —1.

5. IHBAPUAHTHI BACUJIBLEBA

WNuBapuanTel BacuabeBa mpeacTaBasioT coOON caMblil MOIIHBIN W, B M3BECTHOM
CMBICJIE, CAMBIN MMPOCTON KJIACC YUCACHHBIX MHBAPUAHTOB Y3JO0B.

5.1. IHBAPUAHTBHI BACUJBLEBA

NuBapnanThl BacuibeBa (MHBapHaHTHI KOHEYHOTO THUMA) MOABWINCH oKoao 1990
roja B paorax B. BacuabeBa (cMm., Hampumep, [27]) mo TONOIOr UM IMCKPUMUHAHTOB
B GECKOHEYHOMEPHBIX MPOCTPAHCTBAX OTOOPaXKEHUN. JTO HE ONUH KaKOU-TO MHBaA-
puaHT, KaK moamHoM JIKOHCa, a [eablil KiacC WHBAPUAHTOB, BHIJEASEMBIN OMpe/e-
JEHHBIM CBONCTBOM.

Vcxonnas njes 3akao9aeTcs B TOM, ITO HYKHO BBECTH B PACCMOTPEHHE, TOMIMO
OGBIMHBIX Y3JIOB, €Ile TaK Ha3bIBAEMbIE 0COObIE Y3.bl, W OMPEJETUTH MPOTOIKEHUE
WHBAPUAHTOB, ONPEIEJEHHBIX TMEPBOHAYAIBHO IS OOBIYHBIX Y3JOB, Ha MHOXECTBO
BCEX OCOOBIX Y3JOB.

OUPEARIEHUE. Ocobbim y3.40M HazblBaeTCA Taagkoe oTobpaxenme K : ST —
R3, apagiomeeca BIOKEHHEM BCIOAY, KPOMe KOHETHOT'O IHC/IA TPOCTHIX JBONHEIX TO-
4eK (T.e. TOYEK TPAHCBEPCAIBHOI'O CAMOIEPECEUEHHUH).
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MHuoX)ecTBO BCeX OCOOBIX Y3JI0B C N IBOUHBIMH TOYKAMH, PACCMATPUBAEMBIX C
TOYHOCTBIO 10 U30TONNH, MBI 0603Ha4YMM 4Yepe3 X,. B qacTHOCTH, X)) — 3TO MHOXKe-
cTBO (KJIAaCCOB SKBUBAJIEHTHOCTH) OOBIYHBIX y3/10B. Bykson X' 6e3 nHgeKca MBI Oy 1eM
ob6ozHavaTh 06beHEHNE BCEX A, .

Juarpamma 0co60ro y3ma OTAMIaeTCa OT AUATPAMMBI OOGBIYHOTO Y3713 TeM, UTO
Ha Hell, KpOMe TOYeK MPOX0/[a U MePEX0oa, eCTh €llle TOYKH CaMOIEPECeIeHns, KOTO-
pble Ha PUCYHKAX MBI Oy1eM m3o6paxaTh KUpHBIMI TouKaMu. [TockoabkKy KacaTemb-
HBIE K JBYM BETBAM KPHUBOW B ABOUHOW TOYKE y3Ja Pa3iWdHBI, X MOXKHO CINTATH
PAa3IUYHBLIMA W HA AWATPaAMMe.

BoT npumep oco6oro yzaa ¢ AByMs IBOMHBIMU TOYKAMHE:

Kaxayo qBONHYIO TOYKY 0COGOTO y3aa MOXKHO paspeuiims IBOAKUM 06pazoM:

/ C\
| \

/

> IOJOXUTEJIBHO — nian

~

»—>//ﬂ\
l\//

~

o~
! \
J
N~
/
> OTPHIATEIBHO | !
J
N~
YTUPAKHEHUE. IlyTeM BpalieHus TOJOBBI W ABHWXKEHUA JAucTa GyMaru B TPO-

CcTpaHCTBe y6eIUTech B TOM, 4TO 0be olepalliil KOPPEKTHO OoIpe/ielleHbl Ha U30TOIIHN-
YECKWUX KJIaccaX y3/M0B W NMPU DTOM He 3aBUCAT OT BBIODAHHOW HAa y3/e OpMEHTAIWH.

OnPEAEJNEHUE. Ilycts f: Xy — A — HekoTOpBIN HHBapuaHT y31a0B. I[Ipodoaice-
Hue uneapuarnma [ wa ocobvie yzavt — 3710 pyukuus f : X' — A, coBmajgaromas Ha
Xo ¢ f u yaoBaeTBopsiomans coomHuouenuio Bacuavesa

A ))zf((<?>))—f((x,5.

B sTom cooTHOIIeHNN GUTYPUPYIOT TPU OCOOHIX y3ada, AMarpaMMbl KOTOPHIX COBTIa-
JalT MeXIy coboll BCooay, KpoMme ykazaHHOTO (pparmenTa. Oba yamaa, cTOAIINE B
MpaBOW YaCTH, UMEIOT Ha OMHY NTBOUHYIO TOYKY MEHBIIE, 9€M Y36, CTOAMIANA B JEBOU
qacTH.

[Monb3ysck 3TUM COOTHOINIEHWEM PEKYPPEHTHO, BCAKHU WHBAPHUAHT, 33 aHHBIN
TIEPBOHAYANBHO Ha OOBIYHBIX Y3/JaX, MOXKHO TPOIOMKUTHL HA MHOXKECTBO BCEX OCO-
OBIX Y3JOB.

[MpuMEP. CocunTaem 3HaYMEHUE TPOAOIKEHHOTO o BacuabeBy monmaoma /] xoH-
ca Ha ocoboM yaJe, IPUBEACHHOM BHBINIE B KavdeCcTBE NPUMepa.
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OnPEAEJEHUE. WuBapuant [ : Xy — A HazwiBaeTca uxeapuanmonm Bacuavesa
nopAgka < n, €CAu ero Ipojo/KeHHe Ha MHOXECTBO OCOOBIX y3JI0B obpalllacTca B
HYJb Ha BCEX y3lax, UMEIOMnX 6ojee 9eM n TOYEK caMOIepeceeHNA.

MuoxecTtBo V,, Bcex mHBapnaHTOB BacmiabeBa mopagka < n obpasyeT auHetiHoe
npocmpaxHcmeo, TaK KakK JWHEHHasd KOMOWHAIWSA HECKOIbKHX TaKWX WHBApPUAHTOB
BceT 1a IpuHAAIeXKUT V,. Hac B mepByio odepenb GyieT WHTEPECOBATH BOMPOC, YeEMY
paBHa PazMEPHOCTH 3TOro mpocTpaHcTBa dy = dimV,, T.e. CKOIBKO CYIIECTBYET
JWHEWHO HE3ABUCUMBIX (CYIIECTBEHHO PA3IWYHBIX) HHBapHaHTOB BacuibeBa JaHHOTO
TIopA KA.

ITpuMEP. IlpocTpancTBO V) OTHOMEPHO W COCTOUT TOMBKO W3 KOHCTAHT.

B camom gene, eciu f € Vg, To f obGpamiaeTcs B Hydb Ha JIO60M 0COGOM y3le,
UMEIOIEM XOTA Obl OMHY TBOWHYIO TOYKY. B cmiIy ompejeleHns, 3TO 3HAYUT, 9TO
3Hadenne f Ha OOBIYHOM y3Je He MEHAETCA MPU 3aMeHe 60T 0 TPoXo 1a Ha TEPEXOI.
Ho Takumu geficTBusMu J10601 y3€1 MOXKHO PacllyTaTh, T. €. CBECTH K TPUBHAILHOMY
yaay. 3HaYUT, 3HaYEeHNEe HAIIero MHBapuanTa f Ha JA000M y3Je paBHO €ro 3HAYEHUIO
Ha TPUBUAJILHOM y3Je W, TaKUM 00OpasoM, f eCTh KOHCTAHTA.

AHaJoruvHOe yTBEPXK JeHUE UMeeT MeCTO U /IS WHBapuaHToB BacuibeBa mopsi-
ka 1. ETo gokazaTenlbCcTBO HEHAMHOT O CJAOXKHEE TTPETbIIYIIET 0, W MBI OCTaBAAEM €T0
YUTATENO B KavdeCcTBE yIPaKHECHUA.

3ATAYA. [lokaxnTe, 9TO IPOCTPAHCTBO Vi COBMagaeT c V.

ITocre >TUX ABYX IPUMEPOB CIEAYIONUI (haKT KaKXeTCA HEOXHMJIAaHHLIM, He Tak
au’?

ITepuMEP. IlpocTpancTBo Vs aByMmepHo. Kpome KOHCTaHT, OHO COAEPXKUT ellle
OJIMH HETPUBUAIBHBIN GA3UCHBIA BJIEMEHT.

ABHOe onMcaHMe HETPUBHAIBLHOT O MHBapuaHTa BacuibeBa mopsiika 2 MOKHO Hal-
Tu B crathe K. Bypmana B 3Tom BhIyCcKe, c. 94-115.

[puyuny, mo KOTOpOU HeTpWBHAJbHBIE WHBAPMAHTH BacmibeBa MOABIAIOTCA
TOJBKO B TIOPATKE 2, MOXKHO OOBACHUTE caeqyiomumM oGpazom. [lycTh v — wHBapuaHT
BacuabeBa nmopsjgka n. PaccMoTpuM ero 3HaYeHUA Ha 0COOBIX y3IaX, MMEONINX POBHO
n ABOWHBIX TO4YeK. B cmity cooTHommenns BacuibeBa u BBUY TOr0, 9TO v obpaliaeTcs
B HYJb Ha JIO60M y3Je, Y KOTOPOro GOJbIle, 9eM N IBOMHBIX Touek, 3HadeHne v(K )
He M3MEHUTCA, ecin y3eld K MoABEeprHyTh POU3BOABHON fAedopMannu (BKI0OYaA 3a-
MeHBI TIPOXO/IOB Ha MEPEXOBl M 0OPATHO), IPH KOTOPON ABOMHBIE TOYKH OCTAIOTCH
Ha Mecre. CrefloBaTenbHo, 3Hadenne v(K) 3aBUCHT JUIIb OT TOPAIKA, B KOTOPOM
npu 06X0/e y3aa Ha HEM BCTPEYAlOTCH TBOMHBIE TOYKH.
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Ecan gBoiiHas Touka ogHa (@), TO OHA MOXKET BCTPETHTHCA TOMBKO Tak: aa. Ecan
ke TBOMHBIX TOUeK ABe (@ M b), TO €CTh [Be CYMIECTBEHHO Pa3iNYHBIX BOZMOXKHOCTH,
a uMeHHO, aabb n abab. Pasauydnnie BapmaHTHI HYepeOBaHUA JBOWHBIX TOYEK TPH
o6xo/ie yaaa yao6Ho uzobpaxkaTh rpaguuecKu MOCPEICTBOM XOPAOBBIX AMATDAMM.

ONPENEJEHUE. Xopdosasa duazpamma CTENEHU N — DTO OPUEHTUPOBAHHAA OK-
PYXHOCTB, B KOTOPOU TIPOBEEHBI 7 XOP/I, BCE KOHIIBI KOTOPHIX PA3JUYHHI.

WuwiMu caoBaMu, Xop1oBad AnarpamMMa — 3TO HEOPUEHTUPOBAHHAA TayCcCOBa ANa-
rpaMMa. XOp0BbIE THATrPAMMBI PACCMATPUBAIOTCA KaK YACTO KOMOMHATOPHBIA 00H-
€KT: PacCTOAHNE MK,y KOHIIAMU XOpa U (popMa XOp/ He UMEIOT HUKAKOT O 3HAYECHNA,
BaXKeH JWIIb MOPAJOK, B KOTOPOM Maphl TOYEK, COeMHEHHBIX XOPaMi, CIeAYIOT TIO
Kpyry. XopjoBad AuarpaMma — 3TO TO JKe caMoe, 9TO CJOBO B amdaBuTe u3 n 6yKB
ai, ..., 0dn, BKOTOPOM Kax nad 6yKBa BCTpedaeTCA POBHO JABa pa3a. Takue caoBa pac-
CMaTPHUBAIOTCA ¢ TOYHOCTHIO M0 MUKIMICCKUX TEePECTAHOBOK BXOJAININX B HUX OYKB
7 TPOM3BOJBLHOW MEPEHYMEDPAIUN TTEPEMEHHBIX A1, - .. , Up.

[MpuMEPBHI. CyiecTByeT
1. oiHa XOpioBadA AMarpaMma cTerneHu 1: @;

2. 1Be XOPOBBIE AMATPAMMBI CTEMeHN 2: @, @;

3. IATH XOPJOBLIX AWATPAMM CTETNeHU 3: @, O:D, @, @, @

(TToapasyMeBaeTcs, 9TO Ha BCEX ITHX PHCYHKAaX OKPYXHOCTh OPHEHTHPOBaHA
IPOTHUB YaCOBON CTPENKH. )

Kaxgomy ocobomy yaay K, nuMeromieMy n JBOUHBIX TOYEK, OTBEYAET OMPEEIEH-
Had xopjoBas quarpamma X (K) cremenu n.

ITPuMEP. [laa ocoboro yaia, TpUBEJAEHHOTO BHIMIE B KaYeCTBE TIPUMEPA, UMEEM:

X =

[yctes CD,, — MHOXeCcTBO BCeX XOPJOBBIX AuarpamMm cremenun n. Wx «wuciao
#(CD,) nmaeT oleHKY CBepXy Ha 3a30p MEXIy PasMePHOCTHIO TPOCTPaHCTBA V, U
Pa3MepHOCTBIO TIpocTpaHcTBa V,_1 C V,. B camom jene, MBI TOJBKO YTO OO6BACHU-
Jau, KaK 7o WHBapuaHTy BacuabeBa mopajaka n MOCTPOUTH (QPYHKIINIO Ha MHOXKECTBE
XOP/OBHIX qUarpaMm mopsiaka n. Ecin o603Ha9nTh MTPOCTPAHCTBO BeeX (DYHKINN HA
MHOXECTBE XOPIOBBIX AHarpaMm Hopaaka n depes JF,, TO MBI MOJAyYaeM JUHENHOE
oTobpaxeHne

oV = Fn.
Yemy paBHO AAPO 3TOTO JUHEHHOTO OTOOpaXKeHUS, T.e. KaKne WHBapUaHTH Bacu-
JbeBa MPUHAMAKT 3HadeHnne () HA BCEX y3JaX, HMEMOIINX POBHO 1 TBOMHBIX TOYEK'
Mo onpenenermio, sTo maBapuanTh BacunbeBa nmopaaka < n— 1. UTak, aapo Hamero
0TOOpaXeHns PaBHO B TOYHOCTHU V,_1, U MBI UMEEM JUHEUHOE BIOKeHHE (HhaKTOP-
npoctpancTia Vy, /Vy_1 (nHBapnanToB Bacuibena nopsaaka < n, paccMaTpHBAEMBIX
¢ TOYHOCTHIO JI0 MPUGABICHUA HHBAPUAHTOB MopsAaka < n — 1):

o Vn/Vn_1 — Fn.
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OTcioga caegyeT, 9TO Pa3MepPHOCTH BCEX TPOCTPAHCTB V,, KOHEYHBI, IPUIEM
dimV,, /Vy-1 =dimV,, —dimV,_1 < dimF, = #(CD,,).

A demy paBeH o6pa3 oTo6paxkenns ¢ Kak MOXHO OXapakKTepu30BaTh (PYyHKIUH
Ha MHOXECTBE XOP/AOBBIX AuWarpamMm, MpUHAAIe)ammue o6pa3y 3TOro oTobpaxeHus,
T.e. MPOUCXOAAIINe m3 HWHBapuaHTOB BacuiabeBa? Takme GyHKUNM HAa3BIBAIOTCA 6e€-
COBbIMU CUCTEMAMU, & OTBET Ha 3aJaHHBIN BOMPOC NAeT CJAeAYIOMad TeOPeMa.

TEOPEMA BAcnabEBA-KOHUEBWYA. (1) (B.Bacuaves) Beakas BecoBas cucTe-
Ma yIOBJIeTBOpACT
(a) O/THOUIEHHBIM COOTHOIICHUAM

/ \Qy ~0,

(6) YIETBIPEXIACHHBIM COOTHOIIIEHUAM

(2) (M. Konyesuu) Jobas pyukuns va maoKecTBe CD,,, y10BICTBOpAIOIIAA a) 1
6), IPONCXOAUT M3 HEKOTOPOro MHBapuanTa BacmabeBa mopsaka < n.

Ha pucyHkax XOpJOBBIX AHarpamMM MYHKTUPHBIE JUHUHA O3HAYAIOT, 9TO B HTHUX
MeCTax MOTYT BCTpedaThcd ellle KaKne-To (HeHapHCOBAaHHBIE) XOP/BI, OMHU U Te Ke
V11 BCeX auarpaMM, BXOAANNX B JaHHyI0 ¢popMy.ay. Ha y9acTkax oKpyXKHOCTH, U30-
6paXeHHbIX CILIOIIHON JUHUEH, BCe UMEIOIIMeCA XOP bl YeCTHO YKAa3aHbL.

Wrak, 9T06b onpegeanTs qnciao d, = dimV, — dimV,_i, Hy)XHO cOCTaBUTH U
PElIUTL CUCTEMY JUHENHBIX YpaBHEHHUH, B KOTOPOH HEM3BECTHBLIE — 3TO 3HAYEHUA
BECOBOH CHCTEMBI Ha XOPJOBBLIX JAMarpaMMaX CTelleHH 7N, a YPaBHEHUA IIOJYYaroTCH
13 BCEBO3MOXHLIX 1- M 4-9IeHHBIX COOTHOIIeHHN. BmecTo Toro, 9To6bl TOBOPUTHL
0 3HadYeHUAX (PYHKIHUHM Ha MHOXKECTBe AUarpaMM, MOXHO B KadeCTBe HEHU3BECTHBLIX
B3ATL CaMHU DTHU AuarpaMMbl, pacCMaTpUBad X KaK OYKBLI HEKOTOPOI'O HOBOI'O aJl-

asuTa , O::O, @, ... (B camom gene, 9em 5TU GYKBBI XykKe JATHHCKAX HIH
rpedecknx?)
ONPEAEJEHUE. IIpocmpancmeo zopdosvir duaepamm A, — 3To JIuHEHHOE MpO-

CTPaHCTBO, MOPOXKAEHHOE BCEMU XOPDAOBBIMH AHar paMMaMM CTENEHU N 11O MOJAYJAIO
OMHOYJIEHHBIX W 9€TBIPEXIIEHHBIX COOTHOIIIEHUN

Nuave rosops, A, — 3T0 TpOCTPAHCTBO PEIIeHUHT OJHOPOJHON CUCTEMbI JUHETHBIX
yPaBHEHUH, COCTOAIIEN U3 BCEX YKA3aHHBIX COOTHOIIEHNH, OTHOCUTEIBHO Habopa He-
W3BECTHBIX, COOTBETCTBYIONINX XOPOBBIM AUarpamMMaM CTEIEHN 7.
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ITPUMEPHI. 1. TIpocTpancTso A; HyAbMEpHO, HE0 OHO TOPOXK JEHO OTHUM BJe-

MEHTOM @, KOTOprﬁ PaBEH HYJIO B CUTY 1-4/1eHHOr O COOTHOIIECHNA.

2. TpocrpancTBo A2 UMeeT pazsMepHOCTH 1, TTOCKOJBKY =0, a HeTPUBHUAIDL-
HBIX 4-YIEHHBIX COOTHOIIEHUU B DTOM ciydae HeT. B kadecTBe 6a3MCHOTO Je-

MEHTa MOXHO B3AThb @ .

3. PaamepnocThb pocTpaHcTBa A3z paBHa 9MCAy CBOGOJHBIX TEPEMEHHBIX B CHCTE-
Me JUHENHBIX yPaBHEHUN

Q
@—2@+

TO eCTb 1. HepBbIe TPpU YpaBHEHUA BBIMMCAHHON CHCTEMEL CYThb OQHOYJECHHBIC
COOTHOIIEHUA, TOCJETHNUE IBA — YE€TBIPEXYIJCHHBIE. Basucupiv saemenToM Mo-

Reoel

KET CHAYyXKUTH AuarpamMma @ nian @

4. Jlag npocTpaHcTBa A4 MBI TPUBEIEM JHUIIb OTBET, He BHIMHUCHIBAA CUCTEMY YpPaB-

wenni: dim 44 = 3, a B kadecTBe 6azuca MOXKHO B3ATH JAUATPAMMBI @, @

3

C pocTOM 7 YHCJAO TIEPEMEHHBIX W YPABHEHUU B CHUCTEME sl ONPEIeJeHUs pa3-
MEepHOCTH TpocTpaHcTBa A, oYeHb GHICTpo pacTeT. Vcnonb3ysa onucaHHbIl TPAMON
MOAXO/], HA KOMIBIOTEpe yAaloCh COCUUTAThL pasMepHOCTh u 6asuc A, TOILKO jias
n < 9 (4robrr HanTn nocieaHee 3Hadenne dim.Adg, /I. Bap-Harany npunuiock B fH-
Bape 1993 roga ofoMKUTEL A CBOell pabodell CTAHIWHM Ha HECKOJABKO MHEW MOTOJ-
HUTeAbHO 32 M6 onepaTnpHoll mamaTH). K HacTOAIEMy BpeMEHH TOYHbIE 3HAYECHUA
pasMepHOCTH MPOCTpaHcTB A, U, ciefoBaTelbHO, V,, U3BeCTHHL 10 n = 12:

n|0|1(2]|3|4] 5 6| 7| 8 9 10 11 12

dmP, |00 |1 |1[2] 3 5| 8|12 18 27| 39| 55

dimA, |1 {0 | 1|13 4| 9] 14|27 | 44| 80 | 132 | 232

dmV, | 1| 1]2]|3]6]|10|19] 33|60 | 104 | 184 | 316 | 548
OrBer gasg n = 10, 11 u 12 moayven fAnom Kuaiiccaepom [16] B 1997 roay c

UCTIONb30BaHWeM Gojiee TOHKOW TEXHUKH, O KOTOPOU MbI PACCKaKeM B CJeIYIOIeM
pasgene. Tam xe GyaeT oObscHEHO, YTO Takoe P, u kKak mo wuciam dim P, MoKHO
HalTu vuciaa dim A, .
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5.2. AJTEBPA XOP/JOBBIX AUATPAMM

OxkasbiBaeTcd, 9TO JAydille MOHATH YCTPOWCTBO JAUHEHHBIX TpocTpaHcTB A, u
Madbllle TPOIBUHYTHCA B KOHKPETHBIX BRIYUCICHUAX TTOMOTAaeT MYJAbTUTIINKATUBHAA
CTPYKTYpa, KOTOpasd UMEETCA B MPAMOU CyMMe BCEX MPOCTPAHCTB XOPJOBBIX THAa-
rpaMm

(o]
A=PA=Ashodd. ..
n=0
ITpouzBegeHne ABYyX XOPJAOBBIX AUArpaMM OMpeNeNseTca TaK: IBe OKPYKHOCTH
Pa3pbIBAIOTCA M CKJACUBAOTCA B OTHY:

DD Bud- B

Xop/oBas gumarpaMma, KOTOpas MOJAYy9IaeTCs B MPaBOU 9acTH 3TOTO COOTHOIIE-
HUs, 3aBUCAT, BOOOIIE TOBOPA, OT TOTO MeCTa, T/le Pa3phbIBAIOTCA OKPYKHOCTH. 3a-
MeYaTeqbHO, YTO ¢ y4eTOM 4-4/leHHBIX coOoTHomeHnH (B (akTopmpocTpaHcTe A)
YMHOXEHME OTpeeJeHO KOPPEKTHO, T. €. He 3aBUCHT OT ITPOU3BOJA B ONPEAeICHNAN.

3A0A4YA. [lokaxuTe 3TOT (HaKT.

Takum 06pazoM, GeCKOHEYHOMEPHOE TIpocTpaHcTBO A ABageTca aare6poin (cka-
KeM, Hal MOJEM PalMOHATBHBIX YHCEN).

OxasbiBaeTcs, 9TO B 3TON aireGpe MOXKHO BBHIIEJIUTDH CIETHOE CEMENCTBO DJIEMEH-
TOB, TaKOe€ 9TO BCAKWH 3JIeMEHT aire6pbl OMHO3HAYHO 3aNUCHIBAETCA B BUIE MHO-
rowieHa OT 3TUX HJIEMEHTOB. 3Ha4unT, A dakTudecku npejcTaBigeT coboll aare6py
MHOT OYJIEHOB OT GEeCKOHEYHOT'O YHUCAa TTEPEMEHHBIX.

BriGop Taxoro cemeiicTBa 06paz3yooNInX OCHOBAH HA CAEAYIONINX COOOPaKEHUAX.
[las mo6oro n B mpocTpancTse A, ecTh 3aMedaTelbHOE JHHENHOE TIOAIPOCTPAHCTBO,
Ha3bIBAEMOE NPOCMPAHCMBOM NPUMUMUBHBIL ddemenmos 1 obosznadaemoe P, . Ecan
B KaXOM IpocTpancTBe Py, n = 1, 2, ... BEIOpaTh A10601 6a3uc, TO nX 06be[NHEHTE
MOXKET CJAYKUTH CHCTEMON 06pa3yIonX NOJMHOMUATLHON aare6psl A. Omuiiiem ouH
M3 cMocOo60B TOCTPOEHNA TPUMUTUBHOTO TPOCTPAHCTBA P,.

ONPEAEJEHUE. uazpamma Delinmana CTENEHN N — 3TO PETYIAAPHBIN TpeXBa-
JEHTHBIN Tpad ¢ 2n BepUInHAME, B KOTOPOM BBIIeJEH HEKOTOPBIA OPUEHTHPOBAHHBIN
[UKJ, Ha3BIBAEMBIN nemJeti Yu4cona, U B KaXOW BEePIINHE, He JeXalllell Ha TeTie
YuiacoHna, 3ajaH MUKINIECKUN TIOPAIOK BBIXOIANINX U3 Hee peGep.

XopoBBIe AHATPAMMEBI ABIAIOTCA YaCTHRIM ciydaeM auarpamM Peiiimana (y HUX
BCe TpexXBajleHTHBIE BEPIIUHE JeKaT Ha meTae Yuicona). Kaxayio anarpammy Peti-
HMaHa f MOXHO MPeBPaTUTh B JHHEHHYIO KOMOWHAILNIO XOPAOBHIX auarpamm p(f),
MHOT'OKpPATHO TIPUMEHAA CJAeYIolIee COOTHOIIEHNE A Pa3pelieHuA TPOUHBIX TOYEK,
CMEXHBIX C IeT/Ied YUJICOHA:
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ITPUMEP.

@~ Q-
= ( (&) - &)
:_2( _ ):—2

Cmenenv cBA3HOU amarpamMMbl PellHMaHa — 3TO MOJOBHHA OOIIErO YHCIa BEP-
mnH rpaga. Ecam ®,, — MHOXecTBO Beex quarpamm PerinMana cternenn n u f € @,
To p(f) MoXHO paccMaTpUBaTh KaK dleMeHT mpocTpaHcTBa A,. Juarpavmva Peitn-
MaHa Ha3bIBAETCA C6A3HOU, €CIU COOTBETCTBYIOMINU Tpad OCTAeTCA CBA3HBIM TIOCTE
OTOpACKIBAHUA TMETIN YUJICOHA.

|
~—
|

ONPEAENEHVE. IIpocTpaHCTBO IPUMHUTHBHBIX aeMeHTOB P, (n > 1) — 510 an-
HelHadA 06omao4Ka 21eMeHTOB p(f) nas Beex cBaA3HBIX guarpamm f € @,

IMpuMEPHI. TIpocTpancTso P; = A; HyJeBoe.

IIpocTtpancTBa Py u P3 0HOMEPHBI U COBIIAAai0T, COOTBETCTBEHHO, C TTPOCTPAH-
crBamu Az u Ajz.

B TpexmepHOM mpocTpaHcTBe A4 TPUMATHBHOE TOATPOCTPAHCTBO Py ABYMEPHO

" TIOPOXKJTEHO dJAEMEHTaAMMN @ — @ n @ — 2@ .

PaGoraTh ¢ TPUMUTHBHBIME TIOATPOCTPAHCTBAMHE P, TpoIle, TOTOMY YTO OHHU
HAMHOTO MeHbIe, YeM A, . [Ipemnonoxnum, 4To MBI HAILIA Pa3MEPHOCTH Bcex P, 10
Kakoro-To Mecta. CrpanmBaeTcs, Kak TOT/Ia HAUTH HaYalbHBIN YIaCTOK MOCJAe0Ba-
TeabuocTu dim A, ? [oscuum 5T0 Ha puMepe.

HMonycTtum, Mbl 3HaeM, 9To 3HadeHua dimP, maa n = 1,2,3,4,5,6,7 paBHbI
0,1,1,2,3,5,8. Ilycth ps — 6GasucCHBIA »deMeHT Py, p3 — OGa3UCHBIA daeMeHT Pg,
a 6a3uchl IpocTpancTB Py 1 Py CYyTh COOTBETCTBEHHO P41, P42 U P51, P52, Ps3. CTemme-
HBIO dJeMeHTa P € P, Ha3bIBaeTCA UHUCIO N, a CTENeHb MPOU3BEJCHUA PaBHA CyMMe
cTeneHen coMHOXuUTeNer. [TocMOTpUM, KaKie MOKHO COCTABUTH MOHOMBI U3 JaHHBIX
6A3NCHBIX DJIEMEHTOB /10 CTENEHH 7 BKIIOYUTENBHO.

Monombi ctenenn 4: p2 (Bcero 1).

Mouombl cTenenn 5: paps (Bcero 1).

Monombt cTenenn 6: p3, p3, papai, papaz (Bcero 4).

Monomsbr cTenenn 7: P%Ps, P2Ps1, P2Ps2, P2P53, P3P41, P3P42 (BCGFO 6)~

Baszuc npocTpancTsa A, cOCTABAAIOT cCaMU TPUMUTHBHBIE DJEMEHTHI U UX TTPOU3-
BejleHuA cooTBeTcTBYIoMIen creneru. /lasn = 4,56, 7Tnoaygaem: dim Ay = 2+1 = 3,

dimAs; =3+ 1=4,dimAg=5+4=09, dimA; =8+ 6 = 14.

OxasbiBaetca (510 oTkphlr I1. Boxeas [28] B 1995 roay), 9To B mpocTpaHCTBE
BCEeX NPUMHTHUBHHIX 371eMeHTOB P = Bo2 P, ecTh ellle BHYTPEHHAA MYJbIINKATHB-
Hadg cTpyKTypa. Umenno ona u nozBoamia fA. Kuaiiccaepy B 1997 roay paszpa6orarts
HOBBIU, Goaee 3(pPEKTUBHBIN AJTOPUTM HaXOXjgeHnus 6azuca B MTPOCTPAHCTBE MHBaA-
puarToB BacuineBa u npeszonitu pekopn /l. Bap-Harana 1993 roga.



Y3Jpl U UX HHBAPHAHTHI 85

6. IHTErPAJ KOHIIEBUYA

Nurerpaa Konuesnva mzobperen B 1992 roay [18] kak cpeacrBo nokazaTeib-
cTBa copmyaupoBantoi Boie (c. 81) Teopemsr Bacuabepa—Konuepuwa. OH ABas-
eTcs gajgeko maymmm o6o0IIeHneM WHTeTrpaabHOu (opmyasl ['aycca, BeIpaxariomen
K03(p(PUIMEHT 3allETIEHUA IBYX 3aMKHYTHIX KPUBBIX B TIPOCTPAHCTBE.

[IpecTaBIM TpexMepHOe MpocTparcTBo R3 Kak mpaAMoe Mpon3BeleHIe KOMILICKC-
now mpamon C ¢ koopanHaTOW 2z W BellleCTBEHHON TpAMon R ¢ koopauaaTon ¢. Bio-
xuM yzex K B mpoctpancto R3 = C, x Ry Tax, 9To6H KoopauHaTa t 66112 QyHK-
umenn Mopca wHa K. DTo 3Ha49WT, YTO BO BCEX TOYKAX, rjie ¢ Kak (PYyHKIUA mapame-
Tpa Ha KPHUBOU MMeeT HYJEBYIO MPOM3BOAHYIO, €€ BTOpasd MPOU3BOAHAA HE JOMKHA
o6palaThcsa B HyJb, a 3HAYEHUA ¢ BO BCEX TAKNX TOYKAX (KPUMUUECKUE 3HAUECHUA)
MOJIKHBI OBITH Pa3IUIHBI MEXY COOOM.

ONUPEAEJNEHUE. Humeepaa Konyesuua ysiaa K — 5TO CleyoIui IeMEHT IO~
noJHennsa A aareGpbl XOPAOBBIX JAUATPAMM:

o © 1 . n dz]'—dz§-
m=0 P={(2;,2})} j=t 7
tmin<t1< <tm<tmax !

tj HEKPUTUYECKUE

Honoanenue A anre6pol A — 5To, TIO ONpeleleHII0, MHOXECTBO BCeX 6eCKOHed-
HBIX (DOPMATBHBIX PATOB BUAA ) . C iy, TJE Gy € C — umciennbie KoahpuIneHTH,
a am € Ay — dJAeMEHTH TPOCTPAHCTBA XOPAOBLIX AMATDAMM CTENEHH M.

6.1. WHO IS WHO B UHTEI'PAJIE KOHIEBUYA

JleticTBUTENBHBIE 9ACAA tyyin B tmax CYTh MUHIMAJIbHOE N MAKCUMAJIbHOE 3HAYEHUA
dyukunm ¢ Ha K.

O6nacTh MHTErPUPOBAHUS MPEJCTABAAET COG0U M-MEPHBIN CUMILIEKC iy < 11 <
< o0 <ty < tmax, Pa3/IETEHHBIN KPUTHYECKUMHA 3HAYEHUAMHU Ha HEKOTODPOE -
CI0 c8A3HLIL Komnonenm. Hampumep, 1d caefyIONIeTO BIOXKEHUA HEy3Jaa W m = 2
06JacTh UHTET PUPOBAHUA COCTOUT W3 MIECTH KOMIIOHEHT CBA3HOCTHU W BBHITVIAANT TaK:

t ty
buan |- ‘
| 4
.
toin z;cl te, t‘maxtl

Yucno craraeMbIX B MO JBIHTET PATLHOM BBIPAKEHUH TIOCTOAHHO /A KaX T0H KOM-
MOHEHTHI CBA3HOCTH, HO MOXKET 6BITh Pa3JUYHLIM A PA3HLIX KOMIOHEHT. acThb
y3Jda B MOJOCE, 3aKAFOYEHHON MeXy AByMA KPUTHYECKHMHU yPOBHAMHE (hyHKIHUH f,
npejcTaBageT co6oil Habop KPHUBBIX, Kaxad N3 KOTOPHIX OJHO3HAYHO MapaMeTpH-
30BaHa mepeMeHHo# t. B kaxgoil maockocrn {t = ¢;} C R BriGepem neymopso-
YeHHYIO Tapy Pa3ImIHBIX Touek (zj,1;) u (z},1;), nexamux ma yaae K. Oboznaanm
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qepes P = {(z;,2;)} cucremy ma m taxnx map gaa j = 1,...,m. Tlox maTerpasom
CTOUT cyMMa TIo BceM criocobaM Bhibopa cucTeMbl P. B mpounaBoabHON cBA3HON KOM-
TIOHEHTE 06JaCTH MHTETPAPOBAHNA (PUKCATAA CUCTEMBI P 03HaYaeT, 9TO A KaxX 01
IepeMeHHON ¢; BHIOpaHa HeKOTOpad Iapa BeTBeH y3la B COOTBETCTBYIOIMIEH IOIOCE
POCTPaHCTBA.

B npuBegeHHOM BhINle MpUMepe MIA CBA3HOU KOMIOHEHTHI {tmin < t1 < f¢,,
te, < tz < tmax} €CTb JHUIIL OJHA Tlapa TOYEK Ha ypoBHAX {t = ¢1} u {t = t3}.
CaefoBaTeabHO, IA 5TOW KOMIIOHEHTHI CYMMa MO/l HHTErPajJoM COCTONT TOMBKO W3
o/IHOT O caaraeMmoro. HanmpoTuBs, i KOMIOHEHTHI {tmin <t <oy, te, <ta < t02} y
HAC MO-TMPEKHEMY e€CTh JWIIb OJUH BHIGOD Ha yPOBHE {t = 1 }, HO WIOCKOCTH {t = 15}
nepecekaeT y3ea K yxe Mo 9eTHIPeM TOYKaM, MOSTOMY MBI HIMEEM (3) = 6 BO3MOX-
HBIX Tap (za, z4)  oblllee IMUCAO CAATAEMBIX PABHO TIECTH.

[Jas ganHOrO BHIGOpA cucTeMbl P cuMBoa ‘|’ o6o3HaYaeT IUCIO TOUEK (25, 1;) M
(z},tj) n3 P, B KOTOpBIX KoopaAWHaTa ¢ yOBIBAeT PU ABUKEHWHN TIO Y3y B TTOJOKHU-
TeIBbHOM HAIlPaBJACHUH.

Sagukcupyem cucremy map P. PaccmoTpum ysen K kKak OpmeHTHPOBaHHYIO OK-
PYKHOCTB W COeTMHIM Ha Hell TouK™ (25,1;) u (2],1;) xopgamm. [loay«mres xopgoBas
qMarpamMma MopAaaKa m. JTa XOp/oBad JuarpaMMa ABIAETCA DIeMEHTOM aareSpur A,
KOTOPHI MBI 0603Ha9aeM depes Dp. Ha cieqyiomem pucyHKe AIA KaX g0l CBA3HON
KOMIIOHEHTHI MOKa3aHO OTHO M3 BO3MOXHBLIX pa3bUeHMI Ha Maphl, COOTBETCTBYIOMAA
Xop/loBasA uarpamMma co 3HaxkoM (— 1)} 1 ykazaHo €mcao caraeMbIx TIOBIHTET DATh-
HOT'O BBIPAXKEHUsA (HEKOTOPHIE M3 KOTOPHIX PABHBI HYJIO B CHIY OJHOWICHHOTO COOT-
HOIIICHNA).

; (—1)2@; ; (—1)2@; ; (—1)20::0;

1 crnaraemoe 6 cimaraeMbIX 1 cnaraemoe

: (—1)1@; | i
6 claraeMbIx /
- o ] - 0'(X);

1 craraemoe 36 caaraeMsIx

Ha Ka)KAOfI KOMIIOHEHTE CBA3HOCTH II€PEMEHHEBIE Z; n Zl- ABJAOTCA T'JIa TIKUMHW

J
. i dz; — dz§»
dbynkunamu nepemennon ;. [logcTapaaa >Tu GyHKINN B BhIpaXKeHUe H —_—,
=1 Zj T E
MBI TToay4vaeM AudpdepeHInaTbHYI0 HOPMY OT IEPEMEHHBIX 11, . . ., ty, OTPECICHHY IO
Ha CUMTIIEKCE B M-MEPHOM TTPOCTPAHCTBE DTUX MepeMeHHBIX. Fe u caenyeT mpowHTe-

TPUPOBATh. DTO AaCT KO(PHUIUEHT MPHU COOTBETCTBYIOMIEN XOPIOBOW AuarpamMe.
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Onmcannas KOHCTPYKINA pabdoTaeT Tpu Bcex 3HadeHuax m > 0. [Jaa m = 0 no
OTpeIe/eHN0 TIONIAraloT, YTO MOMYyYUTCA XOopoBad auarpaMma mnopsika 0 (oKpyx-
HOCTH 6e3 XOpJ, Ipe/iCTaBAAoNmas ¢TMHIUIHBIN JIeMeHT aare6psl A) ¢ kKoaddunnen-
TOM 1.

6.2. YHUBEPCAJILHBLIII UHBAPUAHT BACUJLEBA

MoxHo jgokazaTh, 9To WHTerpanl Z(K), BO-TEPBHIX, CXOAUTCA A JOGOTO y3-
Jla, PacIoJOKEHHOTO B MIPOCTPAHCTBE YKAa3aHHBIM BHIIIE CIIOCOGOM, a BO-BTOPHIX, He
MeHAETCH MPU TJIa KX W30TOMUAX y3Ja, TPU KOTOPBIX COXPAHAETCA TUCJA0 KPUTHIE-
ckux Tovek GyHKUuu t. BBugy TOro, 9To y3ea — 3aMKHyTas KpUBas, MOABIATHCA U
UCYe3aTh KPUTHYECKNE TOYKH MOTYT TOMBKO mapamu. QKasbBaeTCs, YTO PH 3TOM
BhipaxeHue 7 (K ) MeHAeTCA BIOMHE ONMPeIeIeHHBIM 06pa3oM, a MMEHHO, ecan yael K
moaydaeTca u3 yaaa K gobGaBieHHEM Maphbl COCEHNX KPUTHUYECKAX TOYEK, TO MMEET
MeCTO PaBEHCTBO

Z(Ky) = Z(K) - Z

O6oznaunm wepes H BXOAAMNU B 5TY (POPMYJay TPUBUAIBLHBIN y3€d, BIOXKEHHUE KO-
TOPOTO B MPOCTPAHCTBO MMeeT ABAa MAaKCHUMyMa W JBa MUHMUMYMAa, M PacCMOTPUM
BBIpaKEHUE

. Z(K
1Ky = 248
Z(H)C/_,
riae ¢ obo3HavaeT YUCAO0 KPUTUIECKHX TOYeK (PyHKUMU ¢ Ha K, a qacTHOe — 3TO

fexenue B anre6pe A, ocymecTsasemoe Ha ochose npasuaa (1 +a)~t =1—a+a?—
—a®+ ...

W3 ckasanHOTO BBl sicHO, 4TO [(K) He MeHAeTCA TakXKe W TPH T0GABICHUN
(n ynanenun) map kpurndecknx todek. Caegoarennro, I(K) mpeacrabiager co6on
HACTOANNN MHBapuaHT y3ia. OH Ha3bIBAETCA YHUBEPCAAbHBIM UHBApUaHmom Bacu-
AbE6a, TOTOMY 4TO (B M3BECTHOM CMBIC/IE) BCe MHBApHAHTH BacuibeBa BXOAAT B HETO
KakK Ko3(pPuuueHTH.

WMcxoaubiit maTerpan Z(K) HasblBaloT ellle npedeapumedbroin unmezpatom Kow-
yesuua, a moAmpanieHHoe Bhipaxenne [(K) — okonuameabvlm urnmezpaion Kou-
yesuua.

[MpuMEPHI. Ilycts O — Heyzen, BIOKEHHBIN B TPOCTPAHCTBO KaK OKPYXKHOCTb,
cToAmasa BepTukaabHo. Torga:

Z(0) = 1,

1(0) = 1/2(H),

I(H) = Z(H)/(Z(H)?) = 1/2(H).

Mocaegure nBa OTBeTa COBHAAOT. JTO HEYJAMBUTEILHO, Belb | — WHBApUAHT
yaaa, a yaael O u H 5KBUBaJeHTHHI. B caeqyiomeM MyHKTe pedb MOUIeT UMEHHO 06
3TOM BBIPAKECHUH.

6.3. UHTETPAJ KOHIEBUYA JJH HEY3JA

I/IHTeraJI KOHHCBI/I‘I& — JOBOJBHO-TAaKHN CAOXKHBIA 06beKT. B Tedenne Heckoanh-
KHUX JeT HUKTO HE YMEJ BBITHUCAATE €r'0 JaXe A1 TPUBUAJBbHOI'O y3Ja! OBLTN U3BECTHBI
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JUMIb KO(MPUIHEHTHI TPU HEKOTOPBIX XOPAOBBIX AMArpaMMax B GECKOHEYHOW CyM-
Me. (KoHedHo, 3/1ech MMeeTcsA BBUY OKOHYaTeAbHBIN nHTerpat Konuesnva [(0), nu6o
npegBapuTenbubil Z((0) paBeH mpocTo |, Kak MBI yXKe OTMevadn. )

B 1997 roay nossunacek runoresa [I. Bap-HaTana ¢ coapropamu [3] (qokasannas
B 1998 rony B pa6ote [4]) o ToM, 4eMy paBHa BCA CyMMa:

[} [} 1 o]
O) = exp Z b2nw2n = 1+ (E b2nw2n) + E(Z b2nw2n)2 +
n=0 n=0 n=0

31ech by, — moduduyuposannvie vucaa Bepryaau, T.e. KodPPUIHEHTHI clieyIOMEro
paga Teimopas:
z/2 —z/2

- 1
boo g2t = Zpf__—¢
Z_: 2n 2 (L‘/2 3

(ba = 1/48, by = —1/5760, ... ), a wa, — Koaeca, T.e. AUATPAMMBI BHJa

e O e X e

[Ipouzse genns Komec, BOZHUKAIOIINE TTPU BHIYUCAEHUN SKCITOHEHTHI Yepe3 psa Ten-
Jopa, TOHNMAITCA KaK HeCBA3HOE OOBeNWHEHWE AMarpaMM, a caMu Kodeca (M HX
00hbeINHEHNA) HHTEPIPETUPYIOTCA KaK JNHEHHBIe KOMOGHHANNN auarpaMM PefiHMa-
Ha, PaBHBIE CpeHEMY apHdMeTHIecKOMY 110 BeeM (2n)! cioco6am NpUKIEHTH TeTI0

§7HJICOHa K OMHOBAJEHTHBIM BEPHIMHaAM KOJECA.

2 - (@00
@@
@ @-@@ @
@@

Ecan mpucTtanbHO MOCMOTPETH HAa DTU PUCYHKU, MOXKHO YOEAUTHCA B TOM, UTO
16 caaraeMbIX BBINUCAHHOW CYMMBI 3KBUBAJCHTHBI NEPBOW guarpamme, a eme 8 —
BTopoiu. [IpuBois moq0GHBIE WICHBI, TOAYTAEM:

1046

Paspeinenre BHYTpeHHUX TPOWHBIX To4YeK gmarpamMMm PedHMaHa MO TPABUIY, OIHU-
caHHOMY Ha c. 83, MPUBOAUT K TaKOMY OTBETY:

+ +

+

+ +

DEDEDLD
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- & -3 30

3 3

TToro6HBIM 06pazoM (TOMBKO MPOIIIE) MO)KHO HaWTH BbIDaKeHUE Yepe3 XOPIOBbIe
JUarpaMMbl Takke Mg MOHOMOB wy U w3. IlojcTaBaAsA HaileHHbIe BHIDAXKEHUA B

pan

1 5 1

1
10) =1+ gws + joews = 5

MBI TOJAYYHUM CJIETYIONINN PE3YIBTAT.

wq + .

Beckoneunwtii pad, evipaxcawuuti unmezpas Konyesuua om Heyszaa, HAUUHAEMCA

mar.
10) =1 5 () — o 009 + e 4B + o A0+
24 5760 1152 2880

Bce xoaddunmeHTH 5TOTO psAja PalWOHATBHBL. IJTOT (HaKT BEPEH IS JO60TO
yaaa. OH MOKa3bIBAET yAUBUTEIHHYIO CBA3b MEXK Y TEOPUEN Y3JOB U apu(pMeTHKON.

7. SBHAMEHUTBIE NPOBJEMBI TEOPUU Y3JO0B

B 5Tom pasjene Mbl mpuBo UM (HOPMYTUPOBKY HECKOIHKUX 3HAMEHUTHIX MTPoHaeM
Teopun y3J0B. HekoTophie 13 HUX He MO 1aBAJNUCH PENIEHNIO B TeYeHNE TeCATKOB JET
7 OBLIN pellleHbl CPABHUTENbHO HEJaBHO, & HEKOTOPBIE OTKPHITHI 1O CUX TIOP.

7.1. PEIEHHBIE IIPOBJEMbBI

1. Cywecmsyom au neobpamumvie yzan? (Pemena nomoxureasuo B 1962 rony

[26]).

2. Onpedeasemca au KAGCC IKEUSAAEHTMHOCMU HEOPUEHMUPOBAHHO20 Y34a K mo-
noaozuueckum munom ezo donoanenus R3\ K ? (Pemena nosoxureasno B 1989

rony [13)).

3. B komnre nporuioro Beka I1. TedT chopmyanpoBas HECKOIBKO 3HAMEHUTHIX T'H-
1oTe3, IBE U3 KOTOPHIX COBCEM HEaBHO ObLIN HOKA3aHbI, a OTHA ONIPOBEPTHYTA.
B mepBHIX ABYX MHMOTE3aX pedb HAeT 06 albTePHHPOBAHHBIX AUarpaMMax (Ta-
KWX, ¥ KOTOPHIX TIPW JBIKEHUW IO Y37y TPOXOIBI U TIEPEXOBI YePEAYIOTCA).

T'unmoresa 1. Pedyyuposannas, m.e. He umeouwaq euda

AXB

AAbMEPHUPOBAHHAA JUAZPAMMA UMECT HAUMEHBULEE 603MONCHOE YUCAO MOUEK
camonepeceneHua cpedu 6cer Juazpamm JaHHO20 Y34a. ITa THIOTE3a TOKa3aHa
He3aBUCHMO B Tpex paborax [17], [25] n [21].

)

T'nnoresa 2. (Tait flyping conjecture). Om oduoti asvmepruposannoti duazpam-
Mbl Y34a K dpyeoti ModcHO nepetimu nocaedosameabHOCMbI0 NEPESOPAUUEAHUTE
caedyrouwezo suda:

N I . S
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ot

OTa rumoTesa gokazana B 1993 roxy [20].

Tunoresa 3. Y3ea, das Komopo2o MUHUMAALHOE UUCAO NEpeceucHuti HeuemHo,
6ce2da 3epKAACH, M. €. IKGUBAACHMEH CEOEMY 3EPKAALHOMY OMPANCEHUIO. DTa
runoTesa mpocymecTBoBaga 104 roma m 6blma ompoBepruyTa Toabko B 1994
roay M. Tucarysiitom (omybankosato B [15]).

Cyuwecmsyem au as2o0pumm pacno3Ha6aHUA, IK6USAACHMHBL AU 06a JAHHBIL
ysaa, no ur duazpamman? Ilpobaema peiena noJoxuTe bHO. B mocaennue ro-
Il M306peTeHo HeckoabKo Takux aaroputmos (C. B. Marsees, [x. Bupman,
E. ®omunsix, U. [praauK0B). Hamo TOABKO OTMETHTE, YTO TIOJHOE OKA3aTEb-
CTBO MPaBUIBHOCTH AJTOPUTMAa MPOBEIEHO JUIIb I OJHOTO UX HUX, CAMOTO
TPYA0EMKOT'0 U IMEIOIET O YUCTO TeopeTudecKoe 3Hadenne. [loqpoGHOCTH CM. B
crathbe [19].

7.2. HEPEUNIEHHBIE IIPOBJEMBI

Kax pacnoszname obpamumocmbv y3aa?

ITyemp C'(n) — wucAo pazAuNHBE NPOCMBIE HEOPUEHMUPOBAHHBIL Y3406 C MU-
HUMAAbHBLM uuciom nepecenenuti n. Kak sedem ceba dynxyus C'(n) ¢ pocmon
n? IIpo Hee o4YeHb MaJo M3BecTHO. Hampmmep, J0 CHX TOp HET CTPOTOrO J0-
Ka3aTelbcTBa, 9T0 C(n) MOHOTOHHO BO3pAcTaeT ¢ POCTOM N, XOTA 3TOT (hakT
KaxeTcs oueBHHBIM. Ha xoMmmbioTepe HafjeHbl 3Hadenns C(n) qia n < 16
(mocaepune Tpu s3Hadvenus Hauuk B 1997 roay Xoct, Tucarysut n Yuxe [15]):

3145|167 8] 9| 10| 11 12 13 14 15 16
1112372149 |165|552|2176 | 9988 | 46972 | 253293 | 1388705

Ecau nekomopuiti yzea umeem dee duazpammvt Ky u K_, komopvie noayua-
tomea dpye uz dpyea 3amenoti 0dno2o nporoda Ha neperod, Mo 6E€PHO AU, UMO
ydaaenue smoti deoiinoti mouku npusodum K pacnadenuio yzia Ha dée KOMNO-
HEHMbL c8AZHOCMUY

IIpasda au, umo uucao nepeceueHuti adOUMUEHO OMHOCUMEABHO CEA3HOU CYM-
mvt y3a06: (K14 Kq) = ¢(K1) + ¢(K2)?

Cywecmeyem Au HeEMPusuabHwltl ysea, noaunom Jxconca xKomopozo paser 1,
m. e. noaurnomy Joconca mpusuaanozo ysaa? [lokaszaHo, 9TO IPUMED, ECIH OH
CYIIECTBYET, JONKEH GBITh TOCTATOYHO CJAOKHBIM: TUCIAO TIEPECETECHNH TAKOT O
yaaa He Menbie 18 (cm. [10]).

Hatimu ozpanuuenue ceepry na uucao nepecmpoek Petidemeiicmepa, nepesoda-
wur odHy uz deyr danuwlr duazpamm ysaa 6 dpyeyio.

Hatimu kpumeputi npocmomul y34a 6 MePMUHAT €20 Juazpammbl.

Heasemea au ynusepcatbubiti unsapuanm Bacuavesa noAHbIM UHBAPUAHMOM
(opuenmuposannozo) yzaa? To ecTh, BepHO 1, 4TO ecau jBa y3aa K; n Ko
Pa3IMYHBL, TO HalIeTCA NHBAPHAHT KOHEYHOTO MOPAKa v Takoi, 4To v(K1) #

;é U(I{g)‘?
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9. Bepwo au, umo unsapuanmel Bacuavesa pasauuatom obpaujenue y3aa? Nnbivn

cJIOBaMM, CYMIECTBYET JIU Mapa B3auMHO 06paTHBIX yaaos K, K' HesKBUBaJCHT-
HBIX JPYT APYTY, W Takoil mHBapuaHT Bacuabera v, uro v(K) # v(K')?
OTOT BONMPOC [OIMyCKaeT CJAeAyIoNyl0 KOMOMHATOPHYIO (POPMYJIUPOBKY: Cyuje-
cmeyem Au ropdosas duazpamma, KOMopas HEIK6UCAACHMHA CE0EMY 3EPRAAb-
HOMY OMpasicenuto no mModyaio J-uiennvlr coomuowenuti? MapecTHo, 9To Takas
QMarpaMmMa, eClii OHa CyMIeCTBYeT, JOJKHA UMeTh CTeMeHb He MeHbIe 13.

IIPUNOXKEHUE. TABJIUIIA Y3JIOB

B Tabautie mpuBeeHBl BCe TPOCTHIE HEOPUEHTUPOBAHHBIE Y3JbBI C YUCIOM TIepece-
YeHUN, He TPEBOCXOIAIINM §.

% Cgéh @51 6@52 (&51 <§))62 @6
9
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