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HHTGFpaJI OT CTeIICHN. HEOIEeBI IHOE B OICBII IHOM

b. P. ®penkun

IIEJb 3TON 3AMETKHU

Peun nofijieT 0 HEKOTOPHIX B3aUMOCBA3AX MEXK Y OOIIEN3BECTHBIMI MaTe-
MaTudeckuMu (aktamu. CaMi 3TH B3aUMOCBS3H, OJHAKO, He OOIIeN3BeCTHEI
(m, creoBaTenbHO, He oUeBHAHBI). ABTOp npu3naTenen A. K. KoBaxbmkn 3a
MI0MOTBOPHOE O6CYK/IeHNe, KOTOPOe TMPHUBEIO K YAYHUIIeHHI0 HEKOTOPHIX 10~
Ka3aTeabCTB, a TaK:Ke POPMbI U3JI0KEHUS B HEJOM.

Kaxaprit, kTo n3ydan MaTeMaTHIeCKUH aHalW3, 3HAET, 9TO HHTErpaj OT
CTeTeHn ¢ ToKazaTedeM —1 eCTh, C TOTHOCTBIO [0 KOHCTAHTH, HATYpalbHbIH
Jorapudm, a IpH APYyrUX MOKA3aTeNiX — CTemeHb ¢ KOdXPOUIHEHTOM. ITOT
(akT coobIIaeTcs HACTOJIBKO PaHO, YTO He TMOPOXK[aeT HIKaKHX BOMPOCOB. A
MEX,Iy TeM CHTyalus JOCTaTOYHO TMapafoKCaabHa.

Kaace cTeneHHbIX QPyHKINT BBITISA AT OJHOPOHBIM MO CBOEH CTPYKTYpe,
HO WHTETpaJ OJHON W3 HUX HMeeT COBEPIINeHHO MWHOW BH], 9eM Y OCTaTbHBIX.
HagepHoe, B ocHOBe JI€KHT KaKOW-TO CyIIECTBEHHBIH (DAKT, KOTOPHIH TOJ-
JKeH MPOSIBUTHCSA U B [PYTHX CATyalusX. X04eTCs MOHATH, B 4eM OH COCTOUT.
Kpowme Toro, 65110 6B HHTEPECHO MOAYYNTH HHTErPad CTENeHHOU (PYHKIHN
B pe3yJbTaTe eINHO06PA3HOTO PACCYXKAEHUS, MPATOAHOTO s JI060T0 TO-
KazaTeas ctenenn. (B kypce anaqmsa OTMeIbHO BHIYHCISIOTCS MPOU3BOTHBIE
OT CTEMeHH W Jorapudma, i Kak OB CIyTalHo B 060X CAyYafdX MOTyTaeTCs
cTemeHHas PYHKIINS.)

B 3ameTKe MBI BBISICHUM TH BONPOCH, OOPATHBIINCH K TeM (PyHKIHOHAIb-
HBIM YPaBHEHUAM, KOTOPHIM YAOBICTBOPAIOT cTemeHh n Jorapudm. Bee 3mna-
0T, 9TO CTeNeHb MPON3Be/IeHAs paBHa MPON3BEIEHNIO CTENeHed, a Jorapudm
mpousBefeHns — cymme qgorapudgmoB. OTcioga yraeTcs MOAYYATH HCKOMBIT
eIMHO0BPa3HBIN CTOCO6 WHTErPUPOBANHS CTeNenn. BRIABIAETCA TaKXKe CBA3D
MeXK Iy CTENeHbIo I JOTapndMOM, ¢ OJHOW CTOPOHEI,  TOMOTETHEH I C[BATOM
BeIlIeCTBEHHOW MPAMON — ¢ [APYyroil. 3aragodHas «0COOEHHOCTBY MPH HHTEe-
TPUPOBAHUU CTeNeHel OKa3bIBAETCA OTpaykeHWeM BIOJHE MOHATHOTO TeoMe-
TpUYECKOro (paKkTa: CyMMa TOMOTETHH ¥ CIBATA JUGO CBOANTCS K TOMOTETH,
an6o mepBoe ciaraeMoe B Hell — TOXK/ECTBEHHOE (M TOr[a OHa eCTh CJIBHT).
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WHTEIPUPOBAHUE U ®YHKUUOHAJBHBIE YPABHEHUA

Wrak, mycts F(z) = 2% — cTenennas GYHKINS ¢ BEIIECTBEHHBIM MOKa3a-
TeJeM, 3ajanHas B obractn x > 0 (4TOGH He UMeTh Jefia ¢ Pa3pbiBOM B HyJe
npu oTpunatenbHoMm a). [lycts G(z) — nepBoo6pasuas miast F'(z); oka3biBa-
eTcs yI0OHBIM BHIOpATh ee TaK, YTOOH

G(1)=0. (1)
Crenennas GpyHKIHS yJIOBIeTBOpAeT PYHKIHOHAIBHOMY YPaBHEHUTO
F(zy) = F(z)F(y). (2)

EcTecTBenno 0XKn1aTh, 9TO 1 ee mepBooOpa3Has yAOBJIeTBOPAET KaKOMY-HH-
6yIb TPOCTOMY yPaBHEHHIO — BO3MOKHO, TaKxKe cojgepxkaiinemy zy. [TooTomy
nonpobyem BuipazuTh G (zy) depes G(z) u G(y). C yueTom (1) n (2) umeem:

G(:cy):/IzyF(t)dt:/IyF(t)dt+/yzy F(t)dt =

ZG(y)+/1xF(ty)d(ty) ZG(:l/)JrF(y)y/1 P(t)dt =
=G(y) +y" T G(2).

Jlas kpaTtkocTn monoxkum 3 = a + 1. Mul moay4miu, Kak U CTPEMUIUCH,
(pYHKIHOHANBHOE ypaBHeHue juisg G

G(zy) = y’G(z) + G(y). (3)

[ockombky zy = yz, To ¥PG(z) + G(y) = 2°G(y) + G(z), a

Ecan BeIpa:kenns B ckob6Kax He paBHLI HYJIIO, TO

Glz) _ G)
=1 (y 1)

T. €. KaXJTasd "3 qacTel 2TOro paBeHCTBa H€ 3aBHCHT OT BXO,ZIHI_HGI'/JI B Hee
HepeMeHHOIjI. Tor,z:a HNCKOMasd HepB006pa3Haﬂ nMeeT BH

G(z) = c(z” = 1) (5)

C HEKOTOPOH KOHCTAHTOM c.
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[TycTh Temeph ofiHa u3 cko60K B (4) paBHa myrio — HampuMep, z° —1 = 0.
Torga an6o z = 1, HO B 5ToM caydae (5) MpogoTKaeT BHIOIHATHCS BBHIY
(1); im6o =0, u (3) npuHEAMaeT BU]

G(zy) = G(z) + G(y). (6)

[Ipn sTtom G(z), kak mepBooGpasHas misi 1/, HenmpepbiBHA 1 He SBISETCHA
TOXKIeCTBEHHBIM HYJeM. XOPOIIO H3BECTHO, YTO CPel TaKuX PYHKIHH ypaB-
nernne (6) BBITeAsSET JOTAPHPMBI.

OcHoBaHne JorapumMa He ONpefeaseTcs U3 MNP IYIINX PacCyKIeHHI,
Tak KakK ypaBHeHne (3) BBIIepKNBaeT yMHOXKeHHe QyHKINN (G Ha KOHCTaH-
Ty. [looTOoMy Hyx)HO TpOAN(dEpeHINPOBATH NONYICHHYIO (PYHKINIO W TOCMO-
TpeTh, PN KaKOM OCHOBaHHH Jorapudma moaydaercs pyukuus F. Ckazan-
HOe OTHOCHTCS W K KOHCTaHTe ¢ B ypaBHeHnn (5).

WTak, focTUTHYTa O/HA U3 MOCTABJIEHHBIX [eJei: MBI HAIILIN e [HHO0Opa3-
HOe paccyxKjeHune, MO3BOJAfAOIIEe MTPONHTET PUPOBATH CTENMEHHYIO (PYHKINIO C
OpOU3BOJLHLIM MOKazaTeaeM. [Ipnm 2TOM HCHOIL30BaJAUCh W3BECTHBIE (DYHK-
[MHOHAJBHBIE ypaBHEHHS Misi cTemeHn u jorapudma. OIHAKO MO-TpeKHEMY
HefACHO, Kakaf Hujed MpoABIAeTCAs B pacllielJeHWN Ha ABa caydas: @ = —1 u
BCce oCcTalbHOE.

DPYHKIUUOHAJNBHBIE YPABHEHUA U A®DUHHBIE IIPEOBPA3OBAHUA

Bepuewmcs k ypaBrennio (3). Pukcupyem 3nadenne y. Torga sTo ypaBHe-
HUe TOKa3BIBaeT, 9TO MPONCXOINT ¢ ¢pyHKunein G(z) npn 3aMeHe & Ha TY: ee
MHOKECTBO 3HAYeHHN MojBepraeTcs ap@uaHOMY npeobpasoBaHnio (¢ KOd]-
(dunneHTaMN, 3aBUCAIIAME OT ¥). PaccMoTpnm 5T0 npeo6pasoBanne moapo6-
Hee.

[lpn f = 0 moaydaetcs casur, u G(z) ecTh dorapudm. B ocTanrbHBIX
clAydasix MBI MOJYyY9aeM CYMMY FOMOTETHH U CABHI'A BelleCTBEHHON NPIMOIN.
Ho Takoe npeobpazoBanue reoMeTpuyeckn CBOAUTCA K roMoTeTnn. /leicTBu-
TenbHO, ecan P — addurHoe npeobpazoBaHme NpIMON,

Px = ax +0b, (7a)
TO CyIIeCTBYeT TaKoe ¢, 4TO
Pz —c=a(z —¢), (76)
a MMEeHHO:
c=b/(1-a). (76)

Beugy (76) P sBasieTcst TOMOTeTHER € IEHTPOM C.
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Wrak, ecan 3 # 0, To npn KaxKJI0OM 3HaYeHUN y ypaBHeHue (3) 3amaeT He-
KOTOPYIO TOMOTeTHIO MHOKecTBa 3Hadenni ((z). HemoaBmxkuas Todka 5TOH
romoTeTHu GOPMAIBHO 3aBUCHT OT ¥y. [lokaxem, 9TO Ha caMOM jeje TaKOH
3aBUCHMOCTH HeT.

[Ipeo6pasoBanns Buga (3) COOTBETCTBYIOT YMHOXKEHNIO IePEMEHHON 2 Ha
pasjnvHbie 3HAYEHUS Y U TOTOMY KOMMYTHUPYIOT Mex 1y coboii. Ho ecan npe-
o6pasoBanus P, () HEKOTOPOrO MHOXKECTBA KOMMYTHPYIOT W UMeIT MO OHOM
HEeMOBUKHON TOYKe, TO 3TH TOYKHN COBMagatT. /[elicTBUTENBHO, TYCTh ¢ —
(emmucTBennast) HemojgBmxkHas Touka mas P. Torma P(Qc) = Q(Pc) = Qc,
T. e. (Jc — HemoJBU:KHAf TOYKa s P W MOTOMY COBIajaeT ¢ €. JHAYHUT, C
— HemoJBIKHAs TOYKa Jus (), 9TO H TpebGOBaJIOCh.

Nrak, npeo6pasoBanns (3) nMelOT OJHY W TY JKe HEMOIBIKHYIO TOYKY €
npu Bcex y > 0. DTo 3na4nt (cM. (7a)—(76)), 1To

G(zy) —c=y°(G(z) - o),

T. e. qas pyuknun G(z) — ¢ yMHOXKeHNe apryMeHTa Ha y§ COOTBETCTBYET TO-
MOTETHH Ha MHOXKecTBe 3HadeHuil. Ho Torjga QpyHKIINS OKa3bIBaeTCSA CTEIeH-
HOM (¢ KOD(PUUMEHTOM), MOT06HO TOMY, KaK B cilydae C/BATA OHA SABISIACH
JgorapugmoM. (31ech MOXKHO pacCyk/IaTh MO AaHAJOTHA € TTEPBOH YaCThIO 3a-
MeTKH: MOMeHseM MeCTaM® & U ¥, pa3jieJuM MepeMeHHBle W B HTOTe BhIfAC-
unM Bujg G(z) — c. Ho moxkno Takike 3ametnTs, 410 BBHLY (3), (7a) n (7B)
c=G(z)/(1—2P), otxyma G(z) = ¢(1 — 27).)

MBI mOMyInau, eCTeCTBEHHO, TOT K€ pe3yabTaT, 9TO W pambiie. [Ipo-
nrpaB B GOPMATHLHON MPOCTOTE, MBI 3aTO BLIABHJAN CYTh paccMaTpHBaeMO-
ro sBjenusi. OKasbiBaeTCs, pa3indHbIe 3HAYEHHUS TTOKA3ATENS CTENeHNn MOXHO
CONOCTaBHTH apPUHHBIM TPeoOpPa30BAHNAM HPAMON C PA3IHNIHBLIME KOD(DH-
nneHTaMu npu nepementoi. [lpu a = —1 3To cABUT, B OCTAJIBHBIX CaAyYasK
— romoTerns. CIBUT eCTeCTBeHHBIM 06pa3oOM COOTBETCTBYeT JOTapudmy,
a TOMOTeTHs — cTemennon Gpyukunu. «KatacTpoday mpnm WHTErpupoBaHAN
CTeNeHHOW (PYHKINHN B JeHCTBUTENbHOCTH MPHUCYTCTBYET B MHOXKeCTBe ad-
(PUHHLIX Mpeo6pa3oBaHnil MPAMON: CyMMa TOMOTETHA W CABUTA TeoMeTpHutie-
CKW He OTJUYAeTCS OT CBOET0 KpanHero CiIydas — YHCTON TOMOTETHH, eCIH
TOJIBKO OHa He OBLIA 3ajJaHa KaK APYrol KpaWHWH caydad — YHUCTHIA CIBHT.
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JONOJHEHUE 1: OB OJJHOM BO3MOKHOM OBOBIIEHUUA

Cootnomenne mexay G(z) n G(zy), 3agannoe ypaBHenuem (3), umeer
cnenuduyecknil BUI: B HeM npucyTcTBYoT G(y) n cTenennas pynkmus. Ecre-
cTBeHHOE 060611eHEe COCTOANO 6L B caeayiomeM. [lonpo6yem HailTu Bce He-
npepriBHbie GyHKINH (G(Z), TOXKIECTBEHHO YIOBIeTBOpsioline (B 06aacTu
z > 0) ypaBHEHIIO

G(zy) = Aly)G(z) + B(y) (8)

¢ HenpepuBEBIMI pyuKIEAME A(y), B(y).

Jlerko BugeTh, 9to ecan aas G(z) Bumoansetcs (8), To u mias G(x)+const
BEITIOHEHO aHATOTMYHOe ypaBHeHue (m ¢ Toi ke pyukumen A(y)). [losTomy
MOYKHO CIATaTh, 9TO

G(1) = 0. 9)

[Monoxus Torga x = 1, moaydnm

G(y) = B(y). (10)

[Tanee MBI MOTJIH GBI, KAK U BHIIIE, NCIOIB30BATH KOMMYTaTHBHOCTH YMHOXKE-
HIS, HO Gollee H3SAIIHOE PACCYIKACHHEe OCHOBAHO HA €r0 aCCONHATHBHOCTH.
N3 (8) u (10) crexyeT,1To

G(ryz) = Aley)G(2) + G(ry) = Alzy)G(2) + A(2)G(y) + G (2);

G(ryz) = A(2)G(yz) + G(z) = A(2) A(y)G(2) + A(z)G(y) + G(=).

CpaBHEB DTH paBeHCTBa, BHAUM, 9TO au60 ((2) — TOXK/ICCTBEHHBIH HY.Ib,
160 BuimoHsAeTCs ToX TecTBO A(zy) = A(z)A(y). B nepBom caydae A(z) mo-
JKeT GBITH J1I0601 HenpepLIBHOU GyHKNNel. Bo BTopoM ciydae, Kak H3BeCTHO,
A(z) — aubo cTenens, 1160 TOXKAeCTBeHHBIH Hy1b. Ho ecin A(z) — Tox ne-
CTBeHHBIN HYyaIb,TO noa0kuM B (8) y = 1. Torga 3 (10) u (9) caexyet, 4To 1
G(z) — TOXIECTBCHHLIH HYIb.

Taknum o6pasom, obiee ypasuenne (8) Mo CyUIeCTBY CBOTHTCA K ypaBHe-
unio (3): G(z) mocie caBUra Ha KOHCTAHTY JH60 CTAHOBHTCA TOXK I€CTBEHHLIM
HyJeM, 1u60 coBmagaeT ¢ B(z), npudem B mociegneM ciydae A(z) sBiseTcs
CTeTeHbIo.
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JIONOJHEHUE 2: DKCIIOHEHTA U JUHENHAA ®YHKIUA — NPUMEP
HA TY 2KE TEMY

ABnenne, paccMoOTpeHHOe B 3aMeTKe, MOXKHO HAOJIIONATH U B APYTHX CIY-
Jasx. Hanpumep, npn WHTer pupoBaHNN DKCMOHEHTH €% moaydaeTcs (¢ TO9-
HOCTBIO 70 KO3(UIHeHTa 1 aTINTHBHON KOHCTAHTHI) DKCIOHEHTa, 3a WC-
KJI0YeHNeM e[HHCTBEHHOro caydas o = (, Korga mepBOOGpa3HON SIBASETCH
JuHelHas GPYHKIHA. 31eCh MOYXKHO TTPOBECTH PACCYKIEHUS, aHATOT MIHKIE W3-

JOXKeHHBIM BBIIIIEe. Hy)KHO HCIIOJABb30BaTh COOTHOIIIEHNA

ea(a;+y) — eoweay7

a(z+y) = alz) + aly).

PaccmoTpeB nepBoo6pasnyio H B Touke z + y, mofryvaeM Iiasd Hee PYHKIHO-
HalbHOe ypaBHEHNE

H(z+y)=¢"YH(z)+ H(y)

W Jajiee TefCTBYeM Kak NMpn aHarmse ypaBrenns (3). B mamnom ciydae skc-
MOHEHTA COOTBETCTBYeT FOMOTETHH, a JUHelHas (PYyHKIIUA — CJIBUTY.



