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OT creKkTpalbHOrO panyca K OCHOBHOI TeopeMe
anIreOpsl

E. A. T'opun

B pamkax kaaccmgeckoro (pyHKINOHATHLHOTO aHAJIM3a MOXKHO yCTa-
HOBUTH CYIIECTBOBaHNE COGCTBEHHBIX BEKTOPOB [ JUHENHBIX TTpeobpa-
soBanul " B 06X0 OCHOBHOU TEOPEMBI AT ebPHI.

BBEJIEHUE

OcHoBHas TeopeMa aJII‘erbI yCTaHaBJgHUBaeT, 9TO Ka)Krl[bIﬁ HeTpHUBHAJIb-
HBII MOJHHOM Ha I ImoJeM C KOMIIEKCHBIX YHCeJ] HMeeT KOpeHb.

WcTopuknm MaTeMaTHKHW YTBEPXKAAIOT, ITO OCHOBHYIO TeopeMy aarebph
copmyaupoBaa A. 2Kupap euié B 30-e rogst XVII Beka. [Ipunsito cauTars,
YTO MEPBOE CTPOroe JTOKa3aTelhCTBO COMEPKUTCA B 3HAMEHUTOW [MUCCEpPTa-
mnn K.-D. Taycca 1799 roja; He ciy4aiiHO OCHOBHYIO TeOopeMy airebphl 4acTo
Ha3bBaloT Teopemonl 'aycca. Mex iy Tem, uszBecTHO, 9TO B cepenune XVIII
BeKa [OKa3aTelbCTBO OCHOBHOU TeOpeMbl aare6pwr onyoankoBaa 2K. /Tlaram-
6ep, 1 B COBPEMEHHBIX Kypcax aare6phl OOBIMHO NPUBONTCSA TOKA3aTEAbCTBO,
ocHOBaHHOe Ha «iemMe [lamambepar, paKTHIeCKH yCTaHABIMBAIOIIEH OTKPHI-
TOCTh HETPUBHATLHOTO MOJHHOMHAIBHOTO OTOOPaYKeHNsI KOMILIEKCHOU MJI0C-
KOCT.

KTo-To ocTpoymMHO 3aMeTui, 9TO KaXK[ABIH pa3fenl MaTeMaTHKH HMeeT
cOBCTBEHHOE TOKa3aTelhCTBO OCHOBHOW TeopeMbl aare6pel. B camom fmene, B
TEOPHHN aHAMUTUYECKHX (DYHKIHH OCHOBHYIO TeopeMy ajrebphl Ji00ST BHIBO-
OUTH U3 TeopeMHl JInyBUIISA, B TOMOJOTHH — U3 o6mnX (PaKTOB O BpallleHnn
BEKTOPHKIX MOJEN, a alrebpancT MOXKeT HavaTh ¢ OCHOB Teopuu [anrya. Kax
6Ll TO HU OLLIO, B OJWH W3 PEIIalolNinX MOMEHTOB MaTepuaim3dyercsa moiae R
BellleCTBEHHBIX THCeN U MpHUBJIeKaloTcs OoJee Wi MeHee JelnKaTHBIe cooOpa-
JKeHTs, CBS3aHHble ¢ analysis situs (Tak paHbllle HA3BIBAIN TOMOJIOTHIO).

EcTecTBeHHO cIpOCHTh, peatusyeTcs Jau chOPMYTHPOBAHHKIN BhIIIE TE3HC
B paMKaX dJeMeHTapHOr 0 PYHKIMOHAIBHOTO aHaAN3a (MOMPOCTY TOBOPS, —
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JUHEHHON aare6phl, KOTOpas He GOUTCSA MpeJelbHBIX mepexoqoB). Ml XoTum
mOoKa3aTh, 9TO 2TO Tak. [[puBoamMoe HUXKe TOKA3aTelhCTBO OMHOTO BeChMa
o0l1Iero yTBepXKIeHUsA He TeperpyxkKeHo aarebpanvdecKUMH H3bICKaMU, a W3
TOMOJOTHH UCTOJAb3YeT JUIIb OT PAHNYEHHOCTH BellleCTBEHHBIX HeNpePbIBHBIX
GyHKUNH Ha oTpe3ke. B kavecTBe ceqCTBUSA (Pa3JHIHBIMA CIOCOGAMMT) MOXK-
HO MOJAYYNTh OCHOBHYIO TeOpeMy aJrebphl.

I‘IaHOMHI/IM7 qTO (L/l8€6pOUU nad nosem C xomMnaexcublr yucea Ha3bIBaeTCA
KOMILJICKCHOE JHHeHHOe IIPOCTPaHCTBO A, B KOTOPOM JONOJHUTEJABbHO OIIpeae-
JeHO YMHONCEHUE T - Y, CBA3aHHOE C JHHEeHHBIMHA onepannusiMu yCJIOBHUSAIMHI

= (zy)2,
=zy+zz,

z(yz)
z(y + z)
(z+y)z =22+ yz,

(Az)y = May) = z(Ay)

mas Bcex x,y,2 € Am A eC

Mpur 6ygeM paccMaTpuBaTh TOMBKO aare6Gpwl ¢ eqnuuiei 1 (He WCHOAB3Ys
JUIST e TUHUTE aare6psl HIKAKAX MIPHMTOBHIX BHIIENEHUN). DIeMeHT © € A
Ha3LIBAETCA OOPATHMEBIM, €CIH CYNIeCTBYEeT TakoW dieMenT y € A, 9To zy =
= yz = 1. Taxkon daeMeHT Y, eCll OH CYIIeCTBYET, ONHO3HAYTHO ONpe/eSeH
mo z W 06LITHO o6Go3HavaeTcs depe3 = . COBOKYNHOCTL BCeX 0O6pPaTHMEBIX
5J€MEHTOB 00pa3yeT rpynny (Mo yMHOXKEHHIO).

Kommaekcnyio aare6py 6ygeM HazbIBaTh HOPMUPO6AHHOT, €CIM OHA OJTHO-
BPEMEHHO SIBJASETCS HOPMUPOBAHHEIM (JIHHEHHBIM) TPOCTPAHCTBOM Ha T MIOJeM
C, mpudem >Tn CTPYKTYPH cBsizanbl yeaoBmamn ||zy|| < ||z]| - ||y]| = ||1]] = 1.

CyuiecTBYIOT Apyrue CnocoOhl OMHUCAHNSA TaKOH KOMOWHAINH CTPYKTYP,
HO MBI He 6yaeM 3/eCh DTO 00CYXKAaTh, MOCKOAbKY HUYET 0, KpOMe ompejene-
HEsL (B KOTOpoe KaK pa3 W 3ampsTaHa Hjeolormdeckas 6omM6a), HaM HE IO-
TpebyeTcs.

BBenenusbiii kiacc o4eHb MINPOK, MOCKOIBKY MBI He TpeanofaraeM MOJHO-
Thl HOPMHPOBaHHOrO npocTpancTBa. CkaxeM, B KadecTBe A MOXKHO B3fiTh
anrre6py C[z] Bcex KOMIIEKCHBIX TOJWHOMOB, TOHMMAS O] HOPMOW, HAMpH-
Mep, CYMMY MOyJaell KO3(hPUuIneHTOoB.

C TOYKN 3peHns aHANN3a, 3HAYHTENBHO GoJlee NHTEPECHBI OAHATO6bL AA2€-
6pbl, B ompeneNenne KOTOPHLIX TONOJHUTENBLHO BKAIOYAaeTCA TpebGoBaHue TOJ-
HOTHI HOPMHPOBAHHOT O mpocTpaHcTBa. OCHOBOMOMOKHIK aGCTPaKTHON Teo-
pun 6anaxoBwix aarebp U. M. I'eabdanm HazpIBag nX HOPMHUPOBAHHBLIME KOJTb-
aMH, HO CO BpeMeHeM 3TO HanMeHOBaHWe BHIIILIO U3 yNOTpeOJeHns.
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ITormoTa He TOABKO 3aMeTHO ympoIllaeT (POPMYJUPOBKH W JOKA3aTelb-
CTBa, OHa MPUBOJUT K KJIAcCy € YPe3BbIYalHO KPACHBOU apXUTEKTYpOu u
MHOT OYHCAEHHBIME MJOJOTBOPHBIMI KOHTAKTaMM ¢ APYTrUME pa3jgelaMu Ma-
TeMaTuKH. BMecTe ¢ TeM, s CIpaBeITBOCTH HEKOTOPHIX HCXOTHEIX (DAKTOB
MOTHOTH He TpebyeTcs.

[lycts A — nopMupoBannas aireépa n & € A. COBOKyNHOCTE BCeX TaKNX
A € C, 11st KOTOPHIX DIeMEHT A -1 — & He fA6.4a8€mcs OOPATHMBIM, Ha3BIBATCA
cnexmpon diementa z. Jlas cnekTpa daeMenTa & € A ucnoab3yeTCs 0603Ha-
denne Spec 4 (z).

flcHO, 9TO CHeKTp — MOHATHE YHCTO aarebGpamdeckoe, OMHAKO B CIydae
6aHaXOBHIX T ebp CYIIeCTBYeT TeCHAs CBA3b MEXKIY CIEeKTPATIbHBIME, METPH-
H9eCKHMH U TONOJOTHYeCKNMI HHBAPHAHTAMHU AJTeOPHI.

Tenepb MBI ITepeIuCJanM HEKOTOPLIE NCXO THBIE df')aKTbI Teopunn 6aHaXOBHIX
aJII‘er. 321Me’1'I/IM7 9TO B OCHOBHOM Te€KCTe€ BCe OHH 6yr[[y'1' MTOKa3aHBbI (I/I o a-
‘{epKHéM7 9TO 3a paMKaMH 9TOr'O 2JeMEHTAapHOI'O TeKCTa OCTAaHYTCA IIOYTH
BCe IpUHIHWINIAAJbHBIE TOHATHA TeOpI/II/I).

TEOPEMA ['EJb®AHIA-MA3YPA. Banaroso node cocmoum u3 sA€MEH-
moe euda -1 u, ciedo6ameabno, ECMECNEEHHO UBOMOPPHO NOAIO KOMNAEKC-
HBIT YUCEA.

TEOPEMA I'EJb®AHIA O HEIIYCTOTE CIHEKTPA. C'ne%'mp KaxHcdo20 Iae-
MENMA 6anaT0601 a12€0PBl HE NYCM U KOMNAKMEN.

dopPMyIA ['EIbPAHTA IS CONEKTPAJBHOTO PAJUYCA. Paduyc nau-
MEHBULE20 KpY2a ¢ yenmpom 6 moukre 0, coOdepircauie20 cnexmp dMEMENMA T
banazo6oti a.12e6pbl, MOHCEM OBIMb 6LIYUCAEH NO POPMY.1€

. _ 1 Lnyl/n
2] = lim 2"

(npedea cnpasa cywecmeyem).

C. Masyp onybankoBara nepBoe u3 »>Tux yTBep:xkaernit B 1938 r. Bckope
N. M. I'enban g gax (cpeau mpodero) moJqHoe JOKa3aTeIbCTBO BCeX Tpex. flc-
HO, ITO TeopeMa O HeMyCTOTe CIeKTpa MOKphrBaeT Teopemy [eabdanga—Ma-
3ypa. Kpome Toro, yrBepk jieHie o HEMyCTOTe CIEKTPa (HO HE O KOMIAaKTHO-
CTH) coXpaHsfeTcs 6e3 MpeNoJ0KeHNs O MOMHOTE, T. €. I BCeX HOPMHUPOBAH-
HEIX anare6p. Hakowen, ecin onpedeaums «ceKTpaabHBIN panycy yKa3aHHON
BhIlle popmyaon [eabdanga, TO MOAYIUTCSA, YTO HA TpaHUIle Kpyra

e <lal}

NMEITCA TOYKH CIIeKTpa He3aBHCHMO OT TOI'O, IOJHa aJII‘era nJjanm HerT.
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Xotsa gokazaTeabcTBa M. M. l'etbdanma cymecTBeHHO HCTOAB30OBAIH OC-
HOBHBIe (DaKThl TEOPHN aHAINTHIeCKUX (yHKnni (Teopema JlnyBmiis, dhop-
myaa Komm-Ajgamapa), nociegnee o6CTOSTEILCTBO HABOAUT HA MBICAD IO-
HICKATh DJeMEHTapHOEe MOKa3aTeAbCTBO TEOPEMBI O HENYCTOTEe CIeKTpa s
HPON3BOJBLHLIX HOPMUPOBAHHBIX aare6p.

Takne nokazaTeabCcTBa OBLIN HalJeHBI ellle B cepeante 50-X TOA0B, OJHO
u3 Hux npuaarexnt 9. Pukkapry [3].

3/ech MPUBOUTCA YNUPOIIEHHBIH BaphWaHT >TOTO AoKazaTeabcTBa. CHa-
qaja aBTOp MpeAIoaaral u3J0KHThH COOCTBeHHOe JT0Ka3aTeabCTBO, He OYeHb
CJIOKHOE B cIyvdae KOHeYHOMEPHHBIX aare6bp, oJHaKo, ellle pa3 06yMaB JoKa3a-
TeabcTBO PHKKapTa, MOHAT, KaK €ro MOYKHO YIPOCTHTH, W Pl OTKa3aThCs
OT cOGCTBEHHON TeCHN.

OcHoBHas TeopeMa anrebphl PaKTHYeCKH DKBHBAJEHTHA TeOpeMe O Hemy-
CTOTE CHeKTpa /s KoHedHOMepHBIX anarebp. /leictBuTensno, nycts M (n, C)
— aare6pa BceX KOMILIEKCHRIX KBaIpaTHHIX MaTpun mopsiaka n. CoraacHo
KaHOHAM JHuHelNHON anrebper, matpuna 1° € M(n,C) Torma n Toapko Tora
obpaTtnma, korga det(T) # 0. [looToMy yTBepXKIeHHEe O HEMYCTOTE CMEKTpa
nist anrebpsr M (n, C) paBHOCHIBHO YTBEPXKIEHUIO O PAa3PEIITMOCTH ypaBHe-
unit det(A-1—7T) = 0, m ocTaeTCsA TOTBKO 3aMETHTh, 9TO Kad#dblii TOINHOM CO
CTapuInM Ko>(PUINEeHTOM, paBHEIM, | peannsyetcs B Buge det(A-1—T') mpn
noaxoqasiux n u 1. B 4acTHOCTH, OCHOBHAs TeopeMa ajirebpHl 6blMeEKAEM U3
TEOPEMHEI 0 HEMyCTOTe CMeKTpa.

Hamr gannuenmui mian TakoB.

B 1. 1 MBI 06BACHSEM, KaK CBeCTH TPO6IEMY O HEIIYyCTOTE CeKTpa K Cay-
Jal0 KOMMYTATHUBHBIX aireOp W NPHBOANM DJIeMeHTapHBIe airebpamdeckue
TOXK/IeCTBa (KOTOPhIE COXPAHSAIOT CMBICA B KOHTEKCTE TPON3BOMBHBIX KOMMY-
TATHBHBIX KOJEII).

B 1. 2 mpuBogsaTCa PaKkTH, KOTOPHIE OTHOCATCSA K DIeMEHTAPHOMY aHAJAU3y
7 TO3BOJIAIOT BBECTH MOHATHE CNEKMPAAbHO20 unduramopa. | TaBHLIH TpuMep
— CNeKTPadbHBIN PAaAUyC B CAydae HOPMUPOBAHHBIX aJaredp, ecan MOCTe THIH
onpedeaams popmyaon Leandamnga.

CyMMupYySs DTO HEMHOTO€e, B 1I. 3 MBI MOJIy4aeM BapuaHT TeOPEMBI O Hemy-
CTOTe CIeKTpa.

B 1. 4 mbr onnceiBaem 1Ba cnoco6a (0IMH W3 HIX BKpaTiie HaMedeH BEIIIE)
BBIBECTH OCHOBHYIO TEOPEMY alreOpHl N3 TeOpeMbl O HEMYCTOTE CHeKTpa MIad
KOHEYHOMEPHBIX aare6p (MpeIBapuTelbHO OOBACHACTCS, TOYEMY JIJIsi KOHEH-
HOMEPHKIX aJre6p yTBepXkKeHHE O HEMYCTOTe CMeKTPa BHITeKaeT H3 obliei
TEOpPEeMBI).
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Haxownen, nm. 5 comepknT He6OJIbIIOE HOCTAIBITIECKOE «PACCYXKICHUE MO
MOBOJIY?.

B bToMm TekcTe JeMMHB U (GOPMYJILI HMEIOT CILIOUIHYIO HYMEepamnmio, a 3a-
MedYaHus He HyMepyloTcs BOBce. B paHT TeopeMBl BO3BeJeHO TOJBKO OTHO
YTBepK/IeHue.

S xoten 661 nobaarogaputhk B. M. TuxomupoBa, 6e3 6aaroxenaTesbHON
HAaCTOWYHBOCTH KOTOPOI'O DTa 3aTes Bps[ ju ObLia Obl JOBeleHa [0 KOHIIA,
u H. B. BacunreBa, 3amedanusi KOTOpOTro MOOY NN MEHS OTKa3aThCs OT He-
KOTOPBLIX W3JAUINECTB MepBOHavYaabHOTO BapuanTa. A 6aarogapio B. f. JIuna
— Ha celi pa3 3a mmeapyio TEX-HHYecKy0 TmOAAepXKKy usnaieka. Hakorer,
st npuzHatesen M. H. Bsiomy, koTopeiit yxuTpuics npuBectu Mo TEX B
OPHCTOWHBIN BHI.

1. HECKOJIbBKO AJI'EBPANYECKUX TOYK/JIECTB

B o>ToMm nymkTe, moka mHe 6yJeT OrOBOPEHO MPOTHBHOE, MOXKHO CIATATh,
4TO A — MPOU3BOJBHOE KOJBIIO C eUHUIEH 1; 3TO 03HAYaeT MPOCTO, YTO MBI
He OyJeM UCTOJb30BaTh B TOKa3aTeNbCTBAX YMHOXKEHNE HA CKAJAPHI.

B Teopeme o menycToTe cmekTpa pedb HAeT 06 06PAaTHMOCTH DJaeMeH-
TOB cnennajibioro Bujga. Creayrolliee cTaHIapTHOE PACCY¥KIeHNE MOKa3bIBa-
eT, 9T0 (MO KpalHel Mepe, TeOpeTHIecKn) MpobreMa 06paTHMOCTH CBOINTCS
K pacCMOTPeHNI0 KOMMYTAaTHBHBIX 00BEKTOB.

PaccmoTpum HekoTopoe HemycToe moaMHONKeCTBO S C A. Ienmpaau3za-

mopom MHOXKeCTBa S HasbpIBaeTCd MHOXKECTBO

def

Z(9) {xGA‘xy:ym IS Beex y € S .

Jlerko BugeTs, uTo Z(S) — koabno ¢ exnunuein 1. [laxee, ecin S; C Sy, TO
Z(S2) C Z(S1). Otcrona cpasy caenyet

JIEMMA 1. Feau saemenmot nodmnoxcecmea S xommymupyiom memncdy
coboti (nanpumep, ecau S cocmoum u3 odnozo sremenma), mo Z(Z(S)) —
KOMMYMAMUE6HOE NOJKOALYO, U daemenm u3 S mozda u mo.avko mozda 0bpa-
mum 6 A, koz2da on obpamum 6 Z(Z(9)).

[lycts Temeps A — xommymamuenoe Koublio ¢ exmunuei 1. flcno, 1T0
at—bt=—(a—b)-at b7 (1)

IS BceX 06paTHMBIX DJIEMEHTOB d, b € A.
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[Ipn ¢ukcupoBannoMm = € A HOIOKIM
re =rq(2) = (a—2)7t,

eciu dieMeHT ¢ — x obpatuM. B npennojsoxkenunn, 4To dieMeHTH ¢ —x U b—
06a 06paTUMBEl, 13 TOXTecTBa (1) BEITEKaeT TOXK/IECTBO

re —rp=—(a—"5) ry-m, (2)

KOTOpO€ Ha3bIBaeTCsa moocdecmeom Fu,/tb6epma.

dukcupyem Takoll Habop {z1, Z2, ..., 2, } DIEMEHTOB U3 A, 4TO
2=1 (1<k<n) 3)
1/1
n
zp' =0 (1< m<n). (4)
k=1

flcHO, 9TO BCe DIeMeHTH z; 06PATHMBI W YTO COOTHOMIEHNS (4) BHITOTHAIOTCS
IpH BCEX M, MOJOXKUTETLHBIX I OTPHUIATEAbHEIX, KpOMe KPaTHHIX 1. B dacT-
HOCTH, eClu Wi = zk_l, TO 5TOT HabOP TakKyKe yIOBIeTBOpsieT ycaoBusm (3)
n (4). PazymeeTcs, ocHOBHOW npnMep — Habop KOpHeH n-# cTemeHnm u3 1; B
5TOM caydae BEITIOMHEHNE COOTHOIIEHN N (3) n (4) rapaHTHpyeTCs N3BeCTHRIMA
dopuyramn HrioToHa.

IIpn maTypansbHOM N TOJOKAM

o) 1T u+u?4

Jlisi moKazaTeahcTBA CJAeAVIONIel JeMMEl JOCTATOYHO MEPeCTaBUTh MOPS,T0K
CYMMHPOBaHUSA ClIpaBa.

JIEMMA 2 (O KOPHAX M3 EAUHNIBL). Jas aobviz z,y € A umeem me-
cmo moscdecmeo

n—1

n -

k n—k—1 _ . .
Loy - § Z-S‘Cn(Z;r)'gCn(Zy), (5)
0 z
6 KOMOPOM CYMMUPO6AHUE CNPA6A NPOU3EOIUMCA NO 6CEM Z = Z}, U3 OMME-
YEHHO020 Habopa.
W3 ToxmectBa (5) mpnm = y BHITEKaeT, 9TO

n?. 2"t = Zz e (22)2 (6)

z
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JIEMMA 3. [Ipednoaoocum, umo das 6cex z = zp IMEMENMBL 2 — T 006Pa-
mumsi. Toeda

nQ-m”_lz(l—acn)Q-Zz-ri. (7)

z

JTOKABATEJIBLCTBO. Bygem nucath w BMecTo 271, [ockoabky na6op {w}
YIOBIETBOPSIET TeM JKe COOTHOIIeHHUAM, 9TO n Habop {z}, n3 ToxmecTBa (6)
BREITEKaeT, 9TO

n?-g" ! = Zw en(wz)?.
w
DiaeMenTH 1 — wz 06paTHMBL, TpHIeM
(1—wz) ' =2(z—2)"" = 2r,.

Tak kak (1 — wz)g,(wz) =1— 2", To ¢p(waz) = (1 — 2)zr,.
Taknm ob6paszom,

neat Tt = wepn(wa)’ =
w

:(1—:6”)2-22-1“3,

z
n JeMMa JOKa3aHa.

Ecan A — anre6pa nag nosem C KOMIJIEKCHBIX 9HCeN, & 2 = A — KOPHH
u3 1, To GopMyna (7) MoXKeT OBITH 3alncaHa B BHJE

n-a" ! = (1—36”)2-//\-1“A2d,un. (8)
T
31ecn
T (AeC|]A=1}
— eJMHUYHAS OKPYKHOCTb, i, — Mepa Xaapa YNl KOpHEN n-il cTemneHn

3 1, T. e. equaNYHAs Mepa Ha T, conocTaBisiomas KopHio Mmaccy 1/n. OTHO-
CHTENBHO DIeMeHTa & MPe/IonaraeTcs, ITo Spec 4 () He mepecekaeTcs ¢ ITOH
CPYIIOH.

Kak n monaraetcsa B fannom kounTekcte, npn A € C qepes r) 31ech 0603Ha-
qaeTcs pezoab6enma dieMenta T € A, T. e. saement (A-1—z)71, ecan Takoi
DJIEMEHT CYHUIeCTBYeT. DTO 0603HAYEHNEe NCTOIb3YeTCs U B JadbHEUIIIeM.

Muorue pakThl 3JeMeHTaPHON TeOPHH aHAMUTHYECKUX (PYHKIUI BHITEKa-
0T U3 TeOPeMEl O CpejJHeM, KOTOpas MOoJydaeTCsi U3 WHTeT paibHOU (POPMYIhI
Komn B mpuMmenennu K NEeHTPY eIWNHUIHOTO AuCKa. KoHedHble ycpeTHeHUS
Tnna (8) JOBOIBHO YaCTO MO3BOJASIOT OGOUTHCH 6€3 WHTErpHPOBAHNS, A TO
TOTIOJHUTE pe3yanpTaT. Hamr cioxxeT — HA DTy TeMmy.
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2. CHEKTPAJBHBIN UHIUKATOP

Ciuenmyrolas mpocTas, HO BecbMa IoJe3Has JeMMa HHOT Ja Ha3bIBaeTCs JeM-
Mo PekeTe.

JIEMMA 4. Ilyems {ar} — maxas nocaedosameavrocms neompuyamensb-
HBIT YUCEA, UTNO

Oyl S Qf - (9)

das ecex namypaavuviz k u . To2da

Jk 1/k

Ek_mcallc = irlif&k (10)

1/k
U, 6 YACMHOCMU, NOCAEAO6AMEABHOCTD {ak/ } umeem npedea.

JTOKABATEABCTBO. [lias yro6cTBa 6yaeM cYNTaTh, 9TO &g = 1. PUKCH-
pyeMm HaTypaibHoe m. Ecau k > m, To k = ms+r, rre 0 < r < m. [looTomy,
coraacuo (9),

allc/k < a}n/k . afr{k.
[Ipn k& — oc mocregHee HepaBeHCTBO MPHBOANT K paBeHCTBY (10) ¢ 3ame-
HOH MpaBON YacTH Ha ain/m, 0 Tellepb OCTAETCSA B3ATH HUXKHIOK IPaHb MO M
cnpaBa. Jlemma gokasama.

ITycts A — aare6pa ¢ egunuuen 1 najg nosem C KOMIIEKCHBIX 9HCE.
Heorpunarenbuyio ¢pyukunio p Ha A 6yjeM Ha3biBaTh CyOHOPMOU, €Can BhI-
MOJHATOTCS CAeYIOINe YCAOBUS:

1. Heewvipoacdennocms: p(1) > 0.

2. Odnopoduocmo: p(Az) = |A| - p(z) nas Bcex z,y € A n Bcex A € C.
3. Cybaddumuenocms: p(z +y) < p(z) + p(y) mas Beex z,y € A.

4. Cybmyavmunauxamuenocms: p(zy) < p(z) - p(y) mas Beex z,y € A.

HeoTpuuarenbuyio pyHkunio o Ha A 6y/eM Ha3BIBaATh CNEKMPAAbHBIM UH-
duxamopom, ecin
1. o(l) = 1.

2. 0(2") = o(z)" pns Bcex £ € A U HAaTYPAJIBHBIX N.
3. Cyxenue o Ha KaxK/Iyl0 KOMMYyTaTHBHYIO TOJaare6py — cybHOpMa.

JIEMMA 5. ITyems p — cybuopma na areebpe A. Tozda das xamxcdozo
anemenma ¥ € A cyuecmeyem npedea

o(z) 4 fim p(z™)",

n—oc

u amom npedea 0 — cnexkmpaabiblli uHAUKAMOP.
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JTOKABATEJBCTBO. CylllecTBOBaHuUe Npe/ena SBASETCH CAeJICTBHEM Tpe-
[BITYIIEN JeMMBI. YCIOBHS HEBEIPOXKJIEHHOCTH U OJHOPOJTHOCTH OYEBHTHHI.

W3 cymecTBoBanms npejena BHITEKAET, ITO a(mk) = U($)k. Ecan zy = yz,
TO W3 CYIIeCTBOBAHUSA Tpejiena U aHAJOTMIHOT O HepaBeHCTBA AJd p noaydaeT-
cst HepaBeHcTBO o(zy) < o(z) - o(y). Hakonen, q1s qokasaTeqbcTBa HepaBeH-
CTBa TPEeyroAbHUKA HAJTO MOMOJHUTENBHO UCTIOIL30BAaTh «6nHoM HbioToHas.

S3AMEYAHWE. Ecin A — wopmupoBanHas anre6pa, TO CeKTPaTbHLIT THIH-
KaTOp, MOPOXKAEHHBIH HOPMOH, — DTO B TOTHOCTH «CNEKTPATbHBIH pagaycy,
ecan mocaegHun onpedeasms Gpopmygon lerbdanga. CTangapTHBIT TpuMep
MaTpHII
(0 1 (01

oo/ "V oo
MOKa3bIBAET, 9TO CHEKTPaTbHBIH WHANKATOP, TOPOXKACHHBIN CyGHOPMOH, BO-
06111e TOBOPSA, CYOHOPMON He SBJIseTcsA. ITOT MpuMep Tnnuded. BmecTe ¢ Tewm,
st (HEKOMMYTATHBHON) aare6phl BEPXHNX TPEYrOJbHBEIX MATPHI BTOPOTO
MOpAIKA CHEKTPAAbHBIA WHINKATOP, MOPOXKIEHHBIH CTaHJIaPTHON HOPMOH,
OymeT cyGHOPMOT.

3. TEOPEMA O HEIIYCTOTE CHEKTPA

[lycte A — kKommyTaTuBHas ajrebpa m 0 — CHEKTPAJbHBIH WHHIHKA-
Top. CoriacHo onpefiefeHu0, 0 ABJIAETCH CYOHOPMOU. 3aMEeTHM, YTO YCJAOBHE
o(a) < 1 (B oTaW4ne OT CTAaHZAPTHOW CHTYAIWn), BOOOIIe TOBOPS, HE 2a-
parmupyem obpatumocTu daeMerTa 1 — a. C TOYHOCTBIO 10 DTOH OrOBOPKH
cjenyiolias jeMMa TpHUBHaJbHA.

JIEMMA 6. Feau (1 —a)-b=1wuo(a) <1, mo

1

by < ——.

o(b) < 1-o0(a)
NlencTBuTennuo, b = 1+ ab, Tak 1T0

o(b) < 1+o(a)-o(b).

Dukcupyem HekoTopwl daeMeHT = € A. [Ipegmonoxkum, 9T0 MHOXKeECTBO
C\Spec 4(z) HE TyCcTO. DTO MHOKECTBO HA3LIBAETCS MHOKECTBOM PETYISPHBIX
TOYeK dJeMeHTa T U ABAfSeTCsA 001acThio onpe/efeHis Pe30JbBeHThI

rm=A-1-2)""
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JIEMMA 7. @ynxyus X — o(r)) HENPEPBIEHA HA MHONCECTNEE PECYAAPHBLE
MOYEK IAEMENMA T U, CAEDO6AMEABHO, PAGHOMEPHO O2PAHUUENA HA KANHCIOM
KOMNAKMHOM NOOMHONCECMEE IMO20 MHONCECTNEA.

JTOKABATEJIBCTBO. Ecau A,y — pery/ispHbie TOYKH, TO, COLVIACHO TO-
KaecTBy I'manbepTa,

ru=(1-(p—=Xr\)"" -7
[Mostomy, ecan |pp— A|o(ry) < 1, To, ncnoab3ys emre pa3 TOXKIeCTBO ['mirb-

OepTa 1, KpoMe TOro, JeMMy 6, ToaydaeM

|o(ry) —a(ry)| < alry —r) =
=|p—Al-o(r,-r) <
1= Alo(ry)?
ST Ao(m)

I TOKa3aTeJdbCTBO 3aKOHY€HO.

Hamomunum, uTto depes T Mul o603HavaeM CTaHAAPTHYIO eINHAYHYIO OK-
PYKHOCTH Ha KoMILiekcHON miaockoctn C.

TEOPEMA. Ilyecmbv A — komnaexcuas aq2ebpa ¢ edunuyetd. Ilpedno.ao-
scum, umo Ha A cywecmeyem cnexkmpa.abusit unduxamop o.

Tozda Spec 4(z) # @ das 6cex x € A. B wacmnocmu, cnexmp xaxncdozo
IAEMEHMA HE NYCM, ECAU A12€6pa 06aadaeM CYOHOPMOT.

JIOKABATEJABCTBO. [lo Jemme 1, MBI MOXKeM TPEINONOKATE, 9TO ajire-
6pa A xommyTatuBHa. [lycth 2 € A. Ecan o(z) = 0, To = He MOXKeT OHITH
o6paTnMbIM, Tak 910 0 € Spec4(z).

[TosTomy MBI MOKeM canTaTh, 9TO o(2) = 1. [lokaxem, 9T0 B 5TOM CIy-
qae Ha OKpyX)HocTH T uMeeTcs XO0TsA OBl O/HA TOYKa CHEKTPa DJIEMEHTa .
JelcTBUTENBHO, B TPOTHBHOM CJydae Bce TOYKH OKpy:kHOCTH T 6yayT TOU-
KaMn peryasproctn. [lo nemme 7, mangeTcsa Takoe ¢ > 0, 9to mas Bcex A € T
6ymeT BHIMOMHATHCS HepaBeHcTBO o(r)y) < c¢. Ho Tak xak o(z) = 1, To 70
cpasy MPUBOJHUT K MPOTHBOPETHIO C JEMMON 3.

[To memme 5, BTOpoe yTBepKAeHNE TEOPEMBI ABAACTCA CICJICTBUEM TEPBO-
ro. Teopema jpokazana.

3AMEYAHUE. /s 6anaxoBeIX airebp Teopema lenbdanga ycTaHaBinBaeT
6oJIblIle — CMEeKTp He MyCT u kKoMmakTeH. O THAKO B YCJAOBUAX JOKA3aHHOU Te-
OpeMBEI CIIeKTP He 06fA3aTelbHO 3aMKHYT WJIN OTrpanmved. BmecTe ¢ Tem, 2Ty
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TeopeMy MOXKHO peIynupoBaTh K TeopeMe lenbgamnga: KaxK as KOMMYTaTHB-
Had ajire6pa co COeKTPaJbHBIM HHIHKATOPOM HMeeT HeTPHBHAILHLIE [OMO-
Mop¢u3M B 6aHAXOBY, TOrJa KakK HHKaKasd aire6pa, B KOTOPOH €CTh DJAeMeH-
THI C IYCTHIM COEKTPOM, He MOXKET HMeTh HeTPHBHAJALHEIX T'OMOMODP(H3MOB
B aJire6py 6e3 TaKnxX DJIEMEHTOB (MMEIOTCS B BHIY TOMOMOP(MHAIMEI, «COXpa-
HATOIINE eNHNTY»). Bupodem, n qo6aBienns, KOTOpbIe HAa IO CeAaTh, YTOOL!
BLIBECTH U3 YCTAHOBJICHHOHN TeopeMbl Ha3BaHHLIC BEIIIE TeopeMbl [eabdamnia,
ne Beanku. /leiicTBuTeNbHO, ecan A — GamaxoBa aarebpa u |z| . < 1, To psajg
Henimana

y:1+x+m2+...

cxomures n (1 — z)y = y(1 — z) = 1. BMecTe ¢ npuBeeHHBIME BbIIIE Hepa-
BEHCTBaMHU DTO TMO3BOAAET YCTAHOBHThL, 9TO TPyNla 0OPaTHMBEIX DJIeMEHTOB
anre6pbl A OTKpPHITa B A M 9TO TPYNNOBHIE ONEpANNN B Hell HENpPepLIBHHI.
OTcioia caegyer, 9TO MOTMOJHEHHE K CIEKTPY KayK/IOTO dIeMeHTa OTKPHITO.
Kpowme Toro, ucnoawsys eiie pa3s psjg Helimana, Jerko mpoBepuTh, 4TO die-
MeHT A -1 — z o6patnum, ecan |A| > |z|__.

4. ... U OCHOBHAS TEOPEMA AJTEBPEI

OcHoBHas TeopeMa aare6phl BHIBOJAUTCA W3 TEOPEMBl O HEMYCTOTE CleK-
Tpa I KOHETHOMEePHHIX aare6p. PazymeeTcs, MBI HOMKHBI yOeIUTHCA, ITO
K TaknmMm ajrebpaM TeopeMa O HENyCTOTe chmeKTpa npuMmenuma. /las sToro
JOCTATOYHO YCTAHOBHTH CYIIeCTBOBaHWE HETPUBHAABHON CYOGHOPMEl Ha Ka-
K IO KOHeYHOMepHOH anre6pe (pakTHdeckn Bce TaKine aareOGphl Ha MeJIsSI0TCS
CTPYKTYpOH GaHAXOBOH aare6psi).

MbI HavHeM ¢ paccMOTpeHus MpHUMepa, B KOTOPOM BCE JOCTATOTHO Ove-
BH/HO, OJTHAKO BCKOPE BHIACHUTCSH, 9TO OOUINT CAyIaldl CBOJATCS K DTOMY.

Cra6anm C" cTangapTHOH eBKJANIOBOH HOpMOIH; HOpMYy BekTopa & € C*
6ynem o6osnadath depes [£|. [lycte B = B(C") — anre6pa Bcex JMHEHHBIX
omepatopoB T: C* — C". DTta aiarebpa ecTecTBeHHO M3oMOp(Ha airebpe
M (n,C) xBajpaTHEIX MaTpuI mopsika n. Bece onepatopsr 1 € B HenpephiB-
HEI, T JeTKO YOeAUThCA, ITO BCE OHN UMEIOT KOHETHYIO HOpMY

def
IT]| = sup |[T¢],
[€]=1

u, cHaGXKeHHas DTOH HOpMOH, B cTanoBuTca GanaxoBon aarebpon. Mul He
MPHUBENN 37eCh TOAPOOHKIX TOKA3aTEAbCTB, MOTOMY YTO BCE OHHW TPOBOAATCS
«HEMOCPEICTBEHHO).

Jlis oHOTO M3 BapWaHTOB JOKA3aTelhCTBA OCHOBHOW TEOPEMBI alTeOphl
(cM. HEMKe) OCTAaTOYIHO HOpMUpyeMocTn anre6psl B. OTHAKO s MOTHOTH
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KapTHHBL (1 1715 GOJIbIIeN CBOGOIBI JeHCTBI), MBI MOSCHAM, KaK MOKHO HOP-
MHUPOBATh MPOU3BOMBHYIO KOHETHOMEPHYIO airebpy A (c emuuumen).

[lycte dim(A) = n. Torga B kadecTBe JMHEHHOTO MPOCTPAHCTBA AJTre-
6pa A usomoppua C*. ComoctaBum siemenTy a € A omnepatop T,: z — za.
Ucnonb3ys ykasaHHBIH H30MOP(H3M, MBI MOXKEM «IepeHecTH» DTH OmepaTo-
pel B aarebpy B = B(C"); B pe3yabTaTe NOJIYIHTCA TOYHOE NpeNCTaBICHIE
aare6per A B B, n A HajenseTcs HOPMOH.

[Ipex e 1eM mepexoAnTh K JOKa3aTeqLCTBAM OCHOBHON TeOpeMBl ajre-
OpHI, CcleaaeM ellle HeCKOJAbKO 3aMedaHnil 06IIero xapakTepa.

B npoctpancte C* MBI (MOT9aaMBO) 3apUKCHPOBAIN 6A3NC, B pe3yIbTa-
Te dero n Bo3HNK m3omopduam mexkay B = B(C*) u M (n, C). Otox gecTBass
onepaTtop T' € B ¢ COOTBeTCTBYIOIIEH MaTpHIlell, MBI MOYKEM MHCATH BHIPaXKe-
unsi Bpoje det(7); Ha caMOM [esle DTO IHCJIO OT BBIOGOpa 6a3mca He 3aBHCHT.

B cooTBeTcTBUM ¢ mpaBmaaMu JuHEHHON aare6pwl, onepaTop T Torma m
TOABKO TOrjga OymeT o6patnmbiM, korga det(T) # 0. CremoBaTenbHo,
Specg(T) cocTaBasSIOT KOPHN (XapaKTepHCTHIECKOTO) YpaBHEHNS

det(A-1-T)=0.

CornacHo TeM ke InIpaBUJIaM, O9TH KOPHU — «coOCTBEeHHDBIC 3HAYCHUSA JHHEHHO-
ro HpeOGpa?»OBaHI/IH»7 1, KaK U3BeCTHO, CTaHr[[apTHHfI MeTO TOKa3aTelbCTBa
CyuieCTBOBaHUSA cOOGCTBEHHBIX 3HAYCHUT HCIIOAb3yeT Pa3pelInMOCTb XapaKTe-
PUCTHIECKOI'O YpaBHEHHUS.

Y Hac ecTh BO3MOXKHOCTH OOGpATHTH 3TOT NyTh. /lelicTBUTENbHO, U3 CKa-
3aHHOT O BHIIIE 110 ToBOy aarebpel B = B(C") BhITekaeT, 9To K 3TOH aarebpe
NpUMeHNMa TeopeMa O HeMyCcToTe CIeKTpa.

Taxum o6pazom, cieKTp Kaxkaoro onepatopa I’ € B He mycT, y oepaTopa
eCcTh COOCTBEHHBIE YNCIa, a XapaKTepucTHieckoe ypaBHeHNEe HMeeT KOPHH.

YT10o6LI BEIBECTH OTCIOMa OCHOBHYIO TeOpeMy aarebGphl, OCTaeTCs 3ame-
THTH, 9TO Kadcdbll TOTUHOM

F) =2+ A" b a A+ ay,

SIBJASETCH XapaKTEePUCTUYECKUM [IJ15i HEKOTOPOT O JHHEeHHOT 0 onmepaTopa. Ha-
npuMep, npu 7 = 4 TO0CTATOYHO PacCMOTPeTh MaTpPHIY

A 0 0 (871
-1 A 0 Q3
0 -1 A a9
0 0 -1 A+ o
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Tenepb MBI XOTHM BKpaTIie ONUCATH €I1¢ OJUH CIIOCO6 MOAYIUTH OCHOBHYIO
TeopeMy aire6phbl N3 TeopeMbl 0 HeMyCTOTe CHeKTpa.

O6o3naunm depes C[z] aare6py Bcex KOMILIEKCHBIX MOJNHOMOB. XOPOIIO
M3BECTHO, 9TO NOJUHOMBI MOXKHO JeINTH C OCTATKOM. DTO O3HAYaeT, YTO eCIn
fig € C[z], To cymecTBYIOT Takme OJTHO3HAYHO ONpe/eJeHHbIe TOIHHOMBI h
n q, 9t0 ¢ = fh + q, upniem deg(q) < deg(f) (moammomy, TOXKIECTBEHHO
paBHOMY 0, IPUTNCHIBAETCA CTENEHb —OC).

PDukcupyeM HEKOTOPHI HEeTPUBHANBLHLIN MOJUHOM f W 0603HAYUM Hepes
(f) cOBOKYIMHOCTH BCex MOJMHOMOB, mensmmxcs Ha f 6e3 octaTka. MuOXKeCTBO
(f) cocTtaBasieT udeaq B ToM cMBICTe, 9TO (f) ecTh mogaare6pa (6€3 e MHNIIL)
C JOMONHATENBHEIM CBOMCTBOM: ecan ¢ € (f), To gh € (f), mas kaxkjgoro
nomuoma h € C[z].

['oBOpPSAT, 9TO MOTUHOMBI 1, §o DKBUBAJIEHTHE (TOYHEE, CPAGHUMBL O MO-
dywo (f)), ecin g1 — g2 € (f).

Bosuukaromne Kiacchl DKBHBAJEHTHOCTH COCTABJAIOT alire6py OTHOCH-
TeJbHO eCTECTBEeHHLIX ONepallil, KoTopait oburano obosnataerca Cz]/(f).

N3 onucanuol BBIIIE NPONEAYPLI JeJeHHs ¢ OCTATKOM JerKO BHITEKaeT,
9TO pa3MepHOCTh 5Tol aare6pwr pasua deg(f). [loBTopHOe mpuMeHenwe Mpo-
neJyphl TeNeHnss ¢ OCTaTKOM (aaropnTM EBKInIa) mO3BOJSE€T yCTAaHOBUTH,
aro C[z]/(f) — moae, ecanm noruHOM f HENPHBOAUM, T. €. He MPeJCTaBIACTCA
B BIHjIe HETPHBHAILHOTO MPON3BEICHUS MOJIHHOMOB.

ITo Teopeme T'enbdanga — Masypa, Bosnukatwiliee noje ognoMepno. Cie-
fToBaTeabHo, ecin f HempuBomuMm, To deg(f) = 1, m ocHOBHas TeopeMa afire-
OpbI ellé pa3 JoKa3aHa.

B xypce KoMMyTaTHBHON aarebGpbl BTOPOH CIOCO0 MOXKET 0Ka3aThCs 6oJee
npeAnoITHTENbHLIM: BO-NEPBLIX, MPUBJEKAIOTCSA TOJE3HBIE TOMOJHUTEALHBIE
ob1Ire MOHATHUSA, a BO-BTOPHIX, He HaJO BBIXOJAUTH 32 PAaMKH KOMMYTAaTHBHBIX
00 BEeKTOB.

5. HEBOJBIIOE MOCJECJOBUE

KonkpeTnnle anre6psl onepaTopoB B THALGEPTOBOM NPOCTPAaHCTBE Hada-
JU paccMaTpuBaTh emé B Havate 30-x ronoB. B wacTHoCTH, nccaenoBannsa pon
Helimana mo MaTeMaTH4eCcKiHM OCHOBaM KBAHTOBOW MeXaHUKH — DTO TEOPHS
CaMOCOTPAKEHHBIX ONepaTOPOB r'uJabbepToBa MPOCTPaHCTBa.

Bckope mocie Toro Kak TPOSCHUJANCH OCHOBHEIE NMPUHNHUNL Teopuu 6Ha-
HaXOBBIX MPOCTPAHCTB, PSATOM aBTOPOB OBLTO BBeIeHO (MO pa3HBIMI Ha3Ba-
HUSIME) I TOHATHE 6aHAXOBON alreOphl, OHAKO HOBBHIM HAlNpaBIeHNEM B Ma-
TeMaTHKe, HACTOAIIEell Teopuel, CBA3aBIell MHOTOYHCJAEHHEIE Pa3pO3HEHHEBIE
PaKTHl KJIaCCHYECKOTO U KOMILJIEKCHOT'O aHadn3a, airebpbl U TONOJOTUH, dTa
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HayKa cTaga 6rarogaps pematoreMmy Bkaagy U. M. Ieabganna. XapakTepras
ocobennocTh TBopiecTBa U. M. lenbdanga nposBusach 31ech 09eHb SPKO: OH
yCJbIIIal KiodeBoe cioBo. B o6iell KoMMyTaTuBHON aare6pe, riaBHOW MO-
[eNbI0 KOTOPOU CJAYKHT TEOPHs YHCe], NeHTPaJbHOe MOHSATHE, sBASIOIIeecs
eCTeCTBEHHKIM 0600IIeHeM MOHATHS NPOCTOTO 4YHCIa, — TPOCTOU W Ieal.
OtkpoiTue M. M. l'eabdamga cocTOLI0 B TOM, 9TO IS «(KOMMYTAaTHBHBIX KO-
Jielly, eCTeCTBEHHO BO3HUKAIOIINX B PAa3JHYHBIX 33 /Ja9aX aHAJAN3a, PEIaoly 0
pOJbL UTPaeT MOHATHE MAKCUMAABHO20 WTeata. B d>ToM cMEBICIe mepedncaen-
HEbIe BHIIIE Pe3yaAbTATHl — DTO BCETO JUIIL MOABe3THbIe MYTH K CTPOUTENb-
ctBy. B ynomsinyTon Beie monorpagun 9. Pukkapra [3] 1ana, B 4acTHOCTH,
OpakTHIeCKH ToaHas 6ubanorpadus mo 6aHaxoBLIM ajarebpaM K Havary 60-x
rogoB. K HacTosiiieMy BpeMeHHI COCTaBUTh MOJOOHKIHN CMIUCOK HE MPeICTaBIIs-
eTcs BoaMOKHBIM. C OCHOBaMH TeOpHH Telleph MOYXKHO MO3HAKOMUTHCH MPaK-
THIeCKH TOo Jio60oMy 6oJee MW MeHee COBPEMEHHOMY Kypcy (PYHKIHOHATD-
HOTO aHaamsa (cM., HanpnMep, Pymum [4]). EcTh, ognako, ocobas mpenecTsb
B MPUKOCHOBEHNH K KJACCHIECKWM HWCTOYHWMKaM. Mue B cBOE BpeMs MOBe3-
J0: CHavana (Mo cayd9ailHBIM 06CTOATENRCTBAM) i TPOYe] OCHOBHYIO paboTy
N. M. Tenbdanga [1], 3aTem, npocugeB Mecsn B 6GHbIHOTEKe MeXMaTa, Ky-
om1 B Knocke Ha MoxoBon HoMmep «YcmexoBy co ctathen M. M. I'eabganga,
M. A. PaiikoBa u I". E. lllugosa [2]. DTOT 5K3eMIISIp MOKHAJCA CBOETO daca
okoqo 10 zerT.
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