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Äâîéñòâåííîñòü

Åñëè êîëüöî A íåêîììóòàòèâíî, òî ðàçëè÷àþò ëåâûå A-ìîäóëè (ãäå äåéñòâèå A ×M → M
óäîâëåòâîðÿåò óñëîâèþ a1 ·(a2 ·m) = (a1 ·a2)·m) è ïðàâûå A-ìîäóëè (ãäå äåéñòâèåM×A→M
óäîâëåòâîðÿåò óñëîâèþ (m · a1) · a2 = m · (a1 · a2)).
Ïóñòü M,N � äâà ëåâûõ (èëè äâà ïðàâûõ) ìîäóëÿ. ×åðåç HomA(M,N) îáîçíà÷èì ìíî-
æåñòâî ãîìîìîðôèçìîâ A-ìîäóëåé èç M â N . Ââåä¼ì íà HomA(M,N) ñëîæåíèå ôîðìóëîé
(f1 + f2)(m) := f1(m) + f2(m). Ââåä¼ì íà HomA(M,M) óìíîæåíèå ôîðìóëîé (f1 · f2)(m) :=
f1(f2(m)).

Çàäà÷à 1. Ïîêàæèòå, ÷òî îòíîñèòåëüíî ââåä¼ííûõ îïåðàöèé

a)HomA(M,N) ÿâëÿåòñÿ àáåëåâîé ãðóïïîé ïî ñëîæåíèþ;

b)EndA(M) := HomA(M,M) ÿâëÿåòñÿ êîëüöîì;

c)M ÿâëÿåòñÿ ëåâûì EndA(M)-ìîäóëåì;

d)HomA(M,N) ÿâëÿåòñÿ ïðàâûì EndA(M)-ìîäóëåì è ëåâûì EndA(N)-ìîäóëåì.
Çàäà÷à 2. Ïóñòü êîëüöî A êîììóòàòèâíî. Ïîêàæèòå, ÷òî HomA(M,N) ÿâëÿåòñÿ A-ìîäóëåì
ñ óìíîæåíèåì (a · f)(m) := a · f(m) = f(a ·m).

Îïðåäåëåíèå 1. Îïðåäåëèì äâîéñòâåííûé ìîäóëü ôîðìóëîé

M∗ := HomA(M,A).

Åãî ýëåìåíòû (ãîìîìîðôèçìû M → A) íàçûâàþòñÿ ôóíêöèîíàëàìè.

Çàäà÷à 3. a)Ïóñòü M � ëåâûé A-ìîäóëü. Ïîêàæèòå, ÷òî M∗ � ïðàâûé A-ìîäóëü ñ óìíî-
æåíèåì (f · a)(m) := f(m) · a.
b)Ïóñòü M � ñâîáîäíûé êîíå÷íî ïîðîæä¼ííûé ìîäóëü ñ áàçèñîì e1, . . . , en. Òîãäà M∗ �
ñâîáîäíûé êîíå÷íî ïîðîæä¼ííûé ñ äâîéñòâåííûì áàçèñîì e1, . . . , en, ãäå ei : M → A �
ôóíêöèîíàëû, äëÿ êîòîðûõ ei(ej) = 0 ïðè i 6= j, ei(ei) = 1. Â ÷àñòíîñòè, â ýòîì ñëó÷àå
rankM = rankM∗.
Îïðåäåëèì îòîáðàæåíèå iM : M →M∗∗ ôîðìóëîé

(iM(m))(f) := f(m),

ãäå m ∈M , f ∈M∗.

Çàäà÷à 4. a)Ïîêàæèòå, ÷òî iM � ãîìîìîðôèçì ìîäóëåé.

b)Ïîêàæèòå, ÷òî iM � èçîìîðôèçì, åñëè M ñâîáîäíûé êîíå÷íî ïîðîæä¼ííûé.
Ïðèâåäèòå ïðèìåðû, â êîòîðûõ iM c) íå èíúåêòèâíî, d) íå ñþðúåêòèâíî.

Ïóñòü u : M → N ãîìîìîðôèçì ìîäóëåé. Îïðåäåëèì äâîéñòâåííîå îòîáðàæåíèå
u∗ : N∗ →M∗ ôîðìóëîé (ãäå g ∈ N∗, m ∈M)

(u∗(g))(m) := g(u(m)).

Çàäà÷à 5. a)Ïîêàæèòå, ÷òî ñîîòâåòñòâèå u 7→ u∗ çàäà¼ò ãîìîìîðôèçì àáåëåâûõ ãðóïï

HomA(M,N)→ HomA(N
∗,M∗).

Äîêàæèòå, ÷òî: b) (uv)∗ = v∗u∗, c)u∗∗ ◦ iM = iN ◦ u.
d)Ïðîâåðüòå, ÷òî â äâîéñòâåííûõ áàçèñàõ ìàòðèöà u∗ åñòü òðàíñïîíèðîâàííàÿ ê ìàòðèöå u.
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Äàëåå áóäåì ñ÷èòàòü, ÷òî A = k � ïîëå, à âñå âåêòîðíûå ïðîñòðàíñòâà êîíå÷íîìåðíû.
Îïðåäåëåíèå 2. Ïóñòü V, U,W � âåêòîðíûå ïðîñòðàíñòâà. Íàïîìíèì, ÷òî îòîáðàæåíèå

V×U 〈−,−〉−−−→ W íàçûâàåòñÿ áèëèíåéíûì, åñëè îíî ëèíåéíî ïî êàæäîìó àðãóìåíòó. Áèëèíåéíîå
îòîáðàæåíèå V × U → k íàçûâàåòñÿ ñïàðèâàíèåì. Ñïàðèâàíèå íàçûâàåòñÿ íåâûðîæäåííûì

ïî ïåðâîìó àðãóìåíòó, åñëè èç 〈v, u〉 = 0 ïðè âñåõ u ñëåäóåò v = 0. Àíàëîãè÷íî îïðåäåëÿåòñÿ
íåâûðîæäåííîñòü ïî âòîðîìó àðãóìåíòó. Ñïàðèâàíèå íàçûâàåòñÿ íåâûðîæäåííûì, åñëè îíî
íåâûðîæäåííî ïî îáîèì àðãóìåíòàì.
Ïðèìåð íåâûðîæäåííîãî ñïàðèâàíèÿ: V × V ∗ → k, 〈v, f〉 := f(v).

Çàäà÷à 6. a)Ïîêàæèòå, ÷òî ñïàðèâàíèå çàäà¼ò ëèíåéíûå îòîáðàæåíèÿ V → U∗ è U → V ∗,
äâîéñòâåííûå äðóã äðóãó.

b)Ïîêàæèòå, ÷òî äëÿ íåâûðîæäåííîãî ñïàðèâàíèÿ ýòè îòîáðàæåíèÿ ñóòü èçîìîðôèçìû.
Îïðåäåëåíèå 3. Äëÿ ñïàðèâàíèÿ V × U → k îïðåäåëèì åãî ëåâîå ÿäðî êàê

kerV := {v ∈ V | ∀u ∈ U 〈v, u〉 = 0} ⊂ V,

àíàëîãè÷íî îïðåäåëèì ïðàâîå ÿäðî kerU ⊂ U .

Çàäà÷à 7. Ïîêàæèòå, ÷òî ñïàðèâàíèå V × U → k èíäóöèðóåò ñïàðèâàíèå
V/ kerV ×U/ kerU → k, è ïðîâåðüòå, ÷òî îíî íåâûðîæäåíî.
Îïðåäåëåíèå 4. Ïóñòü äàíî ñïàðèâàíèå V ×U → k. Äëÿ ïîäïðîñòðàíñòâà V ′ ⊂ V îïðåäåëèì
åãî îðòîãîíàë (V ′)⊥ ⊂ U :

(V ′)⊥ := {u ∈ U | ∀ v′ ∈ V ′ 〈v′, u〉 = 0}.

Çàäà÷à 8. Äëÿ íåâûðîæäåííîãî ñïàðèâàíèÿ V × U → k ïîêàæèòå, ÷òî

a) îïåðàöèÿ ⊥ çàäà¼ò âçàèìíî îáðàòíûå áèåêöèè ìåæäó ïîäïðîñòðàíñòâàìè â V è â U ,

b) ïðè ýòîì dim((V ′)⊥) = codimV ′ è V ′ ⊂ V ′′ ⇐⇒ (V ′′)⊥ ⊂ (V ′)⊥.
Â ÷àñòíîñòè, ⊥ çàäà¼ò áèåêöèþ ìåæäó ïîäïðîñòðàíñòâàìè â V è â V ∗.

Çàäà÷à 9. Ïóñòü u : V1 → V2 � ëèíåéíîå îòîáðàæåíèå, à u∗ : V ∗2 → V ∗1 � äâîéñòâåííîå
îòîáðàæåíèå. Ïîêàæèòå, ÷òî

a) im (u∗) = (keru)⊥; ker(u∗) = (imu)⊥;

b) ranku = ranku∗.


