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Ýêçàìåí � îòâåòû è êîììåíòàðèè

Çàäà÷à 1. Äëÿ êàæäîãî a ∈ Z íàéäèòå ñòåïåíü ïîëÿ ðàçëîæåíèÿ ìíîãî÷ëåíà (x3−2)(x2−a)
íàä Q.
Îòâåò. Ïðè a âèäà k2 èëè −3k2, ãäå k ∈ Z, ñòåïåíü ðàâíà 6, èíà÷å 12. Èñêîìîå ïîëå åñòü

K = Q[
3
√
2,
√
a,

3
√
1 =
−1 + i

√
3

2
] = Q[

3
√
2,
√
a,
√
−3].

Ïóñòü L = Q[
√
a,
√
−3], òîãäà [L : Q] = d = 2 èëè 4. Äàëåå [K : Q] = [L[ 3

√
2] : L] · [L : Q] 6 3d.

Ñ äðóãîé ñòîðîíû, [K : Q]
...[L : Q] = d è [K : Q]

...[Q[ 3
√
2] : Q] = 3, ïîýòîìó [K : Q]

...3d. Çíà÷èò,
[K : Q] = 3d. Îñòàëîñü íàéòè d: îíî ðàâíî 2 òèòòê

√
a ∈ Q[

√
−3]. Àíàëîãè÷íî çàäà÷å 9.1ab

ïðîâåðÿåòñÿ, ÷òî
√
a ∈ Q[

√
−3] òèòòê

√
a ∈ Q èëè

√
a ∈ Q ·

√
−3, ò.å. a âèäà k2 èëè −3k2, ãäå

k ∈ Z.
Çàäà÷à 2. Ïðè êàêîì íàèìåíüøåì n ñóùåñòâóåò ìàòðèöà â Mn(R), æîðäàíîâà íîðìàëüíàÿ

ôîðìà êîòîðîé ñîäåðæèò êëåòêó
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)
? Ïðèâåäèòå ïðèìåð òàêîé ìàòðèöû.

Îòâåò: Ïðè n = 4. Âî-ïåðâûõ, õàðàêòåðèñòè÷åñêèé ìíîãî÷ëåí äîëæåí äåëèòüñÿ íà (x− i)2,
à ïîòîìó è íà (x+ i)2, è íà (x− i)2(x+ i)2 = (x2+1)2. Çíà÷èò, n > 4. Ñ äðóãîé ñòîðîíû, ëåãêî
ïðîâåðèòü, ÷òî ìàòðèöà
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
ïîäõîäèò: äëÿ êàæäîé èç íèõ χA(x) = (x2 + 1)2 è ðàíã A− iE ðàâåí 1.
Çàäà÷à 3. Íàéäèòå âñå íåïðèâîäèìûå ïðåäñòàâëåíèÿ íàä ïîëåì C ãðóïïû G = 〈a〉3 h 〈b〉4.
Ñêîëüêî èõ, êàêîâû èõ ðàçìåðíîñòè?
Îòâåò: 6 ïðåäñòàâëåíèé: 4 îäíîìåðíûõ è 2 äâóìåðíûõ. Çàìåòèì, ÷òî êîììóòàíò ãðóïïû åñòü
〈a〉, à ôàêòîð ïî íåìó � öèêëè÷åñêàÿ ãðóïïà ïîðÿäêà 4. Ïîýòîìó îäíîìåðíûå ïðåäñòàâëåíèÿ
χk òàêîâû: a 7→ 1, b 7→ 4
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Äðóãîå äâóìåðíîå ïðåäñòàâëåíèå G ìîæíî ïîëó÷èòü êàê ρ′ = ρ⊗ χ1. Â ÿâíîì âèäå:
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Äðóãèõ íåïðèâîäèìûõ ïðåäñòàâëåíèé íåò ïî ôîðìóëå Áåðíñàéäà: 12+12+12+12+22+22 =
12 = |G|.
Çàäà÷à 4. Ïóñòü V � íåïðèâîäèìîå ïðåäñòàâëåíèå êîíå÷íîé ãðóïïû G íàä C. ×åìó ìî-
æåò áûòü ðàâíà êðàòíîñòü âõîæäåíèÿ òðèâèàëüíîãî ïðåäñòàâëåíèÿ â ïðåäñòàâëåíèå V ⊗ V ?
Ïðèâåäèòå ïðèìåðû.
Îòâåò: 0 èëè 1. Äåéñòâèòåëüíî, èñêîìàÿ êðàòíîñòü ðàâíà ðàçìåðíîñòè ïðîñòðàíñòâà
HomG(C, V ⊗V ), êîòîðîå èçîìîðôíî HomG(V ∗, V ). Ïî ëåììåØóðà, ýòî ïðîñòðàíñòâî íóëåâîå
ïðè V ∗ 6∼= V è îäíîìåðíîå ïðè V ∗ ∼= V (ðå÷ü èä¼ò îá èçîìîðôèçìàõ ïðåäñòàâëåíèé).
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Çàäà÷à 5. Ïóñòü A � îïåðàòîð íà âåêòîðíîì ïðîñòðàíñòâå V íàä C. Îáîçíà÷èì ñîîòâåò-
ñòâóþùèé C[t]-ìîäóëü ÷åðåç (V,A). Ïðè êàêèõ çíà÷åíèÿõ a ∈ C òåíçîðíîå ïðîèçâåäåíèå(

C2,

(
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⊗C[t]

(
C2,
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))
ðàâíî íóëåâîìó ìîäóëþ?
Îòâåò: Ïðè âñåõ a, êðîìå 1/2 è 5/3. Çàìåòèì, ÷òî

(C, λ)⊗ (C, µ) ∼= C[t]/(t− λ)⊗ C[t]/(t− µ) ∼= C[t]/(t− λ, t− µ).

Ýòî ðàâíî 0 òèòòê λ 6= µ. Ïåðâûé îïåðàòîð äèàãîíàëèçèðóåì, åãî ñîáñòâåííûå çíà÷åíèÿ �
1 è 2. Ñîîòâåòñòâåííî, ïåðâûé ìîäóëü åñòü (C, 1)⊕ (C, 2). Çíà÷èò, èñêîìîå òåíçîðíîå ïðîèç-
âåäåíèå ðàâíî íóëþ òèòòê 1 è 2 íå ÿâëÿþòñÿ ñîáñòâåííûìè çíà÷åíèÿìè âòîðîãî îïåðàòîðà.
Ïîäñòàâëÿÿ 1 è 2 â õàðàêòåðèñòè÷åñêèé ìíîãî÷ëåí âòîðîãî îïåðàòîðà, íàõîäèì îòâåò.
Çàäà÷à 6. Ïðè êàêîì íàèáîëüøåì k ñóùåñòâóþò îïåðàòîð F ∈ L(R2) è âåêòîð v ∈ R2, äëÿ
êîòîðûõ
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∥∥ < . . . <
∥∥F k(v)

∥∥?
Çäåñü ‖ ‖ îáîçíà÷àåò îáû÷íóþ åâêëèäîâó íîðìó.

Îòâåò: Ñóùåñòâóþò ïðè ëþáîì k. Ìîæíî âçÿòü, íàïðèìåð, F =
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