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Ðÿäû Ôóðüå è çàäà÷à Øòóðìà�Ëèóâèëëÿ

Òðèãîíîìåòðè÷åñêèé ðÿä Ôóðüå ìîæíî ïåðåïèñàòü â êîìïëåêñíîé ôîðìå

f(x) ∼
∞∑

n=−∞
cne

inx.

1. Âûðàçèòå êîýôôèöèåíòû ðÿäà Ôóðüå â êîìïëåêñíîé ôîðìå ÷åðåç êîýôôèöèåíòû ðÿäà ïî

cos(nx) è sin(nx) è íàïèøèòå èíòåãðàëüíûå ôîðìóëû äëÿ êîýôôèöèåíòîâ cn.
2. Ðàçëîæèòå â ðÿä Ôóðüå ôóíêöèþ

f(x) =
a sinx

1− 2a cosx+ a2
, |a| < 1, −π 6 x 6 π.

(Óêàçàíèå: âîñïîëüçóéòåñü çàìåíîé z = eix.)
3. Ðàçëîæèòå ôóíêöèþ f(x) = cosx â ðÿä Ôóðüå ïî ñèíóñàì íà îòðåçêå [0, π].
4. Çíàÿ êîýôôèöèåíòû Ôóðüå a0, an, bn, (n = 1, 2, . . .) èíòåãðèðóåìîé ôóíêöèè f(x), èìåþùåé

ïåðèîä 2π, âû÷èñëèòå êîýôôèöèåíòû Ôóðüå ã0, ãn, b̃n (n = 1, 2, . . .) ¾ñìåùåííîé¿ ôóíêöèè f(x+
h), h = const.

5. Ïóñòü ôóíêöèè f, g ∈ L2([−π, π]). Äîêàæèòå, ÷òî ðÿä Ôóðüå ïðîèçâåíåíèÿ fg ôóíêöèé f è

g ìîæåò áûòü ïîëó÷åí ïî÷ëåííûì ïåðåìíîæåíèåì ðÿäîâ Ôóðüå ýòèõ ôóíêöèé.

6. Ïóñòü f ∈ C([0, π]) è f ′ ∈ L2([0, π]) è f(0) = f(π) = 0. Äîêàæèòå, ÷òî òîãäà∫ π

0
(f(x))2dx 6

∫ π

0
(f ′(x))2dx.

7. Äîêàæèòå, ÷òî îïåðàòîð Øòóðìà�Ëèóâèëëÿ

L = − d2

dx2
+ q(x),

îïðåäåëåííûé íà ìíîæåñòâå ôóíêöèéDL = {y(x) | y(x) ∈ C2([0, l]), y(0) = y(l) = 0} ñèììåòðè÷åí,
ò.å. ∀y1, y2 ∈ DL

(Ly1, y2)L2 = (y1, Ly2)L2 ,

ãäå (·, ·)L2 � ñêàëÿðíîå ïðîèçâåäåíèå â L2([0, l]).
8. Ïîêàæèòå, ÷òî åñëè ëèíåéíûé îïåðàòîð L ñèììåòðè÷åí, òî åãî ñîáñòâåííûå ôóíêöèè y1 è

y2 (Ly1 = λy1, Ly2 = λy2), îòâå÷àþùèå ðàçëè÷íûì ñîáñòâåííûì çíà÷åíèÿì λ 6= µ îðòîãîíàëüíû,

ò.å. (y1, y2)L2 = 0.
(Íà ñàìîì äåëå, ñîáñòâåííûå ôóíêöèè îïåðàòîðà Øòóðìà�Ëèóâèëëÿ îáðàçóþò ïîëíóþ îðòîãîíàëüíóþ

ñèñòåìó â L2([0, l]).)
9. Ðåøèòå ñëåäóþùèå çàäà÷è Øòóðìà�Ëèóâèëëÿ, ò.å. íàéäèòå âñå ôóíêöèè y(x) è ÷èñëà λ,

óäîâëåòâîðÿþùèå óñëîâèÿì:

(à) y′′ − λy = 0, y(0) = y(l) = 0;
(á) y′′ − λy = 0, y′(0) = y(l) = 0;
(â) y′′ − λy = 0, y′(0) = y′(l) = 0.


