ProBLEMS 111 (22.02.2012)
III.1. Prove that D"/0D™ ~ S™.

II1.2. Prove that the space S'xS! is homeomorphic to the space obtained by the following
identication of points of the square 0<xz, y<1 belonging to its sides: (z,0) ~ (z,1) and (0,y) ~
(1,y). (This space is called the torus.)

II1.3. Prove that the following spaces are homeomorphic:

(a) the set of lines in R"™! passing through the origin;

(b) the sphere S™ with identified diametrically opposite points (every pair of diametrically
opposite points is identified);

(c) the disc D" with diametrically opposite points of the boundary sphere S*~! = D"
identified.

II1.4. Prove that the following spaces are homeomorphic:

(a) the set of complex lines in C"*! passing through the origin;

(b) the sphere S?**1 C C"*! with identified points of the form Az for every A € C, |\| =1
(for any fixed point x € S2*1);

(¢) the disc D?*"CC" with points of the boundary sphere S?"~'=0D?" of the form Az for
every \e€C, |A\|=1 identified (for any fixed point z€S*"1).

I11.5. Prove that C D" ~ D" and D" ~ D"+1.

I11.6. Prove that C'S™ ~ D"*! and X.S" ~ S"+!,

II1.7. Prove that RP! ~ S! and CP! ~ S2.

II1.8. Prove that S™ x S™ & Sntm+l

II1.9. Prove that R™ \ R¥ ~ S"~%~1 x REFL e R¥ C R™ is the set {(zy,...,24,0,...,0)}.

I11.10. Prove that St 1\ S~ ~ R" x S™! where S"~! C S"t~1ig standard: S"™™ 1 =
(@1 Togm) | 224+ 22, =1} and S" " = {(1,. .., 20, 0,...,0) | 23+ -+ 22 = 1}.

II1.11. Prove that (S? x S9)/(SP Vv S%) ~ SP¥4.
II1.12. Prove that T?#RP? ~ 3RP2.

ITI.13. (a) Prove that K1#KI is homeomorphic to the Klein bottle with one handle attached.
(b) Prove that RP?#KI is homeomorphic to the projective plane with one handle attached.

111.14. Prove that if a surface M, is nonorientable, then for any surface M, the surface
M # M, is nonorientable.

IT1.15. (a) Prove that the two surfaces-with-holes obtained from the same closed triangu-
lated surface by removing two different open 2-simplices from it are homeomorphic.
(b) Show that the connected sum of surfaces is well defined.

I11.16. Let I = [0, 1]. Prove that the space S'xI is not homeomorphic to the Mdbius band.



