Amnanus 2: Pazmepnocts Xaycgopda u TeopeMa YuTHHU. Muma Bep6uuxuit

Jlns 3a9eTa Mo KaxI0My JUCTKY HANO CAATH BCE 3aJa9W CO 3Be3JOYKaMH, 10O BCe 3agadm 06e3
3Be3/109€K. 3a/a4u C ABYMA 3Be3J09KaMy MOXKHO He caaBaTh. CaBmum k 32134 ¢ AByMsA 3Be3J09KaMU
paspelnaeTcs He claBaTh 2k 3a1ad CO 3Be3JOYKAMM M3 TOIO XKe JUCTOYKA. 3aJadu, 0003HAUeHHBIE
(1), creayer ciaBaTh BCEM.

Ananu3 2: PaamepuocTp Xaycaopda u TeopeMa YUTHU.

2.1. PazmepuocTth Xaycaopda

Omnpegenenue 2.1. [Ilycte M — merpudeckoe npocrpancTso. Juamerp diam(M) € [0,00] ecTsb
TUCTO SUD,, s AT, Y)

Omnpegenenne 2.2. IllapoM ¢ IEHTPOM B T PaJnyca € B METPAYECKOM TIPOCTPAHCTBE HA3BIBACTCA
MHOXeCTBO B, (z) Bcex Touek y ¢ d(z,y) < &.

3ama4da 2.1. Yemy MoxeT ObITH paBeH AUAMETP IIapa paguyca € B METPUIECKOM IPOCTPAHCTBE?

3ama4a 2.2. Ilycts M — meTpudeckoe MpoCTPaHCTBO, € > 0. /lokaxure, 4To y M eCTh MOKPBLITHE,
COCTOAIee U3 MApPOB AuaMeTpa < €.

Onpegenenune 2.3. Ilycrs {S;} — nokpeiTue npocrpancTsa M, COCTOAIIEE U3 MAPOB PATUYCA T C
r < e. OnpeneanM fiq. € [0, 00] kKak

. = inf diam S;)¢
Hae = 1o : ( )

rae nHGUMYM OepeTcs MO BCeM TaKuM MOKpeITuAM. [Ipemen
pa(M) = sup lim pi4.(M)
HasbIBaeTCsa d-MepHOM Mepou Xaycaopdga npocrpancTsa M.

3apgadga 2.3. Ilycrs merpuka B8 M = R" onpegenena Hopmon |(zq, ..., x,)| = max|z;|. Jokaxure,
9TO N-MepHas Mepa Xaycaopda Moaudipa paBHa ero 06beMy (B OOBIYHOM CMBICTE).

3agaga 2.4 (*). Ilycts merpuka B M = R™ onpegenena HOpMOu |(Z1, ..., T,)| = > |z;|. Jokaxwure,
4T0 n-MepHas Mepa Xaycaopda moausapa NPONOPUUOHAIbHA ero 00beMy. Beraucanre xoadduuuent
IIPONOPUMOHAIBHOCTH.

3agadga 2.5 (*). [Iycte 8 M = R” 3agana eBkaujgoBa MeTpuka. /[JokaxuTe, 9TO n-MepHas Mepa
Xaycaopga moamsapa NponopuroHaIbHa €ro 00beMy. Beraucaute xoadpunueHT nponopuunoHaIbHO-
CTH.

Omnpegenenne 2.4. Orob6paxenue f : M — N MeTpuUdecKuX TPOCTPAHCTB HA3BIBACTCA JIATIIIIIN-
ueBbIM, ¢ koucrauTon C, ecin d(z,y) = Cd(f(x), f(y)), ana 3agansoro wucaa C' > 0. Orobpaxenue
HA3bIBAETCs OWINMINMULEBBLIM, €CIM OHO OMEeKTUBHO, U 06paTHOE 0TOOPAaKEHUe TOXKe JUIIIUIEBO (¢
KaKOW-TO KOHCTAHTOMN).
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3agaua 2.6. /Joxaxure, 94TO J11000€ JUIIIAIIEBO OTOOpaKeHne HeIpPepPLIBHO.

3apgadga 2.7 (*). [Ipusegure mpuMep HEIPEPHIBHOT'O OTOOPAXKEHUA KOMIAKTHBIX METPUIECKUX PO~
CTPAHCTB, KOTOPO€ He JUIIIUIEBO.

3agaga 2.8. Ilycrs di, di — HOPMBI Ha BeKTOpPHOM mpocTpaHcTBe V. O603HAYMM TOU ke OyKBOU
COOTBETCTBYIONME MeTpUKH. [[oKaxuTe, 9T0 TOX 1ecTBeHHOE oTobOpaxkenue Idy, : (V,dy) — (V, ds)
ABJAETCA JUIIIMIEBHIM TOTa W TOJBKO TOTA, KOIJa €IUHUYHBIA IMIap ¢ meHTpoM B () OrpaHuveH B
HOpMeE, 3aJaHHOU do.

3agaga 2.9 (*). IIlycte M = R", d; u dy xakue-To HOpMEL HA M. [loKaxkuTe, 9TO TOXKTECTBEHHOE
orobpaxenwue |dy, @ (M,d;) — (M, dy) 6Guiunmuueso.

3agaga 2.10 (!). IIycte U C R"™ — oTKpBITOE, OTpAaHUYEHHOE MOJAMHOXKECTBO, a ® : U — R™
rIaaKoe oTobpaxeHue, TIaIKO TpogomKaomeecsa Ha rpanuny OU. [lokaxure, uTo @ aunimmieso.

3amaga 2.11. Ilycte M SN JUMIIAIEBO 0TOOPaXKeHne MeTPUIeCKINX IIPOCTPAHCTB, C KOHCTAaH-
tout C. Mokaxure, 9T0 pg(M) > Cluqg(f(M)), rae jq ecTs d-MepHas Mepa Xaycaopda.

3agaua 2.12 (!). IIycre pug(M) < co. Joxaxure, uTo gy (M) =0 naa mo6oro d' > d.
Yxkazaume. U3 diam S; < € BuIBequTE HEPABEHCTBO

Pare = {lgf} (diam ;)¢ < e ng} (diam ;)" = ¥ 1, (2.1)
Z. 1 .

u mepeuguTe K npegeny npu £ — 0.
3agaua 2.13 (!). Ilycrs pg (M) = co. Jokaxwure, 4To (M) = oo pas moboro d < d'.
Yxasauue. Bocnoassyurech nepaBeHcTBoM (2.1), u nepenure K npenery npu € — 0.

Omnpegenenne 2.5. [lycts M — meTputeckoe npoctpancTBo. PazmepHocTs Xaycaopda dimyg M €
[0, 00] ecTs cynpemyM Beex d Takux, 9T0 pq(M) = oo.

3agaga 2.14. Haugure pasmepHoCcTh Xaycaopda KOHETHOIO MHOXKECTBA.

3agaua 2.15. Ilycrs f: M — N — aunmuneso orobpaxenue. /[lokaxure, 9To f HE yBeauduBaeT
pasmeprocts Xaycgopda: dimg (M) > dimgy (f(M)).

3amauga 2.16. [/JokaxuTe, 9TO MPU OUIUNIIUALNIEBOM OTOOpPaXKEHWH, PA3MEPHOCTh XaycJIopBa HE Me-
usercsa ("pasmeprocts Xaycaopda ABIATCA OWINNIINIEBEIM HHBADUAHTOM” ).

3agaga 2.17 (*). Haumaure pasmeprocTs Xaycaopda kauToposa muoxectsa K C [0, 1].

Onpeagenenne 2.6. [logvmuoxectBo Z C R"” mMeeT HYJIEBYIO MeEPY, €CIu NI KaxkIOTO £ CyIe-
CTByeT cYeTHOe MOKpeITHe Z mapamu U;, ¢ >, Vol(U;) < e.

3agmaga 2.18. [JokaxuTe, 9TO cieTHOEe 0ObeINHEHNE MHOXKECTB MepHI HYJIb UMeeT Mepy HYJIb.
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Amnanus 2: Pazmepnocts Xaycgopda u TeopeMa YuTHHU. Muma Bep6uuxuit

3ama4a 2.19. [lokaxwuTe, 4TO npu JunmuieBoM oTobpaxenunun R” — R™ o6pa3 MHOXecTBa Hy.Ie-
BOHI MepHI TOXe NMEeT Mepy HY.JIb.

3agaga 2.20 (!). Joxaxwure, 9T0 npu raagkoMm orobpaxkenun R” — R™ o6pa3 MHOXKeCTBA HyJIeBOU
MepBI TOXE UMeeT Mepy HY.Ib.

3agaga 2.21 (!). IlpuseauTe npuMmep HEMPEPHIBHOTO 0TOOpaxenus u3 R"” 8 R™, koTopoe mepesoauT
MOIMHOXECTBO MepPBl HYJb B TIOIMHOXECTBO HEHYJEBOU MEpHI.

3agaga 2.22 (!). [lycrs M C RY moammoxectso, Takoe, uro dimy M < d. [okaxute, aTo M
uMeeT Mepy HyJb.

Omnpegenenune 2.7. [Iycte M — rmagkoe muoroob6paswue, ¢ atiacoMm {U;, ¢; : U; — R™}. Ilogmuo-
xectBo Z C M mMmeer mepy HyJab, eciu o6pas ¢;(Z NU;) umeer mepy Hyab B R, mias kaxaoro
1.

3agaua 2.23. /lokaxwuTe, 9TO TO ONpeEJeJeHre He 3aBUCUT OT BhIOOpa aTaaca Ha M.

3amaua 2.24. Ilycts M S U raagkoe oTrobpaxkenue MHOrooOpasuu, a M — oObenuHeHwe

CYETHOT0 HABOPa KOMNAKTHHIX moAMHOXKecTB. [lokaxkure, uro dimgy(f(M)) < dim M

Ykazaume. CHavana IOKaXXuTe, 9TO HA KOMIAKTHBIX MOJAMHOXECTBAX, [ JUIIIALEBO, & 3aTeM BOC-
MOJAB3YyUTECh TeM, Y9TO JUIIINIEBbl 0ToOpaxenus yaosaersopsaor dimg(f(M)) < dim M.

3agadga 2.25 (!). Ilycts M J.oN - I Koe oToOpaxkeHwe MHOT0oOpasuu, mpudeM dim M <

dim N. [Tokaxwure, 9T0 06pa3 M umeeT Mepy HYJb.
Ykazanue. BocnonpsyuTech mpeabIIyInen 3a1aden.

3ameuanme. JTa TeopeMa SABIAETCS YACTHBHIM CIydaeM TeopeMmbl Capaa, KoTopas yTBEPXKIAeT, ITO
MHOXKECTBO KPUTHIECKUAX 3HAYEHUN TVIAIKOTO OTOOPAKEHUS UMEET MEPY HY.JIb.

3agaga 2.26 (**). Besegure u3 npeasiaymen 3anauu reopemy Capaa.

2.2. Teopema YuTHH (C orpaHuYeHNEM Ha Pa3MEpPHOCTH)

! o
Onpeagenenne 2.8. [lycte M —— N — rnankoe oTobpaxenue MHOroo6pasuu. OHO Ha3BIBAETCS

MMMEPCHEH, eCIN B JOKAILHLIX KOOpAnHaTax auddepernuan D f ABIA€TCA BIOXKCHIEM.

Onpegenenue 2.9. Byrouika Kaenna ects dakTop asymeproro Topa 12 = S x S! no geiictsuio
rpynnst Z/27, orobpaxarommen (t1,ty) B (t; + m, —ta).

3agaga 2.27. [lokaxure, YTO 3TO AeUCTBUE CBOOOTHO, U (PAKTOP ABIAECTCA MHOI006pa3ueM.

3agaua 2.28. IlocTpoiiTe uMmMepcuio u3 6yTeuku Kaeiina B R3.
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3agaga 2.29 (!). [lycrs M JoN- I IKoe 0TOOpaXKeHne MHOr000pas3ni, mpuieM 06pas 3aMKHY-
Toro B M MHOXecTBa 3aMKHYT B N. /lokaxurte, 9T0 f ABIAETCA TIATKUM BIOKEHUEM TOT A U TOJBKO
TOra, KOTa OHO WHBEKTUBHO U SBJIAETCA UMMEPCHUEN.

Yxkazanue. Bocnoawsyurecs Teopemou 06 06paTHOU (HYHKIIUU

Onpegenenne 2.10. Ilycte M — R™ — BJIOXeHHOE TIagKoe m-MepHOe moaMHoroobpasue. Kaca-
TeJbHasA ILIOCKOCTD K To4ke p € M ecTb miockocTsh B R") kacaTeabnas Kk M (TO ecThb Jaexamas B
o6pase qudepenimaia COOTBETCTBYOMEr0 0TOOPAKEHU, 3, JAHHOTO B JOKAJbHBIX KOOPAUHATAX), &
KacaTeIbHBIN BEKTOP €CTh JI0001 BEKTOP, JeXKAIIui B 3TOH ILIOCKOCTH, C HAYaJI0M B p. IIpocTpan-
CTBO KaCaTelbHBIX BEKTOPOB B p o6o3na4vaerca 1, M. Eciu na R" 3a1ana eBkIMI0Ba MeTpUKa, MOXKHO
ONIpeJeIuTh TPOCTPAHCTBO €IUHUYHLIX KACATEIbHBIX BEeKTOPOB S™ ' M Kak MHOXECTBO map
(p € M,veT,M), rge v — KacaTeJIbHEIN BEKTOp, yIOBIeTBOpsAoOmu |v| = 1.

3agaua 2.30. [oxaxute, uTo S™ M 510 MEHOr006pasme, a ecrecTBerHaa npoeknua S™ M —s M
— niajgKoe oTobpaxenue co caoem S

3ameuanue. S™ ') HaszbBaeTCA paccJOeHHe eJWHHYHLIX KacaTeabHbBIX cdep Hax M.

3agaua 2.31 (*). lokaxure, uro S™ M He zapucur ot BiIoxeHus M <— R”. To ecTb mjisd IBYX
b )
o ! _
asHbIX Baoxkenuu u3 M B R™ u R™ | coorBeTcTBYyIONMe nM MHOT006pasus S™ M nuddeomopdubI.
)

3agaga 2.32 (!). Iycrs M <, R" — proxennoe B R” MHOT006pasme pazmeprocTH m, A € RP" !
npavas B R", a Py : R® — R""! - npoekuua na daxrop R"/\ = R"1.

a. Ilycte A C M x M »ro guaronars. Onpexeanm otobpaxenue M x M\A Z, RP™ ! mepe-
Bosmee napy To4ek (zr,y) € M X M B upamyio, npoxogsamyio depes ¢(x) — ¢(y). Joxaxure,
910 ¢po Py : M — R™ ! upmexnma Torga m TOIBKO TOT/A, KOTJa \ He JeXHUT B o6pase B.

_ Bo - o
6. Ompegemum oro6paxkenne S™ M — RP" ! mepesojamee KacaTeIbHBIA BEKTOP B COOTBET-
cTByomyo npamyio. [Jokaxure, uto ¢ o Py : M — R™ ! uMmMmepcusa Torjga u ToJIbKO TOTAA,
KOTJa A He JexuT B obpase By.

3agaga 2.33 (!). Iycre M <, Re BJOXKEHHOE IIOJMHOr000pasue pa3MepHOCTH m, n > 2m + 2.

P
MoxaxkmuTe, 9T0 cymecTByeT npoeknua R® — R?™+2 makaa, wto po P : M — R?™2 — rpanxoe
BJIOXKEHUE.

Ykazanume. BocnoassyuTecsh TeM, 9TO 06pa3sl oToOpaxenut By u B u3 npeabIIyInen 3a,1a9 TMeIOT
Mepy HYJb, ¥ IPAUMEHUTE WHIYKIUIO 110 7.

o P
3ama4a 2.34. B ycaoBusax mpembIaymien 3amadn, TOKAXHUTE, U9TO CyIIecTByeT mpoekiua R"” —
R2™+L raxas, 9o ¢ o P: M — R?™*! — yvmepcus.

3agaga 2.35. Bcerga Ju cymecTByeT IaIkoe BIOXKeHHe n-MepHOIr'o MHoroo6pasusa B R217?

3agaga 2.36 (**). MoxHO Ju IOCTPOUTH UMMEPCHIO TPOEKTUBHOTO mpocTpancTsa CP? B R5?
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3amaga 2.37. [lycte M — xommakTHOe, XaycaopdoBo MHOT0OOpasue paszmepHocTH n. [Jokaxwure,
yTo M pomyckaeT riagkoe, 3aMKHyTOe BIoxkeHue B R?"H2,

3amMedvaHme. YWTHH TOKa3aJ, 9TO J000e XaycaopdpoBO m-MepHOe MHOr000pa3ue CO CIeTHOU 6a30u
TOTIOJOTHY JOTycKaeT 3aMKHYTOe BIoXKeHMe B R?™. DTo yTBepXK eHne Ha3bIBaeTCA ~ CUIbHag TeopeMa
Yurun”.

2.3. Teopema YuTHu (IJa HEKOMIAKTHBIX MHOr006pa3un)

3agaga 2.38. Ilycts P — npocrpancTBo BaokeHuin R™ — R?™12 ¢ ecrecTBennoi Tonoxoruei. [lo-
KayKITe, ITO 5TO MHOrooOpasue. IlocTpoiiTe Ha HeM TIaIKYI0 CTPYKTYDY.

3agadua 2.39. Ilycte M — MHOTOO6pa3me co CUeTHOU 6a30U TOMOJOTHHN.

a. I.HOKHJ}KI/ITQ, 4Tro M sABIAeTca OG’LG,Z[I/IHGHI/IGM IIOCJIeJOBATECIBbHOCTH BJIO2KCHHBIX KOMIIaKTHBIX
MHOXK€ECTB.

6. [oxaxure, uTo M nomyckaeT pa3OueHue eTWHUIIBI.

3agadga 2.40. ITycte M — n-mepuoe muorooGpasue, {U;, ¢; : U; — R™} — 10KaabHO KOHEUHBIN
araac, a f; U; — [0,1] — coorBercrBytomee pazbuenue eamuunsl. Paccmorpum orobpaxkenue U, :
M — R™" nocTpoerHOe Kak B HpeJLIIYIIEM JHCTOYKE:

W, (p) = (fi(pm(p), fi(p)), ecan p € U
U,(p) = (0, ...,0) ecau p ¢ U;

W;(p) =

[Iycts A; € P — paoxkenus R™ — R?™2 papamerpusoBaHHEIE TeM Xe HaOOpOM HHJEKCOB. Pac-
cmoTpuMm oTobpaxkenme Wy @ M — R?*™2 W ,(p) = > A;(¥;(p)). Joxaxure, 9T0 5TO 0TOOPA-
XKeHHe KOPPEeKTHO ompefeteHo. [J0KaXuTe, ITO ero MOXKHO MOMYYATh KAK KOMIIO3UIUIO BJOXKEHUA
@, ¥, : M — R* u muernoit npoekmuu R — R¥"+2,

3agaga 2.41 (*). B ycaoBuax npegsiaymen 3anauu, nycts My C M — KOMIAKTHOE TI0AMHOXECTBO,
a {J;e; Ui O My cooTsercTylomee Koneunoe nognokpuitue B {Us}, u3 k anementos. [Jokaxure, 9T0
CcymecTByeT ToAMHOXecTBO Z; C PF meprr Hyab, Takoe, uTo ans Beex Hab6opos {A;, i € I} € Pk, ne
JeXamux B Z7, COOTBeTCTByomee oTobpaxenme Wy : My — R?™t2? — rpagkoe Broxenue.

Yxkazauume. Bocnoib3ynTech 10Ka3aTeIbCTBOM TEOPEMbI YUTHU, IPUBEIEHHBIM B IPEIbIAYIIENA CEK-
OWU A KOMIAKTHBEIX M.

3agada 2.42 (*). O6osnauum 3a P> npousseienue P, NIPOUHIEKCUPOBAHHOE TEM XKe CEMENCTBOM
WHIEKCOB, 4To uHgekcupyet araac {U; }. Pacemorpum P> ¢ mepoun Jle6era npoussenenus. [lokaxure,
9TO MHOXeCTBO Z Bcex {A;} € P rakux, uro U4 He BIOXKEHUE, UMEET Mepy Hylb B P™.

Yxkazanwue. [lo nocTpoenuto, Z ecTb 06beuHEHNE TPO06PA30B MHOXKECTB Z; C P¥. mocTpoeHHBIX B

. 1 .
sajade 2.41, npu crasgapTHON mpoeknma P> —5 Pk Kaxaei m3 Takux mpooOpa3oB IMeeT Mepy
Hy.JIb, 3HAYAT, Z UMeeT Mepy HyJb KaK 00beJUHeHNe MHOXKECTB Mephl HY.Ib.
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