3agaun K s3k3ameny 1mo HUC «IlpeacraBiienus u BEPOATHOCTHY,
oceHb 2018 r.

Bagaun pasbuTsl HA TpU GJOKA B COOTBETCTBUM C Pa3jieiaMu Kypca. Ha omeHky «OTaumdaHo»
(10) mocTaTouHO pemmTh JaBa U3 TPEX OJOKOB.
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Bagaua 1.1. Hanomuum, aro oneparop A: H — H B KOMIJIEKCHOM IMab0EPTOBOM IPOCTPAH-
CTBE MMEeT KOHEYHBIH CJIEJI, €CJIU JIst HEKOTOPOTO (& 3HAYWT, W JIJIT BCEX) OPTOHOPMHUPOBAHHOTO
6asmca (e,) BepHO, uto Y., (|Alen, en) < 0o, Tae |A| = (A*A)Y/2 — abcomornas Beamamma ore-
paTopa.

(a) IlpuBemure mpumep omeparopa A u 6asuca (ey), A1 KOTOPBIX ZHKAen, en>’ < 00, OJIHAKO
omeparop A He UMeeT KOHETHOTO CJIeJIA.

(6) [lokazkuTe, ITO €CIN PsiJT Zn‘ (Aep, en>} CXOJUTCSI JJIST JIIOOOT0 OPTOHOPMHUPOBAHHOIO Ha3uca
(en), TO A MMeeT KOHEUHBIH CITIeJ.

(Ykazanme: cBemuTe 3a/ady K CaMOCONPsKEHHOMY ciydato, pazmaras A = B + iC, tme B,C
CaMOCONPSIZKEHHBIE; 3aTEM BOCIOJIL3YATECH CIEKTPAIBHON TEOPEMOI. )

Bagaua 1.2. Onpenenum 6eckoHeuHbIe TEMTUIEBY t(a) U raHKeaeBy h(a) MATPUIIBI, OTBEUAOIINE
JBYCTOPOHHE GECKOHETHOIH MOCIEI0BATEIBHOCTH (@) jez: MMEHHO, t(a);j = ai—j, h(a)ij = Gitj41-
PacemoTpuM X Kax omepaTopsl Ha mpoctpancTse £2(N) = {(2,)%%, : Y- |7,]? < oo}, Hoxaxnre,
ITO eCHN aj = fj — mocseoBaTeIbHOCTE Koddduiimentos @ypre dyukmmu f € L([—m, 7]), T0
omepatopsi h(a), t(a) KoppexTHo onpeserens wa £2(N) n wx HopMbl He TPeBOcXOAAT || f]|oo-
(Vkazamme: ncmommsayiite nzomerpuio @ypoe Mexky ¢2(Z) w L2([—, w]) m npaBuibHbIM 06pazoM
nosio6panmbie mpoexTopsl £2(Z) wa £2(N).)
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3anaya 2.1. Paccmorpum cucremy nndpepeHImanibHbIX ypaBHeHWi

d 1

d—f =—z+ 5 COS® + (sinay — 1) cos?(e71t) — 2z sin x cos(e't)
dy _ 21 .2 2/ —1

o =z + x°sin(e” 't) + sin“ y cos“ (e 1),

rie mepemennbie T,y € R, a e <€ 1 u a € R — napamerpsr cucrenmsr. Haiiaure moctarodnoe ycao-
BHUE Ha MapaMmerp a, MpHU KOTOPOM CHCTEMa UMEET ACUMIOTOTHUYECKH YCTOWYMBBIA TpPeIe/bHBIHN
WK, HAXOIAIUNCT B OKPECTHOCTH MOPAIKA € ToUkm ¢ Koopauaaravu x = 0, y = 0. IIpu perre-
HUU 3TOH 33J]a41 MOYKHO TI0JIb30BATHCS PE3yJIbTaTaMu, C(hOPMYJIUDOBAHHBIMUA BO BPEMs JIEKITHI.

Vxazanue. CregyiiTe cxeme, M3J0KeHHON Tpu aHamm3e MasgTHuka Kanunsl. [lepeeiv gemom
nepeiiuTe B GHICTPOE BpeMsA T = £ 't U BBEJHUTE TPETHIO IIEPEMEHHYIO 2 TaK, 4TO0Ll CHCTEMa
CTaJla aBTOHOMHON W IIPUHSAJIA BUJ, IPUTOMHBIN 114 IPUMEHEHNA TCOPUU YCPEJHCHU.

3amaua 2.2. PaccmoTpuM crcreMy ypaBHEHMIt

$:5f(y)a QZUJ—I—Eg(fL',y),



rie ¢ € R, y € S!, koucranra w ormuna or myns, gysxuusa f @ S' — R menpepsisra, a
byukmug ¢ : R x S! — R orpanndena. Jlokaxure, 410 cymiectByer Koucranta C, Takad dTo
kaxkjoe pentenne cucrembl (2(t),y(t)) ya0BaeTBOPSET COOTHONIEHUIO

l2(t) — 2(0) —e(f)t| <Ce npu0<t<e !,

rae (f) = o 0% f(s)ds. To ecrb, MenieHHAs NEPEMEHHAsI T M3MEHSIeTCs 1I0YTH JIMHEHHO Ha
BOJIBIIOM BPEMEHHOM HHTEPBAJIE.

ITpu pemienun 3TOH 381891 HEJIbS MOJIB30BATHCA PE3YILTATAMHU, CHOPMYIUPOBAHHBIMU HA
neknmax. To ecTh, BaM MPHUIETCS JOKA3aTh COOTBETCTBYIOILYIO TEOPEMY 00 YCPETHEHUH CaMO-
croaTebHo. JloKa3aTebeTBO JOAKHO ObITh CTPOTUM, B YACTHOCTH, 3alpENiaeTcs 0TOpachBaTh
WIEHBI TOPSIKA €2 6e3 060CHOBAHMSI.

Yrasanue. Tak Kak f e 3aBUCHT OT X, Teopema 00 yCpeJHEHUN B JJAHHOM CJIydae CTAHOBUTCS

3aMeTHO IPOITIE.
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Bamaua 3.1. Let V be a finite set, let p: V x V' — [0, 1] be such that for all z € V

> pla,y) =1

yev
Assume that the associated Markov chain is irreducible and that there exists a measure 7: V —
(0, 00) such that
m(z)p(x,y) = 7(y)p(y, x)

Prove, without using the general results of the lectures, the spanning tree formula

m(z)=C Y w(r)

TET:

for some C' > 0, where 7, is the set of the spanning trees rooted at = and w(7) is the weight of
the tree 7.

Remark: We already know that the formula holds true since 7 is invariant. The exercise asks for
an independent combinatorial proof in the case 7(z)p(z,y) = 7(y)p(y, ).

Hint: Define a bijection from 7 to Ty to calculate the ratio of the sums ) - w(7) in 2 and y.

Bamaua 3.2. Let V ={0,1,...,N}, let f: V — (0,00) and define the transition probabilities:

: ify=x=+1and f(y) > f(z).
p(,y) = %% ify=xz+1and f(y) < f(x).

l1—p(z,z+1)—p(r,z—1) ify=u=z.

0 otherwise.

(a) Calculate the invariant measure of the associated Markov chain and the capacity between 0
and V.

For some k € V, assume that f is strictly decreasing for x < k and strictly increasing for
x > k, so that k is the minimizer of f.
(b) Calculate the expected value of the number of times the Markov chain starting at 0 hits the
point k before hitting NV for the first time.



	
	
	

