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Ðåøèòå óðàâíåíèå

Â çàäà÷àõ ýòîãî ëèñòêà îñíîâíîå ïîëå k èìååò õàðàêòåðèñòèêó 0.
Çàäà÷à 1. Ïóñòü f(x) ∈ k[x] � ìíîãî÷ëåí òðåòüåé ñòåïåíè, α1, α2, α3 � åãî êîðíè, K � åãî
ïîëå ðàçëîæåíèÿ, G = Gal(K, k).

a)Ïóñòü f íåïðèâîäèì íàä k. Äîêàæèòå, ÷òîG = Z/3Z, åñëè δ = (α1−α2)(α2−α3)(α3−α1) ∈ k,
è G = S3 â ïðîòèâíîì ñëó÷àå. Äîêàæèòå, ÷òî Gal(K, k[δ]) = Z/3Z.
b)Ïðèâåäèòå f(x) çàìåíîé ïåðåìåííûõ ê âèäó x3 + px+ q. c) Âûðàçèòå δ2 ÷åðåç p è q.
Ïóñòü ξ � íåòðèâèàëüíûé êóáè÷åñêèé êîðåíü èç åäèíèöû. Ïîëîæèì

s0 = α1 + α2 + α3, s1 = α1 + ξα2 + ξ2α3, s2 = α1 + ξ2α2 + ξα3.

d◦)Ïîêàæèòå, ÷òî s3i ∈ k[δ, ξ]. Âûðàçèòå s3i ÷åðåç δ è êîýôôèöèåíòû f .

e◦)Âûðàçèâ αi ÷åðåç sj, ïîëó÷èòå ôîðìóëó Êàðäàíî1 äëÿ êîðíåé êóáè÷åñêîãî óðàâíåíèÿ:
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f)Ïîêàæèòå, ÷òî s1s2 = −3p.
g∗)Ïóñòü k = R. Ïîêàæèòå, ÷òî f èìååò òðè äåéñòâèòåëüíûõ êîðíÿ⇐⇒ δ2 > 0. Êàê âûáèðàòü
çíàêè è êîðíè â ôîðìóëå Êàðäàíî? Êàê íàéòè äåéñòâèòåëüíûå êîðíè f? Ðàçáåðèòå ñëó÷àè
δ2 > 0 è δ2 < 0.
Çàäà÷à 2. Ïóñòü f(x) ∈ k[x] � íåïðèâîäèìûé ìíîãî÷ëåí ÷åòâ¼ðòîé ñòåïåíè, α1, α2, α3, α4 �
åãî êîðíè, K � åãî ïîëå ðàçëîæåíèÿ, G = Gal(K, k). Ïóñòü V4 ⊂ S4 � ïîäãðóïïà, ñîñòîÿùàÿ
èç ïàð òðàíñïîçèöèé.

a)Ïîêàæèòå, ÷òî ýëåìåíòû

s00 = α1+α2+α3+α4, s01 = α1+α2−α3−α4, s10 = α1−α2+α3−α4, s11 = α1−α2−α3+α4

ïîëÿ K � ñîáñòâåííûå âåêòîðû îòíîñèòåëüíî ïåðåñòàíîâîê èç V4.

b)Ïóñòü F = KG∩V4 . Ïîêàæèòå, ÷òî F/k � ðàñøèðåíèå Ãàëóà, è ãðóïïà

Gal(F, k) ∼= G/(G ∩ V4) ⊂ S4/V4 ∼= S3

äåéñòâóåò ïåðåñòàíîâêàìè íà ýëåìåíòàõ s201, s
2
10, s

2
11 ∈ F .

c)Ïðèâåäèòå f(x) çàìåíîé ïåðåìåííûõ ê âèäó x4 + px2 + qx+ r.

d)Ñîñòàâüòå êóáè÷åñêîå óðàâíåíèå, êîðíÿìè êîòîðîãî ÿâëÿþòñÿ s201, s
2
10, s

2
11. Âûðàçèòå åãî

êîýôôèöèåíòû ÷åðåç êîýôôèöèåíòû f .

e)Êàê ðåøàòü óðàâíåíèÿ ÷åòâ¼ðòîé ñòåïåíè â ðàäèêàëàõ2?

f ∗)Êàêîé ìîæåò áûòü G â ñëó÷àå k = Q? Ïðèâåäèòå ïðèìåðû.
Çàäà÷à 3. Ïóñòü f(x) ∈ k[x] � íåïðèâîäèìûé ìíîãî÷ëåí ñòåïåíè n, αi � åãî êîðíè, K � åãî
ïîëå ðàçëîæåíèÿ, G = Gal(K, k). Äîêàæèòå, ÷òî

a)G ⊂ An ⇐⇒ δ =
∏

i<j(αi − αj) ∈ k;

b)Gal(K, k[δ]) ñîñòîèò èç ÷¼òíûõ ïåðåñòàíîâîê;

c) δ2 ∈ k;

d) δ2 = ±Res(f, f ′)/a2n−1n , ãäå an � ñòàðøèé êîýôôèöèåíò f .

e) Âñïîìíèòå, ÷åìó ðàâåí çíàê â ïðåäûäóùåé ôîðìóëå.
1Â ÷åñòü Äæåðîëàìî Êàðäàíî, ïåðâûì îïóáëèêîâàâøåãî å¼ â 1545 ã.
2Ïåðâûì ýòó çàäà÷ó ðåøèë Ëóèäæè Ôåððàðè â 1540-õ ãîäàõ.


