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ëÒÁÔËÏÅ ÓÏÄÅÒÖÁÎÉÅ. þÉÓÌÁ çÕÒ×ÉÃÁ É ÕÒÁ×ÎÅÎÉÅ cut-and-join.

îÁÚÏ×ÅÍ ÒÁÚÂÉÅÎÉÅÍ � ÎÅ×ÏÚÒÁÓÔÁÀÝÕÀ ÐÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ ÃÅÌÙÈ ÐÏÌÏÖÉÔÅÌØÎÙÈ ÞÉÓÅÌ �1 ≥ �2 ≥ · · · ≥
�s; ÞÉÓÌÁ �i | ÞÁÓÔÉ ÒÁÂÉÅÎÉÑ. ïÂÏÚÎÁÞÉÍ #� def= s É |�| def= �1 + · · · + �s (ÇÏ×ÏÒÑÔ, ÞÔÏ � | ÒÁÚÂÉÅÎÉÅ
ÞÉÓÌÁ n def= |�|; ÅÝÅ × ÜÔÏÍ ÓÌÕÞÁÅ ÐÉÛÕÔ � ` n, ÎÏ ÍÙ ÎÅ ÂÕÄÅÍ). óÉÍ×ÏÌÏÍ C� ⊂ �n ÏÂÏÚÎÁÞÁÀÔ ÍÎÏÖÅÓÔ×Ï
ÐÅÒÅÓÔÁÎÏ×ÏË ÞÉÓÅÌ 1; : : : ; n ÃÉËÌÉÞÅÓËÏÇÏ ÔÉÐÁ �, Ô.Å. ÒÁÓËÌÁÄÙ×ÁÀÝÉÈÓÑ × ÐÒÏÉÚ×ÅÄÅÎÉÅ ÎÅÐÅÒÅÓÅËÁÀÝÉÈÓÑ
ÃÉËÌÏ× ÄÌÉÎ �1; : : : ; �s.

ðÒÉ×ÅÄÅÍ ÎÅÓËÏÌØËÏ ÆÁËÔÏ× ÐÒÏ ÍÎÏÖÅÓÔ×Á C�; ÉÈ ÄÏËÁÚÁÔÅÌØÓÔ×Á | (ÌÅÇËÏÅ) ÕÐÒÁÖÎÅÎÉÅ:
1) ðÕÓÔØ � ∈ �n | ÐÒÏÉÚ×ÅÄÅÎÉÅ ÎÅÐÅÒÅÓÅËÁÀÝÉÈÓÑ ÃÉËÌÏ× (a(1)

1 ; : : : ; a(1)
�1

) : : : (a(s)
1 ; : : : ; a(s)

�s ), Á � ∈ �n |
ÐÒÏÉÚ×ÏÌØÎÁÑ ÐÅÒÅÓÔÁÎÏ×ËÁ, ÔÏ ÐÅÒÅÓÔÁÎÏ×ËÁ �tau�−1 ∈ �n Ñ×ÌÑÅÔÓÑ ÐÒÏÉÚ×ÅÄÅÎÉÅÍ ÃÉËÌÏ×
(�(a(1)

1 ); : : : ; �(a(1)
�1

)) : : : (�(a(s)
1 ); : : : ; �(a(s)

�s )). ïÔÓÀÄÁ ×ÙÔÅËÁÅÔ, ÞÔÏ C� | ËÌÁÓÓ ÓÏÐÒÑÖÅÎÎÏÓÔÉ × ÇÒÕÐ-
ÐÅ ÐÅÒÅÓÔÁÎÏ×ÏË �n.

2) ðÕÓÔØ × ÒÁÚÂÉÅÎÉÉ � ÓÏÄÅÒÖÉÔÓÑ k1 ÞÁÓÔÅÊ �i = 1, k2 ÞÁÓÔÅÊ �i = 2, É Ô.Ä.; ÏÞÅ×ÉÄÎÏ, k1 + 2k2 + · · ·+
nkn = n. éÎÏÇÄÁ ÕÄÏÂÎÏ ÐÉÓÁÔØ � = 1k12k2 : : : nkn . ôÏÇÄÁ #C� = n!

1k12k2 :::nknk1!k2!:::kn! .
3) ðÕÓÔØ � ∈ C� | ÐÒÏÉÚ×ÅÄÅÎÉÅ ÃÉËÌÏ×, ËÁË × Ó×ÏÊÓÔ×Å 1. ôÏÇÄÁ ÐÒÉ 1 ≤ i 6= j ≤ s (Ä×Á ÎÅÓÏ×ÐÁÄÁÀÝÉÈ

ÃÉËÌÁ) É ÐÒÏÉÚ×ÏÌØÎÙÈ 1 ≤ p ≤ �i, 1 ≤ q ≤ �j ÉÍÅÅÍ
�(a(i)

p a(j)
q ) = (a(i)

1 : : : a(i)
p−1a(j)

q : : : a(j)
�j a

(j)
1 : : : a(j)

q−1a(i)
p : : : a(i)

�i ) : : : ;

ÇÄÅ ÍÎÏÇÏÔÏÞÉÅ | ÓÏ×ÏËÕÐÎÏÓÔØ ×ÓÅÈ ÏÓÔÁÌØÎÙÈ ÃÉËÌÏ× × � , ËÒÏÍÅ i-ÇÏ É j-ÇÏ. ôÅÍ �(a(i)
p a(j)

q ) ∈ C�′ ,
ÇÄÅ �′ ÓÏÄÅÒÖÉÔ ÞÁÓÔØ �i + �i, ÞÁÓÔÅÊ �i É �j ÎÅ ÓÏÄÅÒÖÉÔ, Á ÏÓÔÁÌØÎÙÅ ÞÁÓÔÉ | ÔÁËÉÅ ÖÅ, ËÁË × �.
îÁÐÒÏÔÉ×, ÄÌÑ ÌÀÂÏÇÏ ÃÉËÌÁ 1 ≤ i ≤ s É ÐÒÏÉÚ×ÏÌØÎÙÈ 1 ≤ p < q ≤ �i ÉÍÅÅÍ

�(a(i)
p a(i)

q ) = (a(i)
1 : : : a(i)

p−1a(i)
q : : : a(i)

�i )(a(i)
p : : : a(i)

q−1) : : : ;

ÇÄÅ ÍÎÏÇÏÔÏÞÉÅ | ÓÏ×ÏËÕÐÎÏÓÔØ ×ÓÅÈ ÏÓÔÁÌØÎÙÈ ÃÉËÌÏ× × � , ËÒÏÍÅ i-ÇÏ. ôÅÍ ÓÁÍÙÍ �(a(i)
p a(i)

q ) ∈ C�′ ,
ÇÄÅ �′ ÎÅ ÓÏÄÅÒÖÉÔ ÞÁÓÔÉ �i, Á ×ÚÁÍÅÎ | Ä×Å ÞÁÓÔÉ, � = q− p É �i−�; ÏÓÔÁÌØÎÙÅ ÞÁÓÔÉ ÔÁËÉÅ ÖÅ, ËÁË
× �.

4) þÅÔÎÏÓÔØ ÐÒÏÉÚ×ÏÌØÎÏÊ ÐÅÒÅÓÔÁÎÏ×ËÉ � ∈ C� ÓÏ×ÐÁÄÁÅÔ Ó ÞÅÔÎÏÓÔØÀ ÞÉÓÌÁ |�| −#� = ∑s
i=1(�i − 1).

ïÐÒÅÄÅÌÅÎÉÅ 1. æÁËÔÏÒÉÚÁÃÉÅÊ ÐÅÒÅÓÔÁÎÏ×ËÉ � ∈ �n ÎÁÚÙ×ÁÅÔÓÑ ÎÁÂÏÒ (a1; b1); : : : ; (am; bm) ÔÁËÏÊ, ÞÔÏ
(a1b1) : : : (ambm) = � (ÐÒÏÉÚ×ÅÄÅÎÉÅ ÔÒÁÎÓÐÏÚÉÃÉÊ × ÇÒÕÐÐÅ �n). æÁËÔÏÒÉÚÁÃÉÑ ÎÁÚÙ×ÁÅÔÓÑ ÔÒÁÎÚÉÔÉ×ÎÏÊ,
ÅÓÌÉ ÇÒÁÆ Ó ×ÅÒÛÉÎÁÍÉ 1; : : : ; n É ÒÅÂÒÁÍÉ (a1; b1); : : : ; (am; bm) | Ó×ÑÚÎÙÊ.
ìÅÍÍÁ 1. åÓÌÉ (a1; b1); : : : ; (am; bm) | ÔÒÁÎÚÉÔÉ×ÎÁÑ ÆÁËÔÏÒÉÚÁÃÉÑ ÐÅÒÅÓÔÁÎÏ×ËÉ � ∈ C�, ÔÏ ÞÉÓÌÏ m−
|�| −#�+ 2 | ÞÅÔÎÏÅ É ÎÅÏÔÒÉÃÁÔÅÌØÎÏÅ.
äÏËÁÚÁÔÅÌØÓÔ×Ï. äÏËÁÖÅÍ ÉÎÄÕËÃÉÅÊ ÐÏ m, ÞÔÏ ÅÓÌÉ ÐÅÒÅÓÔÁÎÏ×ËÁ � ∈ C� ÉÍÅÅÔ ÔÒÁÎÚÉÔÉ×ÎÕÀ ÆÁËÔÏÒÉ-
ÚÁÃÉÀ ÄÌÉÎÙ m, ÔÏ #� ≤ m+ 2− |�|.

âÁÚÕ ÉÎÄÕËÃÉÉ ÓÏÓÔÁ×ÌÑÅÔ ÓÌÕÞÁÊ m = n − 1; Ó×ÑÚÎÙÊ ÇÒÁÆ Ó n ×ÅÒÛÉÎÁÍÉ É (n − 1) ÒÅÂÒÁÍÉ | ÄÅÒÅ-
×Ï; ÚÄÅÓØ ÍÙ ÐÒÉÍÅÎÉÍ ÉÎÄÕËÃÉÀ ÐÏ n. åÓÌÉ (a1b1) : : : (ambm) = � ∈ C�, ÔÏ (ambm)(a1b1) : : : (am−1bm−1) =
(ambm)�(ambm)−1 ∈ C� ÓÏÇÌÁÓÎÏ Ó×ÏÊÓÔ×Õ 1, ÔÁË ÞÔÏ ÃÉËÌÉÞÅÓËÉÊ ÔÉÐ ÐÒÏÉÚ×ÅÄÅÎÉÑ (a1b1) : : : (ambm) ÎÅ ÍÅÎÑ-
ÅÔÓÑ ÐÒÉ ÃÉËÌÉÞÅÓËÏÊ ÐÅÒÅÓÔÁÎÏ×ËÅ ÓÏÍÎÏÖÉÔÅÌÅÊ. ôÁËÉÍ ÏÂÒÁÚÏÍ ÍÏÖÎÏ ÓÞÉÔÁÔØ, ÞÔÏ × ÐÏÓÌÅÄÎÅÍ ÓÏÍÎÏÖÉ-
ÔÅÌÅ (ambm) ×ÅÒÛÉÎÁ bm | ×ÉÓÑÞÁÑ (Ô.Å. × ÎÅÅ ×ÈÏÄÉÔ ÔÏÌØËÏ ÏÄÎÏ ÒÅÂÒÏ (am; bm); × ÄÅÒÅ×Å ÏÂÑÚÁÔÅÌØÎÏ ÉÍÅÅÔ-
ÓÑ ÔÁËÁÑ ×ÅÒÛÉÎÁ). ëÒÏÍÅ ÔÏÇÏ, ÐÏÓËÏÌØËÕ (bmn)�(bmn)−1 ∈ C� ÓÏÇÌÁÓÎÏ Ó×ÏÊÓÔ×Õ 1, ÍÏÖÎÏ ÂÅÚ ÏÇÒÁÎÉÞÅÎÉÑ
ÏÂÝÎÏÓÔÉ ÓÞÉÔÁÔØ, ÞÔÏ ×ÉÓÑÞÁÑ ×ÅÒÛÉÎÁ ÉÍÅÅÔ ÎÏÍÅÒ n. ôÏÇÄÁ × ÐÒÏÉÚ×ÅÄÅÎÉÉ �′ def= (a1b1) : : : (am−1bm−1) ×ÓÅ
ai; bi ∈ {1; : : : ; n−1}, ÏÔËÕÄÁ ÐÏ ÐÒÅÄÐÏÌÏÖÅÎÉÀ ÉÎÄÕËÃÉÉ ×ÙÔÅËÁÅÔ, ÞÔÏ �′ ∈ C(n−1) (ÔÏ ÅÓÔØ ÜÔÏ ÃÉËÌÉÞÅÓËÁÑ
ÐÅÒÅÓÔÁÎÏ×ËÁ ÔÏÞÅË 1; : : : ; n − 1). óÏÇÌÁÓÎÏ Ó×ÏÊÓÔ×Õ 3, ÏÔÓÀÄÁ ×ÙÔÅËÁÅÔ, ÞÔÏ � = �′(amn) | ÃÉËÌÉÞÅÓËÁÑ
ÐÅÒÅÓÔÁÎÏ×ËÁ, É ÂÁÚÁ ÉÎÄÕËÃÉÉ ÄÏËÁÚÁÎÁ: #� = 1 = m− |�|+ 2.

ûÁÇ ÉÎÄÕËÃÉÉ: ÐÕÓÔØ ÔÅÐÅÒØ m ≥ n ÐÒÏÉÚ×ÏÌØÎÏ. óÄÅÌÁ×, ÐÒÉ ÎÅÏÂÈÏÄÉÍÏÓÔÉ, ÃÉËÌÉÞÅÓËÕÀ ÐÅÒÅÓÔÁÎÏ×ËÕ
ÓÏÍÎÏÖÉÔÅÌÅÊ, ÍÏÖÎÏ ÓÞÉÔÁÔØ, ÞÔÏ ÒÅÂÒÏ (am; bm) ×ÈÏÄÉÔ × ÎÅËÏÔÏÒÙÊ ÃÉËÌ × ÇÒÁÆÅ (ÅÓÌÉ ÞÉÓÌÏ ÒÅÂÅÒ ÇÒÁÆÁ
ÎÅ ÍÅÎØÛÅ ÞÉÓÌÁ ×ÅÒÛÉÎ, ÔÏ ÈÏÔÑ ÂÙ ÏÄÉÎ ÃÉËÌ × ÎÅÍ ÉÍÅÅÔÓÑ). ôÏÇÄÁ ÕÄÁÌÅÎÉÅ ÒÅÂÒÁ (am; bm) ÉÚ ÇÒÁÆÁ
ÏÓÔÁ×ÌÑÅÔ ÅÇÏ Ó×ÑÚÎÙÍ, ÔÁË ÞÔÏ ÄÌÑ ÐÅÒÅÓÔÁÎÏ×ËÉ �′ = (a1b1) : : : (am−1bm−1) ∈ C� ÉÍÅÅÍ, ÐÏ ÐÒÅÄÐÏÌÏÖÅÎÉÀ
ÉÎÄÕËÃÉÉ, #� ≤ (m− 1)− n+ 2, ÏÔËÕÄÁ ÐÏ Ó×ÏÊÓÔ×Õ 3 ÐÏÌÕÞÁÅÍ #� ≤ #�+ 1 ≤ m− n+ 2.

õÔ×ÅÒÖÄÅÎÉÅ Ï ÞÅÔÎÏÓÔÉ ÓÌÅÄÕÅÔ ÉÚ Ó×ÏÊÓÔ×Á 4. ¤
1



ïÐÒÅÄÅÌÅÎÉÅ 2. ðÕÓÔØ � | ÒÁÚÂÉÅÎÉÅ, |�| = n, É g | ÃÅÌÏÅ ÎÅÏÔÒÉÃÁÔÅÌØÎÏÅ ÞÉÓÌÏ. þÉÓÌÏÍ çÕÒ×ÉÃÁ hg;�
ÎÁÚÙ×ÁÅÔÓÑ ËÏÌÉÞÅÓÔ×Ï ÔÒÁÎÚÉÔÉ×ÎÙÈ ÆÁËÔÏÒÉÚÁÃÉÊ ÄÌÉÎÙ m(g; �) def= n + #� + 2g − 2 ×ÓÅÈ ÐÅÒÅÓÔÁÎÏ×ÏË
� ∈ C�, ÄÅÌÅÎÎÏÅ ÎÁ n!.
ðÒÉÍÅÒ 1. ðÕÓÔØ � = (n) É g = 0. ðÒÏÉÚ×ÅÄÅÎÉÅ (a1b1) : : : (an−1bn−1) ∈ C� ÄÌÑ ÌÀÂÏÇÏ Ó×ÑÚÎÏÇÏ ÇÒÁÆÁ Ó
m = n−1 ÒÅÂÒÁÍÉ, ÔÏ ÅÓÔØ ÄÌÑ ÌÀÂÏÇÏ ÄÅÒÅ×Á. ôÅÍ ÓÁÍÙÍ ËÏÌÉÞÅÓÔ×Ï ÔÁËÉÈ ÆÁËÔÏÒÉÚÁÃÉÊ ÒÁ×ÎÏ ËÏÌÉÞÅÓÔ×Õ
ÄÅÒÅ×ØÅ× Ó ÎÕÍÅÒÏ×ÁÎÎÙÍÉ ×ÅÒÛÉÎÁÍÉ É ÒÅÂÒÁÍÉ, ÔÏ ÅÓÔØ nn−2(n− 1)!. ïÔÓÀÄÁ ×ÙÔÅËÁÅÔ, ÞÔÏ h0;(n) = nn−3.

÷×ÅÄÅÍ ÔÅÐÅÒØ ÓÞÅÔÎÏÅ ÞÉÓÌÏ ÐÅÒÅÍÅÎÎÙÈ p1; p2; : : : , É ÒÁÓÓÍÏÔÒÉÍ ÐÒÏÉÚ×ÏÄÑÝÕÀ ÆÕÎËÃÉÀ

H(�; p) =
∑

g;�=(�1;:::;�s)
hg;�

p�1 : : : p�s
s!

�m(g;�)

m(g; �)!

ìÅÍÍÁ 2. eH = ∑
m;� h̃m;�

p�1 :::p�s
s!

�m
m! , ÇÄÅ h̃m;� | ÏÂÝÅÅ ËÏÌÉÞÅÓÔ×Ï ÆÁËÔÏÒÉÚÁÃÉÊ (ÎÅ ÏÂÑÚÁÔÅÌØÎÏ ÔÒÁÎ-

ÚÉÔÉ×ÎÙÈ) ÄÌÉÎÙ m ÐÅÒÅÓÔÁÎÏ×ÏË � ∈ C�.
äÏËÁÚÁÔÅÌØÓÔ×Ï. ëÏÜÆÆÉÃÉÅÎÔ ÐÒÉ �m × ÆÕÎËÃÉÉ eH ÒÁ×ÅÎ ∑

k
1
k!× ËÏÜÆÆÉÃÉÅÎÔ ÐÒÉ �m × Hk, ÔÏ ÅÓÔØ

∑

k

1
k!

∑
m1+···+mk=m

∑
g1;:::;gk

�(1);:::;�(k)

m(g1;�(1))=m1;:::;m(gk;�(k))=mk

hg1;�(1) : : : hgk;�(k)

p�(1)
1
: : : p�(k)

sk

s1! : : : sk!
1
m!

ëÁÖÄÏÅ ÓÌÁÇÁÅÍÏÅ ÐÒÅÄÓÔÁ×ÌÑÅÔ ÓÏÂÏÊ ËÏÌÉÞÅÓÔ×Ï ÆÁËÔÏÒÉÚÁÃÉÊ ÄÌÉÎÙ m ÐÅÒÅÓÔÁÎÏ×ÏË � ∈ C� ÔÁËÉÈ, ÞÔÏ
ÇÒÁÆ ÓÏÓÔÏÉÔ ÉÚ k ËÏÍÐÏÎÅÎÔ Ó×ÑÚÎÏÓÔÉ, ÓÏÄÅÒÖÁÝÉÈ m1; : : : ;mk ÒÅÂÅÒ ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ. ¤

ôÅÏÒÅÍÁ 1. æÕÎËÃÉÑ F def= eH ÕÄÏ×ÌÅÔ×ÏÒÑÅÔ ÄÉÆÆÅÒÅÎÃÉÁÌØÎÏÍÕ ÕÒÁ×ÎÅÎÉÀ @F
@� = AF , ÇÄÅ

A def= 1
2

∞∑

i;j=1

(
(i+ j)pipj

@
@pi+j

+ ijpi+j
@2

@pi@pj

)
:

äÏËÁÚÁÔÅÌØÓÔ×Ï. ëÏÜÆÆÉÃÉÅÎÔ ÐÒÉ �mp�1 : : : p�s × ÌÅ×ÏÊ ÞÁÓÔÉ ÄÉÆÆÅÒÅÎÃÉÁÌØÎÏÇÏ ÕÒÁ×ÎÅÎÉÑ ÒÁ×ÅÎ ËÏ-
ÌÉÞÅÓÔ×Õ ÆÁËÔÏÒÉÚÁÃÉÊ ÄÌÉÎÙ (m + 1) ÐÅÒÅÓÔÁÎÏ×ÏË � ∈ C�, ÄÅÌÅÎÎÏÍÕ ÎÁ m! | ÔÏ ÅÓÔØ ÄÅÌÅÎÎÏÍÕ ÎÁ
(m + 1)! ËÏÌÉÞÅÓÔ×Õ ÆÁËÔÏÒÉÚÁÃÉÊ, × ËÏÔÏÒÙÈ ÏÄÎÏ ÉÚ (m + 1) ÒÅÂÅÒ ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÅÇÏ ÇÒÁÆÁ ÏÔÍÅÞÅÎÏ.
óÏÏÔ×ÅÔÓÔ×ÕÀÝÉÊ ËÏÜÆÆÉÃÉÅÎÔ ÓÐÒÁ×Á ÓÏÓÔÏÉÔ, ÐÒÉ ËÁÖÄÏÍ i É j, ÉÚ Ä×ÕÈ ÓÌÁÇÁÅÍÙÈ: ij× ÄÅÌÅÎÎÏÅ ÎÁ m!
ËÏÌÉÞÅÓÔ×Ï ÆÁËÔÏÒÉÚÁÃÉÊ ÄÌÉÎÙ m ÐÅÒÅÓÔÁÎÏ×ÏË � ∈ C�, ÇÄÅ � ÐÏÌÕÞÅÎÏ ÉÚ � ×ÙËÉÄÙ×ÁÎÉÅÍ ÞÁÓÔÉ, ÒÁ×ÎÏÊ
(i+ j), É (i+ j)× ÄÅÌÅÎÎÏÅ ÎÁ m! ËÏÌÉÞÅÓÔ×Ï ÆÁËÔÏÒÉÚÁÃÉÊ ÄÌÉÎÙ m ÐÅÒÅÓÔÁÎÏ×ÏË � ∈ C�, ÇÄÅ � ÐÏÌÕÞÅÎÏ ÉÚ
� ×ÙËÉÄÙ×ÁÎÉÅÍ ÞÁÓÔÅÊ, ÒÁ×ÎÙÈ i É j. óÏÇÌÁÓÎÏ Ó×ÏÊÓÔ×Õ 3, ÓÕÍÍÁ ÐÏ i É j ÒÁ×ÎÁ ÄÅÌÅÎÎÏÍÕ ÎÁ m! ËÏÌÉÞÅÓÔ×Õ
ÆÁËÔÏÒÉÚÁÃÉÊ ÄÌÉÎÙ m ÐÅÒÅÓÔÁÎÏ×ÏË � , × ËÏÔÏÒÙÈ ÏÔÍÅÞÅÎÙ Ä×Å ×ÅÒÛÉÎÙ a É b, É �(ab) ∈ C�. ëÁË ÎÅÔÒÕÄÎÏ
×ÉÄÅÔØ, ÜÔÏ ÔÏ ÖÅ ÓÁÍÏÅ, ÞÔÏ × ÌÅ×ÏÊ ÞÁÓÔÉ. ¤


