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Ëèñòîê 4.

Çàäà÷à 1. Ïóñòü |q| < 1. Äîêàæèòå ñõîäèìîñòü è íàéäèòå ñóììû:
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ãäå fn � ÷èñëà Ôèáîíà÷÷è, ò. å. f1 = 1, f2 = 1 è fn+2 = fn + fn+1.
Çàäà÷à 2. Ïóñòü ïîñëåäîâàòåëüíîñòü an óáûâàåò ê íóëþ. Äîêàæèòå, ÷òî ðÿäû∑∞
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Çàäà÷à 3. Äîêàæèòå, ÷òî

(a) yn íå óáûâàåò, à zn íå âîçðàñòàåò; (b) zn − yn ≤ 1/n;

(c) ñóùåñòâóåò ÷èñëî C > 0 òàêîå, ÷òî 1 + 1
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(d) äîêàæèòå (äåéñòâóÿ ïî àíàëîãèè ñ ïóíêòàìè (a)�(c)), ÷òî íàéäåòñÿ ÷èñëî C
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Çàäà÷à 4. Êîëîäó èãðàëüíûõ êàðò (äëèíà êàæäîé ðàâíà 10 ñì) êëàäóò íà êðàé

ñòîëà è ñäâèãàþò îòíîñèòåëüíî äðóã äðóãà òàê, ÷òîáû îáðàçîâàëñÿ âûñòóï âîçìîæíî
áîëüøåé äëèíû. Êðàÿ êàðò äîëæíû áûòü ïàðàëëåëüíû êðàþ ñòîëà. Íàéäèòå äëèíó
íàèáîëüøåãî âûñòóïà, åñëè â êîëîäå n êàðò.
Çàäà÷à 5. Âû äåðæèòå îäèí êîíåö ðåçèíîâîãî øíóðà äëèíîé 1 êì. Îò âòîðîãî åãî

êîíöà, êîòîðûé çàêðåïëåí, ê âàì ñî ñêîðîñòüþ 1 ñì/ñ ïîëçåò æóê. Êàæäûé ðàç, êàê
òîëüêî îí ïðîïîëçàåò 1 ñì, âû óäëèíÿåòå ðåçèíêó íà 1 êì. Äîïîëçåò ëè æóê äî âàøåé
ðóêè? Åñëè äà, òî îöåíèòå ñêîëüêî åìó ïîòðåáóåòñÿ âðåìåíè?
Çàäà÷à 6. Äîêàæèòå, ÷òî ñëåäóþùèå ðÿäû ñõîäÿòñÿ:
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Çàäà÷à 7. Äîêàæèòå, ÷òî èç ñõîäèìîñòè
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n=1 |an| ñëåäóåò ñõîäèìîñòü ðÿäà
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n=1 an,
íî îáðàòíîå íåâåðíî.
Çàäà÷à 8.(Ïðèçíàê Ëåéáíèöà) Ïóñòü ïîñëåäîâàòåëüíîñòü an ìîíîòîííî óáûâàåò ê

íóëþ. Äîêàæèòå, ÷òî ðÿä
∑∞

n=1(−1)nan ñõîäèòñÿ.
Çàäà÷à 9. (Òåîðåìà Ðèìàíà) Ïðåäïîëîæèì, ÷òî ðÿä

∑∞
n=1 an ñõîäèòñÿ, íî ðÿä∑∞

n=1 |an| ðàñõîäèòñÿ (â ýòîì ñëó÷àå ãîâîðÿò, ÷òî ðÿä ñõîäèòñÿ óñëîâíî). Äîêàæè-
òå, ÷òî ïåðåñòàâëÿÿ ÷ëåíû ðÿäà ìîæíî ïîëó÷èòü ëþáóþ íàïåðåä çàäàííóþ ñóììó.
Âîçìîæíî ëè òàêîå â ñëó÷àå, êîãäà ðÿä èç ìîäóëåé ñõîäèòñÿ?
Çàäà÷à 10. Ïðèâåäèòå ïðèìåð ðÿäà

∑∞
n=1 an òàêîãî, ÷òî äëÿ âñÿêîãî ÷èñëà A ñó-
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ñõîäèòñÿ ê ÷èñëó A.
Çàäà÷à 11. Ïóñòü ðÿä
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Çàäà÷à 12. Ïóñòü ðÿä
∑∞

n=1 an ñõîäèòñÿ è an > 0. Äîêàæèòå, ÷òî íàéäåòñÿ òàêàÿ
íåóáûâàþùàÿ ïîñëåäîâàòåëüíîñòü cn, ÷òî limn→∞ cn = +∞ è ðÿä

∑∞
n=1 ancn ñõîäèòñÿ.
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