
Ëèñòîê 6. Ïîëå Äèðàêà
Ðåøåíèÿ

Âñå çàäà÷è â ýòîì ëèñòêå âçÿòû èç êíèãè Ïåñêèíà Øðåäåðà, ãëàâà 3.
© 1. (45 áàëëîâ) Ïðåäñòàâëåíèÿ ãðóïïû Ëîðåíöà

(a). (15 áàëëîâ) Èòàê êîììóòàöèîííûå ñîîòíîøåíèÿ äëÿ ãåíåðàòîðîâ àëãåáðû Ëîðåíöà:

[Jµν , Jρσ] = i(gνρJµσ − gµρJνσ − gνσJµρ + gµσJνρ). (0.1)

Îïðåäåëèì ãåíåðàòîðû ïîâîðîòîâ è áóñòîâ ïî ôîðìóëàì

Li =
1

2
εijkJ jk, Ki = J0i, (0.2)

ãäå i, j, k = 1, 2, 3. Èìååì (i, j, k, l,m, n = 1, 2, 3, ε123 = 1):

[Li, Lj] =
1

4
εiklεjmn[Jkl, Jmn] =

i

4
εiklεjmn(glmJkn − gkmJ ln − glnJkm + gknJ lm) =

= − i
4
εiklεjmn(δlmJkn − δkmJ ln − δlnJkm + δknJ lm) =

= − i
4
εiklεjlnJkn +

i

4
εiklεjknJ ln +

i

4
εiklεjmlJkm − i

4
εiklεjmkJ lm =

=
i

4
(δijδkn − δinδkj)Jkn +

i

4
(δijδln − δinδlj)J ln +

i

4
(δijδkm − δimδkj)Jkm − i

4
(δljδim − δlmδij)J lm =

= − i
4
J ji − i

4
J ji − i

4
J ji − i

4
J ji = iJ ij = iεijkLk. (0.3)

Äàëåå èìååì

[Li, Kj] =
1

2
εikl[Jkl, J0j] =

i

2
εikl(gl0Jkj − gk0J lj − gljJk0 + gkjJ l0) =

=
1

2
εikl(δljJk0 − δkjJ l0) =

i

2
εikjJk0 − i

2
εijlJ l0 = iεijkKk, (0.4)

à òàêæå

[Ki, Kj] = [J0i, J0j] = i(gi0J0j − g00J ij − gijJ00 + g0jJ i0) = −iJ ij = −iεijkLk. (0.5)

Òåïåðü äëÿ êîìáèíàöèé

J+ =
1

2
(L+ iK), J− =

1

2
(L− iK) (0.6)

ïîëó÷àåì:

[J i+, J
j
+] =

1

4
[Li, Lj] +

i

4
[Li, Kj] +

i

4
[Ki, Lj]− 1

4
[Ki, Kj] =

=
i

4
εijkLk − 1

4
εijkKk +

1

4
εjikKk +

i

4
εijkLk = iεijk

1

2
(Lk + iKk) = iεijkJk+

[J i−, J
j
−] =

1

4
[Li, Lj]− i

4
[Li, Kj]− i

4
[Ki, Lj]− 1

4
[Ki, Kj] =

=
i

4
εijkLk +

1

4
εijkKk − 1

4
εjikKk +

i

4
εijkLk = iεijk

1

2
(Lk − iKk) = iεijkJk−. (0.7)
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È òàêæå

[J i+, J
j
−] =

1

4
[Li, Lj]− i

4
[Li, Kj] +

i

4
[Ki, Lj] +

1

4
[Ki, Kj] =

=
i

4
εijkLk +

1

4
εijkKk +

1

4
εjikKk − i

4
εijkLk = 0, (0.8)

÷òî è òðåáîâàëîñü ïîêàçàòü.

(b). (15 áàëëîâ) Êîíå÷íîìåðíûå ïðåäñòàâëåíèÿ ãðóïïû âðàùåíèé íóìåðóþòñÿ äîïóñòèìûìè
çíà÷åíèÿì îðáèòàëüíîãî ìîìåíòà: öåëûìè è ïîëóöåëûìè ÷èñëàìè. Èç ðåçóëüòàòà ÷àñòè (a) ñëå-
äóþò, ÷òî âñå êîíå÷íîìåðíûå ïðåäñòàâëåíèÿ ãðóïïû Ëîðåíöà ñîîòâåòñòâóþò ïàðàì öåëûõ èëè
ïîëóöåëûõ ÷èñåë, (j+, j−), êîòîðûå â ñâîþ î÷åðåäü ñîîòâåòñòâóþò ïàðå ïðåäñòàâëåíèé ãðóïïû ïî-

âîðîòîâ. Èíôèíèòåçèìàëüíîå ïðåîáðàçîâàíèå Ëîðåíöà (Φ→ e−
i
2
ωµνJµνΦ) çàïèñûâàåòñÿ, êàê

Φ→ (1− iθ ·L− iβ ·K)Φ, (0.9)

îòêóäà, èñïîëüçóÿ, ÷òî L = J+ + J− è K = i(J− − J+), ïîëó÷èì

Φ→ (1− iθ · (J+ + J−) + β · (J− − J+))Φ. (0.10)

Äàëåå äëÿ Φ( 1
2
,0) ìû èìååì J+ = σ/2, J− = 0 îòêóäà

Φ( 1
2
,0) → (1− iθ · σ

2
− β · σ

2
)Φ( 1

2
,0), (0.11)

äëÿ Φ(0, 1
2
) ìû èìååì J− = σ/2, J+ = 0 îòêóäà

Φ(0, 1
2
) → (1− iθ · σ

2
+ β · σ

2
)Φ(0, 1

2
), (0.12)

÷òî è åñòü â òî÷íîñòè ïðåîáðàçîâàíèÿ äëÿ ψL è ψR:

ψL → (1− iθ · σ
2
− β · σ

2
)ψL, ψR → (1− iθ · σ

2
+ β · σ

2
)ψR. (0.13)

(ñ). (15 áàëëîâ) Òîæäåñòâî σT = −σ2σσ2 ïîçâîëÿåò ïåðåïèñàòü ïðåîáðàçîâàíèå äëÿ ψL â ýêâè-
âàëåíòíîé ôîðìå

ψ′ → ψ′(1 + iθ · σ
2

+ β · σ
2

), (0.14)

ãäå ψ′ = ψTLσ
2. Èñïîëüçóÿ ýòîò çàêîí, ìû ìîæåì çàïèñàòü îáúåêò, êîòîðûé ïðåîáðàçóåòñÿ ïî

ïðåäñòàâëåíèþ (1
2
, 1
2
) êàê 2 × 2 ìàòðèöà, êîòîðàÿ ïðåîáðàçóåòñÿ ïî çàêîíó ψR ñ ëåâîé ñòîðîíû è

îäíîâðåìåííî ïðåîáðàçóåòñÿ ïî çàêîíó òðàíñïîíèðîâàííîãî ψL ñ ïðàâîé. Çàïèøåì ýòó ìàòðèöó â
âèäå (

V 0 + V 3 V 1 − iV 2

V 1 + iV 2 V 0 − V 3

)
. (0.15)

Ââîäÿ σµ = (1,σ) è σ̄µ = (1,−σ), ìîæíî çàïèñàòü äàííóþ ìàòðèöó, êàê V µσ̄µ = gµνV
µσ̄ν =

V 0σ0 + V iσi, ãäå σ0 =

(
1 0
0 1

)
, σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
. Äàëåå, ïî
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óñëîâèþ, ýòà ìàòðèöà ïðåîáðàçóåòñÿ ïî ôîðìóëå (ìû ïðåíåáðåãàåì êâàäðàòè÷íûìè ñëàãàåìûìè
ïî β è θ):

V µσ̄µ →(1− iθ · σ
2

+ β · σ
2

)V µσ̄µ(1 + iθ · σ
2

+ β · σ
2

) = (1 + (β − iθ)
σ

2
)V µσ̄µ(1 + (β + iθ)

σ

2
) =

= V µσ̄µ + (β − iθ)
σ

2
V µσ̄µ + V µσ̄µ(β + iθ)

σ

2
=

= V µσ̄µ +
1

2
V µβi{σi, σ̄µ}+

i

2
V µθi[σ̄µ, σ

i] =

= V µσ̄µ +
1

2
V µβi(2σ

iδ0µ + 2σ0δiµ) +
i

2
V µθi(2iε

µikσk(1− δ0µ)), (0.16)

ãäå ε123 = −ε123 = 1. Â èòîãå ïîëó÷àåì

V µσ̄µ → V µσ̄µ + βi(V
0σi + V iσ0) + θiV

jεijkσk, (0.17)

äàëåå èñïîëüçóÿ, ÷òî βi = ω0i, θi = 1
2
εijkωjk, ïîëó÷èì

V µσ̄µ →V µσ̄µ + ω0i(V
0σi + V iσ0) +

1

2
εimnωmnV

jεijkσk =

= V µσ̄µ + ω0i(V
0σi + V iσ0) +

1

2
(δmjδnk − δmkδnj)ωmnV jσk =

= V µσ̄µ + ω0i(V
0σi + V iσ0) + ωjkV

jσk =

= V µσ̄µ − ωµνV µσ̄ν = (δµν + ωµν)V
ν σ̄µ, (0.18)

îòêóäà V µ → (δµν + ωµν)V
ν , ÷òî è òðåáîâàëîñü ïîêàçàòü.

© 2 (10 áàëëîâ). Òîæäåñòâî Ãîðäîíà

Äëÿ äîêàçàòåëüñòâà òîæäåñòâà

ū(p′)γµu(p) = ū(p′)

[
p′µ + pµ

2m
+
iσµνqν

2m

]
u(p), (0.19)

ãäå q = (p′−p), σµν = i
2
[γµ, γν ], ìû èñïîëüçóåì, ÷òî {γµ, γν} = 2gµν , (γµpµ−m)u(p) = 0 è ū(p′)(γµp′µ−

m) = 0, îòêóäà

ū(p′)

[
p′µ + pµ

2m
+
iσµνqν

2m

]
u(p) = ū(p′)

[
p′µ + pµ

2m
− 1

4m
(γµγν − γνγµ)(p′ν − pν)

]
u(p) =

= ū(p′)

[
p′µ + pµ

2m
− γµγνp′ν

4m
+
γµ

4
+
γµ

4
− γνγµpν

4m

]
u(p) =

= ū(p′)

[
p′µ + pµ

2m
+

(γνγµ − 2gµν)p′ν
4m

+
γµ

2
+

(γµγν − 2gµν)pν
4m

]
u(p) =

= ū(p′)γµu(p). (0.20)

© 3 (45 áàëëîâ). Ïðîèçâåäåíèå ñïèíîðîâ

Ïóñòü kµ0 , k
µ
1 ôèêñèðîâàííûå 4-âåêòîðû, óäîâëåòâîðÿþùèå k20 = 0, k21 = −1, k0 · k1 = 0. Îïðåäåëèì

áàçèñ ñïèíîðîâ ñëåäóþùèì ñïîñîáîì: Ïóñòü uL0 áóäåò ëåâîïîëÿðèçîâàííûì ñïèíîðîì äëÿ ôåðìè-
îíà ñ èìïóëüñîì k0. Ïóñòü uR0 = 6 k1uL0. Òîãäà äëÿ ëþáîãî ñâåòîïîäîáíîãî èìïóëüñà p (p2 = 0),
îïðåäåëèì:

uL(p) =
1√

2p · k0
6 puR0, uR(p) =

1√
2p · k0

6 puL0. (0.21)
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Òàêîé íàáîð óñëîâèé îïðåäåëÿåò ñïèíîðû îäíîçíà÷íî (êðîìå ñëó÷àÿ, êîãäà p ïàðàëëåëåí k0).

(a). (15 áàëëîâ) Èìååì äëÿ 6 k0uR0 = 0, èñïîëüçóÿ, ÷òî 6 k0uL0 = 0:

6 k0uR0 = 6 k0 6 k1uL0 = γµk0µγ
νk1νuL0 = −γνγµk0µk1νuL0 + 2gµνk0µk1νuL0 = −6 k1 6 k0uL0 + 2k0 · k1uL0 = 0.

Äàëåå äëÿ ëþáîãî ñâåòîïîäîáíîãî p èìååì (p2 = 0):

6 puL(p) =
1√

2p · k0
6 p 6 puR0 =

1√
2p · k0

γµpµγ
νpνuR0 =

1√
2p · k0

1

2
(γµγν + γνγµ)pµpνuR0 =

gµνpµpνuR0√
2p · k0

= 0

6 puR(p) =
1√

2p · k0
6 p 6 puL0 =

1√
2p · k0

γµpµγ
νpνuL0 =

1√
2p · k0

1

2
(γµγν + γνγµ)pµpνuL0 =

gµνpµpνuL0√
2p · k0

= 0.

(b). (15 áàëëîâ) Äëÿ k0 = (E, 0, 0,−E), k1 = (0, 1, 0, 0), ïîñòðîèì uL0, uR0, uL(p) è uR(p) ÿâíî.
Èìååì

uL0 =

( √
k0 · σξ√
k0 · σ̄ξ

)
=


√

2E

(
1 0
0 0

)
ξ

√
2E

(
0 0
0 1

)
ξ

 =
√

2E


(

1 0
0 0

)
ξ(

0 0
0 1

)
ξ

 (0.22)

Òàêæå ìû èìååì 1−γ5
2
uL0 = uL0, îòêóäà ïîëó÷èì (

1 0
0 1

)
0

0 0

√2E


(

1 0
0 0

)
ξ(

0 0
0 1

)
ξ

 =
√

2E

 (
1 0
0 0

)
ξ

0

 =
√

2E


(

1 0
0 0

)
ξ(

0 0
0 1

)
ξ

 (0.23)

Ñëåäîâàòåëüíî ξ =

(
1
0

)
è ìû ïîëó÷àåì äëÿ uL0:

uL0 =
√

2E


1
0
0
0

 . (0.24)

Äàëåå ïîëó÷àåì äëÿ uR0 = 6 k1uL0:

uR0 = −γ1k11uL0 = −k11
(

0 σ1

−σ1 0

)√
2E


1
0
0
0

 =
√

2E


0
0

σ1

(
1
0

)
 =

√
2E


0
0
0
1

 . (0.25)

Äàëåå èìååì äëÿ p = (p0, p1, p2, p3) èìååì: 2p · k0 = 2E(p0 + p3) è

uL(p) =
1√

2p · k0
6puR0 =

1√
2E(p0 + p3)

(
0 p · σ

p · σ̄ 0

)√
2E


0
0
0
1

 =
1√

p0 + p3


−p1 + ip2

p0 + p3

0
0



uR(p) =
1√

2p · k0
6puL0 =

1√
2E(p0 + p3)

(
0 p · σ

p · σ̄ 0

)√
2E


1
0
0
0

 =
1√

p0 + p3


0
0

p0 + p3

p1 + ip2

 .

(0.26)
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(c). (15 áàëëîâ) Îïðåäåëèì ñïèíîðíûå ïðîèçâåäåíèÿ s(p1, p2) è t(p1, p2), äëÿ ñâåòîïîäîíûõ p1,
p2, ïî ôîðìóëàì

s(p1, p2) = ūR(p1)uL(p2), t(p1, p2) = ūL(p1)uR(p2). (0.27)

Èñïîëüçóÿ ÿâíûå âûðàæåíèÿ äëÿ uλ â ÷àñòè (b), âû÷èñëÿåì

s(p1, p2) = ūR(p1)uL(p2) =
1√

(p01 + p31)(p
0
2 + p32)


0
0

p01 + p31
p11 − ip21


T (

0 1
1 0

)
−p12 + ip22
p02 + p32

0
0

 =

=
(p02 + p32)(p

1
1 − ip21)− (p01 + p31)(p

1
2 − ip22)√

(p01 + p31)(p
0
2 + p32)

=

=
[(p02 + p32)p

1
1 − (p01 + p31)p

1
2]− i[(p02 + p32)p

2
1 − (p01 + p31)p

2
2]√

(p01 + p31)(p
0
2 + p32)

, (0.28)

à òàêæå

t(p1, p2) = ūL(p1)uR(p2) =
1√

(p01 + p31)(p
0
2 + p32)


−p11 − ip21
p01 + p31

0
0


T (

0 1
1 0

)
0
0

p02 + p32
p12 + ip22

 =

=
(p01 + p31)(p

1
2 + ip22)− (p02 + p32)(p

1
1 + ip21)√

(p01 + p31)(p
0
2 + p32)

=

=
[(p01 + p31)p

1
2 − (p02 + p32)p

1
1]− i[(p02 + p32)p

2
1 − (p01 + p31)p

2
2]√

(p01 + p31)(p
0
2 + p32)

, (0.29)

îòêóäà ïîëó÷àåì

(s(p2, p1))
∗ =

[(p01 + p31)p
1
2 − (p02 + p32)p

1
1] + i[(p01 + p31)p

2
2 − (p02 + p32)p

2
1]√

(p01 + p31)(p
0
2 + p32)

= t(p1, p2). (0.30)

Òàêæå ëåãêî çàìåòèòü, ÷òî s(p1, p2) = −s(p2, p1). Òåïåðü íàõîäèì

|s(p1, p2)|2 =

∣∣∣∣∣ [(p02 + p32)p
1
1 − (p01 + p31)p

1
2]− i[(p02 + p32)p

2
1 − (p01 + p31)p

2
2]√

(p01 + p31)(p
0
2 + p32)

∣∣∣∣∣
2

=

=
[(p02 + p32)p

1
1 − (p01 + p31)p

1
2]

2 + [(p02 + p32)p
2
1 − (p01 + p31)p

2
2]

2

(p01 + p31)(p
0
2 + p32)

=

=
(p01 + p31)

2((p12)
2 + (p22)

2) + (p02 + p32)
2((p11)

2 + (p21)
2)− 2(p01 + p31)(p

0
2 + p32)(p

1
1p

1
2 + p21p

2
2)

(p01 + p31)(p
0
2 + p32)

=

=
(p01 + p31)

2((p02)
2 − (p32)

2) + (p02 + p32)
2((p01)

2 − (p31)
2)− 2(p01 + p31)(p

0
2 + p32)(p

1
1p

1
2 + p21p

2
2)

(p01 + p31)(p
0
2 + p32)

=

= (p01 + p31)(p
0
2 − p32) + (p02 + p32)(p

0
1 − p31)− 2(p11p

1
2 + p21p

2
2) =

= 2(p01p
0
2 − p11p12 − p21p22 − p31p32) = 2p1 · p2. (0.31)

© 4 (100 áàëëîâ). Ìàéîðàíîâñêèå ôåðìèîíû
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Ðåëÿòèâèñòñêîå óðàâíåíèå äëÿ áåçìàññîâîãî 2-êîìïîíåíòíîãî ôåðìèîííîãî ïîëÿ, êîòîðîå ïðå-
îáðàçóòåñÿ êàê âåðõíèå äâå êîìïîíåíòû Äèðàêîâñêîãî ñïèíîðà (ψL) ìîæíî çàïèñàòü êàê:

i(∂0 − σ ·∇)ψL = 0 (0.32)

Îáîçíà÷èì òàêîå äâóõêîìïîíåíòíîå ïîëå χa(x), a = 1, 2.

(a). (20 áàëëîâ) Ðàññìîòðèì óðàâíåíèå äëÿ χ(x) ñëåäóþùåãî âèäà

iσ̄ · ∂χ− imσ2χ∗ = 0. (0.33)

Ïîêàæåì, ÷òî ýòî óðàâíåíèå ÿâëÿåòñÿ ðåëÿòèâèñòñêè èíâàðèàíòíûì. Ïðè èíôèíèòåçèìàëüíîì
ïðåîáðàçîâàíèè Ëîðåíöà xµ → Λµ

νx
ν = (δµν + ωµν)x

ν , èç Ëîðåíö-èíâàðèàíòíîñòè ìàññèâíîãî óðàâ-
íåíèÿ Äèðàêà: iσ̄∂ψL = mψR è èç òîãî, ÷òî χ ïðåîáðàçóåòñÿ êàê ëåâûé ñïèíîð ψL, ñëåäóåò, ÷òî
âåëè÷èíà iσ̄∂χ ïðåîáðàçóåòñÿ, êàê ïðàâûé ñïèíîð ψR: iσ̄∂χ→ (1 + (β− iθ)σ

2
)iσ̄∂χ. Òàêæå, òàê êàê

χ→ (1− (β + iθ)σ
2
)χ, òî, èñïîëüçóÿ òîæäåñòâî σ2σ∗ = −σσ2 ìîæíî ïîëó÷èòü

σ2χ∗ → (1 + (β − iθ)
σ

2
)σ2χ∗, (0.34)

òî åñòü σ2χ∗ òîæå ïðåîáðàçóåòñÿ, êàê ïðàâûé ñïèíîð ψR. Ìû âèäèì, ÷òî îáå ÷àñòè óðàâíåíèÿ (0.33)
ïðåîáðàçóþòñÿ îäèíàêîâî ïðè ïðåîáðàçîâàíèè Ëîðåíöà, îòêóäà ñëåäóåò, ÷òî óðàâíåíèå ÿâëÿåòñÿ
Ëîðåíö-èíâàðèàíòíûì. Äàëåå èìååì

σ∂(σ̄∂χ) = mσ∂(σ2χ∗) (0.35)

Äàëåå èñïîëüçóÿ, ÷òî σµσ̄ν +σν σ̄ν = 2gµν , ïîëó÷èì σ∂(σ̄∂χ) = σµσ̄ν∂µ∂ν = 1
2
(σµσ̄ν +σν σ̄ν)∂µ∂ν = ∂2.

Òåïåðü èç óðàâíåíèÿ (0.33) èìååì (σ2)∗(σ̄)∗∂χ∗ = mχ. È ïîëó÷àåì (σ2)∗(σ̄)∗∂χ∗ = −σ2(σ̄)∗∂χ∗ =
−σσ2∂χ∗ = −σ∂(σ2χ∗). Îòêóäà â èòîãå ïîëó÷àåì äëÿ (0.35), ÷òî

∂2χ = −m2χ, (0.36)

÷òî è åñòü óðàâíåíèå Êëåéíà-Ãîðäîíà (∂2 +m2)χ = 0. Òàêàÿ ôîðìà ôåðìèîííîé ìàññû íàçûâàåòñÿ
Ìàéîðàíîâñêîå ìàññîâîå ñëàãàåìîå.

(b). (20 áàëëîâ) Ñëåäóåò ëè óðàâíåíèå Ìàéîðàíà èç ëàãðàíæèàíà? Êàçàëîñü áû, ìàññîâîå ñëàãà-
åìîå, ïîëó÷àåòñÿ âàðüèðîâàíèåì âûðàæåíèÿ (σ2)abχ

∗
aχ
∗
b ; Îäíàêî, òàê êàê σ2 � àíòèñèììåòðè÷íàÿ

ìàòðèöà, ýòî âûðàæåíèå îáðàòèëîñü áû â íóëü, åñëè áû χ(x) áûëî áû îáû÷íûì c-÷èñëîâûì ïîëåì.
Èçâåñòíî, ÷òî ïðè ïåðåõîäå ê êâàíòîâîé òåîðèè ïîëÿ χ(x) ñòàíîâèòñÿ àíòèêîììóòèðóþùèì êâàí-
òîâûì ïîëåì. Ñëåäîâàòåëüíî, èìååò ñìûñë ðàçâèâàòü êëàññè÷åñêóþ òåîðèþ ïîëÿ, ðàññìàòðèâàÿ
χ(x) êàê êëàññè÷åñêîå àíòèêîììóòèðóþùåå ïîëå, òî åñòü êàê ïîëå, êîòîðîå ïðèíèìàåò çíà÷åíèÿ
â ãðàññìàíîâûõ ÷èñëàõ, óäîâëåòâîðÿþùèõ óñëîâèÿì:

αβ = −βα, äëÿ ëþáûõ α, β. (0.37)

Çàìåòèì, ÷òî èç ýòèõ ñîîòíîøåíèé ñëåäóåò, ÷òî α2 = 0. Ãðàññìàíîâî ïîëå ξ(x) ìîæåò áûòü ðàçëî-
æåíî ïî áàçèñó ôóíêöèé êàê

ξ(x) =
∑
n

αnφn(x), (0.38)
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ãäå φn(x) � îðòîãîíàëüíûå c-÷èñëîâûå ôóíêöèè è αn � íàáîð íåçàâèñèìûõ ãðàññìàíîâûõ ÷è-
ñåë. Îïðåäåëèì êîìïëåêñíîå ñîïðÿæåíèå ïðîèçâåäåíèÿ ãðàññìàíîâûõ ÷èñåë êàê îáðàùàþùåå èõ
ïîðÿäîê:

(αβ)∗ ≡ β∗α∗ = −α∗β∗. (0.39)

Ýòî ïðàâèëî ïî ôîðìå ñîâïàäàåò ñ ýðìèòîâûì ñîïðÿæåíèåì êâàíòîâûõ ïîëåé. Ïîêàæåì, ÷òî êëàñ-
ñè÷åñêîå äåéñòâèå

S =

∫
d4x

[
χ†iσ̄ · ∂χ+

im

2
(χTσ2χ− χ†σ2χ∗)

]
, (0.40)

(ãäå χ† = (χ∗)T ) ÿâëÿåòñÿ âåùåñòâåííûì (S∗ = S) è âàðüèðîâàíèå S îòíîñèòåëüíî χ è χ∗ ïðèâîäèò
ê óðàâíåíèþ Ìàéîðàíà. Èìååì

S∗ =

∫
d4x

[
χα(−i(σ̄µ)∗αβ∂µ)χ∗β +

(−i)m
2

(−χ∗α(σ2)∗αβχ
∗
β + χα(σ2)∗αβχβ)

]
, (0.41)

äàëåå èñïîëüçóåì, ÷òî (σ̄µ)∗αβ = (σ̄µ)βα, (σ2)∗αβ = (σ2)βα è χαχ
∗
β = −χ∗βχα ïîëó÷èì

S∗ =

∫
d4x

[
∂µχ

∗
β(−i(σ̄µ)βα)χα −

im

2
(χ∗β(σ2)βαχ

∗
α − χβ(σ2)βαχα)

]
= S. (0.42)

Äàëåå èìååì

0 =
δS

δχ∗α
= i(σ̄µ)αβ∂µχβ − im(σ2)αβχ

∗
β = iσ̄∂χ− imσ2χ∗,

0 =
δS

δχα
= −i(∂µχ∗β)(σ̄µ)βα + imχβ(σ2)βα = −i(∂χ†)σ̄ + imχTσ2, (0.43)

ãäå ìû ó÷èòûâàëè, ÷òî âàðèàöèè ãðàññìàíîâà ïîëÿ àíòèêîììóòèðóþò ñ ñàìèìè ïîëÿìè: δχαχβ =
−χβδχα.

(c). (20 áàëëîâ) Çàïèøåì 4-êîìïîíåíòíîå äèðàêîâñêîå ïîëå

ψ(x) =

(
ψL
ψR

)
(0.44)

è íàïîìíèì, ÷òî íèæíÿÿ êîìïîíåíòà ψ ïðåîáðàçóåòñÿ ïî ïðåäñòàâëåíèþ, óíèòàðíî ýêâèâàëåíòíî-
ìó êîìïëåêñíî-ñîïðÿæåííîìó ïðåäñòàâëåíèþ ψL. Òàêèì îáðàçîì, ìîæíî ïåðåïèñàòü 4-êîìïîíåòíîå
äèðàêîâñêîå ïîëå â òåðìèíàõ äâóõ 2-êîìïîíåíòíûõ ñïèíîðîâ:

ψL(x) = χ1(x), ψR(x) = iσ2χ∗2(x). (0.45)

Ïåðåïèøåì äåéñòâèå Äèðàêà â òåðìèíàõ χ1 è χ2. Èìååì

S =

∫
d4xψ̄(iγµ∂µ −m)ψ =

∫
d4x

(
ψ†L ψ†R

)( 0 1
1 0

)(
−m iσ∂
iσ̄∂ −m

)(
ψL
ψR

)
=

=

∫
d4x(iψ†Lσ̄∂ψL + iψ†Rσ∂ψR −m(ψ†RψL + ψ†LψR)) =

=

∫
d4x(iχ†1σ̄∂χ1 − iχT2 (σ̄)∗∂χ∗2 + im(χT2 σ

2χ1 − χ†1σ2χ∗2)). (0.46)

7



Â èòîãå ïîëó÷èì

S =

∫
d4x(iχ†1σ̄∂χ1 + iχ†2σ̄∂χ2 + im(χT2 σ

2χ1 − χ†1σ2χ∗2)). (0.47)

(d). (20 áàëëîâ) Äåéñòâèå ïóíêòà (c) èìååò ãëîáàëüíóþ ñèììåòðèþ:

χ1 → eiαχ1, χ2 → e−iαχ2. (0.48)

Äàëåå èìååì äëÿ òîêà Jµ = χ†σ̄µχ:

∂µJ
µ = ∂µ(χ†σ̄µχ) = (∂µχ

†)σ̄µχ+ χ†σ̄µ∂µχ = mχTσ2χ+mχ†σ2χ∗ (0.49)

Äèâåðãåíöèÿ äàííîãî ðàâíà íóëþ, òîëüêî åñëè m = 0. Â äàííîì ñëó÷àå, ìàññîâîå ñëàãàåìîå íàðó-
øàåò ãëîáàëüíóþ U(1)-ñèììåòðèþ χ→ eiαχ. Äàëåå äëÿ òîêà Jµ = χ†1σ̄

µχ1 − χ†2σ̄µχ2 ïîëó÷àåì

∂µJ
µ = (∂µχ

†
1)σ̄

µχ1 + χ†1σ̄
µ∂µχ1 − (∂µχ

†
2)σ̄

µχ2 − χ†2σ̄µ∂µχ2 =

= (mχT2 σ
2)χ1 + χ†1(mσ

2χ∗2)− (mχT1 σ
2)χ2 − χ†2(mσ2χ∗1) = 0, (0.50)

ãäå ìû èñïîëüçîâàëè, ÷òî χT2 σ
2χ1 = χT1 σ

2χ2 è χ
†
1σ

2χ∗2 = χ†2σ
2χ∗1. Äàííûé òîê ÿâëÿåòñÿ Íåòåðîâñêèì

òîêîì ãëîáàëüíîé ñèììåòðèè χ1 → eiαχ1, χ2 → e−iαχ2.
Ïîñòðîèì òåîðèþ èç N ñâîáîäíûõ ìàññèâíûõ 2-êîìïîíåíòíûõ ôåðìèîííûõ ïîëåé ñ O(N) ñèì-

ìåòðèåé (òî åñòü ñ âðàùàòåëüíîé ñèììåòðèåé âN -ìåðíîì ïðîñòðàíñòâå). Èìååì äëÿ A = 1, 2, ..., N ,
α = 1, 2 è χA,α (äàëåå ìû íå ïèøåì èíäåêñ α):

L =
N∑
A=1

χ†Aiσ̄ · ∂χA +
im

2

N∑
A=1

(χTAσ
2χA − χ†Aσ

2χ∗A). (0.51)

Ïðè îðòîãîíàëüíîì ïðåîáðàçîâàíèè χA →
∑

B OABχB, ãäå
∑

B OABOCB =
∑

B OBAOBC = δAC ,
èìååì

L → L =
∑
A,B,C

χ†COACiσ̄ · ∂OABχB +
im

2

∑
A,B,C

(χTCOACσ
2OABχB − χ†COACσ

2OABχ
∗
B) = L, (0.52)

ãäå ìàòðèöû (σ̄, σ2) è O î÷åâèäíî êîììóòèðóþò äðóã ñ äðóãîì, òàê êàê äåéñòâóþò â ðàçíûõ
ïðîñòðàíñòâàõ. Ìû âèäèì, ÷òî Ëàãðàíæèàí äåéñòâèòåëüíî èìååò O(N)-ñèììåòðèþ.

(e). (20 áàëëîâ) Ïðîêâàíòóåì òåîðèþ Ìàéîðàíà ïóíêòîâ (à) è (b). Ðàññìîòðèì χ(x) êàê êâàí-
òîâîå ïîëå, óäîâëåòâîðÿþùåå êàíîíè÷åñêîìó àíòèêîììóòàöèîííîìó ñîîòíîøåíèþ

{χa(x), χ†b(y)} = δabδ
(3)(x− y). (0.53)

Ïîñòðîèì ýðìèòîâûé ãàìèëüòîíèàí. Èòàê íàøå äåéñòâèå äàåòñÿ ôîðìóëîé

S =

∫
d4x
[
χ†iσ̄ · ∂χ+

im

2
(χTσ2χ− χ†σ2χ∗)

]
, (0.54)

îòêóäà äëÿ êàíîíè÷åñêîãî ìîìåíòà ïîëó÷àåì

π(x) =
∂L

∂(∂0χ)
= iχ†. (0.55)
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Òîãäà äëÿ ãàìèëüòîíèàíà ïîëó÷àåì

H =

∫
d3x(π(x)∂0χ(x)− L) =

∫
d3x
(
iχ†σ∇χ− im

2
(χTσ2χ− χ†σ2χ∗)

)
. (0.56)

Òåïåðü, ÷òîáû ïðîêâàíòîâàòü Ìàéîðàíîâñêîå ïîëå íàì íóæíî íàéòè ðåøåíèå êëàññè÷åñêîãî óðàâ-
íåíèÿ

iσ̄ · ∂χ− imσ2χ∗ = 0. (0.57)

Ïî àíàëîãèè ñ óðàâíåíèåì Äèðàêà, áóäåì èñêàòü ðåøåíèå â âèäå

χ(x) = ap
√
p · σξe−ipx + b∗p

√
p · σηeipx. (0.58)

Ïîäñòàâëÿÿ òàêîé àíçàö â óðàâíåíèå (0.57), ïîëó÷èì

app · σ̄
√
p · σξe−ipx − b∗pp · σ̄

√
p · σηeipx = imσ2a∗p

√
p · σ∗ξ∗eipx + imσ2bp

√
p · σ∗η∗e−ipx, (0.59)

äàëåå èñïîëüçóÿ òîæäåñòâà1 σ2
√
p · σ∗ =

√
p · σ̄σ2 è

√
p · σ̄√p · σ = m, íàéäåì

apm
√
p · σ̄ξ = imbp

√
p · σ̄σ2η∗

− b∗pm
√
p · σ̄η = ima∗p

√
p · σ̄σ2ξ∗, (0.60)

îòêóäà ap = bp è ξ = iσ2η∗ èëè η = −iσ2ξ∗. Òàêèì îáðàçîì ââîäÿ îðòîíîðìèðîâàííûé áàçèñ
ñïèíîðîâ ξs: ξs†ξr = δrs, r, s = 1, 2, ìû ìîæåì çàïèñàòü ïðîêâàíòîâàííîå ïîëå χ(x) êàê

χ(x) =

∫
d3p

(2π)3
1√
2Ep

∑
s=1,2

(asp
√
p · σξse−ipx − ias†p

√
p · σσ2ξs∗eipx). (0.61)

Â ïðåäñòàâëåíèè Øðåäèíãåðà äàííîå ïîëå ìîæíî ïåðåïèñàòü êàê

χ(x) =

∫
d3p

(2π)3
eipx√
2Ep

∑
s=1,2

(asp
√
p · σξs − ias†−p

√
p · σ̄σ2ξs∗), (0.62)

ãäå {arp, as†q } = (2π)3δ(3)(p−q)δrs è {arp, asq} = {ar†p , as†q } = 0. Òåïåðü ïðîâåðèì, ÷òî äàííîå ïîëå äåé-

ñòâèòåëüíî óäîâëåòâîðÿåò êîììóòàöèîííîìó ñîîòíîøåíèþ {χa(x), χ†b(y)} = δabδ
(3)(x− y). Èìååì,

èñïîëüçóÿ àíòèêîììóòàòîðû è ñâîéñòâî (
√
p · σ)† =

√
p · σ:

{χa(x), χ†b(y)} =

=

∫
d3pd3q

(2π)6
eixp−iyq√
2Ep2Eq

∑
s,r

{(asp(
√
p · σξs)a − ias†−p(

√
p · σ̄σ2ξs∗)a), (a

r†
q (ξr†

√
q · σ)b + iar−q(ξ

rTσ2√q · σ̄)b)} =

=

∫
d3pd3q

(2π)6
eixp−iyq√
2Ep2Eq

∑
s,r

(2π)3δ(3)(p− q)δrs
(
(
√
p · σξs)a(ξr†

√
q · σ)b + (

√
p · σ̄σ2ξs∗)a(ξ

rTσ2√q · σ̄)b
)

=

=

∫
d3p

(2π)3
eip(x−y)

2Ep

∑
s=1,2

(
(
√
p · σξs)a(ξs†

√
p · σ)b + (

√
p · σ̄σ2ξs∗)a(ξ

sTσ2√p · σ̄)b
)
. (0.63)

1Ìàòðèöà
√
p · σ èçó÷àëàñü â Óïðàæíåíèÿõ 6 è åå ÿâíûé âèä ìîæíî íàéòè â Ðåøåíèÿõ óïðàæíåíèé 6.
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Äàëåå, èñïîëüçóÿ ñâîéñòâî ïîëíîòû áàçèñà ξs:
∑

s=1,2 ξ
s
aξ
s∗
b = δab, ïîëó÷èì∑

s=1,2

(
√
p · σξs)a(ξs†

√
p · σ)b =

∑
s=1,2

(
√
p · σ)acξ

s
cξ
∗s
d (
√
p · σ)db = (

√
p · σ)ac(

√
p · σ)cb = (p · σ)ab,∑

s=1,2

(
√
p · σ̄σ2ξs∗)a(ξ

sTσ2√p · σ̄)b =
∑
s=1,2

(
√
p · σ̄)ac(σ

2)cdξ
s∗
d ξ

s
e(σ

2)ef (
√
p · σ̄)fb =

= (
√
p · σ̄)ac(σ

2)cd(σ
2)df (
√
p · σ̄)fb = (

√
p · σ̄)ac

√
p · σ̄)cb = (p · σ̄)ab. (0.64)

Â èòîãå ïîëó÷àåì

{χa(x), χ†b(y)} =

∫
d3p

(2π)3
eip(x−y)

2Ep
((p · σ)ab + (p · σ̄)ab) =

∫
d3p

(2π)3
eip(x−y)

2Ep
2Epδab =

= δabδ
(3)(x− y). (0.65)

Òåïåðü íàéäåì ãàìèëüòîíèàí

H =

∫
d3x
(
iχ†σ∇χ− im

2
(χTσ2χ− χ†σ2χ∗)

)
, (0.66)

â òåðìèíàõ îïåðàòîðîâ ðîæäåíèÿ è óíè÷òîæåíèÿ. Ñíà÷àëà íàéäåì ïåðâîå ñëàãàåìîå â ãàìèëüòî-
íèàíå:

H1 =

∫
d3x(iχ†σ∇χ) =

= −
∫

d3p

(2π)3
1

2Ep

∑
s,r

(ξ†s
√
p · σas†p + ias−pξ

sTσ2√p · σ̄)σp(arp
√
p · σξr − iar†−p

√
p · σ̄σ2ξr∗). (0.67)

Äàëåå èñïîëüçóåì, ÷òî σp = 1
2
(p · σ̄ − p · σ), îòêóäà

√
p · σσp√p · σ =

1

2

√
p · σ(p · σ̄ − p · σ)

√
p · σ =

1

2
(m2 − (p · σ)2) = (Epσp− |p|2),

√
p · σσp

√
p · σ̄σ2 =

1

2

√
p · σ(p · σ̄ − p · σ)

√
p · σ̄σ2 =

1

2
(m(p · σ̄)− (p · σ)m)σ2 = mσpσ2,

σ2√p · σ̄σp
√
p · σ̄σ2 =

1

2
σ2√p · σ̄(p · σ̄ − p · σ)

√
p · σ̄σ2 =

1

2
σ2((p · σ̄)2 −m2)σ2 = (−EpσTp+ |p|2),

σ2√p · σ̄σp√p · σ =
1

2
σ2√p · σ̄(p · σ̄ − p · σ)

√
p · σ =

1

2
σ2((p · σ̄)m−m(p · σ)) = mσ2σp. (0.68)

Â èòîãå ïîëó÷èì

H1 = −
∫

d3p

(2π)3
1

2Ep

∑
s,r

(
ξs†(Epσp− |p|2)ξras†p arp − iξs†(mσpσ2)ξr∗as†p a

r†
−p + iξsT (mσ2σp)ξras−pa

r
p+

+ ξsT (−EpσTp+ |p|2)ξr∗as−pa
r†
−p
)
. (0.69)

Äàëåå èìååì

H2 = −im
2

∫
d3x(χTσ2χ) =

= −im
2

∫
d3p

(2π)3
1

2Ep

∑
s,r

(as−pξ
sT
√
p · σ̄T − ias†p ξs†(σ2)T

√
p · σT )σ2(arp

√
p · σξr − iar†−p

√
p · σ̄σ2ξr∗).

(0.70)
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Âû÷èñëÿåì: √
p · σ̄Tσ2√p · σ =

√
p · σ̄∗σ2√p · σ = σ2(p · σ),√

p · σ̄Tσ2√p · σ̄σ2 =
√
p · σ̄∗σ2√p · σ̄σ2 = σ2√p · σ

√
p · σ̄σ2 = m

(σ2)T
√
p · σTσ2√p · σ = −σ2

√
p · σ∗σ2√p · σ = −σ2σ2√p · σ̄√p · σ = −m,

(σ2)T
√
p · σTσ2√p · σ̄σ2 = −σ2

√
p · σ∗σ2√p · σ̄σ2 = −(p · σ̄)σ2, (0.71)

îòêóäà ïîëó÷èì

H2 = −im
2

∫
d3x(χTσ2χ) =

= −im
2

∫
d3p

(2π)3
1

2Ep

∑
s,r

(ξsTσ2(p · σ)ξras−pa
r
p − imξsT ξr∗as−pa

r†
−p + imξr†ξras†p a

r
p + ξs†(p · σ̄)σ2ξr∗as†p a

r†
−p).

(0.72)

Äàëåå èìååì

H3 =
im

2

∫
d3x(χ†σ2χ∗) =

=
im

2

∫
d3p

(2π)3
1

2Ep

∑
s,r

(ξs†
√
p · σas†p + ias−pξ

sTσ2√p · σ̄)σ2(ar†−p
√
p · σ̄∗ξr∗ + iarp

√
p · σ∗(σ2)∗ξr).

(0.73)

Âû÷èñëÿåì:
√
p · σσ2

√
p · σ̄∗ = (p · σ)σ2,

√
p · σσ2

√
p · σ∗(σ2)∗ = −√p · σ

√
p · σ̄σ2σ2 = −m,

σ2√p · σ̄σ2
√
p · σ̄∗ = σ2√p · σ̄√p · σσ2 = m

σ2√p · σ̄σ2
√
p · σ∗(σ2)∗ = −σ2(p · σ̄), (0.74)

îòêóäà ïîëó÷èì

H3 =
im

2

∫
d3x(χ†σ2χ∗) =

=
im

2

∫
d3p

(2π)3
1

2Ep

∑
s,r

(ξs†(p · σ)σ2ξr∗as†p a
r†
−p − imξs†ξras†p arp + imξsT ξr∗as−pa

r†
−p + ξsTσ2(p · σ̄)ξras−pa

r
p).

(0.75)

Â èòîãå íàõîäèì

H = H1 +H2 +H3 =

=

∫
d3p

(2π)3
1

2Ep

∑
s,r=1,2

(Epξ
s†(p · σ)ξras†p a

r
p − EpξsT (p · σT )ξr∗as−pa

r†
−p) =

=

∫
d3p

(2π)3
1

2

∑
s,r=1,2

(ξs†(p · σ)ξras†p a
r
p − ξr†(p · σ)ξsas−pa

r†
−p) =

=

∫
d3p

(2π)3
1

2

∑
s,r=1,2

(ξs†(p · σ)ξras†p a
r
p − ξs†(p · σ̄)ξrarpa

s†
p ) =

=

∫
d3p

(2π)3
1

2

∑
s,r=1,2

(ξs†(p · σ)ξras†p a
r
p + ξs†(p · σ̄)ξras†p a

r
p) =

∫
d3p

(2π)3
Ep
∑
s=1,2

as†p a
s
p, (0.76)
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ãäå â êîíöå ïðè àíòèêîììóòèðîâàíèè îïåðàòîðîâ ìû âûêèíóëè áåñêîíå÷íóþ êîíñòàíòó:

E0 =

∫
d3p

(2π)3
1

2

∑
s,r=1,2

ξs†(p · σ̄)ξr(2π)3δ(0)δrs = V

∫
d3p

(2π)3
1

2
pµtr(σ̄µ) = V

∫
d3p

(2π)3
Ep, (0.77)

ãäå V = (2π)3δ(0) � îáúåì ïðîñòðàíñòâà. Òàêèì îáðàçîì Ãàìèëüòîíèàí èìååò âèä

H =

∫
d3p

(2π)3
Ep
∑
s=1,2

as†p a
s
p + E0. (0.78)
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