
Óïðàæíåíèÿ ê Ëåêöèè 6. Ïîëå Äèðàêà
Ðåøåíèÿ

Óïðàæíåíèÿ èäóò ïî õîäó ãëàâû 3 Ïåñêèíà Øðåäåðà, êàæäîå óïðàæíåíèå îöåíèâàåòñÿ â 2.5
áàëëà.

3.1 Ëîðåíö èíâàðèàíòíîñòü âîëíîâûõ óðàâíåíèé.

© 1. Èñõîäÿ èç ôîðìóëû äëÿ ãåíåðàòîðîâ âðàùåíèÿ Jµν = i(xµ∂ν − xν∂µ), ïîêàçàòü, ÷òî äëÿ íèõ
âûïîëíÿþòñÿ ñëåäóþùèå êîììóòàöèîííûå ñîîòíîøåíèÿ àëãåáðû Ëîðåíöà

[Jµν , Jρσ] = i(gνρJµσ − gµρJνσ − gνσJµρ + gµσJνρ).

Ðåøåíèå: Èñïîëüçóåì, ÷òî ∂µx
ν = δνµ, îòêóäà ∂

µxν = gµν , èìååì

[Jµν , Jρσ] = −[(xµ∂ν − xν∂µ), (xρ∂σ − xσ∂ρ)] = −[xµ∂ν , xρ∂σ] + ... =

= −gνρxµ∂σ + gµσxρ∂ν + ... = igνρ(ixµ∂ρ + ...) + igµσ(...− ixρ∂ν) + ... =

= i(gνρJµσ − gµρJνσ − gνσJµρ + gµσJνρ), (0.1)

÷òî è òåðáîâàëîñü ïîêàçàòü. ©

3.2 Óðàâíåíèå Äèðàêà.

© 2. Ïîêàçàòü, ÷òî ãåíåðàòîðû àëãåáðû Ëîðåíöà â ïðåäñòàâëåíèè ãàììà-ìàòðèö: Sµν = i
4
[γµ, γν ],

óäîâëåòâîðÿåò êîììóòàöèîííûì ñîîòíîøåíèÿì àëãåáðû Ëîðåíöà:

[Sµν , Sρσ] = i(gνρSµσ − gµρSνσ − gνσSµρ + gµσSνρ).

Ðåøåíèå: Èñïîëüçóåì, ÷òî {γµ, γν} = 2gµν , èìååì

[Sµν , Sρσ] = − 1

16
[γµγν , γργσ] + ... = − 1

16
(γµγνγργσ − γργσγµγν) + ... =

= − 1

16
(γµγνγργσ + γργµγσγν − 2gµσγργν) + ... =

= − 1

16
(γµγνγργσ − γµγργσγν + 2gµργσγν − 2gµσγργν) + ... =

= − 1

16
(γµγνγργσ + γµγργνγσ − 2gνσγµγρ + 2gµργσγν − 2gµσγργν) + ... =

= − 1

16
(2gνργµγσ − 2gνσγµγρ + 2gµργσγν − 2gµσγργν) + ... =

= i(gνρSµσ − gµρSνσ − gνσSµρ + gµσSνρ) (0.2)

©

© 3. Ïîêàæèòå, ÷òî â êèðàëüíîì ïðåäñòàâëåíèè ãàììà-ìàòðèö: γ0 =

(
0 1
1 0

)
, γi =

(
0 σi

−σi 0

)
,

ãåíåðàòîðû àëãåáðû Ëîðåíöà Sµν , äàþòñÿ âûðàæåíèÿìè

S0i =
i

4
[γ0, γi] = − i

2

(
σi 0
0 −σi

)
, Sij =

i

4
[γi, γj] =

1

2
εijk

(
σk 0
0 σk

)
≡ 1

2
εijkΣk.
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Ðåøåíèå: Èìååì

S0i =
i

4
[γ0, γi] =

i

4

(( 0 1
1 0

)(
0 σi

−σi 0

)
−
(

0 σi

−σi 0

)(
0 1
1 0

))
=

=
i

4

(( −σi 0
0 σi

)
−
(
σi 0
0 −σi

))
= − i

2

(
σi 0
0 −σi

)
(0.3)

È òàêæå íàõîäèì

Sij =
i

4
[γi, γj] =

i

4

(( 0 σi

−σi 0

)(
0 σj

−σj 0

)
−
(

0 σj

−σj 0

)(
0 σi

−σi 0

))
=

=
i

4

(( −σiσj 0
0 −σiσj

)
−
(
−σjσi 0

0 −σjσi
))

= − i
4

(
[σi, σj] 0

0 [σi, σj]

)
=

=
1

2
εijk

(
σk 0
0 σk

)
≡ 1

2
εijkΣk, (0.4)

ãäå ìû èñïîëüçîâàëè òî, ÷òî [σi, σj] = 2iεijkσk è ε123 = 1.©

© 4. Ïîêàæèòå, ÷òî [γµ, Sρσ] = (J ρσ)µνγ
ν , ãäå (J ρσ)αβ = i(δραδ

σ
β − δ

ρ
βδ

σ
α).

Ðåøåíèå: Èìååì

[γµ, Sρσ] =
i

4
[γµ, [γρ, γσ]] =

i

4
[γµ, γργσ − γσγρ] =

i

4
([γµ, γργσ]− [γµ, γσγρ]) =

=
i

4
(γµγργσ − γργσγµ − γµγσγρ + γσγργµ) =

=
i

4
(−γργµγσ + 2gµργσ − γργσγµ + γσγµγρ − 2gµσγρ + γσγργµ) =

=
i

4
(−2gµσγρ + 2gµργσ + 2gµργσ − 2gµσγρ) = i(gµργσ − gµσγρ) =

= i(gρµδσν − gσµδρν)γν = (J ρσ)µνγ
ν . (0.5)

©

© 5. Ïîêàæèòå, ÷òî âåðíî ðàâåíñòâî

(1 +
i

2
ωρσS

ρσ)γµ(1− i

2
ωρσS

ρσ) = (1− i

2
ωρσJ ρσ)µνγ

ν .

Ðåøåíèå: Èìååì

(1 +
i

2
ωρσS

ρσ)γµ(1− i

2
ωρσS

ρσ) = γµ +
i

2
ωρσ[Sρσ, γµ] +O(ω2) = (1− i

2
ωρσJ ρσ)µνγ

ν +O(ω2), (0.6)

ãäå ìû èñïîëüçîâàëè ðåçóëüòàò ïðåäûäóùåãî óïðàæíåíèÿ. ©

© 6. Ïðîâåðüòå, ÷òî (Sij)† = Sij, (S0i)† = −S0i, (Sij)†γ0 = γ0Sij, (S0i)†γ0 = −γ0S0i.
Ðåøåíèå: Èñïîëüçóÿ ðåçóëüòàò óïðàæíåíèÿ 3, à òàêæå (σi)† = σi, î÷åâèäíî, ÷òî (Sij)† =

Sij, (S0i)† = −S0i. Äàëåå, èñïîëüçóÿ, ÷òî (γ0)† = γ0, ìîæíî ïîëó÷èòü îñòàëüíûå ðàâåíñòâà. Òàêæå
âñå ìîæíî áûëî ïîëó÷èòü íåïîñòðåäñòâåííî èç îïðåäåëåíèÿ Sµν è èç òîãî, ÷òî (γ0)† = γ0 è (γi)† =
−γi. ©

© 7. Ïîêàæèòå, ÷òî ψ̄ψ åñòü ëîðåíöåâñêèé ñêàëÿð, à ψ̄γµψ ëîðåíöåâñêèé âåêòîð, ãäå ψ̄ ≡ ψ†γ0.
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Ðåøåíèå: Ïðè ïðåîáðàçîâàíèè Ëîðåíöà xµ → Λµ
νx

ν , ñïèíîð ïðåîáðàçóåòñÿ êàê

ψ(x)→ Λ 1
2
ψ(x), ãäå Λ 1

2
= exp(− i

2
ωµνS

µν), (0.7)

òîãäà èìååì äëÿ ψ̄

ψ̄ = ψ†γ0 → ψ† exp(
i

2
ωµν(S

µν)†)γ0 = ψ†γ0 exp(
i

2
ωµνS

µν) = ψ̄Λ−1
1
2

, (0.8)

ãäå ìû èñïîëüçîâàëè ðåçóëüòàòû óïðàæíåíèÿ 6. Äàëåå èìååì

ψ̄ψ → ψ̄Λ−1
1
2

Λ 1
2
ψ = ψ̄ψ (0.9)

è òàêæå

ψ̄γµψ → ψ̄Λ−1
1
2

γµΛ 1
2
ψ = Λµ

ν ψ̄γ
νψ, (0.10)

ãäå ìû èñïîëüçîâàëè ðåçóëüòàò óïðàæíåíèÿ 5. ©

© 8. Ïîêàæèòå, ÷òî óðàâíåíèÿ Ýéëåðà-Ëàãðàíæà äëÿ ψ̄ (èëè ψ†) äëÿ ëàãðàíæèàíà LDirac =
ψ̄(iγµ∂µ −m)ψ ïðèâîäÿò ê óðàâíåíèþ Äèðàêà (iγµ∂µ −m)ψ(x) = 0.

Ðåøåíèå: Ïîëó÷àåì èç ∂L
∂ψ̄

= 0:

(iγµ∂µ −m)ψ(x) = 0. (0.11)

©

3.2 Âåéëåâñêèå ñïèíîðû.

© 9. Ïðîâåðüòå, ÷òî äëÿ ëåâîãî ψL è ïðàâîãî ψR âåéëåâñêèõ ñïèíîðîâ, ïðè áåñêîíå÷íî ìûëûõ
âðàùåíèÿõ θ (θi = 1

2
εijkωjk) è áóñòàõ β (βi = ω0i), ïðåîáðàçîâàíèÿ èìåþò âèä

ψL → (1− iθ · σ
2
− β · σ

2
)ψL,

ψR → (1− iθ · σ
2

+ β · σ
2

)ψR.

Ðåøåíèå: Èìååì(
ψL
ψR

)
= ψ → (1− i

2
ωµνS

µν)ψ = (1− iω0iS
0i − i

2
ωijS

ij)

(
ψL
ψR

)
=

= (1− 1

2

(
ω0iσ

i 0
0 −ω0iσ

i

)
− i

4
ωijε

ijk

(
σk 0
0 σk

)
)

(
ψL
ψR

)
=

= (1−
(
βi

σi

2
+ iθi

σi

2
0

0 −βi σ
i

2
+ iθi

σi

2

)
)

(
ψL
ψR

)
. (0.12)

Â èòîãå ïîëó÷èì ïðåîáðàçîâàíèå ψL → (1− iθ · σ
2
− β · σ

2
)ψL, è ψR → (1− iθ · σ

2
+ β · σ

2
)ψR. ©

© 10. Äîêàæèòå òîæäåñòâî σ2σ∗ = −σσ2, è ïîêàæèòå, ÷òî âåëè÷èíà σ2ψ∗L ïðåîáðàçóåòñÿ ïîäîáíî
ïðàâîìó ñïèíîðó.
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Ðåøåíèå: Èñïîëüçóÿ, ÷òî (σ1)∗ = σ1, (σ2)∗ = −σ2, (σ3)∗ = σ3, à òàêæå {σi, σj} = 2δij, ëåãêî
ïðîâåðèòü, ÷òî σ2σ∗ = −σσ2. Äàëåå ïîëó÷àåì

σ2ψ∗L → σ2(1 + iθ · σ
2
− β · σ

2
)ψ∗L = (1− iθ · σ

2
+ β · σ

2
)σ2ψ∗L. (0.13)

Â èòîãå âèäèì, ÷òî σ2ψ∗L → (1− iθ · σ
2

+ β · σ
2
)σ2ψ∗L, êàê è ψR → (1− iθ · σ

2
+ β · σ

2
)ψR. ©

3.3 Ðåøåíèÿ óðàâíåíèÿ Äèðàêà äëÿ ñâîáîäíûõ ÷àñòèö.

© 11. Ïîêàæèòå, ÷òî exp

[(
0 η
η 0

)]
=

(
chη shη
shη chη

)
, è

exp

[(
−ησ3/2 0

0 ησ3/2

)]
=

(
ch(η/2)− σ3sh(η/2) 0

0 ch(η/2) + σ3sh(η/2)

)
.

Ðåøåíèå: Èìååì(
0 η
η 0

)2n

=

(
η2n 0
0 η2n

)
,

(
0 η
η 0

)2n+1

=

(
0 η2n+1

η2n+1 0

)
. (0.14)

Â èòîãå ïîëó÷èì

exp

[(
0 η
η 0

)]
=
∞∑
k=0

1

k!

(
0 η
η 0

)k
=
∞∑
n=0

1

(2n)!

(
η2n 0
0 η2n

)
+
∞∑
n=0

1

(2n+ 1)!

(
0 η2n+1

η2n+1 0

)
=

=

(
chη shη
shη chη

)
. (0.15)

Òàêæå èìååì(
−ησ3/2 0

0 ησ3/2

)2n

=

(
(η

2
)2n 0
0 (η

2
)2n

)
,

(
−ησ3/2 0

0 ησ3/2

)2n+1

=

(
−(η

2
)2n+1σ3 0
0 (η

2
)2n+1σ3

)
.

(0.16)

È àíàëîãè÷íî ïîëó÷àåì

exp

[(
−ησ3/2 0

0 ησ3/2

)]
=

(
ch(η/2)− σ3sh(η/2) 0

0 ch(η/2) + σ3sh(η/2)

)
, (0.17)

÷òî è òðåáîâàëîñü ïîêàçàòü. ©
© 12. Äîêàæèòå, ÷òî (p · σ)(p · σ̄) = p2 = m2, ãäå σ = (1,σ) è σ̄ = (1,−σ).

Ðåøåíèå: Èìååì

(p · σ)(p · σ̄) = pµpνσ
µσ̄ν = pµpν

1

2
(σµσ̄ν + σν σ̄µ) = pµpνg

µν = p2 = m2, (0.18)

ãäå ìû èñïîëüçîâàëè, ÷òî σµσ̄ν + σν σ̄µ = 2gµν , ÷òî ëåãêî ïðîâåðèòü ïðÿìûì âû÷èñëåíèåì è ó÷è-
òûâàÿ, ÷òî {σi, σj} = 2δij.©

© 13*. Íàéäèòå ñîáñòâåííûå ÷èñëà è îáùèé âèä ìàòðèöû
√
p · σ.

Ðåøåíèå: Èìååì

p · σ = gµνp
µσν = p0σ0 − pσ =

(
p0 − p3 −p1 + ip2

−p1 − ip2 p0 + p3

)
. (0.19)
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Íàõîäÿ ñîáñòâåííûå çíà÷åíèÿ λ1,2 = p0 ± |p|, ëåãêî ïåðåïèñàòü äàííóþ ìàòðèöó â âèäå

p · σ = SΛS−1 =

(
−p3 − |p| −p3 + |p|
−p1 − ip2 −p1 − ip2

)(
p0 − |p| 0

0 p0 + |p|

)( − 1
2|p|

p3−|p|
2|p|(p1+ip2)

1
2|p| − p3+|p|

2|p|(p1+ip2)

)
. (0.20)

Òîãäà äëÿ
√
p · σ ïîëó÷èì

√
p · σ = S

√
ΛS−1 =

(
−p3 − |p| −p3 + |p|
−p1 − ip2 −p1 − ip2

)( √
p0 − |p| 0

0
√
p0 + |p|

)( − 1
2|p|

p3−|p|
2|p|(p1+ip2)

1
2|p| − p3+|p|

2|p|(p1+ip2)

)
=

=

(
|p|s−p3r

2|p| − r
2|p|(p

1 − ip2)

− r
2|p|(p

1 + ip2) |p|s+rp3

2|p|

)
= gµν p̃

µσµ = p̃ · σ, p̃ = (
s

2
,
r

2

p

|p|
), (0.21)

ãäå s =
√
p0 + |p|+

√
p0 − |p|, a r =

√
p0 + |p| −

√
p0 − |p|. ©

© 14. Ïðîâåðèòü, ÷òî ψ(x) =

( √
p · σξ√
p · σ̄ξ

)
e−ipx åñòü ðåøåíèå óðàâíåíèÿ Äèðàêà.

Ðåøåíèå: Ìû äîëæíû ïðîâåðèòü, ÷òî

(γµpµ −m)u(p) = (gµνγ
µpν −m)u(p) = (γ0p0 − γipi −m)u(p) = 0, (0.22)

ãäå ñïèíîð u(p) =

( √
p · σξ√
p · σ̄ξ

)
, a γ-ìàòðèöû âçÿòû â êèðàëüíîì (Âåéëåâñêîì) ïðåäñòàâëåíèè:

γ0 =

(
0 1
1 0

)
, γi =

(
0 σi

−σi 0

)
. Èìååì

(γµpµ −m)u(p) =

(
−m p0σ0 − piσi

p0σ0 + piσi −m

)
u(p) =

(
−m p · σ
p · σ̄ −m

)( √
p · σξ√
p · σ̄ξ

)
=

=

(
(−m√p · σ + p · σ

√
p · σ̄)ξ

(−m
√
p · σ̄ + p · σ̄√p · σ)ξ

)
=

(
(−m√p · σ +

√
p · σ√p · σ

√
p · σ̄)ξ

(−m
√
p · σ̄ +

√
p · σ̄
√
p · σ̄√p · σ)ξ

)
=

=

(
(−m√p · σ +

√
p · σm)ξ

(−m
√
p · σ̄ +

√
p · σ̄m)ξ

)
= 0, (0.23)

÷òî è òðåáîâàëîñü ïîêàçàòü. ©

© 15. Ïîêàæèòå, ÷òî ūu = 2mξ†ξ, ãäå u(p) =

( √
p · σξ√
p · σ̄ξ

)
, à ū(p) = u†(p)γ0.

Ðåøåíèå: Èìååì

ū(p) = u†(p)γ0 =
(
ξ†
√
p · σ ξ†

√
p · σ̄

)( 0 1
1 0

)
=
(
ξ†
√
p · σ̄ ξ†

√
p · σ

)
, (0.24)

ãäå ìû èñïîëüçîâàëè, ÷òî (
√
p · σ)† =

√
p · σ è (

√
p · σ̄)† =

√
p · σ̄. Äàëåå ïîëó÷àåì

ū(p)u(p) =
(
ξ†
√
p · σ̄ ξ†

√
p · σ

)( √p · σξ√
p · σ̄ξ

)
= 2ξ†

√
p · σ̄√p · σξ = 2mξ†ξ, (0.25)

÷òî è òðåáîâàëîñü ïîêàçàòü. ©
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© 16. Ïîêàæèòå, ÷òî v̄r(p)vs(p) = −2mδrs, vr†(p)vs(p) = 2Epδ
rs, ãäå vs(p) =

( √
p · σηs

−
√
p · σ̄ηs

)
è

ηr†ηs = δrs, s, r = 1, 2.
Ðåøåíèå: Èìååì

v̄r(p)vs(p) =
(
−ηr†
√
p · σ̄ ηr†

√
p · σ

)( √
p · σηs

−
√
p · σ̄ηs

)
= −2mηr†ηs = −2mδrs. (0.26)

Äàëåå

vr†(p)vs(p) =
(
ηr†
√
p · σ −ηr†

√
p · σ̄

)( √
p · σηs

−
√
p · σ̄ηs

)
= ηr†(p · σ + p · σ̄)ηs = ηr†(2p0σ0)ηs =

= 2p0ηr†ηs = 2Epδ
rs, (0.27)

÷òî è òðåáîâàëîñü ïîêàçàòü. ©

© 17. Ïðîâåðüòå, ÷òî ūr(p)vs(p) = v̄r(p)us(p) = 0 è ur†(p)vs(−p) = vr†(−p)us(p) = 0.
Ðåøåíèå: Èìååì

ūr(p)vs(p) =
(
ξr†
√
p · σ̄ ξr†

√
p · σ

)( √
p · σηs

−
√
p · σ̄ηs

)
= ξr†(

√
p · σ̄√p · σ −√p · σ

√
p · σ̄)ηs =

= ξr†(m−m)ηs = 0,

v̄r(p)us(p) =
(
−ηr†
√
p · σ̄ ηr†

√
p · σ

)( √p · σξs√
p · σ̄ξs

)
= ηr†(−

√
p · σ̄√p · σ +

√
p · σ
√
p · σ̄)ξs =

= ηr†(−m+m)ξs = 0. (0.28)

Äàëåå èìååì

ur†(p)vs(−p) =
(
ξr†
√
p · σ ξr†

√
p · σ̄

)( √
p · σ̄ηs

−√p · σηs
)

= 0, (0.29)

äëÿ vr†(−p)us(p) = 0 ïðîâåðÿåòñÿ àíàëîãè÷íî. ©

© 18. Äîêàæèòå ôîðìóëó
∑
s=1,2

ξsξs† = 1 =

(
1 0
0 1

)
, ãäå ξr†ξs = δrs è ïîêàæèòå, ÷òî

∑
s

us(p)ūs(p) =

γ · p+m, a
∑
s

vs(p)v̄s(p) = γ · p−m

Ðåøåíèå: Òàê êàê ξs, s = 1, 2 îáðàçóþò îðòîíîðìèðîâàííûé áàçèñ: ξr†ξs = δrs, òî âçÿâ ïðîèç-
âîëüíûé âåêòîð e = e1ξ

1 + e2ξ
2, èìååì

(
∑
s=1,2

ξsξs†)e = e1

∑
s=1,2

ξsξs†ξ1 + e2

∑
s=1,2

ξsξs†ξ2 = e1

∑
s=1,2

ξsδs1 + e2

∑
s=1,2

ξsδs2 = e1ξ
1 + e2ξ

2 = e, (0.30)

îòêóäà ñëåäóåò, ÷òî
∑
s=1,2

ξsξs† = 1. Äàëåå ïîëó÷àåì

∑
s

us(p)ūs(p) =
∑
s

( √
p · σξs√
p · σ̄ξs

)(
ξs†
√
p · σ̄ ξs†

√
p · σ

)
=

(
m p · σ
p · σ̄ m

)
= γ · p+m,

∑
s

vs(p)v̄s(p) =
∑
s

( √
p · σηs

−
√
p · σ̄ηs

)(
−ηs†
√
p · σ̄ ηs†

√
p · σ

)
=

(
−m p · σ
p · σ̄ −m

)
= γ · p−m, (0.31)
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÷òî è òðåáîâàëîñü ïîêàçàòü. ©

3.4 Ìàòðèöû Äèðàêà è áèëèíåéíûå ôîðìû Äèðàêà.

© 19. Ïðîâåðüòå, ÷òî γ5 ≡ iγ0γ1γ2γ3 = − i
4!
εµνρσγµγνγργσ, è ε

0123 = −ε0123 = 1.
Ðåøåíèå: Òàê êàê γµγν = 2gµν−γνγν , è gµν ñèììåòðè÷íûé òåíçîð, è ïðè ñâåðòêå ñ εµνρσ îí ðàâåí

íóëþ, òî ïðè ñâåðòêå ñ εµνρσ ìîæíî ñ÷èòàòü, ÷òî γµγν ∼ −γνγµ. Òîãäà γµγνγργσ ∼ εµνρσγ
0γ1γ2γ3.

Òàêèì îáðàçîì ïîëó÷àåì

− i

4!
εµνρσγµγνγργσ = − i

4!
εµνρσεµνρσγ

0γ1γ2γ3 = iγ0γ1γ2γ3, (0.32)

ãäå ìû âîñïîëüçîâàëèñü òåì, ÷òî εµνρσεµνρσ = −4!. ©

© 20. Ïðîâåðüòå, ÷òî γµνρ = iεµνρσγσγ
5, ãäå γµνρ = γ[µγνγρ] = 1

3!
(γµγνγρ−γνγµγρ−γµγργν+γνγργµ+

γργµγν − γργνγµ).
Ðåøåíèå: Î÷åâèäíî, ÷òî åñëè äâà êàêèõ-ëèáî èíäåêñà ñîâïàäàþò, òî γµνρ = 0. Ðàññìîòðèì

ñëó÷àé, êîãäà âñå èíäåêñû µ, ν, ρ ðàçíûå. Òîãäà ãàììà-ìàòðèöû àíòèêîììóòèðóþò ìåæäó ñîáîé,
îòêóäà γµνρ = γµγνγρ. Äàëåå ïóñòü σ åñòü èíäåêñ, êîòîðûé íå ðàâåí èíäåêñàì µ, ν, ρ (íàïðèìåð
µ = 2, ν = 3, ρ = 0, òîãäà σ = 1), òîãäà ìû ìîæåì çàïèñàòü, èñïîëüçóÿ, ÷òî γσγ

σ = 1 (çäåñü íåò
ñóììèðîâàíèÿ ïî èíäåêñó σ)

γµνρ = γµγνγργσγ
σ = −γσγµγνγργσ = iεµνρσγσ(iγ0γ1γ3γ4) = iεµνρσγσγ

5, (0.33)

ãäå ìû èñïîëüçîâàëè, ÷òî γµγνγργσ = εµνρσγ0γ1γ3γ4, òàê êàê âñå èíäåêñû ðàçíûå. ©

© 21. Ïðîâåðüòå, ÷òî (γ5)† = γ5, (γ5)2 = 1, {γ5, γµ} = 0.
Ðåøåíèå: Èñïîëüçóÿ, ÷òî (γ0)† = γ0, a (γi)† = −γi, i = 1, 2, 3, èìååì:

(γ5)† = (iγ0γ1γ2γ3)† = −i(γ3)†(γ2)†(γ1)†(γ0)† = iγ3γ2γ1γ0 = iγ0γ1γ2γ3 = γ5. (0.34)

Òàêæå

(γ5)2 = iγ0γ1γ2γ3iγ0γ1γ2γ3 = γ1γ2γ3γ1γ2γ3 = −γ2γ3γ2γ3 = −γ3γ3 = 1. (0.35)

È â èòîãå

{γ5, γµ} = iγ0γ1γ2γ3γµ + iγµγ0γ1γ2γ3 = −iγµγ0γ1γ2γ3 + iγµγ0γ1γ2γ3 = 0, (0.36)

òàê êàê ïðè ïåðåíîñå γµ ÷åðåç ïðîèçâåäåíèå γ0γ1γ2γ3, îíà àíòèêîììóòèðóåò ñ òðåìÿ ãàììà-ìàòðèöàìè
è êîììóòèðóåò ñ ñîáîé, îòêóäà è ïîÿâëÿåòñÿ çíàê ìèíóñ. ©

© 22. Ïîêàæèòå, ÷òî ∂µj
µ = 0, ∂µj

µ5 = 2imψ̄γ5ψ, ãäå jµ(x) = ψ̄(x)γµψ(x), jµ5(x) = ψ̄(x)γµγ5ψ(x),
ó÷èòûâàÿ óðàâíåíèÿ äâèæåíèÿ.

Ðåøåíèå: Óðàâíåíèÿ äâèæåíèÿ åñòü

(iγµ∂µ −m)ψ = 0,

(i(∂µψ̄)γµ +mψ̄) = 0, (0.37)

äàëåå ïîëó÷àåì

∂µj
µ = ∂µ(ψ̄(x)γµψ(x)) = (∂µψ̄(x))γµψ(x) + ψ̄(x)γµ∂µψ(x) = imψ̄(x)ψ(x)−mψ̄(x)ψ(x) = 0, (0.38)
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àíàëîãè÷íî èìååì

∂µj
µ5 = ∂µ(ψ̄γµγ5ψ) = (∂µψ̄)γµγ5ψ + ψ̄γµγ5∂µψ = imψ̄γ5ψ + imψ̄γ5ψ = 2imψ̄γ5ψ, (0.39)

÷òî è òðåáîâàëîñü ïîêàçàòü. ©

© 23.Ïîêàæèòå, ÷òî jµ(x) è jµ5(x) ÿâëÿþòñÿ íåòåðîâñêèìè òîêàìè, ñîîòâåòñòâóþùèìè ïðåîáðàçîâà-
íèÿì ψ(x)→ eiαψ(x) è ψ(x)→ eiαγ

5
ψ(x).

Ðåøåíèå: Èìååì L = ψ̄(iγµ∂µ −m)ψ è ψ → (1 + iα)ψ, îòêóäà δψ = iψ, è ïîëó÷èì

jµ = − ∂L
∂(∂µψ)

δψ = ψ̄γµψ, (0.40)

äàëåå ψ → (1 + iαγ5)ψ, îòêóäà δψ = iγ5ψ è ïîëó÷èì

jµ5 = − ∂L
∂(∂µψ)

δψ = ψ̄γµγ5ψ, (0.41)

÷òî è òðåáîâàëîñü ïîêàçàòü. ©

© 24. Èñïîëüçóÿ òîæäåñòâî Ôèðöà (σµ)αβ(σµ)γδ = 2εαγεβδ, ïîêàæèòå, ÷òî

(ū1Rσ
µu2R)(ū3Rσµu4R) = −(ū1Rσ

µu4R)(ū3Rσµu2R).

(ū1Lσ̄
µσν σ̄λu2L)(ū3Lσ̄µσν σ̄λu4L) = 16(ū1Lσ̄

µu2L)(ū3Lσ̄µu4L).

Ðåøåíèå: Èñïîëüçóåì, ÷òî (σµ)αβ(σµ)γδ = 2εαγεβδ = −2εαγεδβ = −(σµ)αδ(σµ)γβ, îòêóäà

(ū1Rσ
µu2R)(ū3Rσµu4R) = ū1Rαu2Rβū3Rγu4Rδ(σ

µ)αβ(σµ)γδ = −ū1Rαu2Rβū3Rγu4Rδ(σ
µ)αδ(σµ)γβ =

= −(ū1Rσ
µu4R)(ū3Rσµu2R). (0.42)

Äàëåå èìååì

(ū1Lσ̄
µσν σ̄λu2L)(ū3Lσ̄µσν σ̄λu4L) = 2εαγū1Lαū3Lγεβδ(σ

ν σ̄λu2L)β(σν σ̄λu4L)δ. (0.43)

Òåïåðü ðàññìîòðèì îòäåëüíî

εβδ(σ
ν σ̄λu2L)β(σν σ̄λu4L)δ = εβδ(σ

ν)βρ(σ̄
λ)ρσu2Lσ(σν σ̄λu4L)δ = −εδβ(σν)βρ(σ̄

λ)ρσu2Lσ(σν σ̄λu4L)δ =

= −(σ̄ν)βδεβρ(σ̄
λ)ρσu2Lσ(σν σ̄λu4L)δ = −(σ̄ν)βδ(σ

λ)ρβερσu2Lσ(σν σ̄λu4L)δ =

= −ερσu2Lσ(σλ)ρβ(σ̄ν)βδ(σν σ̄λu4L)δ = εσρu2Lσ(σλσ̄νσν σ̄λu4L)ρ =

= (4)2εσρu2Lσu4Lρ, (0.44)

ãäå ìû èñïîëüçîâàëè, ÷òî εαβ(σµ)βγ = (σ̄µ)βαεβγ è σ
µσ̄µ = σ̄µσµ = 4. Òåïåðü ïîëó÷àåì

(ū1Lσ̄
µσν σ̄λu2L)(ū3Lσ̄µσν σ̄λu4L) = 2εαγū1Lαū3Lγεβδ(σ

ν σ̄λu2L)β(σν σ̄λu4L)δ =

= 2 · (4)2εαγū1Lαū3Lγεσρu2Lσu4Lρ =

= 16ū1Lαū3Lγu2Lσu4Lρ(σ̄
µ)ασ(σ̄µ)γρ =

= 16(ū1Lσ̄
µu2L)(ū3Lσ̄µu4L), (0.45)

÷òî è òðåáîâàëîñü ïîêàçàòü. ©
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3.5 Êâàíòîâàíèå Äèðàêîâñêîãî ïîëÿ.

© 25. Ïîêàæèòå, ÷òî ïëîòíîñòü Äèðàêîâñêîãî ãàìèëüòîíèàíà äàåòñÿ âûðàæåíèåì H = ψ̄(−iγ ·
∇ +m)ψ.

Ðåøåíèå: Äëÿ êàíîíè÷åñêîãî ìîìåíòà p èìååì

p =
∂L
∂0ψ

= ψ̄iγ0 = iψ†γ0γ0 = iψ†. (0.46)

Äàëåå äëÿ Ãàìèëüòîíîâîé ïëîòíîñòè ïîëó÷àåì

H = p∂0ψ − L = iψ̄γ0∂0ψ − ψ̄(iγ0∂0 + iγi∂i −m)ψ = ψ̄(−iγ ·∇ +m)ψ, (0.47)

÷òî è òðåáîâàëîñü ïîêàçàòü. ©

© 26. Ïîêàæèòå, ÷òî äëÿ äàííîãî "íåïðàâèëüíîãî"äèðàêîâñêîãî ïîëÿ

ψ(x) =

∫
d3p

(2π)3

1√
2Ep

eipx
∑
s=1,2

(
as
p
us(p) + bs−pv

s(−p)
)

âûïîëíÿþòñÿ ñîîòíîøåíèÿ [ψ(x), ψ†(y)] = δ(3)(x − y) × 14×4. Èñïîëüçóéòå êîììóòàöèîííûå ñîîò-
íîøåíèÿ [arp, a

s†
q ] = [brp, b

s†
q ] = (2π)3δ(3)(p− q)δrs.

Ðåøåíèå: Èìååì

[ψ(x), ψ†(y)] =

∫
d3pd3q

(2π)6

1√
2Ep2Eq

ei(p·x−q·y) ×
∑
r,s

(
[arp, a

s†
q ]ur(p)ūs(q) + [br−p, b

s†
−q]v

r(−p)v̄s(−q)
)
γ0 =

=

∫
d3p

(2π)3

1

2Ep
eip·(x−y)

[
(γ0Ep − γ · p+m) + (γ0Ep + γ · p−m)

]
γ0 =

= δ(3)(x− y)× 14×4, (0.48)

÷òî è òðåáîâàëîñü ïîêàçàòü. ©

© 27. Ïîêàæèòå, ÷òî äëÿ âîëíîâîé ôóíêöèè èç ïóíêòà 26, ãàìèëüòîíèàí äàåòñÿ âûðàæåíèåì

H =

∫
d3p

(2π)3

∑
s

(
Epa

s†
p
as
p
− Epb

s†
p
bs
p

)
.

Ðåøåíèå: Èìååì

H =

∫
d3xψ̄(−iγ ·∇ +m)ψ, (0.49)

ãäå

ψ(x) =

∫
d3p

(2π)3

1√
2Ep

eipx
∑
s=1,2

(
as
p
us(p) + bs−pv

s(−p)
)
,

ψ̄(y) = ψ†(y)γ0 =

∫
d3q

(2π)3

1√
2Eq

e−iqy
∑
r=1,2

(
ar†
q
ūr(q) + br†−qv̄

r(−q)
)
. (0.50)

9



Äàëåå ïîëó÷àåì

H =

∫
d3xψ̄(−iγ ·∇ +m)ψ =

=

∫
d3pd3q

(2π)6

1√
2Ep2Eq

(2π)3δ(p− q)
2∑

r,s=1

(
ar†
q
ūr(q) + br†−qv̄

r(−q)
)

(γ · p+m)
(
as
p
us(p) + bs−pv

s(−p)
)

=

=

∫
d3p

(2π)3

1

2Ep

2∑
r,s=1

(
ar†
p
ūr(p) + br†−pv̄

r(−p)
)

(γ · p+m)
(
as
p
us(p) + bs−pv

s(−p)
)
, (0.51)

äàëåå èñïîëüçóåì èç óðàâíåíèé äâèæåíèÿ, ÷òî (γ · p+m)us(p) = γ0Epu
s(p) è (γ · p+m)vs(−p) =

−γ0Epv
s(−p) ïîëó÷èì

H =

∫
d3p

(2π)3

1

2

2∑
r,s=1

(
ar†
p
ur†(p) + br†−pv

r†(−p)
) (
as
p
us(p)− bs−pvs(−p)

)
, (0.52)

òåïåðü èñïîëüçóåì, ÷òî ur†(p)vs(−p) = vr†(−p)us(p) = 0 è ïîëó÷èì

H =

∫
d3p

(2π)3

1

2

2∑
r,s=1

(
ar†
p
as
p
ur†(p)us(p)− br†−pbs−pvr†(−p)vs(−p)

)
, (0.53)

äàëåå èñïîëüçóÿ, ÷òî ur†(p)us(p) = vr†(p)vs(p) = 2Epδ
rs, â èòîãå íàõîäèì

H =

∫
d3p

(2π)3

∑
s

(
Epa

s†
p
as
p
− Epb

s†
p
bs
p

)
, (0.54)

÷òî è òðåáîâàëîñü ïîêàçàòü. ©

© 28. Ïîêàæèòå, ÷òî [ψa(x), ψ̄b(y)] = (i 6 ∂x+m)ab[φ(x), φ(y)], ãäå φ(x), φ(y) � ïîëÿ Êëåéíà-Ãîðäîíà,
à ψa è ψ̄b ïîëÿ èç ïóíêòà 26 â Ãåéçåíáåðãîâñêîì ïðåäñòàâëåíèè.

Ðåøåíèå: Èìååì

ψ(x) =

∫
d3p

(2π)3

1√
2Ep

∑
s=1,2

(
aspu

s(p)e−ip·x + bspv
s(p)eip·x

)
,

ψ̄(x) =

∫
d3p

(2π)3

1√
2Ep

∑
s=1,2

(
as†p ū

s(p)eip·x + bs†p v̄
s(p)e−ip·x

)
, (0.55)

òîãäà ïîëó÷èì

[ψa(x), ψ̄b(y)] =

∫
d3p

(2π)3

1

2Ep

∑
s=1,2

(
usa(p)ū

s
b(p)e

−ip·(x−y) + vsa(p)v̄
s
b(p)e

ip·(x−y)
)

=

=

∫
d3p

(2π)3

1

2Ep

(
(6 p+m)abe

−ip·(x−y) + ( 6 p−m)abe
ip·(x−y)

)
=

= (i 6 ∂x +m)ab

∫
d3p

(2π)3

1

2Ep
(e−ip·(x−y) − eip·(x−y)) =

= (i 6 ∂x +m)ab[φ(x), φ(y)], (0.56)
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÷òî è òðåáîâàëîñü ïîêàçàòü. ©

© 29. Ïîêàæèòå, ÷òî äëÿ "ïðàâèëüíî"êâàíòîâàííîãî Äèðàêîâñêîãî ïîëÿ

ψ(x) =

∫
d3p

(2π)3

1√
2Ep

∑
s

(
as
p
us(p)e−ip·x + bs†

p
vs(p)eip·x

)
;

ψ̄(x) =

∫
d3p

(2π)3

1√
2Ep

∑
s

(
bs
p
v̄s(p)e−ip·x + as†

p
ūs(p)eip·x

)
,

ãàìèëüòîíèàí äàåòñÿ âûðàæåíèåì

H =

∫
d3p

(2π)3

∑
s

(
Epa

s†
p
as
p

+ Epb
s†
p
bs
p

)
,

ãäå îïåðàòîðû àíòèêîììóòèðóþò êàê {arp, as†q } = {brp, bs†q } = (2π)3δ(3)(p− q)δrs.
Ðåøåíèå: Èìååì

H =

∫
d3xψ̄(−iγ ·∇ +m)ψ, (0.57)

äàëåå ïîëó÷àåì

H =

∫
d3xψ̄(−iγ ·∇ +m)ψ =

=

∫
d3pd3q

(2π)6

1√
2Ep2Eq

(2π)3δ(p− q)
2∑

r,s=1

(
ar†
q
ūr(q) + br−qv̄

r(−q)
)

(γ · p+m)
(
as
p
us(p) + bs†−pv

s(−p)
)

=

=

∫
d3p

(2π)3

1

2Ep

2∑
r,s=1

(
ar†
p
ūr(p) + br−pv̄

r(−p)
)

(γ · p+m)
(
as
p
us(p) + bs†−pv

s(−p)
)
, (0.58)

äàëåå èñïîëüçóåì èç óðàâíåíèé äâèæåíèÿ, ÷òî (γ · p+m)us(p) = γ0Epu
s(p) è (γ · p+m)vs(−p) =

−γ0Epv
s(−p) ïîëó÷èì

H =

∫
d3p

(2π)3

1

2

2∑
r,s=1

(
ar†
p
ur†(p) + br−pv

r†(−p)
) (
as
p
us(p)− bs†−pvs(−p)

)
, (0.59)

òåïåðü èñïîëüçóåì, ÷òî ur†(p)vs(−p) = vr†(−p)us(p) = 0 è ïîëó÷èì

H =

∫
d3p

(2π)3

1

2

2∑
r,s=1

(
ar†
p
as
p
ur†(p)us(p)− br−pb

s†
−pv

r†(−p)vs(−p)
)
, (0.60)

äàëåå èñïîëüçóÿ, ÷òî ur†(p)us(p) = vr†(p)vs(p) = 2Epδ
rs, â èòîãå íàõîäèì

H =

∫
d3p

(2π)3

∑
s

(
Epa

s†
p
as
p
− Epb

s
p
bs†
p

)
=

∫
d3p

(2π)3

∑
s

(
Epa

s†
p
as
p

+ Epb
s†
p
bs
p

)
+ (áåñêîíå÷íàÿ êîíñòàíòà),

(0.61)

÷òî è òðåáîâàëîñü ïîêàçàòü. ©
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© 30. Ïîêàæèòå, ÷òî óíèòàðíûé îïåðàòîð U(Λ), ïðåîáðàçóåò as
p
ïî ïðàâèëó U(Λ)aspU

−1(Λ) =√
EΛp

Ep
asΛp.

Ðåøåíèå: Èìååì äëÿ îäíî÷àñòè÷íîãî ñîñòîÿíèÿ |p, s〉 =
√

2Epa
s†
p |0〉:

U(Λ)|p, s〉 = |Λp, s〉 =
√

2EΛpa
s†
Λp|0〉, (0.62)

îòêóäà ïîëó÷àåì

U(Λ)|p, s〉 =
√

2EpU(Λ)as†p |0〉 =
√

2EpU(Λ)as†p U
−1(Λ)U(Λ)|0〉 =

√
2EΛpa

s†
Λp|0〉, (0.63)

ó÷èòûâàÿ, ÷òî U(Λ)|0〉 = |0〉, ïîëó÷àåì, ÷òî√
2EpU(Λ)as†p U

−1(Λ) =
√

2EΛpa
s†
Λp, (0.64)

îòêóäà íàõîäèì U(Λ)as†p U
−1(Λ) =

√
EΛp

Ep
as†Λp. ©

© 31. Ðàññìàòðèâàÿ ìàëåíüêèé ïîâîðîò âîêðóã îñè z, ïîêàæèòå, ÷òî Λ 1
2
≈ 1− i

2
ωµνS

µν = 1− i
2
θΣ3.

Ðåøåíèå: Ïðè ïîâîðîòå âîêðóã îñè z, ω12 = −ω21 = θ, îñòàëüíûå êîìïîíåíòû ωµν ðàâíû íóëþ.
Òàêæå Sij = 1

2
εijkΣk, ñëåäîâàòåëüíî

Λ 1
2
≈ 1− i

2
ωµνS

µν = 1− i

2
(ω12S

12 + ω21S
21) = 1− i

2
(θ

1

2
Σ3 − θ(−1

2
Σ3)) = 1− i

2
θΣ3, (0.65)

÷òî è òðåáîâàëîñü ïîêàçàòü. ©

© 32*. Îïåðàòîð óãëîâîãî ìîìåíòà äëÿ ïîëÿ Äèðàêà ðàâåí J =
∫
d3xψ†(−ix×∇ + 1

2
Σ)ψ. Óïðî-

ñòèòå îòäåëüíî âûðàæåíèå äëÿ ñïèíîâîé i êîìïîíåíòû J ispin =
∫
d3xψ†(1

2
Σi)ψ îïåðàòîðà óãëîâî-

ãî ìîìåíòà è çàòåì äëÿ îðáèòàëüíîé J iorbit =
∫
d3xψ†(−i(x × ∇)i)ψ . Ïîêàæèòå, ÷òî îïåðàòîð

J = Jorbit + Jspin óíè÷òîæàåò âàêóóì, òî åñòü J |0〉 = 0. Ïîêàæèòå, ÷òî Jas†0 |0〉 =
∑
r

(
ξr†σ

2
ξs
)
ar†0 |0〉.

Ðåøåíèå: Èñïîëüçóåì, ÷òî

ψ(x) =

∫
d3p

(2π)3

eipx√
2Ep

∑
s=1,2

(
aspu

s(p) + bs†−pv
s(−p)

)
,

ψ†(x) =

∫
d3p

(2π)3

e−ipx√
2Ep

∑
s=1,2

(
as†p u

s†(p) + bs−pv
s†(−p)

)
, (0.66)

à òàêæå, ÷òî us(p) =

( √
p · σξs√
p · σ̄ξs

)
è vs(p) =

( √
p · σηs

−
√
p · σ̄ηs

)
, è ur†(p)vs(−p) = vr†(−p)us(p) = 0, è

√
p · σ
√
p · σ̄ = m, è

√
p · σ =

(
|p|s−p3r

2|p| − r
2|p|(p

1 − ip2)

− r
2|p|(p

1 + ip2) |p|s+rp3

2|p|

)
= gµν p̃

µσµ = p̃ · σ, p̃ = ( s
2
, r

2
p
|p|),

ãäå s =
√
p0 + |p|+

√
p0 − |p|, a r =

√
p0 + |p|−

√
p0 − |p| (îòìåòèì, ÷òî s, r ñêàëÿðû, à íå âåêòîðû!).

Ñïèíîâàÿ ÷àñòü: Äëÿ ñïèíîâîé ÷àñòè èìååì

J ispin =

∫
d3x

d3pd3q

(2π)6

e−ix(q−p)√
2Ep2Eq

∑
r,s=1,2

(
as†
q
us†(q) + bs−qv

s†(−q)
) Σi

2

(
ar
p
ur(p) + br†−pv

r(−p)
)

=

=

∫
d3x

d3pd3q

(2π)6

e−ix(q−p)√
2Ep2Eq

∑
r,s=1,2

(
us†(q)

Σi

2
ur(p)as†q a

r
p + us

†
(q)

Σi

2
vr(−p)as†q b

r†
−p+

+ vs†(−q)
Σi

2
ur(p)bs−qa

r
p + vs†(−q)

Σi

2
vr(−p)bs−qb

r†
−p
)
. (0.67)
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Äàëåå èñïîëüçóÿ, ÷òî
∫
d3xe−ix(q−p) = (2π)3δ(q − p), ïîëó÷èì

J ispin =

∫
d3pd3q

(2π)3

δ(3)(p− q)√
2Ep2Eq

∑
r,s=1,2

(
us†(q)

Σi

2
ur(p)as†q a

r
p + us

†
(q)

Σi

2
vr(−p)as†q b

r†
−p+

+ vs†(−q)
Σi

2
ur(p)bs−qa

r
p + vs†(−q)

Σi

2
vr(−p)bs−qb

r†
−p
)

=

=

∫
d3p

(2π)3

1

2Ep

∑
r,s=1,2

(
us†(p)

Σi

2
ur(p)as†p a

r
p + us

†
(p)

Σi

2
vr(−p)as†p b

r†
−p+

+ vs†(−p)
Σi

2
ur(p)bs−pa

r
p + vs†(−p)

Σi

2
vr(−p)bs−pb

r†
−p
)
. (0.68)

Òåïåðü âû÷èñëÿåì (èñïîëüçóåì, ÷òî σiσj = δij + iεijkσk è [σi, σj] = 2iεijkσk è sr = 2|p|, ε123 = 1):

us
†
(p)

Σi

2
vr(−p) =

1

2

(
ξs†
√
p · σ ξs†

√
p · σ̄

)( σi 0
0 σi

)( √
p · σ̄ηr

−√p · σηr
)

=

=
1

2
ξs†(
√
p · σσi

√
p · σ̄ −

√
p · σ̄σi√p · σ)ηr =

=
1

2
ξs†((

s

2
σ0 − r

2

σ · p
|p|

)σi(
s

2
σ0 +

r

2

σ · p
|p|

)− (
s

2
σ0 +

r

2

σ · p
|p|

)σi(
s

2
σ0 − r

2

σ · p
|p|

))ηr =

=
1

2
ξs†(2

sr

4|p|
[σi,σp])ηr =

1

2
ξs†(2iεijkσ

kpj)ηr = iξs†(p× σ)iηr,

vs
†
(−p)

Σi

2
ur(p) =

1

2

(
ηs†
√
p · σ̄ −ξs†√p · σ

)( σi 0
0 σi

)( √
p · σξr√
p · σ̄ξr

)
=

=
1

2
ηs†(
√
p · σ̄σi√p · σ −√p · σσi

√
p · σ̄)ξr = −iηs†(p× σ)iξr. (0.69)

Äàëåå èìååì

us
†
(p)

Σi

2
ur(p) =

1

2

(
ξs†
√
p · σ ξs†

√
p · σ̄

)( σi 0
0 σi

)( √
p · σξr√
p · σ̄ξr

)
=

=
1

2
ξs†(
√
p · σσi√p · σ +

√
p · σ̄σi

√
p · σ̄)ξr =

=
1

2
ξs†((

s

2
σ0 − r

2

σ · p
|p|

)σi(
s

2
σ0 − r

2

σ · p
|p|

) + (
s

2
σ0 +

r

2

σ · p
|p|

)σi(
s

2
σ0 +

r

2

σ · p
|p|

))ξr =

=
1

2
ξs†(

s2

2
σi +

r2

2|p|2
σpσiσp)ξr = ξs†(mσi + (Ep −m)

σp

|p|2
pi)ξr,

vs
†
(−p)

Σi

2
vr(−p) =

1

2

(
ηs†
√
p · σ̄ −ηs†√p · σ

)( σi 0
0 σi

)( √
p · σ̄ηr

−√p · σηr
)

=

=
1

2
ηs†(
√
p · σ̄σi

√
p · σ̄ +

√
p · σσi√p · σ)ηr = ηs†(mσi + (Ep −m)

σp

|p|2
pi)ηr, (0.70)

ãäå ìû èñïîëüçîâàëè, ÷òî s2 = 2(Ep +m) è r2 = 2(Ep −m), à òàêæå

σpσiσp = σjσiσkpjpk = (δji + iεjilσl)σkpjpk = piσp+ iεjilσlσkpjpk =

= piσp+ iεjil(δlk + iεlkmσm)pjpk = piσp+ iεjilpjpl − εjilεlkmσmpjpk =

= piσp− (δjkδim − δjmδik)σmpjpk = 2piσp− |p|2σi. (0.71)
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Â èòîãå ïîëó÷àåì

J ispin =

∫
d3p

(2π)3

1

2Ep

∑
r,s=1,2

(
ξs†(mσi + (Ep −m)

σp

|p|2
pi)ξras†p a

r
p + iξs†(p× σ)iηras†p b

r†
−p−

− iηs†(p× σ)iξrbs−pa
r
p + ηs†(mσi + (Ep −m)

σp

|p|2
pi)ηrbs−pb

r†
−p
)
. (0.72)

Îðáèòàëüíàÿ ÷àñòü: Äëÿ îðáèòàëüíîé êîìïîíåíòû èìååì

J iorbit =

∫
d3xψ†(x)(−i(x×∇)i)ψ(x) =

=

∫
d3x

d3qd3p

(2π)6

e−ixq√
2Ep2Eq

∑
s,r=1,2

(
as†q u

s†(q) + bs−qv
s†(−q)

)
(−iεijkxj ∂

∂xk
)eipx

(
arpu

r(p) + br†−pv
r(−p)

)
=

=

∫
d3qd3p

(2π)6
d3x

εijkxjeix(p−q)√
2Ep2Eq

∑
s,r=1,2

(
as†q u

s†(q) + bs−qv
s†(−q)

)
pk
(
arpu

r(p) + br†−pv
r(−p)

)
=

=

∫
d3qd3p

(2π)6

−i(2π)3εijk ∂δ
(3)(p−q)
∂pj√

2Ep2Eq

∑
s,r=1,2

(
as†q u

s†(q) + bs−qv
s†(−q)

)
pk
(
arpu

r(p) + br†−pv
r(−p)

)
=

= i

∫
d3q

(2π)3

1√
2Eq

∑
s,r=1,2

(
as†q u

s†(q) + bs−qv
s†(−q)

)
εijk

∂

∂qj
(
qk

1√
2Eq

(
arqu

r(q) + br†−qv
r(−q)

))
,

(0.73)

äàëåå ìû èñïîëüçóåì, ÷òî εijk ∂
∂qj
qk = εijkδjk = 0 è òàêæå εijkqk ∂

∂qj
f(|q|) = εijkqk q

j

|q|f
′(|q|) = 0,

ãäå f � ïðîèçâîëüíàÿ ôóíêöèÿ. Îòñþäà â ÷àñòíîñòè ñëåäóåò, ÷òî εijkqk ∂
∂qj

1√
2Eq

= 0, òàê êàê

Eq =
√
m2 + |q|2. Â èòîãå ìû ïîëó÷àåì (çàìåíÿÿ q íà p)

J iorbit = −i
∫

d3p

(2π)3

1

2Ep

∑
s,r=1,2

(
as†p u

s†(p) + bs−pv
s†(−p)

)
εijkpj

∂

∂pk
(
arpu

r(p) + br†−pv
r(−p)

)
, (0.74)

äàëåå èñïîëüçóÿ, ÷òî us†(p)ur(p) = vs†(−p)vr(−p) = 2Epδ
rs, è us†(p)vr(−p) = vs†(−p)ur(p) = 0,

ïîëó÷àåì

J iorbit =− i
∫

d3p

(2π)3

∑
s=1,2

εijk(as†p p
j
∂asp
∂pk

+ bs−pp
j ∂b

s†
−p

∂pk
)−

− i
∫

d3p

(2π)3

1

2Ep

∑
s,r=1,2

εijk
(
us†(p)pj

∂ur(p)

∂pk
as†p a

r
p + us†(p)pj

∂vr(−p)

∂pk
as†p b

r†
−p+

+ vs†(−p)pj
∂ur(p)

∂pk
bs−pa

r
p + vs†(−p)pj

∂vr(−p)

∂pk
bs−pb

r†
−p
)
. (0.75)

Èñïîëüçóÿ, ÷òî εijkpj ∂
∂pk

s = εijkpj ∂
∂pk

r
2|p| = 0, ãäå s =

√
p0 + |p| +

√
p0 − |p|, a r =

√
p0 + |p| −√

p0 − |p|, ïîëó÷èì

εijkpj
∂

∂pk
√
p · σ = εijkpj

∂

∂pk
(
s

2
σ0 − r

2|p|
plσl) = − r

2|p|
εijkpjσk = − r

2|p|
(p× σ)i,

εijkpj
∂

∂pk
√
p · σ̄ =

r

2|p|
εijkpjσk =

r

2|p|
(p× σ)i, (0.76)
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îòêóäà íàõîäèì

us†(p)εijkpj
∂vr(−p)

∂pk
= ξs†(

√
p · σεijkpj ∂

∂pk
√
p · σ̄ −

√
p · σ̄εijkpj ∂

∂pk
√
p · σ)ηr =

= ξs†(
sr

2|p|
εijkpjσk)ηr = ξs†(εijkpjσk)ηr = ξs†(p× σ)iηr,

vs†(−p)εijkpj
∂ur(p)

∂pk
= ηs†(

√
p · σ̄εijkpj ∂

∂pk
√
p · σ −√p · σεijkpj ∂

∂pk
√
p · σ̄)ξr =

= −ηs†( sr

2|p|
εijkpjσk)ξr = −ηs†(εijkpjσk)ξr = −ηs†(p× σ)iξr. (0.77)

Äàëåå íàõîäèì

us†(p)εijkpj
∂ur(p)

∂pk
= ξs†(

√
p · σεijkpj ∂

∂pk
√
p · σ +

√
p · σ̄εijkpj ∂

∂pk
√
p · σ̄)ξr =

= ξs†(
r2

2|p|2
(σp)(p× σ)i)ξr = iξs†((Ep −m)σi − (Ep −m)

σp

|p|2
pi)ξr,

vs†(−p)εijkpj
∂vr(−p)

∂pk
= ηs†(

√
p · σ̄εijkpj ∂

∂pk
√
p · σ̄ +

√
p · σεijkpj ∂

∂pk
√
p · σ)ηr =

= ηs†(
r2

2|p|2
(σp)(p× σ)i)ηr = iηs†((Ep −m)σi − (Ep −m)

σp

|p|2
pi)ηr, (0.78)

ãäå ìû èñïîëüçîâàëè, ÷òî r2 = 2(Ep −m), à òàêæå

(σp)(p× σ)i = εijkσlσkplpj = εijk(δlk + iεlkmσm)plpj = iεijkεmlkσmplpj =

= i(δimδjl − δilδjm)σmplpj = i(|p|2σi − piσp). (0.79)

Â èòîãå ïîëó÷àåì

J iorbit =− i
∫

d3p

(2π)3

∑
s=1,2

εijk(as†p p
j
∂asp
∂pk

+ bs−pp
j ∂b

s†
−p

∂pk
)+

+

∫
d3p

(2π)3

1

2Ep

∑
s,r=1,2

(
ξs†((Ep −m)σi − (Ep −m)

σp

|p|2
pi)ξras†p a

r
p − iξs†(p× σ)iηras†p b

r†
−p+

+ iηs†(p× σ)iξrbs−pa
r
p + ηs†((Ep −m)σi − (Ep −m)

σp

|p|2
pi)ηrbs−pb

r†
−p
)
.

(0.80)

Â èòîãå íàõîäè äëÿ J i:

J i = J ispin + J iorbit =− i
∫

d3p

(2π)3

∑
s=1,2

εijk(as†p p
j
∂asp
∂pk

+ bs−pp
j ∂b

s†
−p

∂pk
)+

+

∫
d3p

(2π)3

∑
s,r=1,2

(
ξs†
σi

2
ξras†p a

r
p + ηs†

σi

2
ηrbs−pb

r†
−p
)
. (0.81)

Àíòèêîììóòèðóÿ bs−pb
r†
−p è âûêèäûâàÿ áåñêîíå÷íûå êîíñòàíòû, à òàêæå çàìåíÿÿ â äàííûõ ÷ëåíàõ

p→ −p, ïîëó÷àåì

J i =− i
∫

d3p

(2π)3

∑
s=1,2

εijk(as†p p
j
∂asp
∂pk

+ bs†p p
j
∂bsp
∂pk

) +

∫
d3p

(2π)3

∑
s,r=1,2

(
ξs†
σi

2
ξras†p a

r
p − ηs†

σi

2
ηrbr†p b

s
p

)
.

(0.82)
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Ýòî âûðàæåíèå ìîæíî ïåðåïèñàòü êàê

J =

∫
d3p

(2π)3

∑
s,r=1,2

(
as†p ξ

s†(
σ

2
− iδrsp× ∂

∂p
)ξrarp − br†p ηs†(

σ

2
+ iδrsp× ∂

∂p
)ηrbsp

)
. (0.83)

Äàëåå, î÷åâèäíî, ÷òî J |0〉 = 0. Òåïåðü, òàê êàê J |0〉 = 0, èìååì Jas†0 |0〉 = [J , as†0 ]|0〉. Âû÷èñëÿÿ
êîììóòàòîð [ar

′†
p a

r
p, a

s†
0 ] = (2π)3δ(3)(p)ar

′†
0 δrs, ìû âèäèì, ÷òî äîëæíû âçÿòü âñå â òî÷êå p = 0, îòêóäà

íàõîäèì, ÷òî Jas†0 |0〉 =
∑

r′

(
ξr

′†σ
2
ξs
)
ar

′†
0 |0〉.

© 33. Ïîêàæèòå, ÷òî çàïàçäûâàþùàÿ ôóíêöèÿ Ãðèíà äëÿ óðàâíåíèÿ Äèðàêà åñòü SabR (x − y) =
(i6 ∂x+m)abDR(x−y), ãäåDR(x−y) çàïàçäûâàþùàÿ ôóíêöèÿ Ãðèíà äëÿ óðàâíåíèÿ Êëåéíà-Ãîðäîíà.

Ðåøåíèå: Ñ îäíîé ñòîðîíû ìû èìååì

SabR (x− y) ≡ θ(x0 − y0))〈0|{ψa(x), ψ̄b(y)}|0〉, (0.84)

c äðóãîé ñòîðîíû ìîæíî âû÷èñëèòü

〈0|ψa(x)ψ̄b(y)|0〉 =

∫
d3p

(2π)3

1

2Ep

∑
s=1,2

usa(p)ū
s
b(p)e

−ip·(x−y) = (i 6 ∂x +m)ab

∫
d3p

(2π)3

1

2Ep
e−ip·(x−y),

〈0|ψ̄b(y)ψa(x)|0〉 =

∫
d3p

(2π)3

1

2Ep

∑
s=1,2

vsa(p)v̄
s
b(p)e

−ip·(y−x) = −(i 6 ∂x +m)ab

∫
d3p

(2π)3

1

2Ep
e−ip·(y−x),

(0.85)

îòêóäà

〈0|{ψa(x), ψ̄b(y)}|0〉 = (i6 ∂x +m)ab

∫
d3p

(2π)3

1

2Ep
(e−ip·(x−y) − e−ip·(y−x)) = (i 6 ∂x +m)ab〈0|[φ(x), φ(y)]|0〉.

(0.86)

Â èòîãå ïîëó÷àåì

SabR (x− y) ≡ θ(x0 − y0))〈0|{ψa(x), ψ̄b(y)}|0〉 = (i6 ∂x +m)abθ(x
0 − y0))〈0|[φ(x), φ(y)]|0〉 =

= (i 6 ∂x +m)abDR(x− y), (0.87)

÷òî è òðåáîâàëîñü ïîêàçàòü. ©

© 34. Ïîêàæèòå, ÷òî 6 ∂ 6 ∂ = ∂2.
Ðåøåíèå: Èìååì

6 ∂ 6 ∂ = γµ∂µγ
ν∂ν = γµγν∂µ∂ν =

1

2
(γµγν + γνγµ)∂µ∂ν = gµν∂µ∂ν = ∂2, (0.88)

÷òî è òðåáîâàëîñü ïîêàçàòü. ©

3.6 Äèñêðåòíûå ñèììåòðèè â òåîðèè Äèðàêà.

© 35.Ïðîâåðüòå, ÷òî âñå âåëè÷èíû: ψ̄ψ, ψ̄γµψ, iψ̄[γµ, γν ]ψ, ψ̄γµγ5ψ, iψ̄γ5ψ ÿâëÿþòñÿ ýðìèòîâûìè.
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Ðåøåíèå: Èñïîëüçóÿ òî, ÷òî (γ0)† = γ0, (γ5)† = γ5, a (γi)† = −γi, i = 1, 2, 3, à òàêæå, ÷òî
{γ5, γµ} = 0, {γµ, γν} = 2gµν èìååì:

(ψ̄ψ)† = (ψ†γ0ψ)† = ψ†(γ0)†ψ = ψ†γ0ψ = ψ̄ψ,

(ψ̄γµψ)† = (ψ†γ0γµψ)† = ψ†(γµ)†(γ0)†ψ = ψ†γ0γµψ = ψ̄γµψ,

(iψ̄[γµ, γν ]ψ)† = (iψ†γ0[γµ, γν ]ψ)† = −iψ†((γν)†(γµ)† − (γµ)†(γν)†)γ0ψ = iψ̄[γµ, γν ]ψ,

(ψ̄γµγ5ψ)† = ψ†(γ5)†(γµ)†γ0ψ = ψ†γ5γ0γµψ = ψ̄γµγ5ψ,

(iψ̄γ5ψ)† = −iψ†(γ5)†(γ0)†ψ = −iψ†γ5γ0ψ = iψ̄γ5ψ, (0.89)

÷òî è òðåáîâàëîñü ïðîâåðèòü. ©

© 36. Ïîêàæèòå, ÷òî

γ0γµγ0 =

{
+γµ, µ = 0,

−γµ, µ = 1, 2, 3.

Ðåøåíèå: Èñïîëüçóÿ òî, ÷òî (γ0)2 = 1, à òàêæå {γ0, γi} = 0, i = 1, 2, 3, ïîëó÷àåì

γ0γ0γ0 = γ0, γ0γiγ0 = −γiγ0γ0 = −γi, (0.90)

÷òî è òðåáîâàëîñü ïîêàçàòü. ©

© 37. Ïðîâåðüòå, ÷òî

T ψ̄γµψT =

{
+ψ̄γµψ(−t,x), µ = 0

−ψ̄γµψ(−t,x), µ = 1, 2, 3.

Ðåøåíèå:Èñïîëüçóÿ, ÷òî T (c−÷èñëî) = (c−÷èñëî)∗T , è òàêæå Tψ(t,x)T = γ1γ3ψ(−t,x), ïîëó÷èì

T ψ̄γµψT = T ψ̄T (γµ)∗TψT = ψ†(−t,x)[γ1γ3]†(γ)0(γµ)∗γ1γ3ψ(−t,x) =

= ψ̄(−t,x)(−γ1γ3)(γµ)∗γ1γ3ψ(−t,x). (0.91)

Òåïåðü èñïîëüçóÿ, ÷òî (γ0)∗ = γ0, (γ1)∗ = γ1, (γ3)∗ = γ3 è (γ2)∗ = −γ2, {γµ, γν} = 2gµν , ïîëó÷èì

T ψ̄γ0ψT = ψ̄(−t,x)(−γ1γ3)γ0γ1γ3ψ(−t,x) = ψ̄γ0ψ(−t,x),

T ψ̄γ1ψT = ψ̄(−t,x)(−γ1γ3)γ1γ1γ3ψ(−t,x) = −ψ̄γ1ψ(−t,x),

T ψ̄γ2ψT = −ψ̄(−t,x)(−γ1γ3)γ2γ1γ3ψ(−t,x) = −ψ̄γ2ψ(−t,x),

T ψ̄γ3ψT = ψ̄(−t,x)(−γ1γ3)γ3γ1γ3ψ(−t,x) = −ψ̄γ3ψ(−t,x), (0.92)

÷òî è òðåáîâàëîñü ïðîâåðèòü. ©

© 38. Íàéäèòå ÷åìó ðàâíî ïðåîáðàçîâàíèå çàðÿäîâîãî ñîïðÿæåíèÿ äëÿ áèëëèíåéíûõ ôîðì:

Cψ̄ψC, Cψ̄γµψC, Ciψ̄[γµ, γν ]ψC, Cψ̄γµγ5ψC, Ciψ̄γ5ψC.

Ðåøåíèå: Èñïîëüçóÿ, ÷òî Cψ(x)C = −i(ψ̄γ0γ2)T , è òàêæå Cψ̄C = (−iγ0γ2ψ)T èìååì:

Cψ̄ψC = (−iγ0γ2ψ)T (−iψ̄γ0γ2)T = −γ0
abγ

2
bcψcψ̄dγ

0
deγ

2
ea = ψ̄dγ

0
deγ

2
eaγ

0
abγ

2
bcψc = −ψ̄γ2γ0γ0γ2ψ = ψ̄ψ,

Ciψ̄γ5ψC = i(−iγ0γ2ψ)Tγ5(−iψ̄γ0γ2)T = iψ̄γ5ψ, (0.93)

àíàëîãè÷íî ìîæíî ïðîâåðèòü äëÿ îñòàëüíûõ âûðàæåíèé. ©
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