
Óïðàæíåíèÿ ê Ëåêöèè 6. Ïîëå Äèðàêà

Óïðàæíåíèÿ èäóò ïî õîäó ãëàâû 3 Ïåñêèíà Øðåäåðà, êàæäîå óïðàæíåíèå îöåíèâàåòñÿ â 2.5
áàëëà.

3.1 Ëîðåíö èíâàðèàíòíîñòü âîëíîâûõ óðàâíåíèé.

© 1. Èñõîäÿ èç ôîðìóëû äëÿ ãåíåðàòîðîâ âðàùåíèÿ Jµν = i(xµ∂ν − xν∂µ), ïîêàçàòü, ÷òî äëÿ íèõ
âûïîëíÿþòñÿ ñëåäóþùèå êîììóòàöèîííûå ñîîòíîøåíèÿ àëãåáðû Ëîðåíöà

[Jµν , Jρσ] = i(gνρJµσ − gµρJνσ − gνσJµρ + gµσJνρ).

3.2 Óðàâíåíèå Äèðàêà.

© 2. Ïîêàçàòü, ÷òî ãåíåðàòîðû àëãåáðû Ëîðåíöà â ïðåäñòàâëåíèè ãàììà-ìàòðèö: Sµν = i
4
[γµ, γν ],

óäîâëåòâîðÿåò êîììóòàöèîííûì ñîîòíîøåíèÿì àëãåáðû Ëîðåíöà:

[Sµν , Sρσ] = i(gνρSµσ − gµρSνσ − gνσSµρ + gµσSνρ).

© 3. Ïîêàæèòå, ÷òî â êèðàëüíîì ïðåäñòàâëåíèè ãàììà-ìàòðèö: γ0 =

(
0 1
1 0

)
, γi =

(
0 σi

−σi 0

)
,

ãåíåðàòîðû àëãåáðû Ëîðåíöà Sµν , äàþòñÿ âûðàæåíèÿìè

S0i =
i

4
[γ0, γi] = − i

2

(
σi 0
0 −σi

)
, Sij =

i

4
[γi, γj] =

1

2
εijk

(
σk 0
0 σk

)
≡ 1

2
εijkΣk.

© 4. Ïîêàæèòå, ÷òî [γµ, Sρσ] = (J ρσ)µνγ
ν , ãäå (J ρσ)αβ = i(δραδ

σ
β − δ

ρ
βδ

σ
α).

© 5. Ïîêàæèòå, ÷òî âåðíî ðàâåíñòâî

(1 +
i

2
ωρσS

ρσ)γµ(1− i

2
ωρσS

ρσ) = (1− i

2
ωρσJ ρσ)µνγ

ν .

© 6. Ïðîâåðüòå, ÷òî (Sij)† = Sij, (S0i)† = −S0i, (Sij)†γ0 = γ0Sij, (S0i)†γ0 = −γ0S0i.

© 7. Ïîêàæèòå, ÷òî ψ̄ψ åñòü ëîðåíöåâñêèé ñêàëÿð, à ψ̄γµψ ëîðåíöåâñêèé âåêòîð, ãäå ψ̄ ≡ ψ†γ0.

© 8. Ïîêàæèòå, ÷òî óðàâíåíèÿ Ýéëåðà-Ëàãðàíæà äëÿ ψ̄ (èëè ψ†) äëÿ ëàãðàíæèàíà LDirac =
ψ̄(iγµ∂µ −m)ψ ïðèâîäÿò ê óðàâíåíèþ Äèðàêà (iγµ∂µ −m)ψ(x) = 0.

3.2 Âåéëåâñêèå ñïèíîðû.

© 9. Ïðîâåðüòå, ÷òî äëÿ ëåâîãî ψL è ïðàâîãî ψR âåéëåâñêèõ ñïèíîðîâ, ïðè áåñêîíå÷íî ìûëûõ
âðàùåíèÿõ θ (θi = 1

2
εijkωjk) è áóñòàõ β (βi = ω0i), ïðåîáðàçîâàíèÿ èìåþò âèä

ψL → (1− iθ · σ
2
− β · σ

2
)ψL,

ψR → (1− iθ · σ
2

+ β · σ
2

)ψR.
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© 10. Äîêàæèòå òîæäåñòâî σ2σ∗ = −σσ2, è ïîêàæèòå, ÷òî âåëè÷èíà σ2ψ∗L ïðåîáðàçóåòñÿ ïîäîáíî
ïðàâîìó ñïèíîðó.

3.3 Ðåøåíèÿ óðàâíåíèÿ Äèðàêà äëÿ ñâîáîäíûõ ÷àñòèö.

© 11. Ïîêàæèòå, ÷òî exp

[(
0 η
η 0

)]
=

(
chη shη
shη chη

)
, è

exp

[(
−ησ3/2 0

0 ησ3/2

)]
=

(
ch(η/2)− σ3sh(η/2) 0

0 ch(η/2) + σ3sh(η/2)

)
.

© 12. Äîêàæèòå, ÷òî (p · σ)(p · σ̄) = p2 = m2, ãäå σ = (1,σ) è σ̄ = (1,−σ).

© 13*. Íàéäèòå ñîáñòâåííûå ÷èñëà è îáùèé âèä ìàòðèöû
√
p · σ.

© 14. Ïðîâåðèòü, ÷òî ψ(x) =

( √
p · σξ√
p · σ̄ξ

)
e−ipx åñòü ðåøåíèå óðàâíåíèÿ Äèðàêà.

© 15. Ïîêàæèòå, ÷òî ūu = 2mξ†ξ, ãäå u(p) =

( √
p · σξ√
p · σ̄ξ

)
, à ū(p) = u†(p)γ0.

© 16. Ïîêàæèòå, ÷òî v̄r(p)vs(p) = −2mδrs, vr†(p)vs(p) = 2Epδ
rs, ãäå vs(p) =

( √
p · σηs

−
√
p · σ̄ηs

)
è

ηr†ηs = δrs, s, r = 1, 2.

© 17. Ïðîâåðüòå, ÷òî ūr(p)vs(p) = v̄r(p)us(p) = 0 è ur†(p)vs(−p) = vr†(−p)us(p) = 0.

© 18. Äîêàæèòå ôîðìóëó
∑
s=1,2

ξsξs† = 1 =

(
1 0
0 1

)
, ãäå ξr†ξs = δrs è ïîêàæèòå, ÷òî

∑
s

us(p)ūs(p) =

γ · p+m, a
∑
s

vs(p)v̄s(p) = γ · p−m

3.4 Ìàòðèöû Äèðàêà è áèëèíåéíûå ôîðìû Äèðàêà.

© 19. Ïðîâåðüòå, ÷òî γ5 ≡ iγ0γ1γ2γ3 = − i
4!
εµνρσγµγνγργσ, è ε

0123 = −ε0123 = 1.

© 20. Ïðîâåðüòå, ÷òî γµνρ = iεµνρσγσγ
5, ãäå γµνρ = γ[µγνγρ] = 1

3!
(γµγνγρ−γνγµγρ−γµγργν+γνγργµ+

γργµγν − γργνγµ).

© 21. Ïðîâåðüòå, ÷òî (γ5)† = γ5, (γ5)2 = 1, {γ5, γµ} = 0.

© 22. Ïîêàæèòå, ÷òî ∂µj
µ = 0, ∂µj

µ5 = 2imψ̄γ5ψ, ãäå jµ(x) = ψ̄(x)γµψ(x), jµ5(x) = ψ̄(x)γµγ5ψ(x),
ó÷èòûâàÿ óðàâíåíèÿ äâèæåíèÿ.

© 23.Ïîêàæèòå, ÷òî jµ(x) è jµ5(x) ÿâëÿþòñÿ íåòåðîâñêèìè òîêàìè, ñîîòâåòñòâóþùèìè ïðåîáðàçîâà-
íèÿì ψ(x)→ eiαψ(x) è ψ(x)→ eiαγ

5
ψ(x).

© 24. Èñïîëüçóÿ òîæäåñòâî Ôèðöà (σµ)αβ(σµ)γδ = 2εαγεβδ, ïîêàæèòå, ÷òî

(ū1Rσ
µu2R)(ū3Rσµu4R) = −(ū1Rσ

µu4R)(ū3Rσµu2R).

(ū1Lσ̄
µσν σ̄λu2L)(ū3Lσ̄µσν σ̄λu4L) = 16(ū1Lσ̄

µu2L)(ū3Lσ̄µu4L).
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3.5 Êâàíòîâàíèå Äèðàêîâñêîãî ïîëÿ.

© 25. Ïîêàæèòå, ÷òî ïëîòíîñòü Äèðàêîâñêîãî ãàìèëüòîíèàíà äàåòñÿ âûðàæåíèåì H = ψ̄(−iγ ·
∇ +m)ψ.

© 26. Ïîêàæèòå, ÷òî äëÿ äàííîãî "íåïðàâèëüíîãî"äèðàêîâñêîãî ïîëÿ

ψ(x) =

∫
d3p

(2π)3

1√
2Ep

eipx
∑
s=1,2

(
as
p
us(p) + bs−pv

s(−p)
)

âûïîëíÿþòñÿ ñîîòíîøåíèÿ [ψ(x), ψ†(y)] = δ(3)(x − y) × 14×4. Èñïîëüçóéòå êîììóòàöèîííûå ñîîò-
íîøåíèÿ [arp, a

s†
q ] = [brp, b

s†
q ] = (2π)3δ(3)(p− q)δrs.

© 27. Ïîêàæèòå, ÷òî äëÿ âîëíîâîé ôóíêöèè èç ïóíêòà 26, ãàìèëüòîíèàí äàåòñÿ âûðàæåíèåì

H =

∫
d3p

(2π)3

∑
s

(
Epa

s†
p
as
p
− Epb

s†
p
bs
p

)
.

© 28. Ïîêàæèòå, ÷òî [ψa(x), ψ̄b(y)] = (i6 ∂x+m)ab[φ(x), φ(y)], ãäå φ(x), φ(y) � ïîëÿ Êëåéíà-Ãîðäîíà,
à ψa è ψ̄b ïîëÿ èç ïóíêòà 26 â Ãåéçåíáåðãîâñêîì ïðåäñòàâëåíèè.

© 29. Ïîêàæèòå, ÷òî äëÿ "ïðàâèëüíî"êâàíòîâàííîãî Äèðàêîâñêîãî ïîëÿ

ψ(x) =

∫
d3p

(2π)3

1√
2Ep

∑
s

(
as
p
us(p)e−ip·x + bs†

p
vs(p)eip·x

)
;

ψ̄(x) =

∫
d3p

(2π)3

1√
2Ep

∑
s

(
bs
p
v̄s(p)e−ip·x + as†

p
ūs(p)eip·x

)
,

ãàìèëüòîíèàí äàåòñÿ âûðàæåíèåì

H =

∫
d3p

(2π)3

∑
s

(
Epa

s†
p
as
p

+ Epb
s†
p
bs
p

)
,

ãäå îïåðàòîðû àíòèêîììóòèðóþò êàê {arp, as†q } = {brp, bs†q } = (2π)3δ(3)(p− q)δrs.

© 30. Ïîêàæèòå, ÷òî óíèòàðíûé îïåðàòîð U(Λ), ïðåîáðàçóåò as
p
ïî ïðàâèëó U(Λ)aspU

−1(Λ) =√
EΛp

Ep
asΛp.

© 31. Ðàññìàòðèâàÿ ìàëåíüêèé ïîâîðîò âîêðóã îñè z, ïîêàæèòå, ÷òî Λ 1
2
≈ 1− i

2
ωµνS

µν = 1− i
2
θΣ3.

© 32*. Îïåðàòîð óãëîâîãî ìîìåíòà äëÿ ïîëÿ Äèðàêà ðàâåí J =
∫
d3xψ†(−ix×∇ + 1

2
Σ)ψ. Óïðî-

ñòèòå îòäåëüíî âûðàæåíèå äëÿ ñïèíîâîé i êîìïîíåíòû J ispin =
∫
d3xψ†(1

2
Σi)ψ îïåðàòîðà óãëîâî-

ãî ìîìåíòà è çàòåì äëÿ îðáèòàëüíîé J iorbit =
∫
d3xψ†(−i(x × ∇)i)ψ . Ïîêàæèòå, ÷òî îïåðàòîð

J = Jorbit + Jspin óíè÷òîæàåò âàêóóì, òî åñòü J |0〉 = 0. Ïîêàæèòå, ÷òî Jas†0 |0〉 =
∑
r

(
ξr†σ

2
ξs
)
ar†0 |0〉.

© 33. Ïîêàæèòå, ÷òî çàïàçäûâàþùàÿ ôóíêöèÿ Ãðèíà äëÿ óðàâíåíèÿ Äèðàêà åñòü SabR (x − y) =
(i6 ∂x+m)abDR(x−y), ãäåDR(x−y) çàïàçäûâàþùàÿ ôóíêöèÿ Ãðèíà äëÿ óðàâíåíèÿ Êëåéíà-Ãîðäîíà.
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© 34. Ïîêàæèòå, ÷òî 6 ∂ 6 ∂ = ∂2.

3.6 Äèñêðåòíûå ñèììåòðèè â òåîðèè Äèðàêà.

© 35.Ïðîâåðüòå, ÷òî âñå âåëè÷èíû: ψ̄ψ, ψ̄γµψ, iψ̄[γµ, γν ]ψ, ψ̄γµγ5ψ, iψ̄γ5ψ ÿâëÿþòñÿ ýðìèòîâûìè.

© 36. Ïîêàæèòå, ÷òî

γ0γµγ0 =

{
+γµ, µ = 0,

−γµ, µ = 1, 2, 3.

© 37. Ïðîâåðüòå, ÷òî

T ψ̄γµψT =

{
+ψ̄γµψ(−t,x), µ = 0

−ψ̄γµψ(−t,x), µ = 1, 2, 3.

© 38. Íàéäèòå ÷åìó ðàâíî ïðåîáðàçîâàíèå çàðÿäîâîãî ñîïðÿæåíèÿ äëÿ áèëëèíåéíûõ ôîðì:

Cψ̄ψC, Cψ̄γµψC, Ciψ̄[γµ, γν ]ψC, Cψ̄γµγ5ψC, Ciψ̄γ5ψC.
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