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Optimal Stopping Problems

ä (Xj)j≥0 is a Markov chain

ã on a filtered probability space (Ω,F , (Fj )j≥0,Px )

ã with values in (Rd ,B(Rd ))

ã starting at x under Px for some x ∈ Rd

ä Gj : Rd → R, j = 0, . . . ,J , is a set of measurable functions that
fulfill

Ex

[
sup

0≤j≤J
|Gj(Xj)|

]
<∞
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Optimal Stopping Problems

Consider the following discrete time optimal stopping problem:

Y ∗0 = sup
τ∈{0,...,J}

Ex [Gτ (Xτ )] ,

where

ä τ is a (Fj)-stopping time with values in {0, . . . ,J }, i.e. {τ = j} ∈ Fj

Question
How to approximate Y ∗0 in the case when the expectation E[Gj(Xτ )]
cannot be computed in a closed form ?
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Simulation-Based Optimization Algorithms

ä Simulate a set of trajectories: X (m)
0 , . . . ,X (m)

J , m = 1, . . . ,M.

ä Fix a parametric set of stopping rules: τ = τ(θ), θ ∈ Θ.

ä Compute

θM = arg sup
θ∈Θ

{
1
M

M∑
m=1

Gτ (m)(θ)(Xτ (m)(θ))

}
.

ä Simulate a new set of trajectories: X (M+n)
0 , . . . ,X (M+n)

J ,
n = 1, . . . ,N.

ä Define an estimate for Y ∗0 via

YM,N =
1
N

N∑
n=1

Gτ (m)(θM )(Xτ (m)(θM )).

Denis Belomestny (Premolab, DUE) Advanced Monte Carlo Methods 18.09.2012 4 / 30



Simulation-Based Optimization Algorithms

SBO algorithms are popular among practioneers (in finance and
ensurance) but there are some open questions:

ä How fast does YM,N converge to Y ∗0 as M,N →∞ ?

ä What is the optimal relation between M, N and Θ that minimizes
the computational costs ?

ä How to choose a parametric family of stopping times τ(θ), θ ∈ Θ ?
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Main Setup

ä Snell-Envelope Process

Y ∗j (Xj) = sup
τ∈{j,,...,J}

E
[
Gτ (Xτ )|Xj

]

ä Continuation values

C∗j (x) := E[Y ∗j+1(Xj+1)|Xj = x ], j = 0, . . . ,J − 1
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Main Setup

ä Introduce the stopping region S∗ = S∗1 × . . .× S∗J with S∗J = Rd by
definition, and

S∗j =
{

x ∈ Rd : Y ∗j (x) ≤ Gj(x)
}
, j = 1, . . . ,J − 1.

ä Introduce the first entry times τ∗j into S∗ by setting

τ∗j = τj(S∗) := min {j ≤ l ≤ J : Xl ∈ Sl} .

Theorem
The stopping times τ∗j are optimal, i.e.,

Y ∗j (x) = E
[
Gτ∗j

(Xτ∗j )|Xj = x
]
, j = 1, . . . ,J .
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Main Setup

Time
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Main Setup

ä (X (m)
j )j=0,...,J , m = 1, . . . ,M, are M independent Markov chains

with the same distribution as X .
ä B is a collection of sets from

BJ := B ⊗ . . .⊗ B︸ ︷︷ ︸
J

containing all sets S ∈ BJ of the form S = S1 × . . .× SJ−1 × Rd

with Sj ∈ B, j = 1, . . . ,J − 1.

Define

SM := arg sup
S∈S

{
1
M

M∑
m=1

G
τ

(m)
1 (S)

(
X (m)

τ
(m)
1 (S)

)}
,

where S is a subset of B
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Main Setup

ä Compute

YM,N =
1
N

N∑
n=1

G
τ

(n)
M

(X (M+n)

τ
(n)
M

)

with

τ
(n)
M = min

{
1 ≤ j ≤ J : X (M+n)

j ∈ SM,j

}
, n = 1, . . . ,N.

Observation

YM,N is low biased, i.e., it fulfills YM := Ex
[
YM,N |X (1), . . . ,X (M)

]
≤ Y ∗.
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δ-entropy

ä Let

dX (G1 × . . .×GJ ,G′1 × . . .×G′J ) =
J∑

j=1

Px (Xj ∈ Gj4G′j ),

where {Gj} and {G′j} are subsets of Rd .

ä N(δ,S,dX ) is the smallest value n for which there exist pairs of
sets

(GL
k ,1 × . . .×GL

k ,J ,G
U
k ,1 × . . .×GU

k ,J ), k = 1, . . . ,n,

such that dX (GL
k ,1 × . . .×GL

k ,J ,G
U
k ,1 × . . .×GU

k ,J ) ≤ δ for all
k = 1, . . . ,n, and for any G ∈ S there exists j(G) ∈ {1, . . . ,n} for
which

GL
k(G),j ⊆ Gj ⊆ GU

k(G),j , j = 1, . . . ,J .
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Entropy Assumption

Assume that the family of stopping regions S is such that

H(δ,S,dX ) := log {N(δ,S,dX )} ≤ Aδ−%

for some constant A > 0, any 0 < δ < 1 and some % > 0.
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Entropy Assumption

Example (sets with Hölder continuous boundaries)
Consider the class

Sγ = {Sb1 × . . .× SbJ−1 × E : b1, . . . ,bJ−1 ∈ Σ(γ,H)}

where

Sb := {(x1, . . . , xd ) ∈ Rd : 0 ≤ xd ≤ b(x1, . . . , xd−1)}.

Proposition
The class Sγ satisfies the entropy assumption with % = (d − 1)/γ.
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Entropy Assumption
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Upper Bound

Theorem
Assume that

Y ∗0 − sup
S∈S

E[Gτ1(S)(Xτ1(S))] ≤ DM−1/(1+%)

and the margin condition (MC):

Px (|Gj(Xj)− C∗j (Xj)| ≤ δ) ≤ A0,kδ
α, δ < δ0

holds for j = 1, . . . ,J . Then for any U > U0 and M > M0

P⊗M
x

(
Y ∗0 − YM ≥ (U/M)

1+α
2+α(1+%)

)
≤ C exp(−

√
U/B).
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Margin Condition

X1, . . . ,XJ is a time homogenous Markov chain with the state
space R+ and a transition density p(y |x) = x−1p̄(y/x).

The function p̄(z) stays positive on (0,∞) and satisfies
p̄(z) . z−3/2, z → +∞.

Assume that Gj(x) = aj(κ− x)+ where aj , j = 1, . . . ,J , is a
decreasing sequence of positive numbers.

Observation
The MC condition is fulfilled with α ≥ 1/2.
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Implications

ä It follows from our results that

Y ∗0 − YM = OP

(
M−

1+α
2+α(1+%)

)
= oP(M−1/2)

as long as α > 0.

Hence

Y ∗0 − YM,N = OP

(
M−

1+α
2+α(1+%) + N−

1
2

)
.
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Implications

ä Suppose that the computational cost of the optimization step is
proportional to M.

ä Given the overall computational cost C, a reasonable choice of M
can be found as a solution of the optimization problem:

M−
1+α

2+α(1+%) + N−
1
2 → min, s.t. M + N = C.

ä Solution:
M � C

3
2(1+β) , β =

1 + α

2 + α(1 + %)
.
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Implications

ä There exists a parametric family of stopping regions, i.e., % can be
taken arbitrary small

ä The functions Gj(x)− C∗j (x) are Lipschitz continuous for all
j = 0, . . . ,J , i.e., α = 1

M � C9/10, N � C.
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Lower Bound

Theorem
Let τ ∈ {1,2} and Pα,γ be a class of measures such that

ä MC is fulfilled with some α > 0
ä for any P ∈ Pα,γ , we have S∗ = S∗(P) ∈ Sγ (Hölder continuous

boundaries)
Then for any stopping time τM ∈ {1,2} measurable w.r.t. F⊗M , it holds

inf
P∈Pα,γ

P⊗M
(

Y ∗0 − YM ≥ CM−
1+α

2+α(1+(d−1)/γ)

)
> 0

with YM = EP[GτM (XτM )].
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Numerical example: Bermudan max-call option

ä The risk-neutral dynamic of the asset X (t) = (X 1(t), . . . ,X d (t)) :

dX l(t)
X l(t)

= (r − δ)dt + σdW l(t), X l(0) = x0, l = 1, ...,d .

ä At any time t ∈ {t1, ..., tJ } the holder of the option may exercise it
and receive the payoff

Gj(Xj) :=
(

max
(

X 1
j , ...,X

d
j

)
− κ
)+

,

where Xj := X (tj) for j = 1, . . . ,J .
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Numerical example: Bermudan max-call option

Consider a parametric family of stopping regions:

Sj(θj) := {(x1, x2) : (max(x1, x2)− K )+ > θ1
j ; |x1 − x2| > θ2

j },

where θj ∈ Θ, j = 1, . . . ,J , and Θ is a compact subset of R2.

Remark
We simplify the corresponding optimization problem by setting
θ1 = . . . = θJ .
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Numerical example: Bermudan max-call option

ä Simulate L independent sets of trajectories of the process (Xj):

(X (l,m)
1 , . . . ,X (l,m)

J ), m = 1, . . . ,M,

where l = 1, . . . ,L.

ä Compute estimates θ(1)
M , . . . , θ

(L)
M via

θ
(l)
M := arg max

θ∈Θ

{
1
M

M∑
m=1

Gτ1(S(θ))

(
X (l,m)
τ1(S(θ))

)}
.

ä Simulate a new set of trajectories:

(X̃ (n)
1 , . . . , X̃ (n)

J ), n = 1, . . . ,N.
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Numerical example: Bermudan max-call option

ä Compute L estimates for the optimal value function Y ∗1

Y (l)
M,N :=

1
N

N∑
n=1

GτM,l,n

(
X̃ (n)
τM,l,n

)
, l = 1, . . . ,L,

with

τM,l,n := min
{

1 ≤ j ≤ J : X̃ (n)
j ∈ Sj

(
θ

(l)
M

)}
, n = 1, . . . ,N.

Denote by σM,N,l the standard deviation computed from the
sample (GτM,l,n (·), n = 1, . . . ,N) and set σM,N = minlσM,N,l .

ä Compute

µM,N,L :=
1
L

L∑
l=1

Y (l)
M,N , ϑM,N,L :=

√√√√ 1
L− 1

L∑
l=1

(
Y (l)

M,N − µM,N,L

)2
.
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Numerical example: Bermudan max-call option

We have

Ȳ − YM,N = (Ȳ − EP⊗M [YM ])︸ ︷︷ ︸
I

+ (EP⊗M [YM ]− YM)︸ ︷︷ ︸
II

+ YM − YM,N︸ ︷︷ ︸
III

,

where

YM,N :=
1
N

N∑
n=1

GτM,n

(
X̃ (n)
τM,n

)
and

Ȳ := max
θ∈Θ

E[Gτ1(S(θ))(Xτ1(S(θ)))].
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Numerical example: Bermudan max-call option

We use the following approximations:

ä First term:

I ≈ Q1(M) := µM∗,N∗,L∗ − µM,N∗,L∗ , N∗,L∗ >> 1

ä Second term:

sd (II) =
√

VarP⊗M [YM ] ≈ Q2(M) :=
√
ϑM,N∗,L∗ , N∗,L∗ >> 1

ä Third term:

sd (III) =
√

VarP⊗N

[
YM,N

]
≈ Q3(N) := σM∗,N/

√
N, M∗ >> 1
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Numerical example: Bermudan max-call option
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Numerical example: Bermudan max-call option

Since Q2(M) dominates Q1(M), by solving the equation

Q2(M) = Q3(N),

one can infer on the optimal relation between M and N.

Conclusion

The choice M = N3/4 is sufficient in this situation since it always leads
to the inequality Q1(M) + σQ2(M) ≤ σQ3(N) for any σ > 1.
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Tools for the proof

Theorem
It holds

Y ∗j (Xj)− Yj(Xj)

= E

J−1∑
l=j

∣∣Gl(Xl)− E[Y ∗l+1(Xl+1)|Fl ]
∣∣1{Xl∈(S∗l 4Sl )\(

⋂J−1
l′=l

Sl′)}

∣∣∣∣∣∣Fj


for j = 1, . . . ,J − 1, where

Yj(Xj) := E
[
Gτj (S)(Xτj (S))|Fj

]
, j = 1, . . . ,J .
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Tools for the proof

ä For any S ∈ S define empirical process

νM(S) =
√

M
∫

gS d(P⊗M
X − PX )

ä Assume that

HB(δ,S,dX ) ≤ Aδ−κ

ä Then

P

 sup
S∈S, ‖gS−gS0‖L2(PX )>ε

|νM(S)− νM(S0)|
‖gS − gS0‖

1−κ/2
L2(PX )

> U

 ≤ C exp(−U/C2)
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