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6. Teopusi mepsnl, Jekiusa 6: Teopema PyouHI

[Iycrs f — neorpunarensuas, dynxmus na R, a Z — cerment B R" orpanmyennprii o, 11 = 0 n
ee rpadpUKOM, KOTODBIil MPEJICTABICH KAaK OTOOPAaXKEHUE U3 OCHU IJIOCKOCTU Tpt] = 0 B HPAMYIO Tpi1-
Teopema Dybunu yTBEpXKIAeT, cpeau Ipodero, uro mepa p(Z) ydacrka noj rpadbukom f pasHa ee
UHTErpaJly, ecjau f mHTerpupyeMa.

DT0 yTBEpKIEHNE UHTYUTUBHO OYEBUIHO, U 9aCTO YCIOJb3YETCsT B KAUEeCTBe OIPEIeIeHIsI HHTerpa-
Jsia. JlokazaTebCTBO 9TOr0 YTBEPKIECHUS JIETKO CJIEAYeT U3 eJMHCTBEHHOCTH WHTEIPAJIA: JIOCTATOYHO
IPOBEPUTH CBOHCTBA 1-4 U3 IpenblayIiel JeKIun, u yOeuThCsl, ITO CErMEHT M0 I'PAMUKOM U3MEPU-
MOH (DYHKITUH MU3MEPUM, UTO CJIEIYEeT U3 MPUOIMKEHUS U3MEPUMON (DYHKIUNA CTYHEHIATHIMHU.

YTo 3aHATHO - U3 STOIO YTBEPKIEHHUS U ITOJHOTHI ajaredphbl N3MEPUMBIX MHOXKECTB CJIEIyeT IIOJTHOTA,
npocrpancrsa L'(R™).

Camas obmast popma TeopeMbl OyOMHN €CTh yTBEPXKIEHHE O IPOEKIUNA U3MEPUMBIX MHOXKECTB, U
OHA TOpa3/io MeHee TpuBHabHA. OHA TOBOPUT, B YaCTHOCTHU, UTO JJis JIFOOONO M3MEPUMOIO IMOMHO-
xectBa 4 C R™ x R™ mouru Bce ciom mpoekmuu Ha R™ m3mepumbl, atu 3amaer GyHkuo #Ha R™,
OIIPEJICJIEHHYIO TIOUTH BCIOJY, U PaBHYIO oO0bemy ciyios npoeknuu. [lo Teopeme Pybunm, nHTErpaj OT
sroit PYHKIIUU paBeH o0bemy Z .

Yrobbl J0Ka3aTh TAKYIO TEOPEMY, Mbl U3y9aeM MHOXKECTBO BCEX Mep Ha JAHHOI curma-ajirebpe, u
BBISICHSIEM, KaKne U3 Mep UMeloT Bui fu, rae [ ecrb HeoTpumare/ibHas (QYHKINsI, HHTerpUpyeMasi OT-
HocuTebHO L. OTBer Ha 3TOT Boupoc Jaer Teopema Pajona-Hukomuma (em. pasgesn 6.2). Yro 3ausTHO,
B JIOKA3aTeJIbCTBE TOM TEOPEMBbI IIPUXOIUTCS UCIOJIb30BATH 3apsijibl, TO €CTb 0-aJJUTUBHbIE (DYHKIINN
Ha g-ajredpe, IPUHUMAIOIINE IOJIOXKUTE/IbHBIE U OTPUIATE/THHbIE 3HATECHUS.

6.1. Pazsjioxkenune XaHa

6.1.1. 3apsa u pazjoKeHue XaHa

Onpepesienne 6.1. Bapsiqom (signed measure) HasbIBAETCsl CYETHO-IUTHBHAsT (DYHKIUST HA O-aJl-
rebpe, IPUHUMAIOIIAs 3HAYEHUsS B | — 00, 00| mim [—00, 0of.

Onpenenenue 6.2. Ilycts 0 — 3apsn wa curma-anaredpe 2 moamuoxkects M, a Z C 2 — Kakoe-TO
nogmuozkectBo. O603HaMM 32 0| OrpaHMYeHye 3apsiia Ha Z, TO eCTh 0-aJJUTHBHYIO (DyHKIUIO,

koropast genaer u3 X € A uncio o(X N Z).

Onpepesienne 6.3. 3apsiyi 0 Ha3bIBACTCs MOJIOXKUTEIBHBIM, ecyi o(X) > 0 st so6oro X, u oT-
pUIIATEeJbHBIM, €CJIU —0 TOJIOXKUATE/IbHBIN. Pa3ioykeHne XaHa i 3apsijia ¢ eCTh IIPeJcTaBIeHne

M B Bune nusbronkTHOi cymmbl M = A[[ B, e o , TOJIOXKUTEJIbHBI, & 0|~ OTPHIATEIbHBII. Bapsi

HA3bIBACTCSl OPPAHUYEHHBIM. ecjiu cymiecTByer kKoucranta C takast, aro o(X) < C aust sioboro X.

Teopema 6.4: [Iycts A — curma-anrebpa moamuoxkects M, a o — orpanmdennbrii 3aps na 2.1 Torma
JUIsL 0 CyIIECTBYeT pa3JjioXkeHue XaHa.

HoxkazarenbcrBo. Ilycrs C := supy s 0(X).

!OrpanmyenHoCTh 3apsijja Ha CAMOM JleJle He HyKHa. B KadecTBe ympakHeHWs, TIOCTPONTE pa3jIOKeHWe XaHa, He
MOJIb3ySCh OI'PAHUYEHHOCTHIO O .
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ITar 1: Ecn 0(Z) > C — ¢, To gos moboro V. C M\Z, nmeem o(V) < e. HdeiicrBurensro, B
nporusBHOM ciydae Mbl 061 umesn o(V [[Z) = o(V) + 0(Z) > C — € 4+ . Ananornuno, jyist j11060ro
V C Z, nonyuaaem o(V) > —e.

ITar 2: IIycrs 0(Z1),0(Z2) > C — €. lockonsky Z1\Zy nexkur B M\Zy, B CHLy IPEIBLIYIIEro
mara nmeeM —e < 0(Z1\Z2) < e. Ilpumensisi Tor ke aprymeHT K 0(Z2\Z1) U CKIajpIBas, HOJIydaeM
—2e < 0(Z1 A7) < 2e. s kaxaoro noamuoxkecrsa X C Z1/A\Zs, BepHo 10 ke camoe: —2¢ < o(X) <
2e

ITar 3: Ecim |o(X)| < € mias xkaxgoro X C Z, Mbl GyeM Iucarhb ’O’"Z < €. YTBepK/eHue Imara

2 B 9rux obosHaueHusix 3anuceiBaercs |o|(Z1AZs) < 2e. Ormerum, uro |o(X) — o(Y)| < 2e, ecin
lo|(XAY) < e. HeiicrBurensHo,

o(X) —o(Y) = o(X\Y) - o(Y\X),
1o [o(Y\X)| <eu|o(X\Y)| <e¢, noromy uro |[o|(XAY) < e.

ITar 4: Ilycrs {Z;} — nocienosaresbaocTs MHOXKeCTB U3 A, Y, = ﬂi)n Zi, W JUUTS KaXKJI0TO 4, BEPHO
lo|(ZiAZit1) < e;. Torpa ms soboro |o|(Y,AZ,) < o2, €. DTO cllesyer U3 TOro, 4o

ZnNYy C ) 207,
i=n

(upoBepbre 910), a 3Ha4YuT, J1060i X C Y, AZ, 10/yUYeH IU3bIOHKTHBIM 00bEMHEHNEM [OMHOKECTB
X; C Z;AZ;iy1, 1uist Kax10ro u3 Koropbix Bepao —¢; < 0(X;) < g; To ke camoe BepHO 1 7151 11OCJIE10-
sarensroctn Yy, = {J;5,, Zi (uposepsre).

IITar 5: Beibepem nocieoBarensaocts {Z; b C 2 rakuMm obpasom, uro o(Z;) = C — % 13 mara 2,
nonyuaeM |o|(Z;AZiy1) < gt

[pumensist mar 4, noaydaem, uro |o|(Z,AY,) < 2,%3 s moboro X C Z,AY,. B cuny mara 3,

MOHOTOHHAsI HOCsIen0BaTebHocTs Y1 C Yy C Yy C ... ynosiersopsier |o(Y;) — o(Z;)| < Zi%zl. Cuosa

1

npumenstist mar 3, nomyunm o(Y;) > C — 5.

ITar 6: IIpumensia mar 2, nonyanm |o|(Y;AY;11) < 2%6

IIar 7: Iycrs Y = (Y;. Ilpumensisi aprymMenT u3 mara 3, u 10Jb3YysiCh yTBEp:KIeHueM mara 6,
[oJIyYyaeM

=1 1
lol(Y &Yn) < Z 2i—6 S on—T7"

i=n

Oustth npumenus mar 3, noiayunm o(Y) =limo(Y;) = C.

ITar 8: ITosoxum A := Y. s kaxzoro nogmuoxkecrsa Z C A, o(Z) > 0, noromy 4ro MHade
Mbl 061 nmenn 0(A\Z) > o(A) = C. Ananornuno, s xkaxgoro Z C M\A, o(Z) < 0. Ilosromy
M = A[[(M\A) ecrb paznoxenne Xana. m

Onpenenenune 6.5. Ilycrs 0 — 3apsn Ha o-anrebpe 2. Hazsosem muOkecTBO Z € 2 o-mmpeHebpe-
KuMbIM, ecin 0(Z') = 0 pos moboro Z' C Z.

Bameuanne 6.6. Paszioxenne XaHa OIIPeJETCHO OJHO3HAYHO C TOYHOCTLIO [0 O-IPEHEOPEKUMOrO
MHOXKECTBa, (JJOKazKUTE 3TO).
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6.1.2. T'anc Xan

lanc Xan npoucxomur u3 Bewnbr; on 3amurui auccepranuio B 1902-m roxy, mox pykoBogacTBoMm ['y-
craBa GoH Diepuxa, KOTOPbIil ObLI Tak:ke pyKoBojureseM Panona (teopusi mepbi), Turne ("xemma
Turne", usBecrnas B Tonosorun), Bueropuca (nocienosarensaocts Maepa-Bueropuca) n Buprunrepa
("nepasencrso Buprunrepa"). Biiors 10 Boiinbl Xan mnpodeccopcTBoBai B ropoje UepHoBurl, HbIHe
YepHOBIIHI.

XaH BoeBaJI, OBLT paHEeH Ha NTAJIbIHCKOM (DPOHTE; MOCe BOWHBI OH cTas mpodeccopoM B Bonme, a
noroMm B Bene. B Bene Xan muoro sanumaiics dpuinocodueit. On 6611 ocHOBaTe €M "BEHCKOro KpyKKa"
("O6rmecTBo Apucra Maxa') JOrmuecKux HO3UTUBUCTOB, U JI0 CUX [IOD 3HAMEHHUT B 9TOM KadeCTBe CPeJH
[TOKJIOHHUKOB JIOTMIECKOTO [TO3UTUBU3MA..

XaH ObLT COIUANCTOM, BEChbMa, CHJIBHBIX yOEXKIEHU; OMHAYKIbI OH 3aJIePXKAJI CPEIU YJIUIBI H3BO3-
9MKa, KOTOPBIi YKECTOKO OOPAIIAJICs CO CBOEI JIOIIA b0, U OTBOJIOK €r0 B MOJIUIEHCKI yaacToK. Takke
XaH HayIHO M3yYaJl MAPAICHXOJIOIUI0, U YUTAJl JIEKIUA O IIPUPOJIE CIUPUTUA3MA.

Hans Hahn
(September 27, 1879 - July 24, 1934)

Crynenrtamu Xana 0b11 Butosiby ['ypesud, npociasiienubiii romomopduszmom ['ypesunua, Kypr le-
JieJib, TakKe ydacTHUK "ObmecrBa DprHera Maxa", u Kapur [lonmep, crasmmii dpumocodom.

6.2. Teopema Pagona-Hukoanma

Onpenenenue 6.7. Ilycrs S - mpocTpaHCTBO ¢ cUrMa-aredpoit, a (4 U v 1Be Mepbl. MBI TOBOPHUM, UTO
v abCOJIIOTHO HEMPEPbIBHA OTHOCUTEJILHO i (0O03HAYaeTCst v <& [1) €cJiu Jyisi JI0O0r0 H3MEpUMOro
muoxectsa A, u3 pu(A) = 0 caeayer v(A) = 0.

Omnpenenenune 6.8. HenpepbiBHast Mepa Ha IpOCTPaHCTBe ¢ Mepoil Jlebera ecth mMepa, abCOTIOTHO
HelpepbIBHAS OTHOCUTEILHO Mephl Jlebera.

IIpumep 6.9: Ilycrs x € [0, 1] — Touka Ha OTpe3Ke, a [, — Mepa, Takast, 910 [ (A) =0, eciu A F x, n
tz(A) =1, eciim A 3 z. Jlerko BujieTh, 9TO Takasi Mepa He HelpepbIBHA.
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Ilpumep 6.10: Ilycre f — msmepumasi, HeoTpHIaTe/bHast (DYHKIMs Ha mpocTpancrBe M ¢ curma-
ajirebpoit, a pu — mepa Ha M. Obo3HauuMm 3a fu Mepy, KOTopas JejaeT U3 M3MEPUMOI'0 MHOXKECTBA

A C M wunrerpas fu f K [Iposepbre, uTO 910 AeiicTBuTENBHO Mepa. [IpoBepbre, uro fu < p.

Bameuanne 6.11. Unrerpan dbynknun no muoxecrsy A C M uacro obosnadaercst [ 4 J 1. D10 060-
3HadeHue BecbMa ya06HO. CMBICT ero B ToM, 4To ff — 310 3apan Ha M, a [ 4 0 obosnauaer o(A), A

zapsja o = fu.

Teopema 6.12: (reopema Pajona-Hukomuma) ITycrs M — npocrpancrBo ¢ curma-airebpoii, a v <
— mepbl Ha M, npuaem pu(M), v(M) < co. Torma v = fu jnuist Kakoii-tro uarerpupyemoii dyukimn f Ha
M.

Hoxka3zaresbcrso: [lycrs x € R. Jlerko Buziers, 910 ¥ — ) €cTb orpannvdeHHbIi 3aps. Obo3Haunm
3a A(v — (1) MaKCHMAaJIbHOE MHOYKECTBO, TJIe 3apsijl V — T4 IOJIOKUTEJIbHbII, 0y YeHHOe U3 PA3JIOKEHHsI
Xana. [lns orpeska [z,y] C R, obosnaumm za A, ) muoxkectso A(v — zu)\A(v — yp).

Pacmorpum crynenyaryio yHKIMIO

)
\I’n(’/) = Z E Ay in
€720 [ET]

Ota QyHKIUs paBHA % Ha KazKJI0M MHOXKECTBE BH/Ia, A[ i)

,

Jlerxo Busers, 910 | J;cy A[ i +1] PABHO M, c TOUHOCTBIO /10 MHOYKECTEA Mepbl HyJsib. B camom nere,
sonoynenue B K aromy MuoxecTBy JMeKUT B (U, cz A, (IPOBEpbTE 3TO), a 3HAYMT, yJIOBJIETBOPAET
v(B) > Cu(B) ms moboro C € Z. Mol nosyaaem, aro pu(B) pasro nymo, u v(B) = 0 no abcosoTHoit
HEIPEPbIBHOCTH.

o i i+1
Ha kaxjom u3 A[ RS UMeeM (L < V < ==, 3HATHT,

3

[osromy V¥,, — mocienoparenbuocts Komu B L-romomornn, 3ajanmoii p, u ee npeies yI0BIeTBOPSET
v—IlimW,pu=0.m

3ameuanue 6.13. B nponwioit eKnun, Mbl I0JIydaad I3MEPUMYIO (DYHKITHIO KaK PABHOMEDHBIH Ipe-
nen crynenvarsix, f = lim, ¥, (f). Eciu f ecrb usmepumas dyukiwyst, v = fu, ro ¥, (v) ecrb dbyHkiums
U,.(f) (mposepbre 310). JokazaresbcrBo Teopembl Pajiona-Hukomauma cieyer Toil ke JIOruke, 910 U
MOCTPOEHNE MHTErPAJIA: MBI TPUOIMKAEM MEPY ¥ MOCTIEI0BATEILHOCTHIO MEP BUIA fp i, TAKIM 00pa3oM,
4TOGBI IOCIIE0BATEILHOCTD [y, CXOAMIach B Tonojgorun L.

6.3. Teopema Pydounm"

6.3.1. ITuanHaApPpUYecKe MHOXKeCTBa U IIPoOuU3Be/IeHue Mep

Omnpenenenne 6.14. [Iycre W = M X N — npousBeeHne MHOXKECTB, CHAOXKEHHBIX CUTMa-a/IredpaMu
Ay u Ay. OupenenuM HMUIMHAPUYIECKOE MHOXKECTBO KaK MHOXKecTBO Buga X X Y, rme X € Ay u
Y € Ay — noamuoxkectBa M u N, jexainue B o-ajredbpe. AJjrebpa HUJIMHIPAUIECKIX MHOXKECTB
€CTh KOJIBIIO MHOXKECTB, IIOPOXKIEHHOE KOHEYHBIMH O0beJMHEeHUIME uInHapudeckux. IlpousBenenue
curMa-aJjirebp ecrb curma-ajarebpa moaMuoxkecTB M X N, HOpOXKIAEHHAS ITAJIHHIPAICCKUMA MHOXKE-
CTBAMU.
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YrBepxkaenue 6.15: Ilycrs u,v — agmuruabie Mepbl Ha Ajp u Any. Pacemorpum dynkiuio £ Ha
MHOXKECTBE IHJIMHIPpUIeCKUX mojMuoxkects M x N, ounpenesennyio dopmyioit (X x Y) = £(X) x
£(Y). Torma & MOXKHO POJOJIZKUTD JI0 aJIATUBHON (DYyHKIUK HA ajrebpe HUJINHIPUIECKIX MHOMKECTB,
KOTOPYIO MbI 0DO3HAYaEM 3a [t X V.

HokazaresibcTBO: JIerko BUIETH, YTO HepecedeHne MUINHAPUIECKIX MHOXKECTB IIINHIPUIECKOE.
[TosToMy m0CTATOYMHO MOKA3ATH, 9TO €CJIU IUJIUHIPUIECKOe MHOXKECTBO 4 pa3dbUTO B KOHEYHOE 00be In-
Henne mmauHIpudeckux, Z = (JZ;, to £(Z) = > &(Z;). Dro BumHO u3 ciepyromeit kaprunku. st

Pasbuenue mmoorcecmsa M X N 6 obsedunenue yusuropuieckus

(bopMasIbHOIO JIOKA3aTeIbCTBA, PACCMOTPUM H3MesbueHne pasbuenust Z = M x N = |J Z; rakoe, urto
M =]]M,, N=][NyuMxN = Hp7q M, x N,. HazoBem Taxoe paszbuerne npocTbiM. st mpocroro
pasbuenusi, aJJUTUBHOCTDL MephI CJedyeT cpa3y u3 omnpepaenenns. C Apyroil CTOPOHBI, KaXKablil u3 Z;
Oyzer o0beJUHEeHIEM HECKOJIBKUX 3jIeMeHTOB Buga M, X N,, npudeMm rakoe pasbuenue Z; Toxe Gyuer
upoctsiv, snant, §(Z) = > &(Z;) cnepyer uz §(2) =3, §(M) X Ny). m

Y106bI TPOJOJKUATE IIOCTPOEHHYIO aJIMTUBHYIO Mepy & Ha CUIMa-ajredpy, MOPOXKJIEHHYIO IIHJIMH-
JIPUIECKUMU MHOYKECTBAMH, JIOCTATOYHO JIOKA3aTh €€ 0-a JIATUBHOCTD, TO €CTh IPOBEPUTH, 4T0 &(Z) <
> &(Z;) mnst moboro mumaapuydeckoro Muoxecrsa Z C |72, Z; (ecim 910 BEPHO, TO MBI IIPOIOJIKHEM &
Ha TOIOJIHEHUE aareOpbl IUINHPUYECKUX MHOXKECTB, KaK B JIEKIUU 4, a [OIIOJHEHUEe COJAEPKUT, CPen
[POYEro, U CUrMa-ajredpy, HOPOXK/IEHHYO IUINHIPHIECKUMUA MHOXKECTBAMN).

Curma-a/UInTHBHOCTD £ CJleJlyeT M3 TOIO JKe apryMeHTa, KOTOpPbIil joKasbiBaJ yTBepxkjenue 6.15.

— oo . — ) —
Bamenum pasbuenne Z = [[;2; Z; na ero usmensienue suga Z = [[, M, x Ny Torna 3 &(Z;) =
> &(M, x Ny) > &(Z) (nmociesnee HepaBEHCTBO CJIEAyeT U3 0-aJUTHBHOCTH (i U V).
MBI [OJIy 4l TAKOE YTBEPIKJICHNEe

YrBepxkaenue 6.16: [Iycre W = M x N — npousBejieHue MHOXKECTB, CHAOXKEHHBIX CUTMa-ajredpaMu
Ay m Ay, Aw — curma-airebpa, MOPOXKIAEHHAs IMUJIMHJIPUIECKUMUA MHOYKECTBAMU, a [,V — CHTMa-
agmuTuBHbe Mepbl Ha Aps, An. Torma g X v mpomomKaeTcs 10 CYeTHO-aIUTUBHON Mephbl Ha M X N.
|
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Omnpenenenne 6.17. VIsmepumoe moaMHO>kecTBO B M X N ecTh MOIMHOXKECTBO, KOTOPOE IIOJIy-
Jaercs Kak pejest nocienosareabiaoctn Komn anementos Ay, B MeTpuke, 3ananuoii kak d(X,Y) =
px v(XAY). Usmepumasi dyuknus va M x N ecrb dyHKims co 3HadeHusivu B R, Takas, 4ro
1Ipoobpas Jirboro HOPEIEBCKOI0 MHOMKECTBA, U3MEPHM.

6.3.2. Teopema ®ybuHU

Teopema 6.18: (reopema @y6unn) Ilycrs M, N — npocrpancTsa, cHabKeHHbIe curma-ajredbpamu Apy u
An u Mepoii i, v, a € = u X v — Mepa npoussegenns Ha M X N. PaccMoTpuM wHTErpupyeMmyo GyHKIIAIO
f: MxN—R, unycrs M x N — M - upoexuusi. Torza

12

(i) Jas nouru Beex m € M, orpanndenue f| | — unrerpupyemas dynknug na 7 (m) = N.

(m)

(ii) IIycrs ¢ : M — R — dbynxius, sagannas dopmyiioi ¢(m) = [y f‘ —1 (yy ¥ BHE MHOKECTBA MEPDI

0, r/1e uHTErpa fy f‘,,fl(m) He onpenesnen. Torna ¢ uHTErpUpyeMa, U foN féE= fM DL

JoxkazareberBo TeopeMbl PyOuHN 3aHIMAET OCTATOK STOro pasfiena. OTMeTuM cpasy, 9TO JOCTa-
TOYHO JoKa3aTh ee st dynkimu f > 0, noromy uro f = (|f|+ f) — (|f| — f), rae xaxzaplit n3 4ieHoB
B CKOOKax mHTerpupyeM u neorpunaresen. Ilostomy 6ymem caurars, aro f > 0.

CJIG,HYIOH_IGG yupaxKHeHre JOKa3bIBa€TCid TaK 2Ke, KaK U TeopeMa O TOM, YTO U3MEPpUMbIE 110 ﬂe6ery
MHOXKeCTBa CyTb 60peHeBCKI/Ie C TOYHOCTBIO IO MEPbI HYJIb.

VYupaxkuenue 6.19: B ycmoBusx teopembr Oybunu, obozunadnm 3a A curma-auredpy, MOPOXKICHHYIO
MUJINHIPUIECKIMU MHOXKecTBaMu. Jlokakure, 4To Kaxkjoe uamepumoe mogamuokectBo X C M x N
ynosyersopsier {(XAX') = 0 s kakoro-to X' € 2.

Jlemma 6.20: [dnsa smo6oit usmepumoit gpynknus f Haiigerca f/, Koropas Hojydaercs Kak IHpeJelt
MOHOTOHHOH nocaenoBarensHoctn f,, =y ¢;x(Z!), tne Bce Z! upunamiexar A, a f — f/ = 0 nourn
BCIOJLY.

HoxkazarenbcTBo: Kak ObLIO JI0Ka3aHO B IPEIbLIYINEH JIEKIUU, uaMepuMas QyHKIs f 1oy da-
ercsi Kak IIpeJies] MOHOTOHHO HeyObIBaromleil nociaenosareabnoct fr, := W, (f) crynenuarsix ¢yHKimii
Buga fn, = Y. cix(Z;), tue x(Z;) ectb xapakrepucruieckast (bYHKIUS U3MEPUMOTIO MHOXKeCTBa Z;. 3a-
MEHHUB KaxKJoe u3 Z; Ha MHOxkecTBu Z, € 2, takoe, uro Z;/A\Z! umeer mepy 0, IOTydUM HOC/IEI0BA-
TeJILHOCTD f) = Y ¢;x(Z]). Dra Hocsiej0BaTeIbHOCT He 00sI3aTe/IbHO MOHOTOHHA, HO OHA MOHOTOHHA
e muoxkectBa Z = |J;(Z;AZ]) mepor noub. ITonoxum Bee f), paBubiMu 0 Ha Z U IIOJIy<UM MOHO-
TOHHYIO MOCJIEI0BATENBHOCTD CTYIeHIaThIX byHKIui Buga f, = Y. ¢;x(Z;\Z), ¢ MHOXKecTBaMu ypOBHs

ZZ\Z cEA m

[Tpumensist tlemmy 6.20 K yskiun f u3 Teopembl OyOUHU, U TOJIB3YSICh TeM (PaKTOM, UTO Iepece-

gerne MEOKecTBa V. € A ¢ 771 (m) masmepmmo, MbI mosydnM, 4To GyHKIHs f’ . U3MEpPUMa, I
™

(m)

kaxkzgoro m € M. B camom gene, f'| | MOJTyI€HO KaK IIpeies MOHOTOHHON II0C/IeI0BATEILHOCTH
us

(m)
CTYIIEHYIATBIX, M3MEPUMBIX (DYHKITAIA.
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O6oznaunm 3a Z nogmuokecTBO B M X N, tne f # f', u nycrb meZ C M — MHOKECTBO BCEX TOUEK

M , nist kotopwix ZN7~ ! (m) ne meper 0. Orpannuenue f| orimdaercs ot f'| | BHe MHOXKeCTBa
™ ™

(m)
H3MEPUMO I JII060ro m ¢ m,Z

L(m)

Z N Y(m), koropoe umeer mepy 0 jia m ¢ m.Z. Suaunr, f| :

Mb1 nosygaem, uro Teopema 6.18 (i) BbITeKaeT U3 CIeIyIOMIEil JeMMBbI.

JIemma 6.21: Ilycrs Z C M x N — muoxectso mepst 0. Torma Z N~ ! (m) umeer mepy 0 misg nodru
Bcex m € M.

rZ[0Ka3arre.111,cTBo Iokpoem Z cuernbiM HaGopoM {Z;(-3)} IMIMHIPUYECKIX MHOKECTB CyMMap-
HOIT Mepbl < n2 O6osnaunm 3a M (L) C M nommosxecTso, cocrosmee 3 Bcex m e M T&KI/IX, 9TO

“tm)nUyY Z( 5) I/IMeeT Mepy > L. B cuny roro, uro |J Z;( 2) nMeeT Mepy < 2, Mepa M (%) orpa-
ungena: (1 M (l)) 1 Nna moBo T m, He Jexaleil B ﬂ M (%), mepa Z N w~1(m) pasna mymo
(mposepbre 310). C npyrom cropousl, [, M (ﬁ) MOKPBIBAETC MHOXKecTBaMu M (%) MTPOU3BOJILHO MAJIOH
Mepbl, 3HAYUT, 9TO MHOXKECTBO Mepbl (. W

3ameuanue 6.22. [lycte Z C M — muoxectBo Mepol 0, a f — usmepumasi hyukmnust va M, KoTopas
paBua mys0 Bae Z. Torma fu f = 0. HeiictBurensHo, fu f mostygaercst Kak mpezes HHTErPAJIOB CTYIIeH-
qaTbiX (PyHKIHUI f,, KOTOpble PABHBI HYJIIO BHE Z, HO KaXXI(blil TAKOW MHTEIPAJI BBIPAYKAETCSH CYMMOMN
Buga »_ ciu(Z;), vne Z; C Z. Hockoubky p(Z) = 0, umeem p(Z;) = 0, 3naunr, fu fn = 0. B nekuun 5
9TO 3aMedaHne MMPUCYTCTBYeT Kak ¥ IpakHenue 5.31.

Bocnonbzosasmmcens neproit wactbio Teopembl Oybunu, 3amenum [ Ha dyHKIuoo f’; Takyio, 9To
f/
7= 1(m)

cJIeJlyer, 4To JIOCTATO4YHO jokazarh 6.18 (ii) B aroMm mpemmnosoxkennu. [109TOMy MBI MOXKEM € CaMOro

uHTerpupyemMo st joboro m € M, a f = f’' Bue muHoxkecrBa Mmepnl 0. 13 3ameuanus 6.22

HavaJja Ipeoaararb, 9ro f| WHTErpupyeMo jist Jjiroboro m € M.
™

L(m)
Jlst mokasaresibCcTBa BTOPOro yTBepkKIeHusi Teopembl OyOunm, HAM MOHAIOOUTCS CJIeIyIOINee Io-

HATHE.

Onpenenenune 6.23. Ilycrs M, N — npocrpaHcTBa ¢ o-ajarebpavmu Ay u Ay. Usmepumoe orobpa-
JKeHme ecThb Takoe orobpaxkenue f : M — N, aTo mpoobpas MHOXKECTBa, Jexkaero B Ay, comep-
XKuTceda B Ay

Sameuyanue 6.24. OObikHOBeHHas1 "mamepumasi hyHKIHsI" eCTb M3MEepUMOe OTOOparKeHue U3 IIPo-
cTpamcTBa ¢ o-ajredpoit B R ¢ curma-aaredbpoii 60pereBCKIuX MHOXKECTB.

3ameuanue 6.25. IIlycte W = M x N — mpousBeieHne MHOXKECTB, CHaOKEHHBIX CHTMa-ajredpamu
Ay u Ay, a Ay — curma-anrebpa, MOPOKIEHHAS IWJINHIPUIECKUMU MoaMHOXKecTBamu B W. Pac-
evorpuM npoekimio M x N —— M. TTockonbKy mpooGpas 7~1(Z) mamepumoro mmoxectsa Z C M
MJIMHIPUYECKUI, OH U3MEPHUM, 3HAUNUT, T €CTh U3MEPUMOE OTOOpaKeHHe.

Onpenenenue 6.26. Ilycrs f : M — N — usmepumoe 0TOOparkeHHE MPOCTPAHCTB, CHAOXKEHHBIX
curma-ayrebpamu Ay u Ay, a p ecth curMa-amuTuBHag Mepa Ha Ajr. Pacemorpum dyHKIMIO T, 0 HA
Ay, sagammnyio dopmynoit meu(Z) := u(r~1(Z)). Jlerko BUIETH, UTO T4it €CTh 0-aJIATUBHAS Mepa Ha
Ap (uposepbre 910). Mepa 7, Ha3bIBaeTCsl HPSIMBIM 0OGPA30M MePBHI [i.

VYrBepxkaenue 6.27: B yciaosusix reopembl Py6unu (Teopema 6.18), mepa 7. (f§) siBiisiercst abConOTHO
HernpepbiBHOIT: T, (f§) < p.
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HoxkazaresnbcrBo: Eciu Z C M umeer mepy Hyisib, 10 T (f€)(Z) = fg f ‘z = 0 B cujIy 3aMevYaHusI

6.22. Buauur, m,(f§)(Z) = 0 mis 1106010 MHOXKECTBA Mepbl HYJIb. B

[Tpumensisi reopemy Pamona-Hukomuma, Mbr Haxogum, ato 7. (f€) = tu, tae ¢t ecrb uHTErpUpyeMast
GYHKITUS, YAOBIETBOPSIONIAS fu t = fg f. s nokaszareabcTBa TeopeMbl OyOMHN OCTAJIOCH TOKA3aTh,
q9r0 t = @, Tae ¢ — dyHKIWs, onpe/esentas B Teopeme 6.18 (ii).

SameHuB f Ha MOHOTOHHO HEYOBIBAIOIIUI IpeIesl CTyleHIaThX byHKImi f = lim f;, MbI oIy duMm,
qr0 coorBecTBytonue dyukuu t(f;) u p(f;) Toxke MoHoToHHO HeyObIBaIOT. [ToCcKOIBKY MHTErpaJl 1epe-
CTAHOBOUEH C IIPEJIeJIOM MOHOTOHHO HEYOBIBAIONIMX (DYHKIWH (CM. B IIPOIIJIOH JIEKIMN), MbI [OJIyYaeM,
YTO JOCTATOYHO JIOKA3aTh, UTO t = @ jjis crynenyaroir dyuknuu f. Pa3bus f B cuerHyo cymmy Buja
f=>"¢cix(U;), nomyuanm, aro ocraercs Jokazarb reopemy 6.18 (ii) it xapakTepucTrdecKoii yHKImMN
u3mepumoro muoxkecrsa, f = x(U).

Usmepumoe MuOkecTBO B M X N moJiydaeTcsi KaK IIPeieSl CUeTHBIX OObeJMHEHUN IUIHHIPUIe-
CKHX; CHOBa [Iepexo/isd K IpeJiely, yOexKaeMcs, 9T0 JIOCTATOYHO JI0Ka3aTh, 4to ¢ = t s f = x(U),
e U — muuHpuyeckoe MHOXKecTBO. Ho B Takoil cuTyaruu 3TO yTBEPK/IEHUE SBJISIETCS TABTOJIOTHEN
(mpoBepbTe 9T0). MBI 3aKOHYIHIIN JOKA3aTEIbCTBO TeopeMbl Dybunu. m

Guido Fubini
(January 19, 1879 - June 6, 1943)

6.3.3. I'Buyio ®yomaNM

Oy6unn 6b1 yaenukoM JIywmku Bosanku. Beankn 3annmasics quddepennuaabaoil reomeTpueil ojiHO-
POJIHBIX PUMAHOBLIX MHOro00pas3uil, 1 HOJIydmsl UX Kjaaccudukaiuio B pa3mepuoctu 3. lucceprarust
®Oy6unn (1902) 6buia nocssieHa auddepeHIalbHO FeOMeTPUN OJJHOPOJIHBIX MHOr0OOpasuii, HO cpa-
3y IIOCJIe 3aIUTHI Te3UCa OH 3aHSJICS aHAJIM30M Ha CUMMETPHUUYECKUX IIPOCTPAHCTBAX, U OILyOIMKOBAJ

HMY, ocens 2010, BTOpPOit KypC, JeKius 6 - 8 - VERsION 1.1, 05.11.2010



Teopust mepsbr, Jgexmus 6 Mura Bep6I/ILLKI/Ifl

pabory o rapmonmdeckux dyukiusax. Oybunu ycremno paboTaa BO MHOXKECTBE OTPAC/eil MaTeMaTH-
Ki, pu3nKu U uHAKeHepHOro Jena. O npuigyman reopemy OyOuHNu 0 KPATHBIX UHTErPAJIAX U METPUKU
Oyouan-I11lTynu, mojge3Hbie B KOMILIEKCHON aJredpandeckKoil reOMeTpUN.

Y ®y6unu 66LI0 JBa ChiHa, 00a nHKeHepbl. PyOUHN MHOIO BPEMEHHU MTPOBOJIAJI CO CBOMMU ChIHOBbSI-
MM, WHTEPECYSICh NHYKEHEPHBIMU BOIIPOCAMU, U JIayKe Halmcajl yIeOHUK IpHUKJaaHoil Maremaruku. OH
6bu1 eBpeem. Korma B 1938-m rogy Mycconmnu (mocesie nnnddepeHTHBI K eBpeiickoMy BOIpoCy, U
OTHOCHBIIMICS K eBpesiM He 6e3 cuMiaTiu) moj jgasjienueM ['uriiepa oObsiBIII O MPECIeIOBAHIN €BPEEB
n onybaukoBas "Manrudect o pace", @ybuHu pemmi, 9To [Jist OJiara Beeil ceMbr eMy JIydIlle SMUTPH-
pOBaTh, U B CKOPOM BPEMEHH SMUTPUPOBAJI, BMECTE C ChIHOBbsSIMH, cTaB npodeccopoMm B [IpuHcToHe.
@yOuHN ObLT K TOMY MOMEHTY BeChbMa HE3I0pPOB, MHOTO 0oJie)I, n depe3 4 rojga mocjie SMUTPAIUT yMED.

Opyme u3 cerroBelt ['Buyio @younn, FOmkuH, cTail IupeKTOpOM BOEHHBIX HccienoBareseir B [lenra-
rore u 3amecrurenaeM BoenHoro Munucrpa CIIIA; on BoeBaJ BO BTOPOH MUPOBOI BoiiHe (Ha CTOpOHEe
Awmepukn). ¥ Hero 66110 6 gouepeii, cbiH, n 16 BHYKOB.
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