
Àëãåáðà I (2010) Ëåêöèÿ 1 � 7.09.10Àêñèîìû àðè�ìåòè÷åñêèõ äåéñòâèéÎïðåäåëåíèå 1. Ïîëåì (àíãë. �eld) íàçûâàåòñÿ ìíîæåñòâî F ñ îïåðàöèÿìè ñëîæåíèÿ �+� è óìíîæåíèÿ� ·�, óäîâëåòâîðÿþùèå ñëåäóþùèì àêñèîìàì.1) Àññîöèàòèâíîñòü ñëîæåíèÿ a+ (b+ ) = (a+ b) + .2) Ñóùåñòâîâàíèå íóëÿ 0 ∈ F , a+ 0 = 0 + a = 0.3) Âû÷èòàíèå. Äëÿ êàæäîãî a ñóùåñòâóåò ïðîòèâîïîëîæíûé ýëåìåíò −a ∈ F , òàêîé ÷òî a+ (−a) =(−a) + a = 0.4) Êîììóòàòèâíîñòü ñëîæåíèÿ a+ b = b+ a.5) Áèëèíåéíîñòü óìíîæåíèÿ (äèñòðèáóòèâíîñòü) a · (b+ ) = a · b+ a · , (b+ ) · a = b · a+  · a.6) Àññîöèàòèâíîñòü óìíîæåíèÿ a · (b · ) = (a · b) · .7) Ñóùåñòâîâàíèå åäèíèöû 1 ∈ F , a · 1 = 1 · a = 1.8) Äåëåíèå. Äëÿ êàæäîãî a 6= 0 ñóùåñòâóåò îáðàòíûé ýëåìåíò a−1 ∈ F , òàêîé ÷òî a · a−1 = a−1 · a = 1.9) Êîììóòàòèâíîñòü óìíîæåíèÿ a · b = b · a.Â êëàññè÷åñêîå îïðåäåëåíèå ÷àñòî âõîäèò ïðåäïîëîæåíèå 1 6= 0. Ñëó÷àé 1 = 0 ñîîòâåòñòâóåò ïîëþ èçîäíîãî ýëåìåíòà, ìû áóäåì â äàëüíåéøåì íàçûâàòü åãî íóëåâûì.Óïðàæíåíèå 1 Äîêàæèòå èç àêñèîì, ÷òî îáðàòíûé è ïðîòèâîïîëîæíûé ýëåìåíòû åäèíñòâåííû,0 · a = 0, (−1) · a = −a.Îïðåäåëåíèå 2. Íàçâàíèå ìíîæåñòâ ñ îïåðàöèÿìè, äëÿ êîòîðûõ âûïîëíåíà ÷àñòü àêñèîì.�óññêîå íàçâàíèå Àíãëèéñêîå íàçâàíèå Àêñèîìûêîëüöî ring 1,2,3,4,5,6êîëüöî ñ åäèíèöåé unitary ring 1,2,3,4,5,6,7êîììóòàòèâíîå êîëüöî ommutative ring 1,2,3,4,5,6,9êîëüöî ñ äåëåíèåì, division ring 1,2,3,4,5,6,7,8òåëî orps (�ð.)ïîëóêîëüöî semi-ring 1,5,6Íàçâàíèå ìíîæåñòâ ñ îäíîé îïåðàöèåé (+) äëÿ êîòîðûõ âûïîëíåíà ÷àñòü àêñèîì.�óññêîå íàçâàíèå Àíãëèéñêîå íàçâàíèå Àêñèîìûãðóïïà group 1,2,3êîììóòàòèâíàÿ (àáåëåâà) ãðóïïà ommutative (abelian) group 1,2,3,4ïîëóãðóïïà semi-group 1Ïðèìåð. Âåùåñòâåííûå ÷èñëà R, êîìïëåêñíûå ÷èñëà C, ðàöèîíàëüíûå ÷èñëà Q � ïîëÿ.Öåëûå ÷èñëà Z, îñòàòêè Z=nZ � êîììóòàòèâíûå êîëüöà ñ åäèíèöåé (à Z=pZ ïðè ïðîñòîì p � ïîëå).Ìíîãî÷ëåíû K[x℄, ãäå K � êîììóòàòèâíîå êîëüöî � êîììóòàòèâíîå êîëüöî.Íàòóðàëüíûå ÷èñëà N � ïîëóêîëüöî.Òðîïè÷åñêîå ïîëóêîëüöî � öåëûå ÷ñèëà ñî ñëîæåíèåì a⊕ b = max(a; b), a⊗ b = a+ b.Ýëåìåíòû êîëüöà K îáðàçóþò êîììóòàòèâíóþ ãðóïïó K+ ïî ñëîæåíèþ.Íåíóëåâûå ýëåìåíòû òåëà/ïîëÿ F îáðàçóþò ãðóïïó/êîììóòàòèâíóþ ãðóïïó F ∗ ïî óìíîæåíèþ.�ÿä ïðèìåðîâ áóäåò ðàçáèðàòüñÿ íà ñåìèíàðàõ.Îïðåäåëåíèå 3. Îòîáðàæåíèå ïîëåé/êîëåö/ãðóïï (�eld/ring/group homomorphism) � : F1 → F2 � îòîá-ðàæåíèå ìíîæåñòâ, òàêîå ÷òî �(a+ b) = �(a) + �(b), �(ab) = �(a)�(b) (âòîðîå � äëÿ êîëåö è ïîëåé).Óïðàæíåíèå 2 Äîêàæèòå, ÷òî äëÿ îòîáðàæåíèÿ ïîëåé âûïîëíåíî �(0) = 0, à �(1) = 1 èëè 0. Êàêóñòðîåíî îòîáðàæåíèå âî âòîðîì ñëó÷àå?Îïðåäåëåíèå 4. Âëîæåíèå/íàëîæåíèå/èçîìîð�èçì ïîëåé/êîëåö/ãðóïï� îòîáðàæåíèå ïîëåé/êîëåö/ãðóïï,ÿâëÿþùååñÿ òàêîâûì íà óðîâíå ìíîæåñòâ.Ïðåäëîæåíèå 1 Âñÿêîå íåíóëåâîå îòîáðàæåíèå ïîëåé � âëîæåíèå.Äîêàçàòåëüñòâî: Ïóñòü � � îòîáðàæåíèå ïîëåé. Åñëè îíî íå âëîæåíèå, íàéäóòñÿ a 6= b, òàêèå ÷òî �(a) = �(b).Òîãäà �(a− b) = 0, à çíà÷èò �(1) = �((a− b)−1(a− b)) = �((a− b)−1)�(a− b) = 0;îòêóäà äëÿ âñÿêîãî x �(x) = �(x · 1) = �(x)�(1) = 0.



Àëãåáðà I (2010) Ëåêöèÿ 1 � 7.09.10Îïðåäåëåíèå 5.Ïîäïîëå/ïîäêîëüöî/ïîäãðóïïà (subring/sub�eld/subgroup) F1 ⊂ F2 � ïîäìíîæåñòâî, çàìê-íóòîå îòíîñèòåëüíî îïåðàöèé.Îïðåäåëåíèå 6. Ïîëå íàçûâàåòñÿ ïðîñòûì, åñëè îíî íå ñîäåðæèò íåòðèâèàëüíûõ (îòëè÷íûõ îò íóëåâîãîè ñàìîãî ïîëÿ) ïîäïîëåé.Ïðåäëîæåíèå 2 Âñÿêîå íåíóëåâîå ïîëå ñîäåðæèò íåíóëåâîå ïðîñòîå ïîäïîëå.Äîêàçàòåëüñòâî: Òðåáóåìûì ÿâëÿåòñÿ ïåðåñå÷åíèå íåíóëåâûõ ïîäïîëåé ýòîãî ïîëÿ. Îíî îòëè÷íî îò íóëÿ, òàêêàê ñîäåðæèò åäèíèöó.Ïðåäëîæåíèå 3 Ïîëÿ Q è Z=pZ ÿâëÿþòñÿ ïðîñòûìè.Äîêàçàòåëüñòâî: Âñÿêèé ýëåìåíò ìîæåò áûòü âûðàæåí èñïîëüçóÿ åäèíèöó è àðè�ìåòè÷åñêèå îïåðàöèè.
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