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Bregenue.

Necats mer mazan Apuo Bosmwrs omy6mukosar o63op [Bel!, rae
Bcero Ha 16 cTpaHWIax Haj MOMHOE W M3AINIHOE BBEAEHUE B DTOT CIIe-
nududecknnn pasgen aarebpamdeckon reomerpun. Ceromua HAM TIO-
TpebyeTca ropa3no 6oablre OyMaru, maxe eciu TpeanoaaraTh, 9TO
quTaTens 3HaKOM ¢ [Be] (rge yxe HabmogeHa CBA3b 060OGMIEHHBIX -
PYHKIINN C KIACCUIECKUMEI U KBAHTOBBIMUA KOH(POPMHBIMY TEOPUAMUI
o).

B »Tou xuure mui, crenysa crparerun A. Boewmiaa, me npueogum
HU MOTHUBUPOBOK, HU A0KA3aTeIbCTB. OMHAKO 6ce HEOGXOAUMBIE 2€0-
MEMPUUECKUE KOHCMPYKYUY OyIyT MPENCTABIEHbI, & UCXOAA U3 HUX,
YUTATENb YXKE JErKO CyMeeT OTHICKATH (WIM yrajaTh) AOKA3aTelb-
crBa cam. Takum 06pa3oM, HACTOAIIMY TEKCT HE ABIAECTCI MaTEMaTH-
TeCKOM MOHOTpadrer, HO JUIIL KOHCIIEKTOM OOIIMPHENIIEr0 HAIIpa-
BICHUSA WCCIEJOBAHMIZ.

B aGenreBom caytae’ (pUKCAINA JOMOTHATETLHBIX KOMOMHATOPHBIX
JAHHBIX — TaK HA3BIBAEMBIX U-CTPYKTYP YPOBHA k — MOCTABIAET
CIenuaIbHbIe GA3UCH B MPOCTPAHCTBAX CEUYCHUU TEH3OPHBIX CTEIe-
HEell KAHOHWYECKOU MOJAPU3ALUN AKOOMAHA, 9TO MO3BOIAET IPEACTa-
BIATDH CEYEHUA TOJOMOP(PHBLIMEA (PYHKIMAMEA HA «AOETEBOM MPOCTPAH-
crse Mlortkm (C*)? u nucaTs 3aMevdaTerbHBIE ABHBIE AHATUTUIECKAE
(GOPMYJIBI, MIUPOKO UCHOILIYIOMMUECA B YI}IH, TEOPUYN WHTETrPUpPYye-
MBIX CHCTeM ¥ KIaccudeckon MexaHuke (cM. cesuiku B [DKN]).

Hamen measo 6yeT peaqusainus MoL00HOU MPOrpaMMEL B Heabe-
JIEBOM CJay'vae, ITO ABAACTCA IPAKTUICCKUM OTBETOM Ha I/ITOFOBI)II;‘I
Boripoc A. Bosunsa (codpmynuposanusim B [Be] mog momepom 9).

To, 9T0 yX)e caMa kowcmpykyus Y-QYHKIAA ¢ XaPAKTEPUCTAKA-
MU BHYTPEHHUM 00pPa30M CBA3aHA, C MPOUEAYPOU KBAHTOBAHMA (KBAH-
TOBOU TEOPUEN TOMA B PA3MEPHOCTH 1), 0OTMEYAIOCh HEOJAHOKPATHO.

! «Vector Bundles on Curves and Generalized Theta Functions: Recent Results and
Open Problems»

ZMbI HAaZeeMca B GyAyIIeM DPa3sBepHYTH ero B MOHOIEHHYIO MOHOrpadmio «Bek-
TODHBIE PACCIOEHUA HAJ aIre6pamdeCKUMU KPUBBIMI» WM, HA IPUHATOM HBIHYE
B MaTeMaTmieckux kpyrax cienre, «VBAC»

Smanoxennom B 3amevarersuex kuurax [B), [C], [Wi], [F1] u Muorux apyrux



Beedenue 7

Oxa3anock, 0 THAKO, ITO METO Bl KOH(POPMHOU TEOPUH TOA (T. €. Te-
opuu B pazmeproctu 2 = 1+ 1) u crangapTabie Gusndeckue coobpa-
XKEHUA: CUMMETPUUN, 10, YPABHECHUA, CITUBKA JOKAJBbHBIX Jar'DAHXW-
AHOB U T. II. OTKPBLIBAIOT HOBHIE MEPECIEKTUBLI U JAIOT B PYKU CTOJb
5dHEeKTUBHBIE BHIYUCIUTENbHBIE CPEICTBA, O KAKAX «aJaredpandecKkne
reoMeTpsl u He MedTanm (A. Bosuis).



[nasa 1.
MPOLLECC KBAHTOBAHU4

8§ 1 Koncrpykuusa.

[IepBbIz BOIPOC: ITO MBI XOTUM KBAHTOBATH! B reomeTputdeckom
KBAHTOBAHUM' — BTO CHMILIEKTHIeckoe MHOT0ooOpasue (M, w) (da-
30BO€ IMPOCTPAHCTBO KIACCHIECKOU MEXAHUIECKON CUCTEMBI ¢ KOHE-
HBIM 9HCIOM CTemeHen cBoGoxabl) wim Guanrebpa C°°(M) raankux
byuakuny Ha M ¢ onepanuaMu OOBITHOTO (IIOTOYETHOr0) YMHOXEHWA

f1- fo m ecxobrot Ilyaccona:

{flva} = w(HflaHfz) s

rae Hy = w™'(df) — »To raMIIbTOHOBO BEKTOPHOE TOJIE, TTOPOXK ICH-
noe dyukmuen f € C°(M). Ormerum, aTo ycaosue dw = 0 BregeT
BRITIOTHEHUE TOX AecTBa Axkobu ara ckobku Ilyaccona. Ecaiu M kowm-
nakTHO, TO abeaeBa ymHOXeHus Ha C'°° (M) mOCTATOIHO NIA BOCCTA-
HoBreHusa M, a w3 cTpykTypsl anre6pst Jlu ma C°°(M) Boccrama-
BIMBaeTCA w. Takum 06pa3zoM B KOMIAKTHOM craydae mapa (M,w) m
6uanrebpa (Habmogaembrx) C°°(M) cyThb 5KBUBATEHTHBIE OOBEKTHI.

BRST-npenkBanToBaHre — DTO MOMBITKA MOCTPOUTH COOTBET-
cTBuE (), COMOCTABIAIONEE KIACCHIECKAM 00BEKTAM KBAHTOBBIE TaK,
9ITOOBI

e Q(M) = H 6BLO TEILOEPTOBBIM TPOCTPAHCTBOM (BOTHOBBIX
bynkumit);

Lem., mampmvep, [GS1]
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e Q(f) nna f € C°°(M) 6bum GBI CAMOCOTIPAKEHHBIME OTIEPATO-
pamuz Ha H;

® BBIMOJHAICT OBI NpuHyun coomgemcemeous [upaka:
[Q(f1), Q(f2)] = ih Q{ /1, f2}) ; (1.1)

¢ BO3HMKAIOIIEE TAKUM 0OPA30M MPEJCTABICHUE IYyaCCOHOBOU AJl-
re6pur C°°(M) camocOmpAXeHHbBIME OorepaTopaMu Ha H ObLIO
OBI HETTPUBOIUMO.

Ho, cornacao Teopeme Ban XoBa, Takad uAeaTbHad KOHCTPYKIIAI He-
BO3MOXHA B TIPUHITATIE.

JIBa OCHOBHBIX METOIA I'eOMETPUIECKOTO0 KBAHTOBAHMUS OILY CKAIOT
HEKOTOpLIE TPEGOBAHUA U3 MPUBEIEHHOT'O BHINIE CIIUCKA: KBAHTOBA-
uue Cypwe - KocTanTa He gaeT HEMPpUBOAMMOTO TPEACTABIEHUA, & B
KBAHTOBAHUYU BepesmHa HAPYIIAETCA TPUHITUN COOTBETCTBUA, KOTO-
pbiit 6y Ie€T BBIOJHEH JUIIL ACUMITOTUIECKH.

O6e 5TH KOHCTPYKIMK BBOAAT B UCXOMHYIO KIACCHIECKYIO MEXa-
HUYIECKYIO0 CHCTEMY ONUHAKOBBIE TOTOTHUTEIbHBIE JanHbie NPedKean-
mosanus — mapy (L,V), COCTOANUIYI0 U3 KOMIUIEKCHOT'O SPMHUTOBA
auHENHOTO paccaoenus L (¢ dukcupoBaaHOUM 5pMETOBOU (hOpMOn h)
U YHUTAPHOU CBa3HOCTH V HA L ¢ GPOPMOU KPUBU3HBI

Fy =2miw. (1.2)

ITocrennee TpeGoBaHWE HAKIANLIBAET CUIbHOE OrpaHWYEHWE HA HC-
XOJHYIO CUMILICKTHIECKYIO CTPYKTYPY — OHO O3HAQIaeT, ITO KJIACC
KOT'OMOJIOTMH CUMILIEKTUYIECKOU (POPMBI ABIAETCA MENOTUCICHHBIM:

(w] € H*(M,Z). (1.3)

YerBepky (M, w, L, V) MOXHO KBAHTOBATE, O€psA B KA9ECTBE IPO-
bl bl bl )
CTPAHCTBA BOMHOBHIX (DYHKIIUU MPOCTPAHCTBO TJI0OATHLHBIX CEIeHUN

H=T"(L),
CHAOXEHHOE DPMUTOBBIM CKAJIAPHBIM MPOU3BEIEHUEM

<s, s'> = % /M h(s,s') - w"",



10 naea 1. MNpouecc keaHTOBaHMS

rae n = dim M/2 (o6bram0 MpocTpancTBo H momommseTca mo L2-
HopMme). Kaxgon dyukumn f € C®(M) (xkraccmaeckon HaOIOae-
MOM) MOXHO COIIOCTABUTH OIEPATOP

Q(f) =V, +2mi-f, (1.4)

JEUCTBYIOIINU HA, CEUEHUA TI0 TPABUILY

Q(f)(s) =V, (s) +2mi fs.

Hecnox#o npoBepuTh, ITO NPUHITA COOTBETCTBUA [upaka npu 5ToM
BBITIOJIHAETCA, HO TIOMY9aloIIeeca npeacrasienne arreopot Jlu C° (M)
HUKOTa HE SBIAETCA HEMPUBOAUMBIM (a)ke B CAMOM MPOCTEUIIEM
cryaae M = R? = T*R).

I[IpocTpamcTBo H MOXHO Cy3WTh OPU HOMOIIA NOAAPU3GUUL. 110
ompegeneHnio, moaspusanua Ha M — »ro mogpaccaoerue I C TCM
panra rkIl = n = dim M /2 B koMmiekcupuuupoBaHHOM KaCaTeILHOM
paccaoenuu. Ecau noaspusanus GUKCUPOBaHA, TO HA MPOCTPAHCTBO
BOJIHOBBIX (DYHKITUU HAKIAIBIBAETCA €CTECTBEHHOE YCIOBUE:

QM) =HT = {seT>®(L)| Vys =0V vell}.

[Monspusamuu pasamvaioTcs CBOMM PACIOJOXKEHUEM IO OTHOIIE-
Huo K uMeromeica Ha TCM KAHOHMYECKOH BElIECTBEHHOM CTPYKTY-
pe. OGBIYHO UCTTOMB3YIOT ABA «IUCTHIX» KPAMHUX CIYYIad: 68U eCNEEH-
Hy1o noaspudayuio, Korga I = IT, 1 KoMNAEKCHYI0 NOAAPUSAYUIO, KO-
raa 11 u IT TpaHCBepCATHHEL (9TO PABHOCUIBLHO BBIGOPY MOYTH KOM-
IIEKCHOU CTPYKTYPHIL I ¢ TIO =1 )

Boobie roBopst, 04HOTO TOIBKO BEIOOPA MOJAPUIALUA €IIE HE T0-
CTATOYHO [ BKIOYEHUS TPOUEAYPhl KBAHTOBAHUA B KAKYIO-T6O
XOPOIIO M3BECTHYI0 MATEMATUIECKYIO TeOPUio. TeM He MeHee, TaKoe
BKJIIOYEHNE BCE XK€ MPOUCXOAUT B ABYX CIEIUAIBLHBIX CIYIAAXK:

® KOT'Ja BeIeCTBeHHAdA HoJApu3anus I/ BIOIHe MHTErpupyema,
T. €. ABIAETCA PACIpeIeNeHneM KACATEIbHBIX LIOCKOCTEN HEKO-
TOPOTO JTarPAHXKEBA CAOCHUI

M =+ B, (1.5)

o6mmuit coit Koroporo T™ = 77! (bgen) ABIAETCA TATPAHKEBBIM
TOPOM Pa3MEPHOCTH 1
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e KOTJla MOYTHM KOMILIEKCHAsA CTPYKTYypa I, 3aJaiomas KOMILICKC-
HYIO TOJAPU3ANAIO, HTETPUPYEMa, U COTIACOBAHA C W, TAK ITO
mapa (w, I) 3agaer Ha M KelepoBy MeTPUKY XOAXKeBa THa’.

B BemecTBeHHOM CIydae yCJAOBUE WHTETPUPYEMOCTH 3aKTI0IAeTCA

B TOM, ITO JIO0BIE ABA BEKTOPHBIX MOIA 01,0y € [ KOMMyTHUDPYIOT 110
Monymio I1:

[81,82] ellIcTM, (1.6)

T. €. BEKTOPHBIE TIOJIA CO 3HAMeHuAMY B I] cocTaBaaioT mogairebpy B
anrebpe JIu Bcex BEKTOPHEIX MOIEHS.
B koMIiekcHOM ciydae yCIOBHE WHTErPUPYEMOCTHU TOUTH KOM-

IIEKCHOW CTPYKTYPHI | 3a1aeTCA AHANOTMYHBIM yPABHEHUEM:
[181, 182] = [81, 82] + I[I&l, 82] + 1[81, 182], (17)

rjae Mul paccmatpuBaeM I kak cedenue End(T' M), yaosireTsopsiomiee
yeaosuam: 12 = —1, w(0y, [0z) = —w(I01,0) u w(01,10:) > 0.

MeTOrZ[I:I UCCACONOBAHUA 3TUX NBYX CIAYYIACB IIPUHAOICKAT PA3IAT-
HBIM 0OJACTAM TeOMETPUN: BEIIECTBEHHBIE MOAAPU3AIAN OTHOCATC K
reoMmeTpun CI/IMHJIQKTI/I‘{QCKOI?I, TOr'Ia KaK KOMILIECKCHBIC TTOJAPU3 AN
YBOIAT HAC B PAMKHU TeoMeTpun aarebpamdeckoun. Kpanrosanue Ha-
3BIBAETCS NMOAMbLM, €CIU UCXOTHAA MEXaHUIECKad CUCTEMA OJHOBpe-
MEHHO [OIYCKAEeT WHTErPUPYEMbIe oaapu3anuu 060ux Tunos. Takum
o6pa3oM, TOTHOE KBAHTOBAHME OTHOCUTCA K IepecevueHunto airebpan-
YECKOU U CUMILIEKTUIECKOU TeOMETPUN.

1. e. ynosreTBOpanONIyo yerosmio (1.2)

3B obmieM CIydae «KOMMYTAHT» BCEX TAKUX MOJEH ONPeAeIieT KBAJPATHIHYIO
dopmy ma IT ¢ kosdpdunnentamm B HOpMaTbHOM paccaoermn T'M/IT abcomor-
HO TaK ¥Xe, KaKk B KIACCUIECKOU AUB(PEpEeHINATLHON TeOMETPUU OMPENeIAeTCs
BTOpasA KBaApATHIHAL (GOPMa HOBEPXHOCTH, BIOKeHHON B R>
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§ 2 BemecTBeHHAA MOJAPU3ALNA
(cuMmIIekTHYUeCKas reoMeTpus).

Hamomuum, aro nuka T C M Ha3BIBAETCA 4G2DAHHCESHIM, €CIN
dimT = n = dimM/2 n w|p = 0. Takum o6pa3oM, HaHHBIE IPEA-
kBanToBanua (L,V) orpammumBatorca Ha T B TPUBMATBHOE JUHEN-
HOE paccioenue L|p ¢ IWIOCKO CBA3HOCTHIO V|7, MOCKOMBLKY KPUBU3HA
Fy|r = 2miw|r = 0. Knaccsl karmnubpoBOYHON 5KBUBATEHTHOCTH ILIOC-
KUX DPMATOBBIX CBA3HOCTEN COOTBETCTBYIOT, KAK M3BECTHO, VHUTAD-

HBIM XapaKTepaM (yH aMeHTATLHON TPYIIIbI|

m(T) =~ U(1). (1.8)

OnPEAENEHUE 1. Ecim x = 1, T. e. orpannuenue L|7 o6ragaer koBa-
PUAHTHO MOCTOAHHBIM YHUTAPHBIM CEIYEHUEM, TO JarpaH)es uka T’
Ha3BIBAETCA O0p-30MmmepPesbdosbim.

Yro6wI «yOUTEY XapakTep PpyHIaMEHTAILHON IPYIIILI, He0OX0 [1-
Mo Hanoxutb rkHq(T,7) ycaoBuil, 1 MBI MOXEM OXWUAATH, ITO KO-
Pa3MEpHOCTH TOACEMENCTBA GOP-30MMePHENbIOBLIX IUKJIOB B OOIIEM
CEMENCTBE MarPaHXEeBhIX OUKJIOB OyaeT MMEHHO Takou. Kpome Toro,
HETPYAHO BHIETb, ITO €CIM TIAIKAU Gop-3oMMepdensbaos muka 1
[ETUKOM CONEPKUTCA B HEKOTOPOU okpecTHoCcTH [lapby— Benncrenna,
IPYToro riaagkoro 6op-soMMepdersqoBsa MukIa T, TO >TH ABa IUKIA,
00643aTEIHFHO UMEIOT HETPUBUAILHOE IIEPECEICHUE.

JlarpamxeBbl cou BemecTBeHHOU noaspusanuu (1.5) npexcrasms-
0T COOOM CEMENCTBO JarPaHKEBhIX INKJIOB, MapaMeTPU30BAHHOE T1-
MepHOH 6asoit B. Iockonbky obmmi cion T = 17! (bgen) ABIACTCA
n-mepabiM Topom, tkH1 (T") = n = dim B. Takum 06pa3zoM, MHOXe-
CTBO 6Op-30MMepdEIbIOBLIX CIOEB B DTOM CEMEUCTBE AUCKPETHO, U
ecau B KOMIIAKTHO, TO B HEM BO3HUKAET KOHETHOE MHOXECTBO GOp-
-3oMMepdensnoBuix Todek BS = {by, be, ..., bj} C B, orBevaomux
TakuMm caoam (cM. puc. 1). B aToMm ciaydae MBI ompemenuM npocmpan-
CMBO BOAMOBHIT HYHKYUT NEPB020 YPOBHA KAK MPAMYIO CYMMY KOM-

'ep. ¢ mpegr. 1 u3 § 5 ruaber 2
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JIEKCHBIX TIPAMBIX:

QM) =H.E P C-s,
beEBS

rJe $p — KOBAPMAHTHO TOCTOAHHOE yHUTapHOe cetenne Ll —1(;) (oHO
OTIpPEeeTACTCA OJHOZHATHO ¢ TOYHOCTBIO N0 (hA30BOTO MHOXKUTEN 3

0000

Bop-30MMepdensIoBEL TOPEI

Bop-30MMepdens10Bb! TOUKU

Puc. 1. Bop-3omMepdensa0BL caou

PaccmoTpum Teneps k-Tyio TEH30PHYIO CTENEHb Lk|T pacciaoeHus
npenkBaHTOBaHUA L m o6o3HaduM 4depe3 Vi BPMUTOBY CBA3HOCTD,
KAHOHUYIECKN MHIYIXPOBAHHYIO HA HEM CBA3HOCTBIO IPEIKBAHTOBA-
wus V ua L. Ycrmosus Bopa— 3omMmepdensna I0MyCcKaioT Caeqyoiee
pacinpeHue.

OnPEAEMEHUE 2. Ecmu LF|7 o61agaeT KOBAPHAHTHO MOCTOSHHBIM OT-
HOCHTETbHO V), yHETAPHBIM cedenmeM (T. e. X© = 1), To marpamkesn
nuka T HaswIBaeTCA O0p-30MMmepPeabdodbim YposHa k miu, KOpode,
BS;-yux.aom.

Paccyxpgas, kax BbIe, MbI YBUAUM, 9TO TOAMHOXecTBO BS, C B
KOHEYHO, W OIpeleInM COOTBETCTBYIOIIEE MPOCTPAHCTBO B0AHOBHIT
Pymnryutd yposus k Kak TPAMYIO CYMMY KOMILIEKCHBIX MPAMBIX:

QM) =HE P C- s,

beBS,
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rae Sp ABAAIOTCA KOBAPDUMAHTHO NOCTOAHHBIMU YHUTAPHBIMU CCYICHUA-
mu orparnmaennit ((LF, Vk)|z-1(5))- Boree Toro, BPU-KOHCTpYKIIA 13
§2 rmaBbl 8 KAHOHMYECKUM CHAOXKAET DTU MPOCTPAHCTBA SPMUTOBOU
CTPYKTYpOMU, ompeneneHHon no Mmoxayao neuctsusa U(l) Ha cevenus
sp (em. cTp. 155).

VMes meno ¢ KOHKPETHON KIACCHISCKON TUHAMUIICCKON CHCTEMOR
(M, w), xoTenock OB OXUAATH, 9TO PE3YALTAT KBAHTOBAHWUA HE 3a-
BHUCHUT OT BLIOOpA KAKHX OLI TO HU OLLIO JOMOJHATEILHLIX CTPYKTYD
Bpoge L, V, m win I. [Ipegsiaymmas KOHCTPYKIUA TPOCTPAHCTB BOJ-
HOBBIX (DYHKIIUU H,; C TOUHOCTHIO A0 CABUrA XapPAKTEPOB HE 3aBU-
CHT OT CBA3HOCTHUZ, & TOIBKO OT ee (pOPMBI KPUBU3HBI, KOTOPAA €CTh
2TMiw, HO @ Priori 3aBUCUT OT BBHIOOPA BEIIECTBEHHOU MOJAPU3AINU
. Tem Gomee 3aMeIATEALHLIM ABIACTCA TOT (PAKT, ITO NPOEKMUBU-
30YUs TTPOCTPAHCTRA, BOMHOBLIX (PYHKIIMUA OT BHIOOPA, BEIIECTBEHHOU
MOMAPU3ANNAN HE 3aBUCHT!

Kax mokazar B. KocranT®, g1a mo60ro pyroro IarpaHiKeBo-
!
™
ro paccioeaua M —— B’ umeeTca kanoHUIECKOE (C TOTHOCTBIO [0

CKAJIAPHOTO MHOXWUTENA) DPMUTOBO CHapuBaHme MeXny Hp u Hgr,
IO3BOJAIOIIEE OTOXACCTBUTH UX MPOCKTUBU3AIIUN:

ITO MaeT HAM MPABO MOHUMATH MPOCTPAHCTBA BOJTHOBLIX (DYHKIIUN
H, WMEHHO KaK Pe3yIbTaT KBaHTOBaHMA mapsl (M, w).

ZxapaKTep X ONpeeIaeTca KIACCOM KaTMOPOBOTHOM HKBABATCHTHOCTH CBA3HOCTI
V u =Ha omHocBa3HOM M omHO3HAYHO ompenerseTca OpMON KPUBU3HEL, B HEO.-
HOCBA3HOM CIydae Heo6XOguMo emre 3abukcupoBarh saemenT u3 H' (M, R) (cm.
HIXKE)

3cm., mampumep, [JW2]
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§ 3 KesrepoBo KBaHTOBaHUE
(anrre6panmyeckas reomerpus).

B »TOM cIydae maHHBIC TPEIKBAHTOBAHMUA OGPA3yIOT HUETBEPKY
(M,w,V,I), B xoropou napa (w,l) onpenerser Ha M CTPyKTypy
KOMILIEKCHOTO MHOT0O6GPa3ua 1 KeIePOBY METPUKY € KeIepoBOu (hop-
MOH, MPOMOPIUOHATLHON w. B 9MaCcTHOCTH, w, a 3HAYAT, U KPUBU3HA
ceasaoctn V Ha L, mmetor xonxes Tun (1,1), mosTomy CBA3HOCTH
OPeIKBAHTOBAHUA ONpEAeIAeT Ha L CTPYKTYPY 2040Mop@ro2o pac-
croerusa' . TTo Teopeme Kogaupser (1958), HeI0MHCICHHOCTE KIACCA KO-
romosormii Kemeposoit dpopmsr [w] € H2(M,7) o3HATAET XOAKEBOCTD
KenepoBou meTpuku. Takum obpaszom, M ABIAETCA TPOEKTUBHBIM
anrebpamdeckuM Muoroob6pasmeMm, a L = Ojpr(1) sagaer kmacc ero
CUMEPIIOCKUX CEYEHUU, T. €. KOMILIEKCHASA TOJAPU3ANUA TPUABOIUT
HAC K aIre0panveckon reoMeTpun!

[TpocTpaHCTBO BOMHOBBLIX (PYHKIIUU B DTOM CJIy9ae MPEBPALIACTCA
B MIPOCTPAHCTBO 2040MOPPHbIE cedenunt paccaoenus L:

Qr(M)=H; = H°(M;, L).

DpmuToBa hopma Ha L maaynupyer spMuToBy dopmy Ha H (M, L),
T. €. OTOX J€CTBJICHUE

H;=H(M;,L) ~ HO(M;,L) . (1.9)

[IpoexkTuBmzanusa P (H O(Myj, L)) ABIAETCA KIACCUIECKUM TPUMEPOM
noanoti auretinoti cucmembt Ha, M7, m crangapTHas aaredpo-reoMer-
pUteckas KOHCTPYKIMS 33a1aeT roIoMopdHOe 0TOOpa)eHue

My —2 P (HO(M;, L))

KoTOpoe B KoMOmHaruu ¢ (1.9) u cMEHOM KOMILIEKCHOU CTPYKTYPBI
Ha, CONPAXEHHYIO mepeBoauT M| B MPOEKTUBU3ANNIO TPOCTPAHCTBA,
BOJHOBBIX (DYHKITUN:

M, - IP’(HO(MI,L)> . (1.10)

ear., mampmvep, [GH]
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O6passl Todek M; 10 AEUCTBUIO >TOr0 OTOOPAXKEHWA HA3BIBAIOTCA
KO2EPEHMHbIMYU COCMOARUAMY .

Anamoruvyno, 6epsa roJoMop@HBIE CEUYeHUA TEH30PHBIX CTEMeHen
LF paccroenna L, MBI IIOIy<YaeM OpOCTPAHCTBA BOTHOBBIX (byHKIIHIA
ypoBHA k:

HE = HO(M;, LF) (1.11)

st kax goro meqoro k > 0. Takum 06pas3om, J1060€e CUMILIEK TUIECKOe
mHOrOOGpasme (M, w), moarexamee MOIAPU3IOBAHHOMY aiarebpamde-
ckomy muOroob6pasuio (M, Or(1)), nopoxgaeT HAGOP IPOCTPAHCTB
somHOBBIX yrxumia H(M;, O(k)), sasucamuit a priori orT BeIGOpa
KOMILIEKCHOU CTPYKTYPHI.

HamoMH®M, 9T0 TIpK JOCTATOYHO 60mbmmx? k oTobpaxkenns (1.10)
ABIAIOTCA BIoKeHmamu, u dim HO(M7, Lk) ompeaenseTcsa mo popMmye
Pumana— Poxa 4epes «mcTo Tomosormvueckme maBapuanThl M u L.
CTpemieHne K reOMeTpUIeCKOU TapMOHUHT TPpefyeT OT HAC OTBETA HA,
KJIIOYEBOU BOMPOC: 3ABUCUT JU MPOEKTUBU3AIMUA DTUX MPOCTPAHCTB
OT BBIOOPA KOMILIEKCHOU CTPYKTYpbl? NHBIME CIOBAMY, ABIACTCA JU
HAIlle KBAHTOBAHUE KIACCUIECKOU MeXaHm4IecKou cuctemsl (M, w) yc-
TEIIHBIM, B TOM CMBICJE, ITO

o (PH(My, L))

« oI =0»7?

PasBepHyTas MaTeMaTHIECKA KOPPEKTHAA (DOPMYIUPOBKA DTOTO
Bompoca Takosa. O6ozuauM wepe3 M MEOrOOGpasme MoLyaeH (B al-
re6po-reOMeTPUIECKOM CMBICIE) MOMAPU3OBAHHBIX AICeOPAMIeCKUX
muoroo6pasuin (My, Or(1)). Tlo Teopeme Komanpsr mag M mmeerca
BEKTOPHOE PACCAOCHUE

Vi — M, (1.12)

croem kotoporo: p (My, Or(1)) = H°(M;,O;(1)) asasiorcsa romo-
MOpP(HBIE CEICHUA PACCAOCHEA MOMAPU3ANAA. [[PEILIAYIAN BOIPOC

’m.e. 6 weazuxaaccuueckom npedeae, Korma 1/k — 0; oTMeTHM Taxxke, UTO B
kBaHTOBaHWZ Bepesmna, rae Bmecto omeparopos (1.4) dymkummam f € C°(M)
comocTaBImIOTCa menauyesbi oneparoper Ty wa HO (M7, L*) (cu., manpumep, [R]),
coorsercrrue [upakxa (1.1), HapymerHOe TIpU MH060M KOHEYHOM K, BHITIOJHACTCA
ACUMITOTHUYECKH Ipu k — 00
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CBOJUTCA K CYHIIECTBOBAHUIO MpU k > () MPOEKTUBHO IIOCKOU TO-
aomopdHON cBa3HOCTH HA V. Takas MOCTAHOBKA 3aJa9M SABIAETCA
COBEPIIEHHO HOBOM B PaMKaxX aareOpamvdecKon IeOMEeTPAN, U IIPeX Ie,
TeM pacCMaTPUBATEL €€ BO BCEX METAIIX B WHTEPECYIOIeM HAC TacT-
mOoM caydae dim M = 2, mpuBegeM HECKOIBKO 3aMEYaHUun 0OIIero
XapaxTepa.

1)

Ecau paccaoenme V' monmyckaeT roaoMopgHYIO IPEKTUBHYIO IO~
CKYIO CBA3HOCTB, TO €r0 MOJIWHOM 1epHa mMeeT BU[

cv(t) =1 —c- ) rne ce HX(M,Z) , (1.13)

u B qacTHOCTH, ¢1 (V) = rkV - ¢, uTO HaKIATBIBAET OYUECHD XKECT-
KVe OrpaHuYICHUA Ha TOHOJIOFI/I‘IQCKI/II;‘I THUII 3TOTr'0 PpaCCIOCHUA.

Bce u3BecTHBIE KTACCHIECKUE KOHCTPYKIUA IOJIOMOP(MHBIX TIPO-
eKTUBHBLIX IUIOCKUX CB3SHOCTEU MPUBOIAT K DPMUTOBLIM CBA3-
HOCTAM, HO B HeabemeBOM caydae (Hambonee MHTEPECHOM I
HAC) TOT (HAKT B 0OLIEM BUE IO CUX [OP HE YCTAHOBIEH.

Ecan uckomas cBssHocTh Ha paccaoenuax (1.12) cymecTsyer,
TO OHA MHAYIHUPYET Ha Vj, HEKOTOpOe mone Xurrca.

Xorsa pacciaoenue Vi u roIoMOP@HO, MBI BIIOJIHE MOTIH GBI TIPe-
MOMOXUTh, ITO UCKOMAA MPOEKTUBHO IIOCKASA CBA3HOCTDL HA Vi
MOXeT ObITh u He ronoMopdguou. OIHAKO, B KOHTEKCTE KOH-
(GOPMHOU TEOPUU TOAA OHA HEOOLOOUMO ABAAEMCA 2040MOPP-
HOT, XOTA 33 HETOCTATKOM BPEMEHU MbI BHIHY X IEHBI OCTABUThH
06CyX IeHUe 3>TOT'0 BOMPOCA 33 PAMKAME 3TOTO KPATKOT'O KOH-
CIIEKTA.

HekoToprie dusmyaeckue 3aJa9m ¢ CAMOTO HAMATA MPUBOAAT K
IPOEKTUBU3AIAAM TPOCTPAHCTE BOTHOBBHIX (DYHKIMEU, W TOTIA
BMECTO BEeKTOpHOrO paccaoenus (1.11) BosmmkaeT npoexmus-
Hoe paccaoenue, KOTopoe (faxe B 66CKOHETHOMEPHOM CIydae,
rjie TUILOEPTOBLI BEKTOPHBIE PACCIOCHUA BCET[a TOTOIOT Y-
CKVW TPUBHAMBHBI) HE ABAACMNCA, BOOOIE TOBOPA, MPOEKTUBU-
3aIMell HIKAKOTO BEKTOPHOTO. [[pemATCTBHAA JeXAT B TpYyIIe
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Bpayepa H?(M,7Z), KoTopas JOCTaBIZeT HETPUBAATHLHBINA AHA-
aor K-dyukropa Aronm.

8§ 4 Pacmiupennas Teopus Kogaunpei—Cuoencepa.

Teopusa gedpopManuil KOMILIEKCHBIX CTPYKTYpP Oblia paszsuTa Ko-
maupou n CreHcepoM MHOTO JeT Ha3ald. TeopeTUdecK, Iid aHATA3A
YCIEIIHOCTHY KeJePOBOT0 KBAHTOBAHWA HAM HAJIO PACHIAPUTD DTy Te-
opuio 10 Teopun nedopmaruu Tpoek (I, Ly, s), rae I — unTerpupye-
Mas KOMILIEKCHAA CTPYKTYpa, Lj — roioMopdHOe JTUHENHOE PACCI0e-
uue, a s € H°(L;) — ero romomopduoe cevenne. Takaa pacmupesHas
Teopus HauboIee MOMHO IpejcTaBieHa B [W].

s magana paccMoTpuM MHOPUHUTEIUMAIHLHYIO MedOPMAIAIO I
KOMILIEKCHOM cTpyKTypsl 1. [Tuddepernupya [2 = —1, BugmM, 910
IT+1I=0,r. e

e (M;,TH0), (1.14)
7, Kak 1 oOuraabin auddepennuan berbTpamu, TpeacTasigeT cobow
IPOEKIMIO COGCTBEHHOTO (—1)-MOATPOCTPAHCTBA onepaTopa I Ha ero

co6cTBeHHOe (+1)-IOAIPOCTPAHCTBO. JIMHeapu3anus yCcIOBUS WHTe-
rpupyemoctu (1.7) nokaseiBaer, 9To

@12 =0. (1.15)
[IpeamomoxuM Temnepnb, YTO BHITOJHEHBI CICIVIONINE YCIOBUI:

1) x1acc mOMAPU3ANNM TEINT AHTUKAHOHWYIECKUN K1ace K MHOro-
obpasus My, r.e. —[K|=n[ci(L)];

2) ceasuocts Jlen— Yusura keneposon merpuku wl va M; wamry-
nupyeT Ha K CBA3HOCTD, MPOMOPIUOHAILHYIO YHUTAPHOU CBIA3-
HOCTHU TIpeIKBAHTOBaHUA V Ha L;
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3) k>0, rak aro H (M7, O(K/2 +k-ci(L))) =0mpui >0, u
(k+n/2)w (1.16)
ABIAETCA CHAMILIEKTHIECKON KeIepOBOr (POPMOR

(mampumep, 510 Tak, ectu M aBagerca muOroobpasmem DaHO WH-
nexkca n u L = O(k)). B sTux npegmonoxeHunax gedopMamus KOM-
IIEKCHOU CTPYKTYPHI | MPEACTABIAETCA B BUJE CBEPTKHA

(k+n/2)wsWy =1

keaepoBoit popMer (1.16) ¢ HEKOTOPHIM IVIAJIKAM CedeHmeM '

Wy € I®(S*THOMy) € (S*TMp)*° (1.17)

BTOPOU CUMMETPUIECCKON CTEIEHN T'OJIOMOP(HOTr0 KaCATEILHOI'O Pac-
croerua. B camom gere, I(T%') C T™O, a cummiexTuyaeckas popma
(1.16) mmeer Tun (1,1) n, Kak JMHENHBIN OIEPATOD

(k+n/2)w

Tl,O D TO,l Ql,O D QO,I

mocermaer TH0 8 Q01 a 701 8 Q10 rax uTo xommozmmums

def 1

7
0 kE+n/2

Tow!: Qb0 — 710 (1.18)
7 ABIAETCA CUMMETPUIECKUM TE€H30pOM TpeOyeMoro THIa.
Temneps JOMYCTUM, 9TO —-yMHOXEHUE HA, KIACC KETEPOBOU (POPMBI

(1.16):
s [(k+n/2)w]: H (M, TY) — HY(M;,0) (1.19)

aBaAeTCa uzomopPusmonm (Rampumep, 3o Tak, korga HO (M, TH0) =
H'(M;,0) = 0, mm xorga M ABIAETCA TOIAPI3OBAHHLIM A0eIeBEIM
MHOrOOGpasueM). B »ToMm mpeamnosoxenun roroMopdHas CTPYKTYpa
Ha JUHEMHOM paccaoenun L He qo6aBiseT cOGCTBEHHBIX TAPAMETPOB

1yror BaXKHBIM TEH30p GBLT BBEJEH YeaTepcoM B [W], 4T0 MBI 1 mOg4YepKUBaEM
0603HaYEeHHEeM
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npedopmanuy npu gedopmanun KoMmrekcaon I va M, m Ham ocTaeTca
TOJILKO MCCICAOBATEL AedOopMAINy FOIOMOPGHLIX cedennn L.

Hamomuwm, aTo rosomopdHuas cTpykTypa Ha Lj 3amaeTcsa CBA3-
HOCTBIO IPEIKBAHTOBAHUA V, KOTOPYIO MOXHO Pa3JOXUTEH IO TUTAM
kak V = V04 VOl ¢

1l

1441
vio —
2

vlo
2

v, V.

Cuenys H. XuTumny, paccMOTpuM UHPUHATE3UMAIBHYIO AedopMa-
mmo a romomopdroro ceuernus s € H(Mj, L) B mexoe cevenne,
roJoMOp¢HOE OTHOCUTEILHO NHGUHATE3UMAILHO e OPMIPOBAHHON

crpykTypst (I + I). luddepernupys ycaosue roroMoppHOCTH:
(1+il)Vs =0,
HOTy9aeM ypaBHEHTE
i IV =vola, (1.20)

B KoTOpoM a € [°°(L) mumeiino sasucut ot s u I 1 IpescTasiser co-
601 «KOBAPMAHTHYIO TMPOU3BOMHYIO» S OTHOCUTEIHHO MCKOMOUW HAMMU
cBasHOCTH Ha paccaoenuu Vi u3 (1.11). [taBHBIM HaGmIOeHEEM pac-
mmpennon Teopun Koganper - Criencepa ABAIeTCA KOTOMOJOT AT CKAS
uaTepnperanusa ypasuerus (1.20). [as ee momyveHus HALO IPOWH-
TeprpeTupoBaTh o6e JacTu (1.20) B Tepmmmax myuka D'(L) poct-
KOB AU PEepeHInaIbHbIX OMEPATOPOB MEPBOr0 MOPAIKA, AEUCTBYIO-
MIUX Ha ceveHmax L.

Mo Teopeme Atnu (cm. [A2]), paccroenne nepseix mxeros J! (L)
JUHEUHOT'O PACCIOCHUA L 3aMaeTCA pAITUPEHUEM BUIA

0— oL — JY(L) — L —0, (1.21)

oTeeatomm Komukay [c1 (L)] = [w] € HY (M, Q"0). Takum o6pazom,
ny4sok D!(L) = Hom(J!(L), L) Bkm09aeTcsa B TOTHYIO TPOUKY

0— O — D' (L) — T"" — 0,
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3a/1aBaeMyI0 KOUUKJIOM —|w]. [J1mHHAA KOroMOoJIOrmYecKas MOCAe0-
BATEIBHOCTD DTOM TPOUKM PACHANAETCA HA ABE UACTH, PA3IeTCHHBIC
uzomopdusmom (1.19):

0 — H(M;,0) — H°(M;,D'(L)) — 0

1.22
0 — H'(M;,D"(L)) — H' (M, T"") — - (1.22)

[TepBas m3 HUX TTOKA3BIBAET, UTO KAXKABIA TMOGATILHO OIIPEETCHHBIN
roroMopdHBI qud@epeHnuaIbLHbIN onepaTop Ha L ABIAETCA YMHO-
HCEHUEM M KOHCTMAHMY, & BTOPAA BICUET UHBHEKMUBHOCTL 0MOoOpa-
HCEHUA CUMBOA:

HY(M;, DY(L)) — HY(M;, T™?) . (1.23)
Ceuenne s € H°(Mj, L1) ompegenseT roMOMOPMU3M BHIMACICHIA 3HA-

qeHua nuddepeHnnaIbHOro OnepaTopa:

ds . Dl(L) D—Ds

Jlunenabie napuAUTE3MMATBEBIE Reopmanun Tpouku (I, Ly, s) B3a-
MMHO OJHO3HATHO COOTBETCBYIOT KIACCAM THIIEpKOroMoaorun H ﬁ(ds)
IBYSIEHHOT'O KOMILIEKCA,

d
0— D' (L) = L—0. (1.24)
Kax agpm kaacc runepkoromoaoru B H i(ds) peanusyerca 1-KOmuKI-
OM TOTAJBHOTO KOMILIEKCA, ACCOIUUPOBAHHOTO C IBOMHBIM KOMILIEK-

COM
+ds

C*(U,DY(L)) c*u,r),

rae U — HEKOTOpOoe MOKPBITHE Uexa, W MpPeACTABIAETCA TAPOU
({3}, {ai;}) e C°(U, L) ® C* (U, D' (L)) . (1.25)

Cl'[eKTpa.JII)Haj{ ToCae10BaTCIBbHOCTD 3TOTO ,Z[BOEIHOI"O KOMILIEKCA IIPO-
U3BOOUT NATUWICHHYIO TOYHYIO IIOCJIEOTOBATEIbHOCTD

H°(M;,DY(L)) = C — H°(L;) — H}(dy) —
—— HY(DY(L)) — HY(L;) — ---. (1.26)
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C mpyrou cropomnsr, (1.24) onpenenser TOUHYIO I€TBEPKY
0 — ker(ds) — DY(L) — L — coker(ds) — 0, (1.27)

1 BTOpaA COEKTpaJJdbHaA IMOCACTOBATEIbHOCTDb OTaeT

0 — H'(ker(ds)) — Hj(ds) —
—— H%coker(d,)) — H?(ker(d)) .

Herpyauo sugers (Beren 3a Yearepcom [W]), aro HOCHTENH

Supp (coker(ds)) = Sing ((s)o)

COCPENOTOYEH B OCOOBIX TOYKAX TUBH30DA HYJIEU CEUCHUA S U MOXKET
ObITH OYEHb MAJEHBKMM. B 9aCTHOCTH, €U IuBU30D (8)o MIagKui
(T.e. B obmemM caydae), TouHas derBepka (1.27) Ha mene aBiasercs
TOYHOU TPOUKOU.

Bepuemcsa Teneps x ypasaenuio (1.20). U3 (1.14) u (1.15) zerko
YCMOTPETB, ITO

(5(ifV1’0)>0’2 =0. (1.28)

Taxwum o6pasom, ypasrerme (1.20) Bcerga paspemmMo OTHOCHTETb-
HO a 1o aemme [Torb60. UTOGH M3BACTL U3 HETO CBA3ZHOCTD, MBI WH-
repupernpyem —a u i I V10 € Q01 (M, DY(L)) xax (0,1)-popmer co
smaqenmavu B D! (L) u pacemorpum kommaexc? C* :

c™ = Q%™ (M;, DY(L)) @ Q™1 (M, L;)
(1.29)

(D,a)—(dD,da+i™~ ' Ds) cm+

ds : C™

Torga B cury (1.28) u (1.20) mama mapa (i I VY0, —a) € C! apna-
erca l-komukaom: d(i IV, —a) =0, 1. e. mo6oe pemenue (1.20)
OTpefieIAeT HEKOTOPLIH rumepKoromMosornieckuit krace B Hj (ds).

Tenepb, 414 TOro ITOOBI MOCTPOUTH TPOCKTUBHYIO CBA3HOCTH HA,
BEKTOPHOM paccroernn roaoMopduerx cevenmin (1.11), mam mocra-
TOYHO TOCTPOUTEL OTOOPAKEHUE

QOL(M7, T) @ H(M;, L) —v HL(d,) , (1.30)

2paBencTBo d2 = () BEITEKAET M3 yCIOBHA roaoMopduocTr 0s = 0
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KOMIIO3UIINUA KOTOPOro ¢ eCTECTBECHHBIM OTO6pa,)KeHI/IeM CUMBOJIa,
1 o 1 1,0
H(dy) —Z H' (M, T0) (1.31)

MepeBoIuT JTIO0YI0 mapy (I,s) € QL (M;, %) @ HO(M;, L;) B koro-
monormaeckmit krace [I] € HY(My, TH0).
JleiicTBUTEMbHO, IPEAcTaBUM Kiace w3 H) (d,) mapoi (1.25):

(D, s') € QY (M;, DY(L)) ® Q°°(M;, Ly) .

Torga (BBUAY MHBEKTUBHOCTY CEMBOILHOTO oToGpaxenus (1.23)) u3
KOrOMOIOrmIHOCTH cuMBOI0B —i o(D) m i I V0 Brimexaer xoromo-
JOTMYIHOCTH camux »>Tux omeparopos B Q0 (M, D'(L)), . e. cyme-
crBoBanme TI06ambHOrO omepatopa D € QY(M;, D'(L)), Taxoro uro

OD=D—ilV'0.
U3 yenoua korukauanoctu dg(D, s') = 0 (em. (1.29)) BoiTexkaer, 9To
Ds+8s' =iIV"s + 9(Ds + 5",

T.e. —a = Ds + s’ apngerca pemenuem ypasuenus (1.20).

Tak Kax [/ T00LIX IBYX PEIIEHUN a1, ao ypasHenus (1.20) rumep-
komukast (i I VY0, —a;) m (1 1V, —ay) koromomormmer, ux pas-
HocTh mMmeet Bug (0, a1 —ag) = dsD'. I3 onpenenenus dg (cm. (1.29))
BeITeKaeT, aro 0D’ = 0, u cTamo GuITh a; — as = S, ITOCKOTBKY
KAaX IbIA TOJOMOP(MHBII OMEPATOP MEPBOrO MOPATKA ABIACTCA YMHO-
XKEHMEM Ha HEKOTOPYIO KOHCTAHTY. | €OMETPUYIECKN 3TO O3HAYALT Ha-
JITIME TOMOMOP(MHON CBAZHOCTH HA TMPOEKTUBU3AIMN BEKTOPHOTO PAC-
croerus (1.11).

Wrax, HAM OCTAETCA JUIIL TOCTPOUTL oTOOpaxenue A 3 (1.30).
OHO KAHOHWYECKW WHAYIUPYETCA TOJOMOPGMHBIM CUMMETPUYECKUM
remsopom Wy ms (1.18). Pacemorpum mywox D?(L) romoMopdHBIX
nuddepeHInaIbHbIX OIePATOPOB BTOPOro mopagka Ha L, 3amaBae-
MBI CTAHIAPTHBIM PACIIAPEHUEM

0 — D'(L) — D?*(L) — S*(T"%) — 0, (1.32)
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u aHagoru9Hb (1.24) IBYy<IEHHBIN KOMILIEKC
2 d;
0 — DXL) % — 0,

muddepeHnran KOTOporo BHIYUCIAET 3HAYEHHUE OMEPATOPa Ha Cede-
o s € HO(My, Ly). Tounas TpouKa ABYWICHHBIX KOMILIEKCOB-CTO-
JOIIOB:

0 — DY(L) — D*(L) — S*(T™") — 0

i,

MOPOX AAET TOYHYIO MOCIEAOBATENLHOCTh TUIEPKOTOMOJIOTAN:

=

0 —— HY(dy) — HY(d) —
—— HO(My, S2(T™0)) —+ H}M(dy) — HM(d) —

)

(1.33)

COTIACHO KOTOPOW BCAKAsA TOJIOMOPdHAsS KBaApaTuIHAA GopMa Ha Ka-
CaTeTLHOM PACCIOEHUN ONPENeNseT HEKOTOPBIU (BO3MOXHO, U TPUBH-
ANBHBIN) OJHOMEDHBIN KJIACC THOEPKOTOMOIOTUE (>Ta KOHCTPYKIIWA,
pasyMeeTcs, 3aBUCAT OT BBIOOPA CEYEHU S, TIO3TOMY MbI U 0003HA-
YWIM MHTEpecyollee HaC 0ToOpax)enue depes ¢g). Kommosunusa ¢ ¢
orobpaxenuem cuMBoaa o (cm. (1.31)) maer romomopdusm

HO(My, S2(T)) 2o 1 (M;, T,
KOTOPHIN YK€ He 3aBUCHT OT S, HOCKOIBKY"
ML(W()) = —WU * [Cl(L)] + HO - (134)

Tak kak kaacc pacumpenus (1.21), 3agaromero mydok KXeTOB, pa-
BeH TIONOBWHE KaHOHmIeckoro kmacca: [Kyr,]/2 € Qb xommrexcro-
ro MHOrO06pas3ua M (OH 3aBUCAT TOJBLKO OT W W HE MEHAETCA IIPU

3popmyiry (1.34) ecrecTBeHHO GBLIO GBI HA3BATH (KOTOMOOIIICCKIM Y PABHEHIEM
TeIJIONPOBO JHOCTMY: HA MOJAPU30OBAHHOM abereBoM MHOrooOpa3uu oToOpakeHue
[0 TPUBUAILHO, KaK U Bce pacumperus D" (), mosTOMy BCe KOrpaHWIHBIE TO-
MOMOD(MU3MEL B 3TOM CIy4ae TPUBHUAIbHBI
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BapUALMN COTMMIACOBAHHON C W KOMILUIEKCHOM CTPYKTyphI), u3 (1.18)
BeITeKaeT, IT0 uo(Wo) = —Wo x [Kar, /2] =

pr(Wo) = =Wo x ([er(L)] + [Kar,]/2)

(pasymeercs, 5Ty GOPMYJILy OpU XEJAHUA MOXKHO IIEPENucaTh Goree
«IBHO», IIPpEOACTaBUB BCE€ KOT'OMOJOTI'MYIECKUE KJaaCChI le)OpMa,MI/I n ncC-
IONB30BAB ABHOE BHIpAaXeHWe M cBA3HOCTHU JleBu— YuBuTa Ha TeH-
30PHBIX paccaoenusx, cm. [H1]).

Uraxk, pacmmpennas Teopus Konauper— Crercepa onpegenseT Ka-
HOHUYECKYIO TOJOMOPQHYIO MPOEKTUBHYIO CBA3HOCTH HA BEKTOPHOM
paccnoenun (1.11), KpuBU3HA KOTOPOU MOXET GBITH BEITUCIEHA B TEP-
MHIHAX KOTOMOJOTHYeckux KiaaccoB loan6o mam Yexa.

B saxuaiodenue oTMeTuM, 9TO CYIIECTBOBAHUE TEH30Pa, YeaTepca
(1.17) mHaknagLIBAET 3HAUATEILHOE FEOMETPUICCKOE OFDAHNICHNe Ha
M7y: manpumep, ero kaHoHmYeckuu kracc Ky, He MoxeT OBITH IO-
JOXUTENIbHBIM, TaK 9TO M He MOXeT OBITH MHOTOOOpa3ueM oOIIero
THUIIA.

§ 5 CTporue MOAyJasIPHBIE COOTBETCTBHUSA.

[Ipegmonoxum, 9To Hamre MHOrOOOpasme My, paccMaTpuBaeMoe
Kak Touka [ MHOrOO6pasus Mogyaen M Bcex ero nedOpMAaIidn, ompe-
JeIseT HEKOTOPOE HOBOE TMOAAPW3OBAHHOE ANTeOpamvIecKOoe MHOTO-
obpasue M7, oTBedatomee To4uke I’ KAKOro-TO IPYroro MHOr0oGpa-
sua Mogyrern M’ TakuM 06pa3zoM, ITO MBI MOXKEM MOTHOCTBIO BOCCTA-
HOBUTH ucxoguoe My B Tepmunax M),. DeoMeTpudeckn 5T0O 03HATACT
HAJIXYIe TOJOMOP(HOrO BIOKEHA MHOTOOOPA3NNA MOIYIEH

M—Le M JI)=T1. (1.35)

Ecan mpu sToM a060n MOPGU3M MOAAPU3OBAHHLIX MHOIOO0OPA3UN 13
M mopox gaeT Mophu3M COOTBETCTBYIOMUX MHOT00Opasuit B M', To
orobpaxenue (1.35) masbBaeTCA CMPo2uUM MOOYAAPHYIM COOMBEM-
CMBUEM.
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B sToMm cry4dae ucxomgubie MEHOT000Opasua u ux 06pas3bl 2e0Mmempu-
YECKU IKBUBAAEHMHbL, XOTA U MOTYT UMETh MIPU YTOM PA3HbLIE BHEII-
HEE aTprOyTHI — CKaXeM, Pa3MEPHOCTHU W T. I.. [Ipodeccnonammsm
AIre6panIecKoro reoMeTpa MPOABIAETCA B YMEHUM PACIO3HATEL Ta-
K€ DKBUBAJCHTHBIE T€OMETPUIECKUE OOBEKTHI B MX PA3IWIHBIX KOH-
KPETHBIX PeAT3AINAX.

Hanpumep, rragkoe mepecederne X = Q1 N Qy C P® mapsr kpa-
IPUK B MATUMEPHOM MPOEKTUBHOM MPOCTPAHCTBE TEOMETPUIECKY DK-
BUBAJEHTHO aare0panvdecKor KpuBon L7 poga 2. [I1a BoccTaHOBICHUA
5TOM KpuBOM MO X AOCTATOYHO 3aMETUTH, 9TO X OAHOCBA3HO (IO
reopeme Jledpmena), kanoamaeckuin kracc Ky = Ox(—2) (. e. Ba0-
xerue X B PP aprdeTca KaHOHMUeCKMM), MuHeHHAa cucTema |2H — X |
BCex KBaJpuK B P°, mpoxogamux wepes X, ABIAETCA My9KoM (T. e. ma-
paMETPU3yeTCA MPOEKTUBHON MPAMON ), MOAMHOXECTBO OCOOBIX KBa-
IPUK B DTOM IIYYKE COCTOUT U3 MECTU PABIUIHBIX TOYEK, U UCKOMAA
KpuUBasg Y7 pofa 2 NpeicTaBaseT OO0 PA3BETBIEHHOE B DTUX IIECTH
TOYKaX ABOMHOE HakpeiTHe Hag P! = |2H — X| (ormeTuM, 910 5TO
JBOMHOE HAKPBITUE 33AETCA KAHOHWUIECKOU JUHEUHOU CUCTEMOU Ha,
¥1). IIpoBepka Toro, ITo mMyHuoK KBaApuK B PO ¢ 3aJaHHEIM HAGOPOM
0COOBIX KBAJAPWK, COOTBETCTBYIOMMX TOYKAM BETBICHUA BOWHOTO
HAKPBITHA, €IUHCTBEHEH C TOYHOCTHIO A0 JUHEMHOTO MpeobpasoBa-
HUA, ABIACTCA HECAOKHBIM YIPAXKHEHUEM B JUHEWHOU aarebpe.

Ecmu M; — M}, aBaseTca cTpOrIM MOAYIAPHEIM COOTBETCTBH-
€M MEX Iy PA3HBIMU PEATU3ANUAMYA SKBUBATCHTHBIX T€OMETPIIECKIX
00BEKTOB, TO €CTECTBEHHO CUYMTATH yCIEITHOe KBaHTOBaHWE Ha M’
KBaHTOBaHUEM ua M, moaaras

QM) ¥ QM) . (1.36)

(ecim BekTOpHBIE pacciaoenna (1.11) ma M’ gomyckanm cymecTsoa-
HIE MPOEKTUBHO IIOCKUX MOJOMOPQHBIX CBA3ZHOCTEN, TO UX MOAHEM
Ha M Takxe OygeT o6IAJATH STUM CBOUCTBOM).
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§ 6 ITonrHoe kBaHTOBaHUE.

[Ipeanonoxum, uro aarebpaumdeckoe Mmuoroobpasue (My, O(1)) ¢
XOMXeBOo (GOPMON W, KAK BEHIECTBEHHOE 2N-MEPHOE CUMILICKTHYe-
CKO€ MHOT0006pasme, MOIMyCKAeT KPOMe HHTErPUPYEMOU KOMILTEKCHON
MNOMTAPU3ANAY €[Ie W WHTETPUPYEMYIO BEIIECTBEHHYIO TMOAAPU3AINAIO

(1.5), T. e. mpoexumio M — " + B, 06muM cI0EM KOTOPOH ABIAETCA
n-MepHbIA Jarpanxes Top T". Bygem caurars (cM. § 2 raaset 1), aTo
MHOXECTBO 60p-30MMepdenbIoBeX cioeB BSy C B KOHEYHO, U COOT-
BETCTBYIOIIEE MPOCTPAHCTBO BOJHOBHIX (DYHKIMY YPOBHA k 3aMaeTCA

KaK OpAMasg CyMMa
He= (P C-s,
beBSE

rze sp CyTh KoBapuanTHO nocroaunbie cevernd ((LF, Vi) —14). Jo-
IlyCTUM TAKXKe, ITO UMEETCA €CTECTBeHHBIN N30MOPhU3M

PQk(M) = PHY (Mg, O()) . (1.37)

CkaxeM, 9TO0 B 5TOM crydae cucrema (M, w) TOMyCKALT noaHOe KEaH-
mosarue.

Hanudue moaHOr0 KBAHTOBAHUA BJIEYET MHOXKECTBO 3aMEYATETh-
HBIX ¥ TIOJE3HBIX CIeqCTBUM. [Ipex e Bcero, 06a KBAHTOBAHUA yCIIEI-
HBI, OCKOIBKY JeBast 9acTh (1.37) He 3aBucuT OT BHIGOPA KOMILIEKC-
HOU IMOJAPU3AINM, & IpaBad — OT BBIOOpPA BeIleCTBEHHOU. Bo-BTo-
PBIX, KAHOHUYIECKOE DPA3IOKEHUE JEBOW YACTU B MPAMYIO CyMMY O/I-
HOMEDHBIX TIPOCTPAHCTB JOCTABIACT' CICHMUAILHLIN OA3MC B IIOJHOM
JWHEWHOU cucTeme, croamen B mpason gactu (1.37) (6asuc Taxoro
BU/Ia €CTECTBEHHO HA3BATH O0P-30MMePPeabIosbim).

[lepBBIn TpUMep MOMHOTO KBAHTOBAHUA JOCTABIAET KIACCUIECKA
Teopusa J-pyuknun. OmAHAKO, DTOT MPUMEP HE ABIAETCA TPOCTEU-
UM — TOpa3g0 60jJee MPOCTON MPUMEp MOAYIAeTCA U3 ABYMEPHOU
ceprr S?, peammsoBanHON Kak KoMmiuiekcHas cdepa Pumama CP; ¢
neitcreuem U(1) = S' ppamenuaMu BOKpyT ocu, mpoxoaamei gepes 0

'BO3MOXKHO, TIOCTE (HPUKCAIMM TOTOTHUTEILHON (KECTKOCTH» BPOIe ¥-CTPYKTYDPHI
Ha abereBoM MHOroo6pasmm, cM. [Mum)]
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u 0o. IIpesparim S? B ha3oBOe IPOCTPAHCTBO KIACCHIECKON MEXAHN-
JecKOu cucTeMbl ¢ nomombio U(l)-MHBAPDMAHTHON CHMILIEKTHYECKON
$hopMEBL W egUHNIHOrO 06beMa, a B Ka4eCTBEe JaHHBIX IPEJKBAHTOBA-
Hua Bo3bMeM auHernHOe paccaoenne O(1) crenenu 1 ma CP; co cram-
paprron U(1)-wHBapmaHTHOM yHUTAPHOU CBA3HOCTHIO V. [laa xom-
IIEKCHOT'O KBAHTOBAHUA MBI JOMXKHBI BEIOPATH KOMILUIEKCHYIO CTPYK-
Typy — oHa Ha CP; eIMHCTBEHHA, ¥ IPUBOJAUT K MPOCTPAHCTBY BOJ-
HOBBIX (DYHKIIAT

HE = HO(O(R)) . (1.38)

IIpoeKnua Ha OCh BpamieHma S2 — » [—1, 1] 3agaeT BemecTBEHHYIO
MOAPUBAIAIO, GOP-30MMePGETbIOBEL CIOM KOTOPOU B YIVIOBHIX KO-
OpAMHATAX B3AMMHO-OJHO3HATHO COOTBETCTBYIOT MOHOMaM Dypbe,
cocrassomuM crenuaibubi U(1)-uHBApHAHTHBIN GA3UC IPOCTPAH-
CTBa OJHOPOAHBLIX MHOrOUIeHOB (1.38).

Takum 06pa3oM, HECMOTPSA HA TO, 9TO B DTOM CJIydae HAPYIIEHbI
BCE (TEOPETUYUECKUEe» MPEANOCHUIKY, MePpEeIucieHHbie B §4 raassr 1,
MBI [TOIY9Ia€M, TEM HE MEHee, YCIEIIHOe MOMHOe KBAHTOBAHMUE.

MoxHO 0TKa3aThCA OT TPeOOBAHUA «ECTECTBEHHOCTHY W30MOP-
dusma (1.37) u OrpaHUIUTHCA JUUL TPEGOBAHMEM COBIAJEHUA PA3-
MEPHOCTEN MPOCTPAHCTE BOMHOBLIX (hyHKIMNA. [IpU BHIMOIHEHNY DTO-
r'0 OCJIAGIEHHOTO CBOMCTBA MBI Oy1€M HA3BLIBATDL KBAHTOBAHUE YU CACH-
1O Nnoanbim. Taxuwe COBIANEHUA PA3MEPHOCTEN U3BECTHHI 1A MOBEPX-
HOCTen Tuna K3 u MHOrUX APYyruUX, HO UCTOPUIECKU MEPBBIM MPUME-
poMm G cucteMmbl [enbdanga—Ilentauna (cm. [GS2]). T'eomerpus,
NOMEXAIMAA TONOOHOMY COBIAJEHWIO FUCET, OOCYXAAETCA HUKE B
dopmynax (2.8) — (2.9) (cm. Takxe [T3]).



[ nara 2.
ANFTEBPANYHECKUE KPUBDbIE =
= PUMAHOBbI MOBEPXHOCTMHU

§ 1 IIpamon mOAXOA.

[Mycts ¥ — xomMmakTHAsS TIagKas OPUEHTUPOBAHHAA PUMAHOBA
MOBEPXHOCTL pofa g > 1, m I — KOMIUIEKCHASA CTPYKTypa Ha Hew,
mpeBpamaomadg Y B aaredpanvieckyo KpuByio Y. Takas KpuBas 1o-
MyCKAeT KAHOHUYECKYIO MOJAPU3AINIO, 3a0aBAEMYI0 KOKACATEAbHBIM
pacciaoeHueM

T*S; = O(K) ,

rae K — xanonmdeckuit k1ace' 7. KpoMe Toro, KOMILIEKCHAA CTPYK-
Typa I onpenenseT Ha Y KOH(MOPMHBIN KIACC PUMAHOBBIX METPUK, U
ecan (pUKCUPOBATHL HEKOTOPYIO METPHUKY M3 DTOrO KIACCA W PACCMO-
TPeTh UHIYIIUPOBAHHYIO CBA3HOCTE Jlesu - Yusura wa T, MbI moTy-
uuM gaHHble TpenkBanToBanud (1%, Vi), KOTOpbIE HECYT B TOYTHO-
crtm Ty ®e mHpOopManuio, 9To u roromopdube garube (X, O(K)).

[lns xkaxooro ypoBHA k MPOCTPAHCTBA TOJOMOP(MHBIX CEUICHUU
H° (27,0(kK)) 06pasyioT BEeKTOPHOE PacCIOCHUe

Hag (39 — 3)-MepHBIM MHOTOOGpasmeM M, MOJyJIell KPUBBIX PO
g. Hampumep, mpu k = 2 MBI mosydaeM pPacCaOeHUe KBa,IPATHTHBIX

ear., mampmvep, [DSS]

29
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muddepernmanos Vo = T* M, m3oMopdHOE KOKACATETEHOMY PACCIO-
€HMI0 MHOr0O0Opasua MOAYJIEeH, U B IACTHOCTH, KAHOHUIECKAN KIACC
mHEOr006pasusa moayein Ky, = c1(V2) coBmagaeT ¢ mepsbiM Kr1accom
YepHa BEKTOPHOTO paccaoeHus V.

Cormnacuo [I. MaMdopay, KAHOHUIECKAN KIACC MHOTOOOPa3ua MO-
OyJIed IPeACTaBIACTCA B BUIE

Knm

, = 13 © + muBmsopsr, mexamuue va rpaHuIe,

rae © — MUBU30p HYJEBBIX U-KOHCTAHT, U ecau Obl Vo obiamano ro-
JOMOP(HON TPOEKTUBHOU TLIOCKOU CBA3HOCTBIO, 13 menmnock ObI Ha,
3g—3. [TockoIBKY HTO He TaK, HUKAKOU TLIOCKON TTPOEKTUBHOU CBA3HO-
cTu Ha, V3 HET, U 3HAYNAT, KIACCUIECKAA JUHAMUIECKAA CUCTEMA,, OTBE-
JAIOIIAA OFPAHMICHNIO Ha Y1 cTaggapTHon ¢popMul @younu— [Ty au,
HE MOXeT OLITH YCIIENTHO TPOKBAHTOBAHA KAaK MOJAPU3OBAHHOE AJIre-
O6pamdeckoe MHOT00OOpa3ue.

OnHako, UCTOPUA HA DTOM HE 3aKAHUIMBACTCA — BEIH MBI MOXEM
MOUCKATH MOAXOAAIIEE MOAYIAPHOE COOTBETCTBHE!

8§ 2 AxoGuaHbI.

CTporoe MOAyIAPHOE COOTBETCTBUE, KOTOPOE TIEPBBIM ITPUXO AT
B TOJOBY, COMOCTABIAET AIreOPAMTIeCKOU KPUBOU €€ TOIAPU3OBAH-
uem akobuan (J(27),0). I3 MHOXeCTBA DKBUBATEHTHBLIX OIpeIeNe-
HUU AKOOMAHA [ HAIIAX HYX[ 6OXee BCEro MOAXOMUT PeATn3AIs
J(X7) xak MHOTOO6Pa3UA MOLYJEN TOTOJOTHIECKA TPUBAATHHBIX T'O-
JOMOP(HLIX JIUHEUHLIX PACCIOCHUN Ha X.j.

PaccmaTpuBas TOYKE KPUBOM KaK AUBU3OPHI cTenenu 1, pukcupy-
eM Jo6y TOUKY po € 2. ComocTaBIaa NIpOou3BOILHOU TOUKE p € X
(Tomomornvecku TpuBmaabHOE) MmHENHOE paccaoerue O(p — pg), mo-
JydaeM oToOpaxeHue

S 20 J(Sp),
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KOTOpOe, mo Teopeme Pumana, sBagerca mpu ¢ > () BIOXeHWEM u
AHIYIADPYET U30MOPPU3M

H\(S,Z) —~ Hy(J(%)),Z) . (2.1)

Mmuoroobpasue MOLyJeU JMHEUHBIX PACCIOCHUU ABIAETCA TPYIIION
OTHOCUTEIBLHO OMEPAIANA TEH30PHOT'O TPOUW3BEICHUA PACCIOCHUN, U
MBI MOXEM PaccMOTpeTh oTobpaxenne [lorTparuna

1

[g—1] %o
ZI J(Ef)a
nepeBojdAiee HAGOP TOUEK (1, P2, ...,Pg—1) B INHEHHOE PACCIOCHIE

Opr1+ -+ +pg-1—(9—1)po) € J(X1) -

O6pas »Toro oTobpaxenus apagerca musmzopom' © C J(Xj), u co-
OTBETCTBYIOIIEE My JUHENHOE paccaoenue Ha J (X)) obmamaer equn-
CTBEHHBIM (C TOYHOCTBIO [0 YMHOXEHWS HA HEHYJEBYI KOHCTAHTY )
HETPUBUAJIBHBIM FJIO6a,JI])HBIM FOJIOMOpC];)HBIM Ce‘leHI/IeM2.

YT06bI BOCCTAHOBUTL KpuBYyI0 Y7 1o mape (0, J(Xr)), mHago pac-
cMoTpeThb oTobpaxenue [Maycca:

o Y. prcy),

COTIOCTABIAIONIEE HEOCOOOU TOUKe t € O MPOEKTUBUAIUIO AHHYJII-
Topa ee kacaremrbHOU runepmiockoctn T30 C TJ(X;). Tockonbky
KOKacaTeIbHOe PACCAOCHNE Ha I'PYIIIe TPUBUAILHO:

PT*J () =P L x J(2p),
KOMIIOBHUIIAA [ayCCoBa OTOOPaXEHNA C IPOEKINen
PT*J(2;) —2 P9~!

maeT parmumonathHOE HakpeTHe G op @ © —— P91 = |K|, qusmsop
BETBICHUA KOTOPOIO ABOMCTBEH 06pa3y KAHOHHYUECKOT'O BIOXKEHMA

Lrax masemsaembiv ©-dusuzopom
2 o
OUBM30D HyJIeW KOTOPOrO U eCThb O
Secam xpuBas ¥ MEIEpsILIMITHYHA, HALO MCIOIL30BATE APYTHE APIYMEHTEL
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Y — |K|*, nocne 1ero kiaaccuaeckas TEOPUsA MPOEKTUBHON JBOY-
CTBEHHOCTHU BOCCTAHOBUT CAMY KPHUBYIO IO JBOMCTBEHHOMY €U TWBU-
sopy. Taxum o6pazom, comocrasrerme Y5 — (J(X7),0) meuctsum-
TEeIBHO ABIACTCA CTPOTUM MOIYJIAPHBIM COOTBETCTBUEM, U MBI MO-
XKeM CHaJala MPOKBAHTOBATH INIABHO MOMAPU30BAHHOE abeneBO MHO-
roo6pasue (J(X1),0), a 3arem Bocmonb3oBaThea perertoM (1.36).

[MpocTpascTBaMU BOTHOBBIX (DYHKITUN TAKOTO KBAHTOBAHUA ABJISA-
IOTCA MIPOCTPAHCTBA TOJIOMOP(HBIX CEICHUN:

Wi = H° (J(Z1),0(kO)) ,

(0OBIIHO Ha3BIBaEMBIE Npocmpancmeamy I-Pynkyutd yposus k Ha pu-
MAHOBOU MOBEPXHOCTHU Y1), ¥ MPOEKTUBHO ILUIOCKAA CBA3BHOCTDH HA CO-
OTBETCTBYIOIINX BEKTOPHBIX paccaoerusax (1.12) mam mMEOroo6pasm-
€M MOIyJe! TIABHO MOMAPU30BAHBIX abeleBBIX MHOrOOOpa3mu, Kak
M3BECTHO?, WMeeTCA.

OpgHako cuTyanus, ¢ KOTOPOU MBI TYT CTAJIKUBAEMCA, OKA3BIBACT-
ca Kyzga 6olee 3aMevaTeNbHOU, YeM IPOCTO YCIEIIHOe KBAaHTOBaHwE!

§ 3 Aare6po-reomerpuyeckaa Teopusa U-pyHKIIUHA.

Besakoe g-mepHOe TiraBHO mOAApU30BAHHOE abeaeB0 MHOT00Opas3me
(A, ©) comepxuTr KoHeUHYO moATpynmny K, cABUrM HA KOTOPYIO IIe-
peBogaT auuenHoe pacciaoenune O(kO) B cebsa, u HETPYTHO BUIETD,
9aTo

K=A,CA (2.2)

COBMAAET C MOATPYIION TOUEK k-TOTO MOPAIKA B A0EJeBOU T'PYIIIE
A. Ha K umeerca KaHOHMYECKAA CUMILIEKTHYECKad (popMa, 3a0aBa-
eMas TOMOMOTMIECKUAM TIEPECeTIeHneM KIacca © ¢ OpUEeHTUPOBAHHBIM
2-UMKIOM, HATAHYTHIM Ha mapy saemenToB w3 K. MaaynumpoBamuoe
sron popmon pazmoxernne K = K, x K B mOpaMyio CyMMy IBYX
M30TPOIHBIX MOATPYIIT HAZHIBAETCA ¥-cmpykmypot ypoeus k.

‘e, [W)
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3aMeuaTenbHBIH KIACCHIeCKIH Pe3yIbTaT  COCTOMT B TOM, €ITO

HNOMHAS JUHEUHAA cucTeMa |kO| cOmepXUT eIUHCTBEHHBLIN TUBU3OD
D, , "HBAPWAHTHBIA OTHOCUTEIHHO CABUTOB HA DJIEMEHTHI TIOTDY B
K, Tak 4TO m060My daeMeHTy a € K_ MOXHO KAaHOHWIECKU COIO-
cTaBuTh AuBU30p Dy + a v panmoHanbHyO QyHKINO ¥, € MOT0COM
Ha nquBm3ope D, um HyaeMm Ha nquBusope D, + a, 9TO HaCT pasioxeHue
MPOCTPAHCTBA TOJOMOP(HBIX CEYCHUN JUHEMHOTO paccioenus kO B
IPAMYIO CYMMY OJHOMEPHBIX HOAIPOCTPAHCTB:

H°(A,0(k0)) = HY(A,0(D4)) = €P C- V.. (2.3)
aEK_

Dyuxunmsa 9, vHaswBaeTca J-Pynryuet ¢ rapaxkmepucmurot a € K_,
a pasmoxenue (2.3) — pazaoscenuem no V-GynKyuaMm ¢ Tapaxmepu-
cmukamy. OTMETHM, 9TO OPAIKY HAINMAX KOHEIHBIX A0ETEeBBIX TPYIII

PaBHEI
K| =k, |Ki|=k.

[Ipumenum Teneps k mape (A, O(k©O)) pacumpenmyio Teopuio Ko-
nawpsl - Cnencepa u3 § 4 rmasor 1. ITockorbky oTobpaxenune (1.19):

HY(A,TA) — H?(A,0,)

Ha JI0O00M abeJeBOM MHOT000pa3W! ABIAETCS W30MOP(U3IMOM, KOT'O-
MOJOTUIECKAA MOCAeI0BATETbHOCTE (1.22) maeT

HY(A,0) = H(A, DY(O(kO))) .

W3 gruHHON KOMOMOJOTMYECKON HOCAeA0BATEIbHOCTH Tpouku (1.32)
H(A, $(T)) = H'(A, D' (k0)) ,

a (1.26) mpespamaeTca B TOIHYIO TPOUKY

H°(A,0(kO))
C-s

Tem cambiv, tpm gedopmanmu naper (A, O(kO)) xaxmoe cedenue

s € HY(A,kO) umeer eduncmeennyio gedpopMammio B rotoMopdHOe

0

H}(dy) — H'(A,D'(O(k®))) — 0.

'Bocpomssegennsi 1. Mamdopaom B [Mum]
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cedeHme. JTa, MeOPMAINA ABIAETCA PEIICHUEM YPASHEHUS MENA0-
nposodnocmu, u Huxke B (2.19) MBI gaaUM 1A HEe CTAHJAPTHYIO AB-

HYI0 GOpPMYyJIy.

§ 4 KoMOUHATOPHO-CUMILIEKTHUYECKAa Teopua J-pyHKIUH.

[Mockonbky abemeBo MHOrOO6pasme A ABIACTCA 2g-MEPHBIM BEIIle-
CTBEHHBIM TOPOM, €r0 IVMIABHAA MOMIPU3ANUA ONPENENIeT s KIACCOM

we H*(A,Z) = N*H' (A, 7Z) (2.4)

KOTOPBIM MOXHO WHTEPIPETHPOBATE KAK YHUMOIYJIAPHYIO KOCOCHM-
merpuieckyio dopmy wa Hi(A,7Z) (B ciywae, korga A = J(X) asna-
eTca AKOOUAHOM KPUBOU, 5Ta (HOpMa MHAYIUAPYETCA (POPMOU Tmepe-
ceveHusa |-IMKIOB HA MONIEXKAIIEN PUMAHOBOU MOBEpxXHOCTH X). U3
obmen Teopuu Takux ¢Gpopm BeiTekaeT, uTo Hi(A,7Z) packiaasiBaer-
CA B IPAMYIO CYMMY ABYX U30TPOIHBIX METOIUCIEHHBIX TOAPEIEeTOK,
MBOUCTBEHHLIX OTHOCATENLHO W. JTO PA3JIOKEHNE BEIET K Pa3IoxKe-
HUIO 2¢-MEPHOTO Topa A B PAMYIO CyMMy ABYX ¢-MEPHBIX JarpaH-
®KEBBIX MMOATOPOB:

A=T*=T) xT?, (2.5)

¥ TPOEKINA Ha BTOPOU U3 HUX

R (2.6)
3ataeT Ha A MHTErpHpyeMyio BemIeCTBEHHYIO HOIAPU3AIMION, U He-
MTOCPEACTBEHHO U3 OMPEAEJeHUN MBI MOJYYaeM, YTO MHOXECTBO O0p-
-3oMMepdensIoBerx croes yposua k: BS, = (T?), € T? B Tou-
HOCTH COBHAJAET C MOATPYHIION TOYeK k-TOro mopagka Ha Tope 17
(cM. puc. 2 Ha cTp. 35).

1. e. BIIOIHE MHTErPUPYEMYIO THHAMEYIECKYIO CHCTEMY
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Urak, 60p-3oMmmepdens 08B0 KBAHTOBAHUE IPUBOAUT K IIPOCTPAH-
CTBAM BOJHOBBIX (DYHKITUN:

QiT¥,w)= P C- s, (2.7)

aE(Tf)k

(r‘,z(e Sq CYTh KOBAPUAHTHO MOCTOAHHBIC YHUTAPHBIEC CEICHUA OT'DAHU-
YeHUU PACCIOEHUA IPEKBAHTOBAHMA HA G0P-30MMepdEIbI0BbI CION ),
KOTOPBIEC UMEIOT TE€ X€ PadMEePHOCTH, 9TO 1 TPOCTPaHCTBA BOTHOBBIX
(bYHKIUN KerepoBa KBAHTOBAHUA, TAK UTO HAllle KBAHTOBAHUE ABJLA-
eTCS IUCICHHO IMOTHBIM (CM. KOHeI § 5 riaBsl 1).

10101020

Touku k-npenenus

T_g

Puc. 2. Bop-3omMMepdenbI0BEI TOYKT TOPA,

Mer1 oy gaem 31ech mepBoe MOUCTUHE yAUBUTEILHOE COBIIAICHUE,
7 XOTEJIOCh ObI CKa3aTh HECKOABKO CIOB O TOU M€OMETPUUN, KOTOPad
3a HUM CTOWT.

Bosspamaacs K JgarpamxeBy paccaoenuio (2.6), 3ameHuM B HeM
Kax bt caoit T ma asotictennsnt Top? (T7)*. Ilory<uM Tak Ha3bl-
BaeMoe J801UcmeerHoe PAccaoeHue

A= (T2 " 79, (2.8)

2Ipome BCero mpeacTaBIATH cebe (T)" xak IPOCTPAHCTBO KIACCOB KAIMOPOBOY-
HO DKBUBAIEHTHBIX WIOCKUX U(1)- CBA3HOCTEN HA TPUBUATHHOM JTUHETHOM PACCIO-
enmm Han T
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mpeacTaBisgionee cob00 ¢ Priori IPyrou 2g-MepPHBIA TOP, MOMAPU30-
BAHHBLII HOBOM CUMILIEKTHICCKON (hopMOi w' Tak Xe, KaK ¥ BLIIIE.

Ecmu 3agaTh Ha MCXOAHOM KOMILIEKCHOM TOpe A JIuHEenmHOe pac-
croenne npenkBanToBanua L ¢ U(1)-CBA3BHOCTBIO, KPUBU3HA KOTO-
pPOU TPOIMOPIMOHATBHA W, TO €ro OrPAHWYEHWE Ha, JATDAHKEB CJIOU
T! = 7~ (a) HAJ TPOM3BOMLHOK TOUKON a € TY Gyper TpuBHAIL-
HBIM paccioerHneM ¢ miockoir U(1)-ceasrocTsio Hag T, T. e. TOUKOM
apoicTrenHOro Topa sr,(a) € (T9)*. Napvm crosavm, paccrocame L
ONIPEIETACT CEICHUE

TY (T2 = A

o6pa3 KOTOporo sL(Ti) C A’ aBrgeTca JArpaHXKeBLIM MOIMHOTO-
o0pasueM CPeIuHHOU PA3MEPHOCTH.

Kpowme 5Toro ceuenus paccioeHue Ha JBOUCTBEHHBIE TOPHI (2.8)

g _So n2g o
umeer Hynesoe cederme 1] —— (T")%9, oTedaomee TPUBHATIHHOMN

ceasHocTr Ha T9 x U(1l) u sagamomee eme OQHO JAPAHXKEBO IOX-
MHOT0OGpasue cpeauaHON pasMeprocTu B A’. MHOXecTBO 60p-30M-
MepdeTbIOBLIX CIOEB YPOBHA k ABIACTCA, OYEBUIHO, MEPECETCHUEM:
BSk = sp(0)Ns k. [TockombKy 06a TarpanXeBbIX MUKIa OPUEHTUPOBA-
HBI, IUCI0 60P-30MMEPGEIbIOBBIX CIOEB MOJOXUTEILHO U COBIALACT
C WHAEKCOM TIEPECEICHUA KAACCOB TOMOJOT I

#BSk = [so] - [s4] (2.9)

KOTOPBIU JIETKO BBIMUCIAETCA 9epe3 nepsbii kaace Jepua cq (L).
BriBog m3 Bcero ckasaHHoro cienyioommi. /11 xaxmgoro abene-
Ba, MEHOr000pasua A = T2Y uMmeeTcs CHMILIEKTHIECKH JBOMCTBEHHOE
abeneBo MHOroo6pasume A’ = (T")?9, Takoe 9TO aareGpamtdecKas reo-
MEeTpUA KOT'€PEHTHBIX ITYy9IKOB HA A HaXOOUT CBOEC OTPAaXEHUE B CUM-
IUIEKTUIECKOU T€OMETPHUY JATPAHKEBBIX IUKIOB (WIM CYHNEepIUKIOB)
Ha A'. DTOT (IBOMHUKY OOBITHO HA3BIBACTCA 3EPKAALHLLM NAPTMHEPOM
HUCXOMHOTO MHOTOOOpa3ua. 3epKAIbHAS CAMMETPHUA ABIAETCA HBIHE
HACTOJBKO BBICOKO PA3BUTOU OOMACTHIO MATEMATUKU U (PUIUKU, ITO
MBI HE MOXEM OXBATUTH €€ TYT B NIBYX CJIOBaX, 1 OTCHLIAECM IUTATENA,
manpumep, K 063opy [CK]. [IpuBenennas HAMU KOHCTDYKIIUU COBIIA-
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paer ¢ mogxogom IllTpomunrepa — fly — 3acmosa, HO MBI He Oymem
Celvac BIABATHLCA B €€ BO3MOXHEIE (hOPMAIbHEIE 06006IeHn’ .

YuraTenb, BEPOATHO, yXKe MOTAMAICA, ITO COBIAIEHUE DPa3Mep-
HOCTEUN — HTO JUIIL TPOMEXYTOIHLIN PE3YILTAT, U PA3BUBAA YCIIEX,
MOXHO IMOCTPOUTE B 0O60UX MPOCTPAHCTBAX BOJHOBBIX (DYHKIUHI €CTE-
CTBEHHO COTVIACOBAHHEIE 1)-0A3UCHI, T. €. KAHOHUIECKU COMOCTABUTD
KaxI0My 6GOp-30MMepdeIbIoBy CIOK Jarpanxkena pacciaoeHus (2.6)
roroMopdHOe cedeHnme O-paccioeHus ypoBHA k. DTO memaeTcs Tmo-
CPEeICTBOM TaK HA3BIBAEMOTO NPEoOPA308aGHUL KO2EPEHMHBIL COCMO-
anuti, obobmaromero mzomoppusm Curara-Baprmana, xoropem (B
KOHTEKCTE KBAHTOBOUM TEOPUHU), OTOXAECTBIACT THILOEPTOBBI IPO-
CTPAHCTBA (PYHKIUU C UHTECPUPYEMBIM KBAIPATOM HA KOHMUTYpPa-
[IIOHHOM MPOCTPAHCTBE U TOJIOMOPGHBIX (PYHKIUU HA TPOCTPAHCTEE
¢$a30BOM.

B xoHEYHOMEPHOM Caydae KOH(MUTYPAIMOHHBIM MPOCTPAHCTBOM
saeiaserca RY — pemecTBeHHas dacTh dasosoro npocrpaucTsa CI, u
npeobpa3oBaHre KOTePeHTHBIX COCTOAHME' 3a]aeT YHUTAPHEIR M30-
moppuam L2 (RY, d9x) Shlil L2(C9,duy) NH(CY) , re B mpasoit
qacTu 4epe3 H 0003HAYEHO MPOCTPAHCTBO TOJOMOPQPHBIX (PYHKIUNT,
a dyu; obo3HAMAeT rayccoBy Mepy. B mamem ciydae RY zamenserca’
ua BemecTBernbn Top® TY = U(1)9, a C9 — Ha KOMILIEKCHEIH TOD
(C*)9. Obozmas M qepes 7 = T + i §f KOOPAMHATHI Ha YHUBEPCATLHOM
HAaKPLIBAIOIIEH

U=0C —s ((C*)g
(217227 s 7Zn) = (6271'11,21’ 627Tiz2, cee 627Tiz9)

(2.10)

Torga & = (r1,%2,...,24) € [0, 1]9 magyT mepmogmveckume Koop-
muaaTel Ha U(1)7, a dpopma dZ dy maaynupyer ma (C*)9 obwramyio

3cm., manpumep, [T3]

1. e. coherent state transform

°B. K. Xomr B [Ha] 0606mmr mpeo6pa3oBanme KOrePeHTHEIX COCTOAHUE Ha CIyIai
KOMILTEKCH(PUKAIIMI TTIPOU3BOILHEIX BEIIECTBEHHLIX MPYH JIu KOMIAKTHOrO THUIIA,
7 HIXe, B HeaGeIeBOM CIy4dae, MbI OyAeM MCIOAB30BATD €r0 KOHCTPYKIWIO /A Ta-
pet SU(2), SL(2, C); ograko, 30eCh MBI IMeEM ropa3ao GoJaee IPOCTYIO CUTYALHIo
abenesrrx rpynm U(1)? C (C*)?

b1, e. «aymeroe cewenues mpoexiuu (2.6) — OTMETHM, YTO OHO ABIACTCA CIEYU-
aAbHbLM na2Panncesbim mogropom B A, cm. [T4]
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mepy Xaapa. Bosepamaace x pasnoxermio Hy(A,Z) = H\(T{,Z) &
H{(T?,7) B cymMy M30TPOTHBIX TIOATPOCTPAHCTB (hOPMEI W, (DUKCH-
PyeM B HUX HEKOTOPBIE 0A3UCHI:

{ar,a9,... a5y CH\(T?,Z), {b1,ba,...,bs} C H\(T{,Z), (2.11)

Tak ITOOBI HOMHBIE HAGOD (ai,as,...,aq, bi,ba,...,by) GBLT cTaH-
MapTHBIM cuMILIeKTraeckum 6aszucom Hi(A,7) m paccMoTpum mHIY-
LIMPOBAHHYIO M MATPHUILY HEPUOLOB’ :

Q = [|Q4]| = Re Q + i TmQ (2.12)

u coorBercTByomuy U (l)-MHBAPHAHTHBIN JAIIACHAH

9 2
Im©y;; O
ﬁImQ _ § : L]
N 2r  Oz;0x;’ (2.13)

hj=1
a Takxke U(1)/-uHBApUAHTHBIN KOMILIEKCHBIN JTAILIACAAH

g 2 2
Im©; 0 0
ImQ _ ®J
Ac = Z 21 (&riaxj + 8yi8yj> '

ij=1

O6o3HauuM wepes ; PyHIAMEHTATLHOE PelleHne yPABHEHUA Terio-
IIPOBOIHOCTH

4 % = A(Icmﬂu

Ha (C*)9 m paccmorpum yepenrenne vy (Z) dZdij moakpyIeHHON MEPHI
Xaapa p dZdy no geucrsuio U(1)9:

vi(Z) = / (2 + @) d7 =

U(1)e

/ T
@ S (5 — ) (Im9);, ! (25 — 75)

= — . ¢ p J—
/det(ImQ) 2t 7

ABIATONIYIOCA TOYKOU BEPXHETO 3UTeIeBa MOIyIpOCTpancTsa H

7
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Kpowme Toro, paccMoTpuM HecaMOCONPAXKEHHBIA onepaTop Jlamraca:

ATEE ‘ gQ 0 2.14

[Ipeo6pasoBaHre KOrepEeHTHBIX COCTOAHUNI

osT{ 7'

L2U(1)9, di) L2((CY9, dvy) NH(([C))  (2.15)

nepesogut dyskumo f € L?(U(1)9,dZ) ¢ pasnoxenmem Dypoe

f@) =" an exp(2mi - i) (2.16)

nEZLI
B pelmeHne KOMILIEKCHOI'O YPaBHEHUA TEIIOIMIPOBOITHOCTH

TV A1)
2 5 A n

ua (C*)9 ¢ mavanrsueiv yeaosueM f Baoas U(1)7 C (C*)9, r.e. B

CST,E*iQ)f(Z) = Z ap, exp (mitf - Q-7 + 2w T - 1)
€79
B [FMN] K. ®aopenTuno, 2K. Mypao u 2K. Hynsec goxazamu
[PEATOXKEHUE 1. [IpeobpasoBanue (2.15) ABrgeTca yHUTADHBIM.

Tanee mpeo6pazosamme (2.15) mpogomxaerca ¢ L2(U(1)9,dF) ma
npoctpanrcTeo (C®(U(1)7))" 0606mennsx byHKIMN, 33 1aBAEMbIX DA-
namu (2.16), OrpAHUYIEHHBIME YCJIOBUEM:

. |an|
INeN: lim —1%
< ititosso (L + 71 - )N

=0.

Crenenn omnepaTopa Jlamiaca TeUCTBYIOT HA TAKUX PaCIepeneNeHn-

Ax% Kak HempepbLIBHBIE TUHEHHEIE OMePATOPLI, TaK ITO 1pu t > ()

¢ )
- e2 A(=i9) O o
§ :aneZﬂ'zzn o= § :anemthn+2mzn (217)

nez9I neZLI

8 nBoticTBenHO ux AetcTauio wa O (U(1)9)
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B Ton xe padore [FMN] nokasano

OPENTOKEHWE 2. Mg f € (C*°(U(1)9)) mpasas gacts (2.17) apus-
ercs roromopguon gynaknuer Ha (C*)9.

Teneps MBI MOXEM COIIOCTABUTHL KaXKIOMY OGOP-30MMepdeIsb 0By
caoto poeknuu (2.6) HekOTOpYIO aHauTIIECKyo dyrkmmio Ha (C*)7.
[lia >TOro MBI 3aMEHUM HEIpPEepPBIBHLIA mapameTp ¢t > (0 B ypaBHe-
HUM TEIUIONPOBOAHOCTU AMCKPETHHIM 3HadeHuweM 1/k u mis moboro
saementa ¢ € 79/kZ9 npumenum npeobpasosanue (2.17) k 0-pyHK-
nuu k-TOro mopagka, COCPesoTOYeHHOU B £-Tom Gop-3oMMepdenb -
OBOU TOUKe ypoBHi k npoekuun (2.6):

191}(1_) _ Z 62ﬁif-(f+kﬁ) ’ (218)
nezI

[Monyuum aHATUTHYIECKYIO (DYHKIIAIO

CST§7;Q) (0% =
=3 exp <%(£+kﬁ)-Q-(f+kﬁ)+2m’(£+kﬁ) 5’) -
AELI

=94(2,9) . (2.19)

OcTaeTcs Iuis TPOUHTEPIPETUPOBATE 3Ty TOIOMOPGMHYIO (PYHKIIUIO
Ha (C*)9 xax romomMopdHOe cedeHune TMHEMHOTO pacciaoenus © Ha A,
9TO MBI U CHETAEM B clefyiomeM maparpade. A B 3akiov9eHure mom-
YepKHEM €IIe pa3s, UTO XOTA KJIACCUIecKas Teopus J-GpyHKIUU Ha-
cunTHIBaeT yxe 6omee 150 meT, omucaHHOE HAMY BHIIIE «CPABHUTENb-
HO€ KBAHTOBAaHWE» OBLIO MPOAEIAHO JWINL COBCEM HENABHO B paboTe

[FMN].
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§ 5 ILnockue romomopdHbie a6eneBbl CBA3HOCTH.

Jlunennoe paccroenve L mpuHATO 3a1aBaTh HAOOPOM Bynkyut ne-
peroda, acCOMUUPOBAHHLIX ¢ KOHEYIHBIM MOKpbITHeM {U;} ero 6a3mbi.
Dyrkumu nepexoga fij = f]Tl CYyTh PEryJIsApHBbIE U 0OPATUMBIE KOM-
IIeKCHBIe (DYHKIME Ha JBOMHBIX mepecedenuax U; N Uj, yxoBaeTso-
psaomue Ha TPouHLIX nepcedenuax U; N U; N Uy ypaBHEHWIO KOIMKIIA
fij - fjk - fri = 1. IBa Habopa f;j, fi’j 3aJaI0T OJUHAKOBBIE PACCIIO-
€HUA, €CIN CYIIECTBYET HAOODP PEryIAPHBIX U OOPATUMBIX GHyHKITUN
{B;}, onpenenennrix Ha U;, Takou 9TO0 z’lj =05 fzgﬂj_l Ha BCEX TOmap-
HEIX nepecedennax U;NU;. EcTecTBeHHO NONBITATHCA TOABICKATD A
OAaHHOTO L caMbIll TPOCTOU HAOOP (DYHKIUN TIEPEXOIa: HATIPUMED, €C-
JII HTO BO3MOXKHO, CAEIATEH BCE fl-’j KOHCTAHTAMH.

Paccroenne ¢ mOCTOAHHBIMEU (DYHKIUAMEA TEPEXOTa HABBIBAETCA
A0KAAbHOY cucmemoti KodPPuyuenmos. Ham mno60u OMHOCBAZHON OT-
KPBITOU OOJACTHIO OHO TPUBAAIUIYETCA HEKOTOPHIM OGA3UCHBIM CeUe-
HUEM, U TPOJOIKEHIE DTOTO CEYEHUA BAOJIb MEeTENh Ha 0ase onpemre-
JAET XapaKTep XL C* ee dyHugamerTamsaOU rpynnsl. Hao6opor,
KaX B XapaKTep X OMpeIeaseT roaoMopdHOe BEKTOPHOE PacCIoe-
Hre — (HAKTOp MO JUATOHAIHLHOMY TEUCTBUIO T1:

U xCcx
Ux X =" (2.20)
T ™1
rue U — »to YHUBEPpCaJbHasA HaKPbIBAaIOIIaA 6a3bI ¢ KAHOHUYIECKUM

neucteueM 71, a CX = CE— omHOMEpHOE NpeACcTaBICHNE T C XapaK-
TEPOM .

Ecrn conocrasuTs HaGopy dyHKIUE nepexoga f;; Habop mudde-
peHnuaIbHBIX (OPM

{f;' dfij}, (2.21)

TO MBI HOTyIuM Konuka u3 Hb!' = H 1(9), KJIACC KOT'OMOJIOTHE KOTO-
poro coBmajaer ¢ mepsbiM kiaaccom Uepna ci(L) € HY!. Ecim sTor
KJIacc HyaeBou, To Ha U; cymecTByoT nuddepeHnuarbabe GOopMb
hi, Takme aTo h; — h; = i}l dfi;. OTor Habop AubdepeHTIaTEHbIX
dopmM h; Ha3BIBAETCA 2040MOPPHOT NAOCKOT CBAZHOCMBIO HA BEKTOP-
HOM paccaoenun L, accoruupoBanuon ¢ mokpeiTueMm U;.
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Ecan Takas cBI3HOCTD 3a1aHA, MBI MOXEM OMPEISIATH HA KAXK IOM
U; byukuuu (3; u3 ypaBHEHUA

Bt dpi = h

U 3aMEHUTH (PYHKIUM mepexona f;; Ha z’lj =05 fij,Bj_l, KOTOPBIE TIO-
CcTOAHHEL, 60 df]; = 0.
Mpur monydaeM KIaCCUIeCKUN Pe3yIbTAT:

ITPEANOKEHUE 1 (A. IIYAHKAPE). Tomororuvecku TPHUBHAJILHOE JIHU-
HEWHOe DACCAOCHHWE Ha KPHUBOU Y. 00J1a4aeT TOJOMOP(HOU ILIOCKOH
CAZHOCTBIO, U TAKHUE CBA3HOCTH B3AMMHO OZHO3HATHO COOTBETCTBY-

0T XapakTepaM (yHJaMeHTAJIbHON Ipynnsl m1 () X, .

Takum 06pa3oM, MPOCTPAHCTBO A TOIOMOP(MHBIX IIOCKUX CBA3-
HOCTEU HA TPUBHAILHOM PACCIOEHUHN COBMALAET C MPOCTPAHCTBOM
xapakTepoB 71 (X), T. e. ¢ 2g-MEePHBIM BEKTOPHBIM IIPOCTPAHCTBOM

A= (C).

ComocTasaas romoMop@dHON TLIOCKOU CBA3HOCTHU MOLIEXKAIIEE €U TO-
JTOMOPGHOE PACCIOCHUE, MBI OLYIAEM 3a0b16a10UECE 0MOODANCEHUE:

AL g, (2.22)

CJIOM KOTOPOT'O COCTOUT M3 BCEX T'OJOMOP(HBIX INIOCKUX CBA3HOCTEU
Ha TaHHOM TONOJOIMIECKU TPUBUAILHOM 2040MOPHHOM PACCIOCHUM.
A Tax Kax pasHOCTB JIOOBIX ABYX Takux cBasHocren {h;}, {h.} oguna-
koBo orparmuBaeTca Ha U;NU; ¢ U; u ¢ Uj, 3Ta pa3HOCTH CKIEHBACT-
cA B TIOOATBHOE TOIOMOP(MHOE CeIeHNe KOKACATEILHOTO PACCIOCHUS
kpusoit: {h;} —{h.} € H°(Ox(K)). IIpocTpaHCTBO TAKAX CEIEHMUI, TIO
meoricTernocTu Ceppa, momoppuo H(Ox(K)) = H'(Os)*, T. €.
CIOI0 KOKACATENBHOrO paccioenma sy = T*J(X) kx axoOmamy'.
Nubivu croBamu, 3a0biBatoniee oroOpaxenue (2.22) 3agaer Ha Ipo-
CTPAHCTBE XapakKTepoB A CTPYKTYDPY adunnoco paccioenus HAJ KO-
KacaTerbHBIM paccioenneM {2 jx) K AKOOGMaHy KPUBOU.

IOTMeTI/IM, YUTO KOKaCaTeIdbHOE paCCIOeHue QJ(E) ABMACTCA TPUBUAIBHBIM g-MeEp-
HBIM BEKTOPHBIM PaCCIOCHHNEeM
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OTO 03HAYAET, YTO HAJA HOCTATOYHO MAILIM OTKpwITHIM U; C J
MBI MOXeM 3a(dUKCHPOBATEL HEKOTOpOe «HymdeBoe» ceuenue A man U;
u oroxgectsuth Ay, ¢ Q|y,. Oguako man nepecedennavu U; N Uj
MEX Y STUMHU CEYSHUAMU MOXET BO3HUKATH HECTBHIKOBKA, W HAGOD
COOTBETCTBYIOIMUX PA3HOCTEN MPENCTABIIET COO0I 1-KOIUKI

eq € HY(J(X),Q) = H*(J(X),C)

mo gemme [loas60. Kmaccsl HeTPpUBUATHEHBIX ap@UHHBIX PACCIOCHUN
HaJ OJHUM U TeM Xe BEeKTOPHBIM DPACCIOCHWEM B3aMMHO OTHO3HATHO
COOTBETCTBYIOT TAKMM KOUUKIAM (B IACTHOCTH, €CTA KOIUKI TPUBU-
aseH, adgdUHHOE PACCIOEHUE COBIAJAET C MOAJEXKAIIAM BEKTODPHBIM
paccroenmwem). B mamewm cryvae mmeeT mecTo

[IPEAMOKEHUE 2 (A. IIVAHKAPE). €4 = [O] = [w].

[lnsa nokasaTemsCTBa 2TOrO0 PABEHCTBA W MOCTPOEHUA WHTEPIIPE-
Tanmum, 06EMAHHON B § 4 MIABHI 2, 3aAMETUM, ITO W3 TIPUHIATA MAKCH-
MyMa, I KOMIAKTHOTO KOMILIEKCHOTO MHOTOO0ODA3Ua BEITEKAET, ITO
0 AIPOCTPAHCTBO yHumaphuis zapaxmepos? U(1)29 C (C)% = A
ABIAeTCA TaagkuM (HO He romomMopdrbM!) rroGambHBIM? ceueHmeM
addunrHOro paccroerusa (2.22), MO3BOIAIOMMAM TIATKO (HO HE TOJO-
MopHO) 0TOX gecTBuTh axobuan J () ¢ Topom U(1)%9. dukcamus B
H\(X,Z) = H\(Js,Z) cummnekTudeckoro 6asuca (2.11) Beigenser B
A 1Ba BaXHBIX OATPOCTPAHCTBA!

e abeseso npocmpancmeo Ilommxu

Sy = (C)? = {x € (C)* | x(a;) = 1} ; (2.23)

1. e. mpuEIMalomux 3Haxenus B U(1) C C

310, wT0 OrpaHmIeHme 3a0hIBatomero oTobpaxenus (2.22) ma U(1)%9  (C*)* cio-
PBEKTHBHO 0TOGPAXKAET YHUTAPHBIE XapPAKTEPHI Ha AKOOWAH, TOKA3BIBAETCA MPU-
MEHEHHEM INPOEeKIINN

Z .
2] °

arg

CH? v . z—

MHAYe TOBOPS, HA JIOG0M TOIOMOPGHOM JIMHEMHOM DACCIOEHUU €CThb 9PMUMOBA
IJIOCKAsA CBA3HOCTH
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e abeaeso ynumaproe npocmparcmeo Ilommuru

uSy = (U1))?! = {x € U1)* | x(a;) =1} . (2.24)

Orpanmausas 3abeBatomee orobpaxenue (2.22) Ha TEpBOE W3 HUX,
MBI TIOMY9aeM (€CKOHETHOMACTHOE HAKPLITHE

fls
Sg = (C)? — J(%)
¢ rpynnon 79, Ha KOTOpoe O-paccloeHne MOJHAMACTCA TPUBUATBHO:
(fls)* 05(©) = Osg,

tak uTo roiomopdusie cedenus O;(0©) (r.e. J-byukuuu) npespa-
maoTca B romomopdusie dyaknuu za (C*)7, npeobpasyommecsa o
nerctsueM 71 (J) ¢ HAIIEKAIIAME MHOHCUMEALMU ABMOMOPPHHOCTIL.

Ecmu BepryThCa K 0o6Go3Hawenmam dopmya (2.10) — (2.12) w3 §4
raasel 2 (rge Z 6bUIM KOMIUIEKCHBIMA KOODAUHATAME HA YHUBEPCATb-
HoM HaxpeiTun Y —— (C*)Y, marpuna nmepuogos A o6osHaIatach
gepes Q u T. 1.) u 0603HAUUTH depes u; € U = CY BeKTOpHI, HA KOTO-
peie casuraercs U mox neuctsueM a; € mi(J), To geucrsue b; € wi(J)
Ha U GyfeT COCTOATH B CABUTE HA BEKTOP

9
ugri =y Qujuij
=1

a H°(J(XZ),O(k©)) ecTecTBeHHO OTOXIECTBUTCA C TPOCTPAHCTBOM
rosoMopdubix dyuknuu ) Ha (C*)9, mogbeMm koTopbix HAa U yHOBIE-
TBOPAET COOTHOIIECHVISAM:

Iz +u;) = 9(2) -
N 2mkzi—7ik Q;; ( . 5)
Pz +ugyi) =e ¥(z) .

CrenosaTensHO, TPOU3BOABLHOE CedeHme 1(2) MMeeT PasIoKEeHUe
0= Y vl (2.26)
0€7.9/kZ9

rae ¢p € C, a ¥y(z) cyTs 9-byukuuu ¢ xapakrepuctukamu u3 (2.19).
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§ 6 ITonrHoe kBaHTOBaHUE.

Nrorom Bcero mpeabigyIero CiayXuT

TEOPEMA 1. [1aBHO moIApu30BaHHBIE A0EIEeBEI MHOT000pa3us (a ¢ HU-

ME U arreOpamdIecKue KPUBBIE) JOMYCKAIOT MOMHOE KBAHTOBAHUE B
MpOCTpaHCTBaX ¥-(yHKITUH.

[TpuBemem ermie pa3 CIUCOK JEUCTBUN, IPOAEIAHHBIX HAMU ITPH TO-
CTPOEHUM HTOT'O MOJHOTO KBAHTOBAHMUA:

1)

MBI OTOXAeCTBIIN ¢-MepHbI Top U(1)Y ¢ HyneBeM cedenmem

™
paccioeruns A —— TY u paccMoTpern ero KOMILIeKCH(bIKAIITIO

(C)? > U1)%

WCIIOAB3Ys MATPHUILY TeproaoB ), acCOUUPOBAHHYIO C (DUKCH-
POBaHHBIM CUMILTEKTHIeCKUM Gazucom B Hi(A), Mbr mocTpommmu
mpeoOpas3oBaHue KOTEPEHTHBIX COCTOSHUU C AUCKPETHBIM Bpe-
MeHeM

CST(iiQ)

CR(U(1)7) ——L— 12 (€7, dvy ) NH((C'))

¥ IPUMEHITH ero K J-pyHKmmaM 9 60p-30MMepders [oBLIX To-
ek "a U (1), 3agannbix ceommu pagavu Dypoe (2.18); pesyan-
raTroMm ctax Habop {¥y(z,)} romomopdubix J-pyHKIEN C Xa-
pakTepuctukamu ua (C*)9;

ele pa3 MCIOAb3ys MATPUILy TEPUOAOB ), MBI MOCTPOWIA HA-
kportue (C*)? —— J(X¥), ma xoropoe paccioenue Oy (kO)
NOJHUMAETCA TPUBUATBLHO, M OTOX IECTBIIA TMPOCTPAHCTBO TO-
aomopduex cevernui HO (J(X), O(kO)) ¢ mpocTpaHCTBOM ToJ0-
Mopdubix Gyakumi Ha, (C*)Y, ynoBreTBOpAOIIX yCAOBAAM aB-
romopdHOcTH (2.25); IPU HTOM MOLYIWIOCH TO Ke CaMOe Mpo-
CTPaHCTBO (maxe Te xe U-pyHKIWMHU), 9TO W HA MPEIBITYIIEM
mare.

Ha sToM ncTopusa MHOr006Gpas3uit MOAYIEN TOMOJOTUIECKN TPUBUATE-
HBIX BEKTOPHBIX PACCIOeHUWEn paHra 1 Ham

a.nre6panquKHMH KPUBBIMU — PUMAHOBBIMHU ITOBEPXHOCTAMU
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CerofHsA 3aKaHIMBaeTCA. Ho amreOpamdeckon KPUBOU MOXKHO COTIO-
CTABUATL W APYTUe MHOTOOOpasma Moayaeu. Hampumep, TOmosorude-
CKU TPUBUAILHBIX BEKTOPHBIX pacciaoenun panra 2. [Ipmdem 510 co-
MOCTABIEHUE TOXe OyAeT TOIYHBIM MOAYIAPHBIM COOTBETCTBUEM. VH-
Tepec K TAKOW HeabeaeBON Teopuu 0COOEHHO MOAOTPEBACTCA TEM, ITO
OHA, TOJJICKUT ABYMEPHOU KOH(MOPMHON TEOPHUH IIOJA.

Mur GymeM cTpouTh 00o0OIeHue Teopuum J-GpyHKINEM Ha Heabe-
JEB CIy4Yau, CAeAysS TOJBKO UTO BBIMTUCAHHOU MpPOrpaMMe IeUCTBUM.
[Tpu 5TOM 0COGEHHO BAXHBIM A HAC ABIAETCA CASAYIONIEE CIeICTBHAE
cOPMYIUPOBAHHON BHINIE TEOPEMBI (MO0 MMEHHO €ro JOKA3aTelb-
CTBO B HeaGeneBOM Cilydae OyJeT HAIIeW TNIABHOU IEJbIO).

CaeacTBUE 1. IIpocTtpancTBa BOMHOBBIX (yHKIuU (2.7) HE 3aBUCAT

1

0T BHIOOPA BEM[ECTBEHHOMN IOMAPU3ALUHA " (APUPMETHICCKOr0» THIIAS.

Komeuno, B paMKax KIacCU9IeCKOU TEOPUHU Y-(PYHKIUU 3TO 3aMe-
vaHme 04eBUAHO. Ho misa HeabGemeBbIX 1-pyHKIUU 3TO YTBEPK JCHUE
O3HAYMAET BAXKHENIIee A11 KOH(OPMHON KBAHTOBOM TEOPUE HOIAS 1
MAJOMEPHOU TOTOJOTUH (YCIOBUAE HE3ABUCUMOCTHY, U €70 TOKA3ATEIb-
CTBO MOTPEOYEeT OT HAC KYAa OOMBIINX YCUIUNA, 9eM B abeIeBOM CIy-
qae.

Crexyer oco60o ormeruts, aro HO(J(X),O(kO)) spaserca me-
MPUBOAUMBIM TpencTaBieHueM rpynnst [ausenbepra [y yposusa k.
Tounee, 'y, meucTByeT Ha auueuHoMm paccaoenun O(kO), m uuaynu-
POBaHHOE TPEACTABJICHNE B MPOCTPAHCTBE €ro TOJOMOP(MHBIX Cede-
HUW ABIAETCA €€ eJUHCTBEHHBIM (C TOYHOCTBIO M0 MPOEKTUBU3AIINY )
HEMPUBOAUMBIM TPEACTABIEHUEM. JTO OOCTOATEIHLCTBO COCTABIAET
CEepANEBUHY KJIACCUIECKON Teopun ¥-pyHKINN, U CYIECTBOBAHUE CIIe-
OUATLHOrO 0as3uca B MPOCTPAHCTBE Y-PHKIUN O0YCIOBIEHO MMEHHO
um: rpynna K B (2.2) apaserca dpaxkTopom [y M0 MyabTUIIRKATUBHO
BIOXeHHOU noarpymnne Z/k7Z.

CBOMCTBO GBITH MPOCTPAHCTBOM EJUHCTBEHHOTO (C TOYHOCTHIO 0
OPOEKTUBU3AINN) HEIPUBOAUMOTO MPENCTABICHUA HEKOTOPOU alre-
Opwl OygeT mpucyie u HeabemeBuIM J-pyHKIuam. TorbKo Teneps Ta-

'a pasgoxenue (2.5) u mpoexmus (2.6) aumb GUKCHPYIOT CIENUATLHEE GA3UCH B
STUX MPOCTPAHCTBAX

1. e. 3a4aBaeMOM (POPMOI W, YAOBIETBOPAIOMEH yCIoBmO (2.4)

3ma cmsmre: CQFT
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Kou anreOpou OymeT KaamOpoBOYHAA aarebpa KOH(OPMHOU KBAHTO-
Bou Teopuu noas Becca — 3ymuno — Burrena (WZW CQFT).
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HEABENEBbLI 9-YHKLUUUN

CTporoe MOIyIAsSIpHOE COOTBETCTBUE
Yr— MSS(ZI) , (31)

KOTOPOE COMOCTABIAET aAreGpamvdecKon KPUBOM MHOT'000pa3me Mo-
OyJeN MOJyCTAOMIBLHBIX TOIOMOP(HBIX TOMOJOMMIECKU TPUBAAIBLHBIX
BEKTOPHBIX PACCIOCHWU PAHTa 2 HA HEH, CTOUT TEPBLIM B PALY He-
KOMMYMaMuenbl o6o0menun akobuana. MoxHO, pasymeeTcsa, pac-
CMATPUBATEL U KyAa 60Iee CIOXHBIE KOHCTPYKIIAU, OTHAKO, YKE DTO-
MYy ABYMEPDHOMY CIYyYal0 BIIOTHE IPUCYIUIX BCE HOBbIC T€OMETPUICCKUE
YePTHI, TOABIAOIMECA B OOIIEN CATYAIUA. B 5TON TIaBe MBI, CIEIy s
penenty u3 §5 ruassl 1, IPOKBAHTYEM PUMAHOBY MOBEPXHOCTD Y MPHU
HOMOIIA CTPOTOro MOAyIApHOro coorsercBusa (3.1). [lag sToro mer
Ar 3a MArOM MOBTOPUM BCE MOCTPOEHUA U3 abereBon Teopun (T. e.
KJIACCHIECKOU Teopun J-(pyHKIUN), TPOACTAHHHBIE HAMW BHIIIE.

§ 1 Anre6panydeckana reoMeTpus
MHOr006pa3ui MOAY.JI€¥ BEKTOPHBIX PACCJIOEHUH.

Anre6po-reoMmeTpuyueckas 9acTh TEOPUM HEAOEAEBBIX ¥-(DYHKIIAN
6bL1a, XOpoIIo passuTa Tpysamu Hapacumana, Bosuis, Jlacmo, [aynm,
Oxc6epu, Pamanana, Copaxepa u MHOTHX apyrux. HoBou cocTapia-
oer HeabeleBOl TEOPUU ABIAECTCS BAXKHEUIIEE TIOHATUE NOAYCMA-
buabrocmu. IloaycTabuibHOCTE IBYMEPHOT'O TOMOJOTUYECKY TPUBU-
AJLHOT'0 BEKTOPHOI'O paccioeHna F Ha KpHUBOM O3HAMAeT, UTO I me

48
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COJIEPKUT TUHEHHBIX [0 IPACCIOCHRH TTOI0XuTenbHON cTernern . Kpo-
Me ATOro, AaA paboOThI ¢ ABYMEPHBIMU BEKTOPHBIME PACCIOCHUAMI
HYXHbBI HEKOTOPBIE CBE€ICHUA O CTPOCHUUN KOT'€PEHTHBIX ITyIKOB HA AJI-
reGpamtecKnx KPUBLIX® M KOe-KaKad TOMOJOTHUecKad anre6pa’. Bee
HEOOX0[MMOe MOXeT ObITh HAWAEHO B JI0O0M 0030pe, MOCBAIIEHHOM
sToMy mpeamery, nanpumep B [DSS].

Urax, paccmorpum MHOrooGpasume M5 (3) Mmogymren Tomosorn«e-
CKM TPUBUAJIBHBIX HOJIyCTa..6I/IJII)HI)IX FOJIOMOpCl:)HI:IX BEKTOPHBIX pPacC-
CIOGHWH paHra 2 Hajg aarebpamdeckon Kpusou Y. HamomumMm, <UTO
HeCmabuabHble TONYyCTAOUIBHBIE PACCIOCHUA TPEACTABIEHBI HA HEM
OPAMOU CYMMOW IBYX COIPXEHHBIX TOMOJOTUYIECKA TPUBUAILHBIX
JWHEVHBIX PACCIOCHWH, a KAaCaTelbHOE MpOCTpaHcTBO K M (X) B
mpomsBoasHON Touke E mmeer sux TpM* = HY(Ad(E)), rae

Ad(E) CEnd(E)=E*®FE
5TO MOApACCIOeHne H6eCCIeTHbIX DHAOMOPGU3MOB. [TockoabKy
H(21,AdE) =0

A J060r0 cTabuabHOTo paccaoenusa F, mo Teopeme Pumana— Poxa
“MeeM

dim M®* = dim Tg M = dim H' (Ad(E)) = —x(Ad(E)) =3¢ — 3 .

Onpenenenne HeabeneBbix O-TMBU30POB MAPALIENLHO KOHCTPYK-
muu u3 § 1 raaser 2. 3aduKCUpyeM Ha Y IMHEHHOE PACCAOCHUE 0 CTe-
nern (g — 1). Torga?

def

0=0,Y (FecM3(2)| H S, E(0)) # 0} (3.2)

't'ee. LCEcei(L) >0

2110601 KOTEePEHTHEIM Myd0K HaJ TVIATKON aIreGpadecKoll KPUBOM PacIajaeTCs
B OPAMYIO CyMMY JOKATBHO CBOOOIHOTO MydKa (T. €. MydIKa CEIeHUU HEKOTOPOTO
BEKTOPHOI'O paCCﬂOeHHﬂ) 1 nIyYKa KPpy4YeHUda C HOCUTeJIeM B KOHETHOM MHOXECTBe
TOYEeK

3reopema Pumana— Poxa u mepBEle KOTOMOMOTHH IIyIKOB

*mamomumy, aro mHa VBAC-crenre «aogkpyrias E +— E(F) ' £ ® F ects Ten-

30pHOE YMHOXEHHUe Ha JOKATLHO CBOGOAHBIM IMydoK F' (OGBIMHO — HA IMHEMHOE
paccroenume)
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AsasgeTca pususzopom B M. Bomee Toro, kak arre0pamdeckoe MHO-
roo6pasue, TuBU30p © GUPAITMOHAILHO SKBUBAJICHTEH ITPOEKTUBHOMY
IIPOCTPAHCTBY P39—4,

[encrBurensuo, nockoiabky ¢1(E) = 0, obmee cevenne E(o) mia
obuero F € © He umeeT HyIeU, 1 OTKPYUIUBAA €r'0 HA —0, MBI MOXEM
npencTaBuTh F B BUge pacumpeHus

0—r O(=0) — E —— O(0) — 0. (3.3)

A rax kax Tpusnasbaoe pacumpenue E = O(—o0)®O(0) ue moxycra-
6unbHO, Hame pacmupenue (3.3) ONpeaenaeTCa HEHYIEBBIM KOMUKIOM
u3

Ext!(O(0), O(—0)) = H' (31, O(—20)) = €393

(pasmMepHOCTD BBRIUUCIeHA 1O opmyrte Pumana— Poxa), npuduem uso-
MOP(}HBIM PACCIOCHUAM OTBEYAIOT IMPOMOPIUOHATbHBIE KOIUKIHL. [To-
»TOMy, ecan cedenue egumHcTBeHHO (T. e. dim HO(X, E(0)) = 1, 4T0
umeeT MecTo A obmero’ E € ©), To E 0fHO3HAMHO OMpefenseTcs
TOYKOU MPOeKTUBHOro mpocTparcTsa PH! (X7, O(—20)) = P39~4,
Mmuoroobpasue mogynen M5 u camo GIM3KO K PAMOHAIBLHOMY.
Ecmu B popmye (3.2) 6pats o me u3 Picy_1, a u3 Picg, To MBI moxy M

dim H°(21, E(0)) 22 VY E € M®, Vo €Picy(D) .

U3 cooGpaxkeHurt pa3sMEePHOCTH BBITEKAET, ITO KAHOHUIECKUU T'OMO-
mopduam Beraucaenus can @ HO(X;, E(0)) ® O —— E(0) unbek-
THUBEH MOYTH A1i BCeX F (COCTABIAIOIINX OTKPBLITOE MO 3aPUCCKOMY
noamuOXecTBO My C M) m onpenenser TOIHYIO TPOUKY

can

2
E(o) 0, —~0, (34)
i—=1

0—C?20

B KOTOPOU 2g TOYEK {p1,P2,...,P2g} COCTABIAIOT 5DHEKTUBHBIN LH-
BU3OD p1+P2+ -+ +pog € 20| = PHY (1, 0(20)) = PY, skBusatent-
HBI 20, HOTOMY 9TO NETEPMHUHAHT KAHOHWIECKOT'O0 TOMOMOP(hI3IMA;

AZcan

O A2 (E(0)) = O(20)

SomeHKa PasMEpPHOCTH MOATPOCTPAHCTBA, PACCIOCHMH, OMYCKAIOIMX HECKOTHKO
CeIeHUN WU CeIeHUE C HyIAMHI ABIACTCA MPOCTHIM yIPAKHEHAEM
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(mpeacrasastommu knace ¢ (E(0))) samyaserca poBHO Ha >TOM 3d-
(G EeKTUBHOM AUBU3OPE.

Conocrasnsas paccioenuio E € My gususop Y p; € |20|, noxy1a-
eM (09eBUIHO, ATreOpamIecKoe) 0TOOpaKEHUE

My 2% po (3.5)

CIOE KOTOPOT'O JErKO OMMCATH, OTPAHMYABAA KAHOHTICCKYIO TPOUKY
(3.4) B TOUKe p;: MTA KAXKAOW W3 HUX OJHOMEPHOE TIOAMPOCTPAHCTBO

ker <(C2 olpi EPi) c?

3ajaeT Touky y; = Pker (cany,,) Ha mpoexTuBHOU mpamou P ((CQ), u
TEM CaMbIM, CI0K 0TOOpaxenua (3.5) mpeacrasiger co60u HAOOP TO-
9eK

{717727 N 772p} C ]P)l = IPHO(EvE(O-))a

PACCMATPUBAEMBIA ¢ TOYHOCTBIO [0 IPOEKTUBHO JAHEMHOTO TIPE0Opa-
sosamma (oroxaecraamomero H (X, E(o)) ¢ C?). Takum obpasom,
orobpaxenue (3.5) ABrAeTCA ATreOpPAMYECKAM DPACCIOCHUEM HAL §-
MEPHOU PAlMOHATHLHOM 6ason ¢ (29 — 3)-MEpPHBIME PAIVOHAILHBIME
CJIOAM.

[Ipegbiaymiee paccyxgeHue paboOTaeT U IJIA BEKTOPHBIX PACCIOe-
Hun 66apuiero panra. TeMm He MeHee, CTapUHHAA MPoOaeMa GEPAIIO-
HAJILHOU T'€OMETPHUML:

PAYUOHAABHO AU MHO2000pasue Modyaeti M>®

IO CHX TIOP OCTaeTCA OTKPBLITOM, HECMOTPA HA HEOCIAOEBAIONIAE 10~
OBITKU €€ PEINIUTh.

[Ipomomxas onucanme reomerpun M5 mo o6pasiy mpeabIIyIen
TJIaBbl, UMEEeM:

OnPEAEAEHUE 1. [IpocTpaHCTBO rOJOMOP(MHBIX CEUCHUN
Hy, = HO(MS(X), O(kO))

HA3BLIBAETCA IIPOCTPAHCTBOM Heabenesbir I-dynrxyut yposus k.
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pEan0KERNE 1. H2 (M, Z) = 7.
IIPENTOXKEHUE 2. ©-auBH30p 06HUIEH.

MTPEAIOKEHNE 3 (T, danrunrce, 1992). HO(MS(X), O(kO)) apra-
€TCA HEMPUBOJUMBIM MPENCTABICHAEM KATAOPOBOIHOH aareOpsl KOH-
(pOPMHOU KBAHTOBOM TEOpHUH TOaA B Mogead Becca— 3ymuuo— Bur-
TeHa.

[lamee MBI TOKaXEM BCE DTHU IMPEIIOKEHU.

§ 2 TosromopdHBIE ILIOCKNE CBA3HOCTH.

[lo cux mop MBI PAaCCMATPUBAINA BEKTOPHBIE PACCIOCHUS KAK JIO-
KaJbHO CBOOOHBIE Ty IKU. BMecTe ¢ TeM, BEKTOPHOE PACCIOEHUE PAH-
ra 2, Kak W JIUHEMHOE, MOXHO 33JaBaTh MAMPUUAMU NEPeToda oj
MEX Iy er0 TPUBUAIUZANAAMY HA T HEKOTOPBIM KOHEIHBIM ITOKPBITHEM
j_z'l
MOMXKHEBI OBITH PEryasapHBI U OOPATUMBI HA IMOHAPHBLIX HEPECEICHUIIX
U; NUj, a ma Tpounsx nepecedenuax U; N U; N U yzoBreTBOpATH
yPaBHEHMIO l-Komukma ;- aijf - a; = 1. [IBa xomumkaa a;j, a;j 3a-
JAIOT OMHO W TO Xe PACCIOEHUE, eCAU CYIIeCTBYeT HAOOp [; MaTpwHII,
pPEryJIApHBIX U 06paTUMBIX Ha U;, Takon 9TO a;j = ,Biozij,@;l. Onnua-

6aser: ¥ = UU;. Kax u B § 5 rmaBer 2, MaTpU9HbIE QYHKIIN (;j = O

KO, (IPOCTEUIINY BTy, K KOTOPOMY OBbLIO ObI MHTEPECHO MPUBECTH
MAaTPUIEI IEPEX0aa, B HeabeIeBOM CIydae He CTOMb OJHO3HATCH.

Hanpumep, TpeyroapHbBIM MaTpuUIaM NEpexoJa OTBeYaeT MpPe-
CTaBIEHWE DPACCIOEHUA B BUAe pacmupenus (kax B (3.3)), a mocto-
AHHBIM — PUKCAIAA TOTOMOPPHON TIOCKOU CBAZHOCTH.

Ha6op maTpui mepexoga IpOM3BOAAT HAOGOP MATPHUYHBIX AU(-
depernmarbaBIX 1-popm {a;jldaij} € Z' ({U;}), xoroper ssaser-
ca l-xomukaom co suadenuamu B 2(End(F)). Kracc ero xoromouo-
ruit ¢(E) € H'(Q(End(F))) masemaerca noanvim xaaccom depua.
[lpw pencTBum rpynmer asromopdusmos Aut(FE) ma mpocTpancTBe
H'(Q(End(E))) aToT KIacc mepexoguT B cebs.

Ha xpusoir H'(Q(End(E)))* = H°(End(FE)) no geoicTeeHRHOCTH
Ceppa, 1 HETPYAHO IPOBEPUTH CIEAYIOIIEe
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MPEANOKERNE 1 (M. ATba). Ecmr (c¢(E), o) # 0, 7o 0> = o B
HO(End(E)).

OTO mPOCTOE HAOBMIOMIEHWE BACUIET MACCy CTPYKTYPHBIX PE3YJIb-
TATOB O MHOTOMEPHBIX paccioenusax. [lockoapky pacciaoenune End(E)
PACHIENIAETCA B TPAMYIO CYMMY TPUBUAIBLHOTO JUHEMHOTO PACCIOE-
HUA TOCAOUHBIX TOMOTETUM W PACCAOEHUA GECCASTHBIX HHIOMOPHU3-
MOB:

End(E) = 0 Ad(E),
BO3HHUKAET Pa3JIOXXKEHUE
Q(End(F)) =2 (Ad(E) ® Q) , (3.6)

B KOTOPOM IIPOEKIWA Ha MEPBOE CIAraeMoe COMOCTABIAET 3HIOMOD-
dusmy ero cren. B wacrroctn, ecmn 8 HY(End(E)) ects ogus ngem-
MOTEHT, TO CYWECTBYET U BTOPOU, U TOrAa F/ MOMKHO OBITH TPAMOU
CyMMOH ABYX JUHEUHBLIX PACCIOCHUM.

Paccrnoenne Ha3BIBACTCA HEPA3AONCUMbLM, €CIA OHO HE PACIALA-
eTCS B IPAMYIO CyMMY ABYX COOCTBEHHBIX IIOJPACCIOCHUMN:

E#El@EQ.

Anre6pa H°(End(FE)) mepasmoxmmoro paccroenus F He cOmepkuT
ugemmnorenTos, T. e. HY(Ad(E)) = H'(Ad(E) ® Q) = 0, Tax 4To

c(E) = tre(E) € HY(Q) .

Ecau, xax u Bbmne, npeacrasuts ¢ F) Komemsio {ai_j1 dajj}, To co-
racHo m3oMoppusmy loan6o,

tr(ozi_jldozij) € H'(%,Q) c H*(%,0),
7 GOpMATLHOE MATPUIHOE BLIMHACICHAE
tr(a;" devig) = (det ey ||) " d det [|avij]|

MOKa3bIBAET, UTO LI JI000r0 HEPa3IoXuMOro paccioenus F Ha Kpu-
BOU

¢(E) = c¢i(det E) = ¢1(E) € H*(%,Z) Cc H*(%,C) , (3.7)
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U eCIM OHO TPUBMATLHO (KaK B PACCMATPUBAEMOM HAMHU CIY9Iae TO-
HOMOTUYECKY TPUBUATBLHBIX PACCIOCHUM), TO

Oli_jl dOtij = hi - h]‘ (3.8)

VI HEKOTOPOro Habopa MATPUIHBIX auddepennuaibHex 1-popm h;
Ha UZ
OnpeAETEHUE 1. HaGop marpuunsix 1-popm (3.8), Korpanumen ko-
TOPOTrO ABAAETCA KOUUKJI (3.7), HABBIBAETCA 2040MOPPHHOT NA0CKOT
C8A3HOCMbI0 HA paccioennn F, acCOMMUPOBAHHON ¢ HAGOPOM MATPHI]
ePeXOaa (.

Nmes Takoun HAGOP, MBI MOXEM PENIATE Ha Kax oM U; ypaBHeHUe
B; L dB; = h; n mepeiiTi K SKBUBATEHTHOMY KOLWKIY a;j = B a;j ﬂj_l,
MATPUIEL KOTOPOT'O YAOBIETBOPAIOT YCIOBUIO da;-j = 0, T. e. mOCTO-
SAHHBI. Pa..CCJIoeHI/Ie C IOCTOAHHBIMHU MaTpPUIIaAMU IIEPpEX0oga Ha3bIBacT-
CA A0KAALHOY cucmemoti KosPPuyuenmos. Ham Tr06bIM 0THOCBA3ZHBIM
OTKPBITBIM MHOXECTBOM OHO TPUBUAJU3YETCA, U TEM CaMbIM, OIIpE-
IeIAeT KIACC DKBUBAJCHTHLIX (OTHOCUTEILHO MPUCOETUHEHHOTO TEH-
creusa SL(2,C)) npeacrasrennn

m —2 SL(2,C) (3.9)

dyHgaMerRTATEHON Tpynnbl 6asbl. OOpaTHO, KaX BN KIACC DKBUBA-
JeHTHLIX TpeAcTapieHmi (3.9) o6brTHEIM 06pa3oM! ompegerseT pac-
CI0OEHrE C TOJMOMOP(MHON ILIOCKON CBA3BHOCTHIO

E=UxC? (3.10)

1
(paxTop MO AMATOHATEHOMY IEUCTBUIO T| ABTOMOP(MUIMAMEA yHUBED-
caTbHOM HaKpBIBafomen U 6asel u omepaTopamu o(m) mHa C2).
Mubr gokasanu KIaCCUYIECKUU Pe3yabTarT:

[IPEAIOXKEHUE 2 (A. BEIb?). Ha TOmosormaeckn TpuBMAIEHOM JBY-
MEpHOM BEKTODHOM DACCJAOCHHH HAJ PHUMAHOBOU IIOBEPXHOCTHIO X

'ep. ¢ (2.20)

oTMeTHM, 9TO B Kao1esou pabore [We] A. Belrs BBl MOHATHE KAGCCA MAMPUL-
HVIT OUBU3OPO6, PDKBUBAICHTHOE COBPEMEHHOMY MOHATHIO «(BEKTOPHOE PACCAOCHUE),
7 HE TOJBKO MOKA3AT DTO MPENTOKEHNEe, HO U BRICKA3AT UICI0, YTO BEKTOPHBIE PAC-
CIOEHUA CTAPIIMX PAHTOB JOCTABIAIOT HeaOeleBbl AaHAJIOTU AKOOMAHOB
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MMEEeTCA TrOMOMOP(pHAA TAOCKAA CBA3HOCTD, W MPOCTPAHCTBO Ay, BCex
TAKUX CBA3HOCTEH COBHALAET C IPOCTPAHCTBOM

RE(m(X),SL(2,0C))

KJIACCOB SKBUBaJeHTHBIX npencrasieani w1 (%) B SL(2,C).

Pasymeercs, paccroenne (3.10) MoxeT 0Ka3aThCA HECTAGUIBLHBIM
NI HEPA3IOXKNMBIM HOJIyCTa6I/IJII)HBIM. M]:I UCKJIIOYINM UX 13 PacCMO-
TpeHus u 0603HATUM Hepes

OPOCTPAHCTBO KAACCOB MPENCTABICHUN (M COOTBETCTBYIONMX WM T'O-
JOMOP(MHBIX IUIOCKUX CBA3HOCTEN), AAIOIMAX CTAOUIbLHBIE WINM IIOJLY-
CTAOMIbHLIE PA3IOXUAMBIE PACCIOCHMUA.

Hockombky h;—h} u h; —h;- oamHAKOBO orarmumBaioTcd vHa U; MU,
Pa3HOCTDL ABYX COJOMOP(HLIX IIOCKUX CBA3HOCTER

{hi} — {hi} € H(Q ® End(E))

3ajgaer raobansHOe cedenue paccaoenus 2 @ End(FE). Takoe cevenne

¢
npeacTaBiaeT cobow romoMoppusm K —— E® Q u HABLIBACTCAS

noaem Xueeca. B mamem crydae (TOMOMOTMYIECKN TPUBUATLHOE He-
Pa3IOKMMOE PACCIOCHUE PAHTA 2) moxe XUrTca HeOOGX0[UMO ABIIETCI
beccacdnvim, T. €.

¢ € H'(S,Ad(E)  K) , (3.11)

u, o aeoucteerroctn Ceppa: HY(Ad(E) ® K) = H'(Ad(E))*, mpo-
CTPAHCTBO GECCASTHBIX TTONeN XUrrca Ha F KaHOHTIeCKT n30MOPGhHO
CJIOI0 KOKACATEABHOTO paccaoeHus {dpqss K MHOrOOOPA3UIo MOIyIen
M?® B Touke E. Takum o6pasom, 3a6bIBalomiee 0ToOOpaKeHre

s L m (3.12)

3B cayuae paccaoenmn man kpuson,rie Qs = Kn
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(cI0i KOTOPOTO — MPOCTPAHCTBO TOAOMOPGHBIX INIOCKAX CBAZHOCTEN
HA JAHHOM T'OJOMOP(MHOM PACCIOCHUN) ABIAETCA adOUHHBIM PACCIO-
eHmeM HaJ KOKacaTelIbHbIM paccaoenueM s (cp. ¢ (2.22)). Kak mbr
BHUEIN HA CTP. 42, Takoe pacCcIoeHme 3a0aeTCA TeXOBCKUM KOITMKIOM

Ena € HI(MSS,QMSS) = HI’I(MSS,(C)

PA3HOCTEN JOKAMLHLIX CedeHu apUHHOTO PACCAOCHUA HAT Mepece-
9eHUAMU KapT.
Kax u B abemeBoM ciytae, CipaBemIuBO

[PENTOXKEHUE 3. ey, = [O].

Kak u B mpeguigyien riase, Mbl OyqeM TOKA3LIBATL €r0 IPH IIO-
MOII BBIOOPA CHEMUATHLHOTO HEroJoMOpP(pHOTO cevdeHus apdPUuHHOTO
paccaoenus (3.12) (cm. crp. 42-44). U3 npuHnmna Makcumyma Ha
KOMTIAKTHOU KPUBOU Y CHOBA, BHITEKAET, ITO MOAIPOCTPAHCTBO YHU-
TAPHLIX IPeNCTABICHAN

RE(m(X),SU(2)) C RE(m(X),SL(2,0C))

ABIAETCA TIATKUM (HO HE TOIOMOPGHBIM) cedeHueM addUHHOTO pac-
croenus (3.12), ogHaxo, Teneps, B HEAOETEBOM CIy9ae, TATEKO HE 096~
BHHO, ITO DTO — 2400a4bH0OE CeUeHHe, T. €. ITO 3a0BIBAIONIAA IPO-
exnusa f orobpaxaer RE(m(X),SU(2)) na ece M5: Beakoe m momy-
CTaOUIBLHOE PACCIOCHUE NOMYCKACT INIOCKYIO 3PMUMOEY CBA3HOCTD?

Yy Thb MO3%€e MBI JETAILHO MPOAHATU3UPYEM dTOT BOMPOC 1 MOKA-
XKeM, ITO OTpAHWYCHUE 3a0BIBAIOMIEIN0 OTOOPAXKEHUA HA YHUTAPHLIE
xapakTepsl gaeT uzomoppuszm Hapacumana— Mlewadpu:

NS : RE(m(2),SU(2)) — M. (3.13)
[lanee, 3apukcupyeM CTaHIAPTHYIO CACTEMY OOpasyoImux (yH-
JAMEHTAJTHLHOU TPYIITHI

g

Wl(z): <a1,a2,...,ag, bl,bQ,...,bg | H[ai, bz]:]_>
=1

U pacCMOTPUM WHAYIUPOBAHHBIE STUM BEIOOPOM
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e neabeaeso Komnaexcuoe npocmparwemso Ilommxku, umeromee
BELIECTBEHHYIO pasMepHOCTh dimg M = 6g — 6:

Sy = {e € RE(m(%),SL(2,C)) | o(a;) = 1} =
= SL(2,C)¢ /Adgiag(SL(2,0)) ;

(roe «/Adgiag» — akTOpM3aIMA MO JUATOHATLHOMY JEUCTBUIO
COTPAXKEHUAMN ).

e neabeaeso ynumaproe npocmpancmeo Ilommxu, uMeromee Be-
mEeCcTBeHHYI0 pasmepHOCTh dimp M /2 = 3¢ — 3:

Sy = {0 € R&(m (2),8U(2)) | o(a;) =1} =
= S, NRE(m (), SU(2)).

B abeneBom ciaydae orpaHudeHume OTOOpaXKeHUsA f HA KOMILIEKCHOE
npocTpaHcTBO IIIoTTKM gaBato HaM HAKpBITHE, MPEBPAIIaollee ce-
geHua O-paccroeHus Ha AKoOMaHe B roaoMopdHBIE (DYHKIUU HA, TIPO-
crpanctee [llorTku. B HeabeneBoM ciIydae CUTYyalUsA TOPa3go CIOXK-
Hee: OrpaHWYIeHNe

s, s ps(m) (3.14)

BCEro JIulib MepoMOpdHO (ero 006pa3 COAEPKUT HECTAOWILHLIE PAC-
caoenus gaxe mgra yaudopmmsanun [[loTTknm KpuBon), a ero CBOMCTBA,
IO CUX TIOp MOJTHOCTHIO He m3ydeHbl. Hemasuo K. dropenTuno goka-
3al1, 9TO ero auddepeHnual HeBRIPOXACeH BAOMb YHATAPHOTO OPO-
crpaucTBa [lloTTku, a B §6 miaBel 9 MBI MOKaXeM, 9ITO IId OOIIen
KpuBOU Y. ero o6pas mmoren B M (X)) mo 3apucckomy.

Yrobbr 060UTH 5TO O€10e MATHO, HAM MOHALOOUTCA MTOBOJIHLHO
OPOABUHYTASA CUMILIEKTUIECKAS U JATDAHKEBA T'€OMETpUs, yCUICH-
Hasjg BEChbMa, U3OIIPEHHBIM aAHAJII3OM.
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§ 3 Muoroo6pasue MoayJen CTAGWILHBIX Map
U pa3penieHue ero 0CoGeHHOCTEH.

Mmuoroo6pasus M5 6bur MOCTPOEHBI B IIECTUIECATHIX T'OAAX,
npexge Bcero B paborax . Mamdopma u B Tpymzax 60MOENCKOTO
Tara - uactTuTyTa. HoBBIE METOABI KATUOPOBOYHOU TEOMETPHUH TIO-
3BOMAIOT BKAIOYUTE DTU MHOTOO0OPA3UA B MEMOYKY MHO2000pa3uli MO-
dyaeti cmabuibHbiT Nap, CBAZAHHLBIX MOCICAOBATEILHBLIMA OUPAINO-
HAJMBHBIMU TTPE0OPAZOBAHUAME — PAUNAMU, ITO OBLIO UCTIOIB30BAHO
B paborax Tammeyma, Beprpama u Bpemmoy — Ilackamomymoca mas
BBIMUCIEHUN WX Koxel kKoromonoruu u B pabore Hlemagpu ([Se]) s
paspemnierna ocoberrocTen MSS,

Urak, HOBBIM OOBEKTOM W3YYIEHUS ABIACTCA MAPA

(E, 0 —+E) (3.15)

COCTOAIIAA M3 BEKTOPHOI'O paccaoeHnda F Ha KPpUBOM Y U €0 HeHy-
aeBoro rosomopduoro cevenusn s. C. Bpemnnoy onpemenun mis Takux
map HOBOE yCJIOBUE CTAOMIHLHOCTH U AOKA3aJ TEOPEMY, CBA3BIBAIOIIYIO
CTAGIIBHEIE TADHI C PENICHUAMI YpasHenlus 6urpa’ Ha Y. YpaBHeHue
BUXPSA 3aBUCUT OT TOJOXUTETHLHOTO BEIIECTBEHHOTO TapaMeTpa t, u
HOBOE YCJOBUE CTAOUIBLHOCTH TOXE BKIIOYAELT B cebA HTOT mapamerp.
A nmockoneky F € M He uMeroT HEHYJIEBBIX TOJOMOPMHBIX CEYEHUN,
HAM TPUAETCA MOKPYTUTH BCE HAIIU PACCIOEHUA HA HEKOTOPOE IO-
JOXUTETHLHOE JUHENHOE PACCAOCHUE TAK, 9TOOLI UMETH

det E=D ¢ degD=d>0. (3.16)

Nlna nBymepHBIX paccroenuin F, ymosaersopatommx (3.16), HoBoe
yCJIOBHE CTAOUIBLHOCTH (HPOPMYIAPYETCS CAEAYIOWMM 06pa3oM: mapa
(E,s) m3 (3.15) HasBIBaeTCA NOAYCMAOUALHOL, €CIU NIA JH0O0TO JIu-

!ypaBHenme Buxpsa Tpebyer (ukcanmy Ha Y HE TOIBKO KOH(BOPMHOU CTPYKTY-
DBI, HO KETePOBOU METPUKHT; B AIre0PO-TeOMeTPUIECKON NHTEPIPETALU, KOTOPYIO
MBI 37eCh PaCCMaTPUBaeM, KelepoBa MeTPUKa HOPMAIN3yeTca TakK, IYTOObI 00beM
Vol(2) =4n
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HEUHOTO noapaccioenus L C F BHLINOTHAECTCA HEPABEHCTBO

degL < = —t,ecm s(O) C L,

NN A

degL < - +t,ecmms(O) ¢ L.

OcHOBBHI TeOpUY CTAOWIBHBIX Tap MOTYT ObIThH HanAeHsl B [BD], [Ber],
[Th2]. Jlerko BugETH, 9TO MHOrOOOPA3WA MOAYJIEN MOLYCTAGUIBHBIX
nap M (D,t) umeroT crenyromme CBOUCTBA:

1) M(D,t) #2 << t<d/2;
2) ecam t uppammonansuo, To M (D, t) KoMIakTHO;

3) (E,s) e M(D,t) = (E(£),s(&)) € M(D(&),t) nna mo6o-

ro 3¢ PeKTUBHOTO AUBU3OPA, & ;

a CaM’ TOMyCTAGUILHBIE TAPBI O6IAAI0T CBOUCTBAMMU:

1) Beaxuu romomopdusm Ey . E5 nap (E;, s;) € M(D,t), Ta-
KOU 9ITO ((S1) = S9, ABIAETCA U3OMOPPUIMOM;

2) ecm (E,s) € M(D,t), To aukakou sugomopdusm E, Kpome
HYJEBOT'0, HE AaHHYJIUPYET §, U HUKAKOU dHAOMOPPu3M F, Kpome
TOX JECTBEHHOTO, HE COXPAHAET S.

[Tpw mppanroHATEHOM ¢ (& MBI CKOHIIEHTPUPYEM CBOE BHUMAHUE NMEH-
HO HA TAKAX MHOTOOGPA3MAX MOIyJen) Teopusa nedOpMAIWN TApHI
(E,s) € M(D,t) roxe o4ens npocra. Cevenue s ompenenser ecre-
CTBEHHYIO TOYHYIO MOCIEOBATEILHOCTD

0 — H°(Ad(E)) — H(E) — T oM (D,t) —
— H'(Ad(E)) — H'(E),
3 KoTopon rk (T(E’S)M(D,t)) =d—g—2V (E,s) € M(D,t), Tak

aro npocrparcteo M (D,t) mna mppamumonansHOTO t rmagko. Bonee
TOYHO, MHOTOOOpasusa moxayaen M (D, t;) rnagku U KOMOAKTHBI A
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BCEX max(O, (——1+ d/2)) <t < maX(O, (—i + d/2)), U OpU Opo-
XO/Ie Yepe3 TPAHNIY UHTEPBAIA MHOTOOOpa3Ne MOYIEU UCITHITHIBAET
daun? (dem MBI ele BOCIIOMb3YeMcs).

[lnsa paccroeHnnt GOMBIIErO PAHTA YCIOBUE CTAOMIEHOCTY BU JOW3-
MeHAeTCA Tak: mapa (F,s) Ha3LIBAETCA MOMYCTAOWIHHOW, €CIW [
ao6oro cobcrBerHoro moapaccaoerus Iy C F BoimomHseTcs Hepa-
BEHCTBO

p(Er)
p(Er)

rae 4(F) = deg(det E)/rk(E) ecTb Tax HA3BIBAEMBIN HAKAOH PACCAO-
eHUA. HpI/I 9TOM BC€ IIEPEIUCJACHHBIC BBIIIE YTBEPDXK IECHUA COXPAHAIOT
cuny (cm. [BD]).

MuoroMepHBIe CTAGUIbHBIE MApbl HYXHBI HAM A1 TOTO, ITOOLI
paspemuTsh 0CcO0eHHOCTH MHOT006pasus moxyaen M. Paccmorpum
vuoxectso map (End(E),s), rie E € M, s € H'(End(E)). [laa
crabuibaoro E paccroenwe End(F) umeeT poBHO OJHO HEHYJIEBOE
cevenne (ero 06pPa3zoOM ABIAETCA JUHEMHOE PACCIOEHUWE TOMOTETW),
HO I TOAYCTAOUILHOTO E BO3ZMOXHBI Ba CIydas:

w(E) —t, ecm s(O) C Ey ,

<
< u(E)+t, ecm s(O) ¢ Ey

dim H°(End(E)) = 2, 4.

Taxum 06pa3oM, MIagKOe KOMIaKTHOE MHOTOOOpasne M = M; mo-
ayren nomycrabmwibabix map (End(E),s) npu t, 6auskom x 0, BMe-
CTe ¢ eCTECTBCHHON OMPAMOHAIBHON Mpoekmuen Ha M paspewaem
0cobbIe moaycTabuIbHbe TOYKE Ha M. Huxe B TekcTe MBI Bcerma
OyIeM CCBLIATHCA Ha ATY KOHCTPYKIMIO KaK HA KAHOHUUECKYIO 0€CUM-
eyaapudayuio’ M.

cu. [Re]
preparie ona 6bima MocTpoena Ilemaapy B [Se], rae oH TO ke caMoe pa3pelreHue

M —— M?®® puxcupys Ha BEKTOPHOM PACCIOCHWM IIOAXOAAILYIO Nnapabosuye-
CRY10 CMpPYKMYpy HAL HEKOTOPOHW TOYKOW KPUBOI
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§ 4 TomomopdHaAA CUMILIEKTUYUECKAA I€OMEeTPU
noneu Xwurrca.

Bosspamaacs x momam Xurrca (3.11), MBI BugmM, 9T0O BCE maphl
(E,¢), rme E € M* a¢: E—— E® Ky — GecciefHoe XUTTCOBO
[OJIe, COCTABIAIOT KOKacaTelbHoe pacciaoerue T M. Comocrapiasa
rakon mape (F, ¢) romoMopdHbI KBaAPATHIHEN qud DepeHIma:

A¢p: O — N (E® Kx)=K§,
MBI TTOJAyYaeM ToIoMopdgHOE 0TOOpaXeHue
T*M* "+ H(Z, K2) . (3.17)

Ha BcAKOM KOKACATEIBHOM PACCIOCHUW UMEETCA KAHOHUIECKAS
Popma deticmeus. B mamHoM crygae aTo Oymer 2osomopdras 1-pop-
Ma «, u ee roaoMopdub guddepennuar 2 = da 3agaer mHa T M5
rOJOMOP(}HYIO CUMILIEKTUYECKYIO CTPYKTYpPY. IIpomonkas aHamoruio
C BEIIeCTBEHHON CUMILIEKTHYIECKON MeOMeTPHer, MBI MOXEeM PacCMO-
TPeTh rOIOMOPQHBIA AHAJIOT BIIOJHE UHTETPUPYEMOU CUCTEMBI: T'0JI0-
MOP(}HYIO TIPOEKINIO TOIOMOPGHOTO CUMILIEKTHIECKOT'O MHOT'000pa-
3UA C JAUPAHXEBLIMU CIOAMU HAJ OOIIEN TOYKOU 0a3bl, ABIAIOIUMUA-
S KOTIMJIEKCHBIME TOpaMu (a6eJIeBBIMEA MHOTOOOPA3HAMEI) CPEAUHHON
pasMepHOCTH. 3aMedaTeabHoe Habmogenne H. XuTumua cocTouT B
TOM, uTO oToOpaxenue (3.17) mpexcraBaseT cOO0M MMEHHO TaKyIO
roIoMOpgpHO UHTErpupyeMyto cucremy, npudem T M moxHO crer-
K& PACHIMPUTH [0 TOJOMOPGHOTO CAMILIEKTHICCKOTO MHOT00ODA3NA
TaK, 9YTOOLI CIOM 7 CTAMA KOMIAKTHBIMHU.

OnpEAENEHUE 1. [Tapa Xurrca (F, ¢) HazbBaeTCA cmabusbroti napot
Xueaca, eciu F He CONEPRKUT (P-MHBAPUAHTHBIX JUHEUHBIX PACCIOE-
aun L € E nonoxurensHoun cremnenu, T. e. ¢(L) ¢ L& Ky, gis 1o60ro
0#L G EcdegL > 0.

Mox#o «B 106» mokazats (cm. [H2]), aro muoroo6pasume M wmo-
IyJer CTaOUIBLHBIX Tap XUITCa COAEPKUAT KOKACATEILHOE PACCIOCHNE
T* M B kadecTBe IWIOTHOTO M0 3aPUCCKOMY MOAMHOXECTBA U OTJIN-
9aeTCSA OT HETO JUIIb B KOPA3MEPHOCTH 2, TAK YTO MBI MOXEM ITpUMe-
HATH MPUHINUI XapTorca. boaee TOro, KAHOHHYIECKAA TOIOMOpQHAL
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cummekTraeckaa dpopma Ha T* M u npoeknma (3.17) mpomomxa-
forca Ha MM 1o cummiek Tudeckon popMeL (KOTOPYIO MBI TaKkKe 060-
suaIuM (2) 1 rOIOMOPMHOrO OTOOPAKEHUA MOMEHTOB

M s HY(S,0(2Ky)) (3.18)

€ KOMIAKTHBIME CJI0AME. MBI K€ OrPAaHIIMMCA 3/16Ch JIUIIb OMUCAHY-
eM 00Iero caos 0TOOpaXeHUs 7.

O6mee Geceregroe mone Xurrca ¢ € H'(Ad(F) ® Kx) ungynupy-
eT OUPAIMOHATLHBIN SHIOMOP(U3M

P(E) —2+ P(E ® K) = P(E)

MPOEKTUBU3AIUY JBYMEPHOTO BEKTOPHOTO PACCIOeHu F, U B Kax [0u

Touke p € ¥ ero orpanndenue P(F),) e, P(Ep) Ha cron HaL >TOM
TOYKOU JUGO ABIACTCA ABTOMOPGU3IMOM Py ¢ IBYyMS Pa3IUIHBLIMUA He-
HOABMXKHBIMEA TOYKaMu vi,Y2 € P(E,), mbo crarusaer P; B oxHy
TouKy v € P(E,). Mbl monydaeM IBOMHOE HAKPHITHE

S —2e 3 (3.19)

C AWBMU30POM BETBICHUA & = (/\2¢) 0 € |2Kx,|. HakpriBatomas Kpusas

Y, Mexamad Ha auHenwdaTon nosepxuoctu P(F), HasbBaeTcA cnek-
mpaavroti kKpusoti. IloAKpyIIBAA TOTHYIO TOCIETOBATEILHOCTD MPH-
COeMUHEHUA

Ha muHerHOe paccroenne ['porenguka H = Op(g)(1), Mbr nomygaem
TOYHYIO TPOUKY

0 — Opp)(—%¢) ® H —+ H — O, (H) —= 0, (3.20)
OpAMOK 00pa3 KOTOPOU OTHOCUTENbHO mpoekuuu P(E) LRSS Yl Y

CTABIAET 1/1301\/10pq)1/131v11

0— E—~ Rﬁpr*0§¢(H) —0.

1Ha,rIOMHgM, aro R%r,(H) = E, R'pr,(H) = 0, a
Or() (=) (H) e (5,) = Op,(=2) @ Op, (1) = Or,(—1)

IpU OTDAHUYIEHUU HA CIOU



84 Tosomopdras cumnaexmuueckan 2eomempus noseti Xuzzeca 63

Taxkum 06pa3zom, UCXOJHOE BEKTOPHOE paccaoenue F magynupyer Ha
CIIEK TPAJIBHOU KPUBOU §J¢ JTUHETHOE PACCIOCHUE O§¢ (H) € Pic(flqg).

Hamomuwnm, 9T0o mpoobpas HyIs OTHOCATEILHO HOPMEHHOT'O OTO-
6paxeHus

T(54) —2 J(5)

ABOMHOTO HAKpHITHUA (3.19) cBA3€H U ABIAETCA, TAKUM 0OpasoM, abe-
JeBbIM MHOTOO0OGpasueM. OHO Ha3BIBAeTCA MHO2000pasuem [Ipuma u
0003HaIaETCA

Prym,, o N(b_l(O) .

1 nockonbky, cormacso (3.20), Ny ((’)id)(H)) = AZE = O, vt umeem
BKJIIOYEHUE C’)§¢ (H) € Prym.

C mpyrom CTOPOHBI, IO O0IEMY KBaApaTUIHOMY auddepennma-
ay w € H(Z,0(2Kx)) MOXHO MOCTPOMTH HEMPUBOLUMOE TBOMHOE

HAKPBITHE
S ¢
Y — 3 ’
pa3BeTBIEHHOE B AWBU30De ero Hynen (w)y = {p1,p2,...,Pag—4}, ac

KaxabM L € Prym, ~MOXHO CBA3aTh BEKTOPHOE PACCIOCHUE
0
EL =R ¢w*(L)

ua ¥. Jlerko BugeTs, uro tkEr, = 2, A’Ep = O, u (EL, ¢,) ABIAeTCA
cTabuIbHON Mapou Xurrca. Takum o6pasom,

7 Hw) = Prym,, .
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§ 5 Kamu6poBo4YHAsa TeOpuUA HA PUMAHOBOM MOBEPXHOCTH.

HoBell mpuweM, mpuiieqmuy B T€OMETPUIO U3 TEOPUU MO, CO-
CTOUT B COMOCTaBICHNN OOBHEKTOB PAa3HOU paszMmepHocTu. Hampumep,
TPEXMEpHAA TEOPHUA HA OTPAHUIUBAEMOM PUMAHOBOU MOBEPXHOCTHIO
Tele ¢ pyIKAMU JOCTABIACT BAXHEUNIYIO WH(OPMAIWIO IJIA TBYMEP-
HOU TEOPUU HA CAMOU MOBEPXHOCTH, & APYTHUE TMOME3HbIE (PAKTHI MOXK-
HO TOJYYIATH U3 TEOPUU HA ACCOIMPOBAHHBIX C PUMAHOBOU MTOBEPXHO-
cThio rpadax (OJHOMEPHBIX KOMILIEKCAX).

Kraccuieckaa moneBas Teopusa Hag MHOTooOpasueM M BKIOUIAET
B cebs TPpU COCTABIAIOINAE:

e uabop noaeti A va M — 510 reomerputdeckue 06bEKTHI, TAKUe
KAaK CEYEHUA BEKTOPHBIX PACCIOCHUN WIN CBAZHOCTH HA HUX,
nian OTO6pa,)KeHI/Iﬂ u3 M B HEKOTOPHBIEC BCIIOMOT'aTEIBbHBIEC MHO-
roobpa3usa u T. I.;

o Jynryuonan deticmeus S : A —— C — 06bI9HO DTO MHTETPAT
oT HekoTopou GbyHKuu L (1arpaHxuana) OT IOJEH;

e HaGOp Habaodaembiz — pyukmuonansos w : A —— C ma mpo-
CTPAHCTBE TOJIEH.

Hanpuwmep, B meopuu Yepna— Catimonca HA TPEXMEPHOM MHOTO-
o6pasuu M TOJEBBIME MEPEMEHHBIMU ABIAIOTCA 1-popMBI ¢ KO3(pPu-
mmentamu B aarebpe Jlu A = QY(M) ® su(2), a dyaxumonan mei-

CTBI/IH1 nMeeT BUT

w2 2
Cs(a):§/tr(ada+§a/\a/\a) . (3.21)
M
B kadecTBe HAGMIOAAEMBIX BETUINH MOXHO PACCMOTPETD Nemat Y-

cona: Wi (a) = tr(Holg (a)) — creapi? TOTOHOMEY CBA3HOCTH a B0
yamoB K C M.

! rax maspiBaembint fynxyuonaa Tepna - Catimonca
*moxgecTro Maugerncrama: tr(A)tr(B) = tr(AB) + tr(A™' B) moxasesaer, wTo
Takue HabIIoJaeMble 06pa3yoT aairedbpy
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O6parmmca Teneps k npoctpanctBy RE(m(X), SU(2)) knaccos
VHATAPHLIX MPEeACTABICHNN (PYHIAMEHTAILHON TPYIILL PUMAHOBOK
MOBEPXHOCTH] Y. Poaa ¢. ITo6bI IPEBPATUATE €ro B (pa30BOE MPOCTPAH-
CTBO MOJEBOU TEOPHUU, MBI OyeM CIUTATE, ITO ¢ > 2, U 0603HATNM
qepes Ej, = ¥ x C? TpuBmaibHOE 9pMUMOB0 BEKTOPHOE DPACCIOe-
Hze panra 2 Ha Y. PaccmorpuM addurHOE mpocTpaHCTBOS Aj Hp-
MHTOBBIX CBA3HOCTeN Ha Fj ¢ qercTBreM KaauOpOBOYUHOU IPYIHLL G,
MIAIKUX 3PMUATOBBIX aBTOMOpdu3MoB ciaoeB. Ha Fj ummeercsa Bwige-
JEHHAA HYA€6a4 C8A3HOCMb ¥ = d, MO3BOIAIONAA OTOX NeCTBUTL Ay €
QY(End(E})), conocrasnas ceasuocTu a 1-dbopmy a — 9, m MBI qacTO
6yeM OTOX IeCTBIAATEH (POPMBI U CBAZHOCTHU TakuM obpaszom. O6o3Ha-
aum wepes AL C A}, moATIPOCTPAHCTEO MPUBOANMEIX CBAZHOCTEH, 1
myets AT = A, \ AR

Mpocrparcrso A, = Q' (End(E})) asrsercsa mpocTpaHCTBOM TIO-
aen Teopun Aura— Mwiica, TedcTBIE B KOTOPOU 3aJaeTCA Hynkuyuo-

nanom Anea— Muaaca: S(a) = [ |F,|?, rme F, — KpuBum3HA CBA3-
3

HoCcTH . COMOCTABIAA CBAZHOCTH €€ T€H30P KPUBU3HBI, MBI TIOXYIa-
eM Gj,-DKBUBAPUAHTHOE 0MOOPANCEHUE MOMENMOE B KOATTeOpy Jlum
£(Gr)* xKamuOPOBOTHON T'PYIIIEL:

a—F,

F . A(Ep) Q*(End(Ey)) = £(Gn)* | (3.22)

HYJEBLIM YPOBHEM KOTOPOT'O ABIACTCA HIPOCTPAHCTBO ILIOCKUX CBA3-
HOCTEen

Ap = F_l(O) ,

. (3.23)
ToAr = {7 € Q' (End(Ey))| Vv = 0} .

Mgu1 BEIUM, B 9ACTHOCTH, ITO TPOCTPAHCTBO Ap COCTOUT U3 KIACCH-
YeCKUX peeHuu ypasrenus Jiaepa— Jdaepanaxca: 05 (a) = 0.

Ha mpoctpanctse A; uMmeeTca kaHOHUIECKAs Gp-WHBAPUAHTHAA
CAMILIEKTUYECKAA CTPYKTYPa

Q1 72) = / i Ae) s e € Tody = Q' (End(By))  (3.24)
>

3man BexTopubM mpocrpancteom 2 (EndE})
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Ee orpannvenue ma Ap BBIpOXTaeTCA B TOIHOCTHU BAOIL OpOUT Gj,
nockoasky TGy, C T, Ap, coBnagaer ¢ o6pa3oMm

Va (£(Gr) = Vo (2°(End(Ey))) € Q' (End(Ep))

u s mobbix ¢ € QV(End(Ep)) u v € T, Ap (em. (3.23)) umeem pa-
BeHcTBO: (V,4€,7) = Q& Vay).

TakuM 06pa3oM, CUMILIEKTUYECKAA PEAYKIMA mpocTpancTra Ay,
IO JEMCTBUIO KAIUOPOBOIHOM I'PYIIIEL IIPY IOMOIIA OTOOPAKEHH MO-
MeHTOB (3.22) HagemraeT TpoCTPAHCTBO OPOUT

RE(m (), SU(2)) = Ar/Gr = An//Gn (3.25)

CHMILTIEKTHYIECKOR CTPYKTYpoi* ) HAJ HOAIPOCTPAHCTBOM KIACCOB
CTAOUIBHBIX HEMPUBOAUMBIX MTPEICTABICHUN

RE(m1 (), SU(2))™ € Re(m (X),SU(2))

7 CTPYKTYPOU CUMILIEK TUIECKOTO OPOUdOna HA T TOXYCTAOUILHBIMEA
PA3IOXUMBIMHI IIPEACTABICHUAMNA

RE(m1(2),SU2))™ c Re(m(B),SUQ2)) .

Dopwma (3.24) asaserca guddepermuanom 1-popmbr gencTBu:

D) = [ uan. (3.26)
2
KOTOpaA 3aJaeT YHATAPHYIO CBA3HOCTEL A( HA TPUBMATLHOM INIABHOM
U (1)-paccroennn Ly max Aj. TTapa (Lo, Ag) cmyckaeTcs Ha TPOCTPaH-
cTBO opbuT (3.25) mpu momomu O-Topcopa’® — QyHKIUT

Ap x G, °. U) : 0O(a,g192) = O(a,91)0(a?",92) ,  (3.27)

KOTOpas OmpeferaeTca caegyommm obpazom: V (a,g) € Ap X G, cy-
WECTBYET IMAgKoe TpexmepHoe muOroob6pasme Y ¢ Y = 3, SU(2)-
CBA3BHOCTH A Ha TPUBHAILHOM BEKTOPHOM pacciaoeHuu £ HAL Y u ee

10 J9epPKHEM, UTO 5TA CHMILICKTIICCKAA CTPYKTYPa OMPEeIeIATCA B HCTO TOIO-
JIOTUYeCKUX TepMUHAX; HoApobHocTH cM. B [G1]

Sem. [RSW]
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KaaubpoBouHOe npeobpasosanue G Takue, aro Aly = a, G|y = ¢;
TOr A

O(a,g9) = ei(s(A%)—os(4)) , (3.28)

rae Cs(A) — dpyukmmonan Yepua— Canmonca (3.21) Ha mpocTpancTBe
A(E},) yHUTAPHBIX CBA3HOCTEN HA TPUBMATHHOM IBYMEPHOM BEKTOD-
HOM paccroerun’. [Tuddepenmman Gyaknum © B Touke (a,g) como-
crTaBIgeT mape KacaTembHbIX BekTopos ¥ € Ty A, = QY(End(E})),
¢ € £(Gy) = Q%End(E})) wmcro

WZZ.G) / (tr(g*1 dg A g lyg) —tr(a A Vas€) + 2tr(Fy ANE))
9

7 €ro OrpaHUYveHre Ha, MO AIPOCTPAHCTBO MIOCKUX CBA3ZHOCTEN MMEET
BUI:

T _ _
dO(v,¢) ZZ@)/tr (97 *dg A g tyg) ,
3

T. €. HE BABUCAT OT BTOPOH KOOPAWHATEL

Topcop (3.27) 3amaer ma mpocrpancrse opbut Ap/G, raasHOe
U (1)-paccroernne

SY(L) = A, x U(1) (3.29)
Gn

(dakrop mo geucrsuio g : (a,z) — (a9,0(a,9)z), g € Gp). O60-
3HauMM 4epe3 L spMuToBO MmHENHOE paccaoenme Ham Ap, acconmu-
poBarHOe ¢ orparmdeHueM S'(L)| 4, ATOTO TIABHOTO PACCTIOCHUS HA
HNOATPOCTPAHCTBO mIockux ceasHocren. Caenysa [RSW], moxwuo mpo-
BepuTh, uTO dopma aeuctsua (3.26) szamaer ma L spmmrosy U(1)-
CBAZHOCTD Apg ¢ POPMON KPUBU3HEL

Fa,.=i-Q, (3.30)

rae () — cummiekTudeckas cTpykrypa Ha Ap /Gy = Ay // G, onucan-
Hasg Ha cTp. 66. UTak, weTBepka

(RE(m(X2),SU(2), 2, L, Acs) (3.31)

Smoxuo mporeputs (cm. [RSW, §2]), wro dyukuua (3.28) e 3aBucuT OT BHIGOPA
rpouku (Y, A, G)
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MPECTABIIET COO0I0 MTAHHBIE 2E0MEMPUUECKO20 NPEIKEAHMOBAHUL
u3 §1 rmaser 1.

§ 6 KoMmmuiekcHaa moJApu3anusa NpPoOCTPaAHCTBA

RE(71(X),8U(2)).

CrangapTHBIN CIIOCOO KOMILIEKCHOM MOMAPU3ALUNA IIPOCTPAHCTBA,
KJIACCOB TPEACTABICHUN — HTO (PUKCAIAA KOMILUIEKCHOU CTPYKTYPHI
I ma Y. HamomawmM, 9TO Kaxgada CBA3HOCTHL a € A onpegenaer mud-
(pepeHIUATBHBIN OTIEPATOP TMEPBOTO MOPALKA — KOBAPUAHMHYIO NPO-
uzsoonyo V, : I'(E) — I'(E ® T* X)), raBHOU 9acThIO KOTOPOIO
ABIAETCA OObIYHBIN BHemHUN quddeperiuan d. KoMmiekcaas cTpyk-
typa I Ha ¥ urgynupyer pastoxerus d =0 +0 u V, = V0 4 Vo1

rie
vl,O

vO,l
I'E) —T(EQYY)  I'(E) -—TITEQ,
TaK ITO IPOCTPAHCTBO BCEX CBA3HOCTEN PACKIALLIBACTCA B IIPAMOE
Ipou3BeeHue

A=A x A, (3.32)

rae A" — addurnoe npocrpancrro vax QVO(Ad(E)), a A" — maz
Q% (Ad(E)). Kamb6poBousas rpymnma G Beex MIaIKAX MOCIOAHBIX aB-
TOMOP®U3MOB paccioerus F coxpaHseT MPOEKIUIO

A2 A" (3.33)

Ha IPOCTPAHCTBO 0-0HepaTopoB Ha F.

Samanue Ha F KakOU-a1uOO dPMUTOBOU CTPYKTYPHI h BHIZEAAET
HOAIIPOCTPAHCTBO apmumosvir ceasaocTen Ay, C A, n orpanmaeHue
npoexkiyuu (3.33) Ha Aj, ABIAETCSA B3AUMHO OTHO3HAIHBIM COOTBET-
creueM. Kpome Toro, h onpegenser Ha KATUOPOBOIHOU rpymne G co-

OpAXeHue:

g—g=(9")",
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BEIIECTBEHHBIMY DJIEMEHTAMU KOTOPOTO ABIAIOTCA TMOCAOUHBIE DPMU-
TOBBI aBTOMOP(U3MBI:

Gn=1{9€Glg=y9g}-

[Ipu sToM neucTBue a — g(a) IPOU3BOIBLHOTO KATAGPOBOTHOTO MPe-
o6pazoBaEua ¢ € § HA KOMIIOHEHTHI CBA3HOCTH (, OTUCHIBAETCA (HOp-
MYJIaMU:
0 _ — ol0, -1 _ vl,0 0,1 —1)*
Vg’(a)_g'va g _va _((va g)g )
01 _ 0,1, —1 _ 0,1 0,1 -1
Vg’(a)_g'va g _va _(va g)g
7 CoxpaHAeT MOANPOCTPancTBO Ap C A 3pMUTOBBIX CBA3HOCTEW, &

oroxpecrsrenue pr|4, : A, — A" sxBuBapmanTHO OTHOCHTEIBLHO
ATOr0 JEUCTBUA.

2
[TockombKY KOMIO3MIUSA ( 2’1) € Q"2(Ad(E)) = 0, npocTpan-
CTBO OopOUT
A"/G =M, (3.34)

npegcrasigeT coboi 00begUHEHMEe BCEX KOMIOHEHT MPOCTPAHCTBA!

MOJYJIEU TOMOJOTUICCKA TPUBUAIBHBIX [-TOJOMOPQHBIX PACCIOSHUN
Ha Y7, ¥ OPOUTHI IIOCKUX CBA3HOCTed Ap C Aj COCTABIAIOT B HEM
KOMIIOHEHTY MaKCUMAJILHOI PasMepHOCTH M5 KIaccoB moxycTabmnib-
HBEIX paccroennin (HanomamM, aTo dime M = 3g — 3). [Ipumenenne
KJIACCHIECKOU T€OMETPUICCKOU TEOPUU MHBAPUAHTOB B cTwmwie Kemm-
da — Hecc maer mam:

ITPENIOKEHNE 1 (HAPACUMAH — IIEWAAPY). MMeeT mecTo m3oMop-
usm

NS : RE(m(2),SU(2)) — M, (3.35)
magymupytommi Ha RE(m1 (X)), SU(2)) cTpyxTypy KoMILIEKCHOTO MHO-
roobpasuga ¢ M®S,

PEAIOKEHNE 2. Popma Fu., u3 (3.30) mmeer tum (1,1), u aunen-
HOe paccroeHue L, ommcanHOE Ha CTp. 67, JOMyCKaeT eJUHCTBEHHYIO

'y13-3a IPUCYTCTBIA HECTAGMIBHEIX PACCIOEHUN STOT OOBEKT He ABIACTCA MHOTO-
o6pa3ueM, HO BCe Xe MOXeT ObLITh ONNCAH Ha A3BIKE CM3KO08
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TOIOMOPpHYIO CTPYKTYDY, COMMACOBAHHYIO C SPMUTOBOH CBA3HOCTHIO
A¢s ¥ KOMILIEKCHOU CTDYKTYPOU; IpH 5ToM m3oMopdusm (3.35) oro-
xgecrager L ¢ Opyss(0).

Bwmecte ¢ Tem, HA M uMeeTcs KAHOHUYIECKAA KEIEPOBA METPUKA,
(Tak masweBaemaa mempura Betias— ITemepcona) ¢ xereposon ¢op-
MOU wyp = 1F 4, =1 -}, garomas cBI3HOCTS JleBu - YuBuTa Ha KOM-
IIEKCHOM KacaTensHOM paccioernuu T M u coorsercTByomyio en
SPMUTOBY CBA3ZHOCTHL Ap Ha AaHTUKAHOHUYECKOM JUHEMHOM PACCIOe-
aum det T M = O(40). DTo onpenenaeT 5pMATOBY CBAZHOCTD % Arc
Ha L, cormacoBamuyio ¢ romomopduou crpykryponm Ha O(0) = L.
Haxomner, paccmarpusas M kak cemenctTso J-ornepaTopos, MBI TIO-
aydaeMm Hag M merepMMHAHTHOE JWHENHOE paccioenme KBuiumeHa
L ¢ »spMuTOBOM CBABHOCTBIO Aq, (hOpMA KPUBU3HBI KOTOPOM TaKXe
COBMAJAET C HANICH CHMILICKTIIecKon dopmon: Fa, =i - Q.

I[IPEAIOXKEHNE 3. Agg = %ALC =A,.

PaccmoTpuM Teneps KaauGpOoBOUHYIO TEOPUIO Imoaer Xurrca. [o-
aoMopdHOe mojde XUrrca ¢ ABAAETCI, KAK MBI 3HAEM, TOJOMOPQHBIM
cevenmeMm ¢ € HO(X,Ad(E) ® K) = TipM™ u ompegenseT Ksa-
apatwanbi guddepenmuanr w = w(FE, $) = tr(¢?). Cnapusas sToT
KBAIDATHIHEIN AubQepeHnnar ¢ sIeMeHToM | € QNS K7 ms
IBOUCTBEHHOT'O MPOCTPAHCTBA quddepennuanos BeasTpamu, MbI TO-

IydaeM Ha KOKACATEILHOM paccaoerus 1% M pyromo

Hy,(¢) = /tr (¢?) -1, (3.36)

by

KOTOpasA COrMacHo mpuHoumy Xaprorca (cm. ctp. 61-62) mpomomxa-

eTcA Ha BCE MHOr0OOpaswe MOAYJIeN MOMyCTAOUIBLHBIX Map XUITCA
H

M.

IIPEANOXKEHUE 4. Pyaknun H,, H,s, oTBevaromue pa3inIHbBIM KBa-

ApaTHWIHBIM gugdeperauaram w # w', KOMMyTEPYIOT OTHOCHTEIBHO

cko0ku IlyaccoHa, MEAYIIADYEMOH KaHOHHIECKOH I'OJOMOP(HON CHAM-

ILIEKTHIECKOH CTPYKTypou Ha My,.

[TOKABATENLCTBO. IIpogomrxum pyakmmu H,, 10 TOCTOAHHBLIX IO
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6ase QpyHKIWMI HA KOKACATEILHOM PACCIOCHWN
T*AII — ./4” % QU,I(Ad(E))

K mrockoMy adgdpurromy npocrpanctsy A’ omeparopos Komm - Pu-
mana Ha F (cM. pasnoxenue (3.32)). ITockonbky mepemenHble Gas3bl
U CTOA KAHOHUYIECKW COTMPAXEHBI OTHOCHTEILHO KAHOHWYECKOU CHM-
maekTuaeckon ¢popmbl Ha T* A", a mpocTpaHCTBO TOTOMOPMHBLIX TO-
mer XWrrea eCTh He 9TO WHOE, KAK HYJeBOM YPOBEHb OTOOPAKECHUA
MOMEHTA II0 AeMCTBUIO MOJHOX KOMILIEKCHON KaIMOPOBOYIHOM I'PYII-
nbt G, pysknuu Hy, u H,y KOIXHBI KOMMYTHPOBATEH OTHOCHTEIBLHO
cko6ku Ilyaccona. O

§ 7 Beruucienue paHros.

B meaGeneBoM ciyduae BHIYHCICHME PAa3MEPHOCTER
: ) ss
dim H' (Mg, O(k©))

UCIOAB3yeT abCOMIOTHO HOBYIO MAEI0 — PACCMATPUBATH MPOU3BOIA-
myo GYHKIUO, AUy OTBET CPa3y AJA BCEX MHOTOOGDA3UU MOIY-
nen MG® B 3aBUCHMOCTH OT pojia g Kpuson 3. B crytdae KoMILIEKCHOR
MOJMAPU3AIAU TAKAA MAEA HABEBAETCA MOHAILICOHOBCKOU KAIUODPO-
BOYWHOM TeOpHUell TeTHIPeXMEPHBIX MHOT00OPa3mii !, Tqe aHAIOrOM Ie-
JOYUCICHHOTO TIAPAMETPA ¢ CIyRUT (TaKKe MeJOIUCICHHBIN) BTOPOK
knacc Yepna co(F). B cayduae BEmECTBEHHON MOMAPU3ANAA COOTBET-
CTBYIONIAE TPOU3BOAAIINE (PYHKINNA €CTECTBEHHO BO3HUKAIOT B KOH-
¢opMHOU Teopum mouA. Be3ycaoBHO, GBLTO GBI OYEHB MOJE3HO OTHIC-
KaTh KOHCTPYKIIWIO, HAMPAMYIO CBA3LIBAIOIIYIO Teopuio [lonansacona
¢ KOH(POPMHOU TEOPUEN TMOJA CTOIb XKe ABHO, KAK DTO MPOUCXOINT,
HampuMep, B KoHCTPpyKnnnm Hakamxumer gaa cxem ['mas6epra Hilb? S
ANreObpanIecKon MOBEPXHOCTH S.

Yem. [T2], [T3]
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Urak, paccMoTpuM rIagkyio airebpanveckyio KpuByo X poma g
u MHOTOOOpasue M MOy MoIyCTaGUIbHBIX TOIOMODMHBIX BEK-
TOPHBIX PACCIOEHUN HA HEU PAHTA, 2 C TPUBUAIBLHBIM € TEPMUHAHTOM.
Ha npamom npomssegenun X X M® HET yHUBEPCATBHOTO PACCIOCHA
&, uo ects paccroernme Ad(E), crapmmu knace Yepra KOTOPOro cBs-
3aH C (BUPTYAIBHBIMIY KaIaccaMu € 10 GhOpMyJIe

c2(Ad(€)) = —p1(€) = c1(E)® —4e2(€) € HY(E x M),

a pasnoxenme Kionnera mMmeeT BuUI:

—p1(€) = 2[X] ® [O] + [pt] ® [2]—
g

43 (0 @ () b5 @ ) |
=1

rae [X] — dyHAaAMEHTAIBHBIN KIACC KPUBOU Y, [pt] — KIacc Toukm
Ha, KPUBOU X, a;, b; ¢ 1 = 1,...,9 — Kakou-mub0 CUMILIEKTUIECKUN
6asuc (2.11) B H'(%,7Z), [0] = 2 u([X]) € H* (M, Z) — O-pusmsop
(3.2), [2] = 4p(lpt]) € HAM,Z), par),ulb;) € H'(MS). Taxm
obpaszom, kirace —p1(€) 3agaer romoMpdusm:

HL(S) —2e HA (M) - _mlE)
do
PaccMOTpuM rpagynpOBaHHYIO AIre6py
S(Z) = Sym*(HeveIl(Za R)) ® A*(HOdd(Ea R))a (337)

rpagympoBKa B KOTOPOU 3agaeTca TeM, uto o € H;(3) umeet crenens
deg(o) = 4 — i, Tak uro deg(a) =i = p(a) € H'(MF).

. N,
OnpeAEAEHUE 1. Jlunetnas dyskmas S(¥) — Q, 3magenue KOTO-
pOfI Ng(o-l.o-l. 'UT) Ha MOHOME x = 01 -01- --* -0p CO; € an(Z)

r
cymmapsou crenenu d(a) = > (4 — n;) pasHO
i=1

p(on) ~ -~ plor) , ecma d(a) = dimg M =69 — 6, (3.38)
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a B OCTAJBHBIX CIyYasaX PAaBHO HYJIIO, HA3BIBACTCA UHBAPUAHIMOM WIN
’rl0./LU/)-L0Jl/tOJl/t2 Hviocmeda.

3AMEYAHUE 1. AHATOrUYIHAS KOHCTPYKIUA NPUMEHUMA K JIOO0OMY cemeti-
CMBY 6EKMOPHBIT PACCAOEHUT, T. €. K TI0O0MY (BUPTYaIbLHOMY) PACCIOEHIIO
& van ¥ X B ¢ mpoussoabHON 6a3on B, 1 Takke NaeT HEKOTOPHIU MOJUHOM
NP# wa H,(5,R).

[Momuaom HeiocTema wHBapmaHTEH OTHOCUTEIBHO TPYNIBL mud-
dbeomopdusmos Diff ; (), coxpaHsOmux OpUEHTAINIO, X TAK KAK A
Kax10ro i ckpyuusanue Aewa ¢; € Diff | (X) menser snak y a; u b; u
IIEPEBOJUT BCE OCTAThHBIE OOpa3yiomme B celsA, 3HAUEHUE

Ng (u(ED™ - u([0tD)" - (i) - 14 (Bjiin) = )

MOXeT OBITH OTIUYHO OT HYJA, TOIABKO €CIA bmin = Jmin. A TOCKOIb-
Ky A JI000U Maphl PyUeK CYIIECTBYET COXPAHAIONIAN OPUEHTAIIIO
nuddeomoppuam, MEPEBOAANMA OTHY U3 HUX B IPYTYIO, BHIPAXKEHUE

g
v =2 nla) - plbi) € HO (M)

=1

He 3aBUCUT OT BBIOOPA CUMILIEKTHIECKOro Gasuca {a;,b;} Hi(X), n
N, € C[[pt], [2],7], T. e. N, npuaNMaeT HeHyJIeBbIe 3HAUEHMUA TOIBKO
Ha MOHOMAaX Buaa [X]™pt™yP, npudem ¢ m + 2n + 3p = 3g — 3.

Takum 06pa3oM, BMECTO I'PayUPOBAHHON ATre6psl (3.37) MBI MO-
KeM PaCCMaTPUBATH YHUBEPCAALHYIO ai2elpy

S3=Sym, (- Z® L -Z&v-7),

(cuMmmMeTpuaecKkyo arre6py cBOGOIHOTO TPALyUPOBAHHOTO Z-MOLYIa

¢ Tpemsa obpasyoummvu crenenu dega = 1, degf = 2, degy =3) n

TPAaKTOBATH Bech HAOOP MOMMHOMOB N, KaK OJHY JIMHETHYIO (HOpMy
N

S3 —— Q, mpuHEMAOIIYIO HEHYIEBLIE 3HAYEHAA TOILKO Ha MOHOMAX,

CTeneHb KOTOPHIX d = 3n KpaTHA TPEM, W COMOCTABIAIONIYIO TAKO-
My MoHOMY 3Hadenue (3.38) momuuoma N, ;1 Ha >TOoM MoHOME. UTaK,

’IOCKOMTBKY DTa TUHEWHAA (GYHKIUA MOXKET DACCMATPUBATHCA KAK OJHODOJHBIN
noausoM crenenu 3(g — 1) mva H. (3, R)
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MBI TIOJIY9aeM HeodHopodubiti momuaoM N, O MHOPOIHBIE KOMIIOHEHTHI
KOTOPOT'0 MMEIOT CTeneHu 3g — 3.

ITH OTHOPOMHBIE KOMIIOHEHTHI (T. €. momMmHOMBI HelocTena nms
PA3JIMYHBIX POJAOB) CBA3AHBI BAXHBIM PEKYPPEHTHBIM COOTHOLICHU-
em?

Ng(v-a) =g Ng_1(a). (3.39)
YT0o06bI 5TUM BOCHOIB30BATHCA, YAOOHO TEPEUTH K HOPMUPOBAHHbIM
muozousenam Hoocmeda
N, n+1

NO
S3—>Q: Ngnzm

(3.40)

Torma Bce cooTHOmenua (3.39) sanumryTcsa OMHUM yPaBHEHUEM
NO(y-2)=N%%) VzeS; (3.41)

HA MOJHBIA HOPMAJU30BAHHBIN MHOTOWIEH, TAK YTO MBI MOXEM WC-
KIIOIATH 06pasyomyio v u paceMaTpuBars N0 kax Q-3Haumyio Ju-
HENHYIO (pOopMy Ha

So=Sym,(a-Z®SB-7).

Tax nHasbBaeMmasn 2unomesa Hviocmeda (cm. [Th2]) mpegckasbi-
Baet, aT0 N%(a™ - %) MOXeT GEITHL OTIMTHO OT HyIT TOTBKO TPE
kE < (m+ 2k)/3. Vimes 5T0 B BUAY, 3aMEeHUM 00pa3yolLyoo [ Ha

w=a-f8.

Torga N° kax mumenas dbopma Ha Sym, (« - Z @ w - Z) GyaeT yaoBie-
TBOPATH COOTHOUIEHUIO
No(a?,k ‘W) = N3(n+k)+1(04n+3k -B")

"3 KOTOPOr'o BEITEKAECT MTOTOBOE INIABHOE pa,BeHCTBO4Z

(—=4)"+k . (n 4 3K)!
(n+k+1)!

N . ") = - (2k)! - (4F —2)- By, (3.42)

Sem. [Th2, IIpeanoxenue 26]; HIXKE MBI yBEAUM, ITO IHOAOOHEIE IPABMIA CAUAHILL
UMEIOTCA U /A BEUIECTBEHHOU TOIAPU3AINYA

“em. [Th2, dopmyma (29)]
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rae B; — uucna Beprymwin.

3aMEdAHME 2. Taggeym momyumn muorowrensr Heloctega (3.42) us dop-
Myasl Bepaunge niis npousBogAer (pyHKIMY PA3MEPHOCTEN MPOCTPAHCTB
KOH(MOPMHEIX OJOKOB (CM. HU¥XKE), OCHOBLIBAACH HA MPEITONOKEHWUH, UTO
KBAHTOBAHMNE C TOMOIILIO MZS ABIACTCA YUCAEHHO Noanbim (cM. §5 ria-
Bol 1). Mo oGouumu 5Ty runoresy Tagmeyina Mpu MOMOIIMA KOHCTPYKIIUAU
Honansacona us [Do).

3AMEYAHUE 3. BHermnee yMHOXEHUE HA O THOPOIHLIN DIEMEHT & € S3 UHIY-
nupyetr auddepeHuaIbLHER ONepaTop B MPOCTPAHCTBE MOIUHOMOB, MEPe-
BOJALINY JUHENHYIO popmy S3 L, Qs
oL
E
u coorHomenusa (3.41) MOryT paccMaTpuBaThCA Kak AudHEpeHIraIbHbIe
ypaBHeHus Ha MuOrowieHsl HeocTena. Bomee Toro, u3 3Tux ypaBHeHUN Jer-
KO yraJbIBAIOTCA U PEKKYPEHTHBEIE (DOPMYJILI 1A OPOU3BOAAMNX (DyHKITIN
cnapuBanus (3.38) (cm. [Thl]). Mogxon Burrena onupasucsa Ha BBIMUCICHUA
oobemoB Vol(M) = N%(a?973), mocse wero ocTarbubie 3HATEHNA MHOTO-
wienoB HelocTena BOCCTAHABIMBAIOTCA U3 DTUX PEKKYPEHTHBLIX (DOPMY.I.
5

(2) = (degz + degz) - L(z A 2) ,

[pyrou cnoco6 Buraucaenus® cuapusanusa (3.38) u MHOrOWIEHOB
HerocTema mocTasmseT mporeaypa reoMeTPUIecKON anmpOKCUMAIAH.

Nmeerca memouka ¢pamrmos’:
MPpax & - -+ e MP; e MPy, (3.43)

rae kaxgoe MP; ecTh MHOr0OGpasume MOAyIeH {-CTa0MILHBIX Tap’,
IAIOIIee CBOE CEMEMCTBO BEKTOPHBLIX paccioenuu & Ham Y X MP; u
cBom MHOTOWIeHb N, ; (cM. 3am. 1 u3 § 7 raset 3) u N, ananormnsie
(3.38) u (3.40). Camoe mpaBoe mHOroo6pasme monyren MPj B (3.43)
ABIAETCA MPOEKTUBHBIM TPOCTPAHCTBOM Pa3MEPHOCTH 3G — 2:

MP, = P32 .
a camoe 1eBoe — Pl-paccioennem Haz M

SS
MP . —+ M,

3TuM BBrMECIEHEEM MBI 06s3ankl 3arbe u Makaowarsay (cum. B [Thl] coorser-

CTBYIOUIWE CCHLIKN)
Scum. [Re]
Tea. [Th2], [BD] win [Ber]
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Vs H = N° rape H — xmacc T'porenguxa sroro P!-
paccaoerns, a N — ¢opma Heiocrena. Mcmoabsysa aBHOe OMICAHIE
Kaxa0ro dauna u3 (3.43), MbI MOXEM mAr 3a maroM BOCCTAHOBUTH
BCe MHOTOICHEI N ;, HAIXHAA C CAMOT'O IIPABOTO P39—2,

rak aro N9

ITo Teopeme Pumana— Poxa— Xuprebpyxa

Z(—ni dim H (M, 0(k©)) =

= (ch(O(k®)) - td(MF)) (3.44)

3g—3 °’
“ T. K. [UBU30P O TOJOXUTENEH, B JEBOU UACTU, COMIACHO TEeOpeMe
Koganpsl, CTOUT ML dimHO(Mzs,(’)(k@)) = dim#H}. C apyrou
croponsr, Hefocren mokazan®, aro ci (M) = 4[0], a p(MZ) = (1+

29—2
5)2972, Tax aTo td(M) = e200] (Sh(‘l/’g%) ! . HosTomy B mpaBon

qactu (3.44) monyaaem:

k+2\9 ! :
dimH} = <%> Y sin? % k]—j:2 . (3.45)
J

§ 8 CeasznocTn XuTuuHAa.

B sToM maparpade MBI IOKaXeM, ITO COMOCTABICHNE KPUBOU Y|
poaa g > 2 muOroo6pasusa moayaen M (X ;) roromopdubIx momycTa-
OUIBHBIX TOMOJOTMYECKN TPUBUAIBLHLIX PACCIOCHUU HA HEH ABIAECT-
CA CTPOTUM MOIYJIAPHBIM COOTBETCTBUEM, & MPOCTPAHCTBA, (Heabeme-
BbIX) J-DyHKIUI

HY(M*(21),0(k0)) (3.46)

8cu. [Ne]
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IOCTABIAIOT YCIEITHOEe KBAHTOBaHME KPUBOU Y. VHade roBops, mpu
g > 2 KpuBag YXj OJHO3HAYHO BOCCTAHABIMBaeTCA mo M, a Bek-
TOpHOE paccioenue co caoeM (3.46) Ha MHOrooGpasum Momyren M,
KPUBBIX POJA g

Vi =~ M, = pi (1) = HY(M®(S)), 0(kO)) (3.47)

061aaeT MIOCKON MPOEKTUBHON CBA3HOCTHIO, TAK ITO MPOEKTUBUA3A-
s PHO (M (2), O(kO)) moxarsmo me 3asment ot 1.

[Teproe yTBepxkjeHme MOYTH OUEBUIHO B CUIYy TOT'O, ITO MHO-
XKeCcTBO 0Cco0BIX Todek Sing M® = Kum(X;) npezacrasuager co6omo
KyMMEpOBY TOBEPXHOCTEH KpUBOU Y7. PazayeMm KOHEIHOE MHOXECTBO
Sing (Kum(X;)), paccMOTpUM ABOMHOE HAKPBITUE MOLYIEHHOU IIO-
BEPXHOCTHU, Pa3BETBJICHHOEC B HNCKIIYUTECJABHOM AWBU30pPE, a 3aTeM
CTAHEM UCKIIOYATEIBHBIN TUBU30D — MOLYyIUTCA Ako6uaH J(X7) Ha-
mwer KpuBou. HeTpyaHo BHAETH, 9TO OrpaHuteHue HeabeneBa O-au-
BU30PA HA KYMMEPOBO MHOT000PAa3ue TIEPEXOANT IIPU DTOM B TUBU3OP
2 © na akobuane. Teneps kraccuaeckas Teopema Topemrn (cM. HaTa-
70 §2 TaaBel 2) JAeT HAITy KPUBYIO Y.

CymuiecTBOBaHME MTPOEKTUBHOU IIOCKOU CBA3HOCTHU HA PACCIOCHUN

I roxazar Xurawmn. YTo6E mOCTPOUTH

(3.47) B HeabeneBoM cCiy4ae
STy CBA3HOCTb, MBI OIATH BOCIOJB3YEMCS TeOpuen AedOpMAaluu u3
84 rmaBwr 1, a KaTuOPOBOYHAA TEOPUA T'OJIOMOPMPHBIX MOJer XUTTCa
(cM. Komery § 6 TiIaBBEL 3) MO3BOJUAT HAM BBHIYUCIUTH €€ KPUBU3HY.
[Ipex e Bcero mamomMuUM (CM. §6 raaBel 3), 9TO HA TPOCTPAH-
crBe RE(m1(X))r = M%(X) KaHOHMIECKN UHAYIUPYETCS BHIOOPOM
KOMILTEKCHOU CTPYKTyphl I Ha ¥ kommuekcHaa crpykrypa Z = Z(I).
Mg gonxHBI yOEIUTHCA, ITO TIPA STOM BBITIOMHAIOTCA BCE YCIOBUA CO

ctp. 18-19. Cornacuo pesyasrary Hapacumana u Pamanama®
HY(TM*) = H'(M*,0)=0.

Mg mocTpoerns rosomopduOoro Terzopa Wy € HO(S?(T M) pac-
CcMOTpUM KacaTersHoe mpocTpancTso Tp M = H (X, Ad(E)) B no-
JyCTaOWILHOM BEKTOpHOM paccaoenuun E € M. Tlo asomcTBeHHO-

Lo6eyx genme abemeBa crydas cM. Ha cTp. 33-34
cm. [NR]
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ctu Ceppa T*M®, = H°(S,Ad(E) ® Kx), rae Ky, — kanoHuIe-
CKUH KJIacc KpuBon Y. KacaTelbHBIN BEKTOP K MHOIOOOPA3MIo MOMY-
neur M KpuBBIX B TOUKe Y 3afaerca Auddepennnarom Bersrpamm
I € H' (X1, KY), n “-yMHOXeHTe Ha HETO

H(S, Ad(E) ® Ks) — 2201

H'(Z,Ad(E)) (3.48)
ABIACTCA KBaAPATUIHON popmon Ha T, M. Ee npogomkenue Ha Bce
MHOT006pasue Moayiaen M u maet mckomoe cedenne Wy.

IIPEANOKEHNE 1. OTobOpaxkenne
HI(EI,TI’O) f H’O(MSS, SZ(TI,OMSS))’

nepeBogamiee gudpgepennuan berbrpavu Is KBagPaATHUIHYIO (pOpMYy
f(0) : p— /tr(¢2) AT, (3.49)
)

ABIAECTCA U30MOPDPU3IMOM.

MoKA3ATENLCTBO. CormacHo mpwanumy Xaprorca (cm. §4 rma-
BHI 3), MBI MOXEM IIPOIOIKUTE JOOYI0 TOIOMOPMHYIO KBAAPATAIHYIO
dopmy ¢ T* M ma ero 3ameikanne Xutumaa My, mpudeM IposoI-
)eHHada (HOPMA MOMKHA OBITH MOCTOAHHA HA, CJIOAX TOJOMOPQHOrO
oTobpaxeHus MOMEHTOB (3.18), MOCKOIBLKY OHU SBIAOTCA KOMIIAKT-
HBIMU abereBbIMU MHOT0OOpasuavu. VTak, Hale mpoCTPaHCTBO TO-
JOMOP(MHBIX KBAIPATUIHBIX (DOPM ABOUCTBEHHO MPOCTPAHCTBY TOJIO-
MOP(HBIX KBAAPATAIHBIX AUMHEPEHINATOB HA Y. DTUM BCE CKa3a-
HO. O

Paccmorpum gedopmatmio M= 2+ B xommiexcroit CTPYKTYPHI
7 Han HEKOTOPOW OTKPHITON OKpeCTHOCTHIO Hyna B C C™ (rakyio
aro p~(0) = M) u roromopduoe BekToproe more t € H'(B,TB)
ma B. Cormacuo kaaccmaeckon Teopunm Komampwi— Crencepa, OHO
OIpenenaeT CEeMEUCTBO KJIACCOB WH(MUHUTESUMAILHBIX AedopMaIiun
BJOMIb BEKTOPOB {, T. €. CEICHUE

¢ € HYB,R'p,TM>) . (3.50)
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Bribpas Ham kaxgou TOYKOU b € B IOCTATOYHO MEITKOE OTKPBITOE
nokpertue croa MiS = p~!(b), paccmaTpum cemeicTso (3.50) Kax ce-
MeticTBo aremenTos npoctpanctsa H (M, D1(L)) xraccos xoromo-
goruu gudpepeHnuaIbHBIX OMePATOPOB HA PACCIOCHUN TPETKBAHTO-
Bammsa L, T. e. kax cevenme A € H°(B, R'p,(D'(L))), omacesatomee
UHQUHATE3UMATLHBIE 1edOPMAIIN PACCIOCHUA TONAPU3ALNUY BIOIb
BekTOpOB t. [locTpoennas B (3.48) romomopdHas kBaapaTudHas Gop-
ma Wy € HY(B, R%,(S?T)) nogaumaeTcs (Mpy IOMOIIM CBA3HOCTH
Jlesu- Yusura merpuxu (3.49)) mo cemencrsa oneparopos Jlamraca—
BenprpamMu, 3a1aHHBIX JOKATHHO HAJ OTKPHITHIMA MHOXECTBAMU 3a-
(bUKCHPOBAHHOTO HAMU MOKPHITHA cloes Mj°. OTu omepaTopel BTO-
poro MOpAAKa WMEIT ONWHAKOBBIE TVIABHBIE YaCTH, W CTAIO0 OBITH,
sagaior cetenue D € H° (B, R'p,(D?*(L))). Teneps onucannas B § 4
raaBbl | MamMHEPWA AaeT HAM TOJIOMOPGMHYIO MPOEKTUBHYIO CBA3-
HOCTh Ha paccroeHuax (3.47) max 6asou B ¢ IVIABHBIM CHMBOIOM,
paBHBIM

1
2% —4°

Bonee Toro, kombunamua d; + P, rae

5(W) € H(B,R'p,TM>) . (3.51)

. i
Pt—zD+2k_4A (3.52)
3a7aeT MIOGATBHO ONPEIETeHHBIN 2040MOPPHbIT onepamop menao-
nposodnocmu Ha L7, a ero MIABHLIA CUMBOJ ABIACTCA KBAIPATUIHON
dbopmon, nogaaTOU ¢ 6asbl paccaoerma Xurawmaa (3.18), m cormacHo
npeni. 4 u3 §6 rIaBbl 3, DTU CUMBOJIBI KOMMYTHPYIOT KaK (DYHKITAA
HA KOKACATETHHOM PACCJIOCHWUN.
Takum 06pas3oM, A BLIYUCICHUA KPUBU3HBLI HAIIEU CBA3HOCTH
HAJO0 BBIMUACIATE JWITH KOMMYTATOD

8Py — 0y P, — [Py, Py] (3.53)

IS IBYX TOJOMOP(MHBIX BeKTOpHBIX noaen t u t' ma B. Iocaennun
wied B (3.53) a priori uMmeer mOpAAOK 3, HO €r0 TVIABHBIM CAMBOJ
apagerca’ ckoOkon IlyaccoHa KOMMYTHPYOMIX CHMBOJOB OIIEPATO-

3cm. [GS1]
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pos (3.52), Tak 9TO
0Py — 0y P, — [Py, Py] € H'(M*, D*(L)) (3.54)

It 1I060M KOMILTIEKCHOU CTPYKTYpPHI u3 B.

YT0o6Bl T0KA3aTh, ITO MOCTPOEHHAS HAMHU CBA3HOCTH ABIAETCA
NPOEKTUBHO TLIOCKOKW, MBI JOTKHBI TPOBEPUTH, ITO omepaTop (3.54)
noctosaued. Ho mocaegssas cTpenka B JIUHHOM TOYHOM MOCTENOBA-
TEIBHOCTH

0 — H(M*,D (L)) — H°(M*,D*(L)) —
—— H'(M®,$8°T) — HY(M*,DY(L)) (3.55)

KOT'OMOJIOTHI TPOUKHN
0 — D' (L) — D?*(L) — ST — 0

SABJISIETCA BIOXKEHUEM, TIOCKOJILKY €€ KOMITO3UIIUA CO B3ATHEM CHUMBOJIA,
H'(M®,DY(L)) —— H(T) ects mzomopdusm mo mpemr. 1 w3 §8
raaser 3. [Hostomy H' (M D?(L)) = H(M®, D' (L)) = C.

B urore nmoxywaercs
TroPEMA 1. KerepoBo kBaHTOBaHHE MHOTO0OPA3UI MOJYJIEH TOIOI0-
THYIECKA TPUBUAILHBIX JBYMEPHBIX BEKTOPHBIX PACCIOCHUH ABIACTCA
YCIIEIIHBIM.

u pobaema:

ABAAEMCA AU NOCMPOEHHAA HAMU CBA3HOCIMD yHumapHOﬁ UAU HO Vk
ecmov (9py2(lﬂ YHUMAPHAA NPOEKMUBHO NAOCKAA c8A3HOCMb ?
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CUMMNEKTUYECKAS TEOMETPUA
MHOIOOBPA3UA MOAYNEMN
BEKTOPHbLIX PACCNOEHUA

§1 U(1)-aeuctsue I'onamana.

CuMmuieK TaecKas JacTh HeabelreBou Teopuu J-QyHKIUKA ObLIA
paspaborana ycuauamu Y. lonamana, [Ix. Beunmana, JI. Ixeddpu
u [Ix. Xeproiobauca. OTIpaBHON TOIKOU TYT ABIACTCA TeopeMa Ha-
pacumana — [Mlemanpu (cm. mpean. 1 w3 §6 rnaser 3) o coBnaneHun

M*®(E) = R&(m,SU(2)) .
Oro6paxenne xkpususust F :; Ay, il O2(Ad(E)) asrserca
0TOOGpAXKEHNEM MOMEHTOB A CAMILIEKTHYIECKOTO TeUCTBUA TPYIIIbL
SU(2)-kamubposok G, wa npocrpanctse SU(2)-casnocren Aj, oTHO-
CATEIbHO KAHOHUYECKOM KAMMOPOBOYHO MHBAPUAHTHOU CUMILIEKTU-
9eCKOU (POPMBI

w(y1,72) = /tr(71 Ay2) . (4.1)
s

Ero mynesoit yposens F~'(0) = Ap C Aj COCTOMT M3 IIOCKUX CBA3-
HOCTEU, U CUMILIEKTUYIECKAA PEIyKIUs

RE(m1,SU(2)) = An//Gr = Ar/Gh (4.2)

81
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€CTh CUMILIEKTUYIECKUN OPOUMOI, ABIAIONMUCA TIATKAM CAMILICK-
TUYECKUM MHOT000pa3ueM HaJ MOJyCTAOUILHBIMYU HEPA3IOKUMBIME
OpenCcTaBICHUIMMU.

Jltobas mpocras 3amkHyTas meTias C Ha Y ompeenseT HA DTOM
npoctparcTse gynkyuto Iosdmana: co : RE(m, SU(2)) — [0, 1],
COTIOCTABIAIONIYO TPEACTABICHAIO O TUCIO

ccl(o) = % arccos (tr(g[C])/2> .

B [G2] Toxgman mokasax, 9TO C¢ ABIAETCS MaMAILTOHHAHOM CHM-
miektudeckoro geuctsusa Ha RE(m, SU(2)) rpynner U(1), xkoTopoe
MOXHO OMUCATH ciepyoomuM obpasom. [lasa mo6oro g € SU(2), or-
amaroro ot +1d, cymectsyior egmrcTBeHHBE Ing € 5u(2) m t € R,
TaKue ITO

2 t1
|lng|*=2, e"9=g. (4.3)
Honmonuum knace [C] go kakoro-umGyab cTaHazapTHOrO Gazuca dyH-
MAMEHTAIBLHOM CPYIILI PUMAHOBOU MOBEPXHOCTH X.:

g
m = (a1, a2,...,a9, bi,bo, ..., by | [Jlai, b:i] =1d), (4.4)
i—=1

Tax 9106k [C] = a;. Mockomsky [g,e!"9] = 0 V ¢ € R, mpasmio
o(b1) — o(by) - e el

ompeenaseT raMuabToHOBO neuctsue U (1) Ha Kaace 1060ro mpeacTa-
BIEHUA O, TaKOro 910 o(aq) # +1d.

HeTpyaHo BUAETH, 9YTO TOJIIMAHOBCKUE TAMUILTOHUAHBI HETIEPe-
CEKAIIUXCA NeTeJab HaXOAATCA B MTHBOJNIOOUN OTHOCUTEIBbHO KaHOHU-
TECKON CUMILIEKTUIECKON CTPYKTYPHI (), MHIYIMPOBAHHON Ha IIPO-
crpauctee RE(my, SU(2)) dbopmon (4.1) mpu pexyxnmm (4.2):

CinCy=0 — {601,802}9 =0. (4.5)

Takum 06pa3zoM, ecan MbI 3apUKCAPYyeM HA Y. MAKCUMAILHBIN HAOOD
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HEIMIEePECEKAINUXCA TOMOTONMNMYICCKN HEOKBUBAJCHTHBIX 1'[6Te.JII)1

{017027"' 7039*3}7 (46)

(KOTOpBIE MBI B gaabHEHmeM OyJIeM HA3BIBATH OKPYHCHOCMAMU, CM.
puc. 3), TO MBI TIOTYyYIMM TIOMHBIN HAOOP U3 39 — 3 WHTErPAJIOB B WH-
BOJIIOIAN

ci(p) = % arccos (tr(g[Ci])/2> €[0,1] (4.7)

I KJIACCUIECKON MEXaHWYIeCKOU CUCTEMBI (9‘{6(%1, SU(2)), Q)

Puc. 3. [onubin HA0OP MPOCTHIX METETh

PumanoBa moBepXHOCTS ¢ (PUKCUPOBAHHLIM PA3MOKEHUEM HA IITA-

HBbI
39—3 29—2

> = Jo v Unr (4.8)
j=1 i=1

HA3BIBAECTCA pasmeuenoti. KoMOMHATOPHAA FeOMETPUA TAKOU PA3MET-
KU ONPENEeNsaeTCsa IBOUCTBEHHBIM MPusasenmubim epagdom ', MaOKE-
CTBO BEPUIMH KOTOPOI'O — ATO MHOXECTBO IITAHOB, a pebpa — OK-
PYXHOCTH-PA3PE3HI:

V(F) = {'1)1,’1)2, e ,'1)29,2} = {PI,PQ, e ,PQQ,Q}
E(F) = {61,62, N ,639_3} = {Cl, CQ, ey ng_g}

! Ierko BIAETH, 9TO OH COCTOUT U3 3 — 3 OXBATHIBAIONIX «PYIKI» OKPYXKHOCTEI,
paspesamomux X Ha 29 — 2 «uTaHOB» (CM. puC. puc. 3—puc. 4); Takou HAGOP pas-
PE30B UTPAET B TEOMETPUU CBA3HOCTEH Ty ¥Xe POIb, YTO HAOOP TOYEK B TEOPUU
byHKIUN: Kak QYHKOUA OrPAHUIMBACTCA HA TOYKY (T. €. BEIMHCIAETCA B HEH),

(4.9)

TaK U CBA3BHOCTH OUPAHMYMBAETCA HA METIIO; B DTOM CMBICJIE IITAHBL — DTO MU-
HAMAJILHBIA TEOMETPUIECKUN O00BEKT, NOMYCKAIOIINA HeTPUBUAILHYIO HeabeaeBy
KaTuOPOBOYHYIO TEOPUIO
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(ABe BEpPUIMHBI V; M Vj COEAMHAIOTCA PeGPOM €y, ECIM ¥ TOJBKO €CIn

Cy = 0P, N OP;)).

Puc. 4. Packpou Ha MITaHb!

§ 2 BemiecTBeHHAA MOJAPUIALNUA.

Uraxk, pasmeTka ' puMaHOBOM IOBEPXHOCTH Y 3a0a€T BEIIECTBEH-
HYIO IOJAPU3aIUI0 TAHHBIX IIPDEAKBAHTOBAHUA

(RE(m1,SU(2), Q, L, Aus) . (4.10)

A wmenno, 3g — 3 kommyTupyomux pysakoui lorgmana (4.7) 3agaor
oTobpaxeHue

RE(mr,SU(2)) — [0, 113973 c R393 (4.11)

B eIUHUIHBIA KyO, KOTOPOE ABIACTCA TAMUILTOHOBBIM /A JEHCTBUA
(3g — 3)-mepuoro Topa U(1)3973 ma ReE(m (Tr), SU(2)).

Dyuxnun lonamana (¢, ¢z, ..., c3¢—3) — K0opdunamur deticmeus
raMurbTOHOBOU cucTembl (4.10) — BCIOAY HEMPEPHIBHBI U MIAIKA HAJ
BHYTPEHHIME TOUKaMU egmamaHoro Kyb6a [0,1]3973. 13 sToro cre-
xyet!, aro ob6pas mpoekmuu (4.11) mpeacTapageT co60I0 BHITYKIBIH
MHOTOT'PAHHUK

Ar = 7 (R€(m1(Xr), SU(2))) C [0, 1]2973, (4.12)

tem. [GS1]
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cumiiekTudecku o6wem RE(my, SU(2)) pasen eBkaugoBy obbeMy

5TOTr0 MHOTOI'DAHHUKA! / Q%3 = Vol (Ar).
R
Muo)ecTBO 6G0p-30MMepdEIba0BEIX OPOUT YPOBHA k BElIeCTBEH-

HOU moapusanyu (4.11) coBnagaeT ¢ MHOXECTBOM %—HGJII:IX TOYEK B
MHOTrOrpanuuke Ar:

1

# (BSk)
k39—3
MPEACKA3LIBAIA B § 2 IVIABHI 1.

VO

F

(cM. pume. 5) m lim = / Q373 = Vol (Ar), kax MBI 7
k—o00 RE

(1/k) - uenbie TOUKH

ar

Puc. 5. loxapusanua Doagmana

YTo6B YBEAETH DTO, HHTEPIPETHPYEM BeKTOpH w € R3973 kak
nuddepennmansusie 1-popmer Ha R ™3 u pacemorpum cooreTcTBy-
fOI€ UM TaMIILTOHOBBI BEKTOPHBIE MOMA &)y, KACATEALHLIE K CIOIM

nr. dudpdeomopduzmbr
ty = €& C Diff ™ (R¢(m (Br), SU(2)))

COXPAHAIOT (POPMY KPUBU3HBI CBAZHOCTY Ay, U TIOCKOIBKY TTPOCTPAH-
ctBo RE(m1(Xr), SU(2)) ogHOCBI3HO,

tw(Acs) = Ay
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I TIOAXOJANIMX KATMOGPOBOYHBIX TpeoOpasoBanui’ oy, € G, (oHm
obpasytor U(1)3973-Topcop TouHO Tax e, Kak B §4 ruaBbl 2 mpm
ONMCAHUYN KIACCUIECKUX J-DYyHKIUN I1A abeJeBbIX MHOTOOODA3Ui).
Takum 06pa3oM, BCe MEPUOABI CBA3HOCTHA Aqg OOGHYJIAOTCA B TOTHO-
cTH HA[ %—IJ;GJIBIMI/I TOYKAMU.

TouHOE OmMCaHWe MHOTOTPAHHUKA Ar MOTy9IaeTCA U3 OMUCAHUSI
npocrparcTBa mwiockux SU(2)-cBasHocTen Ha oxHUX mTaHax Py c
0Py = C; UCy UC3. B aToM cryuae HETPYIHO IPOBEPUTES, ITO OTO-
6paxenue (4.11)

mo @ RE(m(Py),SU(2)) — Ag C R? (4.13)

B3aMMHO OMHO3HAYHO W HENPEPBIBHO, & ero o0pa3 ABIAeTCA TeTpa-
5APOM, 3aJaBAEMBIM B KOOpAMHATAX (C1,C2,C3) HA R3 HepaBeHCTBa-
MU:

1
: 414
min(q +c2,2 — 1 —CQ) ( )

npU<YeM 7T WIAAKO HA €ro BHYTPEeHHUMHU TOodYkamu. B obuem cay<ae
OIICaHMe MHOTOIPAHHUKA Ar B TePMUHAX IBOUCTBEHHOI'O TPUBAJICHT-
woro rpada I' gocrasuser

MMPEMJIOKEHNUE 1. Muororpanauk Ar 3azaerca HabopoMm uz 2g-2 He-
paBeHcTB (4.14), BBIIOIHEHHBIX A1 KaXJOH TPOUKH (Ci,Cj,Ck) KO-
opauuaT B R3973 | mpuxogamest u3 Kakmx-1u60 MITAHOB Pa3.J0XEHUA

(4.8).

% omucanye KaanGpOBOTHEIX OPOUT C HGUKCUPOBAHHOMN (POPMOT KPUBU3HEI CM. B [AB]
Sem. [JWI)
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§ 3 Bop-soMmmepdeans0BLI CIIOH.

KsanroBauue Bemecrsennou nomspusanuu (4.11) comocrasaser
Kaaccmaeckon mexaamdeckon cucreme (4.10) Gop-zommepdensoBeL
IPOCTPAHCTBA BOMHOBBLIX (DYHKITUN

Hi= @@ C-s, (4.15)
bEAFﬂiZ

e s — KOBADHAHTHO TOCTOAHHOE CETeHUE OTPAHMICHUA L —1(y).
Dyuknua w HA HAOOPE pebep TpuBareHTHOrO rpada [ co sHate-
HUAMEA B MHOXECTBE ﬁ—uemﬂx Touek orpeska [0, 11]:

1 1 1 3
ET) —2+0,11n—7Z= I | 4.1
( ) [07 ]m2k_ {07 2k_7 k_? 2k7 ) } b} ( 6)

HA3BIBAETCA JONYCMUMbIM Yeablm 6ecom YpoBHA k Ha rpade ', ecan

OHA YJOBICTBOPAET TPEM yCIOBHAM':

1) w(er) + w(es) + wles) € o Z,
2) w(er) +w(eg) +w(eg) <1,
3) |w(er) —w(e2)|] < w(ez) < min(w(er) + w(ez),2 — wler — ez)) .

MHOXecTBO Beex Takux Becos obozuataerca sepes WF(T). TIpocTsim,
HO OYeHb BaXXHBIM CBOMCTBOM BECOB ABIACTCA

MTPEANOKEHNE 1. Tucro |[WF(T)| Bcex gomycrumerx memowmcaennbrx
BECOB yPOBHA k 3aBHCHT TO.IBKO OT POJa g, a He oT camoro rpaga I,
u coBnagaer ¢ uucaom Bepaunde (3.45):

k+2\9" j
Wk = (—;r > S sin>% —kjj:2 (4.17)
j

lrperse ycmoBue (Bropoe HepasencTso u3 (4.14)) mpegcrasaeT coGOI0 HEpaBEH-
CTBO TPEYrOJbHMKA Ha chepe: ecIu HapUCOBAThH BOKPYT KaxX I0M BePIITHLI rpada
TpeyroapHuK o cropoHamu gauabl w(eq), w(e2), w(es), OPTOrOHATHHBIMU BBIXO-
OAIAM U3 Hee pe6paM, U CKJICUTb WX 0 COOTBETCTBEHHBIM CTOPOHAM, HOXYIATCA
TPUAHTYIUPOBAHHAA PUMAHOBA MOBEPXHOCTH Y, , KOHETHOIUCTHO HAKDPLIBAIONIAA
chepy S? (manpmmep, qaa mpocreimero rpada © (cu. puc. puc. 6 ma crp. 104 aTo
6yJeT HaKpHITHE CTeTeH: 1) M 3ajaiomas Ha Hell HeTOTUCICHHYIO 5w -TPUAHTY.IA-
IO
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s onucanus reomeTpun 60p-30MMepETHIOBA CI0A, OTBEYAIO-
IEro JOIMYyCTUMOMY IIEIOMY Becy w, 3aduKcupyeM (aar moarpyIn

7./27. C U(1) C SU(2) (4.18)

U /I HEKOTOPOH CIENUATLHO HMPICIOCOBIeHHON?

HUIO HA IITAHKI CBA3HOCTH a € T~ ! (w) pacCMOTPUM JBa OTOOPAKEHUA

K Halemy pasbue-

B(T) = {U(1), SU(2)}
V(T) = {Z,U(1), SU2)},

conocrassoume nerie C; snemenT duaara (4.18), conpaxeHHbIN cTa-
6UIM3ATOPY MOHOAPOMUY CBA3HOCTH [a] BAOID TETIN, & IITaHaMm P; —
DIEMEHT, CONPAXKEHHBIN CTa0UIM3ATOPY CBA3HOCTHU a|p, (ACHO, 94TO
npu srom C; C 0P, = wvy(P,) C ey(Cj), m ectm 0P, = C1 U
Cy U 03, TO ew(Cl) = Bw(CQ) € SU(2) — ew(Cg) € SU(2) —
vy(Py) € SU(2) u . 1.)

TIPEAJNOKEHUE 2. DyHKIUH €y, T Vyy 3ABUCAT TOJIHKO or? w, HO HE OT
BBIGOpa cBA3HOCTH [a] € T (w).

Taxkum o06pa3oMm, C KaXIbIM BECOM W MOXHO CBA3aTh JBE TO-
TPy

Ge= [[ ew(©) = Go= J] wu(P), (4.19)

CeE(T) Pev(T)

npuiem G, geuctsyeT Ha Gy IO CIeAyIOMIEMy TPABHATY: DICMEHT

g =0192--- 9292 € Gy € gj € vy(P))

3aMeHACT B IPOU3BENEHUAX fity - --t34 3 € G, 2MeMeHTHI t; € e,(C;)
¢ C; C 0P, N P, ma snementsr ¢(t;) = gmtig, ' (moapobmee aTo
nercTBue OyneT o6Cy XK AaThCA B § 3 TIABHL 6, MOCBAMIEHHOM KaIuOpO-
BOYHOU Teopun Ha rpadax).

Zem. [JW1, Onpegenenue 2.2], rge [dxeddpu n Bernman CTpoAT KOBAPUAHTHO
IOCTOAHHOE CedeHme §,, orpanmdenua (LF| Acs) ma 7' (w).

3 pouHEe rOBODA, OHM 3ABMCAT OT KOMOMHATODHKM DA3IOKCHMH MHOXKECTB YPOB-
HA QYHKINM w Ha CBA3HBIE KoMmoHeHTHI w (o) = UT;(a), KoTopyio MbI emre
o6cyauM B riaBe I 6
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MPEANOKERNE 3 ([JW1, TEOPEMA 2.5]). 7 H(w) = Ge/G,y.

CnencTBUE 1. CymecTByoT HeOTpULATEIbHEIE t, P, S € 7, U KOHEIHAA
abeneBa rpymnna Gy, 3aBUCAIIIE TOJABKO OT W, TAKAE ITO

X (Sg)p;w(SZ)s

a Hi(n Y(w)) = Z' @ (Z/27)P.
Kom6unaTopras reomerpus 60p-30MMepdEThIOBBIX CIOEB TaKO-

Ba. llerouncrennas moxpemerka Z3973 C R*%~2 B mpocTpancTse c
KOOPAWHATAMU IEUCTBUA C; 3a0aeT Mop detcmseus:

T4 = R¥ 37393 (4.20)

¢ mpoeknmeit RE(m15r), SU(2)) —2s T4, KOTOpas OTOXKLECTBIAET
GoabmMHCTBO TOUeK rpaHunsl JAr. Jlobas dyukuusa w suga (4.16),
YIOBIETBOPAIOIIAA JUIEL MEPBBIM aByM ycaosuam (1), (2) co cTp. 87,
3aJaeT Ha TOpe NEeMCTBUA TOUKY W € TQ",‘€ mopaaka 2k. Ilpu sTom
OIMHOXKECTBO

WkT) C Ty). (4.21)

JOMYCTHMBIX BeCOB (T. €. yIOBIETBOpAIMX u ycaosuio (3)) Oymer
MOJIYYIATBCA G Priori PA3HBIM I Pa3HBIX pa3MeTok [' ponda g.
Paznoxenue (4.15) mpocTpaHCTBA BOTHOBBIX (DYHKIUHN B MPAMYIO
CYMMY OJHOMEDHBIX MOAIPOCTPAHCTB OMPEAENCHO C TOYHOCTBIO 0
MOKOOP AUHATHOTO AEUCTBUA TOPA PA3MEPHOCTH |W(kF)|, MOCKOJTBKY
KOBAPMAHTHO MOCTOAHHBIE YHATAPHBIE CEYCHUA Sp OMPEICTCHDI JAIIE
¢ ToarOCTHIO 10 AeicTua U(1). MbI cobmpaeMes 0TOX JeCTBATH 5T0
IPOCTPAHCTBO C IPOCTPAHCTBOM, HOPOXK ACHHBIM JOMYCTAMBIMHE IIEI0-

YIMNCJIECHHBIMU BECAMMNM:

HE=EP Cow. (4.22)

wGW{S

4510 oTOX FECTBICHIE OyaeT mocTPOeHo B § 8 riasbl 6 mpu mOMOIIM KaTuOPOBOYU-
HOU TEOPUU TPUBAICHTHHIX IPadOB, IPUIIEANIEN U3 PALUOHATLHON KOH(POPMHOU
TEOpHUY MOJIA, KOTOPYIO MBI OOCYJUM B CAEAYIOMKX ABYX INIABAX
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OTO MPOCTPAHCTBO UMeeT (PUKCUPOBAHHBIN GA3UC U BHIIEICHHYIO IIe-
k

nouncrernyo nogpemerky ZIWr 7-[1’3. Bomee Toro, oHo BIOXEHO B

HezaBucamee oT [ Gombinee TPOCTPAHCTBO

H=¢@ cw (4.23)

weTé‘}’C

v o A
¢ menoumcaennoi nogpemerkoin Z okl © HE.

8§ 4 Mogens [lexbuana.

Orobpaxenus MomeHnToB Tuna (4.11) ABaaoTCa 06BEKTOM U3Y-
TeHUA MOPUUECKol cumnaexmuueckol 2eomempuu. A UMeHHO, ec-
M MIMEeeTCs TIAJKOoe KOMIAKTHOE CUMILIEKTUYIeCKOe MHOr0o0pasue
(M,w) pasmepHOCTE 21 C TIAJKUM TAMUILTOHOBBIM JEMCTBUEM M-
MepHOro Topa 1", TO COOTBETCTBYIOIINE KOOPAUHATHI NEUCTBUE —
YTOJI 33aI0T JarPaHkKeBy MPOEKIUIO

M-+ ACR",

Ha, BBIMYKJILIM MHOTOTPDAHHUK /A, yIOBIETBOPAIOIIMA TaK HA3HIBAE-
MbIM yeroBuaM Jenbiana’ u sakmodaeT B cebe IOMHYIO BHGOPMAIILIO
o cummekTraeckon reomerpun (M, w), B 9acTHOCTH, MHOT00Opa3ue
M, cummmekTudeckas GopMa w M UCXOMHOE CAMILIEKTUIECKOE MeH-
crBue Topa T™ 0JHO3ZHAYMHO BOCCTAHABIMBAIOTCA MO A, a ecmm (aszo-
BO€ MPOCTPAHCTBO (M, w) MMEN0 KOMIUIEKCHYIO MOIAPU3AIMIO (T. €.
CTPYKTYpy XOAXKa C KeTepoBOr (POPMON W), TO U 3TA CTPYKTYpPa TO-
e OJHO3HAYHO cuuTeBaeTca’ ¢ A. C Ipyroi CTOPOHEI, I M060T0
Muororpagauka A C R, ymosreTBopsAomero ycaoBuaMm Jlenbiana,
MOXHO TOCTPOWTH TIAJKOE CUMILIEKTHIECKOE MHOroo6pasme ¢ ra-
MUJIBTOHOBBIM AencTBreM 1" Tak, 9T0 06pa3zoM COOTBETCTBYIOMIETO
0TOGpaXeHusA MOMEHTOB OyaeT B TOIHOCTH A.

'em. [D)
2em. [G1]
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Ha npocrpancrse RE(m (2), SU(2)) raMuabToHOBO gencTBIE TO-
pa 73973 xax MBI BUJeIH, IMeeTCA, HO BTO IPOCTPAHCTBO 0060 MM
g > 2, a geucTBUE — He TIAJKO HAJ TPAHUIEN MHOTOTpaHHUKa Ar.
Tem HE MeHEe, MHOTOTDAHHUK Ar yIOBIETBOPAET yCJIOBUAM [lenbiia-
HA, 8 3HAYUT, OMPEIENAeT A IKOe KOMIAKTHOE XO[XKEBO MHOT000pa-
sme M ¢ DIaJKUM CHMIUIEKTHYECKUM JeUCTBHEM TODPA 73973, DTo
MHOT000pasue Ha3BIBACTCA® Modeabio Jleabyana MHOTOOODA3MA MO-

oynen
RE(m (%), SU(2)) = M>(X) .

IMockomrbky mocaemnee (AnA KOMIUIEKCHOM PUMAHOBOU MOBEPXHOCTH
Y1) ABIAETCA ATre6pamvecKuM MHOTOOGpa3meM, CYIIeCTBOBYeT Ou-
pAIMOHANBHBIN MOP(U3M

MS(Sp) L MmP

B wactHOCTH, MOgens [lerbiana MP nMeeT KaHOHHYIECKYIO MOIAPH-
3anmio — JuHenHOoe paccioenwe H : f* = ©. A mockoabKy mMomenb
[lenbiiana Kak KOMILIEKCHOE MHOT000pa3ue ABIAETCA XKECTKOU, KeJe-
poBo kBanTOBaHue (M, H) aBTOMaTHYIECKN ABIAETCA YCIEIIHBIM.

[IpocTpaHcTBAMM BOJTHOBBLIX (DYHKIIUU DTOTO KBAHTOBAHUA CIY-
KAT TPOCTPAHCTBA TOMOMOP(PHBIX CEUEHUN

H (MR, HY) (4.24)

1 UX Pa3MEPHOCTH JEeTKO BEMUCIAIOTCA Mo gopmyre [IpiocTepMaTa, -
Xexmana!. U mockombky Gop-3ommepdensgosst cion y (4.11) maxo-
OATCA HAJ TEMH Xe TOIKAMH MHOTOTPAHHWKA Ar, 9TO W y MOIEIA
[enbiana, pasMepHOCTb TPOCTPAHCTBA (4.24) OKA3LIBAETCA PABHOU
qucry 6op-3oMmmepdensnosex caoes npoeknuu (4.11). Takum o6pa-
30M, KeJepOBO KBAHTOBAHME IMHAMUIECKOM CHCTeMbI (MP,w) ABIA-
eTCA IUCICHHO MOTHBIM.

3cem. [T8)
‘em. [T8)



[ nara b.
WZW CQFT

PrMaHOBBI TOBEPXHOCTY ABAAIOTCA MMIABHBIMU JE€UCTBYOMIVMY JIV-
maMu B KOH(GOPMHOU KBAHTOBOU TEOPHUU TOISA B PA3MEPHOCTH 2 =
1 4+ 1, mpoucxogamen U3 TEOPUU CTPYH U CIAYXKAIIEH I OO0BACHE-
HUS PA3IUIHBIX KPUTUIECKUX (PEHOMEHOB, U IIPOCTPAHCTBA BOJHO-
Berx ymkmmin HO(M(X), O(kO)), aeasiomuecs B HAIEM MTOAXOe
PEe3yABTATOM YCIEITHOTO KeIePOBa KBAHTOBAHUA HEKOTOPOU KIACCHU-
YECKOU MEXAHUYIECKOU CUCTEMBI, TEPBOHATAIBLHO BOZHUKIN KAK Npo-
CMParncmea KoHPGOPMHLIE 640%K068 KOH(MPOPMHOU KBAHTOBOU TEOPUI
moasa. C apyrou cTOpOHBI, 6OP-30MMePHENsIOBLI TPOCTPAHCTBA,

HE= @ C-s
bEBSE

MOABIAIOTCA B KOMOMHATOPHON BepCUM KOHGOPMHOU KBAHTOBOM TEO-
pUE MOIA° KAK CIOU MPOEKTURHO ILIOCKIX BEKTOPHEIX PACCIOCHUH HA
MHOroo6pasueM Moxyaen M, KpuBBIX poja g. Boxee Toro, asymep-
vag CFT moxer ObITH cHOPMYIMPOBAHA B PAMKaX alrebpamveckon
reOMEeTPUU MHOTOOOPA3UA MOLYJIEN PUMAHOBBIX TOBEPXHOCTEN. Bax-
HEHIMM 9YaCTHRIM CIygaeM® TyT apisercsa mpokomoTas chepa Pu-
mana Y = CP; \ {p}. C sTonm «kIaccuaeckom» MPOCTEUIIEN BEpCUN

KOH(POPMHON TEOPUH IOJA Mbl I HATHEM.

Sem. [FS] u [MS]

m3ysenaeiM Berapuupiv— Kamxamkom— 3amonogamkoseiM B [KZ] m mpexpacuo
JEeMOHCTPUPYIOIINM KaK OOIIYI0 UACOJIOTUIO DTOU TEOPUU, TaK U €€ XapaKTepHbIe
TEeXHUIECKUE NeTAIN

92
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§1 WZW-Bepcus.

OnHa 3 BaXHEUIUX XaPAKTEPU3AMUN KIACCUIECKOTO TIPOCTPAH-
cTBa abeneBbIX Y-QYHKIUA COCTOUT B TOM, UTO OHO TPEACTABIAET
co60U eIMHCTBEHHOE HETPUROIMMOE TIPEACTaBIeHE anreOpsr [ensen-
6epra. AHATOrMYIHO, MPOCTPAHCTBO HeabedeBIX J-QyHKIINN

H(M*(5),0(k0))

ABIACTCA HEMPUBOAUMBIM MPEACTABICHIEM KATUOPOBOTHON AMTe€OPHI
WZW RCFT!.

OuepTuM OCHOBHBIE MOMEHTHI 5TOK Teopuu. IIycTh § — M0KaIb-
HBIA [TApaMeTP B TOYKE P € X; 20pu3oumaavhoti aszebpoti WZW Ha-
seBaeTca aqzebpa nemean slb = s((2,C) ® Clt, ¢~ ']. Ee nenrparbroe
pacumpenune

sl =s((2,C) ®Clt,t ' ®C-e, (5.1)

CO CKOOKOU
X®fY®g =[X,Y]®fg+k- tr(XY) - resy(gdf)

Ha3BLIBAETCA aarebpon k-xaiubposox.

U3 obmen Teopum amre6p Kama — Myau ussecTHO, 9TO anire-
6pa (5.1) IMeeT eMHCTBEHHOE HEIPUBOAMMOE IpeAcTaBIenue HE, ¢
Iepxallee HeHYJIEeBOU BEKTOP, KOTOPBIA AHHYJIUPYETCA r[orz;a,nr'e6pon
sl(2, (C) ® C[t], m HeHTPATBbHBIN BIEMEHT PaCIIUpeHUs 5[2 IAENCTByeT
ua H* ckanapubIM ymHOXeHEmeM Ha k (HOMep ypOBHA).

NmeeTcsa ecTeCTBEHHOE BIOXKEHWE

5((2,0) ® C(8) —» 5l | (5.2)

rae C(X) — mone MmepoMOpdHBIX GYHKIMI HA KPABOU Y. DTO MOIE CO-
xepxut nogkoasno C(X), C C(X) dyHkuui, peryIapHbIX BHE TOUKA
p € X, m orpaawyenne BaoxeHusa (5.2) Ha 3TO TMOAKOMBIO PEATU3YET

s[(2,C) ® C(%), C H’; KakK mogaarebpy co CKOOKOn

Xof,Yog=[XY]e/fg.

L1, e. panmonaIbHOM KOH(GOPMHOM KBAHTOBOM Teopuu moas Becca— 3ymuuo— Bur-
TeHa
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PaccmoTpum ecrecTBeHHOE AercTBUE DTOU MOAAIreOpBI HA KOH-
—t
TparpaguenTHOM §ly-Mogyne (HF)*.
OnpeaeaenuE 1. lognpocrpanctso Vi C (H¥)*, armymapyemoe mog-

axare6poun sl(2,C) ® C(X), C 5_[;, HA3BIBACTCA NPOCMPAHCMEOM KOH-
Popmubix 640%068 ypoBHA k.

Kaknm 06paszom 3T0O mIpOCTPAHCTBO CBA3AHO C BEKTOPHBIMU Pac-
croenusamu uHa X7 Jllo6oe BekTOpHOE paccaoenre F MOXHO TPUBUAAIHA-
30BaTh HaJ MaTbIM guckoM Dy, S p w vag ¥\ {p}. Pyskuns nepexoga
MEeX Iy ABYMsA TAKUMU TPUBUAIUIANAAME TPEICTABAACTCA Psagom Jlo-

paHa
e € SL(2,C) @ Clt, 1],

U KJIacChl TaKUX PASOB MO MOAYIIO aBTOMOPMI3IMOB TPUBHATLHBIX
paccaoennut Hag Dy m ¥\ {p} cocraBrsior aseebpauveckuti cmor

SL(2,C) ® C(%), \ SL(2,C) ® C[t,t~']/SL(2,C) @ C[1] ,

HapaMeTPU3YIOXU BCe (B TOM UHUCIE W HECTAOWIbHBIE) BEKTODHBIE
PACCIOEHU C TOYHOCTBIO 10 N30MOPGMU3Ma. DTOT CTIK ABIACTCA pak-
TOPOM YHWBEPCAJILHOT'O OJHOPOTHOTO MTPOCTPAHCTBA

Q =SL(2,0) ® C[t,t']/SL(2,C) ® C[t] . (5.3)

Jlunennoe pacciaoenne O(O) MOAHUMAETCA OO YHUBEPCAILHOTO JH-
HEeMHOr0 paccaoeHus L, Ha 3TOM OJHOPOJHOM IIPOCTPAHCTBE, U IO
TeopeMme Kymapa u MeTbio uMeeTcsa m30MOppu3M

H°(Q, 1) = H*,

orox gecreamionmi HO (M, O(kO)) ¢ mognpocrpancTsom sl(2, C) ®
CY.),-muBapmanTos B (H¥)*. CramgapTHas TexHUKA MATPUTHLIX A7-
BU30POB? TOKA3HIBAET, UTO BTO MPOCTPAHCTBO KOHEMHOMEPHO. Ho
TOYHOE BBIYUCJICHUE €0 PAa3MepHOCTH TpebyeT GoJee M30IIpEHHBIX
MAHUITY LAY,

3adukcupyeM Ha PUMAHOBOU IIOBEPXHOCTH Y €lle HECKOABKO II0-
[APHO PA3IUIHBIX TOYEK {P1,P2,...,Pm} C X, OTIAIHBIX OT UCXOJ-
HOU TOYKH p € ¥ ¥ Pa3MEUeHHBIX THCIAMA {N1,N9,...,Nm} C Z>o,

?manpumep, kak B o63ope [T2]
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KOTOpBIE MBI OyleM WHTEPIPETUPOBATH KAK PA3MEPHOCTU KOHEYIHO-
MEPHBIX HENpUBOAUMBIX npepcrasienun s((2, C) :

VoirsVags ooy Vi, dim(Vy,) =n; .
Aunre6pa sl(2,C) ® C(X), geucrsyer Ha V,,, mo npasmry
X®f:v— f(pi) - X(v),

rge p; € X — TOYKA, COOTBETCTBYIOIIAA TPEACTABICHUIO N, aV € V..
OKa3bIBaeTCA, 9TO BEKTOPHBIE IIPOCTPAHCTBA

Vis ({(pi,ni)}) = Homgya 0yac(s), <Hk» ) Vm)

HE 3aBUCAT HU OT MOIYJEU KPUBOU, HU OT BHIOOPaA TOYEK m 00aama-
0T MHOTMMU APYTUME XOPOIIMME CBOUCTBAME, W3 KOTOPBHIX HAUOO-
Jie€e BaXHBIM A HAC ABAACTCA WX MOBEACHUE IIPU BBIPDOX ICHUN E B
KPUBYIO C OJHOM ABOWHONM TOYKOM: PE3YJILTAT TAKOI'O BBIPOXK TCHNA
CeOMETPUYIECKN TPENCTABIAETCA TIAAKON KPUBOU Yo poxa g — 1 ¢
OTMEYeHHOU Mapou To4eK (¢y,q_), &

Vis({0ini)}) = @ Viso ({00 ni), (g4,m), (g-,n)})

HEZZO

YTO MO3BOJAET BECTU MHAYKIWIO MO POAY TOYHO TaK XKe, Kak B §7
IIaBHL 3.

[Toce 5TOro MOXHO OCTABATH FEOMETPHIO U PACCMOTPETH MOHOU
My, cocroamuun w3 GopMaTbHbEIX cyMM N = 1y + ng + -+ + Ny,
IPECTABIIONNX BO3MOXHEBIE pa3sMeTKy ToueK. COOCTaBIM KaX JOM
Takou cymme cuMBoa rky (V) © dim Vi,s:({(pi, ni)}). Jlerko Bugets,
9TO

I‘kg(O) =1 ) I‘kg(N) = Z rkg—l(N+n+n) y
HEZZO

g=9 +¢" = 1k, (N'+N") = Z rky (N' 4+ n) -tk (N" +n) ,
nEZZO
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OTKyIa yOBIBAIOIIEN MHIYKIIMEN MO ¢ MOAYYAI0TCA TaK HA3BIBAEMBIE
NPABUAL CAUAHUA:

I‘ko(O) =1 )
tko(N' + N") = 3 tko(N' +n) - tko(N" +n), (54
nEZZO

3agamomue Ha MOHOUAe My CTPYKTYPY KOMMYTATUBHOT'O KOJBIIA:

N-N'"E S tko(N + N +n)-n,

nezZ+
KOTOPOE HA3BIBACETCA KOAbYOM CAUANUA W O€HB HATIOMAHAET KOMBIIO
npencrasaeanin RE(s((2,C)). Paznuame mex 1y HUME 3aKTI0OIAETCA B
3aBUCUMOCTH yMHOXeHmA Ha M) oT yposua k: mo dopmynre Kie6-
ma — [opgana, Mpou3BejeHre IBYX HEMPUBOMMBIX TPEJCTABICHUN B
RC(sl(2,C)) omucwiBaeTcsa mpu ny > ng GOpMyJIOn

ni®ng = (N1 +n2)®(n1+n2—2)@® - ®(n —na) (5.5)

Toraa Kak B My mpousBemeHUE 1 - Ny PABHO Nj ® N9 TOIBKO TPU
n1 +ng < k, a mpu ny + ng > k umeeT Bup

(2k—n1—n2)®(2k—n1—n2+2)® @(nl—nQ).

Takum obpazom, koabno ciausaus My ypoBHa k momxydaeTrcs dpaxkTo-
pusanuen koabia npeacrasierni RE(s((2, C)) mo npeary, nopox aeH-
Homy (k +1).
O6o3uauum 1qepes Spec(Mj) MHOXECTBO XapaKTepoB Koabia My
(1. e. romomopduaMoB My, —— C). DreMeHTAPHOE BLIMUCICHUE II0-
Ka3bIBAET, UTO
Hy@) = 3 X (5.6)
XESpec(My)
k k
rae c= Y. n-n € My, tax aro x(c) = . |x(n)|*> V x € Spec(My).
= n=0

n=0

®Ha camoM fele BCe 3arajodHbE (DOPMAIBLHLIE MaHWIIY AW, IPUBEIIINe HAC K
dopmymam (5.4), UMEIOT TPOCTYIO AIre6pO-TEOMETPUIECKYI0 WHTEPIPETALAIO B
KOHTEKCTe BEKTOPHBLIX PACCIOCHUN
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C Opyrou CTOPOHBI, MHOXECTBO XapPaKTEPOB KOJBIA TTPEACTABIE-
uun Spec(RE(s((2,C))) ucuepubiBaeTces, KaK B3BECTHO, XaPAKTEPAMU
sin((n + 1) 2)

Xz (n) =

sin z
sasucammmu ot z € C. Takon xapakrep cogepxurca B SpecMy (T. e.
sanyaserca Ha (k + 1)), ecin u Torpko ecan

mn
z =
k+2

rarel<n<(kB+1).

Caremosarensno, mo gopmy.e (5.6), pasMEPHOCTH MPOCTPAHCTBA KOH-
dbopmubIX 6J0KOB (cM. omp. 1 w3 §1 riassr 5) paBHAa:

E+2\ ' ., gm
I'ka = I'kg(g) = <T> ijsm2 29 k——|—2 s

9TO BHOBBL COBIMAAAET C IUCIOM Bepauume!

XoTenoch ObI MOAYEPKHYTH, 9TO NPU padoTe C KOH(POPMHBIMUI
O6mokaMu MBI HUT'IE He (pUKCUPOBATIN HUKAKUX SPMUTOBHIX CTPYKTYD,
“Mes JeN0 TOJBKO C §[-06bekTamMu, ITO CYIIECTBEHHO OTJAUIALT ITY
KOHCTPYKIMIO OT paHee pacCMaTPUBABIINXCA HAMU MPOIEAYp KBaH-
TOBaHUA, I'Ie SPMUTOBBI CTPYKTYPHI BCErZla ABHO IPUCYTCTBOBAJIM.

8§ 2 WZW-CcBA3HOCTb.

Nrax, Hag MHEOrooOpasueM Moxyaen Mg | KPUBHIX poJa g C OT-
MeYeHHON (BBIKOJOTON) TOYKOM BOBHUKAET BEKTOPHOE PACCIOEHUE HA
MIPOCTPAHCTBA KOH(MPOPMHBIX OJOKOB

Pk
Vi — , (5.7)
AHAOTUYHOE PaHee pacCMATPUBABIIUMCA paccaoenuam (1.12). B kon-
(OpMHON TEOpUM TIOAA HA DTOM PACCIOCHWM TOXE CTPOUTCA TMPOEK-
THUBHO TUIOCKAA CBA3HOCTH, KOHCTPYKIUA KOTOPOU MOYTH TAPAJICThH-
HA MOCTPOEHWIO CBA3BHOCTU XuTUmHA (CM. §8 rmasbl 3), HO gaercd,
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pa3dymMmeeTcCda, B HECKOJIBKO WHBIX TepMI/IHa.Xl. OCHOBHoe oTan4gue Co-
CTOUT B TOM, ITO BMECTO MHOI006pasusa MofyIen moxeir Xurrca® 3a-
Mady Tenepb MPUXOAUTCA MOMHIMATEH HA 6€CKOHEYHOMEDHOE YHUBEP-
caabHOE OAHOpOAHOE mpocTpancTso (5.3). Heob6xogumas mus sToro
Marmaepus paboThl ¢ 6€CKOHETHOMEPHBIMU 00pa30BaAHUAMEU [OCTA-
TOYHO CTPOro mpeacrasieHa B [BL|, u Mbl (BO m3bexaHnue M3IUNIHE
TAJEKUX OTCTYIUIEHUU OT HAIIEM OCHOBHOU TEMBI) OFDAHUTUMCS TYT
JIUIIEL OYEHb CXATHIM 0030POM 3TOU KOHCTPYKIIUAM.

HamomumnwM, 10 ind-ogHopoaroe® npocTpancTso (5.3) omuceBaeT
BekTOpHBIE SL(2)-paccroenns, TPUBMATM3OBAHHBIE HAJT MPOKOJOTON
pUMaHOBOU HOBepXHOCTHIO L\ {p} m3 M, ;. Koneuno, MeI cobupaemcs
PacCCMOTPETH TOJBKO INIOTHOE OTKPBITOE IMTOIMHOXECTBO

QOCQa
4

COOTBETCTBYIOIIEE TOMYCTAOWILHBIM pacciaoenusm. B [DS] gokazano®,
9TO eCTeCTBEHHOe OTOOpaxeHme

Qo —1+ M=()

ABIAETCA JOKAILHO TPUBUAILHBIM TOPCOPOM B DTATLHOU TOIOJOTHUH.
1B JIACIO IOCTPOMI JIA TaKuX TOpcopoB cemeitctso T'(1) quddepen-
[UATBHBIX OMEPATOPOB BTOPOT'0 TOPAAKA HAJ ITPOCTPAHCTBOM AedOp-
MAIIA KOMILIEKCHOU CTPYKTYPHI. DTa KOHCTPYKIUA KOMMYTHUPYET C
CUMBOTBHBIME TOMOMOpdu3Mamu ¢ w3 (1.33) ma cTp. 24, w w3 guuH-
HOM KOT'OMOJIOTHYIECKOU MOCAeL0BATEILHOCTH TOIHOU Tpouk: (1.32)

Ha CTP. 23 MBI mOJXyIaeM 0TOOpaXEeHNA
HY(8,T%) — H(S*(TM*(E))) — Hy(ds) ,

pazomue (o MOAYJIO ind-CXeMOTEeXHUIECKUX NETATEH) MO IHEM TeH30-

pa Cyrosaper T'(I). Teneps gna mo6on dyukunu f Ha M 1 T0KaIb-
HOTO CevYeHNA € PACCIOeHNA Ha IpocTpaHcTBa Hy Hag M, | neucTBue

Lem. [TK] wmm sameqarensusiit 0630p [

1. e. IPOCTPAHCTBA KJIACCOB TPEACTABICHNI (ByHIAMEHTATHHON MPYIIIH KPUBOM,
HO TOXBKO Ha 3TOT pa3 B SL, a ue B SU

repmun B3aT u3 [BL]

‘emre 0JHO JOKABATEILCTBO HTOTO (BAKTA MMEETCA B IIMPOKO M3BECTHOM HEOIY-
6auKoBaHHOM IpenpunTe Bemmuucona un Kax gana
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uckomon HaMu WZW-CBA3BHOCTU ONMUCHIBAETCA (POPMYION

V(i ed)=i() i+ gy T(hEef) (modief), ()

73 KOTOPOU OYEBUIHO €€ COBIAIEHUE CO CBA3ZHOCTHIO XUTYIUHA U3 § 8
MIAaBBI 3 — KaK W TaM, eIWHCTBEHHOE HETPUBUATHLHOE CIAraeMoe B

(5.8) mpuxoauT u3 Temsopa CyroBaphl, COOTBETCTBYIOLUIErO XUTINH-
ckomy (3.51).

§ 3 MoHOoApPOMHBIE NPE[CTABICHUA.

MuorooGpasume Mogyren KpuBbix My = 7./, asraerca dax-
TopoMm npocmpancmea Tedzmoriepa T, MO NEUCTBUIO MOJYAAPHOTY
epynnvr M, = Diff ¥ /Diff g ¥, # mpOeKTHBHO MIOCKTe PACCIOCHNA BHI-
na (5.7) MHAYIUPYIOTCS TUHENHBIMA WU TIPOEKTUBHBIMUA MOHOOPOM-
HOLMU NPEICMABACHUAMY DTOU TPYIIITHL:

M, —~ PGL(N;,C), Nj =rkVj .

Tak, B KIaCCHIECKOU TEOPUU AOEAEBHIX -DYHKIUU IPOEKTUBHO
IIIOCKAA CBA3HOCTH YeaTepca (KOTopas CTPOUTCA CPEACTBAME PACIIA-
perno# Teopun Kogauper- Crencepa') ompegenseT mpegcranieHue

k
M, 4+ PGL(KY,C) .

C apyrou cTopoHSI, cuMIiekTudeckas Teopus J-byakuui (cm. [K1])
NOCTABIACT APYLYI KOMOMHATOPHYIO CBA3BHOCTEL W 4 Priori IPYroe
OpeCcTaBIcHIe

k
M, ~25% PGL(KY,C).

K cuacTbio, u3-3a HaIw4ua 37eCh NOAHO20 KBAHMOBAHUA, DTU NBE
CBA3HOCTH €CTECTBEHHO OTOXECTBIAIOTCA U AT eINHOE abene60
peacTaBlIeHNe N]Xb = ,uﬁ = l‘]]%s C KOHEYHOU T'PYIIION MOHOIPOMUA

Ky (M) = Sp(29,Z/2kZ) .

'em. §4 rmaser 1 u [W]
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B neabenreBoM cayvae MBI ©MeEeM IPEICTABICHUE

k
M, v PGL(rk,(2),C), (5.9)
3aaHHOE CBA3HOCTHIO XuTumua. /Ix. AHgepcen nokasaa’, wTo mpu

k — oo aTH npenCcTaBlICHUA GCUMNMOMUYECKU MOUYHDL:

o0
1, mpu g > 2
M ker(uy) = e
et 7./27., upu g = 2
(5TO BEPHO I BEKTOPHBIX PACCIOEHUU JIOGOTO PAHTA).
C mpyrou CTOPOHBI, €CTh W YUCTO KOMOMHATOPHOE MOHOAPOMHOE
MpeACTABICHAE

k
Mm, -+ PGL(rk,(2),C) , 5.10
g g

KOTOPOE BO3HWKAET W3 CBA3HOCTH, mocTpoennon Komo® meromamu,
AHAJOTUYHLIMA ONMUCAHHBIM B MPENLIAYIIEN TIaBe, B KOTOPLIX Pas-
JOXeHUue CaoeB Vi B mPAMYIO CyMMY OTHOMEPHBIX MOAIPOCTPAHCTB
Buga (4.15) ompenenserca pas3IokeHUeM MPENCTABICHAA CO CTAPIINM
Becom adduron anrebpst JIu s((2, C) mo co6cTBEHABIM MOATPOCTPAH-
crBam omepaTopa Lg cyroBapoBCKOro mnpejacrasieHus aareO6pnr Bu-
pacopo. [Ipeacrasrenue (5.10) mo MOCTPOEHUIO IPMUMOB0, U KAK TIO-
kazaau Makcbaym u DbloHap, €ro rpymnna MOHOAPOMUU GECKOHETH],
mpu k #2,3,4,6uk #10 qua g = 2.

Yaactue koucrpyknuu Cyrosapsr B moctpoennn ceasaoctn (5.10)
HABOJUT HA MBICIb, 9TO 00a MPEACTABICHUS TOMKHBI OLITH DKBUBA-
nenTHeL B [T3] 5T0 yaamoch noka3aTh mpu IOMOLM OTOODAXKEHU:
Boprsuka — [lona — Ypube (MeToa BecbMa JATEKAU OT KOH(POPMHOM
KBAHTOBOW TEOPUM T10J14 ), HO 06006merHas koHcTpyKua Cyrosapsr u3
[Sc], mo3BOMAET CMOTpPETH HA DTO COBHANEHUE KAK HA TMPAMOE CIe[-
cTBre Teopun KHMXHUKA — 3aMOIO[IMKOBA.

Zem. [An], rge mOKa3aHO, ITO TEILIMLIEBLI OMEPATOPHL HA CI0AX Vi, acCOMUMPOBAH-

Hble NIaIKUM QYHKIUAM Ha M| ABIAIOTCA aCUMITOTUYECKH ILIOCKUMU
3¢ ucnompaosanuenm oroxgectsrenuit w3 [TUY] u [TK]; cu. [K2]



[ naga 6.
TPUBANEHTHDLIE IPAD®bLI

§ 1 Cauuncerku.

®pugman u lenxep ([FS]), a Takxe Myp u 3auGepr ([MS]) npex-
JOXWUINA AKCUOMATUIECKOE ONMUCAHNE PALMOHATLHON KOHGOPMHOU Te-
OpUU TOJISA BTEPMUHAX MPUBAACHMHBIE 2PaPios, YKe BCTPEIABIIAXCA
HaM B riase 4.

Mgt yxe Bugern (cm. puc. 3 u puc. 4 va cTp. 83,84), 9T0 KaX AL
Takonu rpad [’ poga ¢g 3agaeT paspesaHne pUMAHOBOU HOBEPXHOCTH X
poJa g Ha MITAHBI. AHAJOTMYHBIE PA3METKN MOXHO PACCMATPUBATH U
HA OPUEHTUPOBAHHON PUMAHOBOU MOBEPXHOCTH C N ABIPKAME: KOMOU-
HATOPHAA TEOMETPUA TAKOU PA3METKU KOTUPYETCA TaK HA3LIBAEMOU
ucmopueti’ — gBoicTrenHBIM rpadom I poga ¢ u BarenTHOCTE 3-1
C N (BUCAIUMEIY NGPAOOAUUECKUMY DEOPAMU A1, A2, . .., 0y , OTBETA-
IOIIMAT BBIKOJOTBHIM TOYKAM.

B sTom crywae muoxectso Wi (o, ag, ..., an) donycmumniz ye-
AOUUCAEHHBIT 6€C06 cocTOoNT n3 GyHKunu w Buga (4.16):

w 1 1 1 3
E@%—»W,HHEZ—{&——EF—.HJ}, (6.1)

KOTODBIE YIOBIETBOPSAIOT TPEM YCIOBUAM CO CTpP. 87, a BO BCeX Ia-
paboruveckux pebpax ai,a2,...,0;, IPUHUMAIOT (GUKCUPOBAHHBIE

'umu duaepammot; Detdumana

101
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nocrosHHble 3HaYeHUs w(a;) = «;. U xak u B §3 ruassr 4, ¢ Takon
Pa3METKOU CBA3AHO MPOCTPAHCTBO BOMHOBBIX (hyHKImn (4.22):

,H%‘, Q1,020 @ C-w. (62)

w€W{S(a1,a2,...,an)

Ecmu ymuOXuTE Bec (6.1) HA HOMED ypOBHA K, TO MOIYy9IATCA OTO-
OpaxeHue

i w B(D) — %Z;O = IR (SU(2)) , (6.3)
3HAYCHNE KOTOPOr'O MOXHO WHTEPIPETUPOBATH KaK IIOJOBUHY DPa3d-
MEPHOCTH (CNUH0B0€E %uC.A0) HENPUBOAUMOrO MPEACTABICHAA CPYII-
et SU(2), 9T0 MO3BOIAET CBA3ATH ¢ KAXKABIM IETOIUCIEHHBIM BECOM
«packpacky»? Bcex pebep e rpada I HempuBO IMMEIME TP EICTABICHE-
avm j(e) € JR (SU(2)). Yenosue (3) co crp. 87 ozmadaeT mpum >TOM,
9ITO 11 MOOBIX Tpex pebep €1, €2, €3, CXOAAMUXCA B ONHOU BepUIXHE
v, B pasnoxennu Kuebma — lopana (5.5) TeH30pHOTO MpOM3BeReHIA
npegcrasreHni j(er) @ j(e2) ® j(es) HA HEIPUBOAUMEIE CONEPKUTCA
TpuBnaibHOEe mpeacrasieHne! MHade roBopda, B KaXIOW BEPIIVHE v
umeerca cnaemaowut onepamop (. e. SU(2)-5KBUBAPHAHTHBIA T'O-
MOMOPGhU3M):

Ly

jler) ® jlez) — j(es) .

NrTak, MHOXECTBO TOTYCTUMBIX BECOB Wk(I‘) eCTb He YTO MHOe, KaK
muOo)ecTBo G&F SU(2)-crmuceTox yposus k Ha rpade I

GE =WHT).

B §3 rmaset 6 (cM. crp. (6.17)) MBI JAAUM ele OTHY HHTEPIpPeTa-
IUIO IJIA MHOXECTBa, JOIyCTUMBIX BECOB: MPOU3BEACHNE MEI0TUCTCH-
Horo Beca w € WF(I') ma yaBoenHOe 3HAMEHIE ypOBHA

2kw
E(T) =% Z (6.4)

*Menpoys B [P] mazsan Takyio packpacky SU(2)-cnuncemsoti yporus k, cM. Taxxe
[T1]
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ABIACTCA MONOAORUUECKUM Munom nemau Ha Tpade I, T. e. onpeme-
JSeT BJAeMeHT ero dyHgaMeHTatbHon rpynnsl m1(I'). ITo o3magaer,
9T0 MHOXeCTBO gomycTuMbrx BecoB WF(T') ogmosma<HO ompegenser-
ca Tomogoruen rpada I

B sTon rumaBe mbl cobupaemcs, caenys Kono [K1] m momsaysce
TOJBKO KOMOMHATOPHO-TOMOJOTTIECKUMI UCXOMHBIMA TAHHBLIMU, IO~
CTPOUTH TOJOMOD(HOE BEKTOPHOE PACCIOCHUE C TOJOMOPMHOU TPO-
eKTUBHO IUIOCKOU CBA3HOCTBIO U caoeM (6.2) Ha L MHOrooGpasueM Mo-
ayner M, PEUMaHOBBIX IIOBEPXHOCTEN poja g. Jlna sToro Ham moHa-
IO6GATCA KOMOMHATOPHAS MOAETb IIPOCTPAHCTRA, TenxMioIepa, HEKo-
TOPBIE KOMILIEKCHI, CBA3AHHBIE ¢ TPUBAJICHTHBIMUI TPadgaMu, U yMEHIE
CpaBHMBATL TpocTpaHcTBa Hp mus pasmbix rpados I' poga g. Bee
MOEN M KOHCTPYKIWW, KOTOPHIE MbI OyJeM MPU 3TOM HCIOIB30BATH,
IPUILIA 13 MAJTOMEPHOU TOMOJOTUU W KOH(POPMHOU TEOPUU TTOJIA.

§ 2 TpexmepHasa TOIMOJIOTUS.

Kax bt TpuBaieHTHBIN Tpad ONMUCHIBAET Pa3pPE3aHUe HA MITAHBI
PUMAHOBOU MOBEPXHOCTH, KOTOPAA OTPAHMIMBACT TPEXMEPHOE TEI0
C PydIKaMu, MMOIYYAIOMEeca YTOMIEHneM UCXOAHOro rpada. [oBops
TOYHEE, BCAKAN MAKCUMAILHBIA HAOOP MOMAPHO HETOMOTOMHBIX OPH-
eHTUPOBAHHBIX OKpy)HOCTEN (4.6):

{C1,Cs,...,C34-3}

HA PUMAHOBOU TIOBEPXHOCTH Y. POja ¢ paspesaer ee Ha (29 — 2) opu-
eHTUPOBaHHBIX mTaHOB (4.8) (cM. puc. 3 Ha cTp. 83):

29—2
S\ (C1UCiU -+ UGy 3) = | B,
i—=1

a KaXIble OPUEeHTUPOBAHHLBIE MITAHBI P; OrPAHUYIMBAIOT TPEXMEPHOE
TeJo, Ha KOTOPOEe OHW OJeTHI, M CKJIEWBASA DTU Teld BMECTe, MBI IIO-
JydaeM Telo ¢ pyukamu Hp, TpaHuiien KoTOporo ABIIeTCA UCXOTHAIL
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PUMaHOBA TOBEPXHOCTH: OHp = Yr u KOTOpOEe MOXHO CTAHYTHL Ha,
rpuBaienTHbIN rpad [ (cMm. puc. 6 Ha cTp. 104).
Jlio6ou anemenT h € My MOAYIAPHOM TPYIIIIHI

M, = Diff (X)) /Diff(X)
3aaeT KOMITAKTHOE TpexMepHoe MHOTooOpasue 6e3 Kpas

. Xr = HF%LJHF R (65)

. IIOMY IAIONIEECA CKICUKON ABYX SK3EMILIA-

poB Hr BIOJAB TPAHUIBL Y COTIACHO AU(p-
deomoppusma dip PN Yr. IIpencrasme-
HIe KOMIIAKTHOT'0 TPEXMEPHOT'O MHOT006-
pasua X mapou (I',h) B Bume (6.5) HA3BLIBAETCA €T0 PA3A0NHCEHUEM
Xeeopa. [IBa paznoxeHusa Xeropa sK6u6aAeHMHbL, €CIN OHU 33TAI0T

Puc. 6. Yrommenue rpada.

rOMeOMOP()HBIE TPEXMEPHBIE MHOT'0000Pa3 M.
[Mogrpynma Mr C M, coxpaHAOIUX OpreHTAIUIO AnddeoMop-
$u3MOB Xr SN Y.r, KOTOpBIE PO IOIXKATCA 10 nuddeoMopdpu3MoB

Hr —— Hrp, geuctsyer Ha I, cieBa u cupasa, 1 guddeomopdms-
MaM h u3 OJHOTO JBOMHOT'O CMEXHOI'O KJIaCCa B

mF\mg/mF

OTBEYAIOT DKBUBAJICHTHBLIC pasaoxeHua Xeropa. O€UeBHgHO, ITO T0-
GaBreHVE K pas3aoxennio Xeropa (6.5) eme oqHOM pyyKu, HA KOTOPYIO
h mpomonXKAETCA TOX ACCTBEHHO (STa MPONEAypa HABBIBACTCA CMabl-
AU3AYUET ), TOXKE TTPUBOIAT K SKBUBATICHTHOMY DA3I0XKEHUIO.

IIPEATOXKEHUE 1 (3UHTEP, [S1]). OTHOIIEHHe SKBUBAJIEHTHOCTH MeEX-
AY DPa3JIOXeHUAMH Xeropa MOPOXAACTCA CTAOUIU3AIMEN, JEBBIM W
npaBbIM gercTBueM INr, ¥ W30 TOMUAMI.

Mgt cobupaeMcs TOCTPOUTH UHBAPUAHT TPEXMEPHBIX MHOT'000Pa-
3UM, COMOCTABIAA Pa3IokeHuio Xeropa (6.5) HEKOTOPBIX BEKTOD

I(Xr) € Mf
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B NMPOCTPAHCTBE BOMHOBLIX yHKmui (6.2). B sTom mpocrpancTse
MMEeTCS BEIICTCHHbIN Ga3uCHEN BeKTOp wy € HE (Tak HasbIBAaeMDIH
BAKYYMHBLL 8€KMOP) — DTO HyJIeBas BecoBasd QyHKIUL

wp(e) =0 Vee E().

Ecau 6B1 HAM ymanroch BBECTH HA 7-[1]3 SPMUTOBY CTPYKTYPY U IOCTPO-
UTH JUHEUHOE TMPENCTABICHUE MOMYIAPHOU TPYIITHI

My —— GL(HE) (6.6)

COXPAHAIONIEEe BAKYYMHBIU BEKTOP, TO B KAYECTBE UCKOMOT'O WHBAPU-
aHTa Crofmica ObI BEKTOD

(wo, o(h) wo)

Ig(XF) = ||’U)[]||2

(6.7)
HOCKOMBbKY TaKasd HOPMATU3AIUA AeJaeT ero MHBAPUAHTHBIM OTHOCH-
TenbHO cTabmrumsanuu. Ho Ha caMoM fele Bce OygeT 4yTh CIOKHee:
npencrasaerne (6.6), mocrpoernoe Kono, He TMHEMHO, HO TIPOEKTUB-

HO, T. €. (IIOYTH JUHEUHO» — OHOPEIEJeHO ¢ TOYHOCTBIO H0 $a30BOro
MHOXNTEIA
wik
eI+ | (6.8)

nosToMy u maBapuaHT (6.7) GymeT onmpeseneH ¢ TOTHOCTHIO 10 MHOXU-
rens (6.8). Kombunaropuka, HeoOX0MMasA I TOCTPOEHUA TAKOTO
[IPOEKTUBHOT'O MPEACTABIEHNs, M31araeTcsa B CAEAYIOUEM Maparpa-

de.
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§ 3 T'eomeTpusa rpados.

I'pap — 3TO OJHOMEPHBIN KJIETOYHBIA KOMILIEKC, COCTOAIIAN U3
pebep — KIETOK OJHOMEPHOT'O CKEIETA W BEPIIMH — KIETOK HYJIhb-
MEpHOro ckemeTa. Kak reoMeTpudeckuin 00BeKT, Kaxasin rpad [
COCTABIEH U3 CICAYIOMNX IACTEN:

e E(I') — muOXeCTBO pebep;
e V(I') — MHOXeCTBO BepIINH;

e S(v) — 3Be3na BepmMHBI ¥ (MHOXECTBO MCXOIAMMX U3 U PEGEP);

L(T") — muoxecTBo 1-merens (peGep ¢ OMHON BEPUIMHON );

ﬁ(f‘) = F(T') = {v € e} — MHOXeCTBO OPUEHTUPOBAHHBIX
pebep mwiu Gaaros «pebpo + BepIITHAN;

JT060€ OpUEHTUPOBAHHOE pebpo € € ﬁ(F) HA3BIBACTCA NYMeMm
daunwvt 1 Ha rpade I'. Kax 1o Takon Iy Th IMEET Ha4al0 vs(?) 1 K0-
ey, vy(€), copmagaromue g 1-merens. [yTem qmabr d HA3BBAETCA
YHOPAZOYCHHAA IOCICHOBATEIHHOCTD (?1,?2,...,?[1) OpHEHTHUPO-
BaHHBIX pebep, B KOTOPOU vt(?i) = 'Us(?i—i—l) V i. Ecim npm sTom
vt(?d) = vs(?l), TO Ty Thb Ha3LIBaeTCA d-nemaeti. Ecau e; # e; 11 HA
A KAKOTO %, TIyTh HA3BIBACTCA HENPUG0OUMbIM.

I'pad HasBIBAETCA d-B8a4eHMHbIM, €CIA BCE €TI0 BEPIIAHLI UMEIOT
OMHY U Ty %€ BATEHTHOCTH d (KaXJad BEPIIMHA CIYXUT KOHIIOM POB-
HO 1 d pebep). Hampumep, 3aMKHY THIU OJHOBAJIEHTHBIN Ipad ABJIA-
eTCA KOHEYHBIM HECBA3HBIM HAGOPOM MOIYMHTEPBAIOB, 4 ABYBAJTCHT-
HBIE — HaGOpoM OKpyxkHOcTei. I'pad BamenTHOCTE 3-1 (1) MMeer
TPUBATEHTHBIE (T. €. (BHYTPEHHME») U OJHOBATCHTHHIE (T. €. (BUCA-
IIUe», WIA (KOHIIEBBIE)) BEPIIMHBLI, KOTOPBLIE HA3BIBAIOTCA Napaboii-
YECKUMU.

7. e. KOMOMHATODHBIM MHBAPHAHT IPOKOIOTON PIMAHOBOM HOBEPXHOCTH, Paspe-
3aHHOU Ha IITAHBL, WIK (PEHHMAHOBCKAA JUATPAMMA B KBAHTOBOM ¢°-Teopuu mo.Ls;
TPUBATEHTHLIN Ipad 6e3 TapaboTmIecKnX BEPITMH B KBAHTOBON TEODPUU MO Ha-
3BIBAETCA NOAAPU306AHHDIM 6AKYYMOM,
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s mpusasenmuo2o rpada eCTEeCTBEHHBIE TPOEKITNN
E(I) e () _ P, V(D)

CYTh HAKPBITUA CTCIICHU 2u 3 C BE€TBJICHUEM B OOJHOM M TOM XK€ II0[-
muoxectse R, = L(T'), cocrosmem u3 map v € e, IPOUCXOAAIAX
n3 1—HeTeJII), TaK 9YTO MOIITHOCTHU S5TUX MHOXECTB CBA3aHBI COOTHO-
mennem 2 |E(I)| — |L(I)| = |F(T')] = 3|V(I')| — |L(T")|, u 3nauwmr,
[V(I')| = 29 — 2, a |[E(T")| = 3g — 3, rme g > 1 — HekoTopoe HATY-
pambHOe 9UCIo, HasbiBaeMoe podom rpada I'. OTmerwM, 910

npu g > 11 ne uzgecmmno Hu MoOUH020 3HAUEHUA, HU TOPOWUTL OYEHOK
dan wucaa Ty mpusasenmubis 2pagdos poda g.

[MpousBonbub Tpad ' momyckaeT nBa cTaHZAPTHBIX Tpeobpa-
30BAHNA, HABBIBACMEIE CMA2u6aruem pedbpa U pa3dymuem BEPIIXHLL
[Teproe ycrpanser mexkoropoe pebpo e € E(T'), ckrenBas ero KOHIBI
B OJHY HOBYIO BEPIIMHY Upew, & BTOPOE — IMPEBPAIIACT HEKOTOPYIO
sepumnay v € V(T') B HOBOE PEGPO €ney, MOOABIAL IBE HOBBIE BEPIIHA-
HBL U)o, L0l = Oenew W pacmpenenaa MeX1y HAME CTapbie pebpa,
BXOAWBIIAE B ¥, CONTACHO HEKOTOPOTO pa30ueHus

S(v) = S(Vhew) U S (Uhey) -

Crarusanue ymensuaer |E(I)| u |V(I')| va egununy u 3a xoHed-
HOE JHCJIO MAaros mpespamaeT aobou rpad I' B TpuBmantbHbm rpad
min, cOCTOAIMY W3 eAWHCTBEHHOU BepummHbl 6e3 pebep. C apyroun
CTOPOHBI, pa3JyTUdA HO3BOIAIT HPEBPATUTH HPOU3BOALHEIM rpad I,
BCE BEPUIMHBI KOTOPOTO HE MeHee WUeM TPUBAJEHTHBI, B UUCTO TPU-
BaneHTHBIA IPad ['max. MHOXECTBO BCEBO3MOXHBEIX TPUBAJCHTHBIX
pacmmpennit [y, garsoro rpada I HaswBaerca enezdom rpada I n
o6osuagaerca £(I'). MHOXeCTBO Pa3IMIHBEIX CIIOCOGOB IPEBPAICHL
nauuon Bepmmesl v € V(T) ¢ |[S(v)| > 3 B TpuBarenTHy0 BepuuHy
IENOYKON HOCIeJOBATEILHBIX Pa3/ y TUN HAXOAATCA BO B3AMMHO OTHO-
3HAYHOM COOTBETCTBUHU C NMapabOINIeCKAMU TPUBAJEHTHBIMUA Jepe-
BbAMU C (PUKCHPOBAHHBIM MHOXECTBOM HapabOIrMIecKuX («BUCAINX))
BepmmH 07T = S(v). COBOKYIHOCTH TAKUX AEPEBLEB 0003HATACTC
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E(v). fAcno, aro

1
1E(v)| = Z )m-

T|0T=S(v

Hampumep, mas rpada [’ ¢ 0qHOU 4YeTHIPEXBAJEHTHOU BEPIIMHOU U
IE(T)| = |€(v)| = 3, a gna d-BanerTHBIX BepumH v € V(I')

1
_ 2d—4
S()| = — €3
cyThb uncaa KaranaHa.
Y kaxgoro TpusaieHTHOrO rpada I ects bauscatiuue podemsen-
HUKU, CBA3AHHBIE C HUM KOMIIO3UIMEN CTATWBAHUA W Pa3QyTUA, HE
msmensouient |V (T)| u |E(T)|: cragara crarem HekoTopoe pebpo e ¢

de=v"Uv", S(W')=ele|Uey, SO") =ele Ue,

a TIOTOM pa3yeM 06pa30BaBIIyIOCA TPU 3TOM HOBYIO 9eThIPEXBAICHT-
HYIO BEepIINHY Upeyw COTIACHO IPOM3BOILHOTO Pa3bUeHHUA ee 3Be3bl
S(vnew) = {€}, €y, €, e} ma ngBe mapwor peGep. Hanpumep, pastuenne
S(vnew) = {€}, €]} U{eh, el } (em. puc. 7) IpUBOAUT K MOABICHUIO HO-
BOT'O Pebpa €neyw ¢ KOHIAME B JBYX HOBBIX BEPHIMHAX V| U Vg, TAK ITO
Oenew = v1 U vg, S(v1) = epew L ej L€, S(v2) = enew LI €} LI €.

@ - ©r
% - X

Puc. 7. DjeMeHTapHBIE TPEOOPAZOBAHU

OnPEAENEHKE 1. OnucaHHAA TOABLKO 9TO KOMIIO3UIUA CTATUBAHUA U
pazayTus [ — T, Ha3LIBAETCA 24EMEHMAPHBIM NPEOOPA30BaAHUCM>

2mmxe, HA cTp. 116 MBI YBHIUM, 4TO BTH MPEOGPA3OBAHUA COOTBETCTBYIOT J.i6-

MEHMAPHBIM NEPERPOTiKamM PA3PE3AHNA PUMAHOBOM MOBEPXHOCTH HA IMTAHBI
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rpada [' B pebpe e. OTMeTrM, 9TO IPA HTOM UMEETCI KAHOKUUCCKAA

oueryUA

L B(T) © V(e) = enew - (6.9)

E(T)

Herpyaro mokazars (Ckaxem, MHAYKIUEN 1O §), 9TO TIOOGON TPHU-
BaaeHTHLIX rpad I’ MoxeT OLITEH IpeoGpa3oBaH B JI0O0K PYTOU TPHU-
BateHTHEI rpad [ Toro xe poga KOHeTHON MEIOIKON 3MeMEHTAPHBIX
npeobpasoBaHu. Takum 00pa3oM, dIEMEHTAPHBIE IIPeoOpa30oBAHMUA
TPAH3UTUBHO TEMCTBYIOT HA MHOXeCTBe ¥, TPUBAICHTHBIX I'PadoB
pona g.

Tak Kak CTATUBAHUA U PA3AYTUA COXPAHAIOT AECHIMOUNHYIO CMPYK-
mypy, BCA OMMICAHHAA TOIBLKO ITO KOMOMHATOPHKA® B PABHOM Mepe
OpUMEHNMA X K TaK HA3LIBAEMBIM J4ermounbim epagdam. Hamommio,
9TO CTPYKTYPa JEHTOIHOTO Tpada Ha [ 3agaeTca pukcanmen muKIm-
TECKOr'0 MOPAMKA Ha KaXKIOU €ro 3Be3Je, UTO DKBUBAJCHTHO BJIOXKE-
HUIO rpada B OPUEHTUPOBAHHYIO PUMAHOBY MOBEPXHOCTH WIW [BY-
MEpPHOMY YTOIIIEHUIO ero pebep M0 «WIEHTOYTEK).

3aJaHue JeHTOIHOM CTPYKTYPHL Ha d-BAJEHTHOM I'pade 03HATIAET
3aJaHUe Ha HeM c8A3Hocmu’: [Ia Kax 1000 OpHeHTHPOBAHHOIO pebpa
BO3HHUKACT OTOXJICCTBICHUEC 3BE3 /L

Ss(T) 2 S(@)) : Vaple)=e VEEE

(mabop V = {V}, 3 TaKuX OTOXAECTBICHUN M HA3BIBACTCA C6A3-

nocmovio Ha I'). IlyTs (?1, O ?d) HA3LIBACTCA 2eode3uueckotl,
ecau V?Hl(ei) = e;19 (rme, pasymeercs, i € {1 + 7Z/dZ}, ecin peun

UAeT O d-TeTae, T. €. 0 3amruymoti 2eodesuveckoti). llogrpadp IV C T
HA3BIBAETCA B6NOAHE 2200€3UUECKUM, €CTT T06asd Teole3ndecKasd, Ha-
ynHaomagca B [V, He BEIXOAUT U3 TOr0 moarpada.

Besakas saMKHyTaa reogesmaeckad £ = (?1, oy, ?d) ompese-
I9eT B KaxXJOU BepIIMHe v, depe3 KOTOPYIO OHA IMPOXOJUT, OIepPaTop

3B Qusmueckoi mMTEpaType HA3BIBAEMAA JuGZPAMMHOL meTnukol PDetinmana TIa
OMUCAHUA CTAHJAPTHLIX CXEM CapUBAHUA

‘em. [BGH], rae rpadel paccMaTpHUBAIOTCA KAK MHOIO0GDA3NA; B KBAHTOBOM Te-
OpHUM MOJA JEHTOYHBIE Tpadbl BOZHUKAIOT, HATPUMED, B MAMPUUHBIT MOOEAAT —

cm. [MP] m [Mu]
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MoHoapomun S (v) UL (v), mepecTaBasIOUME PeGPa DTOU 3BE3 IHL.
Taxum 06pa3oM, KaxkI0U 3aMKHYTOU T'e0e3nIECKON HA d-BAJEHTHOM
rpade co CBA3HOCTHIO oTBedaeT cmexHb kiacc m(f) € Conj(Sy)
CPYIIBL Sy MEPECTAHOBOK d DIEMEHTOB. JAMKHYTad reogesmdeckas
HA3BIBAETCA naockot, ecmn m(f) = Id.

Mockonbky mus ar06ou mapsl pebep U3 OTHOU 3BE3ABI CYIIECTBYET
eIMHCTBEHHAA MPOXOAIIAA depe3 >Tu pebpa reome3mtdeckas, CBA3-
HOCTH V OJHO3HAYHO BOCCTAHABIUBAECTCA MO MHOXECTBY GGT HeNpu-
BOAWMBIX 3aMKHYTHIX T'€0[e3nvIecKux Ha [, u oTobpaxeHue

Gr -+ Conj(Sy) (6.10)

ABJAETCS TVIABHBIM KOMOMHATOPHBIM HHBAPUAHTOM CBa3HocTH V. [Ipu
STOM MHOXECTBO IIOCKHUX Te0Ne3WIeCKIX

GE = m='(1d)

ABAAETCA TPOOOPA3OM EIMHUTHOTO KIACCa, a camo oTopaxenue (6.10)
MHBAPUAHTHO OTHOCUTEILHO JeHCTBUA KOMOUHAMOPHOT Kaiubp0os0ou-

HOU 2pYynnbl
g: H Sv
veV(T)

(Sy = Aut(S(v)) =~ Sg cyTs rpynnel nepecTaHOBOK pebep 3Be3f),
IEUCTBYIOMeN Ha MHOXeCTBe Ar Beex cBasHocTen Ha [' mo mpasmiy:

9(V)2 = 9y,(2)° V2 9, (2) » (6.11)

rae g, CyTh KOMIIOHEHTHI PA3IOXeHua daeMenTa g € G. Takum o6pa-
som, pyrakmma (6.10) mogaUMaeTca ¢ PyHKIMEA HA MHOXECTBE OpOUT
B = AJG.

3akmenBasg KaxJIyio HEIMPUBOIUMYIO IIOCKYIO BAMKHYTYIO Teoe-
BUYIECKYIO JEHTOIHOTO rpada [’ co ¢BA3ZHOCTHI0 V OPUEHTUPOBAHHON
JBYMEPHOU KJIETKOU, MBI TOJYYIaeM ABYMEPHBIA OPUEHTUPOBAHHBIN
knerounsr kommieke Oy (T). JlemTounwsm rpad Ha3BIBAETCA N.40C-
wum, ecmm C(I') = S? apnaeTca 2-cdepoi.
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Bepuemcs, oguako, Kk 00bIYHBIM rpadaM 6e3 JeHTOIHOU CTPYKTY-
pet. O6o3naaum vepes Py(I') MHOXECTBO BCEX HENMPUBOAUMBIX MyTeN
mmuabl d B I' m paccmoTpum Ba, 0oTOOpaXeHUs

Vs Ut

COMOCTABJIAIOIIAE OyTH P = (?1,?2,...,?@ ero Hadauo vg(p) =
vs(€1) m xoer v (p) = vy(€q). MHOKECTBO HENPUBOAMMEIX OPUEH-
tuposannbix d-nerers Lg(T) = (vs X v;) }(A) mMoxmo ormmcars kak
mpoobpas AuaroHaaW Ipu OTOOpaXEHUN

Vs XUt

Py(I) V() x V(T) .

_ -1
B wacrrocTn, Ly, (T) = (vs X v4) ' (v) cocToMT M3 HENPUBOAMMBIX
OPUEHTUPOBAHHLIX d-TeTelb, HAMMHAIOMNXCA ¥ KOHIAIOMMXCA B OT-
MEYeHHO! BepUIMHE v, U 00heJMHCHUE

(D) € | Law (D) (6.12)
d=1

IOIYCKAeT OUYEeBUIHYIO IPYIIOBYIO CTPYKTYPY. g cBA3HBIX rpadoB
MMEETCA eCTECTBEHHBIA U30MOPQpU3M

r

i () — m(T)

STOM TPYIILI CO CTAaHAAPTHOW (GyHIaMEHTAILHOM rpynmou rpada
I' xaK OJHOMEPHOT'0 KJICTOIHOI'O KOMILIEKCa. Hampumep, dpyHIAMEH-
TaThbHAA TPYIIA TPUBAJEHTHOTO rpada poaa ¢ ecTh cBOGO HAL TPYyTI-
ma ¢ g obpasyromumu: (') = Fj.

WNHIyKTUBHOE U3y9eHIEe TPUBAJCHTHEIX I'pad0B OCHOBLIBATCA HA
TOM, 9TO JTIOOON TAKOU TPad MOMyIaeTCA U3 HECBAZHOTO 00HEIMHEHAA
l-meTens MpUMEHEHMEM KOHEYHOU HIEHMOYKU 2AEMEHMAPHbIT Npeobpa-
zoeanuti I' — T, ymamaomux u3 rpada kakoe-uubynb pebpo e ¢
PABIUIHBIME KOHIAMU v1 Ll vy = Je W CIIMBAIOUMX OCTABLIYIOCA B
KaxJOM u3 KOHIOB mapy pebep {e), e} = S(v;) \ {e} B oguo HOBOE

«IIMHHOEY Pebpo el = el Uel, a Takke 06pamHbIT 4eMEHMAPHLLT
v;
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npeobpaszosaruti I' — T'¢ ¢,, KOTOPEIE NOGABIAIOT DApPy HOBLIX Bep-
WIUH ¥, Vo BHYTPb ABYX (BO3MOXHO, COBHIAJAIOIINX) pebep e1, ey U
NPUPUCOBLIBAIOT K HUM HOBOE PEOPO €neyw € Jeneyw = {v1,v2}. Unmeer-
ca B TUMA 3303, TAE BO3SHUKAET TAKOTO POAA WHAYKIUI: 3a0aua
ataepa 1 NPobaeMa PACKPACKY.

HenpusoguMeni myThb p = (?1, O ?d) € Py(T") maswBaerca
21iAeposbiM, CIU OH TMPOXOAUT KaXI0€ pebpo rpada, mpudeM poBHO
Mo OgHOMY pasdy. AmajsormvHo, cucTeMa myTen Pp HasbBaeTcsa oi-
A€P060otl, ecIu Kaxpoe pebpo rpada pOBHO OIWH Pa3 COMEPKUTCA
POBHO B OfHOM m3 mnyTen p € Pp. MuHMMATBEHO BO3MOXHAA MOII-
uHocTh e(T) © min | Pp| cATeMBI SUIEPOBBIX My TN ABIAETCA BAKHBIM
WHBApPUAHTOM Trpada.

\Q o/ \$ <
e
o )
\d ¥ \¢ 7
\\‘ I/ \\__e___/l
:I I\\ A N
o \ g Q
e.
4 2

Puc. 8. [Ipa nmyTn

\ 4

v

—~=

Jlerko BumeTh, ITO smeMeHTapHOe mpeobpasoBanue I' — ' ¢,
TPUBATEHTHOTO rpada MepeBouT dUIepoBy cucteMy nyren Pr ua [
B DIIEPOBY CHCTEMY IIyTen Pff ¢, HA €IUHUITY GOTBIIEN MOITHOCTH Ha

bl
Le,er (cm. puc. 8). TTosTomy s moGoro TpusarenTHOro rpada I' cy-
MECTBYET MEMOYKa DIEMEHTAPHBIX TPeOOPA30OBAHNN, PEBPAIIAIONIAL

ero B rpad IV ¢ e(I') = 1. Taxum o6pazom,
eM)=g—1 (mod2), ml<el)<g+1

st Kaxgoro TpuBatenTHOro rpada [ poga g.
JIrobou mmockuu meHTOYHBIN Tpad ' MoxHO 6e3 camonepecede-
HUF VIOXHTH HA IIOCKOCTH R2. CBA3HEIE KOMIOHEHTHI JOMOJHEHIA
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K HeMy mpu 3TOM OyAyT 0Opa3OBBIBATH (CTPAHBD HEKOU Treorpadu-
YeCKOU KAPTHI, U BO3HUKACT 3HAMEHUTAS NPOOGACMA UeMbIPET KPACOK
I BIOXKEHHBIX T'PadoB.

[lpyras 3amada o0 pacKpackaxX TpUXOAUT u3 HPEeMHMAHOBCKUX TUA-
rpamm. Packpacka rpada na6opom useros C' = (¢1,co, ..., CN) IPEn-
cTaBiafgeT cob0 oToOpaXeHue

ET) —C,

<l
rakoe uro V v € V(') maaynuposannoe orobpaxenue S(v) —— C
MHBEKTUBHO, T. €. BCe pebpa, BHIXOIAIINE W3 ONHOU BEPUINHBI, KPa-
CATCSA B PasHbIe I[BeTa (OPH DTOM, PasyMeeTcs, PacCMATPUBAIOTCA
TOIBKO Ipadrr 6e3 1-merens). MuHNMATLHO HEOOXOAUMOE JJIA HTOTO

def

quciao 1BeToB X(I)) = Npin HA3BIBACTCA TPOMAMUUECKUM UUCAOM.
OderuHO, 9TO y MOGOTO0 TPUBAJIEHTHBIX Tpada

3<x(T) <4.

YyTs cnoxuee nokasats, aro X(I') = 3, ecim m Toawpko ecnm Ha I cy-
mwectByeT HAOOD (¢1,%2, ..., {,) HEIPUBOAUMBIX IIETEIb IETHBLIX [IUH
6e3 obmmux pebep, TPOXOIANINN Yepe3 Bce BepiuHbl rpada. A yTeep-
XKIEHUE O TOM, ITO I JI0O0T0 TLUIOCKOTO TPUBAJEHTHOTO Tpada I
6e3 l-merens x(I') = 3, 5KBUBATEHTHO TOJOXUTETHHOMY PENICHUIO
MPOOGJIEMBI IeTHIPEX KPACOK.

Bce npeapigymee MOXHO OTHECTH K KIACCHIECKOW TEOPUU TPa-
dos. Teneps xe, crenysa ugeam Curana, MbI pACCMOTPHIM NPOCMPaAH-
€m0 nemeab d-BaTeHTHOTO Tpada, BOCIPUHUMAA TOCTEAHIN (B CTHAIE
[BGH]) xax muOrooGpasue.

Orpesok [0, 1] ¢ BospacTaroumM HAGOPOM TOYEK:

[0 = Po, P1,P2,---,Pd-1, Pd = ]-]

OPECTABIAET COOOI0 MPOCTENIIYIO NBYBAICHTHYIO UCTOPUIO C [BYM
napabonuaeckumu pebpamu [0, p1] u [pg—1, 1], coeauunas koTopyio B
Toukax () u 1, momydaem AByBaJeHTHBIN d-UWKA. Beskuu myTs p € Py
Ha [' apraseTca o6pa3zoM KIETOIHOTO OTOOPaXKEHUA

p
[Ozpoaplap%"'apd*lapd:1] —>F7
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U €CJIU P HEMPUBOAUM, TO TIPO06pa3 kaxoro pebpa e € E(T') apiger-
¢ HECBA3HBIM O0BeJUHEHNEM KOHEIHOr0 HaOOpa KOMIAKTHBLIX CBI3-
HBIX KOMIIOHEHT (6e3 ydeTa OpMeHTAILUM)

p_l(e) =g ... U Jeoly(e)> (6'13)

IMCI0 KOTOPBIX MBI OyeM 0603HAIaTh coly(e).
B wacTHOCTH, Kax[as HeOpuBOauMasa (HeOTMedeHHas) meTis £
onpegenseT yHKIIAIO

2 Zso, (6.14)

KOTOPYIO MBI OyIeM HA3LIBATD MUNOM NEMAL.

PacemoTpum kakyo-uubGyas Bepmuay v ¢ S(v) = {ej,es,e3} u
0603HAYNM 4epe3 n;j KOAMIECTBO BXOLOB B ¥ 110 Pe6PY €; C BBHIXOIO0M
no pe6py e; mpu o6xoge meriu /. Ilockonbky

colg(e;) = Znij , (6.15)
J#1

kaxgas sepmuaa v € V(') HakIagBIBACT HA TUI METIN OYEBUTHBIE
OrpaHUYEHUS:

colg(er) + colg(es + colp(ez) =0 (mod 2)

6.16
|coly(e1) — colp(e2)| < coly(ez) < colp(er) + col(ez) (6.16)

CkaxeM, 9To metiad £ umeeT yposend k, ecau coly(e) < k mua moboro
) ) v X

pebpa e € E(T). flcro, 9T0 amsa merensb ypoBHA k HUXKHAA CTPOYIKA, B
(6.16) 3amenseTCa TyTH GOIEE CIOKHBIM yCIOBAEM

|coly(e1) — colp(e2)| < coly(es) <
< min(coly(e) + col(es), 2k — colg(er) — col(ez)), (6.17)

OTIMYAIOMIUMCA OT MPEABIAYIIErO N.40CK020 HEPABEHCTBA TPEYTOJb-
HUKa TEeM, ITO MPEACTABIAET COOOI0 HEPABEHCTBO TPEYTOJLHUKA, Ha
cfepe pagmyca ~ Vk. TIosTOMY IOBOIBHO €CTECTBEHHO HA3BIBATE IIe-
Tiau ypoBHA k y3aamu. Hamomuum Takxe (M. ctp. 102), 9T0 nens Tum
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y3J1a Tormoaam, Mbl moryaem gyskmmio (6.13), packpammsaonyio pe-
6pa Hamero rpada HeIpUBOAUMBIME npeacTasreuavu SU(2), u ycro-
Bus (6.16) u (6.17) osmagator mpm sTom, uro mapa (I, coly) 3agaer
SU(2)-cuuuceTKy.

§ 4 IleTsIeBOM KOMILIEKC, KOMILIEKC PACKPOEK
¥ KOMILTEKC rpadoB.

HamomHio, ITO MBI HA3BIBEM 0KPYHCHOCMBIO HA OPUEHTUPOBAHHON
IOBEPXHOCTH Xy, POJA ¢ € 1 BHIKOJOTHIME TOYKAMME H30TOIMIECKIH
KJIACC MPOCTOU 3aMKHYTOU HecTAruBaeMon neTiu C, He M30TOMHBIN
HUKAKOW KOMIIOHEHTE TDAHUIIEI.

[erneBon cummmumanbabi kKommaeke C(Xg,) KpuBon X, nme-
eT B KAYECTBE j-MEPHBIX CUMILIEKCOB HAOOPHI u3 (i+ 1) monapuo Heme-
PEeCEeKAOUMXCA OKPYKHOCTEN C OYEeBUHBI-
MU TPUMBIKAHUAME TpaHen. Ero omHOMED-
HBI OCTOB COCTOUT W3 [ap HelepeceKaro-
MUXCA OKPYXKHOCTEN, & CUMILIEKCHI MAKCH-
MAJBLHON PA3MEPHOCTH 3¢ —3 OTBEYAIOT pas-
pesarvem (4.8) mosepxuocTH 34 ), Ha 29 — 2
IIITAHOB.

B 1Byx BaXHBIX CIENMUAIBLHBIX CJIYIAAX:
A1g ¥4 1 1,1, TJe HET HA OJHOU TAPHI Ta-
KUX HelepeceKalIIuxcA meTenb, onpegere-  Puc. 9. I'pap Dapes.
HIE HEMHOT'O MEHSIeTCA — [Be BEPIINHBI METIEBOI0 KOMILIEKCA, COEIH-
HAIOTCA peGpOM, eCIn OKPYXHOCTH HMEIOT 2 mepecedeHnsd (Ha Yo 4)
u 1 nepecedenne (Ha 31,1), Tak aro C(Xg4) = C(X1,1) okasbBaeTca
udeavbnoti mpuanayssyueti' mByMepHOTO mumcka (cM. puc. 9).

Eme nmeerca 6eckonednnin 2pagd wmarnos I1(X), mveromun Bep-
IIMHAME BCEBO3MOXKHBIE PACKPOUKY (4.8) moBepxHOCTH Y4, HA 29 — 2
IITAHOB, W [BE TAKWE BEPIIUHBI COeIUHAIOTCI Pe6pPOM, eCiu COOTBET-
CTBYIOIWE PA3PE3aHUA IMOAYIAIOTCA APYT M3 APYTa 3ACMEHMAPHOT
nepexpotikot: omgHa W3 OKpyX)HOCTen, ckaxem, (|, 3aMEHAETCA HA

'y Tax HaspBaeMmbiM 2pagdom Dapes
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HOBY10 OKpy*)HOCTH (| (cM. puc. 7 ma cTp. 108), KoTOpas nepecekaeT
UCXOJHYIO JBaXJbI, eCIM TONajaeT B Te XKe caMble IITaHbI, U eJTHO-
XKIbI — B IPOTUBHOM CJIy9ae.

OTOT OECKOHEYHBIN TPad UMEEeT KAHOHUIECKYIO KIETOIHYIO MPO-
eKITHIO

V() %, (6.18)

Ha KOHEIHBIN I'pad Ty, BEPUIMHAME KOTOPOT'O CIyXAT BCEe TPUBAJICHT-
HBIE Tpadbl, X IBe BEPIIMHBI COEAUHAIOTCA PeGPOM, KOrJa COOTBET-
CTByIOIINE UM Ipadbl CBA3AHLI HIEMEHTADHBIM IPeoOpa3OBaHUEM B
cMeicne? omp. 1 w3 §3 rmaswt 6 (cm. crp. 108). Crom mpoextun (6.18)
CyTh

v () = My/Aut(Hr) ,

rge Aut(Hr) — rpynma m30TONMYIECKUX KIACCOB OPUEHTUPOBAHHBIX
nuddHeoMopdu3MoB X: — X3, KOTOPHIE MOXKHO IPOJOIXKUTE 10 Tu(-
deomoppusmoB Hr —— Hr Tena ¢ pydkaMu, OTPAHUYEHHOTO IIO-
BEPXHOCTBIO Y.

¢

/S \
Go-Gx
Puc. 10. Tpeyronbuukn

Baxwueumnum qis aqbHEUIIETO ABIAETCA TAKXKE 0TOX IECTBICHUE

M, = Aut(C(Z,)) (6.19)

2KOTOpOE B TOYHOCTH COOTBETCTRYET OMMCAHHON BHIIIE SIeMEHTAPHON epeKpONKe
PA3TOXKEHNUA Ha ITAHBI
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3

MOYIAPHOU TPYIILI° C TPYIINON KIETOIHBIX ABTOMODP(MU3IMOB TETJIe-

BOr'0 KOMILIEKCaA.

Puc. 11. YeTHIpexyroIsHIKT

I'pad T, asrgserca oJHOMEPHBIM OCTOBOM KOHETHOTO JIBY MEPHO-
ro kaeToqHoro xomimekca C(T,), KOTOPLIA MBI HA3BIBAEM KOMMACK-
com 2pagos. Crpourca on Tak. CHadana BCE KOMMYTATUBHBIE TpPe-
YTOIBHUKHU DIEMEHTAPHLIX MPeoOpa3OBAHUN 3aKIEUBAIOTCA NBYMEpP-
HBIME KieTKamu. [[poo6paszaMu TaKUX TPEYTrOJIbLHUKOB IIPHU MIPOEKIINT
(6.18) sBmaorca mzobpaxenuwie Ha puc. 10 (crp. 116) Tpeyrorbum-
ku 6eckoHeIHOTO rpada I, u ¢ TOIHOCTBIO 10 DTUX TPEYTOIHLHUKOB
Ha HameM ucxogHoM rpade T, mMeeTca KaHOHMYIECKad CBI3HOCTH
(6.9). IlosToMy, TpUMEHASA TEXHUKY TeONe3UIeCKUX, OMUCAHHYIO HA
cTp. 110, ynaeTca 3akIenTh KIETKAMU U BCE OCTATbHBIE COOTHOIIEHWA
MeX Ty DIeMEHTAPHBIME IPe0OpPA30BAHUAME U IOCTPOUTE ' OHOCBA3-

%m0 reopeme Pyamena, 9, = Isom(r,) coBmagaeT ¢ rpyNION M30METPHIl IPO-
crpanctea Temxmionnepa 74 B MeTpuke Tenxmionnepa; 601ee TOr0, METPUIECKUE
unpocrparcrBa C(Xy,n) u 74 BooOwe ovens Gauskm: Hampumep, C (X, ,) ABrger-
ca d-runep6ommaeckum ([MM]); To xe camoe cnpaBeammeo n B MeTpuke Bemws —
ITerepcona

‘cm. [HT], a raxxe 3aMedanye B KOHIE TOr0 maparpada
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metn asymepretn kommreke C(T,) = Oy (T,) ~ S?%, romeomopdubiit
chepe.

Tem cambiM, Tpad T, OKa3BIBACTCA IIOCKAM (B 9aCTHOCTH, IIPO
HEr0 MOXHO 3aJaTh BCE KIACCHYECKHME BOIPOCHL: O XPOMATUICCKOM
YUCAe U T. 1.), Hy & B ABYX CHEMUATBHBIX CIy9agX

Ci(II(X0,4)) = C1(ZT(E12)) = C1(Zo4) = C1(Z1,2) (6.20)

CHOBA ABIAETCA ONHOMEPHBIM OCTOBOM KoMmiuiekca PDapes.
CrangapTHOE T0KA3ATEIbCTBO NEPEINCICHHBIX BBIIIE CBOUCTB CO-
CTOUT B SABHOM MOCTPOEHUM «PYIKAMU» OECKOHEIHOT'O IBYMEPHOI'O
komiutekca C(I1(X)) m mpoBepke Bcex yTBEPXKAEHUU [/ HETO, a I10-
TOM mpu moMoum npoexnuu (6.18) pe3syabTaTsl CoyCKaioTCsS Ha KOM-

mreke C(Ty).

Puc. 12. [laruyroasuuku

NBymepabIME KneTkamu GeckoreaHoro kKomiuekca C'(IT) asaaoT-
¢A COOTHOIIECHWA MEXTy SIeMEHTAPHLIMA TPeOoOpa3sOBAHUAME, T. €.
nerau rpada II. OHE GBIBAIOT TpPEX, YETHIPEX, ATH U MECTHYTOMb-
HEIMU W OPUXOJAT U3 GPArMEHTOB MOBEPXHOCTEH ¢ MEHBITMU ¢ U 1,
BCTPEYAOMIUXCA IPU PACKPOE Ha IITAHBL JAHHOM MOBEPXHOCTH g,
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a VIMEHHO: TPEeyroJbHbIE COOTHOIIEHMS BO3HMKAIOT Ha KYyCKaX i1
u X4 (cM. puc. 10 Ha cTp. 116), YeTHIpexyrompHble — Ha %13 =
1,1 UXo4 (cm. puc. 11 ma crp. 117), maruyronsusie — Ha 215 (M.
puc. 12), mecruyroasasie — Ha Yo 5 (cM. puc. 13 Ha cTp. 119).
[Topasurensro, uro aBymMepHbn Komiueke C(IT) me Hecer Goxb-
mer THGOPMAILIAH, €M €TI0 OJHOMEPHBIN 0CTOB II, 1 CTPYKTypa ero
2-KIeTOK TEeTAKOM OMpefeaaroTca >TuM rpadom. Hampumep, Bce ero
TPEyTONbHBIE KIETKU CONEPKATCA B TOAKOMILIEKCax Dapes

C(II(21,1)) m C(X04)) ,

7 Kaxjgoe peOpo CIYyXUT CTOPOHOU MAPhI TPEYTOJLHUKOB, COOTBET-
CTBYIOIIUX JBYM IOJMOBEPXHOCTAM Y11 ¥ X0 4.

Puc. 13. [llectuyronsunkn

dukcanua KaKOU-HUOYIb BepIIMHLI B Jai060M moarpadge Papes
rpada IT osuagaer BeIGOp O-krerkm B C(34,), T.e. OKPyXHOCTH
Ha, Y4 5, TOCKOABKY BEIOOD moarpada dapesa B II-rpade onpegenger
packpor Ha mTaHsl (T. e. Habop okpyxHOocTen (C1,Cy,...,C34_3)) ¢
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dukcupoanubiM TiepBeIM paspesom C. Haobopor, mas mobou Bep-
umesl C € Cy(X) cymecrsyer (me egmncreenubin!) mogrpad Pa-
pes, BBIIENAONIN 3Ty BEPIIMHY ONUCAHHBIM Bhbilie oOpasom. [len-
CTBUTEIBLHO, TOMOJTHAM OKPYRHOCTH C' 0 MOJHOTO HAGOPA Pa3spe3os
(C1,Cs,...,C34_3) c Cy = C. Bee packpou Ha mTaHb ¢ GUKCAPOBAH-
ueMu paspesamu (Ca, Cs, ..., C34_3) cocraBnaior mogrpad Papes
F¢ ¢ BHIgEICHHON BepmmHON p € F(o.
TaxuMm 06pa3zoM, BOZHUKAET OTOOpaXeHue

Aut(Cy (IT)) —2+ Aut(Co(Sen)) » (6.21)

conocrasmsioniee okpyxuocT C' € Cy(X, ;) €IMHCTBEHHYIO BEPIITHY
B Cy(X4,n), cooTBeTCTBYyIOmyI0 oTMedenHOMy rpady Papes g(p) €
9(Fc).

Herpusmnansusre’

n-yroabuble cooTHomenus (¢ n = 4, 5, 6) Bo3-
HUKAIOT TOJBKO U3 HEMPUBOAUMBIX OPUEHTUPOBAHHBIX N-METEIb, Y
KOTOPBIX HUKAKAA Tapa MOCAe[OBATEIbHBIX pebep He COAePXKUTCA HA
B omaoMm moarpacde Papes. Kpome Toro, Hamo MCKIIOYATH W3 Pac-
CMOTPEHUA MIeCTUYTOJbHUKY, CKICEHHBIE U3 TPEYTOIbHUKA U HETPH-
BUAIBLHOIO KBaapaTa. Vcxomda u3 3TuX IpocThix coobpaxenun, Map-
ramut’® cHaama mpogomkm oTo6paxenue (6.21) 10 KOPpEKTHO ompe-

nenennoro orobpaxenus Aut(Cy(IT)) ~ % Aug (C(H)), a 3aTeM U
10 130MOpPuU3Ma,

Aut(C(IT)) —2+ Aut(C(3)) . (6.22)

Takum obpasom, Aut(Cy(IT)) = Aut(C(I)) = (AutC(X)) = M.
3amedanuE 1. Kommneke C'(IT) 6su1 BBenen Xerdepom u Tepcerernom B [HT],

rle OHM JOKA3aad, 9TO OH CBSI3€H U ONHOCBS3€H, a BOT paBeHCTBO (6.22)
OBLIO TIOMYYIEHO COBCEM HemaBHO B pabore [M].

3amedAuuE 2. [Ipocrpanctso koupopmusix 6aokos WZW RCFET (cum. omp. 1
u3 §1 riaBer 5 HA cTp. 94) MOXHO, KAK MBI BUJAEIM, UHTEPIPETUPOBATH
KaK TPOCTPAHCTBO NOJIOMOPQHBIX CEUYEHUUN TEH30DHOU CTEeHU HeabereBa
O-paccmoenus Ha MHOrOO6Opas3nu Moy ten M moayCcTabuILHBIX BEKTOPHBIX

5T. €. He CKJIEEHHbIE U3 TPEYrOJIbHUKOB

Sca. [M]
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paCCIOeHNU Ha pUMaHOBOU moBepxHocTu X (cM. ri. 3). Ilpu paspesanuu X
Ha MITAHB KOHGOPMHEBIE GJI0KM MOXKHO CTPOUTDL, UHTETPUPYA MO OKPYIKHO-
CTAM Pa3PE3aHUs BCE MPOMEKYTOIHLIE COCTOAHUA, BOSHUKAIOIIAE OT IeIHHO
HA KAXKILIX MTAHAX. PA3IuIHbe CKICHKU OPUBOIAT TAKMM OOPA30M K Pa3-
JUYHBIM 6a31MCaM OJHOT'O M TOT'O e BEKTOPHOT'O IIPOCTPAHCTBA, U DTU A3~
CHI OyIyT BHIPAXKATHLCA APYT Uepe3 OPYra JUHEUHLIMU TPEeoOpa3OBAHUAMUI
WA MAMPUUAMYU OYGAbHOCTU, YIOBIETBOPSIOIINMA YCAOBUAM COSALCOBAH-
HOCMU, KOTOPBIE YIOOHO OnuchBaTh B TepMunax xommiekca C(T).

Mockonbky xommaekc C(T) cBsi3eH, Kaxnasd MATPULA A1yalbHOCTH PAC-
KJIAIBIBAETCA (MHOTMME CIIOCOGAMM) B IPOU3BEAEHNE IPOCTENIINX MATPULI,
OTBEYAOIINX DIEMEHTAPHBIM MEPEKPOUKAM. YCJIOBUA COMTACOBAHHOCTH CO-
CTOAT B TOM, YTOOBI PE3YALTUPYIOIIEE TPEOOPA3OBAHNE HE 3aBUCEIO OT CIIO-
coba pazaoxenus (T. e. OT BEIOOPa Iy TH Ha rpade): IPOU3BeqeHre IPOCTeN-
X MATPUIL BIOJb KAXK IOU IIETIU JOKHO OBITHL PABHO equHMne. Bee Takme
COOTHOIIEHUSA MOPOK AAIOTCA TOXK NECTBAMI, BOSHUKAIOIIIMY 13 TI€PEINCICH-
HBIX BBIIIE N-YOOJIBHBEIX fyndamenmarvubix nemeab cn = 3,4, 5, 6, u 10 B
TOYHOCTY yTBEpXKAeHue 06 ogqHocBa3HocT Komiekca C'(F).

Taxum 06pa3oM, BOBHUKAET CUCTEMa (HEKOMMYTATUBHBLIX) MOJIAHOMU-
ATBHBEIX YPABHEHUN HA AIEMEHTAPHBEIE MATPUIE! IyalbHOCTH, PEIIEHIA KO-
TOPOU COCTABIAIOT MH02000pasue modyqeti RCFT, u B mpenene mpu k — 0o
MBI TIOTYyIaeM aaredpy CAUAHUA, KOTOpasA B paccMarpusaemom Hamu SU(2)-
CIydae COBMaZaeT ¢ KonbloM mpeacrasrennn RE(s((2, C)).

[IpocTparcTsa BOoMHOBEIX GyHKIUE (6.2) 00pasyoT moapaccIoe-

HUTe
HECcO@) xCP 7 =@ x @ C, (6.23)

aeTé‘}c
B TPUBHATBHOM BEKTOPHOM paccioenun Hag C(T) = S?, nokambHo

pasnoxentom (cm. (4.22)—(4.23)) B cymMy JMHENHBIX OAPACCIOCHUN.
U mockoabky cdepa 0THOCBIA3HA, PACCIOCHNE H!fc 06IaTaeT BhITEICH-
HOU TJIOCKOU TPUBUAIUIANUEN, EIUHCTBEHHON ¢ TOYHOCTBIO 10 YMHO-
XKEHUA HA KOHCTAHTY, 9TO U JAET ILIOCKOE MPOEKTUBHOE PACCIOCHUE
Kono

PHY — M, .

A mmenno, cucrema MaTpui gyaasbHOCTH (CM. 3aM. 2 u3 §4 raassl 6)
ompeJenseT mIocKyo casHocTh Ha C1(%y) ¢ IPOEKTUBHO TPUBHAITL-
HOU MOHOZPOMUIEN

Aut(Cy(%,)) —2~ PGL(rk,(0),C), (6.24)
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KOTOpPad 1 ABIACTCA MCKOMBIM IIDENCTABICHUEM Komno.

§ 5 Kanu6porounasa Teopus ma rpadax.

Ceasuocreio Ha TpuBmaabHoM SU(2)-paccaoenun man rpadpom I’
HA3BIBAETCA OTOOpaXeHme

Pi(T) = B(T') -+ SU(2) : ita(d)—a(e)=a(@)", (6.25)

rae iy : @ — ‘¢ ectn cmena opueHTanuu pebpa e. IIpocTpancTBO

Bcex cBasHOCTER (T. €. pyrkmui (6.25)) o6oznaqmm wepes A(T'). fAc-
HO, 9TO BCE CBA3HOCTU — nuockue. OTobpaxkenue

PyT) —2+ SU(2) :  (a1,a9,...,aq) — a(€1)a(€1) -+ a(€q)

HA3BIBAETCA UHMEZSPAAOM NO NYMAM, I W3MEHEHNE OPUEHTAINYU BCEX
pebep obopadmBaeT MHTErpad:

7:}@(?1,?2,...,?(1) :a(%l,%%...,%d):a(el, 62,...,?d)

Monoapomusa Lg,, (I") —%+ SU(2) (BAOIB 0mameueHubiz TETEIB) OIpe-
JEIAETCS AHATOTUIHO.
['pymma kamubposounsix npeobpasosanumit G, = SU(2)V () cocro-

. 9
nt m3 pysxnun V(I') —— SU(2) ¢ HOKOMIOHEHTHBIM yMHOXEHUEM
u peurctByeT Ha npocrpancTse ceasHocTen A(T) mo mpaswmry

9a(@) = g(v5()) - a(@) - g(ve(T)) " . (6.26)

[Mockoabky ®Ha rpade BCe CBA3HOCTHU ILIOCKUWE, TPOCTPAHCTBO KAJH-
OpOBOYHBIX OpOUT

A(T) /G = Re(m (T),SU(2)) =
= Hom(r ('), SU(2))/Adaiag(SU(2)) (6.27)
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COBMAJAET C MPOCTPAHCTBOM KJIACCOB M30MOP(MHBIX TPEACTABICHUN
dbyugamenTarsaon rpynnsl 71 (I'), KoTopas y TpuBameHTHOTO rpada
pojga g m3omopdua ceobogrON rpynne Fy ¢ g obpasyommmu. Taxmm
06pazoM, GakTop mpocTpancTBo (6.27) ecTh HE UTO UHOE KAK YHU-
mapwnoe npocmpancmeo Mommuxu Sy w3 §2 rmaser 3 (cm. cTp. 56).
Kamu6poBodraa rpynma ABIACTCA TOLYIPAMBIM IPOU3BECHAEM

G =G"(')XSU(2)a

sHopMmansHOu moarpynnel GU(T) = {g € G, | g(v) = Id} xamubposok,
TOXJECTBEHHBIX B CIO€ HAJ KAKOM-TNO0 (PUKCUPOBAHHOU BEPIIMHON
U, M QUATOHAJIHLHOU IIOATPYIIIEI

SU(2)a C Ga, SU(2)a =G,/G"(D)
nocrosunbix gyaxmmi V(') — SU(2). daxrop

A(m (T,0),SU(2)) = A)/G"(T) (6.28)

COCTOUT U3 OPOUT CBA3HOCTEU, OMMEUEHHBIL HAJ U, T. €. TPOCTPAH-
CTBO BCEX IPENCTABICHUN OTMEUYCHHON (PYHIAMEHTAILHOX T'PYIIILI
(om0 3aBUCHT OT BHIGOPA V), & HAKTOP

CA(T) = A(T")/SU(2)a

COBMAAAET C MPOCTPAHCTBOM MOCTOAHHBIX CBA3HOCTeW. Takum oGpa-
30M, IIPOEKIINIO

A() —=+ R®e(m(T),SU(2)) (6.29)

Ha daxTop (6.27) MOXHO ABYMS CIOCOGAMU PA3IOKUTHL B KOMIIO3U-

/\

R(m CA( (6.30)

N

RC 1 7

MO IIPOEKIUN:
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u BBIOOP Kakoro-mmbo cevenusa npoekumu (6.29) maswiBaeTca @urca-
i
. i
yuet xKaaubposku. O6opaaunsanue crpeaok A(I') —— A(T") sagaerca

DJIEMEHTOM
def 0 1
gi = <_1 0> € SU((2)a -

u Tpusnaibao neuctsyer uHa CA(T).
Kaaccer conpaxennnrx arementos Conj(SU(2)) moxuo 3amapame-
Tpu3oBaTh orpeskoM [0, 1] npu momomm @ynkyuu Kiaccos:

SU(2) 9, [0,1] : g+— % arccos (trég)) , (6.31)

MpUMEHEHNE KOTOPOU BO BCEX BEPIIXHAX AAET CIOPBEKIHIO:

CAr) —2es [0, 1772 = TJ [0, 1]..
ecE(T)

Kombuaupys ee ¢ dpaxropusanuen (6.30), momydaem mpoekmuo
AT) —er AT —2r T 10, 1] (6.32)
ecE(T)

C HOCIOUHBIM JEeUCTBUEM WHBOIIOUWMA fy, 000PAIUBAIOIIEN OPUEHTA-
nuo pebep.

§ 6 AGeaeBa Bepcus: U(1)-cuuHCceTKH.

XopoImuM BBOIHBIM TPAMEPOM B KATUOPOBOTHBIE TEOPUHU HA, I'Pa-
de I apaserca abeaesa U (1)-Teopus, COMHCETKA KOTOPOU SBIAIOTCA
HU 9€M MHBIM, KaK ﬁ-XapaKTepHCTHK&MH B KJIaCCUIECCKOM NCYINCICHNUN
J-pyHKINNH.

[TockOTbKY MHOXECTBO HEPUBOAUMBIX TpencTasaermu U(1):

IRUQ) =2,
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Beakaa U(1)-cnunrcerka wa rpade I sagaerca mekoropon gyHKImMEn
E) 2~ 7Z=3R(U(1)) , (6.33)

ynosrerBopsaomen(kak n B (6.3)) ycrosmam Knebma - Toppanra, xo-
TOpBIE B AGEIEBOM CIydae BLIPAKAIOTCA PABEHCTBOM

w(er) +w(ez2) +w(eg) =0 (6.34)

A mobon Tpouku peGep {e1,es, es} = S(v), cxogsmmxcsa B OgHON
sepumee v € V(T'), a cumaceTKr ypoBHA k MONYMHAIOTCA JOMIOTHE-
TerbHOMY orpanmdenuio: w(e) < 2k V e. MHOXeCTBO TaKuX CIMHCET-
OK MBI 0603Ha"aeM Tepes GF.

C apyrou croponsl, U(1)-casrocTs Ha rpade I', kak w Bbie,
3aaeTcsa 0ToOpaxeHueM

P =BT —~UQ1) : i%a()—al®) =a(d)™", (6.35)

a

uHAYIUpyoomuM uarerpar no nyram Py(T') — SU(2):
a(€1,@a,..., €a) =a(T1)a(@1) - a(da),

a
MoHoapoMuto Lg, (") —— SU(2) u t. x. IlpocTpancTBO Takux CBA3-
HOCTeW MbI 0603HAIMM Tepes A,.

AGenresa xam6posounaa rpyma G, = U(1)V(| cocroaman us

dyuxuuu V (T') AN U(1), mercTByeT Ha MPOCTPAHCTBE CBA3HOCTEN

A, (T") mo Tomy xe mpasuny: ga(€) = g(vs(€)) - a(€) - g(v:(€)) 7",
HO ee guaroHaabHas moarpynma U(l)a C Go(T') mercrsyer Temeps
TPUBUAILHO, U TOITOMY

As(I)/Ga(T') = Hom(my (I'), U(1)) = U(1)? (6.36)

eCTb B TOYHOCTH abeneBo yHuTapHOe mpoctpancTso HlorTku (2.24)
w3 § 5 rmaBer 2, T. e. cioi mpoexnuw (2.8) mag mytem Topa T, -dbynk-
U KOTOPOTO P IPpeoOpa30BAHUU KOTEPEHTHBIX cocTosHun (2.15)
MEPEXOUT B «OCHOBHYIO» J-(PYyHKIINIO HA KOMILIEKCHOM MPOCTPAHCTBE
MTorTku (C*)Y, narouryo aHATUTHYIECKOE BHIDAXKEHWUE A HEHYJIEBOTO
cevueHusn O- (MBU30pA HA AKOOUAHE.
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ITpocTpanCcTBO abeneBhIX CBA3HOCTEN iy -MHBAPUAHTHO BKIAJbIBA-
erca B mpocTpacTBO SU(2)-CBASHOCTEN AMArOHAIBLHEIM OTOGpaxKe-
HUEeM

AT) = AT) ¢ oo = <€w 0 )

0 e
06pa3 koToporo mpu mpoeknuu (6.32) AByIMCTHO HAKPLIBAET KyO,
TaK 9TO KOMIIO3UIUA

cjod
An() ——— T [0, 1]
ecE(T)
ecThb (aKTOPU3AIKA IO JeUCTBUIO MHBOMIONUH 4. O603HAIIM Tepe3

A

AL (T) = U(1)9 (6.37)

KAHOHUYIECKYIO MPOEKIINI0 MPOCTPAHCTBA abeleBbIX CBA3HOCTEM HA
MHOXECTBO abeneBbx KaammOpoBoIabXx opbuT (6.36). Herpyauo mpo-
BEpUTH

[IPEAMOXKEHUE 1. AGereBa npoeknusa (6.37) packragbIBaeTcA B KOM-
MO3HUIIHAIO:

AD) — AM) " U1)? € ®e(m (D), SU(2)). (6.38)

Buoxum Teneps akobuan kpusoin Jx. = Hom(m(Er),U(1)) gua-
ronaasHO B RE(m (Xr),SU(2)) 1 paccMOTpuUM €ro roajMaHOBCKYIO
npoexnuio Ha Top geuctsus (4.20):

I oA U(l)E(F) ,
00pa3oOM KOTOPOU ABIAETCA §-MEPHBIN TOP
Ar  (mod Z%973) ~T9 c T4 . (6.39)

C mpyrou cToponbI, neas Ha k BecoByto (ynkumio (6.33) mpomsBoIh-
uou U(1)-cimucerku ypoBHa k Ha rpade [', MbI moaygaeT TOUKy k-
neneHns Ha Tope aeiicTeua T4, 3amedarensHO, 9TO 06pa3 BOSHUKA-
OIIEr0 0TOOpaAXKEHU

of == (17),
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cogepxurca B noarope (6.39), m Gomee Toro,

L

- S = WwHI) =BSi() c Ar =T7 . (6.40)

B pesyabTare rpynma -XapakKTEPUCTUK KAHOHUIECKU OTOX IECTBIA-
eTca ¢ MEOXecTBOM crmaceTok GF yposra k, Tak ¥TO0 B abereBoM ciy-
9ae MBI MOXEM HyMepoBaTh ¥-xapaktepuctuku U (1)-cnmaceTkamm.
WNmenno TakuM 06paszoM MBI cobupaeMca 0606maTs moHaTue 19-xa-
PAKTEPUCTUKY HA HEAOEJEB CIYyUIal.

Kpowme sToro mam momamzoburcsa HeabeneBa Bepcusa mpeobpas3osa-
HUS KOTePEHTHBIX cocTosuuu (2.15) mua d-pyukmun (2.18), koTopoe
B KJIACCUYECKOM BapuaHTe u3 § 4 rmassl 2 mpeacTasaaio cobom ¢gpar-
MEHT CTAHJapTHOT'O MapMOHHTIECKOTo aHamm3a Ha Tope TY = U(1)9.

Temeps HAM HAI0 PACITPOCTPAHUTEH TEXHUKY pasioxenunn Dypbe Ha
SU(2)-caysan.

§ 7 Tapmonuyveckuu anaau3 SU(2)-cnuHCETOK.

HamoMmHUM, 9TO MBI OTOX/IECTBIAEM HEIPUBOAUMEIE IPENCTABIE-
Hua SU(2) ¢ DONymemsIMu cnunosbimy 4uciamu (IOJOBUHKAME Pa3-

MepHOCTeN):

IR (SU(2)) ~ %Z.

Paznmoxenne Knebima — l'opgona TeH30pHOro npousseneHud j1 ® jo R j3
Tpex HEeNPUBOAUMEIX MPEACTABICHAN TOTAA M TOJLKO TOTAA COLEp-
XUT OJHOMEPHOE TPUBHMATBHOE TpeacTaBrcHme (cnaemaouwuti one-
pamop), KOraa CIUHOPHBIE YHUCIA YIOBIETBOPAIOT HEPABEHCTBY Tpe-
yl"OJII)HI/IKa,Z

l71 — g2l <js <1 +72. (6.41)

OPyuxmus E(T) SN %Z, VIOBJIETBOPAOIIAA DTOMY HEPABEHCTBY U
YCJIOBHIO
Jiti2+i3€L
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A Kaxaou 3se3gel S(v), sagaer Ha rpade I' SU(2)-cimucerky T';.
Mgt roBopuM, 9TO OHA UMeeT ypoBeHb k, ecau j(e) < k maa moboro
pebpa e, 1 B IPaBOU IaCTU HEPABEHCTBA TPEYTOoabHUKA (6.41) BMECTO
J1 + jo MOXHO mOCTaBUTEL min(j; + jo, k — j1 — j2). PUKCUPOBAHHYIO
CIIMHCETKY yPOBHA k MBI o603HaIaeM 4depe3 ', a MHOXeCTBO Bcex
Taxkux cnuaceTok — uepes GF(T). fcro, aro &F(I') ¢ &™(T) mpm
k < m. HamoMHMM Takxe, 9TO A COUHOPHBIC TUCTIA HA K, MBI
OTOX IECTBIAEM CIMHCETKHU C JONYCNUMbLMU 6ECAMU:

Sk(T) = WH(ID)

(cm. xomen § 1 rnaser 6).
B »Tom maparpade Mbl TpOUHTEPIPETUPYEM KAXK VIO CIMHCETKY
[ x xax dysknmio Ha yEmTapHOM npocTpancTae [HlorTikm

St = SU(2)?/AdiagSU(2) .

[MockoabKy mocaenHee 3aBUCUT JUIIH OT PO §, HO HE OT CAMOT0O I'Pa-

da, 3TO T03BOIUT HaM KAHOHUYIECKU OTOX JeCTBAATL PelleTKU CIUH-

CEeTOK /I PA3HBIX TPUBAJEHTHHIX I'PA(pOB OAMHAKOBOT'O POA.
3aduKcupyeM Ha IPOU3BEJCHAN CPYII!

sU@)P™ = [ su(). (6.42)
ecE(T)

_>
npoussenenune dr mep Xaapa dr ma SU(2), HOpMATU30BAHHBEIX TaK,
9T0
%
/ dr=1= / dx .
SU(2) SU(2)EM

—
Jio6as dyskmua f € L2(SU(2)PM), dz) ma sToit rpynme packragor-
BaeTca mo gpopmyie Ilerepa — Bemaa:

f(x) = Z tr (B?f(x)) , (6.43)

TeIR(SUR)PM)

'koTopoe duxcammen kaxon-m60 opuenTanun pebep rpada I' 0TOXAECTBITETCA
¢ npocrpancrsoM A SU(2)-cBasnocren Ha I'
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rue
3% (SU@)"D) = (T =01®0® - ® 33| e € IN(SUR))

eCTh MPOCTPAHCTBO BCEX HEIPUBOAVMBIX MPEACTABICHAN MPOU3BEIe-
aus (6.42), a

1 / N
By = —— f(x) -0 (z ") dx (6.44)

CYThb 3HJOMOP(MU3MBI IPOCTPAHCTB V—g) 9THUX HENPUBOAUMBIX Ipe-
craBreHni’. Kax nas comHCETKA I'j sagaeT nmpeacTapieHue

—= . ~
= ® jle)eIR (SU(2)E(F)) ,
ecE(T)

B IIPOCTPAHCTBE V?. B cuny aBrogyamsaocTu npeacrasienuu SU(2),

KaX IBIA DHAOMOP(U3M DTOTO MPOCTPAHCTBA ABIAETCA BEKTOPOM B

TEH30PHOM MPOU3BEeHUN

e€E(T) ecE(T)
e€E(T) e€E(T)

= ® (j1(v) ® j2(v) ® j3(v)) , (6.45)

veV(T)

rae {ji1(v), ja(v),j3(v)} = S(v) cocrapuaoT 3Be3ay Bepumuer v. Ho,
M0 OMpENEeJeHNI0 COIMHCETKN, Kaxaoe npoussenerue j1(v) @ jo(v) ®
J3(v) cOmEPKUT €AMHCTBEHHBIA ¢ TOYHOCTHIO [0 TPOMOPIMOHAILHO-
CTHU CILIETAIOUIIN OIEPATOP iy, TAK ITO O€pd UX TEH30PHOE MPOU3BE-
IeHne, Mbl KAHOHIYIECKH CBA3LIBAEM CO CIIMHCETKOU OIepaTop

Br, = veg(l") iy € End (V?) .

25Ta KOHCTPYKINA AHAIOIMYHA CTAHAAPTHOMY paszoxenmio Dypbe (2.16): mpen-
CTaBJIeHUE ? OTMEpAET «IacCTOTY», a d3HAOMOpbu3M By ; mrpaer poas «ammimn-
Tyaep uwim kosdduyuenma Dypve, BRMUCIATOmEroca mo dopmyne (6.44), Toxe
BIIOJHE aHAJOTMYIHON CBOEH KJIACCHYECKOU abeIeBOM BepCUM
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Takum 06pa3zoM, MBI MOXEM CBA3ATh C JIOOOU CIUHCETKOU (DYHKITUIO

fri@= S (B (@) e LASUE)ED, dr)
TeIR(SU2)PM)

VWHBAPHUAHTHYIO OTHOCUTEIBHO IEUCTBUA HA TPOCTPAHCTBE (6.42):
SU2)PM ~ A

kamuoposouroi rpymer SU(2)V D) x (7/27)F1), (kommomenTEr KO-
TOpPOU 3aHyMepOBaHBI BepirmHaMu rpada [ 1 BuiGopaMu opueHTAIMN
Ha ero pebpax), u CTAI0 GBITh, CIYCKAIOILYIOCA HA (hAKTOP

St = A/G,

9T0 U TPebOBATIOCH.
Taxum o6pazom, MEOKecTBo cnuaceTok GF(T) ~ WH(T) myme-
PyeT HeKOTOpbI Habop crenuatbHbIX QYHKIUU fr;, HA YHUTapHOM

npoctpancTse [lorTkn®.

pEAM0KERVE 1. Couacerka I'j ogHO3HATHO BOCCTaHABIMBACTCA HO
rpapy I' n pynxnmu fr;.
[MOKABATENLCTBO. 3Has rpad, MBI BOCCTAHABINBAEM IIPOEKITUIO
™
A —— S m mogammaem ynximio fr, ma A = SU(2)EM), U3 rap-
MOHUYECKOTO pasiaoxenus (6.43) >Tou GyHKIMEA MBI TOLYIaeM Ipej-
CTaBJICHUE

SU(2)P0) LERETERT L pnd (V, @V, © - ® Vj,, )

u sagoMopduam B; € End (le V,® - ® Vj39_3), pa3IoXKeHue KO-
TOPOro Ha 6JOKY, COOTBETCTBYIOIUE BepIIMHAM Tpada, BOCCTAHABIN-
BaeT BECOBYIO (PpYHKIIHIO j. [l

Teneps HAM OCTAETCA JWITL TTOCTPOUTH MPEOOPA3OBAHUE KOTE-
PEHTHBIX COCTOAHMA Axa mapel Sy C Sy (kax B §4 rmasbl 2), ITO
u OygeT mpoJesaHO HAMU B TI. 7.

3moumo Tax e, Kak B koume (§ 5 rmaBsr 2) MHOKeCTBO ¥-XapakTepuctuk (Z9/kZ9)
HyMepoBato abenessl ¥-dyHKIMIM
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§ 8 MS-sepcua RCFT u npexgcrasaenue Komuo.

Axkcumomarudeckoe onucanue parMOHATLHON KOH(POPMHOU TEOPUU
noxa no Mypy u 3aibepry! (MS RCFT) BkmowaeT 3ajaHme ajire-
Oper cimsana A (kak B § 1 raaBel 5) U AMCKPETHOrO (KOHEYHOTO HA
KaxXJOM «ypoBHe» k) MHOXecTBa R ee mpencTaBlIeHun g;, 06pas3yio-
MAX MOOYAAPHYIO MEHIOPHYI KAME20PUt0 C BHIIEICHHBIM HIEMEHTOM
1 € R, takyto uto p € R = p* € R, 1* = 1, u xaxgou ynopsamgo-
JEeHHOU TPOUKE Q;, 0, Ok COMOCTABIACTCA KOHEIHOMEPHOE BEKTOPHOE
npocTpancTso Vg, Tak 910

1, ecmm 0; = 0j

0, B OCTAIBHBIX CIyYadAX .

Hamomuwnwm, aTo ¢ m066M rpadoM poga g u BaIeHTHOCTH 3-1 MBI
MOXEM CBA3ATH KOHETHOMEPHOE MIPOCTPAHCTBO BOMTHOBBIX (DYHKIINM, C
OTMEYEHHBIM 0a3UCOM, HyMEPYEMBIM CIUHCETKAMU. A UMEHHO, BCAKAA
comaceTka ['; Ha rpade I' 3agaer gma kaxgou Bepumusl v € V(T)
OJHOMEDHOE MOJAIPOCTPAHCTBO CILIETAIOMINAX ONEPATOPOB

v

a.j3 € ®IQI3. (6.46)

TeH30pHO EPEMHOXKAA UX O BCEM BEPIIMHAM, a 3aTEM CYMMUPYs IO
BCEM CIIMHCETKAM, MOJYYIaeM TIPOCTPAHCTBO

HE = ® Vit | 6.47
r jeé.i(r)vEV(F) J2:33 ( )

B TOYHOCTH COBIIAIAOMIEE C MPOCTPAHCTBOM (4.15) BOIHOBBIX (DYyHK-
ouii 60p-30MMepdEeIbI0Ba KBAHTOBAHNA.
Mpsr xoTuM PUKCHPOBATH B KAXKJIOM OJHOMEPHOM ITPOCTPAHCTBE
Hl]g = 9 V]'];js
T wev(r) 7%
HeKOTOpHIX Gasuc. Takasa gukcamua a priori He MHBAPUAHTHA, OTHO-

CUTECIBHO 3JIEMEHTAPHBIX IIEPEKPOCK Pa3pe3aHUsa Ha HITaHbI, HO IIPDE-
OATCTBUA K MHBAPDUAHTHOCTHU OIMUCBIBAIOTCA 2-KJIeTKaAMU KOMILIEKCA

Tem. [MS]
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rpados Ty, u 119 TPOBEPKY MHBAPUAHTHOCTY MBI JOIKHEL yOe UTh-
CA, ITO MPOU3BEJCHUE MATPUIT 3aMeH GA3UCOB, BOZHUKAIOIIAX TIPH TI0-
CIeIOBATENbHBIX [BUXEHUAX M0 pebpaM, OrPAHUIUBAIONIIM KAXK TYIO0
TAKyIO KICTKY, PABHO €IUHUIIE.

B pamkax MS RCFT ¢ mo6siM rpadpoM pofa g u BaTeHTHOCTH 3-1
TOXE MOXHO CBA3ATH AHAJOTHYHOE MPOCTPAHCTBO U 3a(PUKCAPOBATH
B HeM Gasuc’. BO3HUKAONINE IIPH 3TOM MATPHUIEI BEIPAKAIOTCA Iepes
[ATH BIEMEHTAPHBIX MaTpul, kKoropse B [MS] no Tpaaunum o6o3na-
wazorca gepes F, S, T, Q u O: tpu dazosvie mampuyse QF, O, T
IWArOHATLHEL (B MOAXOAAMEM 6a3uce) W 3a4al0T W30MOP(PU3MEL

Qi , Qi
VQ]‘ 0k VQ]‘ 0k )

. S
S mpepcTaBageT coommouenue 8 pode 1: Vggf S > Vgilg*. Eme
5105 7 1Y)

€CTb Mampuybl CAUAHUA:

Ve @ Ve F , Z Vgﬁ{g[ Q Ve

05,0k 0t,0m 05,0m
0

u cnaemarwaes mempuya BT = FQTF~1 yrosrersopsiomas cran-
OapTHEIM ycaoBuaM Pememancrepa: BioBosBis = BosBiaBoz. Mul
cobUpaeMcsi MPOBEPUTDH, UTO COOTHOIICHUS MEXJY HUMU, AKCAOMA-
Tu3upoBaHHbe B [MS], BEINOAHAIOTCA W A1 HAILX CIIMHCEeTOK".

Ha camom gmeme Bce »TO MATPUIHOE MCUUCICHAE BO3HUKAET W3

pacCMOTpEHUA T'OJIOHOMUU YyPDABHEHUA Kanxuuka - B&MOJIO,Z[‘II/IKOBZ),

’p SU(2)-cay1ae 5TO MOXHO CAEIATH UCHOAL3YsA CTHALAPTHEIE 3j-CHMBOJBI Bur-
Hepa, cM. [KR]

3BoobIe roBops, TomoaormYeckon (reomerpmieckor) mogersio aia MS RCFT
ABJIAETCA IPOM3BOILHOE TPEXMEePHOe MHOI000pa3ne C BIOXKEHHBIM TPUBAJIEHTHBIM
rpadoM, u nepedOpMyIMPOBKa 3TOU O00LIEN TOCTAHOBKYU HA A3BIK CIMHCETK aHAIO-
FAYHA TEHPOY30BCKOU MHTEPIPETANNY KBAHTOBOU IPABATALNN; F€OMETPUA CIIIH-
CeTOK IPOLIe TeM, YTO I'OJOHOMHUA OZHOrO pebpa BOKDPYI' APYroro BCerjga TpU-
BUAIbHA, U TO3TOMY HE BO3HUKAET HUKAKUX COOTHOIIEHWN 3aLEMIEHU», TOTA
Kak B o0IIeM ciIyd4ae, IPOEKTUPYA y3el Ha ILNIOCKOCTH, MBI JOJXKHBI CICIUTH 33
TeM, KAKOe U3 JBYX IePEeKPBIBAIOMIMXCA Pebep NPOXOAUT BBILIE; B OCTAIBLHOM die-
MEHTAapHBIE IPEOOPA3OBAHMSA CINHCETOK OIM3KM K MPABIIAM DA3MATBLIBAHUSA NS
noauaoMoB J[XoHCa
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(cm. [KZ]). Paccmorpum mapaGomuveckuit (T. e. BageHTHOCTH 3-1)
rpad [', onuceiBarommu packpou mpokoaoTou chepsl Pumana,

Y= (CI[DI \{p17p27 N 7pn}

HA MITAHBI, 1 3a(pUKCAPYEM MPOU3BOILHBIA OP TOHOPMUAPOBAHHBIN Oa-
suc {Iy, I, I3} anre6psi s((2, C) oTHOCHTENBHO CTAHAAPTHON HOPMBI
Kaprana — Knmauara. [Tomoxnm

Q=) I,®1I, € End(1) = End(sl(2,C))

g o , (6.48)
Q=Y mi(l)m(T,) € End(ji ® j2 @ -+ ® jn),
n

rae m;(I,) ecTb gencTBme [-TOrO Ga3MCHOrO OMEPATOPA HA 1-OM KOM-
TIOHEHTE TEeH30PHOTO Mpou3BeaeHud j1 ® - - - ® j,. Jaree, paccmoTpum
TPUBUATHLHOE BEKTOPHOE PACCIOEHUE CO CJIOEM j; ® -+ & j, HA KOH-
pUrypaIrmoHHOM TPOCTPAHCTBE

Cn\A:{(Z17Z27--'7Zn)|zi?ézj HpI/I’L?é]}

Ypasuenne Kunmxunka — 3aMOI0IINKOBA,

00 1 Qij .
9% _ o 1<i< 6.49
97 k+2;zi—zj (1<i<n) (6.49)

ompeneasaeT Ha 3TOM PaCCIOCHUU IIOCKYIO IMIPOEKTUBHYIO CBA3HOCTDH

1
w=1"7g ;sz dlog (z — zj) ,

OTHOCUTEIBLHO KOTOPOU Bce peurerus (6.49) ABIAOTCA KOBAPUAHTHO
NOCTOAHHBIME (TOPU3OHTAMBHEIME) cedeHuamu. OmepaTopHbIn Hop-
MaJau3M ABYMEPHON KOH(MOPMHOH TE€OPHUH IOJA, BBeAeHHbI Llyuma u
Kanwe B [TK], geransno dopmamusyer Bce CBOMCTBA MOHOIDPOMUM
5TOro ypapaenusa. Mbl, OMHAKO, MPEATOYATAEM BBECTU MATPHUILI My-
pa — 3anbepra 6oJee MHBAPUAHTHBIM CIIOCOOOM.

s wHagama paccmorpum rapdst I' u ') 3agafomme 182 BO3MOX-
HBIX pa3pe3aHnd Ha INTAHBL cepsl Yo 4 ¢ 4 AbpkaMu (cM. puc. 7 Ha
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crp. 108). OHEM MMEIOT OAHO W TO XK€ MHOXKECTBO NapabOIMmIeCKuX
pebep
P(F) = P(F;) = {61762763764} y

HO OHO MO0 PA3HOMY BKJIAABIBAETCA B (yMOPANOYEHHBIE) MHOXECTBA
pebep >Tux rpadoB, TaK ITO MBI IMeeM IBA W30MOP(HBIX TPOCTPAH-
CTBa KOH(QPOPMHBIX OJOKOB:
k _ . .. .
HT ) o, jisrja = HOMSU(2) (71 ® J2, 73 ® Ja)
k _ . .. .
HF:zajl:j?:jSaj4 - HOmSU(Q) (‘72 ® ‘73"74 ® '71) ?

B KOTOPBIX MO-Pa3HOMy BhuIOpaH Oasuc. Bymgem cumBoautecku mpen-
CTaBIATH DTU 0A3UCHI MATPUIIAMUA:

, J2 73 .y J3 Ja
=" " u =
J (]1 ]4) J <J2 .71)
OnPEAENEHUE 1. MaTputa

Homgy () (71 ® J2, 3 ® ja) — Homgy() (2 ® j3, 74 ® j1) ,

MEPEBOAAIIAA TEPBLIN 6A3MC BO BTOPOU, HABLIBAETCA MAMPUYET CAl-
AHUA.

MaTpuna CIugHusa 3agaeT TpeoOpa3sOBaHUe PENIeHUN YPABHEHUI
Kuuxuuka — 3amonogaukosa. Eciu 0603Ha9nTE Yepes

JiJ4
ee KOMIOHEHTHI B 6a3uce j, TO OHU OyAYT YAOBIETBOPATH COOTHOIIIE-
2 J3 4 J1
Ji J4 J3 J2

J2 J3 73 J4
Fa (72 3 p, (730 = s,
zj: “ <j1 j4> ik <j2 j1> ik

U YPaBHEHUIO Hf[TI/IyFOJII)HI/IKa4, BO3HHUKAIOIEMy Ha cdepe ¢ TATBIO

HUAM:

OBIDKAMA Yo 5.

‘em. puc. 12 ma crp. 118 u moacHenus ma cTp. 118-120
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Teneps, kak u 66110 06emano Ha, ¢Tp. 89 B §3 rmassl 4, MBI MO-
XKEM KAHOHUYIECKU OTOXJAECTBUTEH MPOCTPAHCTBO (4.15) Gop-30MMep-
(erbIOBEIX BOMHOBBIX (DYHKIUH ¢ TPOCTPAHCTBOM (4.22), mOpoX aeH-
HBIM [OMYCTUMBIMU [EIBIME BecaMu (pasmMeTkamu rpada): B CUIy
ogHOCBA3HOCTH KOoMILiekca rpados C(T) mocregoBaTensHOoe mpuMe-
HEHUE MATPUI] CIATHUA OTOX JECTBIACT MEX Iy COOOU BCE MPOCTPAH-
cTBa (6.47).

Eme ogaO mpeo6pasoBanre MOHOIPOMUY YpaBHeHNA KHUKHAKA —
3amonoauKoBa Bo3HuHKaeT mpu n = 4 (mm n = 3 L oo, kak B [K1]).

J3  J2
J1 74
Kaxk u BoIie, Mbl 0603HaMaEM KOS(PMUIIMEHTHI DTOU MATPHUIHI Te-

pes
J2 J3
B |”. .
Y (Jl J4>

JIerko BUAETH, YTO COMPANKEHUE MATPUIIECH CIUAHUS TUATOHAIM3YET
CILIETAIONIYI0 MATPUILY:

P(E ) p(E By pa (BB p
J1 4 J1J4 J1 J4

rae D — AUuarOHaJbHAA MaTPpUlla U3 3JIEMEHTOB

OnPEAEAEHME 2. KoMmosumus npeobpa3oBaHmii:

(jQ j3> <j1 j3> F (j3 j4>
J1 J4 J2  J4 1 72

HA3bIBAETCA cnaemarouet mampuyet.

dy = (~1)7+5 exp (i (M) — 2l sGail)))

Boxee Toro,
j2 j3 j14+Ja—p—v
B S0 = (=) TR ¢
e <J1 J4> (=1)

. 1 1 j1(j1+1 j4(jat1 v
oy (ri (et — g _ s g (3 56)
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PaccmoTpum Teneps «IIUnTHYECKOe» dIeMeHTapHOe Tpeobpaso-
BaHZe TOpa ¢ ofHou AbIpkou I'; | Ha puc. 7 (cTp. 108), KoTOpOe mepe-
CTaBIAET MEXAY COOOU q-IMKA U b-nmka (CTaHgapTHBE 06pa3yIomme
dyugamenTansHON rpynmel Topa). CooTBercTByOmuUn rpad uMeer
OJHY TPUBAJIEHTHYIO BEPUIVHY U, OJHO HOPMaJIbHOE pebpo — l-meTato
a ¥ OHO TApaboamIecKoe peGpo p, OTBEYAoNIEe MPOKOIOTON TOTKE.
Ananoruyso, TOpy ¢ AByMA AbIPKaMU % 2 cOOTBeTCTBYeT rpad 'y 2 ¢
IBYMs BEPIIMHAME V1, V2, ABYMA HOPMaJIbHBIMU pebpamu a, a’ 1 ABY-
M ApabOIUIeCKUMA PEOPAME P1, Po. DTUM ABYM TOPAM OTBEYAIOT
aBa mpocTpancTsa (6.47):

k . k
HFl,l,j’ JE Z, wm HF1,2,j1,j2 :

Marpunsl crusausa a-pebep 3aJal0T OTOX JeCTBICHNE

foHb g, — b HEL (6.50)

(rge cyMMUpOBaHUE TPOUCXOAUT 110 BCEM j, YAOBICTBOPSIIOMINAM YCIO-
Buam Kuebuia — Toppana). B 1eBoM mpoCTpaHCTBE MMEETCA BBIfE-
JeHHBIN 6asuc {Wyy, }, MHAEKCUPOBAHHBIN NOIYCTUMBIMU BECAMU W C
w(a) = £, w(a') = m. Beegem IUHENHBIN OIEPATOD

k B k
HF1,2,j1,j2 HF1,2,J'1,]'2’ (6'51)

IEUCTBUE KOTOPOT'O HA ATOT GA3UC BHIPAKACTCA Uepe3 CILIETAIOIINE
MaTpuIsl IO GopMyIe:

B(wim) = 3 By (jl ﬁ) W (6.52)
1

m

U OTMpEeNenuM onepamop noodKpymxl, 3aIalolni TeUCTBUE MOTYJIAD-
Hou rpymnsl My ; (Tounee, k1acca auddeomopduaMa, pearusyoe-
r0 DIeMEHTAPHOE DILIAITHYIECKOe IPeobpa3oBaHme’

Ha puc. 7, crp. 108) Ha mpocTpaHCcTBE 7-[1]31 "E

, m300paXeHHOe
[ns >Toro comnocraBuMm

SaroT omepaTop MPECTAHOBOYEH C AeUCTBUEM AuDPEOMOPPU3IMOB, IBUTAOLINX
OBIPKY P2 HA 2-TOPE, COOTBETCTBEHHO, BAOIb Q-II€TJN U BAOJIL b-meran
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kaxaomy pebpy e € E(T') gmaroransroe mpeoObpa3oBaHmE «BECOBOTO)
npocTpamcTea HE. BomHOBBIX dymHKTIEMEA (4.22), 3agaBaeMoe B Gasmce
{w} = VVILc dopmymon

T.(w) = exp <2m' (w(e);wie;+ D _ 8(k]1 2)>> w.  (6.53)

ONPEAENEHUE 3. OmepaTopoM MOAKPYTKA HA3BIBAETCA DHIOMOP(PU3M
Sk(j) € EndHg,
YAOBICTBOPAIOIINKA TPEM YCIOBUAM:
1) Sk(j)? = (=1)/emIUFD/ 20 1d
2) (Sk()Ta)® = Sk(4)?;

3) Sk(ji,j2) o Tyt 0Ty 0 Sk(j1,72) L = B, rae

Sk(jl,j2) = fil o <e]9 Sk(])) o f € End (Hllgl,mjl,b) ’ (654)

B — omeparop (6.51) ¢ marpunen (6.52), a f — m3omopdusm
(6.50)

(cymecTBoBanme Takoum moakpyTku it k = 1, 2, 3 mposepsaerca
DJIEMEHTAPHBIM MPAMBIM BBIMHACICHUEM; M OOIIero k 5TO BBITEKAET
w3 WZW SU(2)-RCFT majg TOpoM ¢ AByMA TBIpKaMu).
3AMEYAHUE 1. MuI BUAUM, 9TO 1A 3aMKHYTHIX rpadgos (6e3 mapaborude-
ckux pebep) CILIETAONINE MATPUILI UCTIOIb3YIOTCA TOJIBKO B CAMOM MOCJIE]-
HeM ypaBHeHun (6.54), mpudeM TOIBKO B CHELUATBHEIX KOMOnHAnuAX (6.52).
Feomerpuyecku 5TO 03HAYAELT, ITO MOAKPYTKA (KOHCTPYKIUA KOTOPOU MC-
HOJAB3YEeT IPOEKIUI0 TPUBAJEHTHOI'O I'padga HA IIOCKOCTD) IOYTH HE 3aBU-
CUT OT TOT'0, KaKoe pebpo MpH IepecevdeHny IBYX pebep MIPOXOIUT BHIIIE, a
KaKoe — HIXKe. JTO MaeT MOBOJ HATEATHCS, ITO BLITUCICHUS MOAKPYTOK B
RCFT u B Teopuu cnuuCeTOK OyIyT COBNANATH U IJIA 3AMKHYTHIX I'padoB
cTapmmx poaos g > 1.

Scu., manmpumep, [TUY]



138 nasa 6. TpusanenTHble rpadsbl

Teneps mer, crenys Koro’

" NCIIONAB3YyA MATPUNBI CTUAHUA F, ana-
roHaibHbIe omeparopsl T, m moakpyTku S (6.52), mocTpoum mpo-
exTuBHOe npencrasierve (5.10) m paccaoenume (6.23). [lna magara
paccMOTpuM rpad «(MyIbTHTTay O4_1 poja g, IPeACTABICHHLIN HA,

puc. 14 Ha cTp. 138 (cm. Takxke [T3] u [K1, fig. 12b]).

o |

ISV SE
7S
g

%
T I
®g-1 ®g-l

S

0o

gx0

Puc. 14. MyastutsoTa u rpader 04, Ijyo

Sadukcupyem Ha PUMAHOBOU TIOBEPXHOCTH g, ; HAGOP MPOCTHIX
OKPYXHOCTEN

{0,1,0,2,...,0,9, bl,bQ,...,bg, 52, sy (59,62, ...,6971}. (655)

Packpou »Tou moBepXHOCTH Ha IITAHBLI, KOAUPYeMBII rpadom O4_ 1,
3aa€TCA MOAHAOOPOM OKPYXKHOCTER

{al,ag,...,ag,52, sy (59,62, ...,8971}, (656)

KOTOPBIE MBI OTOX I€CTBIAEM ¢ COOTBETCTBYIOIIAMEA pEe6GPAME U CTPO-
UM 1O HEM HAGOP AMATOHATBHBEIX OnepaTopos (6.53)

{Tal,TaQ,...,Tag s Toyy ooy Ty s Teyy - ,ngfl}

Tem. [K1]
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Ha, MIPOCTPAHCTBE 7—['(3)9_1. OTHU ONepaTOPHI MPEJACTABIAIOT CKPYUUE Q-
nus Jewa BROIL Beex OKpyxkHOCTenm (6.56), HO OHE TOKa He TmOpO-
XKJa0T BCIO MOAYIApHYIo rpymmy 9,: elle ocTaloTCA CKPYIMBAHUA
[lena Bmoms meTensb b;, mIs mpencTaBIeHUA KOTOPHIX HAM MPUIETCI
HECKOJIBKO YIPOCTUATH HAII rpad.

Pacemorpum rpad I'yyo, m306paxensn Ha puc. 14 u mpejgcTa-

BIAIOmuUI o600 nenouky u3 g okpyxuocren Cp,Co,...,C, , mocue-
MOBATENLHO COeAUHEHHHIX (g1) pebpamu By, Bo,...,B, 1 Tak, 9TO0
B; ceasemaer C; ¢ Cjy1. Cpegame oxpyxuocTu Cy, ... , Cy_1 cogep-

xaT 1o ABa pebpa C; = ClUC!, u

! ! " "
E(ngo)zol,og,CQ,..., g—17027"'7 g—l?Bl7"'7Bg*1‘

Pazpesas cOOTBETCTBYIONIYIO PUMAHOBY MOBEPXHOCTH Yr, . 10 (g—1)
OKPYXHOCTAM B;, MBI Oy IuM ABA TOPA C ALIPKOK Z% L2 m(g—2)
TOPOB Zli,? (rme 2 < i < g—1) ¢c IByMa ABIPKAMU, IPU STOM b-KPUBBIE
b1 n by w3 mcxogroro Habopa (6.55) OKa3BIBAIOTCA, COOTBETCTBEHHO,
Ha IIEPBOM U Ha BTOPOM TOPE C OJHOU ALIPKON:

1
bl C 21’1 5 bg C 251]’1,
a oCTaJbHBIE D-KPUBBIE MOMAJAIOT HA ABAXK bl IIPOKOJIOTHIE TOPHL:
bicxﬁﬁ mpu 2 <i<g—1.

OToX 1eCTBIAS TPOCTPAHCTBO H’ég_l C IPOCTPAHCTBOM Hlligxo, B KO-
TOPOM (PUKCUPOBAH OA3UC, WHICKCUPOBAHHBIN CIUHCETKAMU YPOBHIA
k ma gy, MBI IIOTy9aeM clIeAyoliue MpeJcTaBIeHud A08 CKpPYInBa-
auit [lena Baoas b; (mencTByOmMmX Ha MApe TOPOB C OHOW U C IBYMA
ABIPKaMu, KakK Ha cTp. 136):

Ta, © Sp(j(B1)) o Ta,
Tay o Sk(j(B1),1(B2)) o Tay
............... (6.57)
Tan_, ©Sk(j(Bg-2),7(Bg-1)) o Tan_,
T, 0 Sk(j(Bg-1)) o T4,
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Wcnonbaysa npegcTasienne MOy IAPHON CPYTITHI 0GPA3YIOUMMHA U CO-
orHomenuamu (cM. [Wal), mpoBepseTcs, 9To MOCTPOEHHBIE HAMY OIIe-
paTOPHI 33JAI0T HYKHOE HaM NpOoeKTuBHOe npeacrasrenue (cm. [K1]).
B pesyabTaTe MBI MOLy9YaeM [BA (IIOYTHU JAHEUHBLIX) MPOEKTUBHBIX
npencrasaeana (5.10), BOHUKAOIIX W3 IBYX BEPCUU PAIMOHATLHON
KOH(GOPMHOU Teopuu monsa: u3 Mogean Becca — 3ymmao — BurTena
(cBasHOCTS (5.8) M3 § 2 rmaset 5) u w3 akcuomatuku Mypa — 3aubepra.
Cron COOTBETCTBYIOMWX TLIOCKAX BEKTOPHBIX PACCAOCHUN ABIAIOTCA
OPOCTPAHCTBAMY BOMTHOBBLIX (DYHKIUN A IBYX PA3IMIHBIX TUIIOB MO~
JAPU3ANUN: KOMILUIEKCHOU u BemecTBenHOU. B pabore [K1] Kono pac-
CMATPHUBAET COOCTBEHHYIO BEPCUIO0 KOH(MOPMHOU TEOPUU IMOJA, OCHO-
BAHHYIO HA KOMOWHATOPHOM OMUCAHUM TPOCTPAHCTBA KOH(POPMHEBIX
6;10K0B. B KOHIIE 5TOU KHUTU MBI OOCYAUM, KAK HAIPAMYIO OTOXJe-
CTBUTH BCE DT TEOPUHU.



[ naea 7.
AHANMNTUYHECKUWUE ACNEKTHbI
TEOPUUN HEABENEBbIX 19-CDYHKLIMI71

8§ 1 Yuurapuoe npocrpaucteo IIlorTku.

MaTepuaJ 5Tou IMIaBHI IOIHOCTLIO MapaJLIeaeH § 4 TIaBBL 2 1 OCHO-
BeIBaeTCA Ha npenpuaTe [FMNT].

PacemoTpuM mpocTpancTBo HE w3 dopmymer (6.2). Ero 6asuc
3aHYMEPOBaAH MHOXECTBOM CHUHCETOK WJIU COOTBETCTBYIOIINX I/IM1
dyuxmmir ma yruTaprom npoctpanctse [llortku Sy [lockoreky muO-

roobpasue
S}; = SU(2)7/AdgiagSU(2)

0c060, HAM MPUAETCA UHTEPIPETUPOBATH BCE TEOMETPUIECKHIE 00h-
exThl Ha HeM KaK Adgiag (SU(2))-mHBapraHTHBIE 06BEKTHL HA IPAMOM
npoussenerun SU(2)Y.

Kommaekcudukanuern KOMIakTHON BemecTBeHHon rpymust SU(2)
asagerca kommaekcHaa rpymma SL(2,C). Y sTux aByx rpynm ogmHa-
KOBaA TEOPHUA KOHCTHOMEPHBIX IIPEICTABICHUM:

IR (SU(2)) = IR (SL(2,C)) = 3Z>¢ .
Kak w Bbime, mbl GygeM 0603HAYATEH 3TU HEMPUBOAUMBIE TIPEACTA-
BICHUA CHUMBOJAMH | € %ZZO, a TMPOCTPAHCTBA, B KOTOPLIX OHU TIPO-
ucxonar, — Oyksamu Vj, Tak uro dimV; = (25 + 1). Ormernm, uro

'em. mpegn. 1 w3 §7 ruassr 6 ma crp. 130

141
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zencrsue SL(2, C) Ha V}, KoHe4YHO Xe, He COXpAHAET SPMATOBY CTPYK-
TYPY, HO YCJIOBHE CYIIECTBOBAHUA CILIETAIOIIUX OMEPATOPOB B TEH30D-
HBIX TIPOM3BEJEHUAX W CAMU DTH PHEPATOPHI Oy Iy T TEMU XK€, 9TO Uy

SU(2) C SL(2,C).

§ 2 g-pacmmmpenune KoHCTpykunu Xoura gasa SU(2).

[Ipexpge Bcero, mia ygqo6CTBa duTaTend W (PUKCAIAN HEOOXO M-
MBIX 0003HAYEHNN, HATOMHUM BKpatie, 9To b. Xomr B [Ha|, ucmoas-
3y AOPO Of YPABHEHUS TEIUIONMPOBOAHOCTH C JAILIACHAHOM A, WH-
OYIIIPOBAHHLIM HOPMUPOBAHHOX ABYCTOPOHHE NHBAPUAHTHON METPH-
kou dr ma SU(2), mocTpoun npeobpazosanue Ko2epermubly cocmos-
HUt:

CST¢

L*(SU(2),dz) — H(SL(2,C)) N L%(SL(2,C), dz) (7.1)
BemecTBeHHLIX dyuknun Ha SU(2) B rosoMopdubie GyHKIMA HA KOM-
mnekcaon rpynmne SL(2,C). A umeHHO, AAPO TEMIONPOBOIHOCTH 0f

IOILyCKAeT eNWHCTBEHHOEe aHamuTuieckoe mponomxenue na SL(2,C)
(koTopoe MbI Takxe Gymem 0603HAMATE Qf), M (DYHKIUA

f € L*(SU(2), dx)

nepeBoauTcA oroGpaxenuem (7.1) B romomMopdHyo (YyHKIWO, 3HA-

genne kKoropou Ha dremente z € SL(2,C) pasuo SU(2)-ycpeanenuio
KOFepeHTHBD(COCTOHHHﬁ:

A

osmif(z) = [ fle)ee D) do = o f (2) = (2

SU(2)

)F@), (72)

(rme x o6osnagaer ceeprky Ha SU(2), a C — aHATMTHUIECKOE TPOLOT-
xerue ¢ SU(2) ma SL(2,C)). IIpeobpasoBaunas (hyHKIUA NpeACTa-
BIAET COGOU pEIeHre yPABHEHUA TEIIOMPOBOTHOCTH

ou 1

E;Z = Ei Z&QL
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¢ magampabm yerosuem u(0,z) = f(z), m ecm f € L?(SU(2),dx)
nMena pasnoxenue Ilerepa — Bemns:

fl@)=">" tr(j(2)Bjy)
JETIR(SU(2))

rae cyMMa, 6epeTcs 1Mo BCEM KIacCaM SKBUBAMEHTHBIX HETTPUBOJUMBIX
NPEACTABICHINA 1

1
B —
Jsf dlmv‘y

[ 1@ de € By (@)

SU(2)

1o CSTyf (2) = 3 e /2tr(j(2)B;f), rue \j cyTs coGeTBeHADIE 3HA-
GEM(SL(2,0))
venns omeparopa —A Ha GyHKImax tr(Bj(z)).

Oxa3eIBaeTCsI, ITO PO IOIKAA IPpeoOpa3oBaHmre CST; HA TOAXONI-
mun krace 0606menabx Gyuknunn Ha SU(2) (kak B §4 raaser 2), MBI
CMOXEM TIOMy9IaTh roaoMopdubie dyakmun Ha SL(2, C), asraommecs
rOIOMOP(MHBIMA CEeICHUAMY JIUHENHBIX PACCIoeHni. boxee Toro, sTa
KOHCTPYKIMA NOCJAOBHO NEPEHOCUTCA HA IPOU3BEICHUA

SU(2)7 c SL(2,C)?
¥ Jaxe MOXeT OBITH CIIyIIeHa HA KOMIAKTU(MUIIUPOBAHHBIE (DAKTOPHI

Sy =8U(2)/Adqiag(SU(2)) C Sy = SL(2,C)? /Adgiag(SL(2,C)) ,
HO DTOT MOCIEAHUH Iar moTpebyeT BBeAeHNA HEKOTOPBIX MOMOJHH-
TENTbHBIX MAPAMETPOB, C TOTHOTO OMUCAHUA KOTOPBIX MBI M HATHEM.

3apuKcupyeM KOMIUIEKCHYIO CUMMETPUIECKYIO § X ¢ - MATPHUILY
¢ moMoXUTeTbHON MEEMON TacThio! O = (Qup) = ReQ + iImQ u
paccMOTpUM Ha Sy MHBAPUAHTHBIN JallIacuaH

(Im®) IS | 02

AM2) _ E M
271 ap 01,01
o,B=1 g

1. e. Touxy suremesa momympocrpancrsa H,
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(rge 0/0z4, 0/0rs cyTh MHBapMaHTHBIE BeKTOPHBIE noua Ha SU(2)).

(Im$2)
O6o3Ha1uM 1epes fi; pyHIaAMEHTATLHOE PelleHre KOMILIEKCHOTO

YPaBHEHUA TEILIONIPOBOAHOCTHA

ou I (mo) .1 02 02
—=-A = — ImQ, :
ot —4-¢ " a%; g b 0r,0zp * 0Ya0y3 "

a Jepes duglmg) —— yCpejHeHme TayCCOBOM MephI® ,uEImQ) dw B2 Sy

no mepoMy Aeuctsuio Sg. Ilpu Beex BemecTBeHHBIX 1 > 0 MBI mMeeM
yHUTApHOE Tpeobpa3oBanmne XOmia;

CSTgImQ)

L2(SY, du) 1(Sy) N L2(S,, dv™Y)
fr— CST,EImQ)f(w) =C (e%A(Imm) f(w)

” HETPYAHO BUAETH, YTO AOOABIEHUE K JAILIACUAHY MHUMOU YACTH,
T. €. 3aMEHA, er0 HeCAMOCOMPIXKEHHLIM JAILTACUAHOM Ha, S;:

(i) ~ 0

Loy i

A N Z 27 Qaﬁaxa&vﬁ
=1

HE HapPpYIIa€T YHUTAPHOCTU 3TOr'O OmIe€epaTopa:

—iQ 1(D)
pEANOKEHUE 1. IIpeobpaszoBanue CST,E ) _ Coez® "

L2(S¥,dz) —— H(Sy) N L2(Sg, diy"™ ) (7.4)

yHUTApHO g4 M00bIx MaTpuns () € H, u BemecTBenHOrO t > 0.

[MOKA3BATENBCTBO. DTO Ipeobpa3oBaHue PACKIATLIBACTCA B KOM-

s t ImQ t —iRe Q2
(—iQ) —C eiA( )) oeiA( eQ)

IO3UNUIO: CST, , B KOTOPOU YHUTAP-

t A (ImQ)
2 XOpOIIO W3BECTHA,

HOCTB omepaTopa C (e

e%A(fiRe Q) _ e_i%A(Re Q)
yHuTapeH npu t € R, mockoabky ARe®) CaMO COTIPAXKEH. [l
Z3neck dw = drdy — WEIYIIPOBAHHAS HOPMAIM3OBAHHON Mepon Xaapa CTaH-

gaprHas mepa Ha Sy = SL(2, C)Y /Addiag(SL(2, C))
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Ecin nogaars dyukuumio f € L2(S§,d7) 10 Adgiag(SU(2))-un-
BapuanTHou yukmuu Ha SU(2)? u pasnoxuts ee B paj Ilerepa —

Benna:
fa) =3 w(5(@)B3 ).

)
7 eIR(SU(2)9)

(rme, kak u B (6.43)—(6.44), cyMMupOBaHUE IPOUCXOAUT 110 BCEM KJIaC-
caM SKBUBAJICHTHBIX HEPUBOAMMBIX mpencTasrenumi® SU(2)9, a Ko-
s punmertsr Dypbe B? € End V> BbIMUCIAIOTCA 1O IPUBBIYHON
dbopmyze), To ee 06pa3 nf)n npeobpasosanun (7.4) GyeT 3a1aBaTHCA
dopmymon

—iQ A"y =
st (2)= 3 e P (T=B5)) .
7 eIN(SU(2)9)
rae )\(; i) cyTh co6eTBeHHOE 3HAMeHHe omepaTopa —A (") ma pymk-
J

OUAX BUAA tr(B?(7)) (a B> € End(V?) NpPeJCTABIAIOT COO0N B
roarocTE Te ke Adgiag(SL(2, C))-oxBuBapmanTHEE SHIOMOPHUAIMEL
POBHO Tex ¥)e MpocTpaHcTs, 9To u aaa SU(2)-cayqan). Takum o6pa-
30M, romoMopdHaa QyHKIA CSTEfiQ)f (2) Adgiag(SL(2, C))-unBapu-
aHTHA, T.e. CIyCKaeTca Ha Sy, JOCTABIAA AHAINTUIECKOE TPOLON-
xerne Ha SL(2,C)Y nmeromerocsa Ha SU(2)Y peumeHns KOMILIEKCHOTO

YPaBHEHUA TEILIONPOBOAHOCTHA

u 1, (-ie),

at 2
¢ HATAIbHBIM ycaoBueM f Ha Sg. VI 9T0 pacnmpenrroe npeo6pa3oBanme
KOTEPEHTHBIX COCTOSHUUN MPOAOIKAETCA HA TPOCTPAHCTBO 0600IIEH-
nerx yskmi’ (C(SY))":
PEANOKEHUE 2. /g mrobeix ) € H, u BemectsernHoro t > 0 mpe-
obpasoBaHne 0000IEHHLIX (GYHKIIAH, 34,JaBAEMOE B TePMUHAX PAa3JI0-

_)
3KOTOpBIe HMCYepPIBbIBAIOTCA TEH30PHBIMU IPOU3BEACHUAME | = j1 ® j2 ® -+ @ Jg
¢ j» € IR (SU(2))

4 gamomumM, 4TO yuurapuoe npocrpasctso llorrkm S§ KoMmakTHO
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xenusa Ilerepa — Bewnna ¢popmyaon

S uF @) — ¥ P ). @

7 eIN(SU(2)9) 7 eIm(su(2)9)

ABIAETCA KOPPEKTHO ONPEAEICHHBIM JUHEHHBIM OTOODAaXEHUEM

[MOKABATEILCTBO. [encTBue onepaTopa, Jlamiaca n ero cremnesen
Ha 06O6uIeHHbIe (YHKIMM BOMCTBEHHO WX AeicTsmio Ha C'°°(S)).

[To ompegmenenuto, f E_)ejm suld J G_}(?)B?f) € (C=(Sy)', ecmm

||B7 f|| < Cy ell 7l gna mexoropoit korcranTsr C) > 0 (rzge HOpMA

9

1Girs o, d)IP = D (25 + 1)
v=1
= (—iQ)
pix j € JR(SU(2)9)). Hy a romomopdrOCcTs CST; ' f O3Ha4IaeT
cymecTBoBaHne KOHCTAHTEL Cy > (), TaKOW 9TO

~tAG 2 -2 — —
e "7 By Il < eIy T eam(sU@)) ¢ |7 0.

Ho Takoe Cs cymectsyet, mockoabky ImS) > 0. O

Nckombre Hamu HeabeneBul J-byHKIUT Ha S, MOTYHYalOTCA MPH-
MeHeHueM npeobpasoBanus (7.5) W3 HPEIBIAYIIErO MPEeAIOKeHUs K
OXOAAIMM TUHEMHBIM KOMOUHAnuAM J-byHKImy Ha Sy. A MMeHHo,
npumMenas npeotpasosanume (7.5) ¢® t = 1/k x J-pyHKnum

-3t (7(7))

Sll )
7 eIN(SU(2)9)

9,7 (z

Skak U B § 4 TIABKI 2, MBI IPUAA€M BPEMEHHOMY MApPAMETPY YPABHEHMA TEILIONPO-
BOJHOCTH AWCKPETHOE IOJOXKHUTEIbHOe 3HadeHme t = 1/k
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C HOCHUTEJEM B €UHUIIE, IJIA KOTOPOU B7 /
)
HYIO (pYHKIITIO

Y (700)

)
7 eIR(SU(2)9)

= Id, moxy <M romomopd-

—.Q Sll
CSTg/,z (9,7

Hy a gna nmpomssoapHOU cnmHceTK™ I'j € 6]12 ypoBHA k HAM CIeayeT

(-i0)

IpUMEHUTDH CST, Jk K 06001meHHON HYyHKIINY

l’) Z fF tr ( 7)) )
7 em(sU(2)9)
9TO NACT AHAIUTHUIECKYIO (DYHKIHIO C’f Ik )(,191“]-) Ha S.

[MoxygaeMbin TaKuM CITIOCOG0M HAGOP TOMOMOPGHBIX (HYHKITIU

(et (7)) z

HA KOMILIEKCHOM TpOoCTpaHcTBe IIOTTKM M ABIACTCA UCKOMBIM He-
abeneBbiM 00001eHrEeM U-(DYHKITUUT ¢ XapaKTepucTukamu. [1oqaepk-
HEM, ITO OH CTPOUTCA MO MATPUIIE IEPUOIOB NPOU3EOAbHO20 ADETEBA,
MHOT000pa3na ¥ WHAEKCUPyeTcsa cnmHaceTKamu ['j € 61’3 ua rpade I



[ naga 8.
OTOBPAXXEHMUE
BOPTBUKA - NONA - YPUBE

§ 1 T'eomeTpusa JarpaHkeBbIX IIUKJIOB.

B caydae, korga paHru TpOCTPAHCTB BOJHOBBIX (PYHKIWM, TIOJY-
YaeMbIX B pe3y/bTaTe KelepoBa u 60p-3oMMepdenbaoBa KBAHTOBA-
HUW COBHAJAIOT (T.€. KOUQa KBAHTOBAHWE YHUCJIEHHO MOJTHO B CMBI-
cre §6 rmasel 1), BOBHMKAET BOIPOC O HATUYUU €CMECMBEHHO20 W30~
Mopdu3Ma MeX Iy STUMU IPOCTpaHCTBaMu. MlHAMe rOBOPS, MOXEM Ju
MBI KAHOHUYIECKW COMOCTABUTHL KOBAPUAHTHO MOCTOAHHLIM CEYEHUAM
OT'PAHUYICHUN TUHEHHOT'O PACCIOCHUSA IPEIKBAHTOBAHUA HA OOP-30M-
Mep@deThIOBEl UKL TVIOOAIBHEIE TOJMOMOP(HLIE CEUYeHUA DTOTO JH-
HEMHOT'0 PACCIOCHNA HAJ BCEM MHOT0oOpasuem?

[IpumepoM TAKOT0O €CTECTBEHHOT'O OTOX JECTBICHUS IPOCTPAHCTB
BOJTHOBBIX (DYHKITUU ABIAETCA XOPOIIO U3BECTHOE TIPE0OPA30BAHIE KO-
repeHTHBIX cocTosuuu Curamra — Baprmama, BIepBble BO3HUKINEE B
KBAHTOBOU MEXaHUKE KaK MPeoOpa30BaHMe BEIIECTBEHHBIX UHTErPU-
PYEMBIX C KBaApaToM (GYHKIUU HA KOH(PUIYPAIMOHHOM MPOCTPAH-
cTBe B romoMopdHbe (pyHKIUU Ha (Aa30BOM TpPOCTPaHCTBE. B mpo-
CTeNIeM CIydae KOH(DUTYPAIMOHHBIM TPOCTPAHCTBOM ABIACTCA BE-
IIECTBEHHOE TIPOCTPAHCTBO RY, paccmMaTpuBaeMoe Kak BelleCTBEHHAA
9aCTh KOMILIEKCHOTO (azoBoro npoctpaucTsa (9. Ograko, 5Ta KOH-
CTPYKIINA MOXeT OLITH 3HAYUTETLHO 0000IIeHA.

Tak, B KIaccuaeckorn Teopun abeneBbix J-pyakumun (cm. §4 ria-
BHI 2) MBI 3aMeHmI R" Ha BemecTBeHHBI TOp T (HyaeBoe cevdeHue

148
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TY BemecTBeHHON MOJIAPU3AIINTA (2.6), ABIAIOIIECECA CICIUAILHBIM Ja-
FPAHXEBLIM MOATOPOM HCXOJHOTO KOMILIEKCHOrO Topa A), a C" —
Ha KoMmriekcHb Top (CF)".

Hanee, B §2 rmaswr 7, Mbl 3aMenwan R HA KOMIAKTHYIO TPYIIIY
Jm SU(2), a C* — ma ee kommrekcubukanmio® SL(2,C), a 3arem
samenmau R” ma yumTapHOoe mpocTparcTBo LloTTkn

St = 8U(2)l9/Adgiag(SU(2))
a C" — ma kommiekcuoe nmpocTpaucTio [HloTTku
Sy = SL(2,0)¥ / Adgiag (SL(2,C))

Ho mHamGolee M3AMHBIM ¢ AHAIATHIECKON TOYKH 3peHHA> 0600-
mennem npeobpasosanusas Curana — Beprmana asasercs oToOpaxe-
uue Bopreuka — IToma — Ypu6e®, B xocTpyknum xoroporo C? 3a-
MEHIeTCA JIOOBIM KOMIAKTHBIM KeIePOBhIM MHOroobOpasuem, a R* —
IPOM3BOIBLHBIM G0OP-30MMepdheIbI0BbIM JATPAHKEBHIM ITHKIOM . DT0
0oTOOpaXeHne AOCTABIACT MOIIHEUIINA MHCTPYMEHT NI CPABHEHUSI
pPe3YILTATOB 6OP-30MMEP(ENbIOBA U KEIEPOBA KBAHTOBAHUYU U TECHO
cBa3aHO ¢ kKaaccudeckum metogom WKB, Tonrbko menrcTsyeT B mpo-
TuBOomoOJOXHOM HampaBrenum: WKB-anmpokcumanua comocTaBiseT
BOJHOBOU (DYHKIIMU HEKOTOPHIM JATPAHXKEB MUK B (GA30OBOM TPO-
CTPAHCTBE C MOJIYIIOTHOCTHIO HA HEM, B TO BpeMa KaK BPU-0TOOpa-
XKeHrne mepeBoauT GOp-30MMep@denbIoB UKI C TOJYIIOTHOCTHIO HA
HEM B HEKOTOPYIO BOJHOBYIO (PYHKIIWIO, ONPENCICHHYIO ¢ TOYHOCTBIO
10 daszosoro muoxuTens u3 U(1).

CpaBHeHIe KOMILIEKCHOH ¥ CHMILIEKTHIECKOR TeOMeTPIH® MbI Ha-
YHEM C PACCMOTPEHUA MOMAPU3IOBAHHOTO KEIEPOBA MHOT006DA3Us

(M[,LL),L,V) )

'4T0, KaK MBI yXe OTMeYamu, ARTACTCA TACTHLIM CIyYaeM OOMIeH KOHCTDPYKIMM
B. Xomra, IpuMeHIMON K IPOU3BOIBHBIM BEIIECTBEHHBIM rpynnaM JIu «koMmakT-
HOrO THma»: cM. [Hal

*yHTerparbHEe omepaTopsl Pyphe, MexaH IPOBBI PACTPEICTCHUS 1 T. 1.

3cm. [BPU)

‘rounee, MEKAHAPOBBHIM IUKIOM, OTPAHMYMBAIONAM KOMILIEKCHYIO IICEB JOBBIITY-
KIyIo 001acTh

® geramu Bcex xKoucTpykmmh cM. B [GT]
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Takoro 9To dpopma KpuBusHbl Fy = 2miw. [lox marpaHxeBbIM Iu-
KJIOM Ha M| MBI HOHIMAaeM KIACC HEBBIPOXK IEHHBIX" nuddepeHmupy-
eMBIX oTOoOpaxenuu B M

S Mr: @w=0 (8.1)

(PUKCUPOBAHHOTO TVIAJKOTO KOMIIAKTHOTO OPMEHTUPOBAHHOT'O BeIIle-
CTBEHHOT'O MHOT006pasus S pa3sMepHOCTHI

1
dimg S = 3 dimgr M7

IO MOZYII0 ecTeCTBeHHOTro meicrsuma rpymmer Diff T coxpamaommux
opuenTanuio gudpdeoMoppusMos S.

Kpanne BaxHO, ITO HM OAWH TAKOW INKJI HE MOXET JeXATL HA
B KaKOM COOCTBEHHOM aareOpam<deckoM MmoaMHOToo6Opasuu (B 9acT-
HOCTH, HAa TUBU3OPE), U TO3TOMY TOJOMODP(MHBIE 0O0BEKTHI OJHO3HA-
HO ONpENEeNIIoTCa TeM, KaK OHU OTPDAHWYMUBAIOTCA HA TAKUE IIWKJIHI
(HAampUMEpP, MBI MOXEM OrPAHWYUBATL HA S TOIOMOP(MHOE CEedeHue
JAUHEVHOTO PACCIOCHUA, KPUBA3HA KOTOPOTO MPOMOPIUOHAILHA, W).
3AMEYAHUE 1. C reoMeTpuveckon TOUYKU 3PEHU, TArPAHKEBET UKLl MMe-
IOT HAMMEHBIIYIO BO3MOXKHYIO Pa3MEPHOCTHh CPEAN BCEX IIOTEHIINAJIBbHBIX HO-
CUTEJIeU TPAHWYHBIX YCJIOBUU s TOJIOMOPGHBIX 00BeKTOB. OqHAKO Tpa-
OUIIMOHHO T'PAHUIHBIE YCIOBUSI YI;IH MPUHATO 3a1aBaTh HA MOAMHOr000pa-
3UAX BEHIECTBEHHOUN KopaszMmepHocTH 1. Takou TpaIuIMOHHLIA IMOLXOI CO-
BIIaJa€T C Jar'PAHXKEBBIM TOJBKO Ha PUMAHOBBIX IMMOBEPXHOCTAX, I UMEHHO B
9TOM KPOETCA ITPUINHA TOr'O, YTO COBpEMEHHAA TEOPUA UHTEI'PUPYEMBIX CU-
CTEM CBOJUT MHOXKECTBO aHAJUTUIECKUX IPOOIEM K aIreOpandeckon reoMme-
TPUU KPUBLIX [IPY IIOMOIIY OPAHTIEHNN MOJIOMOP(HEIX O0BEKTOB Ha, MAJILIE
okpyxuOCTH . IIoXO0XKe Ha TO, YTO €CTECTBEHHOE OGOOIIEHe COBPEMEHHOM
TEeOpUU! MHTETPUPYEMBIX CUCTEM Ha CTapHIvne pa3dMEepHOCTU TJOJMXKHO UATU I10
TyTU OTPAHUYICHUS FOJIOMOpq)HBIX 00BLEKTOB UMEHHO Ha JIarPAHXKEBHI IO -
MHOT000ODA3U.

Jlarpamxeso Broxenue (8.1) MEHOroo6pasus S B CUMILIEKTHIECKOE
mHOr00Opasme M He mMeeT HUKAKWX JOKAJbHBIX MWHBAPUAHTOB. 1em
He MeHee, MMEITCA MBA CTAHJAPTHBIX CIIOCO0A WX Pa3IWIATh: Pac-
CMATPUBATEH NHBAPUAHTHI CEMEUCTB JArPDAHKEBBIX MTOAMHOT000pa3ul

6. e. maxux uTo ker(dyp,) = 0 XOTa GBI B OAHOH TOWKeE
"em., mampuuep, 0630p [DKN]
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(ckaxewm, mpenerbHbIE 0COOBIE TIMKIBI) I CHAOXKATD JarPAHKEBBI MO
MHOT000pa3usa [JOMOMHATEILHBIMA T'€OMEeTPUIECKUMA CTPYKTYpPAMUA
(momycTuM, PUKCUPOBATEL HAJ HUMW CEYEHUA KAKOTO-TMOO TI00ATh-
HOT'O PACCIOEHUA WIN CBA3ZHOCTD HA TPUBUAILHOM JUHEHHOM PACCIOe-
aum). [IpumepoM Takoro poga JOMOMTHUTENLHON CTPYKTY PBI ABIAETCA
OTpaHWYEHNe HA JATPAHXKEB UK S JAHHBIX T€OMETPUIECKOTO Mpes-
kBanToBauua (L,V) ma M.

[Mockomeky Fy = 27i¢p*w = 0, orparmyaerne ¢*L paccroeHus
npeAKBaHTOBaHUA L Ha marpamxkes muki (8.1) ssiasgerca Tomonoru-
YECKU TPUBUAMLHBIM JUHEWHBIM PACCIOEHUEM C TLIOCKOU DPMUTOBON

CBA3HOCTBIO ™V, KATUOPOBOYHBIN KIACC KOTOPOU OJHO3HATHO OIpe-

nerseTca xapakTepoM ee Mouogpomun 1 (S) —— U(1). Paccaoenue

©*L Torga m TOIBKO TOT[a UMEET MIO0ATHHOE KOBAPUAHTHO MOCTO-
AHHOE YHUTAPHOE cedeHme Ham S, KOrJa dTOT XapaKTep TPUBUAJIECH.
Taxkum 06pa3zoM, TPOCTPAHCTBO KOBAPUAHTHO IMOCTOAHHBIX CEYCHUN
H%(tp*L, S) wim HyabMepHO, Wau OfgHOMEpPHO. Jlarpanxes muka S Ha-
3BIBAETCA 60p-30MmmepPeapdosbim yporaa k, ecru x* = 1, 1. e. xapak-
Tep MoHOgpoMun Ha ¢* L¥ TpuBuaten (cm. §2 rmasor 1).

dukcanusa KOBAPUAHTHO MOCTOAHHOTO YHUTAPHOTO CedeHns (T. e.
COPU30HTAIBHON TPUBUAIM3AINY) PACCIOCHUA L OTOXAECTBIIET
rnankue (C'°) cevenus orpanmyenns L Ha S ¢ MIagKuMu KOMILIEKC-
HO3HAYHBLIMU QYHKIUAMA HA S’

r(LF|s) = C2°(S) .

Taxum o6paszom, orpaHTIUBasg rI0OATHEHBIE TOIOMOPGhHBIE cedenns L
Ha 60p-30MMepPdEILIOB IUKI S, MOIYIAEM BA0HCEHUE:

HO(Mp, LF) =2 0(85)

KOTOpOE TpU BLIOOPE APYrOU YHUTAPHOU TOPU3OHTAMILHOU TPUBHUA-
IM3ANNY YMHOXUTCA Ha KoHCTaHTY 13 U(1).

OnPEAEMEHUE 1. O6pas Hg et res(H°(My, L¥)) C C(S) maswsaert-
ca ananoz2om npocmpancmea Xapou yposua k.

OnpeAEEHKE 2. Iapa (S, /), u3 marpamkesa mukia (8.1) u momry-
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dbopMbr® V4 Ha HEM, Ha3BIBACTCA NO0AYG36CULCHHbIM JATDAHKEBHIM
[IUKJIOM.

Ddukcanus moxyhopMbr’ VIt Ha S TIO3BOIAET OTOXICCTBUTH C
npocTpaHCTBOM raagkux ¢yuknmi CE°(S) Takxke ¥ IPOCTPAHCTBO
noxygopm I°(A'/2). B pesyrbraTe morydaeM 0TOXIECTBICHIE

°(LHs) - Vi = T(A) |

OTMeTuM, 9TO HA DTOM MPOCTPAHCTBE UMEETCA €CTECTBEHHAA DPMU-
ToBa (popMa, 3a1aBaeMas MHTEIPUPOBAHIEM TI0 S TTPOU3BEIEHUA IBYX

noxydpopM.

§ 2 JlexxaHAPOBLI pacupeeIeHus.

. Bopreuk, T. [Tox u A. YpubGe B 3ameuarensron pa6ore [BPU],
UCIIOAL3YA OOBIMHBIE KPAEBBIE YCIOBUAA B KOPA3MEPHOCTH 1 M HACTOA-
Iee MPOCTPAHCTBO Xapu CTPOroO MCEB IOBLIMYKIOW 0O6JaCTH, TOCTPO-
i o6o6menHyio Gyuxmnmo u3 (C*°(S)- /i)', orpanmienne KOTOPOI
Ha ’H’IC oIpefenaeT KOBEKTOD WIX COCMoAHue' u3 HO(Lk,MI)*. Hu-
XK€ MBI TPUBOAUM HAOPOCOK DTOU KOHCTPYKIIUU, OTCHIIAA IATATENS
3a moapobHOCTAME K opuruHaasHOU pabore [BPU] min x [GT], rae
(c mpusnevenuem pesyabraTos Ix. Porcau) maerca ee anre6Gpo-reo-
MEeTPUIECKAA BEPCHA,.

IMockombky paccaoenue L momoxwmrensro, raasaoe U (1)-paccroe-

HUe
Pt M,

®T. e. TIOGATHHOTO HeHyIeBOro cewenus /i € '™ (A'/?) xBagpaTHOrO KOpHA 13
KOMILIEKCHOT'O JeTEPMUHAHTHOTO pacciaoenus A Ha S

%ecTh HECKOTBKO CIIOCOGOB COTIACOBAHHO CHAGAMTEH BCE JTATPAHIKEBHI IIOJMHO-
roo6pasua morydbOpMaMy; HAIPUMED, €CIu (PUKCHPOBATH HA KEIEPOBOM MHOTO-
ob6pasum M METAIIEKTUIECKYIO CTPYKTYDPY, TO OHA MHAYOUPYET METAIUHEUHYIO
CTPYKTYPY Ha KaXJOM JarPAHKEBOM MOAMHOTO00pasmu S, ITO MO3BOIAET IO-
cTponTh MOTypopMy (/f, HA S no keneposon merpuke g Ha M (cm. [Gu2]); apy-
rOU mpuUMep: Ha Tpaduke TI000r0 METACUMILIEKTOMOD(DU3IMA UMEeTCA ToIydhopMa,
KBAAPaAT KOTOPOU PABEH CUMILIEKTUIECKOU (opMe 06beMa,

'em. §3 rmaser 1
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acconmmpoBanHOoe ¢ L* (T. e. paccioeHme eIMHUIHBIX OKPYXHOCTEN
P C L*), aBrAeTcsa TpaHUIEn CTPOro MCeBAOBBIMYKION obmaactu Dy C
L* — paccioenus eIUHUYHBIX AUCKOB B L*, KOMIUIEKCHAA CTPYKTYPa
HA KOTOPOM KAHOHWUYECKW WHAYIUPYETCA KOMILIEKCHOU CTPYKTYPOU
I ma kemeposoMm MHOTOO6pasum M. CremoBaTenbHO, CYyIIECTBYET Op-
roronanbubil U (1)-5KBUBADUAHTHBIN IPOEKTOP — TAaK HA3BLIBAEMBIN
npoexmop Ceze:

Iy

L’(p) — H (8.2)

Ha npocmparcmso Xapdu, KOTOPOE COCTOUT u3 BCex L -pyHKImit Ha
P = 0D, apagiomuxca OrpaHuIeHuAMEA TOIOMOPGIHBIX GyHKIUT ¢ Df.
[Mpu >TOM JMErKO YyraAmeTh, 9TO BECOBOE PA3JIOXKEHUE MPOCTPAHCTBA,
Xapau mo geuctsuio U(1l) umeer Buj

Hr = @H’f;, rae HE ~ HO(My, L¥) | (8.3)
k>0

B wactHOCTH, 117 = P .

OPMUTOBA CBAZHOCTHL Ha L*, mMHAyIUpyeMas CBA3HOCTBHIO MPE[-
KBaHTOBaHWA Ha L, mpexcrasagerca aucto manmon U (1)-uaBapuanT-
Hoi 1-popmon’ o Ha P, KoTopad ompegelrseT Ha P KOHTEKCTHYIO
CTPYKTYPY ¢ GopMOn 06heMa,

1

—aA (da)"" =aAp* .

2T

Kaxgemi 6op-sommepdensnos mukn (S, //t) ONHO3HAMHO C TOTHO-
crbio g0 gercreus U(1) mogammaeTca® [0 MOMyB3BEIIEHHOTO JEXKAH-
APOBa, IUKIA,

(A, v/72) C P. (8.4)

A ecan pukcupoBaTh HA M TOAXOIANIYIO METAIIEKTUIECKYIO CTPYK-
TYypy, TO Ha KaxgoM 60p-3oMmMmepdensaoBom mnukie S C M kaHoHUT-
9EeCKU WHAYOUPYeTCA nomydopma /i, KOTOPYI MOXHO MOTHATDH O
moxydOPMBI Ha JeXaHAPOBOM tmkiae A C P, rexamem Han S.

e sApa ABIAIOTCA TOPU3OHTAIBHBIMY THIEPILIOCKOCTAMY HAIIEH CBA3HOCTH

3 pakoll mOABEM O3HAYACT (PUKCAIMIO KOBADMAHTHO IIOCTOSHHOIO YHHTAPHOTO Ce-
yenusa L*|g, KOMILIEKCHO CONPSKEHHOI0 KAKOMY-HUOY Ib KOBADUAHTHO IOCTOSHHO-
My yHEUTapHOMY cedeHmio L|g
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IIpoeknna Cere HpO,Z(OJI)KaeTCf[4 HAa TPOCTPAHCTBO 000OIIEHHBIX

byHKIUHI, comepxKaliee KOHOPMAIbHLIE PACIIPEIeIeHU TOPAIKA M+
K JeXAHAPOBBIM HukaaMm (HanomawM, 910 dimgp M; = 2n). Takum
obpaszoM, ¢ KaxasiM A C P accomumpyeTca HEKOTOPOe MPOCTPAH-
CTBO JIEXAHIPOBLIX PACITPENENCHUN TTOPALKA 11, CUMBOIBI KOTOPBIX
BRIDAJAT KAaK AeAbTa (GYHKIWA WIA UX MPOU3BOJHBIE U MOTYT OBITDH
OTOXIECTBICHL? ¢ morydopMaMu Ha A. B 9acTHOCTH, ¢ HOTyB3Be-
IICHHBIM JTeXAHAPOBBIM IUKIOM (A, /[l) MOXHO CBA3aTh BBIJCICHHOE
JeXAHAPOBO pacIpefeleHne mopanka 1/2 ¢ cuMBOIOM \/[i ¥ IIPOEK-
nuio Cere )-pyanuu d5. Takum 06pa3oM, ¢ KaX IHIM JEXKAHIPOBBIM
noasemoM (A, /i) C P morysapemeHHOro 60p-30MMepdersbIo0Ba, mu-
kima (S, /i) C M bl cBA3EIBaEM HAGODP BEKTOPOB

BPUR(A, /) = TTF 2 (60) € HO(My, L) (8.5)

rae Hl\“/ﬁ — (npomonxennasn) npoekuua Cere Ha k-yi0 KOMIOHEHTY
(pacumpennoro) mpocrparcTBa Xapau (8.3) 0600meHHbIX DYyHKIAN
¢ cuMBOIOM //i. HO HOCKOIBKY IeXAHAPOB MOIBEM OLpeIeeH I
C TOYHOCTBIO [0 YMHOXeHUWA Ha daemeHThl u3 U(1), Kaxaem momry-
B3BEIIEHHBIN 60p-30MMepdersIoB MUk (S, \//t) 0JHO3HAMHO 3aJaeT
JWIIb TOYKY HA MPOCKTUBU3ALNHA, T. €. COCTOAHUE:

BPUL(S, \/i) = P (H’j/ﬁ(aA)) cP (HO(MI, L’“)) .

Ksagpat momyhopmsr p = (\/,E)2 3a,1a€T HA, TOSYB3BEIICHHOM ITH-
ke (S, /i) dopmy obbema. Mbr oGo3Hawaem Tepes

BS”={(S,\//7)EBSk‘/Su=v}

TIPOCTPAHCTBO MOJYB3BEIIEHHBIX 60P-30MMep¢ b TOBLIX ITUKJIOB 00b-
ema v. Ha camom mese 3TO mIPOCTPAHCTBO SABIACTCA OECKOHETHOMED-
HBIM KOMNACKCHbIM KEAEPOBbIM MHO2000pa3ueM, I BPU-KOHCTPYKIIUS

3a/aeT ero «PaIuoHATEHOE 0TOGpaKeHne’

BSY L% p (HO(MSS,,Lk)*) : (8.6)

‘em. [BPU, 2.1]
cum. [BPU, 2.2]
bcm. [T5], [GT)
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nuddepennuant KoToporo ABOUCTBEHEH MOHOMOP(MU3MY OrPAHUIEHUS
rOMOMOP(HBIX CEUEHUN HA JATPAHKEB ITAKI.
Nmeerca Takxe anagor «reopem A u By 2K .-II. Ceppa’:

TeopEMA 1. Ilpu k > 0 06pa3 BPUnk(A, /1) # 0 gra moboro mory-
B3BEIIEeHHOr0 Gop-30MMepgensgoBa nukaa (S, \/1).

Haxownern, Bcakuu 60p-3oMMepdensaqos nuka S OIHO3HAYHO BOC-
CTAaHABIMBACTCA KaK Keazukiaccuueckuti npedes® (. e. mpm k — 0o)
cBOUX BPUL-00pa30B: BOAHOBBIE (PPOHTHI BPU-pacpefeJeHn KOHIIEH-
rpupyiorca’ ma S C M. Boree TOro, acuMOTOTHIECKOE TIOBEJCHEE

CKAJAPHOTO TPOou3BeeHnsa BPU-00pa30B IBYX MOJYB3BENIEHHBIX OOP-
30MMepders 10BBIX THKIOB (S1, \/1h,) 7 (S2, \/Ii,)

<BPUk(Sl, \/,L_tl), BPU(S2, \//72)>

(OTHOCUTEILHO KAHOHUYECKOU SPMUTOBOU CTPYKTYpHI (1.9) HA mpo-
crpancrse cevenuin HO(My, LF):

An
(51, 89) = /(81,32)L'w ,
M
WHIyIMPOBAHHON MOCIOMHBIM CKAJIAPHBIM MPOU3BEAECHUEM (S1,82)7, B

SPMUTOBOU CTPYKTYpE HA L) BLIUUACAIETCA B TEPMUHAX MEPECETCHU
S1 N Sy, brarogapsa HAIUYAIO ACUMIITOTUKMN:

(BPUK(S, /1), BPUL(S, /1)) ~ <§>n /,u +O0>k™ 1. (8.7)
S

B gacTtrOCTH, ecin S1NSy = &, TO uX BPUE-00pa3bl ACUMITOTUIECKNI
OPTOrOHAJNbHBL:

n—1
(BPUL(S1, /I,)s BPUR(S2, /i) ) ~ (E> +0(k"?) .  (8.8)

™

Tem. [BPU, chap. 3]

8mamomumm, wro h = 1/k urpaer pors nocmoanmoti II4aH%e B ACHMITO THYECKOM
AHAIM3€ KBAHTOBLIX COCTOAHUN MPHU (GU3MIECKON MHTEPIPETALNA KBAZUKIACCIe-
CKOI'0 T€OMETPUIECKOr'0 KBAHTOBAHUS

%cm. [BPU] u umeromumecs TaM JaTbHEHIITHE CCHLTKH
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BwmecTe ¢ mpemsiaymmm onmucanuem nuddepeniuaia BPU-oTo6pa-
xenus (8.6) sTo maer

IIreaI0KEHUE 1. Ha aro6oMm Habope TpaHCBEpCAALHBIX 6OP-30MMeEp-
(peIbJOBBLIX CIOEB MPOU3BOJLHOH BEIIeCTBEHHOH IOJAPU3AIAA

M; -+ B

BCerga MOXHO 3a4aTh MOIy(OPMBI TakK, 9TOOBI BPUL-00pa3bl COOT-
BETCBYIOIIUX MOMYB3BEUICHHBIX IUKJIOB ObLINA JUHEHMHO HE3ABUCUMBI B
HO(M;, L*) opu k> 0.

A 6omee BHUMATEIHHBIN AHAIN3 ACUMITOTUAK KBAHTOBBIX COCTOAHUN
MO3BOJAET [AOKA3aTh, UTO YUCIO TOMAPHO HEMEePEeCEeKAIMUXCa O0p-
-30MMep@deIbIOBEIX IUKIOB yPOBHA k mpm k > (0 He IpPEBLIIIAET
dim H°(L*), nerxo Beramcasemoit mo dopmyre Pumana — Poxa.

Baxmuo, 9T0 BPU-KOHCTPYKIUA pabOTAeT U I ITAKJIOB

S—w’Mla

ABISIONIIXCA UMMEPCUAMY 2400K020 opbudoada'. Takum obpazom,
BPU-KOHCTPYKIIVA IPUMEHUMA U K WHTEPECYIOMIeN HAC IeTBEPKe (CM.

(3.31), (4.10)):
(M™,Q, 0(kO), Ags) |

npuaem (cM. mpemt. 3 w3 §6 TmaBel 3 W NMpPEAIECTBYIOMIEE €My Ha
cTp. 70 06CyX)JeHMEe) B DTOM CIydae CyUeCTBYeT KAHOHUIECKUU 2€0-
deszuueckuti mogbeM 60p-30MMePdEabI0BLIX uKaoB! ! IO JEeXAHIPO-
BBIX, KOTOPBLI MBI TIOAPOGHO onuieM B § 3 raaBor 9.

IMockonbky BekTOpHOE paccroenme (3.47) mpocTpaHCTB Heabemre-
BBIX BOJHOBBIX (pyHKImE HF — MG mag MHOrOOOpasmeM MOAy-
Jell PUMAHOBBLIX MOBEPXHOCTEN BIOXKEHO B TPUBUAILHOE PACCIOCHUE

npasna nas opbudorsos mokasaTesn acuMoToTHK B (8.7), (8.8) HeCKOIBbKO yXy -
AIOTCA, HO ¥ ATOTO BIIOJHE XBATACT I/ BECHMA, BIEUATIAIONIAX T€OMETPIICCKIX
BBLIBOIOB

" rakoit mogBeM (0JHO3HAMHELR C TOYHOCTBIO 4O KOHETHOTO YHCIA BO3MOKHOCTEIL,
BBIOOP MEXIYy KOTOPBIMA QHATOTUICH (PUKCAIUN ¥-CTPYKTYPHI) CYHMIECTBYET BCE-
ria, KOrqa KaHoHm4ueckuit krace Ky, mpomopmuonanen ci(L*) = k [w]
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L?(P) x MG}, onpenenen nocnounkri mpoekTop Cere

L(P) x M —— H=PH",
k>0

a T. K. Ha paccaoeHmn HF —— M mmeeTca mIOCKas NPOEKTUBHAL
CBA3HOCTD, TPOCTPAHCTBO PH]} JIOKATBLHO HE 3aBUCUT OT KOMILIEKCHON
ctpykTypsl I. Takum 06pa3oM, BOSHUKAET MPEACTABICHUE

M, —2+ Op(L2(P))

[EHTPAIBLHOTO PACIINDEHU

1 — U(1l) — My — My — 1

MOAYJIAPHOU TPYIIIHI 5?9 B omeparopHou anre6pe Op(L2(P)) mpo-
crpancTBa QyHKIUA, mpm koropom nentp U(l) = Aut(P) C ﬁg
mencTByeT Ha P Kak CTPYyKTypHAA TPYNIa TOTO INIABHOT'O PACCIO-
euna. [JleiictBue nnemenToB g € M, Ha mpoekTop Cere II; m3 (8.2)

sanaet U(1)-skBuBapmaHTHOE TUHENHOE TPEOOPA3OBAHMIE

PrLo() o Mgy 0 0(g) o Tly € End(Hr) ,

N30TUNINYIECCKNE KOMIIOHEHTHBI KOTOPOI'O OTHOCUTEJIBbHO BECOBOI'O pa3-
JIOXKCHUA

End(H) = 3 EndH(LF)

VHIYIUPYIOT IPOEKTUBHLIE IPEACTABICHAI

P <g’;) LM, —— Aut(IP(HO(Lk))> .
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§ 3 T'eoe3MIECKUM MO HEM.

Dukcanys ¥-CTPYKTYPhI MO3BOJIAET UCKIIOIATH HEOTHO3HATHOCTh
nogbeMa (M3HAYAIBHO OIPEIETEHHOrO JUIIb ¢ TOYHOCTHIO 10 [eu-
creua U(1)) Gop-zommepdensbnoBeix mukaoB w3 M) mo Jaexasgpo-
BBIX IUKJIOB HA P, W TeM caMbIM, OIPEBPATUTH JUHEUHO HE3ABUCHU-
MbI€ IIPOEKTUBHEIE COCTOAHUA BPUL(S, \//t) (33 aHHBIE C TOIHOCTHIO
10 BBIOOpa (a3bl) B MOMHOIEHHBIA BEKTOPHBIM 0A3UC MPOCTPAHCTBA
HO(M;, LF).

[lns OCTPOEHUSA TAKOTO TMOABEMA PACCMOTPUM OPUEHTUPOBAH-
HYIO JArPAHXKEBY TPACCMAHU3AIIIO Gr£ = Gr£ (T'M7) kacaTemrsHOTO
paccaoenus T Mr: B kaxgou Touke r € Mj kacaTenbHOEe TPOCTPAH-
ctBo T, M1 mzomopduo C" ¢ GUKCHPOBAHHBIMU CTAHIAAPTHBIMUA CUM-
TIEK TUIECKOU (DOPMOU Wy, EBKIUIOBOU METPUKOU (g, U KOMILIEKCHON
cTpyKTypou I, u cion

Grl  =U(n)/SO(n)

MpEeNCTABIAET COG0I0 TPACCMAHNAH OPUEHTUPOBAHHBIX JATPAHKEBBIX
moanpocTpancTs B T, My, Hy a mmobanrm3amus dTOU JOKATLHOU Kap-
TUHBI €T OTHOCUTEIHLHOE IPACCMAHOBO PACCIOEHUE:

Gr] (TM;) —~ M; ¢ =« '(z) = (Gr]),. (8.9)

u—rdet u

U(1) = S} rmo6a-

T

Jlokansuee gerepmunanTs: U(n)/SO(n)
JU3YI0TCA B 0TOOpaXeHue
+ det 1
Gr (TM;) — S (—K) ,
rae gepes S'(—K) obosmateno rmasuoe U(1)-paccioennue, accormmu-
POBAHHOE C JUHETHBIM PACCIOCHUEM

A'"TM; =detTM; = O(_KMI)

(cm. [T2] u [T3]).

Ecau B 5TOU KOHCTPYKIUM 3a0BITH PO OPUEHTAIMIO, TO MBI II0-
AyauM (HEOPMEHTUPOBAHHBIN) OTHOCUTEMLHBIN JTATPAHKEB T'PACCMa-
uwad Grp, (7M7) u geTepMUHAHTHOE OTOOPAXKEHUE

det

Gry, (T My) S'Y(~K/2) . (8.10)
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) o
[ns mo6oro marpamxkesa mukiaa S —— X uMeeTCS KAHOHUIECKUU
rayCccoB MOABEM:

G
§ —C9 | Gr(TMy)s

comocTapagommu r € S nmognpocrpanctso 1,S C T, M;, Kommo3uius
KOTOPOr'0 C JAeTepMUHAHTHLIM oToOpaxkenueM (8.10) sagaer jaexan-
IPOB IIWKJI:

det oG(¢p)

S SY-K/2)|s (8.11)
B rmasaoM U (1)-paccaoennn, accoruuposanaom ¢ Oy, (—K/2). Pac-
cMoTpuM Tenepb Ha JuHenHOM paccaoeruun Oy, (—K/2) spmuroBy
CBABHOCTD Ay, MHIYIXPOBAHHYIO CBA3HOCTHIO JleBun — Yusura kere-
poBou meTpuku Ha M.

OnPEAEAEHUE 1. Jlarpamxes mukia S HA3BLIBAETCA NOYMU 2e00e3uye-
CKUM, €CIIU er0O TayCCOB JeXaHApoB moabeM (8.11) ropusonranen oT-
HOCHTEIbHO CBABHOCTH Ajc.

3AMEYAHUE 1. BooO6me roeops, npegsiaymume pacCMOTPeHus TPeOyT (k-
caruu Ha, M MeTarIeKTUYeCKOU CTPYKTYPHI U 00Tee aKKyPaTHOTO aHAIM-
33 C UCHONB30BaHMeM uHAekca Macmoa u T. n. OIHAKO B HAIEM CJIyYae
(cM. HUXKE) DT TPOOGIEMBI PEIAOTCA ABTOMATUYECKA BCACICTBUE DABEH-
CTBa KMSS =—40!

3AMEYAHVE 2. [[pyrue mpuMephl UCIOIb30BAHNA ME0Ne3NIeCKOro Mo IHeMa,
JIATPAHKEBBIX LUKJIOB A0 JEKAHAPOBLIX — B I4CTHOCTH, B KOHTEKCTE 3€p-
kajapHON cuMmMerpun — umetorcd B [T1], [T2] u [T3].

BepremMmcs Temephb K HAIIMM JaHHBIM IpeakBanToBanus (4.10):
(M®,Q, O(kO), Acs)

Cormnacuo mipemi. 3 u3 §6 raIaBbl 3 TOMYaHTUKAHOHUYIECKOE JUHENHOE
pacciaoerne B 5ToM ciaydae ecTb Opgss(—K/2) = Opmss(20) co ceas-
HOCTBIO A, MHIYIUPOBAHHOU CBA3ZHOCTHIO MPEIKBAHTOBAHUA Ayg HA
paccnoenun npeakBanToBaHuA L = Opyss(0). Mbr moxyaaem

IMPEANOKEHNE 1. Jlarpanxes uukr S C M 6op-zommepdenssoB To-
4 M TOJIBKO TOTJa, KOTJa OH IOYTH I'€0Je3HIeCKAH.
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Manee, rmasubie U(1)-paccaoenus, accomumpoBanubie ¢ L* m ¢
Opmss(—K/2) = L? cBazaHbl B HalleM CGIydae HOCIOMHOR KBAJPATHY-

HOW AHTWM3OTeHmen  :

SUL*) 2. §1(L?) = S'(~K/2)

(B 9ACTHOCTHU, BCAKUU «OOBLITHBIN) JeXAHAPOB NOaBeM (8.4) 60p-30M-
mepdensgosa mukaa S C M B P = SY(L*) u3 §2 rmaser 9 3ana-
€T HEKOTODBLIU — He 00A3aTeIbHO MOYTH Me0Ie3UIeCKIN — [ayCcCoB
nexanapos muka B S'(—Kg)). Paccmorpum Teneps g 60p-30MMep-

denasroBa mukiIa S SRV ypOBHA k KOMMYTATUBHYIO AUATPAMMY:

Sl(Lk*) 123 . Sl(LQk)
A
N » s
S c det oG(yp) Sl (LQ)
rpe S1(L?) — §Y(L%*) — cramgaprmAs msoremma crememm k. a

A o
S <Z» SYLF") — oGBrament nexaHIPOB MOABEM GOP-30MMEPDETHI-

© .
oBa 1ukiIa S —— M yposusa k, 3a1aBaeMbIi KAKUM-I100 TOPU30H-
TATBHBIM YHATAPHEIM CEUCHAEM? Lk|S .

OTNPENENEHUE 2. Bop-3oMMmepdensnoB nuka S SR VS ypOoBHA k Ha-
3BIBAETCSA NOUMU 2e00e3UUeCKuM, eCIM auarpamma noaseMos (8.12)
koMMmyTaTuBHA: fif, 0 det oG () (S) = Tiy 0 A(S).

HamoMHuM, 9TO IeXaHIPOBEL HUKILI B ST (Lk*) 00pas3yoT TIaB-
woe U(1)-paccioerne® Ay —= BS), Ha mpocTpaHCTBOM 6OP-30MMep-
(heTbIOBEIX MUKJIOB YPOBHA k, TaK 9TO MHOXECTBO BCEBO3MOXKHBIX
HOYTH Te0e3WIecKIX TOABEMOB JOCTABIIET MHOTO3HATHOE CeYeHUe
BTOTO PACCIOCHUA

A D BSj, —+ BS;

7 ABAACTCA KOHCYIHBIM ITUKJINICCKUM HAKPBITUEM HA BSk

lp. e. IBYIMCTHBIM HAKPBITHEM C 0GPALICHEEM OPUEHTALL
2cm. (8.4) m o6cyx gemue Ha cTp. 153
om0 masweBaeTca paccaoenuem Bapu yposus k, cm. [GT)]
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BepreMca Temepb K TOMIMAHOBCKON BEIIECTBEHHOU MOJAPU3AIAN

M s
m3 §2 rmaBel 4. Y Hee mMeeTCA KOHEIHOE MHOXECTBO OOp-30MMep-
denbpI0BBIX CIOEB, PACIOMOXKEHHBIX HAJ TOUYKAMUI

1
=AN|—7) .
o =50 (52)
ONPEAEIEHUE 3. PUKcAIUA HOYUTH I'eofe3nIecKoro Mo beMa
Ay = pg o det oG () (Sw) = Tig 0 A(Syw) C Sl(LQk)

Kaxa0oro 6op-soMmMmepdenbaosa ciod Sy, C M BemecTBeHHON TOMS-
PU3AIUY TP HA3BIBACTCA 6b100poM (Heabeaesoti) ¥-cmpykmypul musa
DTOU TMOJAPUIAAN.

Ha xaxgom Gop-3oMmmepdenbaoBOM CIO€ BEIeCTBEHHOU IMOJIAPU-
3aIUU MOXHO KAHOHUIECKUM 006pa3oM BeIGpATh moxydgopmy. it sTo-
O BCIIOMHUM JAaHHOE HAMU B mpema. 3 u3 § 3 riasel 4 omucanume 60p-
30MMePQETbIOBBIX CJIOEB BEIIECTBEHHON TOIAPU3AINN KAK OJTHOPOI-
HBIX TpOCTPaHcTB G, /Gy, rae Ge, Gy cyts rpynust (4.19). Ha rpyn-
nax U(1) u SU(2) umerorcsa AByCTOPOHHE MHBAPUAHTHBIE TOLY(HOPMEL
VI ¥ \/{ty, KOTOPBIE MOXHO HOPMAJIM30BATH TaK, ITOOBI IPOU3Be-
nenue (cm. caex. 1 w3 §3 rmaswr 4):

Vi = (Vi () ™"+ (Vi ()" (8.13)

OBLIO OMHOPOAHO CTereHrn | 0 OTHOIIEHUWIO K PACTIXKEHUAM

Vii(w) — &/ (w)

Hazomem Takyio morydopmy \/ji, Ha w1 (w) 0dHnopodno nopmauzo-

sannoti®.

*rerko Bugers (cM. [JW2, 4.7]), 9TO 0QHOPOZHO HOPMAIM3OBAHHAA MOLIy(HOPMA

€JUHAIHOrO 00'beMa Ha HE0CcOO0M 60p-30MMepdeasI0BOM CIOe YPOBHA Kk MHIyIH-
pyeTcsa raMUILTOHOBBIM BEKTOPHBIM IMOJEM, FAMUILTOHUAH KOTOPOT'O MOTHAT C

R3g—3
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Uraxk, va g kax gon ﬁ—ueﬂoﬁ TOYKOU W € A MBI PUKCUPYEM TOUTH
Tre0Ie3NIEeCKUN JEXKAHTPOB IO IHEM

Aw =Ty 0 pa(S) € SH (L)

p
COOTBeTCTByIomero 6op-3omMepdersaosa crog S s M5 peme-
CTBEHHOU MOAApH3anuy onrgMaHa 1 cHAGKAEM ero MoLydhopMon

Vi = (0 detoGl0u)* Vi,

(rayCCoBBIM TIOABEMOM KAHOHUYIECKOW KOBAPUAHTHO OCTOAHHON HOP-
Manum30BaHHON ToxydopMel (8.13)). Temepb MBI MOXEM MPUMEHUTH K
DTOMY MOTYB3BEHNIEHHOMY JI€XAaHIPOBY IWKITY BPU-OoTOOpaXeHme u3
§ 2 rmaser 8. [lockonbky My mOYTH OJHOPOAHO OTHOCUTEIBHO TOPH-
geckoro geucTBua ['omgMmana, omucaHHOTO B § 1 TimaBwl 4, mBapieBo
Anpo BPU-0TOOpaXeHua HAJ BHYTPEHHUMU TOYKAMU MHOTOT'DAHHU-
ka [lerbnana GymeT BecTH ce6A TOIHO TaK XKe, KAK U B OJHOPOIHOM
cry4dae, pazo6panrom B [BPU, dopmynsr (10-13)], u mMbr momydaem
OKOHYATEILHBIA Pe3yIbTAT HAIIErO JOITOrO Iy TeNeCTBHA :

TroPEMA 1. Ilogwem HeabereBbIx ¥-(pyHKIUUT

90 & BPULG (Aw,ﬁw) c weAN <i Z) (8.14)

Ha HeabereBo mpoctparcTBo IlloTTkm S, BAOIb KAHOHHIECKOTO Me-
pomopgurOro orobpaxenna (3.14):

8, Lo = (x)

npespamaeT ux B Ha6op romomopguerx cedenmu (7.6):

{c(0)} e ryest,

TIOCTPOEHHBIX HAMH B § 2 TIaBEI 7.

S¢ TouHOCTBIO K0 Ba3oBEIX MHOKHTETeH (6.8) >Ta TeopeMa OUeBMIHA W3 HALINX

reOMeTPUYECKIX IMOCTPOCHUI; MOXKET OBITh, (PUKCAIUI0 dTUX (ha30BLIX MHOXKU-
reren crenyer (B agyxe RCFT) BHOCMTH mpamMo B ompeaeneHume HeabemeBou o-
CTPYKTYpBI?
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Urak, Ha xkaxmgoM ypoBHE k MBI UMeeM OAIHIO U3 HAKPBITUU:

SSs

Mo —— Mg () —= Mr, — M,

rae M7 — mHOrooOpasue MoAynen KpuBbIX pofa g, Mr, — mHO-
roo6pasme MOIyJel PUMAHOBLIX MOBEPXHOCTEN Y.r, PACKPOEHHLIX HA
urranbl, Mg () — MHOroo6pasue MOy iel PUMAHOBBIX TTIOBEPXHOCTEN
¥r; ¢ dukcmpoBaHHOU crmHCeTKOU, a Mpe — MHOroo6pasue Mo-
OyJMell KPUBBIX C (PUKCUPOBAHHOU J-CTPYKTYPOU, OTBEYAIOIIEN MOIY-
B3BeIIEHHOMY Gop-30MMepdensaoBy caowo npoeknuu (4.11). O6o3mHa-
UM WX KOMIO3UIUIO 9€Pe3

one : Mk@ — MZS . (8.15)

U3 cosnagenus ceasuocren Xurununa, WZW u KoHo BeITekaer

TEOPEMA 2. Ilogpem cBazaocTr XuTIUHA HA BEKTOPHOM DACCIOCHUHI
IIPOCTPAHCTB HEA0EJIEBBIX BOIHOBBIX (yHKIHE (3.47) OTHOCHTETBHO
maxperrug (8.15) 3agaeT 3PMHTOBY IIOCKYIO CBA3ZHOCTH Ha MPOEK-
THUBHOM PACCIOCHUU

]P’(go:@?-[k) —P( @ O], (8.16)
weSE(T)

rae 1epes 1, 0603HaTeHBI BPUL-00paser (8.14) karmoHmIeCKHX Teoge-
BUIECKUX TOJBEMOB’ 60D-30MMep(esJOBEIX TUKIOB Ty Yw), orse-
YafoIUX (PUKCUPOBAHHOU J-CTPYKTYPE.

6 1cHO, OgHAKO, ITO COOTBETCTBYIOWIAA 3PMUTOBA CTPYKTypa Ha paccaoernn (8.16)
HEe MHBAPUAHTHA OTHOCUTEILHO TPYHNBI HaKpbiTuA (8.15)
Tem. § 3 rmaBsr 8



[ naea 9.
TOYHKUN MAKCUMANBbHOIO
BbIPO>XXAEHUA

§ 1 IIpeaenbHbIE M-KPUBLIE.

CeecTu BOEIWHO BCe MPEACTABICHHBIC BHINIE KOHCTPYKINU TO3BO-
JAeT penyKImA MHOrooOpasma Monylrern M, KpUBBIX poja ¢ K He-
KOTOPOMY TOYEYIHOMY TOAMHOXECTBY, COCTOALNIEMY U3 CIIEMUATLHBIX
KPUBBIX, Ha KOTOPBIX BCE HAIIW KOHCTPYKIMA — KaK aareOpo-reo-
METPUIECKHAE, TAK ¥ AHATATHYECKHAE — MPOCICKABAIOTCA U B3AMMO-
OEMCTBYIOT MAKCAMAJTBHO MPOCTHIM o6pasoM. Hammame cormacoBaH-
HBIX TPOEKTHWBHO INIOCKWX CBA3HOCTEM HA BCEX HAIMAX PACCIOCHUAX
KOH(OPMHBIX 6JI0KOB MO3BOIACT 34TEM PACTIPOCTPAHUTD PE3yIbTATHI
TAKOTO AHAIN3A W HA MPOM3BOJLHBIC KpUBBIC. VI MOCKOMLKY aHAIA-
TUYeCcKas Bepcus AByMepHOU KoHdopmuOU Teopuu moxs (cm. [FS])
OPEANOIAraeT MPOLOIKAEMOCTb BCEX T€OMETPUICCKAX 00BEKTOB (B
9ACTHOCTH, PACCAOEHUT KOH(MOPMHBIX OIOKOB) HA KOMITAK TH(MUKAIIAIO
Nemuna — Mamdopaa M, MEHOr006pasua MoAyIell KPUBLIX, B Kade-
CTBE CIEMUATLHBIX KPUBBIX MBI MOXEM BHIOPATH (MAKCAMATHHO BBIPO-
X ICHHBIe) HErJaJKue TIPUBOAMMBIE KPUBbLIE. B 5TOU TaBe MbI OMACHI-
BaeM COOTBETCTBYIOIIIE UM TOUKH Ha My 1 HCCIeLyeM TeOMeTPHIO X

164
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nedopMaIMi!, ABIAIOUIYIOCA MATEMATHIECKAM BHIPAKEHTEM 00HADY-
KEHHBIX (PU3UKAMYA MHOTOUUCIEHHBIX COOTHOIIEHAN MEX Y CTPYHHBI-
MU TEOPUAMU U KOH(POPMHBIMU TEOPUAMHU MO B pazmepHocTH 1+ 1.

HamoMuuM, 9T0 mMpOM3BOMBLHBIN TpuBaieHTHBIA Tpad [ poma ¢
onpenenaseT (FOMOTOMUIECKY DKBUBAJCHTHOE €MYy) TPEXMEPHOE TeI0
¢ pydukamu Hp, rpaHUIlerl KOTOPOTO CAYXUT PUMAHOBA MOBEPXHOCTD

Sr = OHr , (9.1)

KOTOPYIO MOXHO TIPEICTABIATE Ce0e KAaK Pe3ylbTaT «(HAKATMBAHUM)
pebep rpada I' 10 «Tpy6ok»?, a BepmmH — 10 «IITaHoB» (T. €. chep
¢ Tpemsa AbIpKamu), Kak Ha puc. 6, crp. 104. IIpu sTom mHabop u3
(3g—3) momapHO HEM3OTOMHBIX OKPYXHOCTEN, OXBATHIBAIOIIAX TOPJIO-
BUHBI TPYOOK, 3a7aeT PACKPOU MOBEPXHOCTH L Ha (2g — 2) mTaHOB.
Pasywmeercs, Takas MOBEPXHOCTH ele HE SABIAETCI AIrebpamt<IecKon
KPUBOM, IIOCKOALKY IMOKA He HaJeIeHA HUKAKOW KOMILIEKCHOM CTDPYK-
TYPOH.

O nHO3HAMHO U3BIEYL U3 Ipada KOMILIEKCHYIO CTPYKTYPY, OJHAKO,
TOXE MOXHO — 5TO GyJeT KOMIUIEKCHAA CTPYKTYPA (MAKCAMAIBLHO
NPUBOAUMON»Y aarebpamdeckon KpuBou Pp, pacmajgaiomenca B 00b-
equHenne (2g — 2) MpAMbIX: puMaHOBHIX chep P, = CP!, orsewaio-
mux BepumaaM rpada v € V(T'), koTopsie ckIeeHb APYT ¢ APYTrOM
0 TPOUKAM TOYEK {De,,Pey;Pes) C Py, OTBedaOmmx pebpaM 3Be3n
S(v) = {e1, ea, e3}. naue rosops, Mbl cTArnBaeM B TO4IKHT Bee (3g—3)
OKPYXHOCTH, TI0 KOTOPHIM LI Pa3pe3aeTcda Ha MTaHbl. [loaydaiona-
ACA B PE3yAbTATE CBA3HAA MPUBOAUMAA KPUBAS HA3LIBACTCA Npedetsb-
noti M-kpusoti. OHa UMeeT apuPMETUIECKUN PO § U JEXKUT B CAMOU

1Z)TI/I TOYKH IIOXOXHW Ha MaKCUMaJbHO YHUIIOTEHTHBIE 0COOBIE TOYKH MHOFOO6pa-

3UA MOIYJIEN TPeXMepHbIX MHOroo6pasun Kara6u — fly, KoTopsie mpu 3epKaIbHOU
CHMMETPHUHA COOTBETCTBYIOT IPEIETLHBIM TOTKAM, BOSHUKAIOUAM IPU GECKOHEd-
HOM YBEIMIEHUZ Pa3MEPOB MHOTOOODA3MA; M XOTA HEZOCTATOK MECTa He MO3BOJIA-
eT HaM MPOBECTU 3[eCh MOTHYIO HAPAILIEIb C 3€PKAILHOU CUMMETPUEN B KOHTEK-
cTe arreO6panIeCKuX KPUBBIX, MBI, 1a0BI MO II€PKHY T HAINIAE TAKOU IIADAJLICIH,
GyneM Ha3BIBATH HAILIW BBEIPOXKACHHBIE KPUBBIE NPE0eabHbIMY M-KPUBHLMIU

I KaHAA06, €CIN TOTb30BATHCA TEPMIHOIOTHEH KBAHTOBON KOH(MOPMHOM Teo-
pum 1moJIa



166 naea 9. Toukn MakCMManbLHOrO BLIPOXAEHNS

o g=1
raybokou kommoneaTe (1 D; rpaHUTIHOrO ,z;IxIBIxI30p&3
=0

g—1
D =M,\ My=DoU | D
i=1
kommakTudgumupoBanaoro mo /lerwaio — Mamdopay muOroobpasus
MOJYJIed KPUBLIX poaa g. MHOXKECTBO BCEX MPENENbHBIX M-KPUBBIX
MpeaCcTaBIgeT COOOU KOHEYHYIO0 KOH(MUTYPAIUIO TOYEK HA, TPAHUIE
M,
P ={Prirex C Myg\ My, (9.2)

3aHYMEDPOBAHHLIX TPUBAJEHTHLIMU I'padaMu.

§ 2 KaHoHMYeCKME JIMHENHbIE CUCTEMBI.

CedeHusAMY KAHOHUYIECKOTO JUHEWHOrO paccaoenus Kr mpemens-
HOM M-KpuBOM Pr HaI KaxXnou KOMIOHEHTOU P, ABIAIOTCA Mepo-
Mopdubie 1uddepeHITTAIL W ¢ IPOCTHIMA IOIIOCAME B TOIKAX CKICH-

KW Peyy Peyy Pess T- €.
KF|PU = KP,U (pel +p32 +p63) = OPI(l) , (93)

tak uTo ¢(Kr) = (1, 1, ..., 1) B pemmerke Hepoua — Cesepu

ns(Pr) =[] Pic(P).

veV(T)

[no6ansaoe romomopduoe cedenne s € H°(Pr, Kt) mpegcrasigercs
HAOOpOM MepOoMOpP(pHBIX AuddepeHInAIOB W, Ha KOMIOHEeHTaX P, ¢

3I-IarIOMHI/IM, 4TO 06mas TOYKa AuBU30pa Do ABIACTCA HEIPUBOIUMOU KPUBOU C
POBHO OJHUM IIDOCTBIM CaMOIlepecedeHmeM, a oOmas Touka Ha D; — OykeToMm
[IAJKUX KPUBBIX POIA ¢ X g —



§2 Kanonuueckue aunetinbie cucmembl 167

OpOCTBIMHU IMOJIOCAMM B TOYKaX CKﬂeﬁKH, BBIYIETHI KOTOPBIX YyIOBJIE-
TBOPAIOT COOTHOUICHUAM:
_ _ /
resy,wy +resy wy =0 Ve=[v,v]€ E(I) (0.4)
resp, wy +1esp,, wy tresp, wy =0 V S(v) = {e1,ez,e3}
Haszosem moawunot rpada I' Munumansuoe qucio t(I') ero pebep,
MOCHe YAAJIEHUS KOTOPBHIX rpad) CTAHOBUTCA HeCBA3HbIM. V. Aprawm-
kuH B [Ar2] nokasan

PEAIOXKEHWE 1. Kanonndeckas suHenHas cucrema |Kp,.| He umeer
6a3UCHBIX TOYEK Torga u Toabko Torga, korga t(I') > 2, m ogens
obmiIbHA TOrJa U TOJIbKO Torga, korga t(I') > 3.

Huxe MBI 1 IPOCTOTHI OrPAHUIMBAEMCSA TOJBKO CAY<IAEM 'pPa-

GOB ToMmMHELL > 3, AL KOTOPLIX KAHOHWYECKas ITUHENMHAS CUCTeMa
|K p.| 3agaeT Broxenue

¢ _
Pr——P ' =P(H(Pr,Kp,)

[ToBTOpsa kraccuteckoe paccyxgeane KacTemrbHyOBO, MBI Oy IaeM

IIPENIOXKEHUE 2. PasMepHOCTE HOJHOH JUHEHMHOH CHCTEMEI KBaJDUK
B P91, nmpoxogammx wepes kamonmdeckyio kpusyio ¢r (Pr), paBHa

dim |2k — ¢ (Pr)| = dim |2k —3g + 3. (9.5)

CIEACTBUE 1. M, aBraeTca riaagkumM opOoupoIgoM B KaXJOH TOIKe
Pr € Mg, orBevatonmen npefesHON M-KPHUBOM, U CIOM KOKACATETb-
HOI'O PACCAOCHHUA B TAKOH TOIKE

Tp. My = H° (Pr,0p.(2Kp,)) . (9.6)

PaccmoTpum Temeph ABaXKIBI KAHOHUYIECKOE OTOODaXEHUE KPU-
Bou Pr, 3agaBaeMoe OJHOU JuUHEUHOUN cuctemon |2Kr|:

2K

Pr P4 = 2Kp|* = P (Tp . M,)

OO6pasel IPOCTHIX OBOMHBIX TOYEK Pokr(Pe) COCTABIAIOT MU HTOM
Broxernn Koudurypammio w3 (3g — 3) = dim H (P, O(2Kp,.)) mm-
HEIHO He3aBUCUMBIX TOYEK, & KOMIIOHEHTHI KDUBOU IE€PEXOAT B He-
IPUBOAUMBIE KOHUKY, KAX 1aA U3 KOTOPHIX OHO3HATHO OIPEAEIACTCS
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JI000U TPOUKOU JEXAIIAX HA HEU TOYEK. B 9acTHOCTHU, KOHPUTYDA-
1A IBOMHBIX TOYEK 3a0aeT Pa3J0keHne KaCaTeIbLHOI'0 IIPOCTPAHCTBRA,

TpMy= P C.. (9.7)

ecE(T)

B caenyiomem maparpade MbI TOKaXeM, 9TO KaxXI0€ U3 dTux 6a3uc-
HBIX KACATEILHBIX Hanpasienun C, MHTErpupyeTca 10 paruoHaAILHON
KPUBOU Ha, ﬂg, oTKyna OymeT BEITEKATh, 9TO KPUBasA Pr 0 THO3HATHO
OTIpeeNsaeTCa HeIOCPE[CTBEHHO CBOUM [BAXK Il KAHOHUIECKUM 06pa-
30M, a HE ero OpOUTOU TO MOAYJII0 NEUCTBUA MPOEKTUBHBIX ABTO-
Mopduamos P39~4 kak 5TO mpomcxoAUT A1 OOIINEH aIreGpanecKomn
KPUBOU.

§ 3 Cunenuaabpubie ogHOONapaMeTpudeckKkne aedopmMaiun
OpeJeJbHBIX M-KPUBLIX.

Haszosem npocmbim daazom TpexsarenTHoro rpada I’ mapy
(ecT),

rge e € E(I') — mo6oe pe6po, He ABIAIOIMIEECA METIEH, T. . ¢ Je =
v Uov", v # 0", Bygem masweiBaTh 36€3001 Taxoro peGpa

def

S(e) = (S()HUSE@") \ {e},
T. e. ecm S(v') = {e, e, e}, S(v') = {e, e, el }, To
S(e) == {6376,27611,76,2, *

Hamomuwnwm (cm. § 3 rnaset 6), 9T0 nuMeoTCA 3 DIeMeHTapHBIE TPeobpa-
30BaHMA, CTACUBAIONINE PEOPO € B HOBYIO 4-BAJCHTHYIO BEPIIUHY Unew
¢ S(vnew) = S(e), a 3aTeMm pazgyBaomue ee B HOBOe peGpo

! "
€new = [Unewa Unew]

B COOTBETCTBUM C TPEMA BO3MOXHBIMU pa3bueHuamMu S(vney ) HA aBE
mapsl pebep:
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1) S(/U;lew) = {en8W7e,176,2}’ S(/Ugew) = {enewaelll7eg )
2) S(Vhew) = {enew, €1, €3}, S(view) = {€new, €, €3 };
3) S(vhew) = {enew, €1, €1}, S(view) = {€new, €5, €5}

ITepBoe mpeobpasoBanme BO3BpaIlmaeT HAC K ucxomgaomy rpady I, a
IoBa ApYyTUX IpuBOAAT K HoBEIM rpadam [V, I'| ¢ BoIgeseHHBIM pe-
OPOM €pey. ByleM Ha3BIBATH TPOUKY MPOCTHIX (hIATOB

(eCT), (enew CI'), (enew CI'") (9.8)

enezdom dpaaros. OTMeTuM, ITO THE3LO OJHOZHATHO ONMPEAETACTCA
JO6BIM (DIATOM, BXOJAMIUM B TPOUKY, M UMEETCA KAHOHUIECKOE OTO-
XK JecTBIeHUE rpadoB

T\ S(e) ="\ S(enew) ="\ S(enew) -

3AMEYAHUE 1. ODIeMeHTapHOE Mpeodpa3oBanue 1-meTau e BCerga npuBoquT
K TOMY K€ CAMOMY Tpady C TOU K€ METICH Enew = €.

Paccmorpum Teneps ase KoMmoHeHTH P, P, xpusou Pr, oTe-
JaloNIme BepIIMHAM ICX0onHOro pebpa e = [v/,v"]. Bkrensaa BmecTo
pe = Py N Py Tpy6Ky, Mul moxydaem chepy S2 = P! ¢ gByma ma-
pPaMu OTMEIEHHBIX TOIEK (pe/1 :Pel, ) m (perlf, peg). 3adukcupyem Ha Hen
KOMILIEKCHYO CTPYKTYPY U PACCMOTPHUM IBOMHOE HAKPLITUE

E-2.p! (9.9)

C BETBICHUEM B 3TUX TOUKAX. MBI OLYIaeM SIAITHIECKYIO KPUBYIO
FE ¢ oTMEe9eHHOU TOYKOM BTOPOT'O MOPALKA,

0 = Pe, + Pe, = Peyy — Pey - (9.10)

Takum 06pazoM, TPOCTPAHCTBO MOAYJIEN KOMILIEKCHBIX CTPYKTYP Ha,
S? 6e3 deTHIpEX TOYEK COBHAJACT C MHOTO0OOpA3MEM MOAY.IeH M%
DIAIKAX DIIATTUIECKUAX KPUBBIX C OTMEYEHHON TOYKOU BTOPOTrO TO-
pagKka. Bapeupys 5Ty KOMILIEKCHYIO CTPYKTYPY T € M3 mpu mewns-
MEHHBIX KOMILIEKCHBIX CTPYKTYPAaX HA BCEX OCTANBHBIX KOMIIOHEHTAX
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KpuBOU Pr, MBI TOJYyYIUM O JHOTIAPAMETPUIECKOE CEMENCTRO CTAOMIE-
T
HBIX aIre6pamdecKuX KPUBBIX P 1 BIOXeHHe
9 L S
M ——— M, . (9.11)
2 _ mpl ron v
Kaxk mssectno, M7 =P' \ {0,0', 0"} npencrasuser co6ou npoexTus-
HYIO TIpAMyI0 0e3 TPex TOYEK, KOTOPHIE KaK Pa3 W COOTBETCTBYIOT
TpeM BO3MOXHBIM Pa3GUeHUAM YeBIPeX BEPUIEH Dy, Doy, Pes Py HA
IBE Taphl, T. €. BLIOOPY HA DIIANTUICCKOM KPUBOU TOUYKHA BTOPOTO
nopaaka, u orobpaxenue (9.11) mpogomxaerca 10 0ToGpaKeHusa
Ye,r -
Pt — s M,
! "

Ub—>PF, Ub—>Ppl, O’l—>PFH,

(9.12)

OTHPABAAIOIICTO BBIKOJOTHIC TOYKHU B IIPEACIbHBIC M-KPUBBIC, OTBEYa-
IOIIMEe TPEM ONMUCAHHBIM BHIIIE TepecTporkam rpada ', o6pasyommm
rue3o daaros (9.8). Mer goxkasanu

MMPEANOKERNE 1. Kax goe kacaTeabroe Hanpasiaeane C, u3 paszroxe-
uua (9.7), onpegengemMoe JBOUHOU TOIKOU M-KpUBOH Pr, marerpupy-
ercda 4o npoektusHou npamon (9.12) B npocrpancTe Mogyxenr M.

CaencTBUE 1. O6pa3s ABaXKAbI KAHOHHIECKOT'O BJIOXKEHHA OJHO3HATHO
BOCCTAaHABJIUBAaECT KPUBYIO.

3aMmedAHUE 2. Ecau pe6po e sBasercs l-netmen ¢ Bepumuou v, u S(v) =
{e,e'}, To P, GymeT paunoHATLHOM KPUBOM C OJHOM OTMEYEHHOU ABOMHON
TOYKOU P W TIATIKON TOUYKOU Per. SAMEHASA TBOUHYIO TOYKY P, HA TPYOKY,
HOIyuaeM MIaIKmi Top T2 ¢ OTMEYeHHOH TOUKOM Per ¥ BRIIEICHHOH OKPYXK-
Hocteio a € Hi(T?,7), oxBaTLIBAIONICH BKICEHHYIO TPYOKY W TAKOH, GTO
kr1acc a (mod 2) aBaseTca ToIxou BToporo nopaika za T2, IlpocTparcTso
M % KOMILIEKCHBIX CTPYKTYP Ha T? ¢ TakuM HaBOPOM KECTKOCTEH M30MOpPQ-
o C* \ {1}, 7. e. cHOBa mpeacTasmgeT coboir P! Ges Tpex Touek, u pamu-
oHaThbHAA KpuBad . r(M?) momyckaeT B 5TOM CIyvae KOMOAKTHDUKAIIIO
OBOMHON TOYKOH, COOTBETCTBYIOmEn Pr.

Urak, komnakTudukanusa [lermas — Mamdopga ﬂg COMIEPKUT
MIPUBOJUMYIO KPUBYIO

c=|J CorcM,, (9.13)

(ecT)
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koMImoHeHTHI KOTopor Cpr = 11 (IP1) HymepyloTCA BCEBO3MOXHBI-
mu duaaramu (e C I'). Mut Bugenn, 9To s 1060ro mpocToro guaara
0TOOpaXeHNe 1P, ABIAETCA BIOKEHWEM, M COOTBETCTBYIOMAA KOM-
norenTa C,r C C — rIajgKad palMoOHATLHAA KPUBAasd, IepeCceKaomas
P POBHO TIO TPEM TOIKAM

Ce’FﬂP:PF+PFI+PFII,

coorsercreyommM ruesay (I, TV, ") ¢uaara (e C T'), mpudem B Ka-
KON M3 HUX KacaTeTbHOe MPOCTPAHCTBO K M, MMeeT pasioxeHnue
(9.7). Orcriona cpasy caegyer

[PEMJIOXKEHUE 2. /[Be pasamunabie komnoneHTel C, C' xkpuson (9.13)

au60 HE MepeCceKarTCsa, MO0 IePEeCEKAIOTCA TPAHCBED CATBHO, U
!
cnc epP,

mpuiem muoxectBo S(I') koMmomeHT, mpoXOoAAmMX Uepe3 JAHHYIO
touky Pr € P, mymepyerca Bepumaamvu ¢ € E(T).

leomerpua Bcex KpuBhIX ceMencTBa Cpr OUeHb OIM3Ka K eoMe-
TPpUM TIPEAETHHBIX M-KPUBBIX. PacCMOTPUM HA TAKOW KPUBOU TOUKY
P 5, oTBe"aONIy0 TPUBOAMMON KPUBOK, OJHA KOMIIOHEHTa, KOTOPOK
P, aB1geTca cheport ¢ IeTHIPbMA BBHIKOJOTEIME TOTKAMM

pe’l I—lpe'2 I—lpe'l’ I—Ipeg (914)

(m coorBeTcTByeT dmmnTEaeckoun kpusou (9.9) ¢ TOUKOM BTOPOrO
nopsaaka (9.10)), a ocransuste (29 — 4) koMnonenTs P, ¢ v # v, v"
OCTAIOTCA TEMU XK€ TPEXABIPOIHbIME chepamu, 9T0 u B Pr (Tak aTo
BCEero mMeeTcsa 3g — 1 MPOCTHIX ABOMHBIX TOYEK).

Ceuenus kanoHWIECKOro o6paTuMoro my«xa Kp, & HaL Kaxmou
CTapoll KOMIIOHEHTOU P,, KaK W BBIINIE, ABIAIOTCA MEPOMOPMOHLIME
guddepernuataMm W ¢ TPOCTBIMU IMOMIOCAMHA B Dey Peys Pey, & HAT

HOBOM KOMIIOHEHTOM — MepoMopdHLIMEI AuddepennuaiaMn ¢ Ipo-
CTHIME nOAIOCaM” B TOUKax (9.14), Tak 9T0 KAHOHUYIECKUT KJIACC NMe-
et B rpynne Heporna — Cesepu NSp, . Tum ¢(Kp, ) = (2,1,...,1)

(HepBaﬂ KOOPAMHATA COOTBETCTBYET DJIANTUIECKON KOMHOHeHTe).
[Cno6aabaEre TomoMOpdHLIe cederus s € HO (K pE,G,PE,(,) 3a1a-
1oTca HabopoM u3 (3g — 4) MepoMopdHBIX TuddHEPEHINAIOB W, U eI1e



172 Mnaea 9. ToYKM MaKCMMaNBLHOrO BbIPOXAEH NS

OfHVM AuddePeHIrnaToM Wy o', KOTOPBIE HMEIOT B BBIKOJOTBIX TOM-
KaX BBIYETHI, CBA3AHHBIE TeMU Xe orpanmdeHuamMu (9.4), 9To u gisa
M-KPUABBIX.

Pr _

Kanormieckoe orobpaxenne Pp , — P9 ! mepeBoanT BCe KOM-
noHeHTEI P, B mpameie, a Py v — B KOHEKY. PazmepHOCTS IpOCTpaH-
CTBa KBaJpaTWIHLIX Auddepenuanos Ha Pp, paBHa (39 — 3), Tak
910 M, aBrgerca raagkum opbupongom B Touke Pp s, a aBaXIBI
KAHOHUIECKOe OTOOpaXeHne

*

Pg o e, P39t =P (TPE,amg) = ‘2KPE,0‘

ABIAETCA BIOXEHUEM, TpUYeM Ha g 00pa3daMu IBOUHBIX TOYEK KPUBOU
Pg ; MBI, Kax 1 BbIIIE, OyIeM IMEThb KAHOHHIEeCKOe pasioxenue (9.7)
KacaTeIbHOr0 MPOCTPAHCTBA K M.

CregoBaTenbHo, 06pa3bl MPOCTHIX ABOMHBIX TOYEK KPUBBLIX Pg
3aa0T PA3JIOKEHUE

ng‘cer‘ =TCer & @ Le
’ e’ cE(M)\{e}

KaCcaTelIbHOr0 paccioeHua K My Hajg kaxjgoun kommoHeHTon C,r =
ter(P1) xpuson (9.13). Jlunemnere craraemele Lo 5TOro pasmoxe-
HUA, 00Pa30BAHHBIE O THOMEPHBIMU COCTABIIOIIMY pasaoxernsa (9.7),
ABIAIOTCA, OYEBUIHO, TABTOJOTMICCKUMY JTAHEMHBIMA PACCAOCHUAME
Oc, (—1), Tak «aTO

TMy|c, . = Oc,r(2) ®Oc, (~1)7F Y, (9.15)

U B YaCTHOCTH, orpanmdenume Ha (o1 KAHOHHYECKOI'O KIACCA IIPO-
CTPAHCTBA MOIYJEH UMEET BU

K—

M, = Oc, (39 — 6) .

Ce,l"
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§ 4 CneuuanbHaa ABymapamMeTpudYeckaa gedopmanus
npenejJbHbIX M-KPHUBBIX.

Paccmorpum Teneps Ha rpade I' daar (v C e C I') gaunsb 3, B
koTopoMm e € S(v), m mycts S(v) \ {e} = {e1} U {e2}, rae de; = vlv;.
CraruBas oTu pebpa ey, €9, MoaydaeM HOBBIA Tpad [hew € HOBOU
[IATUBAJCHTHON BEPIINHON Upew, 3BE3Ma KOTOPOU OyIeT eCTeCTBEHHO
pa3buta Ha pe6po e u aBe napsl pebep, npumenmux u3 S(v1)\ {e1} u
S(v2)\{e2}. Temeps aBaKALI PA3IYEM Unew OOPATHO, BKICHBAS HOBLIE
pebpa €}, e ¢ 0€] = vnew LI 0PV, ey = vnew U v5%Y m pacnpenenss
Mexy HUME pebpa 3Be3fAbl S(Unew) B COOTBETCTBUU € KAKUM-IUGO
HOBBIM ee pasbuenuem Buga 5 = 1+ 2 + 2. Me1 noaydum HOBBIT (Jaar

(W' ce cT’) (9.16)

AmuHbL 3 ¢ V' = Upew W € = S(Upew) \ (S(0]V) U S(v57)). Beero
nMeeTcsa 15 Takux mepecTpoek, oTBedalomunx 15 pa3bueHusaMm

S(vnew) = {e'} L (S@I) \ {er}) U (S(037) \ {e5})

KOTOpPBIE OPTaHU3YIOTCA B b TPOEK ¢ 06IIM e. Bo3HKaroIee B pe3ylb-
Tate >rux 15 mepecrpoek muOXecTBO W3 15 daaros (v C e C TV)
IIVHBL 3 MBI OyIeM Ha3BIBATH 2He3doM Paa206 daumbl 3.

Crenuanmsanuein 5Tol KOHCTPYKIMA ABIACTCA CTATUBAHUE JUIIb
OMHOU BEPINUHBI, HATPUMED, €1. [Ipu DTOM BO3HUKHET YEeTHIPEXBa-
JEHTHAA BEPIIUHA Upeyw C S(Unew) = {€, €2, €3, e4}, rae {ez} U {es} =
S(vi)\{e1}, a {e}U{ea} = S(v)\{e1}. 3amenss e mobbIM pebpom u3
maphel {es, e4}, CkaxkeM, pe6pOM €3, U Pa3IyBad BEPIIUHY Upew 4O HO-
Boro pebpa € ¢ de' =o' LUv" u S(v') ={e,e,e3}, S(v") = {€,e2,e4},
MBI oy gaem HoBuil duaar (v' C € C IV) miuasr 3 w3 Toro xe rEe3ga
(9.16) aaros amumer 3, aTo m ucxomubm daar (v C e C T'). Tpn
sroMm mpocteie gaaru (e C ') u (¢/ C V) mexar B ogHOM THE31E
(9.8) mpocTex draros

(e CT), (eI, ("), (9.17)

TPETHUU DIEMEHT KOTOPOT'O MOMYIAETCA 3AMEHOU B MPEABIAYIIEN KOH-
cTpyknuu pebpa e Ha pedpo e4.
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Ha reomerputveckom ssbike daary (v C e C I') gamabr 3 cooTser-
CTBYeT M-KpuBasA Pr ¢ BLIJEIEHHBIMU HEPUBOJAMBIMEA KOMIIOHEHTA~
vu: P, u P, , P,,, OpukieeHHBIME K P, IO TOYKAM Pe,,De, € Dy
3aMeHsaA BTU ABE ABOUHBLIE TOYKU TPYOKAMHU, MBI TTOaydIaeM chepy C
IATBHIO BBIKOJIOTHIMU TOYKAMW, OMHA M3 KOTOPBIX — P — HNPHUIILIA C
P,, a nBe mapwl ocraBmuxca — ¢ P, u P,,. MHOroo6pasme moxy-
Jed KOMILIEKCHBIX CTPYKTYp Ha Takoun cdepe MpeacTaBIaeT COBO0
panmoHaIbHYI0 apGUHHYIO TOBEPXHOCTH

P! x S2(S2%P!)

PGL(2,C) (9.18)

[e]
Sv,e,F:

¥ TIOCKOMBKY Kaxgas cdepa C MATHI0 BHIKOJIOTHIMUA TOYKAMU OITHO-
3HAYHO TPOJOIKAETCA [0 TPUBOAUMON KPUBOU POA ¢ IO JXOAAITUMUA
noakiIenKaMu (3g — 5)-X MPAMBIX 10 TPEM TOYKAM, MBI IMEEM BJIOXKE-
HUEE

° "/)v e,I’ el
c 1€,
Sv,e,l" Mg )

06pa3 KOTOPOro KOMIAKTUDUIUPYETCA N0 3aMKHYTOU MOBEPXHOCTH

Sv,e,0 & Pyer (év,e,l") c M, (9.19)

OATHAAMATAUKOMIIOHEHTHBIM OTUBU30PDOM

15
S’u,e,l" \ wv,e,l" (Sv,e,l") = U CI/ ) (920)
v=1

COCTABIEHHLIM 13 KoMIOHeHT Kpusou C u3 (9.13), KoTopbie oTBE9A0T
rHe31aM npocThixX ¢uaaros (9.17) u HyMepyOTCA DIeMEeHTAMU THE3/A
(9.16) daaros mawHbL 3.
B pesyabTaTe Ha M, BO3HMKAET IPWBOAUMAA PAIAOHATLHAA TIO-
BEPXHOCThH
S= |J SpercM,, (9.21)
(vCeCT)

KOMIOHEHTHI (9.19) KOTOpPOU HYMEpYIOTCS BCEBO3MOXHBIME Quara-
mu (v C e C I') gmuanr 3. Kaxgas kommoHeHTa S, T IEpeceKaeTca
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C MOKyCOM M-KpuBBIX P mo 15-kommorenTrou kpusou (9.20), u mo-
CKOJIbKY OTpaHHMYIeHMe KacaTeIbHOTro paccaoeHusa 1M, Ha Kaxayio
13 >TUX KOMOOHEHT umeeT Buy (9.15), MBI HEMENIEHHO TOTyIaeM

PEATOKEHNE 1. /IBe pasmmaable kommouenTsl S, S’ mosepxHOCTH
(9.21) 6o He mepecekaroTCA, MO0 MEPECEKAIOTCA TPAHCBED CATBHO
BJJOJIE HEKOTOPOTO HAOOpa KomrmoHeHT kpuBou (9.20).

CrabunbHas xkpuBad P, oTBedamomas obumen Todke s € S mo-
BepxHocTu (9.21), oTAMYAETCA OT NPEETbHOU M-KPUBOM TEM, €UTO
ckremBaeTca u3 (3g —5) TPEXABIPOTHBIX CheP U OHOU MATHUIBIPOTHON
cdepsl. B gacTHOCTH, ee KaHOHWIecKmi Kaacc! mveer Tun ¢(Kp,) =

(3,1, ..., 1) B rpynne Hepona — CeBepu, a KaHOHWIECKAA MOIETH
p, 2%, po-t

OPEeACTABIACT COO0K KOH(MUTYPAIUIO U3 OPAMBIX W KyOukm. IIpo-
CTPAHCTBO MOAyIen M, mMeeT B KaxJou ToOUKe Py cTPyKTypy riaj-
KO0 opOudona, n ABaX bl KAHOHAIECKOE BIOXKEHUE

p, <K -t — p (T,M,) = |2Kp, "

MEPEBOANT MPOCTHIE ABOUHLIE TOUYKN KPUBOU Py B 6a3UC KacATEILHO-
ro mpocTpascTsa 15 My, IT0, KaK ¥ BBIIIE, IPUBOAUT K PA3I0KEHIIO

ng‘sv e, = TSvaear @ @ Le bl (922)
- eeB(I)\{e1,e2}

[pU<eM JWHEeNHBIE PACCIOeHUsA L, OrpaHWIMBAIOTCA B COOTBETCTBY-
folye KOMIOHeHTH pasaoxernun (9.15) u (9.7).

'a KaHOHWYECKMI MyvOK TAaKOW KPUBOM JOKATHFHO CBOGOJEH M ONVMCHLIBACTCA JO-
CIOBHO TaK Xe, KAK U B ABYX IPEIbIIYIIAX CJLyIaaX
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8§ 5 MoayaapHaa koHpuUrypamus.

IIpocrpancrsa moxyren (9.11) m (9.18), Bo3HUKABIIME B IpeAbI-
IyUMX OByX maparpadax, ABISIOTCA YACTHBIMY CLY IasMHA CIeIYOen
o6men koucTpykiuu. Jlrobou rpad I' ¢ BepimmHaMu mpou3BOILHON Ba-
JEHTHOCTH > 3 ONIpefenseT MPUBOAUMYIO KPUBYIO

Pr = U P’U7

veV(T)

KaXIad KOMIOHeHTa koTopoi P, = P! TpancepcarsHo mepecekaeT
KoMIOHEHTH Py ¢ vUv' = de, rae e € S(v) mo |S(v)| Toukam p, € P,.
Ecau B rpade ects x0Th onHa 60I€€ eM TPEXBAJEHTHAI BEPIIAHA, Y
TaKOM KPUBOU BO3HMKAIOT Moayau Mr, 3agatomue monoxenue |S(v)|
TOYEK Ha KOMIOHEHTe P, W 3aBUCAIIME OT KOMOMHATOPUKA MHOXKE-
crBa TpexsanrenTHBIX pacmupernuu &(I') mexomgmoro rpada (cm. §3
riaaBel 6).

Hampumep, eciun I' moxywaercs u3 TpexsameHTHOrO rpada ['max
CTATHBAHEEM OJHOTO pebpa, To Mp = M? gpigeTca TPOWHBIM Ha-
KPBITUEM MHOTO00Pa3usa MOAYJIEH TIAJIKUX DIIANTUIECKUX KPUBHIX,
a o1 rpadgoB C OSHON IATUBAJICHTHOM BEPIINHOX M IpencTaBIieT
c060I0 PAIVOHAILHYIO TTOBEPXHOCTH (9.18).

Kaxgoe Takoe MHOrooGpasue Mogyten Mr BKIaJbIBaeTcA B M,
7, CIeJOBATENHHO, MOXET OBITH KOMIAKTU(GUIIPOBAHO B HeM 110 [le-
aumuio — Mamdopay, Tak IT0

MI‘:MUUUMFI (@ Mg,

r'>r

rae rpadsl [V asraiorca pazgytuamu I'. Q4geBrgHO, 9T0 MAKCIMATLHO
BO3MOXHAA PA3MEPHOCTDb TAKOT'0 MHOT'006DA3ua MOAYJIer paBHa (29—

3), B

Mrlﬂﬂrﬂz U Mp,

F>FI ’FII

W OTpaHWIEHNe KacaTerbHOTo paccroenna T M, Ha Kax Iy KOMIO-
HeHTYy Mr nomyckaer pasioxenue, mogobuoe (9.22) u (9.15).
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§6 Pico(Pr) u Moy U PACCIOEHUN HA M-KPHUBBIX.

Mmuoroo6pasne MOAyIer BEKTOPHLIX PACCIOCHMM KPHUBOU C IIPO-
CTBhIMNI rII;BOI;‘IHI)IMI/I TOYKaMMW HE KOMITaKTHO, HO MOXeET 6I)ITI) KOMITaK-
TUPUIUPOBAHO TMyIKAME (€3 KPYUeHUsd, He JOKAILHO CBOOGOMIHBIMU
TOMBKO B OCOOBIX TOYKAX. JTA KOMIAKTU(MUKAIUA OYeHb OIU3Ka, K
TOU, KOTOPYIO B pabore [Arl] mocTpoun mus aareGpanvecKux moBepx-
mocten . B. Apramkum.

A wmenno, mo6ou mydok 6e3 kpydenus F wa Pr BkioodaeTcsa B
TOYHYIO TOCIEIOBATETLHOCTE

0 F P C(F) 0,

B koropou SuppC(F) C |J pe, a F** nogaumaer HOpMaIm3anuio
ecE(T)
KPUBOU [0 BEKTOPHOI'O PACCIOeHUs, Tak 4To |[SuppF| = co(F') usme-
pseT OTKIOHeHue mydka F' oT jokaasHo cBoGogHOrO co(F) = 0 Torga
U TOJBKO TOrZa, Korga F 1okanrbHO CBOGOJAEH, T. €. MOJHUMACTCI 0
BEKTOPHOI'O PACCIOCHUA HA HOPMAJIM3AIUYN KPUBOU. MBI HasbIBaeM
Takoe paccioenue I monoso2uuecku mpusuaibublm, €CI TPUBHATb-
HBI Bce ero orpanmvenus E|p,, uro osmavaer, uro E|p, = ®Op,,
nockomeky P, =Py VeV (T).
Huxe Mb1 onucsiBaem MuOr006pasus moayaen Picy(Pr) Tonoaoru-
JeCKW TPUBUATBHBIX IMHEWHBIX paccaoennit u M5 (Pr) moxycrabuib-
HBIX BEKTOPHBIX PACCAOCHUN PAHTA, 2, 8 TAKXKE UX KOMIAKTU(PUKAIAN

J(Pr) = Picg(Pr) m  M*(Pp) = MS[vb](FPr)

nyukamu 6e3 kpydenus F', mis koTopweix paccroenuwe F** gpiasercs
AIEMEHTOM COOTBETCTBYIOMIET0 OTKPHITOT'O TMPOCTAHCTBA MOIYIEH.

1 onmrcaHua IMHEMHOr O pacciaoenusa L ua Pr paccMoTpuM HaGOD
Ly xaxux-mu60 ero rpusnanumsanu Op, HAL BCEMU KOMIOHEHTAMMU
P,. llpu sTom caou tpusnamuzanuin Op,, Op , HAT TOIKOI

ple) e Pb,NP,, ecET), de=vU

OTOX AECCTBAAIOTCA IPU IMOMOIIN YMHOXEHUA Ha HEKOTOPYIO HEHYJIE-
BYIO KOHCTAHTY a(?) € C*, xoropas 06opadIMBaeTCA OOPAIIAIONIEN
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CTPEIKN MHBOJIOIUEN:

ita=a() =a"'(¥)
(cp. ¢ (6.35)). Takum 06pazom, HAGOP TpuBKMaTU3anM Ly MHIyIMPyeT
oTobpaxeHue

B (9.23)

a M3MEHEHUE TPUBUAIUBANNYN 33 0aeTCA (PYHKIINEN

X
VI —C,
IEUCTBYIOUIEN HA, @ TI0 hopMyIe

(@) = XNws) - a(€) - A" (vy) ,

rIe Vs ¥ U CyTh HAMATO M KOHEI, OPMEHTUPOBAHHOTO pebpa € (Kak
Ha cTp. 125). Takum obpasom (cM. §6 raaBer 6) TPOCTPAHCTBO BCEX
TPUBUAIUIANUNA TOTOJOTUIECKA TPUBUAILHOTO JUHEWHOTO PACCIOe-
HUA HAX Pr ecTh He 9TO MHOE, KaK MpocTpaHcTBO Ac miockux C*-
ceasHOoCcTen Ha rpade [, a rpynna Ge 3aMeH TPUBHAIUIAMUN — DTO
KOMILTEKCH(DUKAIINA YHATAPHOKN a6eJeBor KAaIuOpOBOIHON I'PYIIILI 13
(6.36), Tak aTO
Picy(Pr) = Ac/Gc = Hom(m (T'),C*) = 57

coBmagaeT ¢ abenesbiM npocrpancTsoM [lorTku (2.23).

Anamorumuno, BekTOpHOE paccioenue F pamra 2 Ha Pr 3agaercs
HabopoMm Ej cBoux rpusnanmsamuit E|p, ~ Op &Op, , KOTOPHI UHIY-
oupyeT HAOOp H30MOP(U3MOB a(?) € SL(2,C), oTox aecTBasomux
X CJIOUW HAJ TOUYKAMU CKICUKU Chep U YIOBIETBOPAIONINX CTAHIAPT-
HBEIM cooTHOeHuaM (6.25), T. e. miockyio SL(2, C)-casnocTs

E(I) —% SL(2,0) ,
a, CMEHBI TpHBHaJIHZSaHHfII

V() —2+ SL(2,0) (9.24)
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COCTABIAIOT KATUOPOBOYHYIO I'PYIIY DTOU CBA3HOCTH W JEUCTBYIOT
HA @ 10 TIPABUIY

ga(@) = g(vs) o a(@) o g~ (w)

(cp. ¢ (6.26)). TTosTomy B TepMmHax §5 rraser 6

v (Pr) = Ac/Gc = RE(m (T),SL(2,C)) = S, , (9.25)
rae Ac — npocrpanctso miockux SL(2, C)-cBasuocren, Go — KoM-
IJIeKCHAA KaauOpoBOYUHaA I'pynma, a S, — HeabeleBO KOMILIEKCHOE
npocrpancTso [[orTku u3 § 2 rmaser 3.

PacecmoTpuMm Temepb TpexmepHoe yToamenue rpada I — Temo
¢ pyukamu (9.1). B Toaron mocregqoBaTersHOCTH (byHIAMEHTATLHBIX
rpynn 1 —— 7wy (Hp) — m1(2r) » 1 (T) > 1 AxpO 1 KOAAPO

ABIAIOTCA cBOOOAHBIMEU Tpynmamu Fy; ¢ g, ob6pasytommmu
a1, a2,...,0q €7T1(H1“), b13b27"'7bg Eﬂl(r)a

13 KOTOPBIX MOXHO COCTABUTH CTaHAAPTHOE IIPpENCTaBICHUE:

g
71'1(21") = < A1,492,y. .. ,ag, bl,bg,... ,bg| H[ai,bi] = 1> s
=1
MTO3BOJIAIONIEE OTOX AECTBUTH MPOCTPAHCTBO KOMILIEKCHBIX CTPYKTYP
Ha Y ¢ IpocTpaHcTBOM Temxmiomrepa 7.
Dukcamnua Ha Yr KOMILIEKCHOU CTPYKTYPHI [ TIO3BOMAET, KAK MBI
3HAEM, PACCMATPUBATEL MIPOCTPAHCTBO

Re(m (T),SL(2,C) = S,

KAK CEMEHCTBO ILIOCKUX BEKTOPHBIX PACCIOCHIN HA Y, UITO JAET Me-
pomopdrOoe oTobpaxenne (3.12):

!
Sy =+ MAL(ED),

7 MBI MOXEM PACCMOTPETh YHUBEPCATLHOE CEMENCTBO TaKUX 0TOOpa-
KEeHAN

Sy X Ty e M, 9.26)
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rIe CIIpaBa CTOUT YHUBEDCAIbLHOE CeMencTBO M . Ty MHOT006pa-
3UH MOJy/Iell BEKTOPHBIX PACCIOCHMIL! .

HeTpyauo BufeTh, 9TO CHEMUAIU3ANAA YHUBEPCAILHOTO OTOGPA-
xerus (9.26) B comepXKamuica B KOMIAKTU(MUKAIAA TPOCTPAHCTBA
M, uaaynuposannon koMmnakTudgukanmen Jemnnas — Mamdpopga npo-
CTpaHCTBA Ty, cioit M (Pga) = M3 (Pr) Hag OpeieIsHOU M-KPUBOK
Pr, coBmagaeT cO CTAHIAPTHBIM BIOXEHUEM

S, = M (Pr) 200 s (P

TOJBKO 9YTO OIMMCAHHBIM BbImie. M3 »Toro HEMEeIJICHHO HOJIy‘I&eTCﬂ2

VIOMWHABIIEECS HA CTP. 57 YacTUIHOe perteHue npobaemsr Hapacu-
MaHa:

[IPEAIOXKEHUE 1. O6pas mepomopgrOro orobpaxernus (3.14):
Sg - MSS(E)

IJIOTEH 10 3aAPUCCKOMY JJIA OOINEH TIAJKOU AAreOpandeCcKOd KPUBOU
X1 pojag.

TOKABATENBLCTBO. YTBEPXKJEHUE BEPHO M1 M-KpUBHIX Pr € M,
U yCTOMYUBO K MAJTLIM IIeBeJeHIAM B M. O

Taxou X0 MBICIN TIPENCTABIAETCA BECHMA MPONYKTUBHBIM [aXKe
U B KJIACCHIECKOM abeneBoM caydae (cM. §4 riaBwl 2): BIOXeHUE

(C*)? = 5% — Pico(Pr)
asagercsa npenenoM HakperTuu (C*)9 L (21) (em. (2.23)- (2.25)),
U CTOUT NMOCMOTPETH, KaK BeAyT Ce0s MPU DTOM MpPenerbHOM Iepe-
xone kraccudeckue (aberesnl) U-pyukium (2.26) (ckaxem, 0-pyHK-
nun (2.18) Gbum o6GHApYXeHBI UMeHHO TakuM obpasom!). Bomee To-
ro, BCA KIACCHYECKas Teopusa -pyHKIMU MOXET OBITH MOCTPOEHA

npumenenueM K Pico(Pr) nmpeo6pa3oBaHMa KOTE€PEHTHBIX COCTOAHUM
73 § 3 TIABHL 2, a 3aTEeM MPOJAOIKEHA, HA JIOOYIO MIAIKYI0 KPUBYIO TTPU

LN (D) = M (1)
2g 6marogapio lepaa Jleraodda 3a MpeiIoKeHHOE UM yIPOLIEHNE MOETO MepPBO-
HAYAJIBHOT'O PACCY XK JEHU
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MTOMOIIA T'OJOMOP(MHON TLIOCKOU CBA3HOCTH, OMUCAHHOU Berrepcom B

WmeHHO TaKOW TOAXO MBI U UCTIOAB30BATNA B HEAOETIEBOM CIydae:
npeoOpa3oBaHUA KOT'€PEHTHBIX COCTOAHUN U3 TVIABLI 7 MO3BOJAIOT WH-
TepIpPEeTUPOBATE BCE CKA3AHHOE B IiaBe 6 KaK TeOPHUn HeabemeBbIX -
dbyuknun va M (Pr), KoTOpas 3aTeM Pa3sHOCUTCA HA TPOU3BOIbHBIE
MVIAKWe KPUBLIE TIOCPEACTBOM MMPOEKTUBHO TIOCKOU CBA3HOCTYU XUT-
qmHa, — 6OpP-30MMepdenbIOBO KBAHTOBAHWE M TE€OMETPUA JarpPaH-
KEBBIX U JEXAHIPOBBIX IUKJIOB MO3BOIAIT OOOUTH MPOOIEMBI, CBSA-
3aHHBIE C MEPOMOP()HOCTHIO 3abbIBatomero orobpaxenns (3.14). [pu
9TOM MBI CYIIECTBEHHO MCIOIB3yeM CYLIIECTBOBAHUE aire6po-reoMer-
PUYIECKON KOMITAKTU(DUAKAIIAN IPOCTPAHCTBA BEKTOPHBIX PACCIOCHUN
HaJ TpeAeTbHBIMYA M-KpuBbiMu. OnuimeM ee Terneps GoJee moapo0HO.

§ 7 Anre6paudeckaa reomerpusa J-pyHKIUK
npeaenabHBIX M-KPUBBIX.

O6a npocrpancrsa Pico(Pr) m M%(Pr) ssraorcs adduaHBIMEI
MHOT000Pa3UAMY, TOMYCKAMOINMI KAHOHIIECKAE KOMIAK TU(MUIKAIIN
nygkaMu 6e3 KpyIeHUs.

B abereBoMm ciydae MblI GyqeM Ha3BIBATH TAKYI KOMIAKTU(UKAa-
LU0 AK0OUGHOM

J(Pp) == PiCO(Pp)
npenenbHON M-Kpusou. Ilydok 6e3 kpydenus F' pamra 1 3amaercs,
kak u B (9.23) BeImE, DyHKIUEN G, HO TOIBKO TEMNEPH CO 3HATEHUAMMU
me B rpymme C*, a B ee nonomnenun Pl = C U {0,00} — pumano-

BOU cdepe ¢ AByMA OTMEIEHHBIMA TOYKAMU (Mau (PUKCUPOBAHHBIM
craugaptabM geucteuem C*). TlosTomy

()

T(Pr) = Go= ’
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u ero rparuna Dpr = J(Pr)\Picg(I') = | (D4(e) U D_(e)) aBus-
ecE(T)
eTcsa oObeauaeHreM 6g — 6 TUBU30POB

Dy(e) = {a] a(@) =0}, D_(¢) = {a] a(¥) = oo}

(rax o Dy (e) UD_(e) = {F | p. € Sing F'}).

Besakaa abenesa cnmuceTka [, ma rpade ', sagannas BecoBoun
dyukumen w (6.33), ygosreTsopsomen ycaosuam (6.34), onpegenser
Ha J(Pr) rIaBHBI JUBU30D

Dy = Zw(e) ’ Dsgn (w(e)) »

KOTOPBIN ABIACTCA MPENEIOM OOBLITHBLIX J-(DYHKINN TIATKUX KPUABHIX,
¥ 3HAYUT, JOMXKEH OBITH QUBU30POM PALMOHATBLHOU QPYHKIUU Uy, PE-
ryaspuon Bcony Ha Picy(Pr). Ecau Bec w umeeT ypoBeHb k, MBI MO-
x®eM 3apUKCHPOBATH OJWH €€ MOMIOC TaK, ITOObI caeraTs Bee w(e)
HEOTPUIATENILHBIMEA W, T€M CAMBIM, MOIYYATH KAHOHUIECKUN GA3UC
73 Y-PYHKIUN C XapaKTEPUCTAKAMU.

Amanmoruuno aGeneBoMy Caydaio, KaXIbli MYy9OK 6e3 KpydIeHust
F € M®(Pr) panra 2 3agaerca pyHKImen

E() —%+ SL(2,C) = P* = P End(C?))
¢ ¢puxcuposanron kpagpukon Cere (Q C P3, Tak 910
(P:),)E(F)
gc

¢ Tou Xe caMou KanmGposouHou rpynnon (9.24), uro u B (9.25). Ta-
kuM o6pasom, rparuna D = M%(Pp) \ M (Pr) asaserca o6benu-
HerueM (3g — 3) AMBU3OPOB

D= |J D(e.

ecE(T)

M (Pr) = MS[vb](Pr) =

Nszo6paxennoe Ha puc. 8 Ha cTp. 112 sremenTapHoe mpeo6Gpa3oBa-
Hue TpuBajeHTHOrO rpada [’ poma g, cruparoiiee Kakoe-HHOYIb €ro
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pebpo e BMecTe ¢ ABYMs €ro BEpIIMHAME, TpeBpaiiaeT [ B HOBBLIU
rpad e poga g — 1 u geuctByer Ha nuBmsopsl D(e) mo mpasury

D(e) = Qe x MS(Py,) .

Musmsop O, = >, w(e)-D(e), IOCTPOEHHBIN IO IPOU3BOILHON
ecE(T)
cruuacerke 'y, ypoBui 1, sBasercsa npemenoM >hpdpeKTUBHBIX Heabeme-
BBIX - [UBU30POB INMIALKUX KPUBBIX, ¥ HAOOD

U e

weGL

BCEX TAKWX AWBU30POB gocTasageT Gazmc Mambopmaa (2.3) maa mpe-
OEILHOH M-KPUBOU Fr.

Pukcupys kakyio-mabo cnuacetky wy € WH(T) yposHa 1, mbr
HeMJIeHHO IOXydaeM Ha KaXJ0M ypoBHe k nuBm3op k©,,,, u HabOp
3(pdHeKTUBHBIX JUBU30POB

| H.0.K. (kOu,, Ou)

k
weGH

U3 HOMHOW JuHeWHOU cucTteMbl |kOy,| maer Gop-zommepdensioBos
6asuc (4.15) B mpocTpaHCTBE BOIHOBBIX (DYHKIUN MOIIMAHOBCKOU Be-
IIECTBEHHOU TOJIAPU3ALUYA YPOBHA k mpenensHon m-kKpusou Pr. Mox-
HO IPOBEPUTDb, UTO €ro OrpaHmYeHHe Ha %Sy, OyAy<TH IPOTOMKEHO
Ha VIaAKWE KPUBBIE C TOMOIIBIO HJIOCKOI?I CBA3HOCTHN XI/IT‘II/IH&, aTacT
B TOYHOCTHU O60OP-30MMepQeabIoBbl 6a3MChl TPOCTPAHCTB HeabereBbIX
Y-pyHKIIUN, TOCTPOEHHBIE HAMU B TMIaBe 8 MpU MOMOIIM BPU-MeTOIa.
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