“mph” — 2013/2/18 — 20:37 — page 1 — #1

MATEMATNYECKOE
[TPOCBEIIEHNE

Tperbst cepus

BBINIYCK 17

Mocksa
Wznarensecrso MITHMO
2013



“mph” — 2013/2/18 — 20:37 — page 2 — #2 EE

YIAK 51.009

BBK 22.1
M34

Peﬂ;aKLLI/IOHHaH KoJjierngd

Byraenko B. O. Bunbepr 3. B. Banwrit M. H.
Tlanbnepun I A. Lneiizep I'. 1. I'yceitn-3ane C. M.
Hopuyenko C. A. Eropos A. A. Nibsmenko FO. C.
Kanenb-Besos A. fI.  Koncrantunos H. H.  IIpacosios B. B.
Poszos H. X. Cocunckuii A. B. Tuxomupos B. M.
Openkun B. P. Amenko U. B.

['TIABHBIN PEJAKTOP: 3. Bb. Bunbepr OTB. CEKPETAPH: M. H. Bsuibrit

AJIPEC PEJJAKIIVN:

119002, MockBa, B. BracwveBckuii mep., m.11, x. 301

(c moMeTkoll «MaTeMaTHIeCKOe NPOCBEIEHUE»)

EMAIL: matpros@mccme.ru WEB-PAGE: www.mccme.ru/free-books

M34 MaremaTudeckoe mpocBernenne. 1 peTbst cepus, Bbil. 17. —
M.: MIIHMO, 2013. — 208 c.
ISBN 978-5-4439-0080-3

B cboprukax cepunm «MaremaTudueckoe IIPOCBEIEHUEs ITyOJIUKYIOTCS Ma-
TepruaJsbl O MpodJIeMax COBPEMEHHON MATEeMATHKM, N3JI0KEHHBIE HA JTOCTYITHOM
JUIST TIIIPOKOW ayJIMTOPUU YPOBHE, 3aMETKU 110 MCTOPUU MATEMATHKH, 00CYK-
JIAl0TCs POHBJIEMBI MATEMATHIECKOTO 00Pa30BaHUS.

VIIK 51.009
BBK 22.1

Dororpadun Ha c. 3 ciaesnansl A. 300HUHBIM (BepXHsist)
u C. TperbsikoBoil (HUKHsis)

ISBN 978-5-4439-0080-3 © MIIHMO, 2013,



EF “mph” — 2013/2/18 — 20:37 — page 3 — #3 T

[Toadpasasem

Opnecma Bopucosuva Bunbepaa

u

Anexces BpOHUC,/LCLSOSU,%CL Cocurcroeo

c T75-nemuem!



“mph” — 2013/2/18 — 20:37 — page 4 — #4



“mph” — 2013/2/18 — 20:37 — page 5 — #5

COJIEPYKAHUE
MaremaTnyeckuii Mup
FO. B. MarusiceBu4
Anarn Toropume U MEOPUA YUCEA . o o« o v v e e e e 6
C. Tumenko
3amemru 0o mamemamuyeckom obpazosanuy 60 Pparnuyuu . . . . . . . ... .. 35

Anrebpa reoMeTpmIecKUX MOCTPOECHUIA

A.T. Xoancknit

Hocmpoernua Yupryaem U AUHETKOT . . . .« o o v v v vt e e 42
Bypna FO., Kagmer JI.
CemmnaduamuyzorvHuk u 3aKkon e3aummocmu laycea . . . . . . . . .. ... .. 61

. U. I'purenko
Opuzamu, UL MO MOAHCHO NOAYHUMD € NOMOWDBIO CKAGODGANHUA Aucma bymazy 68

Hamx CeMHHap: MaTeMaTu4eCKne CIOXKeTbI

A. B. Cronenkos

Kopomxoe onposepoicerue eunomesv, Bopeyka . . . . . . ... 88
A.T. XoBaHcKuii

Hoauromv, Hebvruésa u ux oOPAUWEHUA . . . . o« o o o v 93
B. M. ?KypasiieB

Topu3onmanvro-6vnyKAve NOAUGMOHIb, U UT NPOU3BOOAWUE GYHKUUL . . . . . 107
B. Kajent

O Hexomopwur c60lcmear npoudeoodnol, e€ TaPaKMEPUSYIOWUL . . . . . . . . . 130
A. B. Akongn, O. P. Mycun

O MHOoHCECTNBAT € 08YMA PACCTIOAHUAMYU  « « o « o o o o e e e e e e e e 136
C. B. l'amkos

Onamv 0 muozoyzorvrukar Petnxapoma . . . . . . . . . ... 152

IIpenogaBanne MaTeMaTUKH

. Wnbunckuit, A. Kynasckuit, A. Paiiroposgckuit, A. CKoIleHKOB
Jluckpemuoidl anaiusd 0As MAMEMAMUKO8 U npozpammucmos (nodbopka 3aday) 162

IIo moTuBam 3amaunmka «MaTeMaTmIecKOro MpoCBemeHns »

H. H. Ocunos
Cemb 9m10006 06 00HOM HECOBNADEHUY . . . . « . o o v v i e i it e e e 182

H. Hukonos, B. Crankos
06 00HOM GYHKUUOHAADHOM YDABHEHUL . . o o o o v e e e e e e e e e e o 192

3amavHbIi pasges
Venosus 3a0av . . ..o L 196

Pewenus 3aday us npedoildyuu oinMYCcKo8 . . . . . . oo i 198



“mph” — 2013/2/18 — 20:37 — page 6 — #6

Maremarmueckuii Mup

Anan ThropuHr 1 Teopust duce

IO. B. Marusiceuua

Hacrosimas mybiaukalins sSBIIsIeTCS CJIErKa PACIIHPEHHBIM TEKCTOM
psia BeICTyILIeHUH aBTOpa Ha KoHdepenmuax The Alan Turing Cente-
nary Conference (Manchester, UK, June 22-25 2012), The 7th Inter-
national Computer Science Symposium in Russia (Huxuauii Hosropog,
3—7 mong 2012 1.) u na 3acemanun Canxr-IleTepOyprekoro Marema-
Tudeckoro obmecrsa (9 okrst6pst 2012 1.) U He HpeTeH/yeT Ha IIOJHOTY
OCBEIIEHNsT TEOPETUKO-IUCIIOBbIX uccieaoBanmii Ajana Triopunra. Bo-
Jlee TIOAPOOHBIE CBEJIEHNUsI MOXKHO HANTH, HAIpUMep, B [2,3,6,7].

B 2012 rogay mo BceMy MUPY OTMEYAJIOCH CTOJIETHE CO JTHsT POXKaeHust Aa-
na Marucona Triopunra (Alan Mathison Turing, 1912-1954). 9o craso 60b-
UM COOBITHEM KaK JIjIs YICHBIX PA3HBIX CICIUAJILHOCTEN, TaK U JJIsl JIIOJIEH,
MAJIEKUX OT HAyKH.

s xoro-to Ajan ThIOpUHT B IIEPBYIO OY€pEIb — OJMH U3 OCHOBOIIOJIOXK-
HUKOB TEOPETUIECKON MHMOpPMaTHKH, 110 aHIVIMIACKNA Ha3bIBaeMOW computer
science. Tesuc Yépua — Thiopunra OTKPHLI IyTh /I MATEMATHIECKN CTPOTUAX
JI0KA3aTeJIbCTB HEBOBMOXKHOCTHU PEIIEHUsT HEKOTOPBIX aJITOPUTMUIECKHIX ITPOO-
JieM, a Tpo MamwuHy ThIOpUHTa, M0 KpaiiHell Mepe CIBIMIAJIN U OYeHb MHOTHE
73 TeX, KTO BeCbMa MAJIEK OT TOUHBIX HayK.

Js mpyrux Anan ThIOpUHT — MHOHEP MCKYCCTBEHHOTO MHTEJIIEKTA, OTTbI-
TaBIIUiCs JaTh POPMAIN30BAaHHBIN O0TBET Ha (dumocodckuit Bormpoc «Moxker
JIM MAIIUHA JyMaTh?» M HAIUCABIIUI MEPBYIO MPOIPAMMY JJIsl UI'PBI B IITaX-
MaTbl B TO BpeMs, KOTJia eIié He ObLI0 KOMIBIOTEPA, CIIOCOOHOIO BBIIIOJIHUTH
9Ty IPOrPaMMY.

Ilepsonauanpuast mybaukamnusi: «Maremarnka B BbICIIeM obpazoBanumm», Nel0, 2012.
C. 111-134. 3aech mybiuKyeTcst ¢ JII0OE3HOro pa3pelieHus Pelakiuy XKy pHasa «MaremaTn-
Ka B BBICIIEM OOpPa30BaHUL> .

MaTemaTundeckoe npoceeluerue, cep. 3, soin. 17, 2013(6-34)
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Astan ThIOpHHT H TEOPHST THCET 7

[MIupoko u3BectHO PO BKIa L Aytara ThiopuHra B paciim@poBKy HEMEITKIX
pajuorpamMm BO BpeMs BTopoit MupoBoit BOHHBI.

Opurunaisabie paborel Ajana ThOpuHTa 110 6GUOJIOTUN HAMHOTO OIE€PEIU-
JI1 CBOE BpeMs U He ObLIN OIEHEHBI 110 JJOCTOMHCTBY €0 COBPEMEHHUKAMH.

Ho napsiy ¢ npuBHecenreM peBOJIIOINOHHBIX Ueil B MH(DOPMATHUKY, UCKYC-
CTBEHHBII MHTEJUIEKT 1 Ouostornio, Ajtad ThIOpUHD BHEC CYIECTBEHHBIA BKJIAI
U B TaKO TPaJIUIUOHHBIN pa3/esl MaTeMATUKHU, KaK Teopus duces. K coxasre-
HUIO, JTa’Ke O CAMOM CYIIECTBOBAHUM TakuxX mcciaemoBanmii Amama Treopumra
3a IMpeJieJlaMu KPyTa TeOPEeTHKO-IMCJIOBUKOB U3BECTHO HemMHOruM. Llesb oroit
Iy OJIMKAITE — [TO3HAKOMUTH IMUPOKYIO ayIMTOPUIO C OCHOBHBIM BKJIaI0M AJjia-
Ha ThIOPUHIa B TEOPUIO THUCEJI.

Bcee onybukoBaHHbIE UM PAOOTHI IO TEOPUU HUHCEN CBA3AHBI C OJHUM, HO
byHIAMEHTAIBHBIM BOIIPOCOM 3TON 00JIACTH MATEMATUKN — PACIPeIeIeHueM
npocThix dncest. [lo Tpaauimm, KOJIuIecTBO TaAKUX UUCESI, HEe PEBOCXOIATIIIX
HEKOTOPOro x, obo3uadaercs m(x). Yke EBkim 3ua, 9T0 9718 DYHKIHUA BO3-
pacTaeT HEOIPaHUYEHO, HO MaTEeMAaTHKOB MHTEPECOBAJ BOIPOC OoJjiee TOIHOM
OIEHKHN CKOPOCTH pocTa ().

Orger, koropsiit Hanum B 1896 rosy HezaBucumo npyr ot apyra 2Kak Ca-
nomon Anmamap (Jacques Salomon Hadamard) u lapas 2Kan ne sa Basre
ITyccen (Charles Jean de la Vallée Poussin), usBecren kak

3AKOH PACIIPEAEJIEHUA ITPOCTBIX YUCEJI.

m(x) ~ lnfm) . (1)

Tounbrit cmbics cuMBoJia ~ B (1) Takos:

lim ) g (2)

Hedopmaibho, dbopmysy (1) MOXKHO MHTEPIIPETUPOBATH TaK: 60AU3U HUC-
AG T cpedree paccmosnue MexHcdy npocmumu wucaamu pasko In(x). Ipyras
MHTEPIIPETAINS TAKOBA: GEPOAMMHOCTIG 020, YN0 HEKOMOPOE HUCA0, bAudKkoe
K x, 6ydem npocmuim, pasha 1/1In(x).

Dra BTOpas HMHTEPIPETAIUS IOJCKA3LIBACT PACCMOTPEHHE CJIEYIONIEeit
dyHKIMHI, HAZBIBAEMOI COGUHYMBIM UHMEZPANDHBLM AO2APUDMOM:

1

Li(z) = /2 ' st (3)

Jlerko mpoBepUTH, UTO

Li(z) ~ lnfx) (4)

1, COOTBETCTBEHHO, 3aKOH PACIIPEJIEIeHNs IPOCTHIX yrcest (1) MOyKHO 3anucarh
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8 IO. B. MaTusacesmya

B 9KBWBAJIEHTHOM BHUJIe KaK
m(x) ~ Li(z) (5)

NJIn
m(x)

z—o0 Li(x) =1 (6>

ITpu paccMoTpeHun 1pejiesio oTHOIeHu, Kak B (2) u (6), dyukims Li(z)

He HUMeeT HHMKAKHX <«IPEeUMyIecTB» mepe «bosee mpocToit» dyHKImed
x/In(z). Curyanust cTaHOBUTCS APYTOii, €CJIM BMECTO OTHOIIEHUIl IPABBIX U
nesbix dacreil B (1) u (6) Mbl crameM M3ydaTb UX PA3HOCTH, HEKOTODBIC H3
KOTOPBIX (OKPYIVIEHHBIE JIO IIEJIBIX YHCEJI) IPUBEJIEHBI B CJIELYyIOIIeil Tabiiue.

Tabn. 1. Ilpubmmkennst K 7(x)

| z|[n(@)—a/In(zx) [ m(z) — Li(z) |
102 3 —4
10° 23 -8
10* 143 —16
10° 906 —-36
109 611 —128
107 44158 —338
108 332773 —753
107 2592591 —1699
1010 20758029 —3102
101! 169923159 —11586
1012 1416705192 —38261
1013 11992858451 —108970
1014 102838308635 —314888

B sroit Tabaune pasnoctu 7(x) — Li(z) mo abcomoTHOil BesmunHe CyIie-

CTBEHHO MeHbIIIe COOTBETCTBYIONMX pasHocreil m(z) — x/In(x). Kpome Toro,
MBI BIJIUM, 9TO BCe HPUBEIEHHBIe TaMm 3HadeHus 7(x) — Li(x) orpunarenbst.
Bruto nposepeno, uto Hepasencrso mw(z) < Li(z) cupasemuso mjist Bcex x, He
MTPEBOCXOIATITITX 10'4. Bosuukaer BOIIPOC — OyJIeT Jid 3TO Tak Bcerma’?

Hexoropsrtit nepopMasIbHBIT apryMeHT B HOJB3Y 3TOTO JAET ClleAyIommas
dbopmyita, koropyto ycranosui Teopr @punpux Bepuxapy Puman (Georg Fried-
rich Bernhard Riemann) B cBoeil ocroBonostaraoreii padore [13]:

m(x) = Li(z) — %Li(xlm) + Z Li(2”) 4+ MaJsble "ieHb. (7)
¢(p)=0
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Astan ThIOpHHT H TEOPHST THCET 9

CymMmupoBaHue B 9T0# popMyJie HIET 10 HEBEIeCTBEHHBIM KOMILIEKCHBIM HY-
JISIM TaK HasblBaeMoii dzema-gpynryuu Pumara ((s), 0 KOTOpoil peub noigér
nasbire. Bee ciaraembie moj 3HAKOM cyMMbL B (7) OCHUJUIMPYIOT ¥ MOYKHO
OXKIJIaTh, 9TO B CPEJTHEM OHU «TacCsiT» JPYT Apyra, TaK U9TO UX CyMMa MaJia

1. . . "
110 CPABHEHUIO C ELl(xl/ %), abCoOTHOM BEJIMIMHON BTOPOTO {IeHA B IIPABOI

gactu (7). Oka3asoch, OJHAKO, YTO 9TO HE TAK — IIPU HEKOTOPBIX T MHOIHE
cJlaraeMble MOT'YT «IIOTACTh B PE30HAHC» , IIPU KOTOPOM UX CyMMa, CTaHET 00JIb-

mre %Li(ml/ 2). A uvenno, Txxon Unensop JIurasys (John Edensor Littlewood)
JoKazaa B 1914 rojy cieyoniyio Teopemy.

TEOPEMA [10]. Cywecmsyem beckoneuno mMHo20 T MaKUT, ¥mo
m(x) > Li(x). (8)

HokazarenneTBo, jganHoe JIUTIBYIOM, OBLIO «YUCTBIM JOKA3ATETbCTBOM
CYIIECTBOBAHUSI> , HE JTAIONIAM HU KOHKPETHOTO 3HAYEHWS X, Y/IOBICTBOPSIIO-
miero (8), HU Jlazke OLEHKH CBEPXY HA BEJMUYMHY TaKOIo .

Dror «upobesn» BocrnonHui yuenuk Jlurisyna Crenmu Ckpioz (Stanley
Skewes), onybsinkoBasinuii B 1933 rojy cie/ oIy o OleHKy Ha HAuMEHbIIIee T,
YZIOBJIETBODSIIONIee HepaBeHCTBY (8):

34
z < 1007 (9)

«AcTpoHOMEYECKOe YHCI0» B mpaBoil yactu (9) MpousBeso B TO BpeMsi
6ourbimioe Brieuatsienne. L'ordpn Xaposn Xapaun (Godfrey Harold Hardy) oxa-
PaKTEPU30BaJI €0 KaK «CaMoe DOJIBIIoe TUCJIO, KOTJIa-Iub0 UCIOJIB30BAaHHOE B
MaTeMaTHKe JIJIs KaKOH-IM00 KOHKPeTHOi mesm» (eM. [22]).

[TpaBast yacth HepaBeHcTBa (9) nosyumia Hassanue wucaa Ckv103a; Ko-
/18, BIIOCJEJCTBAN STOT PE3YIbLTAT YCUTHBAJICS, HOBBIE OTEHKHU MO-TIPEXKHEMY
nazbiBasn guciaamu Ckpiosa. Ceiiyac yuciaom CKbIo3a MHOIA HA3LIBAIOT HAU-
MeHblIIee &, yaosiersopsitoniee (8). Tounoe 3HaUEHME TAKOIO HAMMEHBINETO X
J0 cux 1op (2012 roj) HEM3BECTHO, YCTAHOBJIECHO OJIHAKO, YTO OHO HE IPEBOC-
xomnt 10317,

B 1931 roxy Anan Teropuar nocrynui B KeMOpUIKCKuil yHUBEPCUTET B
Anriun. CKbi03 K TOMY BPEMEHU y2Ke OKOHUYUJI STOT YHUBEPCUTET, HO €Ié TaM
paboran. Cornacuo |7|, Anan u Creniu, 3aanMasich rpebJieil, IaBaau B OJHON
JIOJTKE, M BeCbMa, BEPOSITHO, ITO MMEHHO TaM, Ha peke Kem, Trhopusr y3uas o
qncyie CKbio3a «U3 MEePBBbIX YCT». ThIOPUHTa TPUBJIEK/IA UEs IOy YIUTh MEHb-
Iee 3HaYEHNE, HO KaK 9TO CJIEJIATh?

Haiinennasi CkbrozoMm orenka (9) 6bLIa yCJIOBHOMN, a UMEHHO, OH TOJLY THJI
CJICAYIOIIUNA Pe3yJIbTaT.

TEOPEMA [14]. Ecau 2unomesa Pumana eepra, mo cyuwecmeyem wucao
x, makxoe 4mo ewnosnens, nepasencmsa (8) u (9).
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10 IO. B. MaTusacesmya

Hcnonb3oBanHas B JoKazareaberbe CKbIo3a TUIOTE3a KacaeTcs pacipe/ie-
JIEHUsI KOMILJIEKCHBIX HyJiefi Tak HasbiBaeMoii dzema-dymnruyuu Pumana ((s),
onpeaensieMoit padom lupuzxae

)= =, (10)

KOTODBIiT cxomuTest B nosymiockoctu Re(s) > 1. D1y dyuknuio npu Bere-
CTBEHHBIX 3HAYEHUSIX apryMeHTa ulydaJ emé Jleonaps Ditjaep, u oH yKasas eé
aJIbTEPHATUBHOE OIIPEJIeJIEHNE B BUJIE ITPOUBBEICHUST

=1 1

i - 11

> = 1l = (11)
n=1 p mpocToe

cxojgmerocd npu s > 1.

Tootcdecmeo Disepa (11) stBisiercs, O CyNIECTBY, AaHATUTHIECKOT hopMOi
O0CHOBHOT MEOPEMBL APUPMEMUKU, TTIACSIIIEN, ITO KaXKI0e HATYPAIbHOE THCIIO
IIPeJICTaBUMO, U €JIMHCTBEHHBIM 00PAa30M, B BUJIE IIPOU3BEIEHUsT CTEIIeHel Tpo-
CTBIX YHUCEJI: JJOCTATOYHO 3aMETHUTh, UTO

1 1 1
= It 12
1— pfs P p2s ( )
HOJICTABUTH TpaByio 4yacTh (12) B mpaByto 4actb (11), pacKpbiTh CKOOKH U
HOJIy9UTh JIeByto dacTh (11).

ToxecTtBo Ditnepa obbsicHsieT, oueMy J3eTa-dyHKiusd Pumana urpaer
TAKyI0 BaXKHYIO POJIb B M3yUEHWN MPOCTBIX 4nces. B wactHOCTH, Ditnep man
HOBOE JTOKA3aTEILCTBO OECKOHETHOCTY KOJIMIECTBA MIPOCTHIX TUCEJI, TI0 KPACOTE
CPABHUMOE C KJIACCUYECKUM JI0Ka3aTeIbCTBOM EBKIHIA: ecau 6bl K0Auvecmso
npocmuT wucen 6viao Konewno, mo (pacrodawyuiica) sapmorudeckul pad, no-
ayuarowutics us aeeol wacmu (11) npu s — 1, umen 6vr KOHEUHYIO BEAUNUNY,
pasnyro npoussedenuro 6 npasoti wacmu (11) npu s = 1.

B ocHose paBencrBa (7) TakiKe JIEXKUT TOXKJIECTBO Dijiepa, HO IPU STOM
HAJI0 PAcCMaTPUBATH AHAJUTHIECKOE IMPOJIOJIKEHUE j13eTa~-DYHKIUH Ha BCIO
KOMIIJIEKCHYIO IUIOCKOCTD (3a MCKJIIOUEHHEM TOYKH § = 1, KOTOpasl sIBJISIETCs
nosirocoM 31ofi dbyHkimu). Puman jo0kaszas, 4ro Bce OTpUIATEbHBIE YETHBIE
qncaa, —2,—4,...,—2m, ..., IBISIOTCA HYJIAME j13eTa~-DYHKIINH, U 3TU HYJIU
MPUHATO HA3BIBATH MPUSUaLbHutMU. OH TaK¥Ke YCTAHOBUII, UITO JPYTUX BEIle-
CTBEHHBIX HyJeHl v 13eTa~-DYHKIMN HET, & OCTATbHBIC, HeMPUSUAALHBIE, HYITH
(o KoTOpbIM U BeJéTcs cymmupoBanue B (7)) Jiexkar B Kpumuseckot moJioce
0 < Re(s) < 1. Dra nosoca J1eKUT BHE MOJIYIUIOCKOCTH CXOANMOCTH psifa (10),
Y9TO BBI3BIBACT TPYAHOCTU B U3YyICHUU HETPUBUAJIBHBIX Hyﬂeﬁ ,ZL3€T&—beHKI_H/II/I.

JlokazaTeabCTBO 3aKOHA PACIIPEIETICHNsT MPOCTBIX THCEN, JaHHoe Amama-
pom u Bagse Ilyccenom, cocTosiyio, o cyTu, B yCuJieHUH pe3yibrara Pumana
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Austan Teropunr u reopus dmcesn 11

o crporux HepasercTB 0 < Re(s) < 1. Puman, oxmako, mpejmosaras, 9to
MMeeT MEeCTO elné 0oJiee CUIIbHOE yTBEPKIEHNE, N3BECTHOE HbIHE KaK

I'unoTeE3A PUMAHA [13]. Bee nempusuaavhovie nyau dzema-@ynryuy se-
olcam ma KpUTHdeckoit npsmoit Re(s) = 1/2.

Ota runore3a 6Obuta onybsimkoBana Pumanom B 1859 romy. B 1900 romy
Hasun ['mipbepT BKIIOYMI €€ B BOCBMYIO nM3 23 BarKHEHINNX HEPEITEHHBIX
MaTEeMaTUIeCKUX IIPOOJIEM, KOTOPbIE YXONAIMUI IE€BATHAINATHIN BEK OCTaB-
JIsUT B HACJIeIMe HACTyMalomeMy mBajnaromy. I'mmoresa Pumana mo cux mop
(2012 rox) ocraércst HEJOKA3AHHOW U HEOIIPOBEPTHYTOM, U SIBJISICTCS OJTHON U3
CceMH Tak Ha3bIBAEMbBIX npobaem moicavesemus |23].

I'unoreza Pumana mmeeT MHOTO BaXKHBIX CJIEICTBUN KaK B CaMOll TEOPUHU
qncesi, Tak U BHe e€. HanpuMmep, u3 runore3nl Pumana ciaemxyer, 9To

m(z) — Li(z) = O(z'/? log(x)) (13)

(n, Haobopor, u3 (13) MOXKHO BBIBECTH CIIPABE/IMBOCTH I'HIIOTE3BI Prmana).

To, uro onenka (9) 6buta nosydeHa CKbIO30M B IPEJIIIOTIOKEHNN CIIPABE]I-
JINBOCTHU T'UIIOTE3bI PI/IMaHa7 CcaMO IIO ce6e HE dBJIdeTCd «I'pexXoM» — B COBpe-
MEHHOl TEOpNN YNCes UMeeTCs] OIPOMHOE KOJIMYECTBO PE3yJIbTATOB, MOJIyYeH-
HBIX TOJIBKO KaK CJIEJICTBUs TUTOTe3bl Pumana. OHAKO B TAHHOM CIydae Ch-
Tyalnus OblIa HECKOJIBKO HHOI — JIEJIO B TOM, YTO UCXO/IHAA TeopeMa JIuTiByia
ObL1a oty deHa 6e3ycyioBHo. Tounee, eé 10Ka3aTENHLCTBO COCTOSIIO U3 JIBYX Ua-
CTeil: B OJIHOM CyIIECTBOBAHUE T, YJOBJIETBOPSIOIIETO (8), yCTAHABINBAJIOCH B
OPEeAITIONIOZKEHN NCTUHHOCTU T'UIIOTE3bI ];:)I/IIVIaHa.7 B ,ZprFOI'?'I — B IIPEIIIOJIO?KEe-
uun e€ jokuocTH. CKbI03 BCKOPE MOJIY I U O€3YCIOBHOE JTOKA3ATEILCTBO, HO
10 KaKOi-To MpUYInHe TOIBKO B 1955 roy BBINILIA U3 ITeYaTH BTOpPAas IacTh €ro
paboThI CO CJIEJYIONIMM PE3YJILTATOM:

TEOPEMA [15]. Ecau 2unomesa Pumana nesepra, mo CYuLecmeyem 4ucio
x, maxoe wmo evinoaneno nepasencmeo (8) u

103
x <1007 (14)

Korma Astan Teiopunr yumics B Kembpumke, TaM OIHUM U3 IPEIOJABa-
Testeii MmaTemaruku (mathematics supervisors) 6pu1 Anpbepr Dasapa Varam
(Albert Edward Ingham). B 1932 ro/y BbIinuio B cBeT epBoe U3 aHue ero cras-
mieit 3areM kiaccuueckoit kuuru (8] «Pacupenesienne npocrbix unces» (KHUra
Obuta niepensgana B 1964 u 1990 rojiax, e€ nepeBoJibl Ha PYCCKUI sI3bIK BN
B 1936 u B 2005 rogax). B sroit kaure MHram jan HOoBoe, GoJiee mpocToe J10-
Ka3aTeJbCTBO TeopeMbl JIUT/IBYIa, COCTOsIIIEe TaKXKe U3 PACCMOTPEHUS JBYX
CJIy9aeB — CIIPABEJIMBOCTH U JIOXKHOCTH IUioTe3bl Pumana.

Toropunr MmuOTO 061IAICS ¢ VlHTaMOM 1 BO BpeMsi 00y JeHUsI, U [TO3THEe 110
nepermcke. Korma Toiopunr coobmuin MHraMmy, 9TO X04eT yYMEHBIIUThL 9UCIO0



“mph” — 2013/2/18 — 20:37 — page 12 — #12

12 IO. B. MaTusacesmya

Taba. 2. Ilposepka ramoresel Pumana 1o A.Teropunra

] Ton [ KosmmaecTBo myireit [ Astop ‘
1903 15 | J. P. Gram
1914 79 | R. J. Backlund
1925 138 | J. I. Hutchinson
1936 1041 | E. C. Titchmarsh

Cxkpio3a, cienyst, Kak u CKbo3, JloKazarenbeTBy JluTiasyma, Maram orseTm,
aT0 0OOJIee MEPCIIEKTUBHBIM JIJIsl 3TOU TIeJIM €My [PEJICTABJISIETCS ero HOBOe JI0-
KazareabeTBO U3 9], u Ha sToM myTn CKBIO3 yrKe YIIydIul CBOIl pe3yJibTar.

B Toit wacTn j10Ka3aTeIBCTBA, B KOTOPOI ITPEJIITOIAraeTCsl CIIPABEIJINBOCTh
runore3bl PuMmana, Jijist MOJIydeHusi XOPoIeil OleHKU TpebOBaIOCh 3HATH HE
TOJIBKO TO, UTO BCE HYJIUW JIEKAT HA KPUTUIECKON MPSAMOil, HO TaKKe W TJe
MMEHHO JIEXKHUT JOCTATOTHO OOJIBIITOE KOJIMIEeCTBO HAYaIbHBIX HyJteil. st mmep-
BbIX 15 HyJiell TOUYHbIe 3HAYEHUs BEIeCTBEHHBIX yacTeil (paBuble 1/2) u npu-
GJII3HTEIbHBIC 3HAYEHHST MHIMBIX dacTeii 6b1tn omy6mkosans: Moprenom ITe-
nepceroM I'pamom (Jorgen Pedersen Gram) B 1903 roay. K Tomy Bpemenn,
korya ThiopuHr Bomén B 31y Temaruky, dasapa Yapianss Turumapim (Edward
Charles Titchmarsh) mosén nposepky rumnoressl Pumana g0 1041 HagaabHOrO
Hyss (M. Tab. 2).

Teopust unces ObLia cepbe3HbIM yBIeYeHreM AjiaHa ThIOpUHTa HAYNHAS OT
CTYJIEHIECKUX JIET ¥ JIO TIOCTEIHUX JTHEH KU3HU, HO, TOXO0XKEe, ITO YBJICUCHUE
HuKOrIa He ObLto riraBHbIM. B 1936 romy Tohropunr omy6uKoBaja OCHOBOIIO-
Jararoniyo pabory [16|, B KoTopoii BBEJ CBOIO 3HAMEHHTYIO MaluHy. B Ha-
U JTHU MarmuHy ThIoprHTa TPAIUITMOHHO OMUCHIBAIOT KaK KOHEYHOE YCTPOii-
CTBO, paboTaoIee KOHEYHOE BPEMsI ¢ KOHEUYHBIM 00bEMOM MHMpOpPMAITUN, HO
UHTEPECHO OTMETUTb, YTO ThIOpUHI paccMaTpuBas (M 9TO HAILIO CBOE OT-
paxkenue B Ha3BaHuu |16]) BBeJEHHBIE UM BBIYUC/IUTE/IbHBIE YCTPOHCTBA KAk
CPEJICTBO 33TaHNsT BENECTBEHHBIX UNCeJ — TaKue MAIUHBI JOKHBI paboTaTh
HEOT'PAHUIEHHO JI0JIT0, BBINUCHIBAas Ha JieHTe BCE OoJibiiiee U OOJIbIEe KOJIU-
YeCTBO JIECSITUIHBIX 3HAKOB 33J1aBaE€MOr0 BEIeCTBEHHOro uncja. He mckiio-
9eHo, 9T0 ThiopuHTa TPUBET K 3TOMY €r0 WHTEPEC K TEOPETUKO-TUCIOBBIM
mpobJTeMaM.

B 1938 roxy Teropunr nammcas cBoro jccepraimio (omybimkosana B [17])
[0 MaTeMaTHYECKON JIOTHKe 1oj pyKoBomcTBoM Agonzo Yépua (Alonzo
Church) B ITpuncrone, CIIA. OjiHaKO BO3BPATUBINUCH B TOM Ke rojiy B EB-
pory, TeropuHr cHOBa cTaj 3aHUMATHCS Ji3eTa~-byHKIMelr Pumana.

Kax 6nut0 ckazaHo BbINIe, s yaydmeHus oreHkn CKbio3a Ha HaW-
MEeHbIIIee T, YJOBJeTBOpsitoniee (8), UMeIOCh JBa IyTH — W HANTH HY/Ib
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13eTa~-(PYHKIUN, JIEXKAIUH BHE KPUTUIECKOW UPSAMOM, WM s BO3MOXKHO
0OJIBIIIEr0 KOJIMIECTBA HAYAJBHBIX HyJIeH 9TOH (DYHKIINNA OIPEIeTUTh UX [T0JI0-
JKeHHe Ha KpUTUIecKoi npsamMoii. OaHaKo fgaske MPOCTO BBHIYNC/IEHNE 3HATCHUS
J13eTa~-PYHKIMN B KAKON-TMO0 TOYKE B KPUTUIECKON I10JI0CE OBLIO HETPUBU-
AJIbHOI 3aj1a4eii.

C Heo0X0MMMOCTBIO BEIYUCINTD 3HAYEHNE N3eTa~-(PYHKITUN BCTPETHUJICS EIIE
Ditnep, B3ABIIUICS 3a peIlleHne TaK Ha3bIBAEMO baseavckotll npobiemvt, KOTO-
pyto nocrasui [Iberpo Menbosu (Pietro Mengoli) B8 1644 rogy — 1uemy pasHO
3HAYEHHE CYMMbI

1 1 1 1

17+27+37+~--+?+...? (15)
Sitsep Bbraucna 6oJiee MOKUHBI JECATUIHBIX 3HAKOB ((2) ¢ TIOMOIIBIO M300-
PETEHHOTO MM OOIIEr0 METO/a, KOTOPBI HbIHE HOCUT HA3BAHUE «CYMMUPOBAHNE
Ditnepa — Makjioperas.

Puman namén apyroit MeTo, cruerududecKuil Ay BBIYUC/IeHU 3HATCHII
nzera-pyHKIuu Pumana. 9ToT MeTo 1 He ObLI UM OITyOJIMKOBAH U TOJIBKO B 20-M
crosierun Kaput JTrogsur 3uress (Carl Ludwig Siegel), pasbupast Heorybinko-
BaHHBIE TPYIHOYNTaEMbIe pyKomnucu Pumana, cMor cienars oTKpbiTHe PuMmana
BCEOOIIIM JIOCTOSIHIEM.

B 1939 romy Teropunr nogan 3assky (cM. puc. 1) ma rpant Koposesckoro
obmectsa (the Royal Society), nurpatorero B Besmkobpuranuu Ty e pojib, 9ITO
aKaJIeMHIH HAyK B JPyIUX cTpaHax. B 9Toil 3asiBke THIOPUHT IPOCHII CPeICcTBa
JIIsT U3TOTOBJIEHUsI «AllllapaTay JJisi BBIUUCICHUS 3HAYEHUN J3eTa-(yHKIUN.
B kagecTBe mpoToTHIia ObLIH B3SITHI MAITHHBI JJIsI PACIETOB BHICOTHI IIPUINBOB.
Taxue MaIUHBI UCIOJIb30BAJIICH HAYNHASI C CepeINHBI 19-T0 BeKa ¥ BILIOTH JI0
nosiBieanss DBM. Ha puc. 2 msobparkeHa cxema OJIHOI U3 TAKUX MAIIUH, a Ha
puc. 3 — dbororpadus peasbHON MAIIHHBL.

BeicoTa npuinBa B JaHHBII MOMEHT B JIAHHOW TOYKE 3aBUCHT OT HECKOJIb-
KUX [MEPUONIECKUX (HaKTOPOB: BPAIIEHUs] 3eMJIU BOKPYT CBOEH OCH, Bpallie-
nug JIyael BoKpyr 3emutn, Bpainenus 3emn BOKpyr CoJiHIIa, MPU 9TOM JIJIst
[TOJIy9IeHUsT JIOCTATOYHON TOYHOCTH HEOOXOJMMO yUIUTHIBATH IKCIEHTPUCUTET
opbut Jlyuer u 3emsun. B mrore BBICOTA TPUINBA OMPEIETISETCS KAaK CyMMa
BHUJIA

Z ar cos(wpt — 0,). (16)
r=1

BHavyeHne mepeMeHHol ¢ — BpeMeHn — 3aJIaéTCs IOBOPOTOM DPYKOSITKU B Jie-
Boil wactu mammubl (cM. puc. 2). Kosdbdunumenrsr wy onpemnessorest coor-
HOIIEHUSIMU JMaMETPOB MONAPHO CHEIUIEHHBIX 3y0UaThiX KOJIEC, PACIIONOKEH-
HBIX B HIDKHEMX pgagax. Ha Kosécax B TOYKAX C HMOJSPHBIMU KOODIMHATAMU
(ay,0,) UMEIOTCS ITHIPbKY, BEPTUKAJbHBIE (JIEKAPTOBBI) KOOPJMHATHI KO-
TOPBIX, OYEBHJHO, PABHSIIOTCs ciaraeMbiM u3 (16). HecsioxHblil MexaHU3M
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King's College,
Cumbridge.
24 March 1939,

“1. It is proposed to muke calculations of the Riemann
zgu-funct:mn on the critical line for 1,450 < ¢ <{6,000 with a
view to discovering whether all the zeros of the function in this
range of ¢ lie on the critical line. An investigation for 0 < ¢t <
1,464 has already been made by Titchmarsh. The most laborious
part of such calculations consists in the evaluation of certain
trigonometrical sums

m 1
o w=[a/q]

In the present calculation it is intended to evaluate these sums
approximately in most cases by the use of apparatus somewhat
gimilar to what is used for tide prediction. When this method
does not give sufficient accuracy it will be necessary to revert
to the straightforward calculation of the trigonometric sums, but
this should be only very rarcly necessary. I am hoping that
the use of the tide-predicting machine will reduce the amount
of such calculation necessary in & ratio of 50: 1 or better. It
will not be feasible to use already existing tide predictors because
the frequencies occurring in the tide problem are entirely different
from those occurring in the zeta-function problem. { shall be
working in collaboration with D. C. MacPhail, a research student
who is an engineer. We propose to do most of the machine-shop
work ourselves, and are therefore applying only for the cost of
materials, and some preliminary computation,

“9. Cost of materials for making tide predictor, estimated ut
£25, and not exceeding £35. Cost of preliminary computation,
estimated at £3 10s,, and not exceeding £5. Some further
computation may be necessary after the work with the tide
predictor, but the amount of this cannot be accurately estimated
at this stage, and might be negligible. No application is being
made on this account at present.

*“ 4, Fellow of King's College, Cambridge.

“5. Apparatus would be of little permanent value. Tt could
be added to for the purpose of carrying out similar caleulations
for a wider range of ¢, and might be used for some other investi-
gations connected with the zeta-function. I cannot think of any
applications that would not be connected with the zeta-function.

‘6. At Cambridge University, principally in the Engineering
Laboratories. Professor 1lurdy and Professor Titchmarsh are,
I believe, willing to support this application.”

Puc. 1. BasiBka Ha rpaT

http://www.turing.org.uk/sources/zetamachine.html
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Puc. 2. Tperbst MalmuHa, JIjisl IPeJCKa3aHUs IPHIIBOB capa Yuibsma TomcoHa,
sopaa Kenppuna (William Thomson, Lord Kelvin), 1879-81

http://en.wikipedia.org/wiki/Tide-predicting_machine
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Puc. 3. Mamuna Jij1st IpeacKa3aHusl TPUIHBOB

http://tidesandcurrents.noaa.gov/predma3.html
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IIO3BOJIAET UTHOPUPOBATH T'OPU3OHTAJIBHBIC IIE€peMelICHNA IMTHIPHEKOB, a BEp-
TUKaJIbHBIE HpeO6pa30BbIBaTb B CTPOTI'0O BepTUKaJIbHBIC II€epeMeIICHU A I'VIaJIKUX
(6e3 3yOBeB) KOJIEC, PACHOIOKEHHBIX HAT ecTepéHKaMu. Jljist cyMMupoBaHust
CJIy?KAT HUTH, OrUbOAIoNas Bce TVIaJIKne Kojeca. IIpaBblit KOHel HUTH »KECTKO
3aKPEIIEH, a Ha JIEBOM BHUCHUT IIEPEMEIAOIIUICS TPY3, MOJIOXKEHNE KOTOPOTO
onpeiesisiercst cyMMoit (16) 1 TeM caMbIM IPEJICKa3bIBACT BLICOTY MPUIHBA.

Taxum 00pa3oM, wiaess KOHCTPYKITUU <«allllapaTa Jijisd BBIYACIEHHUS J13€Ta-
dbyHKIMU> He ObLIa HOBOI, HO OPUTMHAJBLHBIM OBLIO MPUMEHEHUE TOI00HOTO
YCTPOMCTBA HE JJIsT MPAKTUIECKON IeJIM — BBIYUC/ICHUS IIPUJINBOB, & IJIsI Cy-
ry6o Teoperndeckux neseit. B apxuse Triopunra [24] coxpaHuimes «CuHbKU»,
IIOKa3bIBaIOIIe, ITO KOHCprKHI/IH «allllapaTa» He 6bI.Ha, CJICTIbIM ITOApazKaHU-
eM MallliHe JJIsi Pacdéra IPUIHBOB.

Trropusr mostyans rpadtT (3amporierHble 40 HyHTOB CTEPIMHIOB) U MIPH-
crynua K pabore. Emy momorast crynent umkenepHoro dgakysibrera JoHa b1
Makdeiin (Donald C. MacPhail). ViausurenbHo, 4T0 OHU B3sUIMCH CIEJATH
9TOT JOCTATOYHO CJIOKHBIA MexaHu3M BaBoéMm. [list TpebyemMoro mHTEpBaJIa
1450 < t < 6000 (cm. puc. 1) snauenne m B (16) pasuo 30, TO eCTb OAHUX
3y0UYATBIX KOJIEC TPEOOBAJIOCH UBrOTOBUTH Oosiee 60 MTYK.

Trropunry TpeboBasnch B KadecTBe wy B (16) sorapudmbl Heabix quced,
TO €CTh YUNCJIa UpPPAIUOHAJIbHBIE, I OH UCIIOJIb30BAJ IEIHbIE APOON IJIsT IpH-
OJIMKEHUsI 3TUX JIOrapupMOB paIllMOHAJILHBIMY YNCJIaMK, YACJIUTEIN U 3HAME-
HaTeJIM KOTOPBIX 3a/JaBaJii Obl KOJIUYIECTBO 3yObeB Ha ImecTepénkax. Hekoro-
pOe KOJIMIEeCTBO 9TUX IMIECTEPEHOK OBLIO N3rOTOBJIEHO, HO HadaBIIasica Bropast
MUPOBas BOiHA IIpepBaJia paboTy, u padoTa HaJ «almnapaToM» [bLIOPUHTA JIJIs
BBIYUC/IEHUs J3eTa-OyHKINA HUKOIIa He Oblila 3aBepllleHa.

[TousiTHO, ¥TO 3aMeHa JTOTapudMOB HATYPAIbHBIX THCE] HA X PAINOHAb-
HbIE HpI/I6JII/I}KeHI/IH npuBo/injia K ,ILOHO.HHI/ITQ.HI)HOﬁ IIOIrpenrHOCTU B BBIYHCIJIE-
HUU 3HAYEHUsT J13eTa-DYHKINK (IIOMUMO OMUOKH, CBSI3aHHOI C UCIIOJIB30BAHM-
eM KOHEYHOH CyMMBbI BMECTO GECKOHEUHOiT), M B 3asBKe Ha IpaHT TbropmHT
yKaSa.H, YTO B HEKOTOPBIX C.quaHX HOTpe6yeTCﬂ JOIIOJIHUTD C“IéT Ha «allllapa-
Te» TPAIUIIMOHHBIM BBIYUCIEHIEM. DTOMY ObLIa IIOCBdIIeHa paboTa ThiopuHra
[18], momannas B meuars B TOM 2Ke Mae 1939 rosa, 9To u 3asBKa Ha TPAHT s
MEXAHNYECKOI'O BbIUYUCJIEHN A ;LSGTa—(byHKL[I/H/I.

Texuuka u3 [18| crasa HOBBIM MHCTPYMEHTOM JJIsl BBIYUCIICHUS J13eTa~-(DyHK-
MK, HO BIOC/IeACTBAM dTa pabora Twhopuira OblLia mpes3oiigena. B gacTHO-
cru, 1o caenann Duapo Muxaens Omibizko (Andrew Michael Odlyzko) u
Apnosny IIénxare (Arnold Schonhage), koropbie TpeIOKUI METOJ, OCO-
6erno adekTuBHBI, Korya a0 HaiTh 3Hadenue ((s) He JUIs OJTHOTO, a JJist
MHOI'MX OJIM3KUX 3HAYEeHWH aprymeHTa. Bor 4uro onu Hanwmcaau B [12].

Only one other method, besides the Euler — Maclaurin and
Riemann — Siegel ones, seems to have been proposed for computing
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¢(s) to moderate accuracy at large heights, namely the one due
to Turing. It was designed to provide higher accuracy than was
guaranteed by the crude bounds on the remainder term in the
Riemann — Siegel formula that were available at that time, and at
the same time be more efficient than the Euler — Maclaurin formula.
However, very good estimates for remainder terms in the Riemann
— Siegel formula are now available, which seem to make Turing’s
method unnecessary.!

3sech 1o «MeTo/oM ThIOpUHTA» aBTOPBI UMEIOT B BUJY MPEJJIOKEHHBIH
UM cocob BLIYUC/IEHHs 3HaUeHuil n3era-pyukiun Pumana. To, 9ro B Teopun
qnces TPAIUINOHHO HA3BIBAETCS «METOJOM ThIOPHHIa» — 9TO CPEACTBO JJIsI
[IPOBEPKHU TOTO, UTO BCE HYJIH J3eTa-(DYHKIUU C MHUMBIMU YaCTsIMU B 3aJaH-
HOM MHTEPBAJIE yJIOBJETBOPSIOT runorese PuMana.

Dror Meron 6buT BBeNEH Asanom Twropunrom B pabore [19], omyGinko-
BanHoit B 1953 rojy. Bor kak onenun eé Duupio Bykep (Andrew R. Booker)
B [3]:

Reading Turing’s paper on the subject, which was one of his last,
one marvels at what he accomplished with the limited computational
resources of the day. His method was truly ahead of its time.?)

ITo dopme crarbst [19] BBIISIAUT KaK OTIET 06 OJHOM KOHKDETHOM BbI-
qucyiennn, nposeaénnoM Tropunrom B 1950 roay ma 9BM «Mark 1» B Man-
JeCTePCKOM YHUBepcuTeTe, HO BO Beejerun ThIOpUHT HaAIUCAJ IPOPOIECKUE
CJIOBa, O 3HAYMMOCTH BBOJIUMOI'O UM METOJA:

This paper is divided into two parts. The first part is devoted
to the analysis connected with the problem. All results obtained in
this part are likely to be applicable to any further calculations to
the same end, whether carried on the Manchester Computer or by
any other means.?)

DIloxoxKe, 9TO TOIBKO OMMH METOJ, TOMUMO METOJ0B Ditmepa — Makiiopena u Pumana —
Buress, 6T IPEJIOKeH sl BbIYUCAeHUs ((S) ¢ yMEPEHHOH TOYHOCTHIO JJIsl GOJIBIINX BbI-
COT, & UMEHHO, MeTOJI, mpuHaexkaruii Triopunary. OH ObLT IpeJHA3HAYEH 1aBATH OOJIBIITYIO
TOYHOCTDB, YEM Ta, KOTOPYIO TapaHTHPOBAJIN IPyOble OLIEHKU OCTATOYHOIO 1ieHa B hopMyJie
Pumana — 3uresisi, nmeBImecst B To BpeMsi, U B TO Ke BpeMsi ObITH 6osiee 9 HEKTUBHBIM, YeM
dopmyia Ditnepa — Makiopena. Tenepsb, oHaKO, IMEIOTCsI OY€Hb XOPOIIIHE OIIEHKN OCTATOY-
HOro wieHa B (popmysie Pumana — 3uresisi, KoTopble Jes1atoT MeTo] ThbIOPUHTa W3JIMIITHUM.

DYpras pabory THIOPHHIa [0 ITOMY IPEAMETY, KOTOPas GbUIA OHOA U3 €ro MOCICIHNX,
[IOParKAEIbCsl TOMY, YTO OH COBEPIIUJI C OTPAHUYEHHBIMU BLIYUCJIUTELHBIMEA PECYPCAME TEX
nHeit. Ero meron moucruHe onepeans CBOE BpeMsl.

3)Dra craTba cocrouT W3 ABYX dacreil. IlepBas HOCBSIICHA AHAIN3Y PACCMATPUBACMOIL
npobsiembl. Bee pe3ysibrarhi, MOydYeHHBIE B 9TON YaCTH, BEPOSTHO, OyIyT MPUMEHUMBI KO
BCEM IIOCJIEJYIOIIAM BBIMUCJIEHUSAM, IIPOBOJIMMBIM C TOM K€ IeJIbI0, HE3aBUCUMO OT TOTO,
Oy/IyT JIM OHU OHU BBITIOJTHATHCS Ha MaHuecTepckom KoMmbroTepe witn IpyruMu CpeICTBAMMT.
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NuTrepecno orMeruTh, YT0 THIOPUHT HE BEPUJ B CIIPABEITUBOCTD THIIOTE3BI
Pumana:

The calculations were done in an optimistic hope that a zero
would be found off the critical line, and the calculations were directed
more towards finding such zeros than proving that none existed.?

[Ipu sToMm ThiopuHT HaJlesticd HAWTU HYJIb S = 0 + it = 0 + 27iT, onpoBep-
rafoiuil ruroredy Pumana, yke 1npu cpaBHUTEIBHO MaJIoil BesmduHe t:

The principal investigation concerned the range 632 < 7 < 642
... The result of this investigation, so far as it can be relied on, was
that ... all zeros of ((s) in the region 2763? < t < 27642 are simple
zeros on the critical line.”)

[TousTHO, YTO Ha/IMYME HYJ BHE KPUTHUYECKOU MPSIMOl MOXKHO yCTaHO-
BUTb, BEIYUC/IUB STOT HYJIb C TOYHOCTDHIO, JJOCTATOYHOM’ JIJIsi BBIBOJA O TOM, UTO

1
€ro BeIlleCTBEHHasd YaCTb HE paBHa 5 , HO KaKUM o6pa30M OpoBe/isd KOHETIHOEe

BBIYUCJIEHNE C OTPAHUIEHHONW TOYHOCTHIO MOXKHO 3aK/IIOUATH, UTO PacCMaT-
pUBaeMble HYJIU JIe’KaT POBHO Ha KPUTHYECKO# mpsiMmoii? ThopuHT mpugaBa
MaTeMaTUIeCKON CTPOroCTU GOJIBITIOE 3HAYEHUE:
There is no reason in principle why computation should not be
carried through with the rigour usual in mathematical analysis.®)

The procedure was such that if it had been accurately followed,
and if the machine made no errors in the period, then one could be
sure that there were no zeros off the critical line in the interval in
question.7)

Even with the automatic computer this rigour can be rather
tiresome to achieve, but in connexion with such a subject as the
analytical theory of numbers, where rigour is the essence, it seems
worth while.®)

) Boruyciienust GbLIM POBE/IEHBI B ONTHMUCTHUECKOH HAJIEYK/Ie HATH HOIb BHE KPUTHYE-
CKOHM HPSIMOIl U BBIUUCJICHUsI OBLIM HAIIPABJIEHBI CKODee Ha HAXOXKJEHHEe TAKUX HyJIei, uem
Ha JIOKa3aTeJIbCTBO UX OTCYTCTBHSI.

®)OcroBHOE HCCIEIOBAHEE OTHOCHIOCH K ofnactu 632 < 7 < 642 ... Pesynbrar sroro
HCCJIe/IOBAHNS, HACKOJIBKO MOYKHO HA HETO II0JIaraThbCs, COCTOUT B TOM, UTO ... BCe HYJIH
¢(s) B obmactu 2763% < t < 27m64% 7exkaT HA KPUTHHUECKO# TTPSMOIf.

S Her npuumHbI, M0 KOTOPOii HEMb3sI GBLIO Gbl BHIIOJHATH BBIYHCIEHHE CO CTPOrOCTHIO,
OOBIYHOIN B MATEMATHIECKOM AHAJIM3E.

Ipouesypa Gblia TAKOBA, UTO €CIIH CJIEI0BATH €l AKKYPATHO, W €CJIH MAIlMHA He Clejla-
€T B 9TO BPeMs OIIMOKH, TO MOXKHO OBITh yBEPEHHBIM, UTO B IIPEJEIaX PACCMATPUBAEMOTO
AHTEepBaJIa HEeT HyJed BHE KPUTUYECKON IIPAMOIL.

8) [Tazke ¢ aBTOMATHYECKUM KOMIIBIOTEPOM JOCTHYKEHIE TAKOH CTPOLOCTH SIBJISETCS BECh-
Ma YTOMUTEJIbHBIM, HO B CBA3HW C TaKUM IIPEIMETOM, KaK aHAJIUTUUYECKas TEeOPHs UnCes,
JIJIsT KOTOPOW CTPOTOCTD SBJISIETCSl KBUHTICCEHIMEN, 9TO IIPEICTABIISIETCS 3aC/IyKIUBAIOIM
YCUInA.
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Puc. 4. IloyymiockocTs CXOAUMOCTH, KPUTHIECKHE II0JI0CA, U MpsMasi, KOHTY]D
HHTEIrPUPOBAHUS

3Jiecb UHTEPECHO OOpATUTH BHUMAHUE HA CJIOBOCOYETAHHME <«ABTOMATHYE-
CKUII KOMIIBIOTEP» — IyThb paHee THIOPUHI HAIIKCAJ CJIEIYIOIIee.

The computer will probably have his own ideas as to how certain
steps should be done. When certain steps may be omitted without
serious loss of accuracy he will wish to do s0.?

[TonsITHO, YTO TOJI POCTO «KOMIILIOTEPOM» TBHIODHHI' MMeeT B BUJLYy HeJIOBe-
Ka-BBITHCINTEIS.

IIpenmecrsennnknu ThiopuHIra B BbIYUC/IEHHH HyJell j3era-dynkiun Pu-
MaHa, IPOBOJISI CBOM BBIMUC/ICHUS BPYUHYIO, TAKYKE ITOIYIAIA MATEMATHIECKH
CTPOroe JI0Ka3aTeJbCTBO TOI0, YTO HallJleHHble MU HYJIN YIOBJIETBOPSIIOT I'U-
nore3e Pumana. ['pam ucmonb3oBag st 3Toro meopemy Pywe, a mociemyio-
e ucciejioBaresit — meopemy Kow.

9>KOMHL}OTep, BEPOSITHO, Oy/IeT MMeThb CBOM COOCTBEHHBIE UJEW IO TOBOJY TOTO, KAKUM
00pa3oM CliefyeT BBIMOJIHATL ONpees€HHble maru. Korjga HeKOTOpbIe IIard MOTYT OBITh
OMyIIEeHbI 63 CepPhE3HOM MOTEPU TOYHOCTHU, OH MOXKEIAET ITO CAEATh.
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[Tycts N(T') obo3nataeT KOIMIECTBO HYJIEH J3eTa-QyHKINN, JTEKAIMX B
IPSIMOYTOJILHUKE

0 <Re(s) <1, 1 <Im(s) < T. (17)

B npeamosioxkenun, 9To Ha €ro IrpaHuIle HET HyJel a3eTa-QyHKIUH, TEOPEMa
Ko rosoput, uTo

N(T) = 217“% CC((S"‘)) ds, (18)

rJle KOHTYDHBINH uHTerpaj Gepércst 1o rpanuie npsimoyrosbauka (17). Tlo-
ckoJIbKY 110 onpejenenuto N (T) — qucio 1esoe, Jjisi €ro HAXOXKIEHUsT JJOCTa-
TOYHO BBIYUCJIUTH PaBYIO YacThb (18) ¢ omubKoil, He MPeBOCXOIAIIEl, CKAZKeM,
1/3, a 3arem mpoBecTH OKpyTJIeHHE JI0 OJizKaiiriero esoro dncia. Takoe Bbl-
YUCJIEHHE M CTPOrYIO OIEHKY €ro IOTPEIIHOCTH MOXKHO CJIeJIaTh CPEeICTBAMU
YHUCJICHHOTO aHAJIN3A.

Teopema Komu — 310 06IIee CBOHCTBO BCeX aHATUTUIECCKUX (DYHKINHIA.
B namem xoHKpeTHOM Ciiydae 13eTa~-QyHKIME €CTh eIé OqHa CHerunduIecKast
TEXHUKA, JIJIS TIOJCYETa KOJUIECTBA HYJIEH.

Paccmorpum dynkimio

Z(t) = *0¢(E +it), (19)

rie
0(t) = ImIn <r(2t + i)) ~ Ln(). (20)

DKCIOHEHIMAIbHbI MHOXKUTesb B (19) Hysteil, oueBuano, He umeer. Korya
1 .

t IpUHUMAET BEIIeCTBEHHbIE 3HAYECHUS, apryMEHT 3 + it y mzera~-pyHKIUN B

(19) npuHMMaeT 3HAYCHUST Ha KPUTUIECKON IPsIMOii, a 3Havenus dbyHiun Z (t)

OKa3bIBAIOTCS BEIECTBEHHBIMU.

[Tpencrasum renepn, uro Mbl Hamwtn N(T') + 1 Bemecrsennoe uucio fo,
-+ fn(r) (6empie Toukn ma ocu abermce Ha puc. 5) Takoe, UTO

I<fo<-<fo<frpr<--<fnm <T (21)

u
Z(fk-1)Z(fx) <0 (22)
upu k = 1,..., N(T). OueBujno, uro B TakoMm ciydae dbyHkuust Z(t) umeer,

1o KpaiiHeil Mepe, OIUH HyJIb B KaXKJIOM U3 OTKPBITBIX uHTEpBaIoB (fo, f1),
oy (fN()=15 fN (1)) 1, cienoBatennio, dynknua Z(t), a, sHaAT, 1 GyHKIIS

¢ (% + it), nmetor no kpaitaeit mepe N(T') nysneit npn 1 < ¢t < T ITockosbky

N(T) — xonudecTBO Hyseifl BO BCEM IPSIMOYIOJIbHUKE, TO HUKAKUX JIPYIHX
HyJeit 13eTa-QyHKIINNA B HEM OBITH HE MOKET.
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Puc. 5. @yukums Z(t)

OTmernm, 9TO JIjIs IPOBEPKHU HEPABEHCTB (22) HaM He TPeOyeTcsi BBIYHC-
JATH TOYHbIC 3HadeHust yHKIuu Z(t), MbI MOXKEM JIEJIATh 9TO C HEKOTOPOit
[TOTPEITHOCTBIO U OIEHUBATH €€. Kcjiu oleHKa MOrpernrHoCTH OKaXKeTcst 1o ab-
COJIFOTHOI BeJIMYUHE MEHBIIE BBIYUCICHHOIO MPUOJINKEHHOrO 3HaueHus Z (t),
TO MBI Oy/IeM JIOCTOBEPHO 3HATH 3HAK UCTHHHOIO 3HaveHus Z (t).

[Ipu mpakTudyecKoil peajM3alii TOrO IJIAHA BO3HUKAET BOIPOC — KakK
nafitu wucna fo,..., fy(r) ¢ Tpebyembivu cBojicrsamu? Koneuno, MOKHO Bbl-
qucsisiTh 3uadenne Z (1+kh) upu k =1,...,(T—1)/h u Bce yMeHbIIAIOIUMUCST
sHavyeHus h u xkjarhb nosisjaenus N(T') mepeMen 3HaKa, HO 9TO OYEHb TPYJIO-
EéMKWUIT ITpoItecc.

I'pam ykasan sspuctuyecknit Meros Beibopa snavenuii fo, ..., fy(r). On
pPaccMOTpesl MHUMYO 9aCTh 9KCIIOHEHIMAIBHOIO COMHOKUTEA B (19)
Im(e®) = sin(0(2)). (23)

Oynknust 0(t) MeeT aCHMITOTHYIECKOE PA3JIOKEHNE

0(t) =+ (m (i) - 1) t— 400, (24)

2

13 KOTOPOro BUJIHO, 4TO O(t) pacTér modTu Kak JuHeliHast (DYHKIUS C JIora-
pudMUYeCKN MeJJIEHHO YBeTnIuBatomumcs koaddunuentom upu t. Coorser-
crBenHo, rpaduk dbyuknuu sin(f(t)) BHINVISIUT KaK CUHYCOUJIA C BO3PACTAIO-
mieit vacroroii (cMm. puc. 6).

U3 puc. 7, ma KoropoMm m3obpazkens! dynknun Z(t) u sin(f(t)), Bugno, 4ro
OHU BedyT cebsi MOJO0HO CHHYCY U KOCUHYCY — HYJIN KaKJIOH u3 3TuX (PyHK-
Uil COOTBETCTBYIOT 3KCTpeMyMaMm JApyroil. ITosoxkuresbubie Hyu ByHKIUIA
sin(6(t)) momyunan HazBanue movex I'pama, MO TPATUINN UX 0003HATAIOT Gy,
1 HyMepyIOT TakK, 9TO

0(gm) = mm, (25)
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Puc. 6. @ynkumu 6(t) u sin(6(t))
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Puc. 7. @ynkuun Z(t) u sin(0(t))

TO €CTb LEPBbIH Hyab uMeeT upjekc —1. I'paM, BbIYMCINB HadaIbHbIE HYJIH
n3eTa~-PYHKIUN, OOHAPYKUJI, YTO OHU UEPEAYIOTCI C UUCIAMU Gy, U IIPU STOM

(=1)"Z(gm) > 0. (26)

Hoxon Vpeun Xaramucon (John Irwin Hutchinson) nassasn mepaBeHcTBO
(26) saxonom I'pama, u, 110 UpOHUU CyIbOBI, BBIYUC/IUB Hada bHbIe 138 Hyeil,
OH >Ke OOHAPY2KWJI [I€PBbIE UCKIIOUEHUS U3 ITOTO «3aKOHA»

Z(g133)= —0.7763. .. ,
Z(g134) = —0.0169... s
Z(g135)= —3.4698 . .. .
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Ceiiuac MBI 3HaeM, 9TO «3aKkoH ['pamay HapyImaeTcs OECKOHETHO 9acTo, U
MOKEM DPa3/IUyuaTh Topowue mowky I'pama, yIOBIETBODPSIONIME HEPABEHCTBY
(26), u naozue, emy HeyaoBIeTBopsiomue. Takum 06pa3oM, npu GOJIBIION Be-
mraure T MbI He MOXKeM GpaTh Toukn ['paMa HEMOCPECTBEHHO HA POJIh THUCE]T
fos-- s fvery B (21) 1 (22). Mbr MoxeM, OJJHAKO, HOTIBITATHCS HEMHOTO C/IBH-
HYTD TIJIOXHE TOYKH, TO €CTh HafiTn Takue (Magenbkue) wucia ho, ..., hyer),
I KOTOPBIX HepaBeHcTBa (21) u (22) BblnosHsoTCs Ipu BhIGOpE fi, = g+ hy.

B urore Mbl IPUXOUM K CJIEJLYIONEMY KJIACCHIECKOMY MeTOoiy (HCII0JIb30-
BAHHOMY IIPe/IIeCTBeHHUKAMU THIOPUHIA) JIJIsl IIPOBEPKH TOTO, YTO BCE HYJIU
n3era-byHKIE PuMana, UMerome MEUMYIO 9aCTh, HE IIPEBOCXO/ISILYI0 HEKO-
Toporo uucia T, jJexkaT Ha KPUTHIECKON MPSAMOIi.

1. BerauemuTh ¢ norpemHocTbio e 6osee 1/3 naTerpas

1 /
N(T) = L ¢ ) g,
2mi ¢(s)
OKDPYIVIUTDH IIOJIy9YE€HHOE 3HaYCHHE IO 6JII/I}Ka,IU/IIHeI‘O oeJIoro 4duciia, Ha,IU/I,ZLH

teM cambiM N (T') — Koam<ecTBO HyJleit B nmpsmMoyrosbauke (17).
2. Haitru N (T') + 1 amcen h_1, ho, ..., hy(ry—1 Takux, aTo

I1<gatha<...<gm+thn<...<gnm-1+hno-1 <T,

u posepuTh, uro npu k =0,...,N(T) — 1
Z(gk—1 + hig—1)Z(gr + hi) <O.

Eciin Ham ynacrest 910 ¢learh, TO MBI JJOKAXKEM, 9TO BCe HYJIH (DYHKIUU
¢(s) B upsimoyrosabrauke (17) jiezkar POBHO HA KPUTHYECKON MIPSIMOI.

Yro ke, KpoMe BO3MOXKHOI OIMMOOTHOCTU TUIIOTE3hI PuMaHa, MOXKeT I10-
MeIlaTb HaM B OCYIIECTBJIEHUN 3TOI'O HﬂaHa? KOJII/IquTBO Hyﬂeﬁ MO2KHO ITOJ-
CUUTBIBATH JIByMsI CIIOCODAMHU — € yIETOM KPATHOCTHU U 6€3 yuéTa KPATHOCTH.
Wurerpan Komm (18) y4uurbiBaeT KpaTHOCTH, HO KOIJIa MBI OIIEHHBAEM KO-
JITYECTBO HYyJIeil uepe3 KOJIMYECTBO IepeMeH 3HAKOB, KarK/IbIil Hy/JIb HEUYETHOI
KPATHOCTU CUUTAETCs 3a OJIMH HYJIb, & HYJU Y6THBIX KPATHOCTEH BOOOIE He
MOI'yT OBITH OOHApYKEHBI IO IepeMeHe 3Haka (yHkunu. Ilo sTomy moBomy
ThIOpUHT HaMCAJ:

We know no way of dealing with multiple zeros, and simply hope
that none are present.lo)

Hanexna Triopunra 1o cux mop onpas/bBajach — KpaTHBIE HYJIH J13eTa-PyHK-
mnn Pumana moka mHe oOHAPYZKEHBI.

10)Mp1 He 3HAEM HHKAKOTO crocoba /st paboThI C KPATHBIMU HYJISIMHA U IIPOCTO HAJIEEMCH,
9TO UX HET.
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VcosepirercTBoBaHne, KOTOpoe ThIOPUHT BHEC B OIMUCAHHBIN BBIIIE METOT,
IPOBEPKHU TUNOTe3bl PUMaHa, OTHOCUTCS K IepBOit yacTu — Bhlaucaenuto N (t).
Meroa Thiopunra ocHOBaH Ha OJHOI TeopeMe, onyOmKoBanHoi JInTasyaom B
1914 romy. Ona npomssoaut cpasuenue N (T') ¢ xKommdecTBoMm To4ek ['pama,
He IpeBocxoadamux 1, KOTOpoe JIETKO OIpeneanThb. JleficTBUTe/IbHO, HEpaBeH-
CTBO ¢y < T B cuJly MOHOTOHHOCTH (DYHKIUU 6 SKBUBAJEHTHO HEPABEHCTBY
0(gm) < 6(T) u, cornacuo (25), nepasercrsy mm < 6(T'), To ecTb mMeeTcs
|0(T) /7] + 2 rouku I'pama, He npesocxojsmue T’ (ciaaraeMoe 2 BBI3BAHO HY-
Mepaileil Touek Hauntas ¢ —1). Onpegenus dyukuuio S(7T') yepe3 paBeHCTBO

0(T)

™

N(T) +1+ 8(T), (27)

MBI MOXKEM OXKHUJIATH, YTO OHA OyIeT MPUHUMATEL HE CJUIIKOM OOJIBIITIE 3HAYTE-
nud. Teopema, nokazannas JIUTABYIOM, YyTBEPXKIAET, ITO ITO BEPHO B CPETHEM.

TEOPEMA [10].

/ " st dt = o(n(T)). (28)
0

Cam JluTiBys He ykazas, Kak 3Ta TeOpeMa MOXKeT ObITh HCIIOJIH30BaHA
nyist Beraucsierust N (T). He yBugen sroro u Turamapi, nposepusiiuii B 1936
rony runorely Pumana s nepsbix 1041 myneit, u Tosbko ThiopuHr HAIIENT
IpuMeHeHre pe3yabTara JInTiaByaa JAJ1s1 YIPOIIEeHNsT BEIIUCIEHUIH.

Teopema JIutiaByma chopMyupoBaHa ¢ UCIHOJIb30BaHHeM cuMBoJia O U 110
9TOI nmpuYmHe OHa caMa 10 cebe Hecrosie3Ha Jijisi KaKuX-inbo (PakTUIeCKuX
BBIMUCJIEHUH, OO HE yTBEPK/IaeT HUYEro HU IIPO OJTHO KOHKPeTHOe 3Hadenue 1 .
B cBsasu ¢ stum Toiopunr numer:

In analysis it is customary to use the notation O{f(x)} to indi-
cate ‘some function whose ratio to f(x) is bounded’. In the theory
of a computation one needs a similar notation, but one is interested
in the value of the bound concerned. We therefore use the notation
©(a) to indicate ‘some number not greater in modulus than o’
The symbol © has been chosen partly because of a typographical
similarity to O, partly because of the relation with the use 9 to
indicate ‘a number less than 17.11)

) B apasmse IPUHATO HCIIOIBL30BATH 3AICH O{f(z)} nus o6o3HaueHNsT «<HEKOTOPOH (DYHK-
UM, OTHOIIEHWE KOTOPOii K f(x) orpannvenno». B Teopun BeIImMCIeHN HEOOXOMUMO TTOI00-
Hoe 0oGO3HAUYEHWE, HO IIPU ITOM HMHTEPEeC IPEeJICTaBJIsieT 3HadeHue Takoi rpanunsl. Coor-
BETCTBEHHO, MBI OyJIeM HCIIOJIb30BATh 3anuch O () /s 0603HAYEHNS «HEKOTOPOrO IHCIIA,
HEe MPEBOCXOJSAIIEr0 MO MOMYJII0 Yucaa a». CuMmBos © BBIOpaH OTYACTH W3-3a THUHOrpad-
ckoit cxoxkectu ¢ O, 0TYACTH U3-32 UCIIOJIb30BaHus ¥ it 0003HAYEHNS «HEKOTOPOro JYHUCJIa,
MEHBIIIero 1y.
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Ucnonb3ys BBeménnoe obosuaderne, ThbIOpUHT yTOIHUI Teopemy JIuTiaBy-
Ja, JoKazas, uTo ecau 168w < T < Th, TO
Ty 5
- S(t)dt = ©(2.30 4 0.1281n (52)) . (29)
HokazarenbcTBo 3aHnMaeT B [19] nsaTh cTpaHul] TpaJIMIMOHHBIX TEOPETUKO-IUC-
JIOBBIX OII€HOK.

Janbreiimmit xon Mmbiciieil ThIOprHTa MOXKHO OMMcaTh TaK. Hara KoneaHast
1IeJIb — YCTAHOBUTH IOJIO2KEeHME HyJIell n3eTa-pyuknmn Pumana ¢ MHUMBIMUI Ya-
CTSIMU, HE IPEBOCXOJISIIUMU 110 aDCOJIIOTHON BeJIMYMHE HEKOTOPOro 4ucia 1.
BwmecTo 3T0Oro Mbl MOXKeM HOIBITATLCS [IPOJIESIATh ITO JJIsi HEKOTOpOoro 1p, Ko-
Topoe GouibIiie T’ OCKOJIbKY MOXKeT oKa3arbcs, 4To Beraucantb N (Tp) jerde,
geM Boraucuth N(T'). U jeficTBuTe/bHO, 0KA3a/10Ch, YTO 9TOIO MOXKHO JIO-
CTHYb, €CJM BMECTO TOro, 4rTo0bl BeraucasTsh S(1p), ncxons us suadenus 1y,
[IOCTYIIUTH HA00OPOT — MOTPebOoBaTH, ITOOLI

S(Th) =0, (30)

U UCKaTh TaKoe 3Hadenue 1g.

U3 (30) u (27) caeayer, aro 3uadenue 0(7Tp) KpaTHO T U HO OLPEIETCHUIO
Ty Mo/KHO OBITH HEKOTOPOI Toukoit I'pama ¢g,,. Haobopor, ecitu Ty = g, TO
0(Ty) Taxxke KparHO T U corsacHo (27) S(Tp) — uucso nenoe. 1o O3HAYAET,
9TO JIUIs yeTaHOBJIeHNsT paBeHcTBa (30) J0CTATOUHO I0KA3aTh, UTO BBIIIOIHEHDI
HEPABEHCTBA

—1< 8(Ty) < 1. (31)

Bosee Toro, HeTpy/HO NPOBEPUTH, YTO €CJIU B KadecTBe 1( Mbl BO3bMEM He
IPOU3BOJILHYIO, & XOpolyio Touky ['pama, To S(Tp) obsizaresnbHo Oyer 4éT-
HBIM 9HCJIOM, U BMECTO HepaBeHCTB (31) mocTaToqHO HOIydInuTh Gojiee caabbre
HepaBeHCTBa

—2 < 8(Ty) < 2. (32)

Urak, myctsb g, — xoporias Touka ['pama. Heckoabko moceayionumx To-
YeK MOTYT OKAa3aThCs IJIOXUMU, U HaM MOTpedyeTcs HANTU CABUTH Hppt1, ...,
Rptk—1 TaKue, 9TO

(=)™ Z(gma1 + hn1) > 0,

. (33)
()™ 1 Z(gmsk—1 + Pmar—1) > O.

Pano win nos3nHo (a 06BIYHO BeChbMa CKOPO) Mbl HaiiJIEM CJIEIYIONLYIO XO-
pomryto Touky ['paMa gp,yx, st koropoit (—1)™ ¥ Z (g, 1) > 0. Ucnomnsys
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cBoto Bepcuio (29) Teopembl JIutiysa, Thiopunr jgokasal, 9To

230+ 0.128In (224 L5kt

S(gm) <1+ 2n (34)
I9m+k — 9m
AHAaJOrIIHO MOXKHO IOJIyYUTh JIBOACTBEHHYIO OIEHKY CHU3Y:
2.30+0.1281n (Z2) — Sk =lp,
S(gm) = —1 — (2”) ! . (35)

gm — Gm—k
Eciu B (34) u (35) ciaraemble 1oj 3HAKAMEU CyMM JIOCTATOYHO MAJIbl, TO MbI
nostygaeM Tpebyembie HepaseHcTBa (32). Takum o6pas3om, ryiaBHOE IIperMyIIe-
CTBO MeETO/a TbIOpI/IHI‘a COCTOUT B 3aM€EHE prILOéMKOFO BbIMUCJIEHUA KOHTYP-
Horo uHTerpasa B (18) Ha BerumucsIeHne 3HaMeHUN DyHKIWN Z(t) B HEGOIBIIOM
KOJIMYECTBE JIONOJTHATETHHBIX TOYEK.

Bropas gacts crarbu [19], npe/crapisionias HbIHe IIABHBIM 00Pa30M UCTO-
pUYeCKUil MHTEepeC, MOCBSIIeHa KOHKPETHOMY CUETY, TPOBEIEHHOMY T bIOpUH-
roM. D70 GbLIO OJHO U3 HepBbIX npuMenenuit IBM s mosydenus: HeTpUBU-
AJIbHBIX MATeMATHIECKUX Pe3YJILTATOB, U THIOPUHT IIPUBOIUT MHOTO JeTaJiei,
KOTODPbIE CEro/IHdA Yy2KEe HE NPUHATO Hy6ﬂI/IKOBaTb B MaTeMaTUYI€CKUX 2KYypHa-
Jax. B 9acTHOCTH, OH ONUCHIBAET yCTPOUCTBO MAIIMHBL:

The storage of the machine is of two kinds, known as ‘electronic’

and ‘magnetic’ storage. The electronic storage consisted of four

‘pages’ each of thirty-two lines of forty binary digits. The magnetic

storage consisted of a certain number of tracks each of two pages of

similar capacity. Only about eight of these tracks were available for

the zeta-function calculations.!?)

TwiopuHT Jajiee TPUBOIUT TAbJINILy PACIPEIESIEHUsT TAMATH — CM. PHC. 8.
PesynbraThl cuéTa BBIIABAINCH Ha MEPQOJIEHTY C MATHIO PSIAMU OTBEp-
CTHU, ¥ TOTOMY HCIOJIB30BATIACH CHCTEMa CInCaeHns ¢ ocHoanuneM 32. Comep-
JKUMOE JIEHTBI MOYKHO OBIJIO TOTOM pacredaTarh. ThIOpUHT CU&sT HYKHBIM IIPU-
BeCTH TaBJIUILy COOTBETCTBUS UMD U CUMBOJIOB HA pacmedaTke — CM. puc. 9.
[Ipo mcrnonb3oBanue aecATUYIHON 3amucy [HIOPUHT HAMCAJ CJIEAYIOIIee:

More conventionally the scale of 10 can be used, but this would
require the storage of a conversion routine, and the writer was
entirely content to see the results in the scale of 32, with which
he is sufficiently familiar.!?)

2 JaMaTh MAIINHBI GBLIA JBYX TUIIOB, U3BECTHBIX KAK «JIEKTPOHHAST» U «MAarHUTHAS» Ta-
MATH. DJIEKTPOHHAS MAMSITh COCTOSLIa U3 YETHIPEX «CTPAHUIL», KayK/Iasl U3 KOTOPhIX UMEJIa,
110 TPUJIATE JIBE CTPOKM M3 COPOKA JIBOMYHBIX Pa3psi/ioB. MarHuTHas maMsaTh UMea HEKO-
TOpPOE KOJIMYECTBO TPEKOB II0 JBE CTPAHUIIBI TAKOIO Ke pa3Mepa. TobKO TpruMepHO BOCEMb
U3 3TUX TPEKOB ObLIM JIOCTYIIHBI IIPU BBIYUCIEHUAX J13eTa-(DyHKIUU.

13)Bosee TPAJUIIMOHHO MOYKHO HCIIOJB30BaTh OcHOBaHme 10, HO 3TO MOTPeGOBAJIO OBI
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The storage available was distributed as follows:

Magnetic store

Logarithms routine (for k) . i ’ i i i 1 page
Table of logarithms and reciproonl m!umn roots v . & pages
Routine for ealculating the terms n “toos 2r(rlog r—x) unll T,nhln of

coBines . v ! . 2 pagea
Remainder of routine l'ur Laluilutmg the I'umtmu £tﬂ . . . 2 pages
Input routine ‘ i V . " ; . . ‘ . 2 pages
Output routine . . ) . . ' + 3 pages

Electrowic store, as OIJl.""lI'Eil!"I'l during the greater part of the tirme

Imatruetions and cosines . i . 3 i ¥ 4 2 pages
Logarithms and reciprocal square roots . ; ‘ . z . 1 page
Miscellaneous date and working space . . p ' ' i 1 page

Puc. 8. Pacupenesenue namsitu

0 1 2 3 4 65 6 7 8 06 10 11 12 13 14 15 18 17 18 19
] E@ A + 8 I U § DR J N FC KETZ L W
20 21 22 23 24 25 26 27 28 20 30 31
H Y P @ OB G | M X V &£

Puc. 9. KoaupoBKa 1ugpp cacreMbl CYUCACHHs] ¢ OCHOBAHHEM 32

Bousboit mpobJsiemoit 66118 paboTOCIIOCOOHOCTL MAIIUHBI. T BIOPUHT
MUTIIET:
If it had not been for the fact that the computer remained in
serviceable condition for an unusually long period from 3 p.m. one
afternoon to 8 a.m. the following morning it is probable that the

calculations would never have been done at all.}4)

ITomumo unTepBasa 27632 < t < 2m642, THIOPUHT XOTeN IIPOIOIAKHTE
BbIUUCJIEHU A TI/IT“IMapH_IaZ

Another investigation was also started with a view to extending
the range of relatively small values of ¢ for which the Riemann
hypothesis holds. Titchmarsh has already proved that it holds up
to t = 1468, i.e. to about 7 = 231... It was intended to continue
the work up to about 7 = 500. ..1%)

HaMsITH JUIsl IPOLeLyphl peobpa3oBanusi, a aBrop |ThropuHr| GbUI BHIOJHE YI0BJIETBOPEH
YBUJIETHh PE3YJIBTATHI C OCHOBAHUEM 32, K KOTOPOMY OH JIOCTATOYHO IPUBLIYEH.

“Ecau 681 HEe TOT (bAaKT, YTO KOMITBIOTED OJHAYKIBI OCTABAJICSI B PAabOYEM COCTOSTHUU
HEOOBIYHO JIOJITUIM MEPUOJ OT 3 YacOB MOIMOJYIHA 0 8 YacCOB yTpa CJIEIYIONIEro IHs, TO
BBIYKCJICHUsT BOODIIE HUKOT/A He ObLIM Obl IPOBEIECHBI.

15) Bputo HauaTo JPYTOe NCCIEIOBAHKE C LIEJIbI0 PACIIUPUTE 00JIaCTh CPABHUTEILHO MAJIEHb-
KUX 3HAYEHUH ¢, JjIsT KOTOPBIX TMIOTe3a Pumana cupasemuBa. TuUTUMapIn yxKe J0Ka3aJl,
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Tabn. 3. Ilposepka runoressl Pumana, naunnas ¢ A. Treropunra

’ Tox [ KonnuectBo Hyeii [ AgTop

1953 1104 | A. M. Turing

1956 25000 | D. H. Lehmer

1958 35337 | N. A. Meller

1966 250000 | R. S. Lehman

1968 3500000 | J. B. Rosser, J. M. Yohe, L. Schoenfeld

1977 40000000 | R. P. Brent

1979 81000001 | R. P. Brent

1982 200000001 | R. P. Brent, J. van de Lune,
H. J. J. te Riele, D. T. Winter

1983 300000001 | J. van de Lune, H. J. J. te Riele

1986 1500000001 | J. van de Lune, H. J. J. te Riele,
D. T. Winter

2004 900000000000 | S. Wedeniwski

2004 10000000000000 | X. Gourdon

The interval 1414 < t < 1608 was investigated and checked, but
unfortunately at this point the machine broke down and no further
work was done. Furthermore this interval was subsequently found
to have been run with a wrong error value, and the most that can
consequently be asserted with certainty is that the zeros lie on the
critical line up to t = 1540, ... a negligible advance.'6)

IleificTBUTEILHO, €CJIM CPABHUTHL KOJUYIECTBO HYyJIel, IpoBepeHHBIX Thio-
PHHTOM, C KOJIMYECTBOM HYyJI€eil, IPOBEPEHHBIX 10 Hero (Tabsmia 2) u mocie
Hero (tabmuna 3), TO jocTuykeHusi ThIOPUHIA KaXKyTCsl HE3HAUUTEIbHBIMU.
Ha camom neste Brias Tohioputra orpomer. OH He TOJIBKO ObLI IEPBBIM, KTO
OPUMEHUJT KOMIBIOTED JIsi IIPOBEPKU TUMOTe3bl Pumana (paHo mim MO3IHO
9TO cziesast Obl KTo-imb0o MHOM), HO, YTO rOpasjio BayKHee, KaK U HPEeJIBUIEI

910 OHA BepHa 70 t = 1468, To ecTh mpuMmepro 70 T = 231. .. Ilpeamonaramocs mpogoKUTH
paboty mo npumepno 7 = 500. ..

19 aTepBan 1414 < ¢ < 1608 GbIT HCCIEOBAH W IPOBEPEH, HO, K COKAJICHUIO, B 9TOT
MOMEHT MAIllHa CJIOMAaJIach U HUKAKOU JaJsibHelieil paboThl IpoBeneHo He ObLi1o. Briocien-
cTBUN ObLITO OOHADPY?KEHO, 9TO CYET JJjIs 9TOr0 MHTEPBAJa OBbLI MPOBEAEH C HEMPABUILHOMN
BEJIMYUHOM OIMUOKY, W caMoe GOJIBIIoe, ITO MOXKHO YTBEPXKJAaTh C YBEPEHHOCTBIO, — 3TO
TO, YTO HYJIM JIeXKAT Ha KPUTUYECKOU NHPSMOI BIJIOTH J10 ¢ = 1540, ... HecyliecTBeHHOE
IIPOJIBUKEHUE.



“mph” — 2013/2/18 — 20:37 — page 29 — #29

Austan Teropunr u reopus dmcesn 29

Triopunr, Bce MOCIEAYIONME BLIYUCICHUS, BIIOTH JI0 HAINUX JIHEH, IIPOBOIU-
JIUCH TI0 €r0 METOJLY.

TpauiuonHo B onucanusix uccaepoBannit Anana ThopuHra 1Mo Teopun
qUCeN TOBOPUTCSI, YTO €ro HAYIHOE HAC/IENEe COCTOUT U3 HECKOJbKUX MUCEM K
JPYTUM MaTeMaTHKaM, HEOMYOTMKOBAHHBIX PYKOIUCEH, U TOJBKO JIBYX MEYaT-
HbIX pabor — [18,19]. Dro, ogHaKo, He coBceM Tak. EcTb emé ogaa omybinko-
BaHHast ThbiopuHrOM pabora, Iye oH u3ydaer runmoresdy Pumana. [To xkaxoii-To
MpUIHHE 9Ta PabOTa TPAKTHIECKN He TIUTUPYETCs CIEIUATUCTAMH 110 TEOPHUH
qyuces. BO3MOXKHO, OHU HE TEHAT IIOJIyYEHHBIH TaM pe3ysIbTaT, a, BO3MOXKHO,
OHU IIPOCTO HE 3HAIOT, YTO B pabore [17|, naszsauuoit Systems of logic based on
ordinals'™ TeiopuHT U3y4YaeT, B 4aCTHOCTH, THIOTe3y PuMana (Ta craThs —
u3JoXKeHne juccepranuu ThiopuHra).

Tpernit pasmen sToit paboTbl Ha3BaH «Te€OPETUKO-YNCIOBBIE TEOPEMBI».
TrIOpUHT HAYUHAET €ro ¢ TOTO, Y4TO JIaéT (POPMAJIbLHOE OINpeIe/IeHNE:

By a number-theoretic theorem we shall mean a theorem of the
form “f(x) vanishes for infinitely many natural numbers z”, where
6(z) is a primitive recursive function.'®

ThIOpUHT TYT XKe JleJTaeT MOACTPOTHOE ITpUMeTIAHNE:!

I believe that there is no generally accepted meaning for this
term, but it should be noticed that we are using it in a rather
restricted sense.!?)

Barem Tohopunr JaéT BTOPOE, SKBUBAJIECHTHOE OIPEICICHUE «TEOPETUKO-
YHUCJIOBBIX TEOPEM» B €0 CMBICJIE:

An alternative form for number-theoretic theorems is “for each
natural number z there exists a natural number y such that f(x,y)
vanishes”, where f(z,y) is primitive recursive.2")

Ob6a sTux onpeseeHns, TO-BUIMMOMY, TyZKJIbI CIHEIUATICTAM 0 TEOPHUH
qHCeJT, MOCKOJBLKY B HUX WCHOJIB3YeTCs TOHSTHE TPUMHUTUBHO PEKYPCHBHOM
GbYHKIUN U3 TEOPUHU BBIYUCIUMOCTH. MOXKHO, OTHAKO, /IaTh TPEThHE OIpEIeie-
Hue, 6os1ee 6IU3KOE O JIYXY K TEOPUH YUCET.

ObozHauuM depes H8 " Jepe3 28 KJ1acCc BcexX apudMeTndeckux hopMylr,
B KOTOPBIX BCE KBAHTOPHI orpanudensl. [locie BBIOOpa 3HaUEHUE CBOOOTHBIX

1

) Cucmemst L02UKY, 0CHOBAHHVIE 1A OPOUHAAGL.

8)Ton TEOPETUKO-YUCIOBOI TeOpeMoil Mbl GymeM OHUMATH TeopeMy Buga «f(x) obpama-
€TCs1 B HOJIb JIjIs1 GECKOHEYHO MHOTHMX HATYPAJIBHBIX T», TJe 0(2) — IPUMUTHBHO PEKYpPCHUBHAs
GyHKIHS.

19 6] onarato, UTo HET OGMIEIPUHSITOTO MOHMMAHHSI STOTO TEPMUHA, HO CJIEIyeT OTMETHTh,
YTO MbI UCIIOJIB3YEM €r0 B OUYEHb Y3KOM CMBICIIE.

20) A JIBTepHATHBHOM POPMOIl TEOPETUKO-TICIOBBIX TEOPEM SIBIISIETCS «IJIsT KAsKIOTO HATY-
PANBHOTO YHUCJIA & CYIIECTBYeT HATYPAJbHOE HUUCJIO Y, Ipu KoTopoM f(x,y) obpamaercs B
HOJTb», TAe f(T,Yy) — IPUMUTHBHO PEKypCUBHAA (DYHKIUS.
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IIEePpEMEHHBIX B TaKUX CbOpMyHaX MBI, O9€BU/THO, MO2KEM YyCTaHOBUTH UX UCTUH-
HOCTB Myl JIoxHOCTD. Jamee, mycers 112 obosnagaer mpu n > 0 Kjace Beex
dopmyst Bua

VIy...T;mp (36)

0 M aHAJIOTHYHO Y0 — K/ace popMy/T BHIA

n—1»

rae 1 — dopmyiia U3 KJacca H?L_l. MpbI mTotygaeM apu@memuieckyro uepap-
TU0, B KOTOPOH KaXKIbIN KJIACC COMEPKUT JII000# JAPyroil KIacc, PacIoIOXKeH-
HBIN JIeBee Hero Ha 9TOH cxeMe:

rie ¢ — dbopmya u3 Kiacca 2

Iy 105 10
) = 39 (38)
D) DY X
TeopeTuKo-4uC/I0BbIE TEOPEMbI B CMbICIe ThIOpUHTA — 3TO B TOYHOCTH (HUC-
TunnbIe) hOpMYIHI 13 Knacca 119,

YT0o6b1 MOTUBUPOBATH BBEIEHHOE HAa3BaHNe, T HIOPUHT IPUBOIUT IIPUMED —
Beauxiyro meopemy Pepma. B KagecTBe MeHee 09eBUIHOIO IpuMepa T HIOpUHT
YKa3bIBaeT TUIoTe3y Pumana.

CuadaJjia BoOOIIEe HEIOHATHO, IOYEMYy TJ/Ie-TO B apupMeTHIeCKOi nepapxmun
JIEXKUT TUoTe3a PuMana, MOCKOIBKY MCXOIHO OHa ObLi1a chOPMyTHPOBAHA KAK
YTBEpPXKJIeHUE IIPO KOMIIJICKCHBbIE YHUC/Ia. TGM HE MeHee, UX MO2KHO IIpeJacTa-
BHUTh KaK IIapbl BEIIECTBEHHBIX YUCEJI, KOTOPbIE, B CBOIO OYepPE/b, MOI'YT OBIThH
[PEJICTABJICHBI KAK MPEJIeIIbl (CXOIAIINXC ) TOCIeI0BATEILHOCTE pAIHOHAb-
HBIX dmces. MolHast TeXHUKa apu@memusdanun, passutas Kyprom [Enemrem,
[TO3BOJISIET B UTOrE 3aIMCATDh MNIIOTe3y PuMana Kak apudMeTndecKyio popMy-
JIy ¢ OOJIBIIAM YIHUCJIOM KBAHTOPOB II0 HATYPAJbHBIM UHNCJIAM.

Takum obpazoMm, B apudmerndeckoil uepapxuu (38) ecrb GopMysibl, K-
BUBaJIEHTHBIE THIOTe3e PrMana, NPUIEM OHM MOTYT BCTPEYATHCS B PA3HBIX
KJIaccax. Bo3HUKaeT eCcTeCTBEHHBIN BOIPOC — CKOJIb MAJIBIM MOXKET OBITH Ta-
Koit Kitacc?

ITocTaBierHbIit B Takoit hopMe, 3TOT BOIPOC SIBJISIETCsT OeccoaeprKaTesb-
HBIM WJIM TPUBHAJBLHBIM, IOCKOJILKY OTBET OYEBHIEH — KOHEYHO, 9TO CaMBbIi
MasteHbknil Krace 119 = 28. HelicTBUTEIBHO, TUNIOTE3a PuMaHa — 3TO KOH-
KpPEeTHOE YTBEPKJEHNE, He COepsKalllee IapaMeTpoB, U OHO JINOO UCTUHHO, JIU-
60 n0xxkHO0. B rtepBoMm ciyvdae runoresa Pumana sksusasienTHa hopmyse 0 = 0,
Bo BropoM — ¢dopmyse 0 = 1, u obe 3T HOpMyJIbI IPUHAIIEIKAT KJIACCY
g = 9.

Boitee KoppeKkTHOI ABJISIETCS CJIeIyIoNast TOCTAHOBKA BOIIPOCa: IJie B apud-
MeTuueckoii nepapxun (38) Mbl MOXKEM yKA3aTh, NPU HAUEM HOHEUHEM YPOSHE
3Hanutl, POPMYILy, SKBUBAJIEHTHYIO rurnorese Pumana?
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Anan Teiopunr Hamén Taxyio dhopmyty B Kiaacce I19, To ecThb B ero Kiracce
TEOPETUKO-IUCIOBBIX TeopeM. HecioxkHoe MoKa3aTeIbCTBO, 3aHUMALOIIEE Iy Th
OoJIbIlle OJHON CTPAHUIIBI, HE BBI3BAJIO, MO-BHIUMOMY, DOJIBIIOTO MHTEPECa y
CIIEIUAJIICTOB 110 TEOPUU YHCEJL.

B 1958 romy maremarndeckuit joruk ['eopr Kpaiizens (Georg Kreisel) ycu-
s pesyabrar Thropunra, mocTpons dbopmMyiy n3 Kiacca 110, SKBHBAIEHTHYTO
runoreze Pumana. Ver0 ero KOHCTPYKIMKA MOXKHO TOSICHUTD CJICYIOIIUM 00~
pasom.

N3BecTHO, 9TO BCEe HEBEIIECTBEHHBbIE HYJHM J3eTa-pyHKIun Pumana pac-
[IOJIO?KEHbI CUMMETPUYIHO OTHOCHTEIbHO NpsMbIX Re(s) = 1/2 u Im(s) =0,
pas3sOUBAOIINX BCIO KOMILIEKCHYIO IIJIOCKOCTh Ha YeThIpe KBaJpaHTa, M03TO-
MY JIOCTATOYHO IIPOBEPUTH, YTO HET HyJell, CKa)KeM, B OTKPBITOM KBaJIpAHTE
Re(s) > 1/2 & Im(s) > 0.

MbI MOXKEM IIPEJICTABUTH ITOT KBAJPAHT KaK CYETHOE OO0BHEIUHEHUE CO-
Jep2KAIUXCs B HEM MPSIMOYTOJIBHUKOB U c(HOPMYJIMPOBATH runoresy Pumana
KaK yTBEPXKJIEHUEe, UTO HU OJUH U3 ITUX IPSIMOYTOJBHUKOB HE COJIEPXKUT HY-
sieit n3eta~-dyukiuu. K coxkajeHuio, HeIoCPeJICTBEHHO 3aIUCATh 3TO yTBEPK-
JA€HNE KaK HEPaBEHCTBO C COOTBETCTBYIOIIMM KOHTYPHBIM HMHTErpaJiOM MbI HE
MOXKEM, ITOCKOJIBKY & Priori HOJIb MOXKET JIEXKATh Ha T'DAHUIIE KUCIIOJIH30BAH-
HOTO HAMU INPsIMOYTOJIbHUKA, HO Kpaiizesb HAIIEN criocobd 00OUTH 3Ty TPY/I-
HOCTb.

CremyromuM IaroM B ycujieHUun pe3y/ibraTroB Thiopunra u Kpaiisess cra-
7o GBI OMermenne THIOTe3s Pumvana B xmace 1) = X9, 1o ects 8 noxasza-
TEJILCTBO WJIM OIIPOBEPKEHHE, HO 9TO cefivac HAXOJUTCS BHE IPEJIEJIOB HAIUX
BO3MOKHOCTE.

Tem He MeHee, 3TO HaIPaBJIEHUE UCCJIEIOBAHUN IOy YN0 HEKOTOPOE Pas-
sutue. B 1970 roxy Gbuia gokasana Tak HasbiBaeMast DPRM-reopema?l) | yera-
HABJIMBAIOMA, YTO B ONpejesnenun Kjaacca 119 B pomm bopMymIsl ¢ Beerja
MOXKHO 6parth dopmyny Buna Pz ... Zy,) # 0, rae P — MHOTOWIEH ¢ TEeJIbIMI
ko durmenTamu. COBMECTHO ¢ pe3ysibTaToM Kpaiizesst 3To 1aj10 Takoe CJIe/I-
CTBHE: MOHCHO NOCMPOUMb KOHKPeMHbill MHozouaen R(T1...%y) ¢ yeavmu
rxoapPuyuenmamu maxod, wmo 2unomesa Pumana sxeusarenmmua ymeeporcoe-
Huto 06 omcymemeuu pewenusn y duoparmosa ypashenus R(xy ... xmy) = 0
(KOHKDETHBIiT CII0CO0 TIOCTPOEHMSI TAKOI'O ypABHEHHUsI OIMCaH, Halpumep, B [1]).

I'mnoresa Pumana Oplia BitodeHa Jlapumom I'miabbepToM B ero 8-t mpo-
6siemy, a B 10-it mpobsieMe OH mpejyrarajg HalTH AJTOPUTM JIJIs PaCIO3HABA-
HUS PA3PENINMOCTH ITPOU3BOJIBHOTO ANO(MAHTOBA YpaBHEHUsI. TakuM 00pasoM,
Ha4dYaToe T]::IOpI/IHFOM BbIsICHEHUE BOIIPOCa O IIOJIO?KECHHNH T'UIIOTE3bI PI/IMaHa, B

21) AG6peBaTYpa B HASBAHII TCOPEMBI O0PA30BANA U3 HEPBLIX OyKB (baMUIMi MATCMATH-
koB Mapruna Issuca (Martin Davis), Xunapu I[Taraema (Hilary Putnam), xymun Po6un-
con (Julia Robinson) n ¥FOpust Marusiceuua. — Ilpum. pes.
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Puc. 10. Ilamstauk Asamy Teiopuary B CoxBuiab-iapke, Mamdectep

aprMeTHIeCcKOl nepapXun MPUBEJIO K YCTAHOB/IEHUIO HEOXKUIAHHOW JIJIs CITe-
[UAJTICTOB 110 TEOPHUH YHCeJ CBA3U Mexk iy 8-if u 10-it npobsemamu 'minbep-
Ta — 0Ka3aJI0Ch, YTO ruriorely Pumana MOKHO 11epedOpMyINPOBaTh KAK O9€Hb
qacTHLIA caydait 10-it mpobsiemnr ['minbepra.

Be3 Tesuca Yépua — Triopunra Mbl He MOTJIN OBI gaxke CPOPMYIUPOBATH,
YTO O3HAYAET HepazpemuMocTh 10-it mpobiemsb! I'nnnbepra, ycTaHosieHne Ko-
TOPOIt OBLIIO cTUMYJIOM JiJIst loka3aTebeTBa DPRM-reopembr. Cefiaac Mbr nme-
eM dopMaIbHOE JI0KA3aTEJIHCTBO TOT'O, YTO HUKaKas MallnHa 1bIOpUHTA HE
MOZKET PACIO3HABATD, NMEET JIM IIPOU3BOILHOE TNOMAHTOBO YPABHEHUE Perlie-
uue uan HeT. CBenéHue ke runore3bl PuMaHa K KOHKPETHOMY JTHO(DAHTOBY
YPABHEHUIO, TIEPBLIH TTar Ha MyTH K KoTopomy cienan Aman Twiopunr, maét
«IICUXOJIOTUYECKOe» 00bsICHEHNE TPYIHOCTH NO(MAHTOBLIX YPaBHEHU — OBLIO
OBl YIUBUTEILHO OXKUJIATH CyIlecTBOBaHue Tpebyemoro ['mapbepToM ajropur-
Ma JJTsT THOaHTOBBIX YPaBHEHMI, MO0 TOI1a MOXKHO OBILIO OBI, IO KpaitHei Me-
pe B UPHUHIUIE, «MEXaHUYECKU» yYCTAHOBUTDL CIIPABE/JIMBOCTD MJIN JIOYKHOCTH
TaKoOW TPYJIHON TUHOTE3bI, KaK runore3a Pumana.

CIUCOK JIMTEPATYPHI

[1] Marusiceua FO. B. Jlecaman npobaema luavbepma. M.: @usmariur,
1993. http://logic.pdmi.ras.ru/~yumat/H10Pbook,



“mph” — 2013/2/18 — 20:37 — page 33 — #33

Astan ThIOpHHT H TEOPHST THCET 33

2l
13l

4]

5]

(6]
17l

8]

19]

[10]

[11]

[12]

[13]

[14]

Booker A. R. Turing and the Riemann Hypothesis // Notices Amer. Math.
Soc. Vol. 53, no. 10. 2006 P. 1208-1211.

Booker A. R. Artin’s Conjecture, Turing’s Method, and the Riemann
Hypothesis // Experiment. Math. Vol. 15, issue 4. 2006. P. 385-408.

Alan Turing—His Work and Impact. Ilox pen. S. B. Cooper, J. van Lee-
uwen. Elsevier, 2013.

The Undecidable. Basic Papers on Undecidable Propositions, Unsolvable
Problems and Computable Functions. llox pex. M. Davis. Hewlett, NY:
Raven Press, 1965. Ilepensnano Dover Publications, 2004.

Hejhal D. A. A few comments about Turing’s method // [4].

Hejhal D. A., Odlyzko A. M. Alan Turing and the Riemann zeta
function // [4].

Ingham A. E. The Distribution of Prime Numbers. Cambridge University
Press, 1932; Ilepemeuarano Stechert-Hafner, Inc., New York, 1964;
Cambridge University Press, Cambridge, 1990. IlepeBossr Ha pycckuii
s3bIK: [1aBHAsT pefakiimst 00IeTeXHUIECKOU JINTepaTyPbl U HOMOI'padui,
Mocksa—/lenunrpama, 1936; Exunropuas YPCC, 2005.

Ingham A. E. A note on the distribution of primes // Acta Arithmetica.
Vol. 1. 1936. P. 201-211.

Littlewood J. E. Sur la distribution des nombres premiers // Comptes
rendus de I’Academie des sciences. Vol. 158. 1914. P. 1869-1872. Ilepe-
neuatano B Collected Papers of J. E. Littlewood. The Clarendon Press,
Oxford University Press, New York, 1982.

Kreisel G. Mathematical significance of consistency proofs // Journal of
Symbolic Logic. Vol. 23(2). 1958. P. 155-182.

Odlyzko A. M., Schénhage A. Fast Algorithms for Multiple Fvaluations
of the Riemann Zeta Function // Transactions of the American Math-
ematical Society. Vol. 309. No 2. 1988. P. 797-809.

Riemann B. Uber die Anzhal der Primzahlen unter einer gegebe-
nen Grésse. Monatsberichter der Berliner Akademie, 1859. // Riemann B.
Gesammelte Werke. Teubner, Leipzig, 1892; reprinted by Dover Books,
New York, 1953. http://www.claymath.org/millennium/Riemann_
Hypothesis/1859_manuscript/zeta.pdf , English translation http://
www.maths.tcd.ie/pub/HistMath/People/Riemann/Zeta/EZeta.pdf .

Skewes S. On the Difference w(x) — Li(z) (I) // Journal of the London
Mathematical Society. Vol. 8. 1933. P. 227-283.



34

“mph” — 2013/2/18 — 20:37 — page 34 — #34

IO. B. MaTusacesmya

[15]

[16]

[17]

[18]

[19]

[20]

[21]
[22]
[23]

[24]

Skewes S. On the Difference w(x)—Li(z) (II) // Proceedings of the London
Mathematical Society. Vol. 5. 1955. P. 48-70.

Turing A. M. On computable numbers, with an application to the Ent-
scheidungsproblem // Proc. London Math. Soc. Ser. 2. Vol. 42. 1937.
P. 230-265. Correction, ibid. Vol. 43. 1938. P. 544-546. Ilepemneuaratno
B [4,5,20]

Turing A. M. Systems of logic based on ordinals // Proceedings of the

London Mathematical Society. Ser. 2. Vol. 45. 1939. P. 161-228. Ilepere-
waTano B [4,5,20]

Turing A. M. A method for the calculation of the zeta-function //
Proceedings of the London Mathematical Society. Ser. 2. Vol. 48. 1943.
P. 180-197. Ilepeneuarano B [4,21].

Turing A. M. Some calculations of the Riemann zeta-function // Pro-
ceedings of the London Mathematical Society. Ser. 3. Vol. 3. 1953. P. 99—
117. Ilepeneuarano B [4,21].

Turing A. M. Collected Works of A. M. Turing: Mathematical Logic.
(TTox, pea. R. O. Gandy, C. E. M. Yates.) Amsterdam: Elsevier Science
Publishers. 2001.

Turing A. M. Collected Works of A. M. Turing: Pure Mathematics. (ITox
pex. J. L. Britton.) Amsterdam: North-Holland. 1992.

Welles D. The Penguin Dictionary of Curious and Interesting Numbers.
London: Penguin Books. 1997.

Clay Mathematics Institute Millenium Problems
http://www.claymath.org/millennium

the Turing Digital Archive. http://www.turingarchive.org

1O. B. MarusiceBuu, akagemuk PAH, Camkr-Ilerepbyprckoe ormenenne Ma-
TeMaTudeckoro nuctutyta M. B. A. Creknosa. 191023, r. Caukr-Ilerepbypr,
Hab. pekn onrankn, m. 27.
Email: yumat@pdmi.ras.ru



“mph” — 2013/2/18 — 20:37 — page 35 — #35

35

3aMeTKN O MaTeMaTUiecKoM 00pa3oBaHUN BO
Ppannun

C. Tumenko

Or pearosrternn. C. TuimeHKo — BBITYCKHUK BTOPOIt MKOJIBI, KOTO-
pblit 3aTeM yumiicst U npenojgasas Bo @panrun. Ham npejcrasisiercs,
9TO €ro 3aMeTKN O cucteme (hPaHIy3CKOr0 MaTEeMaTUIECKOro 0opas3o-
BaHMs OyJIyT NHTE€DECHBI MHOTMM YHTATEJISIM.

Cpasrenne 06pa30BaTeILHBIX CUCTEM — CJIOYKHAsT U HoraTas TeMa, I Heé
HEOOXOINMO CephE3HOE MHOTOTOMHOE HAyUIHOE HMCCJIE0BAaHUe, KOTOpOe 0bsi3a-
TEJILHO JIOJI2KHO TTPOBOJIUTHCS B Halllell cTpaHe. Be3 kpenkoit hyHIaMeHTa b
HOIl 6a3bl OIpoMeTYnBO Oparhes 3a pedopmbl B Poccuu, or KoTopbeix Oymaer
3aBUCETH MHOTOE B HaIeM OyayiieM. £ yBepeH, 4To cepbé3noe nu3yvuenue ppam-
Iy3CKO#l crcTeMbl 00pa30BaHUs y2Ke ITPOBOJUJIOCH M CYIIECTBYIOT OoJjiee To-
JpobHBIE HAYYHBIE TPY/bl HA 9Ty TeMy. Tem He MeHee, OIUIILY T€ MOMEHTHI,
KOTOPBIE MHE BHJIATCS OIPENENSIONNUME U OoCcTpbiMu. OTpaHuIyCh PacCMOT-
pEHHEM TOJIBKO TO# CTOPOHBI (PPAHILY3CKOI CHUCTEMBI 0Opa30BaHUsI, KOTOPAsI
KacaeTcsi MATEMATUKHU U €€ MPEIOIaBaAHUSI.

Maremaruka Bo @paHiun ecTb JIIOOOTO yPOBHsSI, B JIIOOOM KOJIUIECTBE U
Ha J11060it BKyc. Hy»KHO TOJIBKO 3HATh «IIPaBUJIbHBIN aJ[peC» U MUMETb <«IIPO-
IIyCK», 9TOOBI YBUJETb T€ «KY3HUIIBI», B KOTOPBIX (DPAHILy3CKas MATEeMATHKA
obperaer cBou GOpMbI, Te «PHabpUKUy, B KOTOPBIX MaTeMaTUIecKoe oOpa3o-
BaHue peanusyer cebsi. OnHako, PPaHIy3CKHiI MUP MaTeMaTHKH, KaK HayKH,
Tak U 00pa3oBaHUsI, HE UMeeT cTporoit mepapxuu. Maremaruka Bo Opaniun
HE BBICTPOEHA BJIOJIb KAKOW-TO BEPTUKAJIHU, & CYIIECTBYeT OT/IETEHHBIMU MUK-
pocoobiiecTBaMu, KUBYIIUMU He3aBucuMo. Jlake dpanIiry3y, HaxXoaIeMycs
BHYTpU (PPAHITY3CKOI crCTeMbl 00pa30BaHUs, YaCTO ObIBAET MAaJIO UTO MOHSIT-
HO O Heil B nesoM. [losTomy HalmeMy cOOTEUIeCTBEHHUKY, CTOJKHYBIIIEMYCS C
dpaHIly3cKUMH peasiusiMi, B IEePBbIE T'OJbI TOXKE He BCE HMOHATHO U MHOI'OE
BBI3bIBAECT YJAUBJICHUE NJIN JTazK€ BOSMYHIICHUE.

BBICIIIEE OBPA3OBAHUE

[TepBoe, u camoe BaxKHOE, 9TO HAJIO YUUTBIBATH, — ITO pas/esicHue hpaH-
Ily3CKOT'O BBICIIIET0 00pa30BaHMs HA JiBe IapaJiiesibHble CUCTEMBbI. Y HUBEPCHU-
TETCKYI0 U BBICIHe MKOJIBL. DTO pasjie/ieHue MPUBOJIUT K TOMY, 9TO KayKJIbIi

MaTemaTunueckoe npocselyermne, cep. 3, Bbin. 17, 2013(35-41)



“mph” — 2013/2/18 — 20:37 — page 36 — #36

36 C. Tumenko

TOJI JIYUINE 3 ThICAYIN CTYAeHTOB-MATEMATHKOB MJIyT B CUCTEMY BbICIIMX MIKOJI,
¥ TOJIbKO WHOTJIA HA ISITOM — IIOCJIEHEM — IOy OOyUeHUs MOABJISIOTCT B
yHuBepcurere. Bo dpaHIly3ckux yHUBepcHTeTax, a ux okojo 80, Ha MepPBBIX
KypCcax y4arcs TOJIBKO «yCJIOBHO CIIOCODHBbIE» K MaTeMaTHUKe CTYJEHTDI, JTUOO
6oJIbIIINE POMAHTHUKHU, OGJIBIIYIO0 YaCTh BPEMEHH B YHUBEPCUTETE OTKPOBEHHO
CKYYaIoIue.

Beicine mikosisl Bo @panmnun kpaitHe pasznoodbpasubl. BoJibimmmHCTBO U3
HUX BBIIYCKAET WH2KEHEPOB, (PYHKIIMOHEPOB, aJIMUHUCTPATOPOB U (PUHAHCU-
CTOB. DTHU MIKOJIbI OJyraromapst 6oJiee MTPUBJIEKATEIBHBIM [IEPCIEKTUBAM OCJIE-
JUIUIOMHOTO TPYIAOYCTPONCTBA KaXKJIbII [0/l YBOJAT «H3-I10JI HOCA» YHUBEPCH-
TETOB OKOJIO 3 ThICAY HamboJIee CIIOCOOHBIX K MaTeMaTHKe abuTypHeHTOB, a
TaK2Ke «JIbBUHYIO» JIOJI0 TOCYIaPCTBEHHOrNO (DUHAHCUPOBAHUS 00pa30BaTE/h-
HO# CHCTEeMbl. DTO, KA3aJ0Ch ObI, JIOJ2KHO HAHOCUTH yAap M0 (OPaHILy3CKOi
HAyKe W MaTeMaThKe B dacTHocTH. Ho B peampHOCTH 3TO He Tak. OKOJO
200 sy4mmx CTYIEHTOB BTOPOI'O I'OJla B CUCTEeMe BhICIIMX IIKOJI 110 MTOraM
OOIIEeHAITMOHAIBHBIX KOHKYPCOB KaXK/JIBIIl I'0JI CTAHOBSTCS CTYJIeHTaMu BbIc-
mux HopMasibHBIX TIKOJ U clienuaau3upyioTcd B maremaruke. M3 wmx dwuc-
jia 50 CTYIEHTOB CTAHOBSATCS DJIUTON (PPaAHILy3CKOM MATEMaTUKH, TOCTYIIUB B
Briciyto HopMmasnbayro mkosay «¥Yiabmy». HOCTpaHIEB cpelin HUX TPAKTUIEC-
KU HET.

Cucrema orbopa B 3JIUTy PPAHILy3CKOIl MaTeMaTUKy paboraeT Bo OpaHiym
npakTudecku uieasibuo. Cpenu dppaHiy3ckux JjaypearoB PuUiiicoBCKO Ipe-
vun 10 u3 11 3akonuniu Briciiyro HopMasibay o MKoOTy «YJIbM», 9TO OOJIbIIIE,
TeM UHCJIO BCEX COBETCKUX W POCCUICKUX JIAYPEATOB BMECTE B3ATHIX. A BeJb
B 9Ty IMIKOJIY KAXKIbIH T'OJ[ MOCTYIIAaeT Ha OT/AeIeHHE MATEMATUKH TOJLKO 50
gesiopek. Ctout ckazarh u 1O, 4To [IIKOIA «YJIBM» 3HAUUTE/HHO CTApIIe Ca-
Mot PUNICOBCKOW TPEMUN U Cpelu €€ BBINYCKHUKOB — ILIEA bl ApYaiimmx
MaTEeMaTUKOB.

BpewMms peBania Jijisi yHUBEPCUTETOB HACTYIIAET HA O Kypce U B acClUpaH-
Type. Bpiciue MIKoJIbl, 38 PEJIKUM HUCKJIOYEHUEM, 3aHUMAIOTCS HAydHOH Jie-
SITEJILHOCTHIO 3HAYUTEILHO MEHbIle, yeM yHuBepcuTeThbl. PpaHily3ckue yHu-
BEPCUTETHI — 3TO, B IEPBYIO OUY€pE/ib, HAyUHbIE IMEHTPHI. V HeyIuBUTEIBLHO,
HaIpUMep, YTO Ha 5 Kypce TakuxX yHuBepcuTeToB Kak IInep u Mapu Kropu nin
Henn Huapo Bce Wau MOYTH BCE CTYAEHTHI n3 Boicmmx HopMaabHBIX IIKOJI.
IIpakTuveckn Bce acMpaHThl MAPUKCKUX YHUBEPCUTETOB JTUOO MHOCTPAHIILI,
b0 BBITYCKHUKYN Briciux HopmasabHBIX mKoA. B mpoBUHIMAIBHBIX YHUBED-
cUTeTaxX 9Ta TEHJIEHIUs MeHee HMOIEPKHYTa, HO MECTAMH IIOBTOPSETCS C TEM
JIMIITh OTJIMIUEM, YTO CTYIEHTBHI HPUXOMAT U3 MEHee IPECTUXKHBIX Boicrmmx
IIIKOJI, PACIIOJIOKEHHBIX B TOM K€ T'OPOJIe, UTO U IPOBUHIINAJILHBIN YHUBED-
CHUTET.

Kyna ke npomasiaiorT CTyIeHTBI, yYUBIINECHd B YHUBEPCUTETE JIO 5 Kyp-
ca? MHOrux W3 HUX He MEPEBOMAT Ha CJCAYIOMHIA KypC U OTIIYCKAIOT U3
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YHABEPCUTETa C JWIJIOMOM O HEIMOJHOM BbICIIEM oOpasoBanuu. Hekoropbie
IIEPEBOISITCS B YHUBEPCUTETHI «IT0CTIa0ees, HEKOTOPhIE YXOISIT Ha, CIIeIUATU3U-
POBaHHbBIE KYPChI U CTAHOBATCA IPEINOIaBATEIIMA CPEIHUX IIKOJ U JIUIIEEB U,
HAKOHeEI[, MHOTHE MMOKHAJAIOT YHUBEPCATETCKYIO Cpely M HAYMHAIOT CBOIO IIPO-
deccroHaIbHYIO KU3Hb YK€ BIAJIN OT MATEMATUKH.

To, ¢ 4eM MOXKET CTOJIKHYTBCS IIPENOJaBaTe/b MJAIININX KypPCcoB (paH-
Ily3CKOI'O YHUBEPCUTETA, YJIMBUT JlarKe deioBeKa, Bujasiiero muoroe. Ciydva-
eTCsl, 9TO Ha 2 KypcCe IMapUzKCKOIrO YHUBEPCHUTETa IO CIEIUAJIBLHOCTH «(PyH-
JIAMEHTAJIbHAST MATEMATHKA» TOJBKO IOJIOBUHA CTYJIEHTOB MOYKET IOCUUTATH
CyMMYy T'€OMETPUYECKON MPOTrPeccuu, Ha 3 Kypce — TOJbKO MaJjias 4acTb CTy-
JIBHTOB COCUYUTAeT BEKTOpHOe Ipom3BeneHne. Ho, Kak cjemayer m3 HaluCaH-
HOTO paHee, TO HUCKOJIHKO HE XapaKTepu3yeT (PPaHI[y3CKYI MaTeMaTHUKy
win camy cucremy obpasoBanus. Bo PpaHIiuu HUKTO HE CTABUT IEJb IIPO-
U3BOIUTDH KaXK/JIBII T'OJ JIECATh THICAY BBICOKOKJIACCHBIX MaTeMaTrnkoB. Ha re-
Jie TIOJIyYaeTCsl, YTO MperojaBaresin (hPAHIY3CKUX yYHUBEPCUTETOB KarKIIbIi
roJl U Ha KaXKJOM KypCE CTAJKUBAIOTCS CO CJIa00 IOATOTOBJIEHHBIMU CTY-
JIEHTaMU U HAYUHAIOT CBOH KypC C IOBTODEHUS 3JIEMEHTAPHLIX OCHOB Ma-
TEMATUKN. HpeHO,ZLaBaTe.HI/I OKa3bIBaIOTCA <«ITPpU2KaTbIMU CIINHOHN K CTeHey» U
BBIHY2K/IEHBI ITPUCIIOCADIUBATBCI U «ype3aThy IporpamMmy Kypca. VI MOxKHO
[IOHSATH BO3HUKAIOIIEE B TAKOW CUTYAIMM y/AuBJeHUE. TaKyio CHUTyaIuio oTda-
CTH MOXKHO OObSICHUTH BBICOKOH Oe3paboTurieit cpeiu MOJIONEKHU, U YHUBEPCU-
TET B TAKOW CUTyaIluu OKa3bIBAETCS €J[Ba, JIU HE €IMHCTBEHHOW BO3MOXKHOCTHIO
Haiitm cebe B majbHeieM paboTy, He CBA3AHHYIO C TAXKEJIBIM (DU3TIECKUM
TPYIOM.

Cam corpyaauk (HPaHIy3CKOI'O YHUBEPCUTETA — B IIEPBYIO OYepe/ib yUé-
HBI{, MPENOJAIOMNI Ha MJIAJNIINX Kypcax pPajd BO3MOYXKHOCTH 3aHUMATbCS
HayKol, obJiajiasi CTaTycoM rocyaapcTBeHHOro (QyHKmuoHepa. Craryc 3TOT
JMaéTcs OJMH pa3 W Ha BCIO »Ku3Hb. llocTosHHBIE TTPOdeccopa U ITOMEHTHI pa-
6oraroT BO (DPAHIY3CKUX YHUBEPCUTETAX 110 KOHTPAKTAM, JIEHCTBYIOIIUM JI0
BBIXO/a Ha meHcuio. [Ipu 9ToM caM KOHTPAKT OTJIMIAETCS OT TOTO, KOTOPBIH
[IOJ/IITACBIBAET OOBIUHBIN COTPYIHUK OOBIMHOTO mpeanpusiths. OyHKIMOHEDPDI
Bo @paHiuu 06/1a/1AI0T MHOXKECTBOM TIOJIOKEHHBIX [0 CTATYCYy IIPaB U ITPUBU-
JIeruii.

Takum obpazom, Kaxkbiit rog Bo DpaHiuu mMouTu BCe JIydUIlne B MaTe-
MaTUKe CTYJIEeHThI yaarcs B Boicimmx mkosax u [logaroroBure/ibHBIX Kiraccax
U CTAHOBSITCS MEHEJ/ZKEpaMU, WH2KeHepaMu, (PUHAHCUCTAMY, ITOJTUTUKAME, BO-
€HHBIMU ¥ YMHOBHUKAMU. [[0JICOTHU JIydmmxX M3 HUX MOCTYIAaT B Boiciryio
Hopwmanbhyio MIKoIy U CTAHOBSATCH YIEHBIMU U, B OOJBIMUHCTBE CBOEM, ITPO-
deccopamu PpaHIy3CKUX YHUBEPCUTETOB. B yHUBepcUTETaX YK€ HA MJIAJIIITUIX
Kypcax BCTPETUTH YeJIOBEKa, MHTEPECYIOIIEerocsi MaTeMaTUKOi KpaiiHe CJI0K-
Ho. Ho, GeccriopHo, ecTh 1 sipKue UCKIOYEHNUsI.
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CPE}IHEE OBPA3BOBAHUE

Yposenb cpeanero obpazosanust Bo @panrun nocieauue 40 jgeT HEMHO-
rO CHUXKAETCs, TIOHMKAETCS M YpoBeHb TpeboBamnmit. Co CJIOB CTAPIIETo TO-
KOJICHUA IIpelojiaBaTesiell, HEeMHOIO yXyAIINJIach JUCIUAILIMHA U OTHOIICHUE K
yuébe B mikosiax. [logBuanch Tak Ha3bIBaeMble «30HBI TPUOPUTETHOTO 0Opa-
30BaHUSI», T. €. KBAPTAJIBI ¢ HECIIOKOMHOM COIMUAIBLHON 0OCTAHOBKOM, OOJIBLITIM
qucJIoM 0e3pabOTHDLIX U HE MOJTHOCTHIO QIAIITHPOBABIINXCSA UMMUATPAHTOB. Ma-
TeMAaTHKAa B TAKUX IKOJAaX 3a00TUT BCEX B IMOCJIEIHIOI 0Y€PE/ib.

BosbmmacrBo yuureneit Bo ppaHIy3CKAX IMKOJIAX U JIUIESX — OBIBIIHE
CTYIEHTHI MJIAJIINX KypPCOB (DPAHITY3CKUX YHUBEPCUTETOB, ITPOIIEINNE OIUH
WJIN JBa T'OJIa HTEHCUBHON MOJI'OTOBKHU K MPENOJIABATEILCKON JIeSATEIbHOCTH.
CaMa 1OATOTOBKA HE I1€/IarOrMYecKasi, a CKopee Hay4dHas. Bcé BHUMaHUe yJie-
JIFAeTCdA COBEPIIECHCTBOBAHUIO BJIQJICHUA IIPpEIMETOM IIperoJaBaHnsd U CTPOT'OCTH
U SICHOCTHU €r0 M3JIOXKEHUSI.

Vautesns Bo DPaHIy3CKUX IIKOJIAX, KAK U [PENOJIABATE N B YHUBEPCUTE-
Tax, 00/IaJIaI0T CTATyCOM TOCYIAPCTBEHHBIX CYXKAINX, M KOHTPAKT C HUMHI
BaKJIFOYAETCS JI0 BBIXOJA Ha IEHCUI0. PacipejesieHne ydauTeseil TpOUCXOIuT
10 pe3yJIbTaTaM €KeroHOro o0IEeHAITNOHAILHOTO KOHKYPCA, COIVIACHO TIPEJIIIO-
YTeHudM KaHJIJ1aTOB, CaMHi ITKOJIbI BI)I6I/IpaTb BO3MOZKHOCTHU HE NMEIOT. B pe-
3yJIbTaTE B CAMBIX OTCTAIONIUX CPEJIHUX ITKOJAX B CAMBIX ITPODJEMHBIX KBap-
Tajax OKA3bIBAIOTCS HAMMEHEE HOJIOTOBJIEHHBIE YIUTEJIS.

Bo ®panmnuu rocynapcrsennoe obpazoBanue u obyueHue B yHUBEPCHUTE-
TaX MOJIHOCTBIO OeciuratHoe. Ho mpakTudecku wHer u crunenauit. CyiecTBy-
10T OYeHb PEJIKUE TOCYIaPCTBEHHBIE, DEFNOHAIbHBIE U COIUAJILHBIE CTHUIIEH I,
PaH]::LHe CYIIECTBOBAJIN «yIUTEJIbCKUE» CTUIICH/INN, KOTOPbIE BblJaBaJINCD JIY -
IITUM YIE€HUKAM OT/IE/IbHBIX IITKOJI JIJIs TI0JIY I€HUST BBICIIIET0 0Opa30BaHus ¢ 00si-
3aTeILCTBOM BEPHYTHCS B CBOIO IIKOJIY U CTaTh yuntesseMm. OTMeHa 9TO pak-
THUKU, TOCTOSIHHBIN CIIPOC HA (PUHAHCHUCTOB ¥ IPOrPAMMUCTOB U BOSHUKHOBEHUE
BCE HOBBIX BBICIIUX MIKOJI 10 9THM CHEIUAJBHOCTSIM IIPUBOJUT K CHUXKEHUIO
00IIero YPOBHSI IIPEIOIABATEBCKOTO COCTaBa, CPEJIHUX KO Bo DpaHiun.

Tem He MeHee, MaTeMaTHKa BO (PPAHITY3CKAX ITKOJIAX MIPEIOIaETCs Ha BhI-
COKOM CPE€JIHEM YPOBHE, IPUUIEM HET OOJIBIION PA3HUIIBI MEXK/Ly CTOTUIHBIMU
MIKOJIAMY U IIMKOJAMHU U3 <«TJIyOWMHKH». YunTess Bo DpaHIUU pacoaraioT
BEJINKOJIEITHO TTPOPabOTaHHON METOMIECKON JIMTEPATYPOil U MeTOI0JI0rnIe-
CKOH TIOJITOTOBKO#. Y UnuTesst PEJIKO BBIXOJIAT 338 PAMKHU ODIIEro Kypca, XOTs U
pacmoJIaraioT MOJHOM cBOOOION B BbIOOpE yIeOHON MPOrpaMMbl, YIeOHUKA 110
KOTOpoMy u3ydaercs npeamer. Cama mporpamma, ¢ y9IETOM JIOIOJIHUTEBHO-
ro roja Jijisi (ppaHIly3CKUX MIKOJbHUKOB, HE YCTYIAET IPOIPaAMMe POCCHICKOIA.
3Jiech Hy»KHa HEOOJIbIIIas OTOBOPKA: ATTECTAT O CpeJHEM 0Opa30BaHUU BPYUa-
eTcs 10CJIe MPOXOXKIAEHUS (DPAHIY3CKOIO €JIMHOIO I'OCY/IaPCTBEHHOI'O dK3aMe-
Ha — Baccalauréat, cokpaménno — Bak. Arrectar 9T0T JAa8TCsI IO Pe3yJIbTaTam
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ob1rteit cyMMBbI 6aJ1JI0B, HAOPAHHBIX 10 BCEM TUCITUILIMHAM C COOTBETCTBYIOIIN-
MH UM KO3 PUIUEHTAMA. DTO 3HAYUT, YTO MOXKHO OKOHUYUTDH IIKOJY U IIOJIy-
YUTH JUIJIOM, He HaOpaB Ha BBIIYCKHOM K3aMeHe 110 MaTeMaTHKe IIPaKTH-
9eCKM HHM OJHOTO 0OaJjijia, eCIu IO OCTAJbHBIM IIPeIMeTaM y BacC JOCTATOTHO
XOPOIIIUE OLEHKH.

Bax cymecrsernno ornyaercs or EI'D. 910 He TecTupoBaHne, a HACTOAIIAS
rChbMeHHasi paboTra. 3aJaHne COCTaBJIEHO TaKUM 00pa30M, UTO sl IIKOJIbHI-
KOB HaOpaTh abCOTIOTHBIN DA 38 OTBEIEHHOE BpeMSI IPAKTUIECKH HEBO3MOK-
HO. B ciiyuae eciim cTAaHOBUTCST M3BECTHO O KAKUX-TO HAPYIIEHUSIX B IIPOIIEJLY-
pe IpoBeeHus SK3aMeHa bak, Bce pe3y/bTaThbl 10 00JaCTU aHHYJIUPYIOTCI U
TBICAIH YYAIIUXCSA CAAI0T MpeaMeT 3aHOBO. Ec/m OKasbIBAETCS, 9TO yUECHUK
KaKIM-TO 0Dpa30M HAPYIIUI IIPABUIa IIPOBEIEHUsT 9K3aMEHA, TO €r0 JIUIIAIOT
paBa Ha OOyUYeHHEe BO BCEX By3axX CTPaHBI Ha CPOK H JieT. 1o ke Haka3aHue
[IPEIyCMOTPEHO B TEOPHH U 38 CIHCBIBAHHE Ha JIIOOBIX IIKOJBHBIX U YHUBED-
CcUTeTCKUX dK3aMeHax. CaMa crucreMma sK3aMeHa Bak XOpOIo 3alluIeHa, O
HapyIIEHUsIX MOXKHO CJIBIIIATL KpailHe pejKo.

JIMIIEW — TIOJTOTOBUTEJ/IbHBIE KYPCHI

Emé ne cianbl Bce BBIIYCKHBIE 9K3aMEHbI, a Oy/yIlue CTYIEHTDHI yXKe Ha-
YUHAIOT YCTPAUBATH CBOIO B3POC/IYIO »KU3Hb. BBICHINE ITKOJIbI, B OTJIMIUE OT
YHUBEPCUTETOB HAOMPAIOT CTYJAEHTOB ¢ 3 Kypca. [losTomy Bce cTpemsiTes 1o-
[acThb Ha Tak HasbiBaeMble [lonroroBuresibable Kypehbl K BBICIIUM ITKOJIAM.
TlonroroBuTeIbHBIE KYPCHI SIBJISIOTCS [IEPBBIMU JIBYMs TOJAME BBICIIIETO 00Pa-
3oBaHUsi. Y UeOHbIE 3aBejIeHUsI, TOTOBsIIHE 0 mporpamme [loaroroBuresbHBIX
KypcoB Bo DPpanmuu, — juren. B cTeHax caMuX JIUIEEB y9YaT B IEPBYIO OUe-
peJib YYEHUKOB TPEX CTapIINX KJIACCOB CpejHeil Kokl [Ipu ydmux jmnesx
oTKpbIBatoTcs [loaroroBuTe/ibHbIE KJIACCHI IS CTYJIEHTOB MJIAJIINX KYPCOB.
ITomroroBurenbHbIe KypChl TPEJACTABISIOT OO0 2 TOIa 3aHATUN OYEHDb BBICO-
KON MHTEHCUBHOCTH. 3aHATHS BeJyTCs 6 JTHel B HEIETI0, HATHHAIOTCS KayK-
bl OyaHUN 1eHb B 8 yTpa U 3aKAHUUBAIOTCI B 8 Bedepa C MepephbiBOM TOJIHKO
Ha 00ejl. 3aHATHs MPOXOIAT «IIapaMu» IO JBa acTpoOHOMHYEcKHX daca. Cry-
JEHTHl CBEPX TOTO PETYISPHO MOJyYIaloT OUeHDb TsKEJIble JOMAITHIE 33 JaHMUs.
B pesynbraTe mpakTtuuecku BCE BpeMsi Ha 00€l U BCE BOCKPECEHUS YXOIAT
Ha BBINOJIHEHUE 3TUX 3ajanuil. BoapmunucTso crynentos [loaroroBurebHbIx
KJIACCOB pabOTaIOT HaJ, IIPEMETaMU JI0 JIBYX-TPEX 4aCOB HOUHU, CUJIBHO Orpa-
HUYMBas BpeMs cBoero cHa. IIponyckarh 3aHsATHs HEBO3MOXKHO, 38 KaK/IbIi
[IPOTYJI CJIEJyeT HEME IJIEHHBIN BLITOBOD.

Bo ®pannum yBepeHbl, UYTO TOJHKO U€JIOBEK, CIIOCOOHBLIN BBIJIEPKATL Ta-
KU€ Harpy3Kd, MOXKeT IPOMecCHOHAJIBLHO 3aHUMATbCs HayKoi. MareMaTukoB
[IPA 9TOM B 00sI3aTEILHOM IIOPSJIKE ydaT U JPYTUM JAUCIUILIMHAM: (PU3NKe,
WH2KeHepuu, nH(pOpMaTHKe, XuMuu u T. 1. /IBa rojga dbusuku, Hampumep, Ha
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HAIIPaBJIEHNH «MaTeMaTukay B ayamux [loaroroBureibHBIX Kitaccax Bo OpaH-
UM SKBUBAJEHTHBLI IO 00BLEMY MaTepuaja U JIaDOPATOPHLIX PaboT 00bLEMY
o0rr1eit pU3MKU B JIyUIUX POCCUNCKUX PU3NIECKUX BY3aX, TAKUX KaK, HAIPU-
mep, Pusrex man Guzdpax MI'Y. Hamo npu 3T0M 3aMETUTH, 9TO IPOrpaMmMa
TloaroroBUTEILHBIX K/IACCOB HE BBIXOJUT 32 PaAMKHU OOIIeH (pU3UKU U MHOIHE
ACIIEKThI 3aTPArUBAIOTCS HA JIEKIUSIX JIUITh TOBEpXHOCTHO. OCHOBHAsT 9aCTh
BpeMeHHU yJjiesisieTcss Teoperndeckoil dusuke. Ilpernonaorcs Takke MHKeHED-
Hble HayKu. Takum 0Opa30M COXPAHSIOTCA CTapble TPAIUIUU (DPAHITY3CKOM
IIKOJIBI, COTJIACHO KOTOPBIM (DPAHITY3CKHE MAaTEeMATUKU BCETIA XOPOIIO BJIAJIE-
JIU TIpeIMeTOM (DU3UKU.

I[TOCTYIIJIEHUE B BBICHIVIO IIIKOJIY

ITo mporecTBUM ABYX JIET CTYAEHTBHI CIAIOT OKOJIO JIIOXKUHBI TApPaJLIe/h-
HBIX 9K3aMEHOB B pasHble BbICIIne IMKOJIbl. JTH dK3aMEHbl B 00s3aTe/IbHOM
MOPSIJIKE COCTOST U3 MUCbMEHHBIX U YCTHBIX UCIHBITAHUN 10 BCEM IPEIMETAaM.
DK3aMeHbI TPOXOJAT BO Beex yroakax OpaHmun, B KaxKIyIO MMKOJIY B HOBOM
ropojie, U Jjisi CTYAEHTOB 9TO YacTO ObIBAET YHHUKAJbLHOW BO3MOXKHOCTHIO 38
OJIMH MecsII] 00beXaTh BCIO CBOIO CTpaHy IO BceMy eé mepumetpy. [lo pe3ynb-
TaTaM 3THX 9K3aMEHOB CTYJIEHTOB KJIaCCHU(PUIUPYIOT. ¥ BCeX BBICIINX IITKOJI
MTOSABJISIETCsT CBOsT Kytaccudukarus. V ydmuii B KayKI0M CIIUCKE TOJIYIaeT 0~
9E€THOE TIPABO MEPBBIM BBIOpATH Ty BHICIIYIO MKOJY, B KOTOPOH XOUET YIUTh-
csI, 38 HAM BBIOMpaEeT BTOPOH M Tak Jajee. 3aKaHIMBAETCA 9TO OOBIYHO TEM,
9TO TepPBble CTYAEHTHI U3 KayKJI0ro CIUCKa MOCTymaoT B Beicuryro Hopmasn-
HYIO ITKOJIY «YJbM» uian [loIuTeXHUIecKyo KOy, B KOTOPOil, B YC/IOBUSAX
MHOIIa OJIM3KUX K BOEHHBIM, NOTOBAT OOJIBIIYIO YaCTh BBICIINX (PYHKIIMOHE-
poB @panmuu. OcTaJbHBIE XK€ BBIONPAIOT TO, 9TO UM OCTaHeTCs. Tak B OIUH
JeHb JIIOIN CTAHOBSITCA METEOpOJIOraMiu, OAHKUPaMU, BOEHHBIMHU O(MUIlepaMN
WIN YMHOBHUKAMU, YaCTO BBIOMpAas O OCTATOYHOMY IIPUHITAIY. Y HUBEPCHUTE-
TaM »Ke OCTaETCsi TPUHUMATD BCEX TEX, KTO HE BBIKUBAET B 9TOM CHUCTEME WU
UJIET TPOTHUB HEE:

— Tex, KTO 10 KAKUM-TO TTPUIUHAM He BBIJICP:KUBAET MHTEHCUBHOTO PUTMa,
bPpaHIy3CKUX JIUIIEEB;

— Tex, KTO XOYeT 3aHUMAThCsI HAYKOW U HE XOUYeT CTAHOBUTHLCH OAHKHUPOM
(Bo @pannuu ecth U Takue), HO He mocTynu1 B Beicuryio Hopmasbhyto
TITKOJTY;

— TeX, KTO XOYeT CTaTh IPENo/iaBaTe/IeM CPEJIHUX KO U JOYUIUTHCS JI0
TPeThero WM 4eTBEPTOI'O Kypca YHUBEPCUTETA;

— Tex, KTO noJiyumii Ha Bake Bbicokuit 6aJut, HO Koro He B3siiu B [logroro-
BHUTEJIbHBIE KJIACCHI. B OCHOBHOM 3TO MIKOJILHUKH, HAOPABIIIIE BHICOKHI
0aJLT 1o BCEM IIpeIMETaM KPOME MATEeMAaTUKH;



“mph” — 2013/2/18 — 20:37 — page 41 — #41

3amerkn 0 MareMaTH4ecKoM obpa3soBanun Bo DpaHiiun 41

— HY ¥, HAKOHEII, 9TO CTYJ/IEHTDI, IPUE3KAIOIINE YINTbCsd BO DpaHIuio n3
JAPYTUX CTPaH.

[TocrymuTs 1m0 00mIEMY KOHKYPCY B Jiydiine BpIciine IIKOJIbI I WHO-
CTpaHIa, He BJIAJEIONero B HeoOXOMMOM COBEPIIEHCTBE (DPAHITY3CKUM SI3bI-
KOM, HeBO3MOKHO. OJIMH TOJIBKO MUCbMEHHBIH 9K3aMeH 10 (hpaHIly3cKoil ¢hu-
Jtocopun OCTAHOBUT JIIOO0T0 Ha oy TH. [lobraxkek He menaoT HuKoMy. VHO-
cTpaHIaM nocrynarsb B Beicniyo HopMasbHyIo KOy HaJIO 110 YHUBEPCHTET-
CcKOMY OOMeHy U3 JIydIllero By3a CBOeil CTpaHbl, WJIM IIPUE3KATH 3abJ1aroBpe-
MEHHO W JIeT TSTh YUIUThCS BO (DpaHIly3ckoit mkose. Van ke mocTymarh mo
YIPOIIEHHOMY KOHKYPCY <JIJII MHOCTPaHIEB». IIpm 3TOM BBl OTKazKeTechb OT
MHOI'UX [PUBUJIETUHN, TIOJIO2KEHHBIX CTyjleHTaM BpIcIiieil mKoJibl, u Oygere eé
BBIITYCKHUKOM C 00SI3aTeIbHBIMEA OrOBOPKaMu. UTO B peaJbHOCTH MOYKET 3a-
TPY/HUTH BaIly MaJbHEHIITYIO HHTETPAIIIO B CHCTEMY (DPAHITY3CKUX 3aKPBITHIX
co0011IeCcTB, 00pa3yMuX MPOdhEeCCHOHATBLHYIO SJINATY.

Takum obpazom, B orTauuue oT BeIcmiux mKoj, mybjnKa B yHUBEPCUTE-
TaxX o4YeHb pasHomépcTHas. OcobeHHO, Ha Maaamux Kypcax. IIpodeccopa xe
B YHUBEPCHTETaX OYEeHb BBICOKOIO ypoBHsi. [lomoOHasi curyarusi co3aaér Ty
o0rmryo arMocdepy BO3MYIIEHUs, KOTOPYO MOYKHO 9acTO HabJIIOJATh B PA3ro-
BOpax € KOJITeTaM¥ U3 (PPAHIY3CKUX YHUBEPCUTETOB. B OCHOBHOM, B TpymIax
TOJIBKO HECKOJIBKO U€JIOBEK MHTEPECYIOTCST MATEMATHKON U U3 HUX YacTO H6OJIb-
masi YaCTh — MHOCTPAHIIBL.

C. Tumenko, sxonomuveckuii paxymaprer MI'Y
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Anredbpa reoMeTprmIecKIX MOCTPOEHMIt

[TocTpoennsa mupKy/ieMm n JUHERKON

A. T. XoBaHCcKuit

JlpeBHUE T'peKM PeIuIu MHOIO KPACHBLIX 33Jad Ha ITOCTPOEHUE IHUPKY-
JIEM U JIMHEWKO# 1 0OHAPYKUJIN HECKOJILKO TPOOJIEM, KOTOPbIE CTAJIM YUPE3BhI-
YafiHO 3HAMEHUTBIMHU U3-38 MHOTOYUCJIEHHBIX OE3yCIIENIHBIX MOIBITOK UX pe-
IIEHUS, IPEIIPUHIMABIINXCS HA ITPOTSKEHUU MHOI'UX BEKOB. /IpeBHUE rpeku
MIOCTPOUJIN TIPABUJIbHBIE N-YTOJBHUKU JIJIS 1 = 2k . 3, 2k . 4, 2k . 9, 2k . 15, e
k — nmoboe HeoTpunareabHoe ancsio. IlocTponTs MpaBUIbHBIN 1-yTOJIBHUK JJIs
KaKoro-jimbo Jpyroro n HUKOMY He YJAaBaJIOCh JI0 TeX I0op, Hmoka [aycc me mo-
CTPOWJI TPABUIABHBIN 17-yrOJIbHUK W HE OIHUCAJ MOJHOCTBIO YHUCJIa M, JJIT KO-
TOPBIX 33Jatda MOCTPOEHMS Pa3pernumMa. ['aycc moIydusa 3ToT 3aMevaTe/bHbIT
PEe3YIIBTAT ellle 0 BOSHNKHOBeHUs Teopuu l'anya. Ero yansurensHoe OTKpBITHE
0Ka3aJI0 OI'POMHOE BJIMsIHUE HA Pa3BUTHE Psifia obJiacTeil MaTeMaTUKU. 31eCh
MBI paccKa3biBaeM 00 3TOH 3ajlave U O JAPYTUX 33Ja9aX Ha IIOCTPOEHUE.

3a/iaun Ha TOCTPOEHUE — CaMbIe CTAPbIE 331491 O «Pa3PEIUMOCTA B SBHOM
BuJe». MBI pasjaumyaeM TPHU KJjacca MOCTpoeHuit. B mepBoM, camMoM mpocToM,
KJIacce JIOIYCKaeTCs JIUIIb IMOCTPOEHUE TPAMON, TMPOXOJLIell dyepe3 JIBe 3a-
JaHHbIE TOYKHU, OKPY?KHOCTU JTAHHOT'O PaJinyca C JAHHBIM IIEHTPOM U TOYKU
riepeceyeHnsl JaHHbIX IIPAMBIX U OKPY2KHOCTEI.

B Tperbem, camMoMm CJIOXKHOM, Kjacce KPOMe IePEIUCIEHHBIX TOCTPOCHU
JIOIIYCKAETCSI BBIOOD IMPOU3BOJIBHBIX TOYEK, HO TpPeOyeTcsi, ITOOBI PE3yIbTAT
[IOCTPOEHNUs He 3aBUCEJI OT CJIEJIAHHBIX ITPOU3BOJIBHBIX BBIOOPOB.

Bo BTOpOM, IIpOMEKYyTOYIHOM, KJIACCE MPOU3BOJIHHBIN BBHIOOD HE JIOMyCKa-
eTcsl, HO Pa3pelialTcs JIBa MOCTPOEHUS, OCYIIECTBIIseMbIe TIPU TTOMOIIN STOM
olepaliy: IOCTPOEHHE IIEHTPa JaHHON OKPYKHOCTU M IIOCTPOEHUE IEPIIeH/1-
KyJdpa K JaHHOI IPSIMOI, IIPOXOJLIIEro 4yepe3 JaHHYIO TOUYKY, He JICXKaIlylo
Ha IIPAMOA.

MaTemaTudeckoe npoceetuerue, cep. 3, soin. 17, 2013(42-60)
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Jlorndeckn mOCTPOEHUST TPETHEro KJIACCA OTJIMIAIOTCS OT ITOCTPOEHU OC-
TaJIbHBIX KJIACCOB: IIPOME2KYTOYIHBIE O6’beKTbI, IIoJIydarommecda B IIponecce
[TIOCTPOEHHsI, MOT'YT 3aBHCETh OT IIPOM3BOJILHOIO BhIOOpa. B aToM ciaydae onu
HE CYNTAIOTCA TMOCTPOEHHBIMHU IMUPKYyJIeM u JimHeiikoi. Mbl cTtapaemcs o0oii-
THCH, KOTJIa 9TO BO3MOXKHO, 0€e3 omeparnn BbIOOpa MPOU3BOJILHON TOUKHA. MBbI
JIOKa3bIBAEM, YTO HCIIOJb30BaHUE 3TOH olepamu B OOJILIIUHCTBE 3aJa9 Ha
[OCTPOEHNE He J00aBJIfeT HUYEro HOBOrO (BCE, UTO CTPOMTCS IPH MOMOIIN
9TOIi OllepaIi, MOKHO OCTPOUTH U 6e3 Hee). JacTh KIacCHYecKux 3a/1ad Ha
[IOCTPOEHUE BIIOJIHE YJIOBJIETBOPUTETHHO (DOPMYJIMPYETCS U PEIIACTCS BHYTPHU
IIEePBOr'0 KJIacCa IIOCTPOECHU.

Satada 0 TPUCEKIINK YIJIa HYZKIAeTCs B OMEPAIlni BhIOOPa ITPONU3BOJILHOM
TOYKU: 110 JIBYM JIAHHBIM HPAMDBIM, IIPOXOJIAIINUM Y€PE3 JaHHYIO TOIKY, OCTaJIb-
HBIMU OIEPAIUSAME BOOOIIE HeJIb3sI MOCTPOUTH HIUIero HoBoro. Mbl mmoKa3biBa-
€M, 9TO €CJIM K JBYM JAHHBIM IPSIMBIM J00ABUTH MPOU3BOJILHO BBIOPAHHYIO
TOYKY Ha O,ZLHOﬁ n3 HUX, TO IIO 3TUM HOBBIM JaHHBIM OII€epaludMMN I1€PBOI'O
KJIACCA MOXKHO IIOCTPOUTD BCE, UYTO CTPOUTCS OMEPAIUSIMUA TPETHEro KJIacca 1o
JBYM JQHHBIM IIPSIMBIM.

Bropoit kitacc mocrpoennit HyzKeH, 9TOOBI PACIIUPUTH MUCXOIHOE MHOMKECT-
BO HavaJbHBIX JAaHHBIX. Hampumep, omepaiiuu nepBoro KJjacca MOCTPOeHU He
[TO3BOJISIIOT TIOCTPOUTH HUYEr0 HOBOT'O, €CJIM MHOYKECTBO HAYAIbHBIX JAHHBIX —
HECKOJIbKO HEeITepeCeKaIOIINXCsl OKpyKHOCcTel. Ho ecim K OKpyKHOCTSIM 100a-
BUTh UX IEHTPBI, TO IO TUM HOBBIM JAHHBIM OIEPAIUSIMU IEPBOTO KJIacca
MOXKHO ITIOCTPOUTD BCE, UTO CTPOUTCST OIEPAIUSIMUA TPETHETO KJIACCa, 10 UCXO/I-
HBIM JIAHHBIM (€CJIU CPeJ OKPYZKHOCTE eCTh JiBe ¢ PA3HBIMU IEHTPAMH).

B mepBoMm maparpade MbI 06CcyzKIaeM 3aJady O pa3permMocTn aaredbpan-
YeCKUX YPaBHEHUI PU IIOMOINU KBAIPATHBIX KOPHEH, Hy>KHYIO JJIS 3a/1a9 Ha
nocrpoenue. Mbl JiesiaeM 3T0 Jjaxe B 60JbIieli o0IHOCTH, 4eM He0OX0 MO (Mbl
He IPEJIoIaraeM, 9T0 OCHOBHOE II0JI€ COBEPIIEHHO M 9TO €r0 XapaKTePUCTUKA
He paBHA JByM). DTa 3aJada MHTEpPeCHa caMa 10 cebe, a JIMIIHsAS OOIMIHOCTD
He 1mo0aBisieT OOJIBITNX XJI0TO0T. BTopoit maparpad mocBdIeH 3a1adaM Ha 10-
CTPOEHHE.

§1. PABPEIIMMOCTb YPABHEHUI1 B KBAJIPATHBIX KOPHSIX

B sTom maparpade Mbl 06CyKIaeM CJIEAYIONUI BOIPOC O PA3PEITUMOCTH
ypaBHEHUI B KOHEYHOM BH/IE: KOTIJIa HEIPUBOJUMOE aJiredpanvdeckoe ypaBHe-
Hue HaJl 1ojieM K permaercs: mpu MOMOIMU apupMETHIECKUX OIePaluii u u3-
BJIedeHUst KOpHeit crenern jBa? Teopust ['ajya orBedaer Ha 3TOT BOIPOC, €CIU
mosie K CcOBepIIeHHO W €ero XapaKTepHCTHKa He paBHA IByM. lIpocTere mo-
IIOJIHUTEJIbHBIE PACCY?K/ICHUA II03BOJIAIOT OTBETUTH HA 3TOT BOIIPOC, HE JeJlasd
HUKAKUX TPEJIIoJoKeHuit o moje K.
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O pacnoJioxkennn marepuaJa. B . 1.1 cobpaH Hy»KHBII BCIIOMOTraTe/IbHBI
MmaTepruaJi. B 1. 1.2 nmpuBoguTcsa HEOOXOINMOE U JIOCTATOTHOE YCJIOBUE paspe-
IMIIMOCTH YPaBHEHUsI IIPYU ITOMOIIN KBaJIPATHBIX KOPHEN, €CJTU XapaKTEPUCTUKA
nosist K we pasra a8yM. B 1. 1.3 TOT 2Ke BOIIPOC permaeTcs [T MoJIeit XxapakTe-
puctuku nsa. B . 1.4-1.5 npuBoasTcs pe3yabTaThl ['aycca 0 KOPHSIX CTEIeHU
n U3 eAUHUIbI (HyKHbIE JIJIsT 38J1a491 O PABUJIBHOM 7-yTOJIbHUKE).

1.1. BCIIOMOT'ATEJIbBHBII MATEPUAJI

HamoMuUM HECKOIBKO 3JieMeHTapHBIX yTBepkaenuit. Kcan moe K comep-
xKurcs B nojie F', To F siBjsieTcss BEKTOPHBIM IpocTpancTBoM Haj K. Ecan
dimg F' < 00, To 1nojie F' HA3bIBaeTCS KOHEUHbM pacusuperuem noss K| pas-

MepHOCTH dimy F' HA3BIBAETCS CMenensblo PACIIUPeHnst 1 0003HATAETCS CHM-
BosioM [F': K.

TEOPEMA 1. Feau K C F u F C M — xonewnvie pacuiuperus, mo:
1) K € M — xoneunoe pacuupenue;

2) [M:K]=[M:F|[F:K].

HOKABATE/NIBCTBO. Ilyctb uy,...,u, — 6asuc F wag K u vy,...,0, —
6asuc M nan I. Jlerko BuJieTb, 4To 3j1eMeHTHI u;v;, e 1 <i < n, 1 < j <m,
obpasytor 6azuc M man K. OTKyma BbITEKAIOT 008 YTBEPXKICHUS TEOPEMBI.

YTBEPXKAEHUE 2. 1) Ecau [F : K] =n ua € F, mo cywecmeyem nosu-
Hom Q nad nosem K cmenenu, ne 6oavwets wem n, maxot, wmo Q(a) = 0.

2) Ecau Q — menpusodumui wad K noaunom u Q(a) = 0, mo
[K(a): K] =degQ.

JIOKABATENBCTBO. 1) Tak kak dimg F' = n, To ssmements 1, a, ..., a”
3aBHCHMBI, T. €. HafiayTcs \; € K, Takne, 910 Apa™ + Ap_1a” 14 4+ X g =0,
npudeM st HeKOToporo ¢ > 0 koadduimenT A\; He paBeH HYJIIO.

2) Ione K(a) mzomopduo nomo K|x]/I, rae I — wupmeas, HOPOXKICHHBILIT
[IOJIMHOMOM () CTEIeHH 7.

YTBEPXK/JEHUE 3. Ecau cmenetb Henpugodumozo nosuHoma Had nosem
zapaxmepucmury p > 0 He deaumcsa nwa p, mo 6ce €20 KOPHU HEKPAMHDL.

JTOKABATEIBCTBO. KpaTHblil KOPEHb IOJMHOMA () SBJISIeTCst KODHEM €ro
npousBoauoil . Henpusoaumblii nosmHOM () HE MOYKET MMETH OOIIEro KOPHS
C HEHYJIEBBIM [IOJIMHOMOM MeHbIIeil crenenn. [Tosromy eciu () mMeer KpaTHbII
kopetb, T0 @' = 0, r.e. Q(x) = R(2P), rae R Hekoropslil mosmuoM. B s1oM
ciaydae deg ) = p - deg R u, ciemoBaresbHo, deg () meuTcst Ha p.
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1.2. 2-PAJIUKAJIBHBIE PACIIIUPEHNS.

Bepuemcst k Bompocy o pa3pernmMocTy ypaBHEHUI TPU TOMOIIYM KBapaT-
HBIX KOpHEN.

ONPEAENEHUE. Pacmupenne K C F Ha3biBaeTcs 2-padukaabhoim, eCJI
cymectByer Gamus noyeit K = Fy C Fy C --- C F,,, takaza, aro F' C F,, u
F;, = F,'_l(ai) npu 1 < ¢ < n, re CL,L2 e F,_1uaq ¢ F;_4.

TEOPEMA 4. Ecau K C F — 2-paduxasvhoe pacwupenue, mo [F : K| =
=2k,

JOKABATENBLCTBO. dua K = Fy C Fy C --- C F,, umeem [F,, : K] =
=[Fy: Foo1]-.. .- [F1: Fy)=2".Ecm K C F C F,, o [F: K|-[F,: F]=2".
[Tosromy [F' : K] — creneHb JBOHKH.

CHEIACTBUE 5. Ecau nenpusodumoiti nad K nosurom P umeem xopenv 6
rexomopom 2-padukarvrom pacwupenuy noss K, mo deg P = 2%,

JOKA3ATENBLCTBO. Ecim P(a) =0, o [K(a) : K| = deg P.

CHEIACTBUE 6. Ilycmo zapaxmepucmura noss K ne pasna deym. Kyou-
weckoe ypasuenue P = 0 nad nosem K pewaemces 6 x6a0pammuulr KOPHAL, ecau
U MOABKO ecat, 00un u3 Kopnel ypasrenus codepocumcs 6 nose K.

JOKABATENBCTBO. Ecim a € K u P(a) =0, ro P = (z —a)Q, rue Q €
Klz]. KBagparHoe ypasuenue ) = 0 pemaercst B KBQJIPaTHBIX KOPHSX, TaK KAk
xapakTepuctuka ot K He pasua jaByM. Ecin KyOM4YecKnii IOJIMHOM HE TMeeT
KOpHS B K, TO OH HEIIPUBOJIUM M MOYKHO BOCIIOJIB30BATLCS CJACACTBUEM 5.

SBAMEYAHUE. na K = Q crexcrBue 6 mpuHIMAaeT SIBHBIN B JJIsI IOJIH-
Homa P € Q[z] MoXKHO sIBHO HaiiTH BCe ero palioHaIbHble KOPHH (B 9aCTHOCTH,
MOXKHO SIBHO IIPOBEPUTH, UTO TaKUX KOpHeil HeT). Ecim KopeHb a HaiijieH, TO
kBajpaTHoe ypasHenne 0 = Q(z) = P/(x — a) pemaercs siBHO.

Ob6oznauum 1yepe3 Fp noJie pazioxkenus nojguHoMma P aas moseMm K.

CHIEACTBUE 7. Ecau nenpugodumuiti nad K nosurom P umeem xopens 6
HEKOMOPOM 2-padukasvrom pacwuperuu noas K, mo [Ep : K| = 2™.

JHOKABATEJIBCTBO. Pacmupenne K C Ep B yc/ioBugX CAEACTBUS 2-Pa-
JIUKAJIbHO.

CrencrBue 7 H0IyCKaeT CJIEIyIOIee YaCTHIHOE ODpaIleHIe.

TEOPEMA 8. FEcau das nenpusodumozo nosuroma P nad nosem K, zapax-
MEPUCTNUKA KOMOPO20 HE PABHa 08YM, 8uinoinaemcs pasencmeo [Ep : K| =
= 2" mo pacwupenue K C Ep asasemca 2-padukasvroim.
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JTOKABATENBLCTBO. Crenens pacumpenusi [Ep : K| nennrcst Ha cTeneHb
nosunoma P, mosromy deg P = 2F . Cl1e0BaTEIBbHO, 10 YTBEPAKICHUIO 3, ypaB-
merre P = 0 cemapabenbHO U K HeMy mpuMeHuMa Teopus lanya. [lopsmok
rpynusl anya G nosst Ep vag nosem K pasen unciay [Ep @ K] = 2™, Tak kak
HOpsIOK rpymibl G SIBJISIETCS CTENEHBIO ABOWKHU, TO CYIIECTBYET HOPMAJIbHAS
6amust noarpynn G = Gg O G1 D -+- D G, = e, makas, uro G;/Gi—1 = Zo
mpu 1 < ¢ < k. g 6amnun moneit K = Ko ¢ Ky C --- C K,,, = Ep,
cooTBeTcTBYIOIIEl aTO0M Gamue noarpym, umeeMm [K; : K;—1] = 2. Tak kak
xapakrepuctuka nojst K (a, snaunt, u nosist K;) He paBHa JaByM, TO noje K;
MOJTy9aeTCsT U3 ToJist K; 1 TpPUCOeIMHEHNEeM KBaIPATHOTO KOPHSI.

1.3. 2-PAJIMKAJIBHBIE PACIIUPEHUSA [TOJIEM XAPAKTEPUCTUKU IBA

B srom myHKTe MBI OyZieM 0603Ha4YaTH CUMBOJIOM K HEKOTOpOE IIOJie Xa-
PAKTEPUCTHKU [Ba ¥ CUMBOJOM K — ero ajrebpamdeckoe 3aMblKanme. Hac
MHTEPEeCYIOT JIMIIL ajrebpandeckre 3JIeMeHThl HaJ mojeM K u ajnredpande-
ckue pacmmmpenust nojst K. He orpanmuanBast 0OIITHOCTH, MOXKHO CUNTATh, ITO
9THU 3JIEMEHTDBI U PaCHIUPEHUA COAEPZKATCA B I10JIE ?

JIEMMA 9. Mnootcecmso anemenmos y, makux, wmo y> € K, asaaemcs
noAeM.

JIOKABATE/IBLCTBO. Jlemma BbITeKkaer u3 pasencrsa (a + b)2 = a® + b2,
CIIPABEJIJIMBOTO B TIOJIAX XaPAKTEPUCTHKH JIBA.

Omnpenenum 1enouky mogamoneir K = Ko C Ky C --- C K, C ... nong?
IIPU TIOMOIIM COOTHOMIeHNs iy € K; 1, eciin u Tosbko ecmn y? € K;. Ione K =
= |J K; 6yaem Ha3biBaTh cosepuientvim 3amvikaruem most K. Jlerko Bumers,

uro nosie K aBjigercd MUHIMAJILHBIM COBEPIIEHHBIM II0JIEM, COAEPKAIUM 110-
ne K.

TEOPEMA 10. Koneunoe pacwupenue K C M noas K asaaemca 2-padu-
KAALHBM, ecau U moavko ecau M C K.

JHOKA3BATEJIBCTBO. Ecmu nst 6amuun nmonett K = Fy C Fy C --- C F,
umeem F; = F;_1(a;), rue a? € F;_1, 10 F; C K.

[omunom P € K[| HA3BIBACTCS MUHUMAADHBIM NOAUHOMOM aJredpande-
ckoro vnementa a Haj K, eciim P(a) = 0, nojiuHom P HENpUBOJUM U YHUMO-
naseH (T.e. crapmmii KoadduimenT nosnaoMa P paBeH eiHHUIE).

TEOPEMA 11. Iloaunom P asssemcs MUHUMAALHOM NOAUHOMOM HEKO-
n
mopozo aaemenma a € K, \ K,_1, ecau u moavxo ecau P(x) = x2" — b, 2de
be K ub#c? dan ecaroeo c € K.

JIOKABATEJIbCTBO. Diement a € K, sIBIseTCs eJIMHCTBEHHBIM (Kpat-
HBIM) KOpHeM moymHoma 22 — b, rie b = a?" € K, nosToMy MUHUMAJLHBII
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MoJTMHOM P 3JIeMeHTa ¢ UMeeT eMHCTBEHHBII KOpPeHb a. Jucia m, Takue, ITo
a™ € K, obpasyior ajyuruBHyo noarpynny B Z. Ecim a € K, \ Kp—1, 1O

m n _ 2 b
a™ € K, Tonpko ecau m genures na 2. Orkyna BugHo, uro P(z) = x .

CHEJACTBUE 12. Ecau P € K[x] — ynumodasvholi u nenpuodumvii Haod
K, mo ypasnenue P(x) = 0 paspeusumo 6 k6a0pammuls KOPHAL, ECAU U MOAb-
ko ecau P(x) = 2% —b, 20e b € K ub # ¢® das 6canozo c € K. B wacmmocmu,
BCAKOE HENPUEOOUMOE YPABHEHUE CTNENEHY DoAbwel eJUHUYbL HA0 COBEPULEH-
nom nosem K ne pewaemes npu nomowu kK6a0pammsis kopred.

1.4. KOPHU U3 EJUHULIBI

3/1ech MBI HAITOMUHAEM KJIACCUYECKHE PE3YIbTAThl [aycca, OTKPBITHIE €Ile
JI0 BOBHUKHOBeHUsT Teopun [astya.

ITycrs €2, C C — MHOXKECTBO 4nce1 z, Takux, 4ro 2’ = 1, u {27 — MHOXKecCT-
BO BCEX NPUMUMUEHHLEL KOPHET U3 euHUYbL CTETIEHN 1, T. €. MHOYKECTBO YHUCEJT
a € Qp, Takux, aro @ # 1 upu 0 < m < n. BEcm w € O, 10: 1) a € Q,,
ecsm m TOJIBKO ecm a = wF juia mekoroporo menoro k; 2) a € QF, ecom n
TOJBKO ecim a = wP, Tie k B3aMMHO IPOCTO C M, T.€. BBIYET k 1O MOIYJIIO
N JIEKUAT B MyJIbTHILTMKATHBHON Tpymme U(n) oO6paTHMbIX 9J€MEHTOB KOJIb-

na Z/nZ. Lukiomomusveckum noAuHOMOM CTEIIeHU 1 HA3bIBAETCs MOJTMHOM
@, () = [Lyeq; (= — a).

JIEMMA 13. Cnpasedauso pagencmeo x™ — 1 = Hd|n ®4(x), 2de npousse-
derue bepemea no ecem deaumenam d 4uUcia mn.

JIOKABATEJILCTBO. BriTekaeT m3 COOTHOIIEHNUIH

O, = u Q[ =@ npu dy # dy.
din

CneacTBUE 14. Hoaunom ®, yrnumodanren u umeem ueavie Koaphuyu-
ENMDL.

JIOKABATENBLCTBO. Eciu P, Q € Z[x] — yHuMOoa/IbHble MOJIUHOMBI, TO:
1) momunom PQ yuumopasen u PQ € Z[z]; 2) ecoim T = P/Q — nosuHOM,
To nosimaoM 1" yaumozasien u T' € Z[x]. Mbl ucnosbsyem odeBu/iHble HaKThl
1)-2) a1t MHIYKIIMOHHOTO JOKa3aTeIbcTBa cieacTsus. s n = 1 ciaencreue
BepHO, Tak Kak Pi(x) = x — 1. Homoxum ¥,, = [[ Py, rue upoussenenue
Gepercs no genurensiM d 9UCIA N, MEHBIIUM 4YeM n. Ecau ciiegcTsue BepHo
st d < n, 7o, cormacho 1), nmomuuom V¥, yuumozanen u U, € Zz]. Ilo
aemme 13 @, (z) = (2" — 1)/ ¥, (x). Cornacuo 2), ciejacrBue BepHO it d = n.

[Monuuom f € Z[x| HasbiBaeTCsT NPUMUMUGHIM, €CIU €ro Koddhduimen-
TBI HE WMEIOT 00Iero menutess. llpoudsedenue NPuMUMUBHHT NOAUHOMOS
ABAACMCA NPUMUMUSHBIM Nnosuromom. U3 storo dakta u Teopembl [aycca
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ABTOMATHIECKN BBITEKACT CJIEIYIONIEE CE0UCTNEO UCAOUUCACHHOCTIU: €CTTH JITIsT
f1 = fafs, vae fi, fo — yHuMonasbHble nosmHOMBL, f1 € Z[x] u fa, f3 € Q[x],
TO TIOJINHOMBI fo, f3 IMEIOT 1esible KO3 MUIIUEHTRI U TOJTUHOM f3 YHUMOJIAJICH.

HarmoMuuM Takzke, 9TO €CJIM P B3AUMHO IIPOCTO € N, TO HojmHoM " — 1 €
Zp|z] ne uMeer KpaTHbIX KOopHeil (Tak Kak n # 0 mod p, To mpousBogHast

nz" ! mommoma 2™ — 1 He MMeeT HeHyJIeBBIX KOpHeit).

TeOPEMA 15 (T'avcce). Hoaunom @, nenpusodum wad Z.

JIEMMA 16 (I'Avee). Hyemow € §2,, f — munumanvnoti noaunom wucaa
w up — npocmoe wucao, 63aumno npocmoe ¢ n. Tozda f(wP) = 0.

JHOKABATEJIBCTBO. Yuciio w — kopeub nosmmaoma P,,. I[losromy &, =
= fg, tne g € Q|z]. Cornacno cpoiicTBy nenoUUCIeHHOCTH, ¢ € Z[x] 1 nO-
auaoM ¢ yanmogastet. Jomycrum, uro f(wP) # 0. Torma g(wP) = 0, Tak Kak
0=, (wP) = f(wP)g(wP). B arom ciryuae w — Kopens nommuoma g(aP), mosro-
my g(zP) = fh, rae h € Q[z]. CornacHo cBoiicTBYy IesiouncienHocT, h € Z[x]
u nojuHOM h yrumopasen. Ilycrs m: Zlx] — Zy[x] — romomopdusm, mpogos-
JKaIOMuil Ha KOJIBIO IIOJIMHOMOB eCTeCTBeHHoe oTobpazkenue Z — Zj,. Vimeem
(rg)(xP) = (w f)(mh). B xonbue Zp[x]| pjist BCIKOro HOJMHOMA ( CIHPABEJINBO
ToxaectBo p(zP) = ¢P(z) (oHO BBITeKaeT U3 ToxAecTBa aP = a B Z, u u3
ToxkecTBa (¢ + )P = P + 9P B Zp[z]), nosromy (rg)? = (mf)(wh). Caemosa-
TesIbHO, noaHOMBI 7(g) u 7(f) uMeroT obImuii MHOXKHUTEIIb, I09TOMY [IOJTMHOM
7m(f)m(g) mmeer kparublii kKopenb. Ho momunom 7(®,) = w(f)m(g) asiuser-
cst pesuresteM nosmaoMa (2" — 1) = (2™ — 1) € Zp[z], koropslii He nmeer
KpaTHBIX KopHeii. [IpoTuBopeune jokassiBaer jgemmy [aycca.

JIOKA3ATEJILCTBO TEOPEMBI ['AVCCA. Ilycrs (w, f, p) Takme, Kak B
agemme laycca. g Tpoiikn (wi, f, p2), tme w1 = wPl, p1 = p u py ma060€
[IPOCTOE YHCJI0, B3aUMHO IIPOCTOE C M, IpuMeHnMa jemMma l[aycca. eticTBu-
tresibHO, wy € QF u f(w1) = 0. Anamornuno f(wPrPm) = 0 s moboii
[IOCJIEIOBATEILHOCTHU IIPOCTBIX YUCEIT P1, - - . y P, B3AUMHO IPOCTHIX ¢ n. Kaxk-
JIblit 3s1eMeHT o € () mpejcTaBUM B Buje o = w', Ijle m — HIPOU3BeE/IeHNe
MPOCTBIX YUCEJ, B3AaUMHO MPOCTBIX C 7. YHAMOJAJbHBIN ToJuHOM P, mMmeeT
Te YKe KOPHU, YTO U YHUMOJAJIbHBIH nojuaoM f. [Tostomy @, = f u mosmnom
®,, HerrpuBOIMM.

CHEACTBUE 17. I'pynna Laaya G noas E, passooicenus nosurnoma ™ —1
nad nosem Q usomoppna mysvmunaurxamuenot epynne U(n) xoavya Z/nZ.

JIOKA3ATEJIbCTBO. Jlerko BujieTh, uTo rpymma G siBJISIETCsT TOATPYIIION
rpyumst U(n). Kopan wenpusogumoro noiuaoma P, jezkar B 1ojie pasiiozxe-
aus mosmaoMa ' — 1 = 0, mostomy #G > deg ®,,. Ho deg®,, = #U(n).
[Tosromy rpynna G conajaer ¢ rpyumnoii U(n).
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3AMEYAHUE. Ilycte Q C E pacmupenue lanya u nycts £ C E,. To-
raa rpynma ajgya G pacmupenuss Q C F kKomMmyratuBHa, Tak Kak G —
dakroprpynna rpynnet U(n). Cornacno smamenutoii Teopeme Kporekepa
— Bebepa, BepHO m obpaTHOe yTBepxKaeHUe: ecau epynna lasya pacuwupe-
nua Q C E xommymamusna, mo E codeporcumes 6 nose E, npu Hexo-
MOPOM N.

1.5. PABPEHIUMOCTBb YPABHEHUYA 2™ — 1 =0

3/1eCh OMUCHIBAIOTCS THCIA N, JJIS KOTOPBIX 2-paJUKajbHO PaCIInpeHHe

QCE,.

YTBEPXK/EHUE 18. Ilycmov n = p’fl C -pfnm — PA3A0IAHCEHUE T HA NPO-
cmue mrosicumenu. Toeda U(n) = U(p) x - x Ulpm)*™ u #U(n) =

= [1@f —p™ ).

JIOKA3ATEJ/IbCTBO. BbITekaer n3 KuTaiickoit TeopeMbl 00 OCTaTKaX U U3
TOrO, 9TO B KOJblle Z/ pFZ ects posro pF~! HEOGPATHMBIX 3J1EMEHTOB.

IIpocToe unciao p HA3BIBAETCA Npocmovim wucsom DPepma, ecau p = 2™ + 1.
sl HevYeTHOTO M YHCIIO0 2km 11 nemmrcs ma 2% 4 1 u aB/IsIeTCS COCTABHBIM.
[Tosromy mpocrsie uncaa Pepma mpeacTaBuMbl B Bujge p = 22° + 1. Yncia 3,
5, 17, 257, 65537 mocraBisitoT puMephl ITpocThix unces Pepma. HenssecTHO,
SIBJISIETCS JIM MHOXKeCTBO 1pocThix duces Pepma HeckoneunbiM. Llesroe duciio
n Gymzem HazpBaTh wuctom laycca, ecmm n = 2Fp; - . py, toe k > 0, a
Pl -, Pm — Pa3IndHbIe NPoCcThie uncia Pepma.

TEOPEMA 19 (I'Avce). Pacwupenue Q C  E, 2-padukanvho, eciu u
moavko ecau n — wucao Taycea.

JIOKABATENBCTBO. [leiicturensuo, deg ®(n) = #U(n). U3 yreepxie-
uust 18 Bugno, uro #U (n) = 2F, ecim u Tonbko eciu wucio n — uuncio laycca.

ITPUMEP. Pemmm ypasnenune ®5(z) = 0. Vmeem
Ps(x)= (- 1)/(x—1) =zt +23+ 2>+ 2 +1=0.
Hasee,
2 5(x) =P+ o+ 1+t i =u? tu—1,
rie u = o + 2. YTo6bl HAHTH T, JOCTATOYHO CHAYA/A PENTITH KBaPATHOE

ypasuenne u? +u—1 = 0 1 3aTeM peruTh KBapaTHoe ypasHenne v = 2+ 1.

dsHoe pemenne ypasuenust ®17(z) = 0 610 Haiigeno layccom. Ono 10-
CILy2KHJIO OTIIPABHON TOYKOI ¥ JJIst APYIUX €r0 3aMevaTe/bHBIX OTKDBITHIL.
1 ceitaac, Biazest Teopreit ['arya, caMOCTOSTEIBHO PEIIUTD 9TO ypaBHEHNE J1a-
neko ue pocro. Moum crynenram F0. Bypna u JI. Kazen sto ynanocs (em. [1]).
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§2. UTO MOYKHO ITOCTPOUTDH IIUPKVJIEM U JIMHENKON?

DToT maparpad MOCBAIIEH BOIIPOCAM Pa3PEIIUMOCTH U HEPA3PEITUMOCTH
3a7atd Ha nocTtpoeHne. HecKOIbKO CIOB O PACIONIOXKEHNN MaTePHAJIA.

B nm. 2.1-2.2 onmcan Kjacc To4ek, MPSIMBIX U OKPY2KHOCTeH, KOTOphIe MO-
YT OBITH MOCTPOEHBI IIPU MOMOIIHU OIEPAINI U3 IIEPBOr0 KJiacca MOCTPOEHUH
10 HAYAJbHBIM JTAHHBIM, SIBJISIONIIMCS KOHETHBIM MHOYKECTBOM TOUeK: B II. 2.1
JIaHbI HeOOXOIUMBbIe yCJIOBUS TMPUHAJJIEZKHOCTH 3TOMY KJaccCy, B II. 2.2 nocra-
touHble. B 1. 2.3 MBI 00CyKIaeM HECKOJBKO KJIACCUYECKUX 3aJad Ha MOCTPO-
enne (BKJIIOYas 3a/ady O MMOCTPOCHUM IIPABUIBHOTO M-yTOJBHUKA), KOTOPBIE
VKJIJIBIBAIOTCS B KAPTUHY, Pa3odpannyio B . 2.1-2.2.

B 1. 2.4 BbIjiesieHbI /1Ba TOCTPOEHUS, UCIIOIB3YIOIIIE BHIOOD IIPOU3BOIHHBIX
TOYEK, KOTOPBIE TI032Ke PACCMATPUBAIOTCS KakK JIBe HOBBIe omeparuu. B 1. 2.6
OIMCAHO, YTO MOYKHO IIOCTPOUTD IO JIOOBIM (KPOMe HECKOJIbKUX UCKJIFOUUTE b
HBIX THUIIOB) HAYAJIBHBIM JAHHBIM C MCIOJIb30BAHUEM OIEPAIH BHIOOPA IIPOU3-
BOJIBHBIX TOUYeK. OKa3bIBAECTCSI, ITO BCE, UTO MOYKHO TOCTPOUTD C €€ MCIOTH30-
BaHMUEM, MOYXKHO IIOCTPOUTDL U 0€3 Hee, MO/Ib3yACh ABYMs HOBBLIMU OTICPAIISIMU
7 OCTPOEHUSAMH U3 Tr. 2.1-2.2.

B 1. 2.7 MbI onucbiBaeM, 9TO MOXKHO IIOCTPOUTDH IO MHOXKECTBY HAYAJIbHBIX
JAHHBIX OJHOTO UCKJIIOYUTEHHOTO THIA, CBI3AHHOIO C 33Jlaveil O TPUCEKITUN
yrJia, u mojipobHO 06CYXKJIaeM BOIIPOC O PA3PEIIMMOCTH STOH 3a/a4u.

B . 2.8 nokazana onHa TeopemMa U3 BEIeCTBeHHOM addUHHOI reomeTpun,
CBsI3aHHAS C BBIIOJHUMOCTBIO apuMETUIEeCKUX OllepaIuii Hal BEIECTBEHHbI-
MU 9HCJIaMU IIPH HOMOIIY T'eOMEeTPUIECKIX ITOCTPOEHNH.

2.1. HEPABPEHIMMOCTbH HEKOTOPBLIX 3AIAY HA [TOCTPOEHUE

[Ipexxyie 1eM J0Ka3bIBATH HEBO3MOXKHOCTH TOI'O WJIM HUHOT'O IOCTPOEHUS,
HY2KHO TOYHO OIIPEIEIUTh, 9TO 3TO Takoe. [Iycts M — MHOXKeCcTBO BCEX TOUEK,
OPSIMBIX M OKPYZKHOCTE HA MJIOCKOCTH (TOJIBKO TaKue 0O'beKThl MOKHO CTPO-
UTh IUPKYyJIEeM W JHHEHKOM ). MoxXKHO 3a1aTh HEKOTODBI donycmumolil Kaacc
M C M u cka3aTh, 9TO TOUYKA, [IPSIMasi WK OKPYKHOCTh MOTYT OBITH ITOCTPO-
€HBI, €CJIN OHU IPHUHAJJIEKAT 3TOMy Kjaccy. Kmacc M MOXKHO OIpesie/nTh,
3a/laB HavyaJbHbIE JJAHHBIE U JIOIYCTUMbBIE OIIE€DAITUU.

CIMCOK NONYCTUMBIX OIEPAIINI (HAYAJIO CIIMCKA)

1. Onepavyus nocmpoeHus npamot COMOCTABIISIET Tape PA3JIUIHBIX TOUEK
ITPOXOJIATILYIO Uepe3 HUX HPSIMYIO.

2. Onepayus nocmpoerus oxkpyscrocmu conocrasisier Toukam P, Q, O,
rie P # @Q, okpyxHOCTb ¢ riearpoM O u pajuycoM, paBabiM [P, Q).

3. Onepayus nepeceuerus COTIOCTABISIET Tape HECOBIAMTAIONINX TTePeceKa-
romuxcsd kKpuBbixX ', 'y, tie I'; — ubo npsimasi, b0 OKPY2KHOCTB,
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UX TOYKH IlepecevdeHtsl (llepecedeHre MOXKET COJIEPKATh OJIHY WJIM J[Be
TOYKH).

OnpPEAENEHUE. Kitace M(D) C M Touek, NpsiMbIX ¥ OKPY?KHOCTE, KO-
TOPBIE CMPOAMCA NO HAYAALHLM darHoim D C M, — 3T0 MUHUMAJIBHBIN

KJjace, cogepxammii D n 3aMKHYTBHI OTHOCHTEJIBHO JIOIYCTHMBIX OIlepa-
mit 1)-3).

BaMKHYTOCTH Kj1acca M (D) OTHOCHTEILHO epecedeHnst O3HAYALT, ITO €C-
m Ty, Ty € M(D), kpusbie I'y, I'y ve copuanator u P € I'1Nlg, ro P € M(D).
Amanoruano onpesensercs 3aMKHYTOCTh OTHOCUTEIBHO JIPYTUX ONEPAInii.

TeopeMbl 0 HEBO3MOXKHOCTH T€X MJIM MHBLIX IIOCTPOEHMI OCHOBaHbI Ha (hop-
MyJIUpyeMO#l HIKe MPOCTOoit ajrebpamdeckoit Teopeme 20.

OIPEAEJEHUE. Kaacc Mp — 3T0 KJ1acC BCEX TOYEK, MPSIMBIX U OKPY K-
HOCTENl Ha KOODJUHATHON IJIOCKOCTH, ONPEJCTCHHBIX HA0 HEKOMOPHLIM Beule-
cmeernvim nosem T (Touka onpesenena uHaj T', eciau 06e ee KOODIMHATHI Jie-
)kar B T, mpsiMast WM OKPYKHOCTD OTTpeiesieHbl Hat T, ecin mX MOYKHO 3aaTh
ypasnerusymu az + by +c¢ = 0 wm (v —a)? + (y —b)2+c =0, rye a,b,c € T).

Eciu sewecmeennoe noae T C R 3amKHymo omHocumesvHo u3sieueHus
Keadpamnuiz kopret, T.e. ecima € Rua®? € T, 1o a € T, To Ki1acc My BmecTe
C KaxKJOil OKPY?KHOCTBIO COIEPXKUT €€ HEHTP U PACCTOAHUE MEXKJY TOYKAMU
P, Q € My nexur B noste 1.

TEOPEMA 20. Ecau sewecmsentoe nose T C R samxnymo omuocumens-
HO U3BACHEHUA KBAOPAMMHBIT KOpHET, Mo Kiacc M 3aMKHYM 0MHOCUMENLHO
donycmumoiz onepayut 1)-3).

JIOKABATE/IBCTBO. B koopmumarax mmockoctn R? omepammm 1)-3) cBo-
JIITCSL K HAXOZKJICHUIO BEMIECTBEHHBIX PEITeHN{T IMHEHHBIX 1 KBAIPATHBIX YPaB-
Hennit. Pemmenne Taknx ypaBHEHWI HE BBIBOJUT U3 1015 T, TaK KaK OHO 3a-
MKHYTO OTHOCHUTEJIbHO U3BJICYCHUA BEIICCTBEHHBIX KBa/JPaTHbIX KOpHeﬁ.

[Iyctes Dy — HEKOTOPOE MHOXKECTBO TOYEK Ha IIJIOCKOCTH, COIepKallee He
MeHee IBYX TOYEK. EBK.HI/I,ZLOBBI JABU2KEHUA 1 TOMOTETUU IIEPEBOLAT IIPAMYIO B
[IPSIMYIO, OKPY>KHOCTBH C OTMEYEHHBIM IIEHTPOM B OKPY?KHOCTH C OTMEYEHHBIM
meaTpoM. Takwme NBUKEHUsT COTJIACOBAHBI C 33Ia9aMM ITOCTPOEHMUS.

ONPEAEJEHUE. [losem, coomsemcmeyowum Dy, Ha30BeM HaMMEHBIIEE
Berecreernoe nojie 1T'(Dy), 3aMKHYTOE OTHOCUTEILHO M3BJIEYEHUsS] KBAJPAT-
HBIX KOpHEH W cojieprkaliee OTHOIIEHUs JTHH OTPE3KOB, KOHITHI KOTOPBIX Jie-
xat B Dy.

Bribepem gBe pasubie Toukun O, E € Dy u HOPMHpYeM PacCTOSIHHE TaK,
4T006bl JyinHa orpeska [0, E| pasusanack exuunie. CKaykeM, 9TO OPTOHOPMHA-
poBaHHasl CHCTeMa KOOPJMHAT cozaacosana ¢ Dy, ecim O = (0,0) u E = (0, 1).
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TEOPEMA 21. B cozaacosannoti ¢ Dy cucmeme Koopdunam cnpasediuso
sxarouenue M(Dgy) C My, 2de T = T'(Dy).

JlpyruMu cJIOBaMHM, €CJIM TOYKA, IIpsiMasi UIH OKPYZKHOCTDb HE OIpPE/Ie/ICHbI
Ha1 TosteM T, TO UX HEJIb3s1 MOCTPOUTD IIPU MOMOIIH ottepariuii 1)—3) mo Touram
n3 MHOXKecTBa Dy.

JIOKABATEJIBCTBO. B yc/oBusix TeopeMbl KOOPIUHATHI TOYEK MHOKECTBA
Dy nexar B mosie T'(Dyp). Teneps Teopema BbiTekaer 3 TeopeMbl 20.

2.2. HECKOJIBKO $IBHBIX IIOCTPOEHUN

JI1s BBITIOJTHEHWST TEX WJIM WHBIX MOCTPOEHUI B KAYECTBE «CTPOUTEJIHHBIX
KHUPIUYUKOB» HYKHBI PELIEHUs] HECKOJIBKUX IIKOJIbHBIX 3884 Ha IOCTPOEHIMS.
Hanomunm ux.

1) o moukam A, B nocmpoums mouky, aedxcauyyro ene npamoti AB, u
cepeduny P ompesxa [A, B]. Ilycrs @, R — TOYKM niepeceveHusi OKPYKHOCTEH
c nearpamu A u B u pamuycamu, pasabivu [A, B|. Kaxnas us touek @, R
sexxut BHe AB, u P — touka niepeceuenust AB u QR.

2) Boccmarosums nepnendurkysap k npamot | uz mowku P € L. B nameit
curyauun Tpedyercst mo toukaMm A, P € | nmocrpourhk Touku (), R, Takue, 4T0
npsimbie AP u QR unepuengukyispasl 1 P € AQ. Ilycte B # A — Touka
nepecevenus IpssmMoii AP ¢ OKpY?KHOCTBIO ¢ TIEHTPOM P U ¢ paJinycoM, paBHBIM
[P, A]. B KauecTBe HCKOMBIX TOYEK MOYKHO B3Th TOUYKHU (), R U3 1Ipe b IyIero
[TOCTPOEHUSI.

3) Ha npamyro I onycmums nepnenduryassp ud mowku P ¢ [. B nameit cu-
Tyaruu TpebyeTcs o TpeMm TouKam A, B, P, He jexammuM Ha OJHOM MpsiMOif,
[IOCTPOUTH TOUKY (Q, Takyto, 4To upsiMble AB u PQ neprneHauky/isipabl. B ka-
gecTBe () MOXKHO B35Th TOUKY IepeceveHus () # P OKpy>KHOCTel ¢ TeHTpaMu
A u B, npoxongimumu depes P.

4) nocmpoumv npamyio ly, napastesvnyro npamot I u nporodawyro wepes
mouxy P ¢ . Jocrarogno u3 Touku P onycTuTh NepueHuKysp lo K IPsSMOit
| ¥ 3aTeM BOCCTAHOBUTH IEPIEHUKYJISP [1 K MPSIMOii lo.

[Iycts O # E — npe Touku. PaccMoTpuM cucTeMy KOOpJAMHAT Ha TLIOC-
KOCTH, coracoBannyio ¢ muoxkectsom Dy = {O, E'}. Tlepsasi Koop/uHara Ha
IJIOCKOCTH 3a1aeT KoopauHaTy Ha upsamoii [g = OF. OroxX1ecrBUM TOYKY Ha
lo ¢ aucyiom, paBubIM ee Koopauuare. [Ipu srom O u E oroxkaecrssites ¢ 0 u 1.

JIEMMA 22. ITyems a,b € lg N M(Dy). Toeda: 1) —a, a™t, a+b, ab €
lo " M(My); 2) ecau ab > 0, mo (ab)*/? € lo N M(Dy).

OI‘paHI/I‘II/IMCSI KapTHUHKaMH, IMOACHAIOIIUMU JOKa3aTe/JIbCTBO, CM. PHUC. 1.

3AMEYAHUE. [lpu nmocrpoenun mpsiMoii, napaJsjiebHOM JTaHHOW U ITPOXO-
JSAIIel Yepe3 JaHHYI0 TOYKY, MbI ITOJIB30BAJNACH IUPKYJIEM U JTUHEHKON. DTO
ITOCTPOEHNE MOXKHO PacCMATPHUBATh KaK €IUHYIO oreparnio. Takoi ornepaiun
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/s y7a 4 y al {
—a oo /1 a 0 a b a+b

a b

Puc. 1. Jluaun 3aHyMepOBaHBI B MOPSIIKE ITOCTPOCHHST

JIOCTATOYHO, 4TOOLI, uMest Touku 0 u 1, mocTpouTs TOUKM —a, a~ ', a + b, ab
0 TOYKaM a, b Ha Yuc/I0BON mpsiMoii (cMoTpu puc. 1, Touka () B 9TOM CJIy-
4yae BbIOMPAETCsl MPOU3BOJIBHO). DTOT (BaKT MMeeT KPacuBoe NMPUMEHEHHE B
addunnoit reomerpun (cm. 1. 2.8).

TEOPEMA 23. B ycaosuax meopemot 21 cnpasedauso pasencmeo M(Dy) =
= Mr.

JOKABATENBCTBO. [locrarouno nokasars, uro M(Dy) D My, T.e. uto
MOKHO HOCTPOUTS Jit06oit amement uz Mp. Ecim P, QQ € Dy, to kinace M(Dy)
COIIEPKUT TOUKY p € lg, TJe p — oTHoIleHue JymH orpe3kos [P, Q] u [0, EJ:
9TO OJIHA M3 TOYEK IIEPECEUEHUs MPAMOii [) ¢ OKPY?KHOCTBIO ¢ eaTpoM O u pa-
qycom, pasabiM [P, Q). CornacHo jemme 22, kaxjiast Touka (a,0), rue a € T,
nexur B M(Dy). Touka (0,b), tae b € T', Toxke nexkur B8 M(Dp): ee MOKHO 110-
CTPOWTD, TEpeceKas OCh Y ¢ OKPY’KHOCTBIO ¢ TeHTpoM O, IPOXOJAILYIO Yepe3
TouKy (b,0). CTposi UpsiMble, HEPIEHUKYISIDHBIE K OCSIM, yOeXKIaeMcsi, ITo
upu a,b € T touka (a,b) nexxur 8 M(Dy). [psmas [, oupenenennast nan T,
COJIEPXKUT Apy TOUEK, omnpejeseHubix Hajg T, nosromy I € M(Dy). Oxpyx-
HOCTh S, omnpesenennast Haj T, cOIEep:KUT TOUKY, onpejenennyio uHag 1. Ee
HEeHTp Toxe onpesesieH Hay T, mosromy S € M(Dy).
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2.3. KITACCUYECKUE 3AJAYU HA ITOCTPOEHUE

B HecKOILKUX KIAaCCHYeCKUX 3aJla9aX Ha MOCTPOCHHE HAYAIbHBIM JAHHBIM
ABJIeTCA OTPE30K, UJIM, UYTO TO »Ke camoe, napa ero konnos O, E. B sTom
IyHKTe CHUMBOJIOM 1 MBI OyleM 0003HauaTh N0AE KOHCTPYUPYEMBIT “UCEN,
coorBercrBytomiee muoxkectsy Dy = {O, E}. Ilo teopeme 23 B cucreme KOOp-
JIMHAT, coracoBaHHoit ¢ Dy, cupasenmuso paserctso M(Dy) = M.

KBAZPATYPA KPYTA. [lo moukam O, E nocmpoums ompesox I maxod,
wmo naowads kpyea paduyca [OE| pasna naowadu keadpama co cmoponot 1.

TEOPEMA 24. /[laa aobvix mouex P, Q € M ompesox [PQ| ne pasen
ompesxy I. Jpyeumu crosamu, 6 waacce Mr weadpamypa xpy2a He ocyuie-
CMEUMa.

JIOKABATEJILCTBO. Paccrosinune mexay Toukamu P, QQ € Myp — KoH-

CTpyupyemMmoe 9ucJjio, a JJIMHa OTPE3Ka I — TPpaHCIHEHACHTHOE YUCJIO 7T1/2.

YABOEHUE KYBA. Ilo mouxam O, E nocmpoums ompesox J maxoti, 4mo
obsem xkyba co cmoponoti J 6 dea pasa boavwe obsema kyba co cmoporoti I.

TEOPEMA 25. Jlaa aobvix mouex P, Q € Mp ompesox [PQ| ne pasen
ompesky J. Ipyeumu crosamu, 6 xaacce M ydeoenue xyba 1e ocyw,ecmeumo.

JIOKA3ATEJIbCTBO. Paccrostame mexkay moukamu P, Q € Myp — KoH-
CTPpyHpyeMoe JHucjo, a JJInHa OTpe3Ka J paBHa 21/3 Ypasuenne 2% — 2 = 0
HerpuBoauMO Hayt (Q u He peraercs mMpu MOMOIIU KBaJIPATHBIX KOPHEI .

BAJAYA O IIPABUJILHOM n-YIOJBHUKE. ITocmpoums npasusvhbil n-
yeonvnuk ¢ dannotl cmoponot [OE].

TEOPEMA 26 (I'AVCC). IIpasuavhoili n-y20ivHuK MONCHO NOCMPOUMD
(T.€e. ero BepIIMHBI JeKaT B Kiacce Mr), ecau u moavbko ecau n — “Ucao
Taycca.

JIOKABATEJBCTBO. HecnoxKHO BUJIETH, YTO 33/1a4a SKBUBAJIECHTHA CJIETy-
FOIEH: TOCTPOUTH BEPIIUHBI IPABUJIBHOIO N-YIoJIbHUKA ¢ IeHTpoM O, OHA U3
BEPIINH KOTOPOro — Touka F. [Ipu 0TOXK1eCTBJIEHNH TIJIOCKOCTH C KOMILITEKC-
HOI MPsIMOIl BEPIINHBI 9TOI'O N-yrOJbHUKA — KOpHH ypaBHeHus 2" = 1. 1o
YPaBHEHHE PEIAeTCst IPH TOMOIIN KBaPATHBIX KOPHE (B I10J1€ KOMILIEKCHBIX
qHcest), eCJIM U TOJBKO ecyiu n — ducio Faycca. Ocranoch 3aMeTUTh, 9TO KOM-
IJIEKCHOE YHCJIO BhIpazkaeTcd Hal mojieM (Q mpu oMol KBaIpaTHBIX KOPHEN,
€CJIN W TOJIbKO €CJIM €r0 BENIEeCTBEHHAs 1 MHUMAasl 9aCTH — KOHCTPYHUPYEMbIe
qHCJIA.

2.4. JIBA CIEIUAJIBHBIX [TIOCTPOEHUA

BoimenuM mBa MPOCTBIX MOCTPOEHUsI, MCIOJIB3YIONINE BHIOOD ITPOU3BOJIb-
HOI TOYKM M3 KOHTHHYaJbHOIO MHOXKECTBa. DTH IIOCTPOCHHS HEBO3ZMOXKHO
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OCYIIECTBUTH IPU MOMOIIH orepanuii 1)-3), 1 uX MOXKHO paccMaTpUBATh Kak
HOBBIE onepanuu (ITo Mo3Ke Mbl U OyJIEeM JIe/IaTh).

BAIAYA 1. Ilo npamot | u mouke P ¢ | natimu mouxy E € 1, maxyo,
wmo npamvie | u EP nepnendukysaptot.

Knace M(D), rie MHOXKECTBO HAYAIBHBIX JTAHHBIX D COCTOUT U3 MPsIMOii |
u Toukn P ¢ [, coBmajaer ¢ MHOKeCTBOM D: IpUMEHEeHne JTOMyCTHMbIX Ollepa-
nuii He yBesmmauBaeT MHOXKecTBa D. OJIHAKO eC/in Ha IPSIMOU | npouseosvHbim
06pa3om BHIOPATH JIBe pa3indHble TOYKU A, B, To TaKoe IIOCTPOEHNE JIETKO BbI-
noHUTE (CM. 11. 2.2). Ero pe3ynbrarom siBIASIOTCS NEPHeHAUKYIISAp [p 1 TOUKa
E =1Nlp, KoTOpble HE 3a6UCAM 0M COCAAHHO20 NPOU3BOALHOZ20 6bLOODA.

ITo Troukam O = P u E MOXKHO MOCTPOUTH BCe 00beKTHI Kjacca Mrp. Pe-
3yJIBTAT KarKI0T'0 U3 ITUX IIOCTPOEHNI HE 3aBUCUT OT BHIOPAHHBIX ITPOU3BOJILHO
touek A, B € [, A # B, KOTOpbIe HUCIOJIB30BAJIUCH B IOCTPOEHUN.

3AIAYA 2. [locmpoums yenmp dannot okpyotcnocmu S.

Knace M(D), tne D = {S}, coBuagaer ¢ muoxkecrsom D. OjHako eciu Bbl-
Oparhk mBe pasuble Touku A, B € S, To nepreHuKky/isip K upsimoit AB, meisi-
muit orpe3ok [A, B] momosiaM, mMpoXoauT 4epes IEeHTP OKpyxKHocTu. Haxosst
CepeINHy MOCTPOEHHOTO JUAMETPA, MOJTYIUM TTeHTD OKpyzKuocTH O.

Yrobbl BKIIOUUTH TaKue KOHCTPYKIIMU B HAIy CXeMy, HY?KHO JOIYCTUTH
BBIOOD NPOU3BOALHBIT MOYEK, JIEXKAIIUX B OJJHOM M3 MHOXKECTB (CTPATOB), HA
KOTOpBIE pa3bMBAETCS TIOCKOCTD YK€ MOCTPOEHHBIMU TOYKAMU, MPSIMBIMUA W
OKpyKHOCTSIMU. HO TIpu 9TOM cYUTATH MOCTPOECHHBIMHE JIUIIb O0BEKTHI, KOTO-
pbIe HE 3aBUCSAT OT CJIEJAHHBIX MPOU3BOJIBLHBIX BBIOOPOB. Hizke MbI OKaxKeM,
YTO TaKasl pacliipeHHass WHTEPIPETAIys MPOIECcca TOCTPOEHUS TUPKYIeM U
JIMHENKOI He MeHsleT yzKe MOJIyUYeHHbIX Pe3yJIbTaToB ¥ MO3BOJISET PACCMAaTPHU-
BaTh U JIpyTUe 3aJ[a4l, B 9aCTHOCTHU, 38121y O TPUCEKIIUHU yTJIa.

Haunem ¢ paccMoTpenust cTpaTugUKAIIN IJIOCKOCTH, CBI3AHHONW ¢ KOHEU-
HBIM TIOIMHOXKECTBOM MHOXKecTBa M BceX TOUEK, MPSIMBIX U OKPYKHOCTEH.

2.5. CTPATUGUKALIVA TTIJIOCKOCTU

IIycts V' C M — koneunoe nogmuoxkectso. C V cBazana cmpamugdurayus
Yy IJIOCKOCTH, T. €. ee pa3bueHne Ha cmpamot Sy, € 27 PA3HBIX PA3MEpPHOCTE.
(Eciu Toukwu, mpsiMble ¥ OKPY?KHOCTH U3 V' HAPHCOBAHBI, TO CTPATH(MUKAIUS
Yy BHUJHA HA KAPTHHKE.)

Hyavmeprnoi cmpam B Xy — jti0bast TOUka MHOYXKeCTBa V[ Bcex TOUeK Iepe-
CeYeHUsT PA3JIUIHBIX MIPSIMBIX U OKPYKHOCTeH 3 V' 1 Jjiioboe u3 OJJHOTOUETHBIX
MHOKECTB, COJIepyKaIuxcsa B V.

Odromeprniti cmpam B 2y — J100asd KOMIIOHEHTa, CBSI3HOCTH MHOXKECTBA
i\ (T, NVy), e I'; — srobast npsiMast wiin OKpy»KHOCTD u3 V.
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Jleymeprnoili cmpam B Xy — J1100asi KOMIIOHEHTa CBSI3HOCTH JOTIOJIHEHUS
ILUIOCKOCTHU K O00BEIMHEHUIO BCEX TOYEK, IPAMBIX U OKPYXKHOCTel u3 V.

IIycrs T — BelmecTBEHHOE II0JIE, 3aMKHYTOE€ OTHOCHUTEILHO U3BJICYEHUSI
KBaJIpaTHBIX KopHeil. VI3 TeopeMbr 20 BbITEKAET CJIEAYIONIEE CJIEICTBUE.

CHEACTBUE 27. Ecau V. C Mr u P — nyavmeproili cmpam 6 3y, mo
P cC Mrp.

YTBEPXKIEHUE 28. Touxu, onpedeserrvie nad T, naommuot na: 1) naocko-
cmus; 2) npamot, onpedesennoli nad T 3) oxpyorcnocmu, onpedeaennots Had T

JTOKABATENBLCTBO. Ilyukrer 1) u 2) oueBuausl. [Ipsmble Buga y = ¢, rie
c € T, wrorusr B R%2. OHE mepecekaioT OKpy»KHOCTb, OIpejeaennyio na 1,
B TOYKax, onpeneseHubx Haj 1. MHOKeCTBO TaKUX TOUYEK BCIOY IUIOTHO Ha
OKPY>KHOCTH.

CHEIACTBUE 29. EcauV C Mrp, mo mouxu, onpedesernoie Had T, naiom-
HbL 8 KAAHCIOM CIMPAME NOAOAHCUMEALHOT PASMEPHOCTU CMPAMUPUKAUUY Dy .

2.6. KJIACCHI TIOCTPOEHUI, JOIIYCKAIOIIUE ITPONU3BOJIbHBIN BHIBOP

Pesy/ibTaT NIpuMeHEHNsT ONepaIi [IEPECEeueHtsl 3aBUCUT OT BBIOOPA OJTHOM
U3 TOUEK Iepeceduenusi JByX Kpubbix. Oupesesnm onepanuio 4), 3aBUCSIILYO
HE TOJILKO OT JIMCKPETHOTO, HO M OT KOHTHHYAJIBHOIO BbIGOpa. I1pu ee momonu
MOKHO BBIIIOJIHUTH JIB& MPOCTBIX NMOCTPOeHUst (CM. 1. 2.4), KOTOpbIE MOXKHO
[PUHSATH 3a HOBBIE onepaiyn 5) u 6).

[TPOJOI?KEHUE CITMCKA JOIIYCTUMBIX OIEPALI

4. Onepayus 6vib60pa Mowky TPUMEHIMa, K KOHEIHOMY MHOXKecTBY V' C M
7 3aKJIFOYAETCS B BBIOOpE cTpara S, € Ny MOJIOKUTENBHON PasMepHO-
¢ty U TOYKH P 13 3Toro crpara.

5. Onepayusa nocmpoenus 0CHOBAHUA NEPNEHIUKYAAD, COTIOCTABIISIET TIPS
Moii [ n rouke P ¢ [ touky E € [ takyio, uro npsivbie EP u [ nepren-
JIUKYJISTPHBL.

6. Onepauyua 60cCMaHOBACHUA UEHMPA COTTOCTABITET OKPYKHOCTH €€
HEHTP.

Omupenenum kiaacce Mg(D) 2/1eMEHTOB, KOTOPBIE MOXKHO 6 0600UeHHOM
cmuleae nocmpoums o KoneanoMmy MuoxkecTBY D. Craxewm, uro v € Mg(D),
eCJIM CyIIeCTBYeT KOHEUHbI ajropuT™ (T.e. IPABUIIO, ONUCHIBAIOIIEE BCE JIUC-
KPETHBIE BBIGODHI), k-ii IAr KOTOPOrO — MepeXoJ OT OJHONO KOHEYHOI'O MHO-
xectBa Vi, C M k cneaytomemy Viyp C M. Hpu srom: 1) Vi =D; 2) Viyq =
= Vi U{a}, rue a wim mosyyaercss npuMeHEHHEM K HEKOTODPBIM dJIeMeHTaM
mHO)KecTBa V) ofHoit u3 oneparmit 1)-3) (em. 1. 2.1), wm a = P u Touka P
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[OJIyYeHa [IPU [OMOIIH OllepaIui BbIGOpa 13 MHOXKeCTBa Vi; 3) 9JIEMEeHT v Co-
JAEPKUTCA B HEKOTOPOM U3 MHOXKECTB VN BHE 3aBUCUMOCTH OT KOHTHUHYaJIbHBIX
BBIOOPOB, KOTOPBIE BCTPEUYAJINCH Ha MPEIbIAYIIIX IIarax.

TEOPEMA 30. ITycmv T — sewecmeennoe noie, 3aMKHYMOE OMHOCUMEND-
HO u3saeuerus Keadpamuux xkopretd u D C Mr — koneunoe mmoscecmso.
Tozda Mg(D) C M.

JIOKABATEJIBCTBO. Eciun v € Mg(D), 10 KOHTUHYaJbHBIM BBIOOPOM,
BCTPEYAIONIUMCS B IMPOIECCE TOCTPOEHUS U, MOYXKHO PACHOPSIUTHCH IO CBO-
emy yemorpenuto. [To yesosuto Vi =D C My u Vo = Vi (J{a}. Ecin nepssiii
IIar COCTOUT B IPUCOEJMHEHUU TOYKHU @ U3 CTPATA IOJIOKUTEJTHLHON pa3Mep-
HOCTH B CTpaTH(dUKAINN Xy, , TO BBIOEpeM TOUKY a, onpefiesennyio Haa 1. Io
CJIeJICTBUIO 29 5T0 MOXKHO cesiarh. I1pu Takom BeibOpe Vo C M. Eciu Touka,
IpsiMasi WU OKPY?KHOCTh @ TIOJIYYAIOTCS MIPUMEHEHUEM K HEKOTOPBIM 3JIEMEH-
TaM MHOXKecTBa V) ofHoil u3 oneparwmii 1)-3), To Vo C Mg no reopeme 20.
Bynewm nocieioBaresibHO Ha KarXKJOM IIare MOCTPOEHUsI, COCTOSIIEM B IIPUCO-
€/IMHEHUH ITPOU3BOJILHO BBIOPAHHON TOYKHU, BLIOMPATH TOYKY, OIIPEICTICHHYIO
man 1. Ilpn npumenenun sTo npasmia Beibopa Vi C My st moboro k > 0.

CHEACTBUE 31. Ecau Dy — Komeumnoe MHoxHcecmso mouek, coepacauee
ne menee deyx movex, mo Mag(Dy) = M(Dy). B wacmrnocmu, onepayus 4) ne
nomozaem pewums 3adayvu o keadpamype xpyea u 06 ydeoenus xyba. C ee no-
MOWBIO MOACHO NOCTPOUMD MOABKO ME NPAEUALHBLE N-Y20AbHUKY, KOMODHLE
cmposmes u 6e3 Hee.

ONPEAEJNEHUE. Murnmamnsusiii kiace M, (D), conepzarmuit D 1 3aMKHY-
TBIN OTHOCUTENHHO onepaimil 1)-3) u 5), 6), GyueM Ha3bIBATH KJIACCOM OObEK-
TOB, KOTOPBIE 6 PACUUPEHHOM CMBICAE CTPOACA N0 HAUAALHYIM OarHvim D.

Ckaxem, uro D — uckmouumenvroe muootcecmso muna R;, eciim D co-
JIEPKUT:

st turia Ry — eduncemeennyo mouky;

it tuna Ry — eduncmeenmnyio npamyio;

ist tuna Ry — k > 1 napaatesoHuss npamvi;

st tunia, Ry — k > 0 npamoix, nporodawux wepes mouky O;

st tunia, Ry — k > 0 npamwix, npoxodswux wepes mouxy O, u mouxy O;

st tunia Rg — k> 0 oxpyorcnocmeti ¢ obwgum yenmpom O

st tuna Ry — k > 0 oxpyotcnocmets ¢ obwgum yermpom O u mouxy O.

VYTBEPXKEHUE 32. /[AA KOHEUH020 HEUCKAOUUMENDHO20 MHOMHCECTNEa D
cywecmeyem xkoneunoe mroocecmeo Dy C M,.(D), codeporcawee moavko mou-
Ku naockocmu, u maxoe, wmo D C M(Dy) (6osee Toro, qs garHoro D muO-
skecTBa Dy MOXKHO TIPEJIbsABUTH SIBHO).
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Hanpuwmep, mius D = {S,1}, rue S — okpyxkuocTh ¢ 1ienrpom O, | — upsi-
mast u O ¢ 1, nocrarouno nonoxurs Dy = {O, E, P}, rne E € | — ocHoBaHue
nepreHanKyJsipa, omyieratoro u3 O va l, u P € S NI. Iljns npyrux HEUCKJIio-
IUTETBLHBIX MHOKECTB ) MHOXKECTBO Dy TIPEIbABISETCS CTOH YKe SIBHO.

CHIEACTBUE 33. J[aA KOHEUH020 HEUCKAIOUUMENLHOZO MHOHCECTNEA Ha-
waronnx dannolr D C M cnpasedausv, pasencmsa Ma(D) = M, (D) =
= M(Dy) = My, 20e T — nose, cozaacosanroe ¢ Dy.

JTOKABATENBLCTBO. Cornacuo yreepxkaenuto, D C M(Dy). Ho M(Dy) =
= M7 (cm. teopemy 23) u Mg(D) C Mr (cm. teopemy 30). CupasemBe
sriiodennst Mq(D) D M, (D) D M(Dy). CiesicrBue JoKa3aHo.

Mpur1 onucasu knacc Mg(D) st HEUCKITIOUATENBHBIX D 1M TIOKA3a/I1, 9T
JIJIsE TOCTPOEHUs ero 06beKToB omnepaiust 4) e rpedyercs: Mg (D) = M,.(D).

2.7. TPUCEKLINA YIJIA

Curetyrormasi Kjaccuieckast 3aj1a4a cBsizata ¢ kiaccom Mg(D) st uckiio-
IUTETHHOrO MHOXKecTBa D Tnma Ry.

3ADAYA O TPUCEKLIUU YIJVIA. Paszdeasums dannvili yeos Ha mpu pasHuLT
Yacmu.

Onmnmem kinacc Mg (D) st muoxkecrsa D tuna Ry (kinacesl Mg (D) auis
UCKJTIOUUTE/bHBIX MHOXKECTB D IPYruxX THIIOB OMKMCBIBAIOTCS Takxke). VTak,
nyctb D — sto k > 0 npsiMbeix, mpoxoadamux depe3 Touky O. Purcupyem
JII00Y 10 OKPY2KHOCTD S ¢ 1ieHTpoM (. ByJieM mo/ib30BaThCsl CIe Iy FoImuMu 060-
suadenusaMu: D' — MHOX«KeCTBO Touek, pasHoe | J;cp(S N1); T — mose, corua-
cosannoe ¢ D'; |y € D — dukcupoBanHasi npsiMasi.

TEOPEMA 34. Kaace Mg(D) cocmoum us mouku O u u3 6cex npamoLs
I, npoxodawuz wepes O u maxuzx, wmo | cos(l,lo)| € T (3mecw (I,1y) — moboii
U U3 JBYX YIJVIOB, OOPa30BaHHBIX HpsiMbIMu [ 1 [p).

JIOKABATEJIbCTBO. Bribepewm Jiobyio rouky E € 1\ O, mosb3ysick omnepa-
mueit 4). [Tocrponm okpyzkuOCTb S ¢ earpom O u pajuycom, pasubiM (O, El.
Bmecre ¢ S nocrponm muO)kecTBO D' Kiace M(D') = My comep:kur Bee
npsimble [, npoxojsiinue depes O, takue, uaro |cos(l,ly)| € T, u ne copepxkur
JPYIUX IPAMbIX, npoxosnmx depe3 O. Kiace Mg(D) npunaieur Kiaaccy
M(T) u TOXKE He COIEPKUT APYIUX MPAMbBIX, TPOXodAmux depe3 O.

O0bekThl MHOKECTBa D MHBApUAHTHBI OTHOCUTEIBHO I'PyIbl (G TOMOTE-
tuii ¢ nearpom O, nmosTomy Bee 00bekThl Kiacca Mg (D) Toxke nHBapUAHTHBI
oraocureibHO Go. [eficTBUTEIbHO, DU TOMOTETUHU TIOCTPOEHUE IIEPEXOJUT
B TOMOTETHYHOE TIOCTPOEHUE, €CJIU IPOU3BOJIbHBIE TOYKH BBIOMPATH TOMOTE-
TUYHBIME TOYKaM B MCXOJIHOM mocrpoernu. Ho obbekTsl kiacca Mag(D) He
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3aBUCAT OT MIPOU3BOJILHBIX BBIOOPOB, CAETAHHBIX IIPU UX ITOCTPOEHUH, T. €. OHU
MHBAPUAHTHBI OTHOCUTEIBHO TPYIIBl Go. TOIBKO MpsIMbIe, IPOXO/ISIIIIE Yepe3
O, u Touka O WHBAPUAHTHBI OTHOCUTEJIHHO ITOM I'PYIIIIHI.

PaszpermmmocTs 3a/1a49u 0 TPUCEKIUH yIJIa CYIIECTBEHHO 3aBHCUT OT BEJIH-
YHHBI 9TOTO yIia (CM. cireacTBus 35-38).

CHEACTBUE 35. Ecau D = {lp,l1}, 2de lo, li — npamovie, npoxodsujue
wepes O, u a = |cos(lo,1)|, mo xaacc Ma(D) cocmoum us O u u3 npamvir
I, maxuz, wmo O €l u |cos(l,lp)| € T, 2de T — munumasvroe sewecmeernoe
noae, coodeparcawiee a U 3AMKHYMOE OMHOCUMENDHO USBNEUEHUA KEAOPATIVHIL
KopHed.

CHEACTBUE 36. B ycaosuar caedcmseus 35 MOHCHO NOCMPOUmMs NPambie,
deasugue yeon (lo,l1) Ha m pasnux wacmet, €cau U MOALKO ECAU YPABHEHUE
P,(z) = a, 20de P, — noaurnom Yebwiwésa cmenenu n, paspewumo 6 2-padu-
xasax Had T

OTMeTHM, UTO eCAU G — MPAHCYEHOEHMHOE YUCA0, Mo ypasherue P (x) =
= a nenpusodumo nad norem Q(a). HeiicrBurensro, noie Q(a) nsomopdno
nosito panmonaibabix Gyukmit Q(¢) nan Q, a ypasuenue P, (x) = ¢t Henpuso-
qumo nazke Hagt noeM C(t) (puMaHOBa MOBEPXHOCTH ajredpamdeckoi (yHK-
muu x(t), onpejiesieHHON STUM ypaBHeHneM, — cdepa Pumana).

CHEIACTBUE 37. Ecau 6 ycaosuax caedecmeusn 36 wucao a mpancuenderm-
HO, O Y204 MOAHCHO NOJEAUMS HA N PABHBIT UACTET UUPKYAEM U AUHETKOU,
ecau u moavko ecau n = 2. B wacmmocmu, mpucexyus maxozo y2aa meco3-
MOIHCHG.

HeficTBUTEILHO, €CJIN HETPUBOIUMOE YPABHEHUE PEIIACTCS B 2-Pa/INKaIax,
10 ero crernenb pasHa 2F. C JApyroif CTOPOHBI, yroJ MOXKHO HOJEINTH Ha 2F
JacTell, MoCc/IeI0BaATEIbHO CTPOsS OUCCEKTPHUCHI.

CJIEACTBUE 38. Ecau 6 ycaosuar caedecmeus 35 4ucio a payuoHasvbHo,
MO MPUCEKUUA Y2A0 BOZMONCHA, ECAU U MOALKO ecau ypashenue 4x° — 3z = a
uMeem PayUOHAALHBIT KOPEHD.

ChencrBue 38 jocTaBiisieT sIBHO NPOBEPSEMbIl KPUTEPHUH Pa3peniuMOCTh 3a-
JIa9l O TPUCEKINH yIJyIa, KOCUHYC KOTOPOr'o pallmoHajeH. B gacTHOCTH, JIETKO
BHUJIETh, UTO TPUCEKIHs yrya B 60° HEBO3MOXKHA.

2.8. OZIHA TEOPEMA U3 A®O®UHHON I'EOMETPUU

QopmynupyeMast HUXKe TEOpeMa MMOKA3bIBAET, YTO JJIst MOCTPOEHUS Bellle-
cTBeHHOH adPUHHOM reoMeTPUN Ha IJIOCKOCTH HYKHBI JIUITh TOUYKA U MPSIMbIE,
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a MOHSITHE HEIPEPLIBHOCTU He Hy»KHO. Fe Jl0Ka3aTebCTBO OCHOBAHO Ha BO3-
MOKHOCTH BBIIOJTHEHUST apU(PMETHIECKUX ONEPAIMH ¢ IIOMOIIBIO I1apaJlieb-
HBIX TPSMBIX (CM. 1. 2.2).

TEOPEMA 39. ITycmo F: R? — R? — e3aummno odnosnaymoe omobpasice-
Hue, nepesodawee Kaxrcoyo npamyro 6 npamyro. Toeda F — agdurnoe npeob-
Pa3osanue.

JIEMMA 40. Ecau ¢: R — R asmomopgusm nossa R, mo o(x) = x npu
z € R.

JOKABATEJLCTBO. Ecim z € Q, To oueBnano ¢(x) = z. Eciim x > 0, To

= a%u p(r) = ¢*(a) >0, T.e. ¢ MonoTonno. 3uaunt, p(z) = x npu x € R,

JIEMMA 41. Ecau 6 ycaosuax meopemo, F(O) = O u F(E) = E, 2de O #
# E, mo oepanuuernue F na npamyro OFE — moowcdecmeennoe omobpasrcerue.

JIOKA3ATEJIbCTBO. Bsenem koopaunary Ha mupsmoit O E, 0TOXIECTBIIsIs
O c¢ nyneMm, a E ¢ egununeit. Orobpazkerune F IEPEeBOIUT HeIEPECEKAIOH-
ecsl TIpsIMble B HEIEPECEKAIONINecs IpsIMble, T.€. OHO COXPAHSIET COOTHOIIIE-
HU€ HapPaJUICILHOCTH MEXKIy HpsSMBIMU. VCIIOIb3ys mapaJule/bHble IPIMbIE
ntoukn O = 0 mu E = 1, o toukam a,b € OF MOXHO HOCTPOUTH TOYKHU
—a,a”t,a + byab (cm. memmy 22). Tostomy orpammuenne F' na OF 3amaer
aBTOMOP(MU3M IUCIOBOH mpsiMoit. OcTasiock BOCIIOIB30BaThC JieMMoit 40.

JIOKA3ATEJ/IbCTBO TEOPEMbBI. OTOOparKeHusl, yIOBJIETBOPSIIOIIUE YCJIO-
BUIO TeopeMbl, 00pa3yior rpyuny G, cojepxkaiiyo rpyuiny ad@uHHBIX 1peod-
pazosannii. [lonrpynma Gy, dpukcupyromast touku A, B, C, He ysexarmnue Ha
OJIHOM ¥ IPsAMOI, TpuBrajbHa. Helicrsurenbao, ecau ¥ € Gy, To 1o jiemme 41
orpannyenune W Ha IPOJIOJIKEHUsI CTOPOH TpeyroJibauka ABC siBisieTcst TOxXK-
JIECTBEHHBIM ITpeobpaszoBanueM (Tak kak WU pUKCUpPYyeT BEpIIUHBI TPEYTOJIbHI-
ka). Yepes KaxK/Iyo TOUKY P MOXKHO IIPOBECTH HPSAMYIO [p, TIEPECEKAIONLYIO
croponbl Tpeyrosibinka ABC' B 1ByX pasHbiX Toukax (Koropblie ¥ dukcupy-
er). [Ipumensist iemmy 41 k npsimoit [p, osyanm W(P) = P, 1. e. rpynna Gy
rpuBuasibHa. CienoBaresibao, rpyimna G cojiepKuT He OoJjiee OJHOTO peobpa-
soBanus, nepesojgamiero A, B, C B Ttouku A’, B', C', ne jexxamue Ha 0JHOi
npsimoit. Ho cpenn Takux mpeobpaszoBanuit ectb adunHOE mMpeobpasoBaHue.
Teopema nokazana.

CIUCOK JIMTEPATYPHI

[1] Bypma O., Kagen JI. Cemnaduyamuyzosvhuk u 3axon ezaumnocmu layc-
ca // Maremaruaeckoe npocserienue. Cep. 3. Bemr. 17. 2013. C. 61-67.

A.T. Xosauckunit, Univ. of Toronto
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CeMHaIIATUYTOJIBHUK U 3aKOH B3auMHOCTH [aycca

Bypma FO. Kagyern JI.

B sroit 3ameTke 06cy)KIa€TCI KAK TIOCTPOUTDH CEMHAIATHYTOJIBHUAK
IIPU TTOMOIITY ITUPKYJIS U JIUHENKN U KaK JJAHHOE IIOCTPOEHUE CBA3aHO C
KBa/I[PATUIHBIM 3aKOHOM B3aumMHOCTH [aycca.

1. BBEAEHUE

TeOpI/IH Faﬂya II03BOJIACT JaTb THOJIHBIA OTBET Ha BOIIPOC O BO3SMOXKHOCTH
IIOCTPOECHN ITPAaBUJIBHOI'O T-YyI'OJIbHUKa C IIOMOIIBIO TUPKYJIA U JUHENKN:

TEOPEMA 1. IIpasusvbhovili N-y20aoHUK MOHCHO NOCTMPOUMD UUPKYAEM U
AUHETKOT €CAU U TNOADKO ecat 1 umeem sudn = 2™ p1-. . .-Dg, 20€ P1, ..., Pk —
S
pazausmsie npocmuie wucaa suda 22 + 1.

K coxaistenuto Teopus ['amya mo3BosisieT JUIb CYyIUTH O BOSMOYKHOCTH TOT'O
TN WHOTO TTOCTPOEHUS U MOACKA3bIBaeT HEKOTOPHIE ITard Ha IMyTH K HEMY, HO
ABHOE ITOCTPOEHUE IIPUXOIUTCA HAXOAUTH OTAE/JIBHO B KaxKJIOM KOHKPETHOM
ciryJae.

Tem Gosiee yaIuBUTENIBHO, UTO IIOCTPOEHUE CEMHAIIATHYTOJLHUKA C TIOMO-
IBI0 [UPKYJIS U JUHEHKU OBbLIO0 TPUIyMaHO Jo MOsiBJieHHWs Teopuu lajya.
IIepBBIM 3TO TOCTpOeHME HaIEN ['aycc B KOHIIE BOCEMHAIIIATOIO BEKA, CIIY-
CTS MHOT'O CTOJIETHI TIOC/Ie TOTO KaK IMpaBuabHbIE 3-, 4-, 5-, 6-, 8-, 10-, 12-) 15-
1 16-yroJbHUKY OBLIN TTOCTPOEHBI JIDEBHUMU I'eOMETPaMHU.

B sToit 3ameTke mpeicTaBiieH criocod MOCTPOEHUs MPABUIBHOTO 17-yroJib-
Huka. QUucanne MOCTPOEHUsT He UCIOJIb3yeT HUKAKUX WJIeH, KOTOPhIe He ObLIn
M3BECTHBI B TO BpeMsI, Korma ['aycc ero mpumymadt. ¥ BB, HEKOTOPBIE JefCTBUS B
9TOM IIOCTPOEHHUH BBIIVISIAT HECKOJIBKO 3araI0YHO U MOT'YT ObITh KyJa JIydIlle
OHSITBI B cBeTe 6oiee obieit Teopuu. OO bsICHEHNST TAKOT'O POJIA JAHBI B 3aMe-
ganusx 1 u 2. B 3ameuanuu 3 Mbl 0ObsICHSIEM CBSI3b TIOCTPOEHUS 17-yTrOJIbHIKA
¢ apyrumu paboramu [aycca, a nMeHHO, ¢ KBaJ[PATUIHBIM 3aKOHOM B3aMMHO-
CTHU.

BJIATOOAPHOCTU. Mpbl Gaaromapum Ackosbia leopruesmdya XoOBaHCKOIO,
YbH 3aMedaTesbHbIe JIEKIUU 110 Teopruu ['aiya BIOXHOBMIA HAC 33/lyMaTbCHd O
noctpoennn 17-yrombuuka. Mol Takzke 61arogapum bopuca Kapera, koTopbrit

MaTemaTunyeckoe npoceelyerue, cep. 3, Boin. 17, 2013(61-67)
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COOOIINI HAM HECKOJBKUX KpaiiHe KPACHBBIX JOKA3aTEIbCTB KBAIPATUIHOTO
3aKOHa B3aMMHOCTHU.

2. IIJIAH [IOCTPOEHUA

EC.HI/I OTO2KJCCTBUTDL IIJIOCKOCTDL Rz C IINIOCKOCTBIO KOMIIJIEKCHBIX YHCEJI
C (¢ ormeuennbivu ToukamMu 0 u 1), TO 3aJa4a O IIOCTPOEHUH MPABUJIBHO-
0 N-yrOJIbHUKA MEPEXOAUT B 33724y O INOCTPOEHUU NPUMUTHUBHOIO KOPHA W3
eMHUIB! £ cTenenn n (Hanpumep £ = e2mi/ ™). leficTBUTENBHO, €CIIH 3TO THUCIIO
IIOCTPOEHO, TO €r0 CTEICHU SBJIAIOTCS BEPIIMHAMU IIPABUJIBHOIO N-yIOJILHUAKA.

B maspmeiiieMm Mbr OyaeM 9acTO UCIIOIb30BATE CISIYIONee IIOCTPOSHHE: eC-
JI YUCJIa 21 U Z9 ABJISIIOTCA PELICHUAMUI KBaJAPaTHOI'O YpaBHEHUA 224az+b=
=0, ¥ TOYKHU @ U b y»Ke IMOCTPOEHDI, TO TOYKHU 2z U 29 MOYKHO IIOCTPOUTD IIHP-
KyJIeM U JIHHEHKOM. DTO MOCTPOEHNEe OCHOBBIBAETCS Ha, (POPMYJIE JIJIsT PEIeHni
KBaJPaTHOI'0 ypaBHEHUs, B KOTOPOIl NPUCYTCTBYIOT JIUIIL OIlePallul CJIOXKe-
HUS, BbIYMTAHUS, YMHOXKEHUd, JICJICHUS U U3BJICUEHUs KBaJPATHOI'O KOPHS.
Bce aTm onepanum ¢ yKe MOCTPOEHHBIMU TOYKAMU MOYKHO BBITIOJTHUTD C ITOMO-
b0 MUPKYJd U JIAHEHKU.

Hamr mutan Torga cBOIUTCS K HAXOXKJIEHHUIO ABHBIX KBaJIPATHBIX YPABHEHUM
CO CJeAyIOIMUMHI CBOMCTBaMU:

— IIEepBOE U3 3TUX ypaBHeHI/Iﬁ HMeeT IeJIOYHUCJICHHbIE KOSCb(bI/H_[I/IeHTbI;

— K03bMUIMEHTH! KaXK/I0T0 U3 yPaBHEHUH b0 T1esible 9ucia, Jubo (¢ Tou-
HOCTBIO JI0 3HAKA) COBIAJAIOT C KOPHSMU HPEBIIYIIEr0 yPABHEHUS;

— YHUCJIO0 5 ABJIdeTCd OJHUM U3 peLHeHI/Iﬁ IIocCJIeTHETO YpaBHEHNA.

OTu ypaBHeHusi OyJ/IyT IPOJBUTATh HAC BHU3 110 CJIEJIYIONIEH quarpaMme:

/\
/\ /\
/X /& /& /x

l& l& l& Z& l& Z& l& A

1-14-42-2 8-86-67-75-5 3-3

Crpesiku B 9TOM JiepeBe BEJYT OT YUCE]T K UX KBaJPATHBIM KOPHSAM IO
Mojtyto 17.

C KaxK/IbIM y3JIOM JIepeBa MBI CBSI2KEM UHCIO ) €', rie cyMMumpoBanue
[IPOM3BO/IUTCS 110 HAOOPY TeX YHUCeN ¢ U3 CAMOI'0 HUYKHETO Psa, J0 KOTOPBIX
MOXKHO J100paThCs 10 CTPEJIKaM U3 JIAHHOTO y3JIa.
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Huxe MBI mOKazkeM, UTO 9HCIa, CBA3AHHBIE C Y3JIaMH B KaXKJOW CTPO-
K€, VIOBJIETBOPAIOT KBaJIPATHBIM YPaBHEHUSIM C KO3 duimeHTaMmu, KOTopbie
SIBJISIIOTCSL JINOO HEJIBIMEU YHCJIaMU, JIHOO (C TOYHOCTBIO JI0 3HAKA) JHCJIAMH,
CBA3AHHBIMUA C Y3JIaMU IIPEJBIAYIEeH CTPOKU.

3AMEYAHUE 1. MunumabHBIM ypaBHEHUEM Hat 1ojieM Q, KoTopomy yiio-
BJIETBOPsIET IPUMUTHUBHBIH KOPEHDb U3 €UHAIIBI £ TPOCTOM CTEIIEHN P, ABJISIETCS
ypasuerne 1 +x + ...+ 2P~! = 0. Ero rpynna [ajya — nuximgeckas rpyIa
G = Z,. Lnsa xaxjoro jenurens d uucia p — 1 9Ta rpynna colepkKuT eJuH-
CTBEHHYIO HOArpyIIy mopsiaka d. B wacraoctr ecim p = 2F 4 1, moarpyrmms:
rpynusl G obpasytor bamuio G = G D Gg—1 D ... D Go = {1}, rue Gy,
nmeet nopsiaok 2. CoorBercrBre ['asiya comocrasisieT 9Toil GalllHe HOArpyIIl
[EMOYKY KBaJApaTnIHbiX pacimpenuii moieit Q(§) = Lo D L1 D ... D L = Q.

Boruersr u3 m-it crpoku siepeBa cocrapistior rpyminy Gp,. ucaa Y £
1€Gm

CBSI3AHHDIE C y3JIAMH JMarpaMMbl, TOPOXKIaioT pacmupenue Ly, /Q. Kosddu-

[IMEHTHI KBAAPATHOIO yPAaBHEHUs, KOTOPOE Mbl HaXOIUM HA 1M-M Iare, HaXo-

JATCs B 110J1€ Ly, 1, & €ro KOpHU TOPOK AT paciupenue Ly, /Ly, 1.

3. HIAT HOMEP 0

IIyctb & # 1 — KOpeHb U3 eIUHULBI CTeleHn p. Torma

p—1
i=1 61

Takum 0O6pa3oM, ¢ KOPHEM JIepeBa CBA3AHO YHCJIO —1.

4. TIEPBBIN AT — KBAJIPATUYHBIE BHIYETHI

TEOPEMA 2. [lTycmv Q — mHootcecmso k6a0paMUYHBLE 8bL4EMOE 1O MO-
dyaro Hewémmozo npocmozo wucaa p. Ilyemo € — npumumusnvd Kopensv u3
edunuybe cmenenu p u nyemv x =y, &'

1€Q
-1
Jas p euda p = 4m + 1 evinosnsemes x* + x — pT =0.

p+1
4

0.

Jlns p 6uda p = 4m — 1 swnoansemes x> + x +

SAMEYAHUE 2. [ljis1 j11060r0 HEYETHOrO NPOCTOTO p Ipyiia Zi, COJEPKHUT
€JIMHCTBEHHYO MOATPYIITY UHIEKCA 2, a UMEHHO rpyIiy () KBaJIpaTUIHBIX BbI-
weToB 110 Mojymo p. I'pynma Zy asistierca rpymmoit Lamya pacmupenns Lasya
Q(£)/Q: snement m € Zj, neficteyer aproMopdusMom, nepesoamuM § B
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Op6ura yucsia x = Y £ npu geficTBUU 9TOf TPYIIIBI COCTOUT U3 JIBYX dJI€MeH-
i€Q

ToB. TakuMm 06pa3oM, & SIBJISIETCS KOPHEM HEKOTOPOTO KBAIPATHOTO YPABHEHNUST

¢ parmoHaJIbHBIME KO3 purinenTamu. Teopema 2 MpemIoCTaBsieT sIBHBIM BU/I

9TOI'O ypaBHEHUAI.

JLOKABATE/IBCTBO TEOPEMBI 2. UT0OObI HAWTH X, MBI BBITHCJIUM Y =
p=1

= > & u ucnonb3yem toxkjectso y = 2x — 1. KomiutekcHoe comnpsizkenne
i=0

— p_l —i2
qucaa Yy paBHO ¥ = »_ &', a 3HAUWT,
i=0
p—1 p—1 p—1
_ ’L2 _ a2 ’i2— -2
w=>¢ > e =D
i=0 i=0 i,j=0

Koaddurment mpu £F B s10it bopMyste paBeH KOIMYECTBY peImeHmit (,7)
cpasrenus i2 — j2 = k mod p. O6paTumoit 3amenoii koopunar (a,b) =
= (i — j,i+ j) 9170 cpaBHeHUe NepeBOAUTCs B cpaBHenue ab =k mod p. Y mo-
crennero cpasuenuss p — 1 pemennit, ecmu k # 0, u 2p — 1 pemrennit, ecm
k=0.

Takum obpazom,

p—1
w=2p—1+(p-1)> ¢=2p-1-(p-1)
k=1

= p'
Ecmu p = 1 mod 4, To § = y. HelicrBuTeIbHO, TaK KaK —1 sBJISeTCS
—1 ;2
KBaIPATHIHBIM BBIUETOM 110 MOJLYJIIO P, BbIpaxenue y -, €% He oTimdaercs
p—1 #i’2
oT BhIpazkeHus y ., _ &' .
Ecmup = —1 mod 4, Toy = —y. [HeiictBuTe/ibHO, TaK KaK —1 He siBJIsIeTCs

KBa.,ZLpaTI/ILIHI)HVI BbIYE€TOM IIO MO;LyJ'[IO p, B Bblpa}KeHI/H/I y + g KazKJ/Tasl CTeIICHDb
_ 1
& BcTpedaeTcst POBHO JABaXKAbl. A 3HauuT, y + 7 = 2 Zi:o g’“ =0.
B obonx ciydasx OKOHYATEIbHBIN pe3ysIbTaT CJIeIAyeT U3 TOXKIECTBA i =
=2x — 1.

s TeopeMbI CJIEAYET, 9TO YHCJ/Ia, CBA3aHHBIC C y3JaMHU BO BTOpOfI CTPO-
17-1

4

Ke, ABJISIOTCS PEIICHUSMI ypaBHeHus T2 +  —

1+ V1T
==

= 0, T0 ecTb T1,x2 =

3AMEYAHUE 3. MHTepecHO 3aMeTUTh, YTO BBIYMCJIEHHE U3 JI0KA3aTE/Ib-
CTBa TE€OPEMBI 2 MOXKHO WCIOJIB30BATDH JIJIT MIPOCTOTO M JIETAHTHOTO JIOKA3a-
TeJbCTBA KBaIPATUIHOIO 3aKOHA B3aMMHOCTH [ aycca.
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t‘ITO6bI BbBIACHUTD, ABJIAETCA JIX P KBAJAPATUYIHBIM BbIYE€TOM IIO MOIYJIIO
IPOCTOrO YUC/IA ¢, JIOCTATOYHO BBIACHUTD, HIPUHAJIEXKUT I /p 1100 Fy BbI-
YETOB TI0 MOJLYJIIO .

oJe COCTOUT B TOYHOCTU U3 ¢ KOPHEW ypPABHEHUS = gy, TaK 4TO
IT F, 4 )
ajleMenT y pacmmpenns nosd F, naxomurca B Fy, B Tounoctn xorja y? = y.
p—1
— i2 i
[Tycrh, kak u pasbiie, y = »_ £, rje & — IPUMUTHBHBIN KOPEHb U3 €]-
i=0
HUIIBI CTEIEHN P, JIeXKAIIUil B HEKOTOPOM pacimpenun 1o [Fy.

Brerauciienne u3 j1oka3aresibCTBa TEOPEMbBI 2 MOKA3BIBAET, YTO ecyn p = 1
mod 4, To y = /p u Haxonurca B Fy, ecnm n Tonbko ecmm y? = y. Onnaxo B
pacampenusx mousst F, nmeer mecro dopmyna (a + b)¢ = a? + b?, a 3naunr,

p—1
y? = > &9, Takum obpasoMm, y? = y B TOUHOCTU TOIJIA, KOIJA  SIBJISIETCSI

KB&,ZLpZa:’I‘OI/I‘{HbIM BBIYETOM II0 MOJIYJIIO P.

Wrak, eciit p =1 mod 4 u ¢ # p — OPOCThIE UNUCIA, TO P SIBJISIETCS KBaJI-
PATUYHBIM BBIYETOM IO MOJIY/IIO ¢ TOTJIa M TOJBKO TOIJIA, KOTJIA ¢ SBJISETCS
KBa/IPATUYHBIM BBIYETOM 110 MOJLYJIIO P.

Eciup = —1 mod 4, 1o y = \/—p 1 Te XKe paccyKJeHHsI HOKA3BIBAIOT, ITO
—p ABJAETCA KBaJPATUIHBIM BBIUYETOM MO MOJIYJIIO ¢ TOTJa W TOJHKO TOT/A,
KOTJIa q SABJISIETCS KBaJIPATUIHBIM BBIYETOM I10 MOJIYJIIO P.

5. IIIAT BTOPOU, HECKOJILKO TPUT'OHOMETPUYECKUX
TOYK/IECTB

JIEMMA 1. Jlasa mobozo & # £1

gn+1 _on+1

E+ENE+ENE+E (@ ) =

DTO TOXKJIECTBO JIETKO NPOBEPHUTDH, JIOMHOXKHUB 00€ YaCTH PaBEHCTBA Ha
€ — &1 a zarem n . 2%y =
, pa3 WCIOJIb30BaB TOXKIECTBO (& &) +¢7) =

= (2 -,

CHEACTBUE 1. Ecau € # +1 — xopenv us edunuysb, cmenenu p, 2de p =
2"t 41, mo

(E+ENE@+ENE+eN (T +eP) = -1
[Iycrs Teneps ¢ = £F + ¢7F.
JIEMMA 2. Jlasa awbux s,t
Cs ' Ct = Coqt +Cs—t .

BAMEYAHUE 4. Ecim € pasen €', To ¢, = 2cos ka. B srom ciayuae jiem-
ma 2 caegyer u3z dhopmyibl 2 cos(sa) cos(ta) = cos((s + t)a) + cos((s — t)a), a
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ciencTBre 1 cile/yeT u3 TOXKIeCTBA
sin(2" o
2" cos acos(2a) cos(4av) - ... - cos(2"a) = Q .

SiveNe?

Haiiném Tenmepb KBaJpaTHOE YpaBHEHUE C KOPHSIMU C] + C4 U C2 + Cs.

CyMMa KOpHEl 9TOro ypaBHEHUsI — YHCJIO €] + Co + €4 + g, KOTOPOE MBI
HAIILJIN Ha IIPOIILJIOM IIare: 3T0 KOPeHb X1 ypaBHeHns 2 4+ x — 4 = 0.

Yrobbl HaiiTu npoussejienue (¢1 + cq4)(co + cg) Oyzem paccykIaTh Tak: U3
cyeicTBUAA 1, MPUMEHEHHOTO K KOPHIO U3 €IUHUIILI £, MBI HAXOIUM C]C2C4C8 =
= —1. To e ciecTBHE, IPEMEHEHHOE K KOPHIO U3 eIMHUIL! &3, IPUBOIUT K

TOXKJIECTBY C3C6C12C24 = —1, TO €cTh c3cgcscy = —1.
[loncTapisgss TOXKIAECTBA €3¢ = Co + Cg, CgCr = €1 + ¢4 B c3cgcscr = —1,
nostydaeM (c1 + cq)(ca + cg) = —1.

Takum 00pazoMm, ¢ + ¢4 U Cg + Cg ABJIAIOTCSA PEIICHUSIME Y1, Yo YPABHEHUS
y? —x1y — 1 =0, rae r; — pemenue ypasaenus 2 4+ x — 4 = 0.

Taxk ke HAXOIUM, 9TO C3 + C5 U Cg + C7 ABJSIOTCI PEIICHUSIMA Y3, Y4 YPAB-

wenust y2 — xoy — 1 = 0, rje x9 — JApyroit KopeHs ypasHenus 2 + x — 4 = 0.

6. LHHIAD TPETUN

Cymma 4mcest ¢1 U ¢4 paBHA €1 + ¢4 = Y1, & UX IPOU3BEJIEHNE PABHO C1C4 =
= c3 + ¢5 = y3. CaegoBaTebHO, €1, Cq SIBJIAIOTCS PEIICHUSIMI Y PABHEHUST 22—
—y1z2+y3 =0.

7. ITOCJTEAHUI LIAT

IMockombky € + €61 =cpm €61 =1, 10 € u €1 apnsorcs KopusaMu
ypaBHeHnst w? — ciw + 1 = 0.

8. TIOJIBEJJEHUE UTOTOB

[Tpu penrennu 9eThIPEX KBAAPATHBIX YPABHEHU, BBIITUCAHHBIX BBIIIE, HAM
MIPUXOJINTCS YeThIpe pas3a BBIOMpATH OJUH U3 JABYX KopHeit. Takum obpasowm,
MbI MOYXKEM MOJIYIUTH 16 PA3IUIHBIX OTBETOB, SIBJSIIONIUXCA PA3JTUIHBIMA ITPU-
MUTUBHBIMYU KOPHAMHU U3 €IUHUIBI cTereHn 17.

Ecnu mbr BeiOEpeM £ = e2mi/ 1700 MBI MOKEM IIPOC/IEANTD, KAKIHE KOPHU
HaM CJIeJlyeT BbIOUpaTh, YTOObI HAlTH &:

1417
2 )
-1 —-+17

63+C5+66+C7:#,

c1+co+cyg+cg=
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CeMHaAATHYTOIBHAK U 3aKOH B3auMHOCTH I aycca 67
—1+V17 17 — V17
7 2
cl1+cs = 5 = A,
-1-17 17+ V17
7 2
c3+c5 = 3 = B,
A++VA%2—4B
Cl1 = 72 = C,
C+VC? -4
=7
FOpuit Bypaa, Univ. of Toronto
Email: yburda@math.toronto.edu
Jhiocst Kager, Univ. of Toronto
Email: 1ucy.kadets@math.toronto.edu
—®
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OpI/IFaMI/I, NJIX 9TO MOZKHO IIOJIYHUTDL C IIOMOIIbLIO
CKJIaAbIBaHUA JINCTa 6YM&FH

1. 1. I'purienko

1. BBEAEHUE

XOpOLHO N3BECTHO, YTO MHOXKECTBO KOOpJAMHAT TOYEK, KOTOPbIE MO2KHO I10-
JIVIUTH TIPU TOCTPOEHUSX C TMOMOIIBIO IUPKYJIS U JIMHEHKHU, eCTh IOJIe, MTOJIy-
qaroreecss u3 (Q urepupoBanueM olepanuy U3BJICUEHUs KBaIPATHOIO KOPHS.
ECTeCTBeHHO IIOCTaBUTH BOIIPOC O MHO2KECTBaxX TOYEK, IIOJIYYIaIOHNIUXCA B pe-
3yJIbTaTe APYTUX T€OMETPUIECKUX ITOCTPOECHMUIA.

B sTo0it pabore MBI H3yYIHM MHOXKECTBO YHUCEJ OPUTAMU, TO €CTh MHOXKE-
CTBO KOOP/IMHAT TOYEK, KOTOPbIE MOYKHO IMOJIYYUTH IPHU TOMOIIM CKJIAJIBIBA~
HUsT JicTa Oymard (Ipu 9TOM 00pa3yroTcsi MpsiMble, KOTOPbIe, KOHEYHO, TIPU
repecevyeHnu JIaloT HaM TO‘{KI/I). Oka3sbIBaeTCs, ¢ HOMOIIBIO OPUTAMU BBIIIOJI-
HUMBI TaKHe OIlepalluid Kak yJABOoeHne Kyba, TpUCeKIusl yria ...Bbosee Toro,
MHO2KECTBO 4YHCeJI OPUTAMU €CTh 10Jie, mnojiydalorieecs u3d Q urepupoBanuem
oreparuii U3BJeYeHnsT KBaIPATHOIO U KYOMYIECKOTO KOPHEIl.

OcHoBoIt 1151 TaHHO# paBOTHI MOCIIYKUJIa CTaThs |3], B KOTOpOii hopmysin-
pyercst pe3yabTar 00 ommcanun 4dnces opuramu. OHAKO, MHOTHE CyTITEeCTBEH-
HbIE JIOKA3aTeJILCTBA B [3] OTCYTCTBYIOT, B TOM YHCJIE U JIOKA3ATEJbCTBO TOTO,
YTO MHOYXKECTBO UHCEJ OPUTAMU HE BBIXOJUT 3a PAMKHU TOTO, UTO OIMUCAHO B
TeopeMe O XapaKTepusaluu 4duces opuramu. Kpome BocroJiHeHusi HeJIOCTAIO-
X J0Ka3aTeJIbCTB, MbI IIOJIy9aeM HOBbBIE PE3Y/IbTAThl, OTCYTCTBOBaBIINE B [3] .
Cpenu ipodero, 3To TeopeMa 0 XapakTepu3aruu (pajaecoBBIX YUCET U TEOPeMa
O BBIJIEJIEHUU TIOJIHOI HE3ABUCUMON CUCTEMBI AKCHOM OPUTAMH.

OcHoBbiBasich Ha [5], Mbl GepeM ecTecTBeHHBI HAGOD M3 IMIECTH AKCHOM,
OIIMCHIBAIOIIUX IIPOIECC CKJIIAIbIBanus n3 Oymaru. Mbl 1ociiemoBaTeIbHo n3y-
YaeM BCE YBEJIMIUBAIONINECS MHOXKECTBA TOYEK, IMOJIYUAIONIHECs T00ABICHNU-
€M K MEPBBIM TPEM aKCHOMaM YeTBEPTOi, MATOMH, & IIOTOM PACCMATpPUBAas BCE
mectb akcnoM (umncia Paseca, [Iudaropa, Eskmnna n wncia opuravu). Oc-
HOBHOM pe3yIbTAT OMUCHIBACT CJIEIYIONIAs TEOpeMa.

TEOPEMA. Muoorcecmeo mo4ex, nocmpoumovls ¢ NoOMouULbro CKNAAOBIBAHUA
us3 6yma2u npu u3Ha“taasvHo darmvr moukax 0 ul — amo naumenvuLee noodnoie

MaTemaTudeckoe npoceetuerue, cep. 3, sbin. 17, 2013(68-87)
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(C, 3AMKHYMOE OMMHOCUMENDHO onepauuﬁ U36AEHEHUA wsa&pamnoeo (% %y6u%e—
CK020 KOPpHA.

B konre namu nokazana TeopeMa, BBIIEISIONasd U3 IIECTH aKCHOM HE3aBU-
CAMYIO TIOJICUCTEMY, COCTOSIIIYIO U3 akcuoM 2, 3 u 6.

2. AKCUOMBI CKJIAJBIBAHUS

B sToit pabore MbI OymeM paccMaTpuUBaTh TOJBKO Tak Ha3biBaemoe “One-
Fold Origami”, korma paspeniaercsi CKJIaJIbIBATh TOJBKO 110 OJHOI JIMHUU U
HEJIb3sT OCYIIECTB/ISATh OJHOBPEMEHHOE CKJIaJIbIBAaHUE TI0 JBYM U 0oJiee JIMHU-
saum. [Tomumo storo ects “Two-Fold Origami” u “Multi-Fold Origami”, korma
pasperiaeTcst CKJIaJblBaTh JUCT OymMaru B AByX (miam Tpex u 6Gosiee) mecrax
OJTHOBPEMEHHO. DTHU BAPUAHTHI U MHOIOE JIPyroe HMOJPOOHO OIUCAHO B CTATHE
P. Anbnepuna n P. Jlenra [4].

Nmeercs: mecTb aKCHOM CKJIAALIBAHUS JIACTA OyMaru, BBIIOJIHEHHE KOTO-
PBIX JIETKO IpoBepuTh. MBI He OyzeM 3TOro fesarh, Kak u 00CyKIaTh BOIIPOC
0 TOM, II0YEMY 3TH AKCHOMBI OIMCHIBAIOT BCe BOBMOXKHBIE CKJIa /ibiBaHusi. Harra
IeJIb — OINCATh MHOYXKECTBO IIOCTPOUMBIX TOYEK.

(A1) Ecau toukun A u B nocrpouMbl, To npsiMas [, npoxojsias depe3 A u
B, nocrpouma.

(A2) Ecau upsimbie k u | nocrpouMsl, To TouKa k N[ mocrpouma.

(A3) MOKHO MOCTPOUTH CEpPEIMHHBII TEePIEHJUKYIISIP K OTPE3KY € KOHIIAMU
B IIOCTPOUMBIX TOYKAaX.

(A4) MoxKHO HOCTPOUTH OGUCCEKTPUCY JIFOHOrO MOCTPOUMOro yriia (yroJ cuu-
TaeM MOCTPOUMBIM, €CJIH MBI MOYKEM IMOCTPOUTH €ro0 CTOPOHBI).

(A5) Ecau mana nocrpoumast mpsiMasi | U moctpouMbie Touku P, (), To 1o-
CTpoMMa Takasl IIpsMasi, NpoXoJdmas depes (), 9TO IPH CUMMETPHU
OTHOCUTENHHO Hee P nomajaer Ha | (Ipu ycsioBum, 9TO Takas IpsiMasi
CyIIeCTBYeT).

(A6) Ecam mamer npsimbre k, [ u Touku P, (), TO MBI MOXKEM IMOCTPOUTH TaKyIO
psiMyto m (ecjm OHa CyIIECTBYET), YTO IPU CUMMETPUU OTHOCHTEIHHO
m, Touka P nepexonut Ha k, a Touka () nepexonut Ha [.

OTHU aKCHOMBI SIBJIAIOTCS 3aBUCUMBIMHU M 9KBUBAJIEHTHAsSI UM HE3aBUCHMASI
MTOJICHCTEMA aAKCUOM OyJIeT OIHMCaHa B CEIbMOM pasjielie.

KoncTpykinu, KOTopble MOXKHO MTOJIYIUTh, UCIIOJB3YsI TOJBKO IEepPBhbIe TpU
AKCHOMBI HA3BIBAIOTCS (DAJIECOBCKUMMU, Y€ThIPe — MU(ArOPOBLIME, IIATH — €B-
KINIOBBIMHI. 10 mTepexoa K MO0 Iucesl OpUraMu, OIMUIITEM MHOYKECTBA TOYEK,
HOJIy4YaeMbIX C ITIOMOIIBIO KazKJI0U U3 3TUX KOHCTPYKIIUNA.
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A./’, k A ,/’,
s s m.,
l ’,/ Z ’,/
Bi’/, A ’,/, _?
(A1) (A2) (A3)

(A5)

Puc. 1. AkcuoMbl CKJIabIBAHUS

3. @AJIECOBCKUE KOHCTPYKIIU

s Hagaaa XoTemoch ObI pazodbpaThbCs ¢ T€M, UYTO MBI MOXKEM IOy IUTh
[IPX UCIIOJb30BAHUHU TOJIBKO IEPBBIX TPEX AKCHOM.

XoTesmochk OBl MPEYIPEINTh IUTaTe s, 9TO He BCe (DaKThI, OIMUCAHHBIE B
9TOM pasjiesie, sIBJISIeTCST 00sI3aTeIbHBIMU JIJIsT JIOKA3aTeLCTBA OCHOBHOM Teo-
pembl. Ecam nmTepecyeT TOIBKO 9aCTh, CBSI3AHHAS C Hell, TO TOCTATOYTHO TPO-
9ecThb TOJILKO JieMMbI 3.1-3.2, ciiencrBus 3.1-3.5, npenjioxxenue 3.1.

Bcee koncrpykiun mMbl pacemarpubaem Hag nojem C (T.e. ucronb3yem Ha
IJIOCKOCTH KOMILICKCHYIO KOODJINHATY ).

ITycts manbr Tpu Touku A, B, C, He jexariue Ha OjHOI mpsimoii. Orpe-
nenum MuHokecrBa Touek 11 = TI(A, B,C) u upsameix £ = L(A, B,C) xak
HAMMEHBIIIE MHOYKECTBA, JIEMEHThI KOTOPBIX — TOouKM U mpsmble Hag C co
CJICYIOIUMU CBOVCTBAMU:

(0) II comepxutr Toukn A, B, C;

(1) mpsimasi, IpoXo/Isiast uepe3 Touku MHOXKecTBa 1, mpunaiexur L;
(2) Touka mepecedeHus AByX NpsMbIX u3 L npunaamekut I1;
(3)

CepeUHHBIN IePIeHINKYIIp K OTPE3KY ¢ KOHIAMK B ToUKax u3 11 mpu-
Haexxut L.
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Bymem nazpiBath TOUYKy mocTpomMmoil, ecam oHa npuHaIexkuT 1I. Bymzem
HA3BIBATH MPSIMYIO TIOCTPOUMOIil, eC/in OHA NPUHAIIERKUT L.

Bamernm, uro II — 3TO MHOXKECTBO, KOTOpPBIE MBI MOYKEM ITOJIYIUTDH W3
touek A, B,C, ckyiajpiBast JIUCT OyMaru ¢ HUCIOJIB30BAHUEM TOJIBKO IEPBOIi,
BTOPOI U TpPeTbEe aKCUOM.

Ha nporsizxkenuu sToro nmaparpada mbl Oyzaem paboTaTb UMEHHO C TAKUMHI
ITOCTPOEHUSIMU.

JIEMMA 3.1. Ecau umeemca ompesox AB u mouxa P, mo mvt moocem
noCMPoumsd 0MPe30x ¢ KOHUOM 6 MOt Mouke, NAPAALEALHBIT UCTOOHOMY U
PasHBL emy no dAuHE.

JIOKABATEJIBCTBO. Ilycre Touka P He jiexkur Ha orpeske AB (cm.
puc. 2). Coemuanm toukn A u B ¢ Toukoit P. OTmeTnM cepeiuHbl CTOPOH
[TOJTy YUBIIIETOCST TPEYTOJIbHUKA P, @, b, Jiexkalnue IPOTUB COOTBETCTBYIONINX
BEPIIKH (9TU TOYKH MOCTPOUMBI 110 TPETbeil aKCHoMe).

ITepeceuem Pp c¢ ba, nmoayuamm Touky O. Ilepeceuem pa u AQO, mojaydum
touky 1. 3amerum, uro PT || AB u |AB| = 2|PT|.

Teneps mepecedem upsimbie Aa u PT nmoxyumm Touky V. Torma PV —
TpebyeMblii OTPE30K.

P T 1%
b @)
a
A p B
Puc. 2.

[Iycts P jexut vHa AB, TOTJa BOCIOJIb3yeMCsl HEKOTOPO TOYKON (), He
nexkarmeit na AB (ona cymiecTByeT, Tak Kak 1o yciaosuio Toukn A, B, C ne
JIesKaT Ha OJHOMW NPsIMOIi), 10 MEepPBOil YacTH JIOKA3aTebLCTBA U3 HEE MOXKHO
OTJIOKUTL OTPE30K, 3aTEM OTJIO2KUM PABHBIN JAHHOMY OTPEe30K u3 Touku P. []

CHEACTBUE 3.1. U3 danmnoti mouku MOHCHO ONYCMUmMd nepnenouryiip
HA JAHHYIO NPAMIYIO.

JOKABATEJIBCTBO. Ilo jmemme 3.1 MBI MOXKEM MPOBECTU Y€pPE3 TaHHYIO
TouKy P upsiMyio m’ napauiesbHyo JaHHO IPMOi m (MbI MOXKEM IIPOBECTH
napaJjIesIbHYyI0 MIPAMYIO, TakK Kak 110 jeMMe 3.1 MbI MOXKeM ITPOBECTH OTPE30K
PaBHBII U TapaJsuIesIbHBII JAHHOMY, & Yepe3 HEero MOYKHO IIPOBECTH IHPSMYIO).
Tenepsb Bo3bMeM Ha m' Takoii orpe3ok uro, P — ero cepeauna (cM. puc. 3).
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Puc. 3.

[TpoBesieM K HEMY CePEeIMHHBIN MEPHEeHUKYJIAD (9TO BO3MOYKHO 110 aKCHOME 3).
910 u Oyzmer TpedyeMblil IEPIEHTUKYJISIP. O

CJEACTBUE 3.2. FEcau danve mpu mouxu A, B, C, seosicawue na 00not

npamot, u mowka P, ne aesrcawyan na neti, mo Mol ModHCEM NOCMPOUMD TNAKYIO
mouky D, wmo NABD ~ pACP (em. puc. 4).

Puc. 4.

JIOKA3ATEJILCTBO. Yepes Touky B (puc. 4) mpoBeiem mpsiMylo, mapaJ-
sgenpayio PC, 310 Bo3MmoxkHO 10 JemMe 3.1. Ona mepeceder npsimyio AP B
HEKOTOPOii TouKe, 310 u Oyer Touka D (o4yeBuHOe 110106H€ 110 2 yriaam). [

CHEACTBUE 3.3. Ecau danv mouka P u npamas [, mo mot mootcem ompa-
sums P omnocumenvro l. Ecau danvr npamwie k, 1, mo moL modtcem ompasumo
k omnocumenvho [.

JIOKA3ATEJIbCTBO. Kcium Mbl yMeeM oTpaxkaTh TOUKY, TO, OYEBUIHO, MbI
yMeeM OTpazKaTh MpsMyI0 (OTpa3uB JiBe TOUYKH, JIeXKAIlUe HA ITON MPIMOii).

Ecmu P nexkut Ha npsmoii [, To ee obpa3 ecTh oHa cama. Kcjm Her, To po-
BesieM 4epe3 Touky P upsimyto l1, napasuiesabyto | (cm. puc. 5). Tenepb Mbl
Bo3bMeM Ha [; Touky A, omyimunyio ot P. U3 Touek A m P omycTuMm mepiieH-
JUKyIApbl Ha npsmyo . Ouu nepecekyT | B Toukax B u C' cOOTBETCTBEHHO.
Tenepy mo slemme 3.1 MBI MOXKEM TOCTPOUTH OTPE30K W3 TOUKM (', paBHBIH
u napaJjuiesibhbiii AB, He coBnagaonmuii ¢ PC' (3T0 BO3MOXKHO, Tak KaK Mbl
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A l P
B l C
Py
Puc. 5.

yMeeM CTPOHTBH J[Ba Takux orpeska). Torma ero kownen, omiuunblii or C, u
OymeT obpazoM P 1pu oTparkeHun OTHOCUTEIbHO MPAMOit [. O

CHEICTBUE 3.4. Mnootcecmeo 11 samrxnymo ommuocumenvho dobasaeHUA
ompesxos 6 C, m. e. ecau y nac ecmv 06a ompesra, Mo Mol MONHCEM NPUPUCO-
6u8aMb UT IpYe K Opyey U NOAYHAMD NOCMpoumvie movwky. Ecau nososcums
A =0, mo Il — abesesa epynna.

JIOKA3ATEJIbCTBO. Bospmem AQ, RT, Torna Mbl MOYKEM U3 TOUKH () OT-
JIOXKUTBH OTPE30K, PaBHBIN U napasuiebubiii R, moayaum orpe3ok QO. Torma
A u O mocTpouMbl, a 3Ha4UT orpe3ok AQ mocTponm.

Ecan mbr mosoxkum, ato A = 0, TO MBI TOIyInUM abesieBy TPYIINY, TaK Kak
BCe CBO¥CTBa abesieBOil IPyIIIbl BHIIOJHEHDI. O

Bes orpanndenust obmuocru nojaraem, uto A = 0 u B = 1. Torma 11 =
= I1(0, 1, C') 3aBucur TosibKO OT KOMILTeKcHOro uncia C. Obosnaunm C' = z u
6ynem masee mucars 11(z) Bmecro I1(0, 1, C).

Tenepb MbI MOXKEM IIOCTPOUTH KOOD/MHATHBIE OCH KaK IOJMHOXKecTBa R
(MBI MOZKEM IPOBECTH TIPsMyt0 AB, Ha3BaB ee 0cbio X', U TEPIEHIUKYISIPHY O
K Hell mpsamyto gepe3 A, KoToyio Mbl HazoseM ocbio V). O6oznadum uepes X (z)
npoexrio [1(2) Ha ocs X, a 1epes Y (z) npoexrmio I1(z) Ha och V. Canraem Iro
X(z),Y(z) C R. Torna X (z) n i)(z) sro nogmuozkecrsa II. Tak kak II abeseBa
rpymmna, 1o X u Y Toxe abesnesbl rpymibl. OuesuaHo, uro [1(z2) = X' (2)®i)(z)
(o coresicTBUIO 3.4 MBI MOYKEM «CKJIAIBIBATH OTPE3KN», & BCE 9IEMEHThl X 1 )
IOCTPOUMBI, TaK KaK Mbl MO2KEM OITYCTUTDb IMEPHEHAUKYJIAD Ha KazKIYIO OCL).

CHEIACTBUE 3.5. Jlas awbozo z € C\ R mmnoorcecmeso 11(z) — sexmoproe
npocmpancmeo wad Q, 3aMKHYMOE 0OMHOCUMENDHO ONEPAUUYU KOMNAEKCHO20
conpagtcenus u codeporcawiee noonpocmpancmea X (z) u iY(z).

JOKABATEJIBCTBO. Ecim Ham mana Touka W u HeKoTOpoe HATypaabHOE
YHCIO M, TO MBI MOXKEM peruTh orHocureabHo U (1o ecthb Haiitu Touky U)
ypaBuenne nU = W. [leiicTBuTe/ibHO, BO3bMEM HEKOTOPYIO TOUKY V', He Jie-
JKAIylo Ha mpsiMoit, mpoxojsmieit uepes 0 mw W. ITo memme 3.1, MBI MOxkeM
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nocrpouth Touky nV (orpesok 0(nV') B n pa3 mmnHee orpeska 0V u onu
conanpasJensl). [To ciencruio 3.2, B3siB 3a TouKky P Touky W, 3a rouky C —
Touky nV, 3a Touky B — Touky V', MBI MOXKEM IIOCTPOUTH TOUKY [, KOTOpas
Kak pa3 u Oyjer mckomoii Toukoit U. I3 storo daxra ciemyer uro II(z) —
BEKTOpHOe IpocTpaHcTBo HaJ (. 3aMKHYTOCTH OTHOCHUTE/IBHO KOMILJIEKCHOTO
COIPSIZKEHHS IOJIydaeM U3 CIeACTBUS 3.3. O

JIEMMA 3.2. Ecaut#0ute), mol/te ).

JIOKABATEJILCTBO. MBI MOXKeM MOCTPOUTL TOUKY P ¢ Koopaunaramu
(1,t) (BeGepem ma ocm Y Touky t (cM. puc. 6) M OTJIIOKHM OT HEe OTPE30K
eIMHUYHON JJIMHBI, napaJuienbHbii ocu X'). Temepb MbI MOMXKEM BOCCTABHUTH

b
"U

e T . L

Puc. 6.

n3 P nepnengukyisip Kk orpesky OP, Torga oH mepeceder och ) B Touke (.
U3 npocThix reoMeTpryueckux coobparkeHuil (hopmysia jjisi BBICOTHI B IIPSIMO-
yrosbHoM Tpeyroabauke) AQ = 1/t, tne A = (0,t). Ho Torma srtor orpe3ok
MoxkHO oTsioKuTh u3 (0,0) u nosyunts Touky 1/t. O

I[TPEMIOXKEHUE 3.1. [lycmv x € X w v,y € Y, mozada 8vinoaneno caedy-
ouee:

l.oye X, xye ).

22 € X u X ecmv Q-anzebpa.

Ecauy #0, mo Y = Xy.

Ecaux #0, mo1/x € X u X — noae.
Ecau Y NX #{0}, mo X =Y ull(z) = X(1).

AN A

1 € R asasemes yenosvim xoadduyuenmom nocmpoumotc npamot, mo-
2da u MoAvKo moeda, xo2da |k € Y.
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JHOKABATENBCTBO. 1. Ilycts y Hac ectb jBe TOUKHM U, € X W TOYKA
y € ). Torma MbI MOXKeEM [OCTPOUTH TOUKY (T, ), & 3HAYUT U TOUKY (U, uy/T)
TOYXKE MOXKHO MOCTPOUTH 10 cjieficTBuio 3.3, cuepoBaresnbho uy/z € Y. Ecin
u=1,toy/xe).

IIycte ¢ € X u v,y € ), TOrga aHAJOTUYIHbIE PACCYXKIEHUS ITPUBOIIAT K
Tomy, uro vz/y € X. Ecim x =1, to v/y € X.

BoiBo/bI 110 TIOBO/LY VY JIETKO CEIATH, IOJb3YSCh HAIUCAHHLIM BLIIIE, &
umenno 1/v € Y, a suaunr y/(1/x) € X. Homoxum 1 = u, x € X, y € Y,
Toryga mo jgemme 3.2 1/y € ), a suauur u 1/zy € Y, Ho Torma 1o Jjiemme 3.2
zy €Y.

2. Jns nagasa nocrpoum TouKy (x,y). Torma npsimast, mpoxomsinast depe3
(0,0) u (x,y), u upsiMasi, napaJuiesabHasi ocu X, IPOBeJIleHHasl Ha BBICOTE LY,
nepecexaiorcs B Touke (22, zy), a smaunt 2 € X. Tak kax X comepxur Q, To
9TO BEKTOPHOE IIPOCTPAHCTBO Hal Q. 3aMKHYTOCTH OTHOCUTEJIHHO YMHOXKEHU ST
cJIeJlyeT U3 PABEHCTBA:

2uv = (u+v)? —u? — 02

3. Iz myukra 1 MBI 3H3aeM, uTOo Xy C Y. BozpMem v,y € Y, x € X, Torma
xy € Y, a 3uaant vx/(xy) € X. Ilepenecem Bce, KpoMe v, B MPaByIo 9acTb 1
nostydnM, 4ro v € Xy, a 3naunt Y C Xy.

4. Ilyctb ¢ # 0,z € X, y # 0, y € V. Torna u3 nyukra 2 u JeMMbI 3.2

crepyer, uro 1/zy € Y n y? € X, mo — = ly € X mo semme 3.2. Torma us
T yx
9TOI'0 M IYHKTa 3 cJiejlyeT, 9To X — 3TO IoJIe.
5. Bcmmy #0uye XNY,10l/y€ Y, nrormal € Y, asuauur X =),

caetoBaresibHo I1(2) = X (4).

6. BosbMeM psaMyIo, IIPOXOISINLYIO Yepe3 HAYaI0 KOOPAMHAT U UMEIONLY IO
TaHrenc Hakjona . OHa mepecekaeT BEePTHKAJIbLHYIO HPIMYIO, ITPOXOJISIILYTO
gepes (1,0) B Touke p € Y, a 3naunt Touka (0, 1) mocrponma. Orcroma YUoo —
9TO MHOXKECTBO IMOCTPOMMBIX /,[/ |:|

TEOPEMA 3.1. (i) Jaa aobozo z = a+bi, z € C\R, mroorcecmeo I1(z) —
2amo noae, asasroweecs pacwupenuem Q u codeporcawee anemenm z, 3amrny-
moe OMHOCUMEABHO ONEPAUUL KOMNEKCHO20 CONPANCEHUA U COOEPHCAULEECSH, G
noae Q(a, b, ).

(i) TI(=) = Q(a, 1) + Q(a, B)bi.

JOKABATEJILCTBO. (i) Ilokaxkewm, uro II(z) — sro mome. Cymma u pas-
HOCTH ITOCTPOUMBIX TOYEK, OUEBUIHO, TOCTPOUMBI. V3 npemioxenus 3.1 cie-
NIyeT, 9TO JIst JIOGOTO IIOCTPOUMOrO U = & + yi Touka u’ = z? — y? + 2zyi
TaKzKe MOCTPOMMA. EC/IM w M 2 TOCTPOUMEL, TO W2 IIOCTPOUMA, TaK KaK

2wz = (u+ w)? —w? — 22
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2 t

CymMMa KBapaToB KOOPIWHAT 74 = x2+y2 ITIOCTPOUMOM TOYKU 2 = T+t = re’
nocrporMa 1 npuHayiexuT X 1o npejoxennto 3.1. ITo semme 3.2 Touka 1/ r?
nocrponMa, 3uaunt 1/z = re~ /r? nocrpomma. Taxum obpazom, I1(z) — moe.
Kpome Toro, W = 72 /w, a 3HAYAT TOCTPONMA, TO €CTh HAIe MOJe 3aMKHYTO
OTHOCHUTEJILHO OIEPAINU KOMIIJIEKCHOTO COIPSIYKEHUSI.

Ecmu y mHac ectb Touka z = a + bi, TOrma cepeguHHbIE MEPIEHINKYIISIPHI
K JIIOOBIM ITOCTPOUMBIM OTPE3KAM JIeXKaT B MHOYKECTBE, IIOPOXKIACHHOM a, b 1 1§
Ha Q. D10 yTBep:KIeHNE JIETKO JOKA3aTh WHIYKIHEl 110 ITOCTPOEHU0 MHOYKE-
crBa II. Kpome Toro, robast mocTponmMast mpsiMasi UMeeT YIJIOBOW KO3 PUITU-

ent u3 Q(a,b). Torga KOOpAUHATHI JOOBIX HOCTPOMMBIX TOYEK MPUHAJIIEXKAT
Q(a,b). A snaanr, s aoboro z € C\ R nose II(z) € Q(a, b, 7).

(ii) MokarkeMm mHJyKImed 1o mocrpoernto Muoxkecrsa II. Basa odeBuiHo
Bepua. Ilycrs umeercs nomvuozkectso Q(a,b?) + Q(a, b?)bi. Tloxaxkem, |ro
IPUMEHUB JII00YI0 aKCHOMY K TOYKAM 9TOrO HOMHOXKECTBA, Mbl He BBIIeM 3a
npejiesibl MHOXKeCTBa. JleficTBUTEIbHO, 3aliilieM HAIU TPU aKCHOMBI B KOOD-
JIMHATAX.

(A1) Ilycre y nac 6butu Touku A(0,0) u B(c, d) (Mbl yMeeM CABHHYTD II€PBYIO
touky B (0,0), kakast 661 oHa Hu Obl1a). Torga npsimasi [, IPOXOAIIAST
4yepe3 3TH TOYKH, Oy/eT uMeTh ypasHeHue: dxr — cy = 0.

(A2) Ilycts y Hac ectb npsimble [: [1x + loy = I3 1 m: mix + moy = ms, TO-
T'Ta TOYKa UX IIepecevdeHud P nMeeT KOOpAnHaThI

(m2l3 —lomg mqlg — l1m3)
mils —maly’ mils —moly /)

(A3) Ecmm xounpr orpeska — sro Touku A(0,0) nu B(c,d), 10 cepeauHHbI
epIeHANKYJIAp 3a1aeTcs ypasHernem: cx — dy = (¢/2)? + (d/2)2.

IIpoBepyuM 4TO TIepBas aKCHOMa He BLIBOJUT Hac u3 Muoxkectsa Q(a, b?) +
+Q(a, b?)bi. Mb1 3HaeM U3 mpe iozkenns 3.1, 9To yrioBoil KoadbduImenT mps-
Moit Bcerma JiexkuT B Y. Ho MBI Takyke 3HaeM, UTO HAIU C,d TaKOBBI, ITO

d

c € Q(a,b*)b, a d € Q(a,b?), a snaunt 10 npepTokennio 3.1 —= € Q(a, b*)b,
C

TO €CTh ¢ aKCHOMOii 1 MBI pa3o6pasmch.

Temneps poBepuM Jijisi BTOpoii akcuoMbl. HeTpynHo, 3aMeTUTh ITO X-KO-
opmuHaTa Gyner npunayexars Q(a,b?), Tak Kak 9HCIHTENb U 3HAMEHATED
npobu mpunaateskar Q(a, b?)bi. A y-xoopaunara mpunaiexnut Q(a, b?)bi, Tak
Kax wncamTens npunaatexut Q(a, b?), a snamenarens Q(a, b?)bi.

OcTa/0ch IPOBEPUTDH YCIOBHE JJI TPETheil aKCUOMBI, 3TO JIeIAeTCS U3 CO-
obparkeHuit, NCIOIb30BABIINXCS JIJIsI IEPBOIl aKCHOMBI. O
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4. IITM®ATOPOBCKHUE YUCJIA 1 KOHCTPYKIINU

B srom pazgesie Mbl OyjieM paboTaTh yKe C MEPBBIMUA UETHIPbMS AKCHOMA-
mu. K ncnosib30BaHHBIM B TIPEABLIYIIEM Pa3/iesie aKCuoMaM J100aBIIseTcs

(A4) mpsimast, messmias JOOOH TOCTPOUMBIN yTOJI MOIOIaM, IOCTPOUMA.

Kaxk u BoIe, mMbl npegmnosiaraeM, 9to y Hac ecthb Touku 0 mw 1. Bymem
Ha3bIBAThb 9TO CBOHCTBO aKcuoMoii 0.

[TPEAJIOXKEHUE 4.1. Ecau nam danor axcuomsv, 0-3, mo caedyrowue ym-
BEPIAHCOEHUA IKGUBAAEHNHDL:

1. Axcuoma 4.

2. Ompesox eQUHUYHOT OAUHDE MOHCEM OBIMB OMAOIAHCEH 8 A10OOM NOCTIPO-
UMOM HANPABAEHUL U U3 A1000T NOCTPOUMOT, MOYKU.

3. Jhoboti nocmpoumdvili ompesor MmoHcem bvimb 0MA0HCEH 6 A0OOM NO-
CMPOUMOM HANPABAECHUU U U3 120000 NOCMPOUMOT, MOUKU.

JOKABATEJILCTBO. (3 = 2) OueBnjmo.

(2 = 1) MoxHO cuuTarh, 4TO Yyroj, 0Opa30BaHHBII HAIIIUM HAIIPABJICHUEM
C BEIIeCTBEHHOU ocbio, Menbire 180°. OTioKuM Ha KaKJ0il U3 CTOPOH yTJia
eJIMHUIHBIN OTPE30K. 3aTeM M3 BTOPBIX KOHIIOB OTJIOXKEHHBIX OTpe3KoB A, B
(He SBJISTIONIMXCS BEPIIMHON yIJIa) BOCCTABUM IEPIEHIUKY/IAPbl K COOTBET-
creytomuM croponam. OHu mepecekyTces B HekoTopoit Touke C. CoemnumHuM
Bepmiuny yria u C. Torma ob6pa3oBajuch JBa MPIMOYTOJIbHBIX TPEYTOIbHU-
Ka, KOTOPbI€ PaBHbI 11O KaTETy U I'MIIOTEHY3€, a 3HAYUT IIOJIyYEeHHad IIpAMad —
OucceKTpuCca yIia.

(1 = 3) MbI npe/monaraeM, 9T0 MOXKHO IIPOBECTH OMCCEKTPHCY Y JI0O0TO
mocTpoumMoro yria. [Ipeamosoxkum, 9To oTpe3ok A B oCTpouM U JIaHO [TOCTPO-
umoe Harpasjienne C'L, B KOTOPOM TpeDYeTCst OTJIOXKHUTh OTPE30K € HAYAJIOM
B Touke C, paBubiii orpesky AB. [lns mauana momsuHeMm oTpe3ok AB Tak,
9T00b! OH HaunHajcsd B C, mosryauMm orpe3ok C'D. OrpasuM ero OTHOCUTEIBHO
ouccekrpucel yryia LCD u nojgydaum HEKOTOpbIl oTpe3ok C.S, jexamumii Ha
cropore C'L. 910 u ectb TpebyeMblil OTPE30K, TaK KaK ODUCCEKTPUCA SIBJISETCS
OCBIO CUMMETDPHUU YIJIA. O

OueBnIHO, YTO TOUYKA i HOCTPOMMA (MBI MOYKEM IIPOBECTH GUCCEKTPUCY
psIMOTO yTJIa, 0OPA30BAHHOTO KOOPJIWHATHBIMU OCSIME, U OTPA3UTHL OTHOCU-
TeJIbHO Hee JII00YIO TOUKY u3 X'), & 3HAUUT, B 0003HAYECHUSIX IPEBIAYIIEr0 pas3-
nena, X = Y. Jlerko Busiern, 9TO C 1006aBIEHIEM HOBOM AKCHOMBI MbI IIOJIY Ia€M
BO3MOXKHOCTb CTPOUTH TOUKHU IEPECeUeHUsT OKPYKHOCTHU JIIOOOTO TTOCTPOUMO-
ro paJinyca M ¢ MeHTPOM B JIFOOOH IMOCTPOMMOI TOUKE U HMPSIMOIi, ITPOXOIATIEH
Jepes LEHTP ¢ JI0OBIM IOCTPOUMBIM KoaddunrmenToM. OKa3bIBaETCsI, MHOXKE-
CTBO ZT-KOOPJMHAT MOCTPOMMBIX TOYEK 3aMKHYTO OTHOCHTEJILHO v a? + b2 jjis
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J060it mocTponmoit Toukn (a, b). IlomyanBreecst MHOXKECTBO Z-KOOPMHAT TIO-
CTPOUMBIX TOYEK X IPUHATO HA3LIBATL MU(MArOPOBCKUMU YUCIAME, P.

TEOPEMA 4.1. ITycmb T 90 MHOHCECMBO “UCEA, NOCTIPOUMDBLL C TOMO-
w0 axcuom 0—4. Toeda m = P@iP, 2de P — makoe nodnose deticmeueivHvbix
YUCENA, UIMO NOAOHCUMENDHBLE INEMERMDBL U3 TP — MO BCEBOZMONCHBLE DNUHDL
NOCMPOUMBIL 0MPE3KOG.

JIOKABATEJ/IBCTBO. 3aMeTHM, 9TO MbI MOXKEM IIOCTPOUTDH JIIODYIO TOYKY
Bugia Va? + b?, rie a,b € II(z). JdellcTBUTEILHO, MBI MOXKEM OTJIOXKHUTH OT-
PE30K, PaBHBIN JAHHOMY, B JIIOOOM ITOCTPOMMOM HAIPABJIEHHUH, a, TAK KaK Ha-
IIpaBJICHUE EePICHIUKYIIAPHOE JAHHOMY IIOCTPOUMO, TO MBI MOXKEM IIOCTPOUTDH
[IPsIMOYTOJIBHBIN TPEYTroJbHUK C KareTamu a u b. Torna ero runorenysa 6ymger
MCKOMBIM 9JIEMEHTOM.

JlokazkeM MHIYKITHEH 10 ITOCTPOEHUIO, YTO HUKAKUX JIDYTUX TOUYEK HE J10-
OaBUTCA.

Wcxonno numerorcest sgeMedTsl 0 1 1.

[TpenmosioxkuM, 9TO B pe3yJbrare k IpuUMeHeHn akcuoM 1—4 moJrydarorcs
JIMIITb 3JIEMEHTHI U3 TPeOyeMOro B YCJIOBHH TEOPEMbl MHOXKecTBa. llpmmennm
K IOJIy9EeHHBIM TOYKAM OJIHY U3 aKCHOM 1—4 U IMOCMOTPUM, UITO IMPOUCXOIUT C
KOOpJuHaTaM TOYEK.

(A1) Ilycre y nac 6butu Touku A(0,0) u B(a, b) (Mbl yMeeM CBHHYTH IIEPBYIO
rouky B (0,0), kakas 661 ona Hu 6bw1a). Torma npsimast [, TPOXOSIIIAST
qepe3 3TH TO4YKU OyJnierT uMmerhb ypasuenue: br —ay = 0

(A2) Ilycre y Hac ectb npsivbie [: [1x + loy = I3 1 m: mix + moy = ms, TO-
IJa TOYKa MX [IePEeCeUeHns

p— (m2l3 —laoms mqls — llm3)
mily —maly’ mily —maly /)

(A3) Ecmm xoniper orpeska sro Toukn A(0,0) u B(a,b), To cepennHnbIil ep-
eHIMKY/IAp 3a/1aeTes ypapaenuem: ax — by = (a/2)? + (b/2)2.

(A4) Ecam cropomsr yrua 910 upsmbie [: L1z + loy = 0 u m: myx + maoy =0
(MozkHO HepeMecTuTh TOUKy nepecedenus: B (0,0)), To ypaHeHue Guc-
CEKTPUCHI Oyer

=0.

l m l m
21 2+ 21 2 T 22 2+ 22 2 Y
\/ll+l2 \/m1+m2 \/l1+l2 \/m1+m2

Tak kak Bce KOI(PDUINEHTHI B HAYAIBHBIX MPIAMbBIX U KOODIUHATHI TOUEK
ObLIM W3 HAIIETO I0Jist, TO U BCe KOI(DDUIMEHTHI B YPaBHEHUSIX KOHEUHBIX
HPSAMBIX U KOOD/IMHATHI KOHEYHBIX TOYEK OYIyT U3 HAIIErO IOJIs. (]
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5. EBKJIMJOBbI KOHCTPYKIIUU U YUCJIA

Teneps npuIo BpeMsi pa3oOpaTbesl, YTO MOJIyIUTCs, €CIH Y HAC JAHbI
akcuombl 0-5. HanoMuuM 1isiTyio akcuomy:

(A5) Ecau nama mocrpoumasi npsiMasi | u mocrpoumbie Touku P, (), TO 1o-
CTpOMMa TaKas IpsMasi, MPOXoJdmas depes (), 9TO IPH CHMMETPHH
oTHOCHTEIHHO Hee P nomajaer Ha | (Ipu ycsioBUM, 9TO Takas IIpsiMasi
CYIIECTBYET).

Ecmm mam mamer Toukn 0 m 1, 9TM aKCHOMBI HO3BOJISIOT IIOJIYYUTH TaK
HazbIBaeMble eBKJIMI0BbI unciaa €. Ha camom sese, £ — 9TO B TOYHOCTH TO Ke
caMoe I10JIe, KOTOPOe MbI MOYKEM IOJIyYHUTh C IOMOIIbIO HUPKYJIs U JIMHEHKH.
A sro, Kak usBecTHO [2|, HamMmenbinee mose, cojepxKamiee Q, U 3aMKHYyTOE
OTHOCHTE/IHLHO Olepalliil U3BJIeUeHUs] KBaJIPATHOIO KOPHSL.

Omnunrem, KaK Mbl MOYKEM M3BJIeUb KBaJPaTHbI KOPEHb U3 KOMILIEKCHOI'O
anena z = re? ¢ momompio akcmoM 1-5. DTOT MPOIECE MOKHO BBIIOTHATD B
JIBa, IIara.

1. N3Bineuenue KBa/JIpaTHOI'O KOPpHA U3 ITOJIOZKUTEJIBHOI'O ,HGIU/ICTBI/ITGJH)HOI‘0
qucJa 1.

2. Tlocrpoenue yria 6/2 mocpecTBoM NpoBejieHNsT GIUCCEKTPUCHL yriia 6.

MbI ymMeeM HW3BJIEKATH KOPEHb U3 HEKOTOPBIX MU(MATOPOBCKUX UHUCEN, HO
TOJIBKO M3 TeX, 4To mMeloT Buj a’ + b? s mocrpomMbix a u b. ITopa mc-
IOJIb30BaTh IILATYIO aKCHOMY: OHa KaK pa3 n ILO6aB.HH€T 3aMKHYTOCTb II0JIA
OTHOCUTEJILHO OIEPAINY U3BJIEU€HUs KBaIPATHOIO KOpHsi. Paccmorpum mapa-
6oy T ¢ qupekrpucoii [ u dpoxycom F.1) Torna msirast akCHOMa IO3BOJISET HAM
[IOCTPOUTH TOYKH IIEPecedeHusi ITOM 1MapaboJibl ¢ IOCTPOUMBIMU IIPSAMBIMH U
KacaTeJIbHbIE€ B HUX. qTO6bI B 9TOM y6e,ZLI/ITI)C5{7 BO3bMEM HEKYIO BCIIOMOT'aTe/Ib-
HYIO TOUKY () U IPOBEJEM Yepe3 Hee TAKyIO MPIMYIO t, 9TO IPU CUMMETPUHU
otHocuTesbHOO Hee F' monanaer na [. [leprnenpukynsipaas npsimas, t, mpoxo-
namras gepe3 F') nepeceder t B moctpoumoii Touke R. Temeps moctpoum mep-
neuuKyJisip K [ w3 Touku R. OH nepeceder npsimyto ¢ B Touke S. Tak kak ¢ —
9TO CepeJINHHBIN nepHeHuKyasap K F'R, Touka S paBHOymajeHa oT Touek F, R,
a 3HAYUT OHa JiexKuT Ha mnapabose 7. IIpsamas ¢ — KacarenabHas K mapaboe B
TOUKe S, TaK KaK OHa siBjisieTcs: buccekrpucoit ,F'SR.

C nomorbio Touek 1apaboJibl JIEIKO MOJIydaTh KBajpaTubie KopHu. [loso-
xuM, P = (0,1), nu B KadecTBe IUPEKTPHUCH [ PACCMOTPUM NpsAMYyIo y = —1.
Torna HETPYIHO 3aMETHUTh, YTO COOTBETCTBYIOIIAs IapadoJia 3a/1aeTcsl ypaB-

HEHUEM Yy = ZxQ. Kacarenbnas k sroit mapabosie B Touke (7o, ng) uMeeT

D®oKyc u IUpeKTpUca — 9TO TOUKa U IIpsiMasi, CBSI3aHHbIE ¢ mapabomoil. OHM xapakTe-
PU3YIOTCS CJIEIYIOINAM CBOMCTBOM: TTapafoJia — 3TO MHOYKECTBO TOUYEK, PABHOY/IAJEHHBIX OT
doKyca U JUPEKTPUCHL.
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. 1 .
yII0BO# KO3 duInent m = %0, & SHAUUT ypaHeHHe KacaTeJIbHOH HMeeT BUL

1 1 . . .
Yy — Zl‘% = 5:1;0(37 — ). Ilepeceuenne sroit npsimoii ¢ npsimoii = 0 Ha30BEM

1 1
toukoit = (0, —Z:L'%). Torya, BeIOpaB B Kadectse Touku () Touky (0, —Zr),

MBI C TIOMOIIBIO OMUCAHHBIX BBIIIE KOHCTPYKITUI MOXKEM TIOJIYIUTh Ha TapadoJie
[OCTPOMMYIO TOUKY C abCIUCCOn /T

TEOPEMA 5.1. Ilocmpoumvie ¢ UCNOAD306AHUEM MOABKO MEPEBIL NAMU
AKCUOM CKAGODIBAHUA U3 Havasbhotr movek 0 u 1 anemenmor noas C, mo ecmb
noae esxaudosuir wucen £, — naumenvwee noonose C, samxnymoe ommocu-
MEABHO ONEPAUUL U3BACHEHUA KEAOPATHO20 KOPHA.

JOKABATEJIBCTBO. To, 9T0 U3 BCEX MOCTPOUMBIX UHUCE MOXKHO U3BJIEYb
KBaIPATHBIN KOPEHDb, MBI y2Ke MMOKa3aju BbIIe. UTOOBI 0Ka3aTh, 9TO HUYE-
o JPyroro IMOCTPOUTDH HEJb3s, BOCIOJBL3yeMCsa TeM (PaKTOM, UTO HAUMEHb-
mee nozrnosie C, 3aMKHYyTOe OTHOCUTEIBLHO OIepaIlii U3BJIeYeHUsT KBaPATHO-
0 KOpHSI — 3TO MOJIe TOCTPOUMBIX C TTOMOIIHIO TUPKYJST U JIMHEHKN ToUeK.?)
Temepn 115 3aBepliieHns J0Ka3aTEILCTBA TEOPEMbBI JOCTATOYHO TOKA3ATh, ITO
JEeCTBUS OIMCAHHBIE B JTIO00I M3 MEPBBIX MATH AKCUOM CKJIAIBIBAHNS, MOXKHO
OCYIIECTBUTDH C ITOMOIIBIO IMUPKYJIS U JUHEHKN. 3aMeTUM, 9TO PO IepBble 4
AKCHOMBI 9TO OYEBUIHO, TAK KAK IOCTPOMMOE C TIOMOIIBIO HAX I10J1€ OBLIO OITH-
CaHO BBIITIE, U OHO COJIEPXKUTCS B MHOYKECTBE IMOCTPOUMBIX TOYEK C MTOMOIIBIO
IUPKYJS U JJUHEHKU. PaccMOTpUM ISTYIO AKCHOMY U OIUIIIEM COOTBETCTBYIO-
11ee TTOCTPOEHNE C TTIOMOIIHIO TIMPKYJISA W JIMHENKN:

1. CTpouM OKpy>KHOCTH C IEHTPOM B Touke () m pammycom (QP. Touka
IepecevdeHnst 9TO OKPYXKHOCTU C MPsIMOii [ ecTh TOUKa (.

2. CTpouM CepeJIMHHBbIN MEePIeHIUKYIIp K OTpe3Ky Q)1 — 310 u Oyier
HMCKOMAsT TIPsIMAast

Mu1 mokaszaiy BIOXKEHHE B 00€ CTOPOHBI, 8 3HAUUT MbI JOKA3AJHM YTBEPXKIACHIE
TEOPEMBI. O

6. KOHMYECKUE KOHCTPYKIIMU U ITIOJIE YUCEJT OPUTAMU

JlobaBuM MIECTYIO U TOC/IEIHIOID aKCUOMY CKJIaIBIBAHUS:

(A6) Ecam mamer npsimbie k, [l u Touku P, (), TO MBI MOXKEM ITOCTPOUTH TaKYIO
npsIMyIo m (ecim OHa CyIIECTBYET), YTO IPU CUMMETPUU OTHOCHTEIHHO
m, P nepexomur Ha k, () nmepexoaut Ha [.

Y1066 TOCTPOUTH TAKYIO IPAMYIO C IIOMOIIBIO CKJIaIbIBAaHUS OyMaru, Ha-
JI0 0Tpa3uTh P B KaKyIO-TO TOUKY HPSAMOil Kk, a MMOTOM HavYaTbh HEIPEPBIBHO
JIBUTATDH [TOJIYYEHHYIO TOYKY JIO BBIIIOJHEHUS BTOPOrO yCJIOBUS.

2>,Zprroe JIOKA3aTeIbCTBO TeopeMbl 5.1 co/iepKuUTcst B TOKa3aTeabCTBEe TeopeMbr 6.1.
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Puc. 7.

[TPENJIOXKEHUE 6.1. Akcuoma 6 nossoasem mocmpoums obwyro Kaca-
meavHY10 K 08YM NaAPadosam, KOMopwe 3adaHb, C80UMY Porycamu u Jupek-
mpucamu.

JIOKABATEJIBCTBO. JleficTBUTEIHLHO, IyCTh JIBE IIPSMBIE, O KOTOPBIX UJET
pedb B aKCHOME IIEeCTh, — 3TO JUPEKTPUCHI, & TOYKH — 3TO (DOKYChl mapabo
(P wuly onnoit, Q u k y apyroii). Torma mocrpoeHHast B aKCHOME HPSIMast — 9TO
obI1ast KacaresibHasl 9TUX JIByX 1apaboJl, TaK Kak y mapaboJibl €CTh CJIEIyIOIee
CBOICTBO: 00pa3 (hOKyca NPH OTPAyKEHUN OTHOCHTEIBHO KACATEILHOI JIEXKUT
Ha JupekTpuce (cM. puc. 7). O

Obias KacaresibHasi CYIIECTBYET He JJIsi BCIKON mapbl n1apabost, o3ToMy
B yCJIOBUM aKCHUOMBI CyHieCTBOBaHUE TaKOM HpHMOﬁ orosapuBaeTCda OTAEJIBHO.

Axkcrombr 1 — 6 HA3BIBAIOTCST aKCHOMaMU opuraMu. MHOXKECTBO IHCEN, KO-
TOPBIE MOXKHO MOJTYIUTD C WX UCIOTH30BAHNEM, — 9TO MHOXKECTBO UNCE]T OPU-
ramMm O 9TH KOHCTPYKIIMN IIO3BOJIAIOT HaM IIOCTPOUTH BEHIECTBEHHbLIE DeEIlle-
HUsl KyOMYEeCKUX YpaBHEHU ¢ BelecTBeHHbIMU KOoahunmerTamu u3 moJist O.
Y066l yOEIUTHCSA B 9TOM, PACCMOTPHUM JIBE ITapabOJIbL:

1\2 1o
(y—§a> = 2bx, y =z

DT1u napabosbl UMEIOT (DOKYCHI U JIUPEKTPUCHI, TOCTPOUMBIE B T10J1€, B KOTOPOM
nocTpouMbt ¢ u b. [ToaToMy K HUM MOXKHO ITpOBeCTH O0IILYI0 KacaTeabuyo. Ona
nepecever ux B TouKax (Zo,yo), (x1,y1) coorBercrBenno. 13 nokazarenbcrsa
npejytoykeHust 3.1 BUJIHO, ITO MpsiMasi MOCTPOUMA TOJIBKO TOT/Ia, KOTJA ee yI-
JIOBOI KO3(DDUIMEHT [4 TPUHAJICYKUT MO0 WIN TMpsiMast BepTUKaIbHa. Ecu
npoauddepeHnpPoBaThL ypaBHEHNs MapaboJI, TO HMOJIYIUM YpPaBHEHUsI, OIIpe-

1 (yo — %)2 1 9

b
JIEJISAIONINE KACATENBHBIE: —— = [t = T1 U Y] = 1%, Tg = ————— 1
Yo~ 3 2 2b 2
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Orcrona
B _a b
Y1 — Yo 2 2 p
p=_——= 55 0 Te
1= 1%

p 4 ap +b=0.

SHaYUT, MBI MOXKEM HaliTH Bce JeficTBUTEIbHBIE KOPHH JIFOO0T0 KyOHIeCKOro
ypaBHEHHUs Takoro Buja, eciu a,b € O NR.

B wacrHOCTH, MBI MOXKEM HU3BJIEKATH KyOWdeckuil KopeHb w3 4ducia b €
ONR c nomompio ypapuennd 3 — b = 0.

Kpome Toro, Mbr MOxKeM ¢liesIaTh TPUCEKIHIO yTiia. [[Jist 3Toro g0cTaToaHo
BOCIIO/Ib30BaThCA ypasHenneM YeGwimésa: ecim 42° — 3z = cos(36), 1o x =
= cos(f).

Orcroma ciiesryer, 9To Mbl MOXKEM U3BJIEKATh KyOUIecKne KOPHU U3 TOCTPO-
UMBIX 9uces (IPU U3BJIEYEHUH KyOMYeCKOro KOPHsI U3 KOMILJIEKCHOIO YHC/Ia
YIOJI YMEHBINIAETCS B TP pas3a, & MOJLYJIb MEHSETCsI, KAK y BEIECTBEHHBIX YH-
ceJt). 3HAYUT, KOPHU KyOnvIecKux ypaBHeHuii ¢ koaddurmenramu nz O Takxe
[MOCTPOUMBI, UTO BUIHO U3 (POPMYJIBI JIJIsT PEIleHns] KyOUIECKOro ypaBHEHUSI
(dbopmyna Kapano), koropast BKIIO9aeT B ¢ebsi TOJIBKO U3BJIEUEHIE KBAPAT-
HBIX W KyOHMYIECKUX KOPHEH M3 MHOTOYJIEHOB OT KO3 (DUIMEHTOB ypaBHEHUSI.
KopHuu ypaBHeHuit 1eTBepTOil CTEIEHN TaKXKe MOCTPOUMBI, TAK KaK JIJIT HUX
umeercs gopmysia Peppapu, BKIOYaOMas B cebs TOJIHKO U3BJIEUYEHUE KBaJI-
paTHBIX W KyOMIeCKNX KOpHeil (KOpeHb 4 CTerneHn — 9TO KBaPATHbII KOPEHb,
B3STBIIl OT KBaJIPATHOIO KOPHS).

Terieps MBI TOTOBBI JIOKA3aTh OCHOBHYIO TEOPEMY:

TEOPEMA 6.1. Ilocmpoumvie u3 wnauasvrhuiz mouex 0 u 1 ¢ nomowvro
axcuom 1-6 mouxu 6 C, mo ecmvb MHOHCECTNBO NOCTMPOUMBIT “HUCEA OPULG-
mu O, — amo naumenvuee nodnose C, 3amMrHymoe omHocumesvho onepavul
UBBAEHEHUA KEAOPAMHO020 U KYOUUECKO20 KOPHA.

JIOKABATEJ/IBCTBO. 3aMeTHM, 9TO Mbl MOXKEM IIOCTPOUTDH JIIOOYIO TOYKY
TAKOTO BHJIA, KaK OIMHMCAHO B YCJIOBHU TEOPEMBI (3TO OBLIO Pa300paHO BBIIIE).

JlokarkeM MHIYKIHe 110 IOCTPOSHUIO, UYTO APYTUX TOUEK HET.

Wcxonao umerorcest smemedTsl 0 u 1.

[Tpenmosoxkum, 910 B pedysbrare k MpuUMeHEHN akcrnoM 1—6 Moy daroTcs
JIMIITb 9JIEMEHThI U3 OIMUCAHHOTO B YCJIOBHHU TEOPEMbI MHOXKecTBa. llpmmennm
K MOJIyYeHHBIM TOYKAM OJIHY U3 aKCHOM 1—6 M TOCMOTPUM, YTO MPOUCXOIUT C
KOOP/TUHATAMH TOYEK.

(A1) Ilycrs y nac 6putn Touku A(0,0) u B(a, b) (MBI yMeeM CABHHYTD IIEPBYIO
touky B (0,0), kakast 661 oHa HE Obliaa). Torma npsmas [, IpPoOXosIIAst
qepes3 3TU TOUKH, Oy/ieT uMeTh ypasHenue: br — ay = 0.
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(A2)

(A5)

IIycrs y mac ectsb npsambie [: [1x + loy = I3 uw m: mix + may = ms, TO-
TJa TOYKa UX IIepecevdeHud

p— <m2l3 —lomg mqylsg — llm3>
mila —maly mils —moly /)

Ecsin konnpr orpeska sro Touku A(0,0) u B(a,b), To cepepuuublii mep-
IeH UK Y/IAp 3aaeTca ypasHenueM: ax — by = (a/2)? + (b/2)2.

Ecsu croponst yria sro npsimbie 1: l1x + oy =0 u m: mix +may =0
(MokHO mIepemecTHTh TOUKY nepecedenus: B (0,0)), To ypaBuenne Guc-
CEKTPUCHI OyIeT:

l l
1L, m - 2, m y=0.
B+ yfm?+m3 B+ yfmdm3
Eciau ganpt Toukn P = (a,b) u @ = (0,0) (MOxkeM MOABHHYTH TOY-
Ky) u npsmas [: x +y = —1 (MOkeM NOBEpHYyTb OTHOCHTENLHO () H

CKaTh/PACTSIHYTh), TO IPsIMast M, OIUCHIBAEMAasl B yCJIOBUM aKCHOMBI 5,
Oyzer 3amaBarbest ypasuenueM: (a + t)x — (b+t+ 1)y = 0, tue t =
=14+ V2a?+ 202 -1

= 5 ,

IIpoBepum mjist 1miectoit akcuombl. Touka B NMPOEKTUBHOM IIPOCTPAH-
cTBe — 9T0 HAOOP M3 TPEX BEIECTBEHHBIX YHces (T, Y, Z), He BCe U3 KOTO-
peix pasubl 0, mpudem [t joboro ¢ # 0, Touka (z,y, z) = (cx, ¢y, cz).
CranmaprHas ad@duHHaAs KapTa B TAKOM IIPOCTPAHCTBE — 3TO KapTa
z =1 (2 # 0). Torma 6ecKOHEUHO yJAJeHHAsT IPsIMast — 9TO MHOYKECT-
BO TOYEK, jjisi KoTopbix 2z = 0. OIHOPO/IHOE ypaBHEHUE BTOPOW CTere-
HI OT TpeX IMepeMEHHbIX OIIMChbIBaCT Ha HpoeKTI/IBHOﬁ IIJIOCKOCTU TOYKU
KOHMKHU. B MaTpUIHOM BHJE TAKOE YPABHEHHUE BBITJISIAUT CJIEJLYIONIAM
obpa3zom:
F(.’E, Y, Z) = (l‘, Y, Z)A(LE, Y, Z)t =0,

rjge A — HeHyJeBasl CUMMeTpUYeCKas MaTpuiia 3 X 3.

Mgl xOoTHM JI0Ka3aTh, YTO K JABYM IapabojiaM MOXKHO IIPpOBECTH 00-
IIyIO KacaTeJIbHYIO, He BBIXO/d 3a IpeJesbl Haiero moss. Jlist poka-
3aTeILCTBA HAM IOHAI00UTCS MOHSTHE IPOEKTUBHON JIBOWCTBEHHOCTH
(6ostee 1opobHOE mzioxkeHue cM B [1]). st BeKTOpHOrO npocTpas-
crBa V depe3 V* 0603HaUUM JIBONCTBEHHOE €My BEKTOPHOE IIPOCTPAH-
crBo. Ilpoexrusmbie npocrpancrsa P(V) u P(V*) massiBaiorcss aBoii-
CTBEHHBIMU IIPOCKTUBHBIMU IIPOCTPaAHCTBAMM. FeOMeTpI/IIIeCKI/I, KazKJj10€e
U3 HUX — 3TO HPOCTPAHCTBO T'HMIIEPILIOCKOCTEH B JPYrOM, TaK Kak
ypasuerue E(v) = 0, tme £ € V* a v € V npu durcupoBaHHOM
¢ samaer runepiuiockocts B P(V), a upu dukcupoBaHHOM v — T'H-
nepmiockocts B P(V*). JlpoiicrBeHHast KpuBasi K KpuBoit F — 310
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MHOKECTBO THITEpILIOCKOCTel, Kacaromuxcsa F. Iloctpoenne obreit ka-
caTeIbHOM K JIByM KPUBBIM — 3TO ITOCTPOEHHUE 0DIIeil TOUKU JIBONCTBEH-
HBIX KpUBbIX. JIBojicTBenHast kpuBasi K Kounke F'(x,y, z) = 0 3amaercs
ypasnenuem H (u,v,w) = (u,v,w)Adj(A)(u,v,w)!, rme Adj(A) — mar-
puIia, KOMILIEKCHO-COTIpsizkeHHast K A. DTa KpuBast Toxke KoHMKa. Ha-

1
npumep, ecau F(x,y,z) = §x2 —yz = 0, To ypaBHeHUEe JIBONCTBEHHOI

19
koHuku — H (u, v, w) = —uw + QT = 0. BameTum, 9TO0, €CJIN B MATPUIIE

A Bce 371eMeHTBI ObLIN U3 Hamiero 1oJist, To u B Marpure Adj(A) oxu
TOKe Oy/IyT M3 HAIEro IMOJIs.

litst TOTO, 9TO0BI T0Ka3aTh, 9TO IOCTPOEHHE ODIIUX KACATEJIHLHBIX K KO-
HUKaM He BBIBOJUT W3 HAIIErO IOJIA, MBI MOXKEM IIePeBECTH OJIHY W3
JBYX MPSAMBIX U COOTBETCTBYIOILYIO €if TOUKY B NpsAMYIO §y = —1 U TOU-
ky (0,1) ¢ mOMOIIBIO OBOPOTA, TOMOTETUN U TAPAJLIEIBLHOIO TIEPEHO-
ca, KOTOpbIe He BBIBOJAT 3a IpeJiesibl 1moJist (IpsMasi ¥y = —1 U To4Ka
(0,1) — ar0 bokyc u aupekTprca napabosbl y = 5:1:2). Torma BroOpas
psiMasi U TOYKa OYAyT AUPEKTPUCON U (POKYCOM HEKOTOPOH MapabOJIbI
¢ KoapduimeHTaMn u3 moJsi. BozbMeM IBONCTBEHHBIE KOHUKU K 9TUM
ABYM IapabojiaM, y HUX ToxKe KOI(MPUIUEHTHI U3 IIOJIs1, IPUYEM ypaB-
" 1
HEeHWe IIepBOM M3 HUX — —uw + 51)2 = (0, TaK 9TO U JIETKO BBIPA3UTh
qepe3 v n w. CueslaeM 3TO U MOJICTABUM B ypaBHEHHE BTOPOHl KOHUKU,
[OJIyYUM ypaBHEHME 4eTBepToii creneru ¢ Koadgpdumuenrtamu u3 O, ero
pemrenus Toxke nmpuHagaexkar . Ho aTtu pemenust 3a/1a10T ypaBHEHUA
00X KacaTe/IbHBIX K UCXOIHBIM mapabosiaM, a 3HAIUT KOI(MDPUITUEHTBI
B ypaBHEHHUsIX 00Imx kacareabHbix u3 0. U

7. O HE3ABUCHUMOCTU AKCUOM

B srom pasmene OyayT omnmcaHbl HEKOTOPble (DAKTHI PO 3aBUCUMOCTH

aKCHOM.

[TPEMJIOXKEHUE 7.1. Axcuoma 4 caedyem u3 axcuomovl 5.

JIOKA3BATEJIBCTBO. /[leficTBUTENBHO, BO3bMEM yToJ ¢ Bepruaoit A. [Tyctn

TouKa B JIeXKUT Ha CTOPOHE yIJIa, a MpsiMas | — Ta ero CTOPOHA, KOTOpasi He
comepkuT B. Ilo msroit akcmome MbI MOXKeM depe3 A MMpoBecTH Takyro Ipsi-
Myto k, 9To 06pa3 B npu cuMMeTpuu OTHOCUTE/IBHO Hee JiexkuT Ha [. Ho Torma
HECJIOXKHO yOeIUThCsT B TOM, 9TO k — OUCCEKTpHCa JaHHOTO YIJIA. O

[TPEMUIOXKEHUE 7.2. Ecau danvt axcuomor 1, 2, 3 uw 6, mo mvt mooicem

cdeaamo nocmpoenue, onucaHHoe 6 9.
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JIOKA3ATEJIbCTBO. Bosbmem mBe Toukm A, B u upsamyo [, 0 KOTOPBIX
ropopurcs B akcuoMe 5. IIposesem Taxyto upsmyio I, uro I’ napasiensna [ u
I' mpoxoaut yepe3 B (9T0 MOXKHO CIIEJIATh, IIOTOMY YTO Y HAC €CTh II€PBbIe TPU
akcroMbl). Terepb MO 1mecToOil aKCHoMe MBI IIPOBEJEM TAKyIO HPSIMYIO 1, 9TO
06pa3 A npu cuMMeTpuH OTHOCUTEILHO Hee Honajer Ha [, a obpaz B — na l'.
Torga umeercs aBa ciay4das. JInbo m nepnenaukyasapHa I'; To ecTh nepHen/u-
KyJisipHa [, HO Torma obpa3 A HEHKaK He MOXKET IIOIACThb Ha [, eciid A He JIeXKUT
Ha [ (ecim JiesKuT, TO mpsiMasi, YI0BJIETBOPSIONIAs YCIOBUIO MSITOM aKCHOMBI —
9T0 OO MpsiMasi, TPOXoisiiias Yepe3 AB, mubo nmeprneHMKyJIsip K [, OmyIeH-
HBI 13 B, HO 00€ 9TUX HPSIMBIX MbI MOXKEeM HOoCTpouTh). JIubo m mpoxomur
gepes B, Torga 3To U eCcTh HpsiMasi, KOTOpasl YAOBJIETBOPSIET YCIOBUIO ISITOM
AKCUOMBI. O

[TPEOJIOXKEHUE 7.3. Ecau danv, axcuomo, 2, 3 u 6, mo movL mosicem cde-
AGMB NOCMPOEHUE, ONUCGHHOE 8 NEePEoti GKCUOME.

JOKA3ATEJ/IbCTBO. OuuiiieM 1mocTpoeHue.

1. TlocTponm cepeuHHBIN nepieHmKyIsp [ (em puc. 8).

2. Bocronb3yeMcst 1mrecToit akCMOMO, TPUMEHUB ee K ToukaM P, () u mps-
Moit [. Tlomyunm npsmyro m. Touka nepecedenusi [ 1 m — 3TO TOYKa

R.

3. IlpoBenem cepeunuble NEPHEHIUKYIAPHl K oTpeskam PR u QR. Ounn
[EPECEKYT MPSIMYIO M B TouKax S u I’ cOOTBETCTBEHHO.

4. IlpoBesieM cepeJiuHHBIE MEPIIEHINUKYJISIPBI K oTpeskam SR u T'R. Oun
mmepeceKkyT NpsaMyto [ B Toukax X u Y COOTBETCTBEHHO.

5. IlpoBeaem cepeanHHBIN TEPIEHANKY/IAP K OTpe3Ky XY — 310 u Oymer
MCKOMasT TIPAMAsl. O
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TEOPEMA 7.1. (i) Habop axcuom 2, 3 u 6 sxeusasenmen nabopy us 6cex
wecmu axcuom. Kpome mozo amo munumaivivili (HEAB3A 6LIKUHYMb HUKAKOT
aKCuoOMvL) Habop, Yo08AEMEOPAULULT IMOMY MPEGOBANHUIO.

(ii) Eeau y nac ecmv mpemva mouka, me AEHCAULAA NG NPAMOT, NPOTO-
daweti wepez 0 u 1, u npamovie, nporodauue weped 10bvie dge u3 IMUL MPET
MOYEK, MO MUHUMAALHBM OYydem nabop akcuom 2 u 6.

JIOKABATEJILCTBO. (i) U3 npesyioxkenuit 7.1, 7.2 u 7.3 ciejyer, 9410 Mbl
MOYKEM BCE MOCTPOMTH. IIpOBEpHM, UTO HM OJHY AKCHOMY HEJIb3sl BLIKUHYTD.

(A2) Akcrmoma 2 — 9TO eJMHCTBEHHAsl AKCHOMa, KOTOpasl OIMCHIBAET, KaK
MOXKHO IIOJIyYUTh TOYKY, & TaK KaK MbI CTPOUM IIOJI€ M3 KOOPIUHAT
TOYEK, TO OHA HaM HeOOXOIMMa.

(A3) Ecaum ybparb akcuomy 3, TO € IOMOIIBIO OCTABIIUXCSI TPEX AKCHOM MBI
He CMOXKeM BBIUTH 3a Ipefiesibl IpsaMoil, mpoxofsimeit depe3 0 u 1.

(A6) Akcnoma 6 pacmupsier moJie (haJecOBCKUX YUCEN, TIOITOMY €€ HeJIb3sl
BBIKUHYTh.

(ii) JocraTouno moKa3aTh, YTO MOYXKHO IIOCTPOUTH CEPEIUHHBIN EPIeH (1~
KyJsIp K orpe3ky AB. BosbMmeMm TOUKy A u /Be mpsiMble: TepBasi MPOXOINT
1epe3 A u B, a BTopast mpoxouT depe3 B 1 TOCTPOUMYIO TOUKY, He JIEXKAIITYTO
Ha 1epBoil npsiMoii (Takasi cymiecTByer 110 ycsosuio). Torma, 110 mecroii ax-
CUOME, MBI MOYKEM TTPOBECTU TAKYIO MPAMYIO [, 9TO TOUKa A MpU CUMMETPHUH
OTHOCHUTEIHHO | TIOMAIeT Ha TEepBYIO TMPSIMYIO, a TaKKe TOMAIET U HA BTOPYIO
npsiMmyto. O0pas mpu CUMMETPUN €IMHCTBEHEH, 3HAUUT 00pa3 — TOYKa Iepece-
YEeHUsI IEPBOIl U BTOPOIT IPSIMBIX, TO €CTh | — CEPEIMHHBII MEePIEeHIUKYISP K
orpesKy AB. O

3AMEYAHUE. Eciau cunrarb, 970 006pas3bl TOYEK, YIOMSHYTBHIX B aKCHO-
Me 6, TOCTPOUMBI U €CTh TPEThsl MOCTPoNMasi Touka (kpome 0 u 1), He jrexkarmast
Ha IpsIMOi, Tpoxosieit uepe3 0 u 1, 1 IpsiMble, TPOXOJISINIE Yepe3 JT0be
JIBE U3 9TUX TPEX TOUYEK, TO MOXKHO ODOWTHUCH TOJBKO IIECTON aKCHMOMOW JIJIst
ITOCTPOEHUS TIOJIA OPUTAMH.

JleficTBUTEILHO, BO3bBMEM JIBE IIPAMbBIE, TOUKY II€PECeUeHNs KOTOPBIX Ha-
JI0 TIOCTPOUTH U IIPOU3BOJIBHYIO IOCTpouMyto Touky P. IIpumenum mrectyto
aKCHOMY W IOJIy9uM, 9TO obpa3 P — 9T0 TOYKa IlepecedeHms NBYX JAHHBIX
[IPSIMBIX, TO €CThb TpebyeMasi B YCJIOBUU TOYKA, 8 OHA I10 YCIOBUIO MOCTPOUMA.
SHa4uuT, 10 TeopeMe 7.1 JT0CTATOYHO TOJBKO aKCUOMBI 6.

WNuornma K CrucKy akCuoM OpUramMu JI00aBJISIOT €Ie OJIHY.

(A7) Ecam nana touka P u mnpsimble k U [, TO MBI MOXKEM IPOBECTH TaKyIO
MIPSIMYTO M, IEPIIEHIUKY/ISIPHYIO k, 9T0 00pa3 Touku P pu CuMMeTpun
OTHOCUTEILHO Hee IONaJIeT Ha IIPAMYIO .
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Puc. 9. I36prrounas akcuoma 7

Ha camowm pneste, mobaBiienne 3Toi aKCHOMBI HUKAK HE PACIHIHPHUT I0JIE TI0-
crpouMbix To4ueK. [IpoBepum 3T0.

[IPENJIOXKEHUE 7.4. Axcuoma 7 asasemca credemeuem axcuom 1-3.

JOKABATEJILCTBO. BBINOMHUM € MOMOIBIO TMEPBBIX TPEX aKCUOM Jeii-
CTBUE, OIIMCAHHOE B CEJIbMON aKCHOME.

1. Iposenem uepes P upsivyio k', mapamtensuyio k (cm. puc. 9). Ona
mepecever | B ToUke ().

2. TlocTpoum cepeuHHBIH TEPIIEHTUKYJISIP M K 0Tpe3Ky P — 510 u Oy1er
HUCKOMasT TIPSIMAs.

HeiicTBuTebHO, 00pa3 TOUYKN P 1pu CUMMETPUN OTHOCUTEIBLHO M IOMajIeT B
Touky (. Kpome Toro, Tak kak npsamas k' napamtensna k, o m L k. U
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1. 1. I'purienko, dakysnprer maremaruku HUY-BIID
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Ham cemunap:
MaTeMaTmIecKne CIOXKeThI

Koporkoe onpoBepzkenne TurnoTe3sl bopeyka

A. B. Ckonenkos*

[TpuBoauTCs mpocTeiitiee U3 U3BECTHBIX OIMPOBEPIKEHUH CIIE Ty FOTIei
runore3sl Bopeyka: s1060e ozpanutiennoe nodMHOIHCECTNEO N-MePHO20
€6KAUD0BG NPOCMPAHCEA, codepacawyee 6oAee T MOYEK, MOHCHO PA3-
oums na n + 1 Henycmoir wacmetld menvwezo Juamempa.

JokazarenbcTBo npuHaexRnT H. AJIOHY U sIBJIsIeTCsT 3aMeYaTe b
HBIM [PUJIOKEHIEM KOMOMHATOPUKA U aJreOpbl K T€OMETPHH.

9Ta. MeTon4YIecKasd 3aMeTKa JOCTYIIHa CTy/IeHTaM, CTapIIeKJ/JIaCCHU-
KaM U YUIUTEJIAM, HHTEPECYIOIMUMCA MaTEeMaTHKOM.

TEOPEMA 1 (BOPCVYK). Jhoboe oepanuuentoe noodmmoicecmeo naocko-
cmu, 6 Komopom bonee d8yr movek, MONHCHO paszdbumv Ha Mpu HENYCMole “a-
cmu menvuwezo duamempa.’)

Juamempom HEIyCTOrO MOAMHOXKECTBA ILJIOCKOCTH HA3bIBAETCs HAmOOJIb-
Iree PacCTOsTHIE MEXKJY €ro TOYKaMu (TOTHee, CyIPEeMyM TaKUX PACCTOSHHIA).
TTomMHOYXKECTBO IJIOCKOCTH HA3BIBAETCH 02PAHUYEHHBIM, €CJTH €r0 TUAMETP KO-
HEYeH.

Towkotli x = (x1,...,2Ty) N-MEPHOTO €BKJIMJOBA IPOCTPAHCTBA HA3BIBALTCS
YIOPsIZIOUeHH b Habop n unces. Pacemosnue Mex iy Toukamu © = (X1, . .., Ty)
uy=(y1,-..,Yn) oupemessercs GopmyJIoit

|z, y| := \/(xl - yl)2 + ot (20— yn)2 .

*Tomuepxkan rpantom douga CaiiMonca.

Y Vkasanue % dokasamesvemey. CHadana, UCIONB3yYs «COOBPAXKCHUA HEIPEPBLIBHOCTH,
JIOKa’KUTE, 9TO JIIOOYIO TJIOCKYI0 (DUTYypy auamerpa 1 MOXKHO 3aKJIIOYUTH B TMPABUILHBIN
IIECTUYTOJBLHUK, IUAMETp BIMCAHHONW OKPY>KHOCTH KOTOPOTO paBeH 1. 3aTeM JOKarKHUTe, 9TO
XOTSI IMAMETP TIOJIy 9eHHOTO TIPABUJIHLHOTO MECTUYTOJIBHUKA GOJIbIIe 1, ero MOsKHO pa3pe3aTh
Ha Tpu JacTu guamerpa Mmesbire 1. Cp. [11].

MaTemaTudeckoe npoceetuerue, cep. 3, soin. 17, 2013(88-92)
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Juamemp 1 o2parueHHocmyd IOJMHOMKECTBA N-MEPHOrO €BKJIMI0Ba IIPOCTPaH-
CTBa OIIpeae/IdAr0TCd TOYHO TaK 2Ke, KaK U B CJ/Iy4dae IIJIOCKOCTH.

Bopcyk mpemgoxknn ciemyroliee 0b600IIEHE CBOEro pe3y/bTara, KOTOPOe
JIOJITHE TO/BI OBLIO OHON M3 Hambojee MHTPUTYIONUX TPOOeM KOMOMHATOP-
HOII reoOMeTpHuMu.

I'unoTe3A 1 (BOPCYK). Jhoboe ozparuriernoe nooMHodicecmso n-mepro-
20 esKAudosa npocmparcmea, codepacaujee boree N MOUEK, MOHCHO Pa3dUMD
Ha n + 1 nenycmour wacmet menvwezo ouamempa.

B 1993 r. 1. Kan u [Ix. Kamau, ciuemays unesm Bosrsinckoro, Dpaéma u
Jlapmana o npuMeHeHE KOMOMHATOPUKH JIJIst IIOCTPOEHMST KOHTPIIpUMepa, Ha-
M KoHTpupumep K runorese Bopeyka |7, 10]. IToxpobro ucropust Bompoca
ommcana B |3, 6].

TEOPEMA 2. Cywecmsyem n u o2panuierHoe noOMHONCECTNEO N-MEPHO-
20 esKAud0B6a Mpocmparcmaa, codeporcaulee boaee N MoOver U KOMOPoe HeG03-
MOKHCHO pas3bums wa n + 1 yacmv menvwezo Juamempa.

Mpbi npusesieM Tpocreiiliiee U3 U3BECTHBIX JIOKA3ATEIbCTB, [TPUHAJJIEKA-
mee H. Asony, cp. [1,3,5,6,8,9]. (Ilpu srom japyrue jokas3aresibCTBa JAIOT
foJiee CHJIbHbBIE PE3YJIBTATHL) DTO YAUBUTENLHBI MPUMEP BayKHOIO Pe3yJib-
TaTa B COBPEMEHHOI MaTeMaTHhKe, He TPEOYIONIEro Jyisl TOJHOTO MOHMMAHMUSI
HOJIYTOJIOBOTO CIIEIMAJTBHOIO YHUBEPCUTETCKOTO Kypca (II0C/Ie JIBYXTOJ0BOro
obgzaTeIbHOrO Kypea). BoJiee mpocThie NpUMeHeHrsl aHAJIOMMIHBIX aJrebpan-
9eCKUX COOOpaykeHuil B KOMOMHATOPUKE MOXKHO HaiTu B [2,4].

Yepes |X| obosHauaercst 9ucsio 3j1eMeHTOB B MHOXKecTBe X. Ckaasproe
npoussederue BEKTOPOB T = (T1,...,%n) U Y = (Y1,. .., Yn) OUPEIEIAETCS KaK
Ty :=21Y1+- -+ TpYpn. BEKTOPBI T U Y HABBIBAIOTCST OPMO2OHAADHOLMU, €CIIA
z-y=0.

JOKABATEJ/JIBCTBO TEOPEMBI 2. O603Ha491M

M ={(z1,...,zn) |21 =1, 21 € {1,-1}
U CPEN T2, ..., Ty TUCIO MUHYC €JIUHUI] TE€THO }.

2 2

Bepimaa n*-mepraoro Kyba — Habop UIMHBI N° U3 IJIIOC WJIX MUHYC €IMHHIIL.
Ero ynobuo mpeacrasiisaTs cebe kak Tabsumiry n X n. [loctaBuM B cooTBeTCTBUE
KaxkJoit Touke x = (I1,...,T,) € M tabuuny fx, onpemeneHnyo Gopmyioi
(fx)ij == x;xj. Hampumep,
1 -1 -1
fa,-1,-1)=|(-1 1 1
-1 1 1

JlokaxkeM, 9TO KOHTPIPUMEPOM K THrore3e bopcyka sBisieTcss f-obpas3 MHO-
xkectBa M Uit TOCTATOYHO OOJIBIIIONO IMPOCTOrO YKUCIa P U 1 = 4p.



“mph” — 2013/2/18 — 20:37 — page 90 — #90

90 A. B. CkornleHKoB

Hycrb 2,y € M. Torna (z;2;—viy;)? = (1—zy;7,y;)%. Obosnauum uepes a
KOJIMYECTBO UHJIEKCOB 4, JIJISI KOTOPBIX T; = ¥;. Torma x;y; = 1 Jist a WHIeKCoB
inxy; = —1 pna n — a ungexcos 4. Hostomy |fz, fy|? = 4a(n — a). Dro
BBIpayKeHIe MAaKCUMaJIbHO pu ¢ = n/2. Suaunt, ycaosue |fx, fy| = diam fM
PaBHOCHJIBHO YCJIOBUIO @ = N/2 ¥ PABHOCUIIBHO yCI0BHIO X -y = 0.

[TosTomy eciim muO2kecTBO fM pasdburo Ha k vacteit 21, ..., L, MEHBIIETO
JmaMeTpa, To B KaskKJIoM f ! Z; HuKaKue jBa BEKTOpA HE OPTOrOHAIbHBI Tak
Kak r1 = 1 jya moboro x € M, To f mabekTHBHO. 3HaumT, |Z;| = |f~1Z;].
Tenepb Teopema BBITEKAET U3 CJIEIYIONUX JeMMbI 1 00 OIEHKE W YyTBEPIK,Ie-
Hus 1. (]

JIEMMA 1 (OLEHKA). ITycms p — npocmoe (ne obazamesvro 6oavwioe),
n=4p, A C M u nuxaxue dea eexmopa u3 A ne opmozonasvho.. Tozda

Al < a(n) =0y +Chy+-+ O

VTBEPKAEHUE 1. a(n)(n? + 1) < |[M| = 2772 daa docmamouno Goro-
wux n.

JOKA3ATEJILCTBO. [list qocrarodno 6obmx n u aobbix 1 < s,k < n/4

mmeem 28 > Bk — 5 — 2, OTKyJla w >3 3Hauur,
C;Lﬁ““*l (n—k)(n—Fk-— )~...-(n—k—%+l) (3>n/4 )
= > | = >n
k—1 n n
ck-l GHb-DG+k-2) ...k 2
Hostomy a(n)(n*+1) <CY_; +CL |+ + ng_l =2"2 O

OcraJjioch m0Ka3aTh jteMMy 00 oreHke. IIpu ee moka3are/ibcTBE MOXKHO 3a-
OBITH PO KOHCTPYKINIO oToOpaxkenust f. Ciienyrolee yTBep:KI€HNE OUEBUTHO.

YTBEPXKJAEHUE 2. /laa npocmozo p u yeaozo t wucao
Gt)=t—-1)({t—-2)-...-(t—p+1)
deaumes Ha p moada u Moavko moeada, Ko2da t He deaumcs Ha p.

Payuornaavrot aunetinot xombunayued MaOrOUIeHOB FY, ..., Fs Ha3bBa-
ercst a0boit MmuOrowiIeH A\ Fy + - -+ 4+ AsFs ¢ panmmoHalbHBIMI Aq, ..., As. Ha-
IpUMEpP, MHOTOYJICH Xo SBJISIETCS PAIMOHAILHON JUHEHHON KOMOUHAIIMEH MHO-
roujeHoB 2xq, 1 u 1 + xs.

MHoro4sieHbl HA3BIBAIOTCH AUHETHO HE3AEUCUMBLMU, €CJU JTI00as UX pa-
[IMOHAJIbHAS JIUHElHasT KOMOUHAINs, B KOTOPOl HEe BCe A\j HYJIEBbIe, HE paBHA
myato. Hanpumep, n MHOTOWIEHOB 1, T9, T3, ..., T, ABJSIOTCA JIMHEIHO HE3a-
BUCHMBIMH.

MHoOrowieH ¢ pamuoHAJbHBIMI KO PUINEHTAMI OT 1 — 1 IepeMeHHOM
X9, ..., Ty HA3BIBACTCSI cmenenu menee n/4 u c60600HbLM 0m K8adpaMOs, eI
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OH SIBJISIETCST PAIMOHAJILHOM JIMHEHHON KOMOMHAIIME! MHOTOYICHOB
Tiy ... Ti,, THme s=0,...,p—1

(%)

JlemMma 00 OlleHKE BBITEKAET U3 HUXKECIEIYIONINX JIEMMbI 2 O JTUHEHHON He3a-
BUCUMOCTH U yTBEPXKICHUS 3.

a 41,...,is — Pa3JIUMYHbIE YHUCJA OT 2 JIO N.

JIEMMA 2 (JIMHEMHASI HEBABUCUMOCTB). ITycmw p npocmoe, n = 4p,
A C M u nuxaxue dea sexmopa u3 A He opmozonasvbHu. Bozvmem sexmop
a € A. Packpoem cxobru 6 npouseedenuu G(a - (1,x9,...,2,)). B xasrcdom
U3 NOAYUEHHDIT 00HOUNEHO08 0N KaxHcdo20 1 bydem 3ameHAM :L‘g na 1 noka
amo 803moorcho. Iloayuennodi mrnozousen obosnawum Fo(xa, ..., xy,). Toeda
Kaotcovti mnozouaen Fy(xa, ..., x,), a € A, cmenenu menvwe n/4 u ceoboden
om K6adpamos; MU MHOLOUAEHDL AUHETHO HE3ABUCUMDL.

YTBEPXKJEHUE 3. Jhoboe aunetino He3a8UcumMoe Cemeticmeo MHO20MAe-
HO8 OM Ta,...,T, cmenenu menee n/4 u c60600Hnbiz om Kkeadpamos, codep-
orcum e boaee a(n) MHO20UAEHOS.

JOKABATEJIBCTBO JIEMMBI O JIMHENHOW HE3ABUCUMOCTU. YTBep-
2KJIEHUsI O CTEIIEHU U O CBODOJIE OT KBaIPATOB OYeBUIHBIL. JloKaxkeM JIMHEHHY IO
He3aBUCUMOCTD. Ilycrh, HampoTus, A1 Fy, + -+ + AsF,, = 0 J1/Is1 HEKOTOPBIX
a1,...,05 € A U palMOHAJILHBIX A1, ..., \g, IPUYEM HE BCe \j HYJIEBBIE. 31€Ch
@i,...,0s — BEKTOPBI, & HE KOOPJAUHATEI. MOXKHO CUMTATH, UTO Al,..., A I€-
Jble (MHAYe YMHOXKHUM 9TO PABEHCTBO HA MPOM3BEJICHME MX 3HAMEHATesel).
MoKHO Tak:Ke CUUTaTh, UTO HE BCE OHU JIEJIATCS Ha p (MHAYE MOMEJUM ITO
pPaBEHCTBO Ha WX HauOousibIuii obmmit jesurens). He ymenbimast obiHoCTH
cuuTaeM, 9To A1 He jejintcs Ha p. [lojcraBuM B 1IOJIyU€HHOE PABEHCTBO 3HA-
qenus o = (a1)2,...,Tn = (a1)n.

W3 a1-a1 = n = 4p u yrBepK/IeHUS 2 BBITEKAET, 9TO A1 F},, He enuTcs Ha p.

Tak kak n gemurcs Ha 4 U st JOOBIX X,y € M 49uC/I0 MUHYC €JIUHUIL B
U B Y He4YeTHO, x - y jenutcs Ha 4. [Tosromy x -y & {£p, £2p, £3p}. Tak rak
x-y # 0, To T -y He JlesnTCA Ha p. SHAUNT, 110 yTBEPAKIEHUIO 2 A\, Fy,, Jtesmrcs
Ha p upu jiobom k > 1. IIporusopetne. O

HABPOCOK HOKABATEJIbCTBA VYTBEPXKAEHUA 3. O603HaUUM vepes
Q1, - -, Qu(n) COMEICTBO MHOTOWICHOB (%) 1 Wepes Fi,..., F nannoe jiuneii-
HO He3aBucuMoe cemeiicTBo. BosbMmeM tabuuily k X «(n) palMoHAJbHBIX Y-
cenm Ajj, Ui KOTOpBIX [ = Zj AijQ; mpm mobom ¢ = 1,..., k. CemeiicTBo
MHOT'OYJICHOB, IIoJIydeHHoe u3 cemeiicrsa Fi, ..., Iy samenoit F; na F; + \F,
J # i, IUHEWHO He3aBUCUMO. TakuMu 3aMeHAMU U [IEPECTAHOBKAMU MHOIOUJIe-
HOB (01, ..., Qq(n) MOXKHO HMPOBECTH paccMaTpuBaeMylio Tabmuiy k X a(n) K
«BEPXHETPEYTOJIbHOMY » BHIy. Tak Kak B HOBOIl TabJinile HET HYJIEBOI CTPOKH,
o k < a(n). O
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BiarogapHOCTU. Baaromapro H. I1. Jlonbwmuaa u A. M. Paitropojckoro, or
KOTOPBIX s y3HAJ KOHTPIPUMEPHI K I'UIoTe3e Bopcyka, yIeHUKOB (hu3.-MaT.
mkosiel uM. A. H. Konmoroposa u mikossr Ne57 r. MOCKBBI, KOTOpbIE y3HAJIH
9TH KOHTPIPHUMEPHI 0T MeHs, a TakxkKe M. B. Axmenosa, B. H. Jly6posckoro u
A. JI. PyxoBuda 3a moJie3ubie 00CyZKI€HUSI.
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[Tomunombr YeObIméBa n nx odpalieHus

A. T. XoBaHCKHit

[Mosmrom YebbléBa cTereHn n onpeiesserTcs cieyoneil hopmyJIoii:
T, (z) = cosn arccos x.

OTHU MOJTUHOMBI OBIJTH OTKPBITHI UeOBIMEBBIM B CBSI3U C 3a/a4eil 0 HAWTy IIeM
NpUOIMKEHNN 3aIaHHON (PYHKIIUK ToJIMHOMaMu creriean < n. OHU UrpatoT
OOJIBIIIYIO POJIb B TEOPHWH HPUOIMKEHUN. YIUBUTEIBHO, UTO ITU ITOJIUHOMBI
OKa3aJIUCh TI0JIC3HBIMU U B ajredpe: Beb 3a/1ada, B CBA3U C KOTOPOIl OHU BO3-
HUKJIA, OT aJIre0Ophl JajieKa, a MX UCXOJHOE OIpeJeIeHre UCIIOJIb3YeT TPAHC-
HEHIEHTHBIE (DYHKITIH.

Tem He MeHee B psifie 3a7a4 ajareOpbl HAPsLy C CepUeil CTEIEHHBIX OJIU-
HOMOB x"* BCcTpedaeTcst cepusi oJuHOMOB 1,,. C «duitocodckoits Toukn 3pe-
HUA MMOABJIEHUE 9TUX JIBYX CepI/Iﬁ IIOJIMHOMOB CBA3aHO C CYIIIECTBOBaHUEM JIBYX
cepuil KOHEUHBIX I'PYII HPOEKTUBHBEIX Ipeobpazosanuii mpocrpancrsa CP1L:
nukymaeckux rpynn Cy, u rpynn guwsapa D,.

B kommiekcHOM anasin3e cepust MOJUHOMOB X' PACHIUPAETCH JI0 CeMelcTBa
MHOT'O3HAYHBIX aHaJuTHIecKux (yHkiumit %, a € R, comepxkariero, Hapsiay ¢
nosmHoMaMu ", ux obparenus /™ U yI0BIETBOPSIONIEr0 IPEXKHIM KOMIIO-
SUIIMOHHBIM COOTHOIITEHUSIM (xo‘)ﬁ = x°P,

AHayornaHO MBI pacimpsieM cepuio moanaoMoB Yebbrmésa T;, 710 cemeii-
CTBa MHOI'O3HAYHBIX aHajuTu4deckux dyukimit T, o € R, comepxkariero, Ha-
pafy ¢ noauHomamu T, nx obpamenus 17/, 1 yJAOBIETBOPSIONIETO IIPEKHIM
KOMIIOBUIIMOHHEIM cooTHOmenusM 1z o T, = Ti3.

Mmuoro3uaunyio byHKIMIO MOXKHO OIPEJIETUTH Oe3 UCII0JIb30BaHUS aHAJIU-
TUYIECKOI'O IIPOJOJIZKEHU S, OIIMCaB MHOXKECTBO ee 3HAYEeHUl B Ka}K,ZLOfI TOYKE.
DTO MHOTJA JAET BO3MOXKHOCTH MEPEHECTU olpejesieHne OYHKIIMN Ha JII0Ooe
nosie (HaJ[ KOTOPBIM OIlepalisl aHATUTUIECKOTO IPOJIOJIZKEH I He OIIPe/IeJIeHa).
Hanpumep, npu mHarypaibaoM n QyHKIINASA /™ onpenesnena Haz JTO6BIM 110-
jieM k: 570 MHOTO3HAUHAs (DYHKIUS, KOTOpast COMOCTaBIsieT & € k MHOXKECTBO
9JIEMEHTOB 2, JIEXKAIINX B 3aMbIKaHUM 1ojisg Kk u Takux, 1ro 2" = x.

Jlerdye mumMeTsb J1€J10 C pPOCTKOM OHO3HAYHON (DYHKIINI, €M C MHOTO3HATHOMN
dyuknueii. Bo MHOTEX BOIIpOCAX 9TUM MOYKHO OIPDAHMYHUTHCS, €CJIU BCE 3HAYE-
HUsI MHOT'O3HAYHOH (DYHKIIUU Oy YAIOTCs IPYU aHAJTUTUYECKOM ITPOJOJIKEHUT
OJIHOBHAYHOT'O POCTKA.

MaTemaTudeckoe npocsetuerue, cep. 3, Boin. 17, 2013(93-106)
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B n. 1.1 onpenensiercs muorozuadnast pyuxmus Jeooimésa T, o € R, kom-
IIEKCHOT'O MEPEMEHHOr0 X IPU MOMOIIM OMUCAHUS MHOXKECTBA €e 3HAUYCHUIl.
B n. 1.2 onpenensiercst psii B Touke & = 1, aHAJUTUYIECCKUM ITPOIOJIKECHUEM
KOTOPOI'o OHA sIBJIsteTcs (M. 1I. 1.3).

B . 2.1 MBI mpuBOANM aaredpantecKoe ompeaeaeHne IOJTNHOMOB eObIé-
Ba 1 ux oOpaleHuit HaI JIOOBIM TI0JIEM, XapaKTePUCTUKa KOToporo # 2. Kcm,
JIOTIOTHUTETHHO, XapaKTEPUCTUKA TOJIST # 3, TO 9T (DYHKITUH TPUMEHUMBI JTJTsT
pelliennsi B paJiKajax ypaBHEHUI CTENeHN TPU U CTEIeHH YeThIpe HaJl ITUM
nosieM (cM. 1. 2.2-2.3).

B . 3.1-3.3 MbI 00Cy2KJaeM TPHU KJIACCUUECKUE 33JIa9¥, B PEIIIEHUN KOTO-
PBIX BCTpeTUInCh cepun mojuHomoB ' u T,. B m. 3.1 obcyxmaercs perreH-
nast Purrom 3aja4a 06 onmucaHuu BCeX KOMILIEKCHBIX IIOJIMHOMOB, OOpaIeHus
KOTOPBIX IIPEJACTABUMBI B pajukaiax. B m. 3.2 obcyxmaercs perntennas Ppu-
nom 1ipobiiema [lypa 06 onmcanun Beex nosmuomoB P € Q[z], st Koropbix
orobpazkenua P: Z, — Z, oOpaTuMBbI Jiji 66CKOHEYHOI0 MHOKECTBA, ITPOCTHIX
qucest p. B 1. 3.3 mbr hopmysnmpyem pesyibrar 2Kymua, Paty u Purta 06 ad-
dbunHOl KIaccubukau unmMepupyemvir (CM. OIpeiesieHre U3 TOrO MyHKTA)
[TOJIMHOMHUAJIBHBIX OTOOPaKeHN KOMILJIEKCHOM MPsAMO B ceOsl.

§1. OYHKINN YEBBIIIEBA HAI KOMIIJIEKCHBIMU YUCJIAMU

1.1. MHOTO3HAYHBIE OYVHKIIUU YEBBIIIEBA

Qynxyuets Yebvuwésa cmenenu o € R Ha30BeM MHOrO3HAYHYIO (DYHKIIAIO
T, KOMILIEKCHOTO TIEPEMEHHOTO T, ONPEJIEIEHHYIO COOTHOIIEHNEM:

u®(z) +u” Y (x
To(w) = AL &)
rae u — ABY3HaYHad beHKLLI/Iﬂ7 OolrpeeJIcHHasd COOTHOIIIEHUEM
u(z) + w1t (z)
i — @

B dopmyie (1) umeercst B Buy, 4To Kaxkjioe 3Hadenue f () MHOrO3HAUHOI
byuxmun u®(x) cknagpBaerca co 3nadenueM f 1 (x) bymkimum u”%(x) (a e
¢ KakuM-1u00 npyruMm ee 3uadenuneM). Coracuo (2) dyuxims u(z) ymosie-
TBOpsteT ypasuennio u?(x) — 2zu(x) + 1 = 0. Ero xopmn uy (), us(z) ceasansr
coorHomenueM u1(x)uz(x) = 1, HO3TOMY He BayKHO, Kakoil U3 JIByX KOpHei
ucnosib3oBaTh B opmysie (1). (OTmernm, 9T0 3TU KOPHU BBIYUCIISIOTCS SIBHO:
u2(x) = x£va? — 1.) Beibop Apyroro KOpHs JIUIIb IEPECTABIISIET CIAracMble
u®(x) n u”*(z) U He MEHsIeT UX CYMMBbI.

TEOPEMA 1. Qynkuyuto Ty, MootcHO onpedesums cOOMHOULEHUAMU:

x =cosz(x), Tu(xr)=cosaz(zx).
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JIOKABATENBCTBO. Ecim x = cos zg, 1o z(x) = £(20 + 2k7) u

exp(iaz(x)) + exp(—iaz(x)) '

cos(az(z)) = 5

IIpu srom uy 2(x) = exp(+iz(x)) u ufg‘(x) = expia(£z(z)). Orkyna u BbITe-

KaeT TeopeMa.

YTBEPXKJAEHUE 2. Qynkuyua T, 0aa namypasvnozo n A6AAEMCHs NOAUHO-
MOM CMENEHU N ¢ UeAbMU KosPPuyuenmamu. Cnpasedausa Gopmyira

Tux)= > <21;€>x”_2k(3:2—1)k.

0<k<[n/2]

JOKABATENBLCTBO. Coornomenne T),(z) = (u"(z) +u "(z)) /2 ¢ yue-
tom pasencts u"(z) = (z + Va2 — 1)" u v "(z) = (x — Va? — 1)" u Gunoma

Herorona npespammaercst B hopmyiy st 1p, ().

OnpPEAEJNEHUE. @yukiwus T, Ha3bIBAETCI noautomom debviuwésa cmene-
HU T

CupasemynBo ToxkaectBo 1p,(cosz) = cosnz (cm. Teopemy 1). ITormmom Ye-
OBIIEBA MOYKHO OIIPEIEJIUTD, OIB3YICh STUM TOXKJIECTBOM (COOCTBEHHO, TaK 1
caenan cam Yebwimés). [omunom T, siBisiercst 4eTHOM (DbyHKIUEN IPU YeTHOM
n 1 HedeTHOH dyHKImedt npu HedeTHoM n. Crapriuit KoahUIUeHT TOJTMHOMA
T, pasen 2". Hike nam monaobutces dopmyna T3(z) = 43 — 3z.

CHEIOCTBUE 3. Vpasuernue Tp(xr) = a ano pewaemcs 6 padukanral.
HUmenno, e2o KopHU — 3HAYEHUA 68 MOUKE & MHO203HAUHOU Pynruyuu T /n(a).

z
JOKABATEJILCTBO. Ecmu cosz = a u x = cos —, 1O T = Ty /n(a). C npy-

roii CTOpoHBI, B 3TOM ciydae T, (x) = a.

OTa «TPUTOHOMETPUYECKAsT» BBIKJIAJIKA IEPEHOCUTCS B ajarebpy U MO3BO-
asier permnThb ypasaenue 1), (z) = a, rje a — 3JI€MEHT OJIsl, XapaKTePUCTUKA
KoTOporo He pasHa AByM (cm. 1. 1.4). Ormernm, uto T/, — n-3Haunas QyHk-
yst: BeIOOD 3Hadenust Gynkimn u(a) e Mensier 3uadenuii Ty, (a), a GyHkms
u!/™(a) npuHEMaeT N 3HAMCHHI.

1.2. POCTKU ®VHKINN YEBBIIIEBA B EJUHUIIE

Muorosnaunasi dbyukims T, (x), Tak »Ke Kak u crerneHHast GyHkus %,
MMeeT BbIJIEJIEHHBI POCTOK B Touke & = 1, 3nHadenune kortoporo pasuo 1. C oj-
HO3HAYHBIMU POCTKAMM JIETde UMETH JIeJIO, YeM C MX MHOTO3HAYHBIMU aHa-
JINTUIECKUME TTPOJoJKeHusiMUu. Huke cuMBosioM £ Mbl 0603HAYAEM POCTOK

Eam..-(zl—k—kl)(x_l)k.
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CBOMCTBA POCTKOB CTENEHHBIX ®YHKUMWI B EJUHULE:

1) ceoticmeo vomnosuyuu: ecim f =% u g = 27, o fog = x*8; npyrumu
ciopamu, (25)* = 227,

2) ¢60lUCMB0 MYAMUNAUKATMUSHOCTIAU: %P = goth;

3) csoticmso anzebpauunocmu: s o = 1/n, T1e n — HATYpaJIbHOE YHCIIO,
POCTOK 2z = =% yIOBJIETBOPAET aJredpanviecKoMy ypaBHEHUIO 2" = .

AHAJIMTUYECKUE POCTKU, NHBAPUAHTHBIE TP MHBOJIIOLUU.

NuBosmonus T KOMILIEKCHO# npsamoit 7(u) = u~ ! mepesoaut Touxky u = 1
B cebs. Jlerko ommcarh Bce pocTKU f aHAJIMUTUYIECKUX (PYHKIIUN B 9TOH TOUKE,
MHBApHAHTHBIE OTHOCUTEIbHO UHBOJIIOIUY T, T. €. Takue, uro f = f(7).

YTBEPXKIEHUE 4. Pasencmeo f = f(T) cnpasedauso, ecau u moavko ec-
au f(u) = @(x), 20e x = (u+u"1)/2 u p — pocmox anarumuneckoti Gyrryuu
6 mouke T = 1.

JOKABATENBCTBO. Ecim f = f(7), 1o dyukuus ¢(x) = f(u(z)), rme
u(x) — oxHa u3 ABYX BeTBeil (byHKIWMM, onpejeseHHol ypasaenueMm (u(x) +
+u~(z))/2 = z, He 3aBUCHT OT BHIGOPA BETBU U aHAJUTHYHA B TIPOKOJIOTOLL
okpectaocT Touku x = 1. [lo Teopeme 00 ycTpanumoit 0COOEHHOCTU OHA aHA-
JIUTUYHA U B 9TOI TOYKE TOXKE.

Pocrku anamuruaeckux (PyHKIUEU OT U, He WHBAPUAHTHBIE OTHOCUTEJIHBHO
UHBOJIIOIIAU T, 38Ja10T d8y3Hayumvie pocmxu [Ivrouso or x.

Pocmxom pynxuyuu Yebvuésa T, 6 mouxe r = 1 Mbl OyneM Ha3BIBATD
u® +u"®
2
(uuBapuanTHBI TP nHBOMONMMK T) pased Ty (x(u)), tie x(u) = (u +u~1)/2.
B srom nyrkTe MBI OyjeM 0003HAYATH POCTOK (yHKIMU eObIméEBa TeM Ke
cuMmBosioM T, 9TO W caMy MHOro3Hadnyoo ¢yakKiuo. Poctkn T, HaciemxyooT

CBOICTBa POCTKOB CTEIeHHBIX (DYHKITUIA.

POCTOK aHAJTUTUIECKON DYHKIINK OT T, TAKOM, UTO POCTOK (PYHKITUU

CBOVICTBA POCTKOB ®YHKIMWUW YEBLIIIEBA B EJUHULIE:
1) csoticmeo womnosuvyuu: Ty, 0 Ty = Tgq;
2) ceoticmso myavmunaukamusnocmu: ToTg = (To4p + To-p)/2;

3) ceoticmea anzebpauvnocmu: i o = n, Tjie N — HATYPAJbHOE YUCIIO,
pocrok Ty, siBasiercs poctkoM nosmaoma Jebpimésa T),. Pocrok T,
yaoBnersopsier anrebpamdeckomy ypasaeruto Ty, (T /(7)) = ;

4) mpuzoromempuueckoe ceoticmeo: Ty (cos z) = cos az. Ilox srum pasen-
CTBOM MBI II0JIpa3yMeBaeM PABEHCTBO POCTKOB (DYHKIMMH OT z B TOYKe
z = 0. Cynepnosurnust T, (cos z) onpejesena, Tak Kak cos( = 1.
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YTBEPXKJEHUE 5. Cemeticmeo pocmxkos ynkuyutt Yebviwéea 6 edunuye
ydosaemeopsem ceoticmeam 1)—4).

JIOKABATEJIbCTBO. 4) ciemyer u3 TeopeMbl 1. 9TO CBOHCTBO MOTHOCTHIO
xapakTepudyeTr poctok 1,. eiictBurenbHo, dpyHKIuUs cos z detHad. [lo Teo-
pemMe o HesiBHON (DyHKIIUM POCTOK B Hyje (DYHKIUN 2% gBJsIeTCs aHAJNTH-
geckoil (yHKImEl oT pocTka B eauHUIlE (QYHKIUU COSz. B cBoo odepeb
dbyHKImA cos az — amaquTHYecKas GyHKIus oT z2. 1)-3) — 3T0 mpocThIe
cBoiicTBa dyHkiun cos: 1) ecam cosv = cos Bz = Tg(cosz), To cosav =
= Ty (cosv) u T, T cos z = cos of3z; 2) BBITEKAET U3 TOKIECTBA COS (v COS 32 =

= [cos((a+F)z) +cos((a—5)z)]/2; 3) st @ = n 1OKA3AHO B yTBEPXKICHAN 2,
1

JIgd ¢ = — BbITE€KacT U3 CBOIiCTBa KOMITIO3HUIINH.
n

1.3. AHAJIMTUYECKOE ITPOJIOJI?KEHUE POCTKOB

B sTOM myHKTE MBI MOKa)KeM, YTO MHOYKECTBO 3HAYEHUIl MHOIO3HAY-
HOIl (DYHKINN, TOPOKIEHHON POCTKOM T, COTIACyeTCsl C OIpEJeICHIeM U3
m 1.1.

Obpairenne pocTka B HyJle PYHKIUNA COS z — JBY3HATHBIN PocTOK [Ibon30
B TOYKe r = 1, 3HAUEHMsI KOTOPOrO pasjmdalorTcs 3HaKoM. llycrs m1(z) —
OIHO M3 JBYX Pa3/IMYAOIIUXCs 3HAKOM MHOIO3HAYHBIX ObOpaleHnit (pyHK-

VU COSZ = I, UMEINX B TOUYKe £ = 1 3T0oT pocTok IInfomzo. Paccemor-
pum uernyo byakmuio P, (z) = cosaz nepemennoit z. Ilo onpexesnenunto
T,=®,0n L.

DyHKIMs COS z UMeeT HeKPATHbIE KPUTUIECKHE TOYKK 2z = K7 U JIBa KPH-
Tudeckux 3Hadenus r = +1. Ckaxkem, uro KpuBas x(t), Wiymas U3 TOYKU
1 B Touky xg, T.€e. z(0) = 1, (1) = =9, donycmuma, ecm x(t) # +1 upn
0 <t < 1. Pocrok I[Isron3o B Touke x = 1 dyHKINHT 7 1B CJIETYIOIIEM CMBICTIE
POJIOJIZKAETCST BIOJIb JIONYCTUMON KpuBoii x(t), wiymieir us z = 1 B TOUKy :
1) mrobast M3 ABYX BeTBEll POCTKA AHAJUTHYECKH POJIOIKAETCS BIOJIbL (t)
BILIOTH Ji0 t = 1, ecsin xg # +1, u BjtoTh 110 Jiroboro t < 1, ecom xg = =£1.
B nocsemaem citydae npojoykenne 10 t = 1 — aBy3HadHbBIN pocTOK [Ibon30
B TOUKe o = 1 (BeTBU KOTOPOIO B T( COBIAJAIOT).

Pocrok T, = ®, 07 ! B 9TOM K€ cMBICIIE TPOIOIKACTCA BIIOJIB OO0 JT0-
nycrumoit kpusoit x(t). Pocrok T, peryssipeH u ojHO3Ha4YeH (a HE JBy3HAYEH,
Kak 7 1), TIO3TOMY OH HMeeT eQUHCIMEEHHOe NPodoAHCeHUe BIOTb JOTYCTHMOM
KpuBOii. [IJ1s1 HEKOTOPBIX JOIYCTUMBIX KPUBBIX, MY IIUX U3 TOYKU & = 1 B TOY-
Ky & = k7, pe3yabTaT IPOJIOJIKEHUST TOXKE MOXKET OKa3aThCsl AHAJIUTUIECKIM
POCTKOM (& He IBY3HAYHBIM POCTKOM [Ibion30).

[Mokazkem, aro dopmyuist (1), (2) onuchBAIOT BCe 3HAYECHUST MHOIO3HATHOMN
dyukmn, moayuenHoil mpomoskerneM poctka Ty. Ilycrs g u a = Ty (xg) —
mro6ble 1ucIa, yiaosiaersopsiomme (1), (2).
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YTBEPXKAEHUE 6. Cywecmsyem donycmumasn kpusas x(t), udywan u3
mouku x =1 6 mouky xy, maxas, ¥mo aHasumMuueckul pocmok (usu pocmok
ITv10u30), noayvwernnvil npodosstcenuem pocmxa T, 6doav x(t), npurnumaem 6
mouke Ty 3HAUEHUE A, ONPEICACHHOE BbLULE.

JIOKA3ATEJILCTBO. Bribepem zp Tak, aTobbl exp izg = u(zg), exp(aizy) =
= u*(xp). lycrs 2(t) — xpusasi, Takast, uro z(0) = 0, z(1) = 29 u z(t) He
npoxoquT depe3 Touku z = k7w upu 0 < t < 1. Torma kpusas x(t) = cos z(t)
JIOIYCTUMA, UJIeT U3 TOYKN & = 1 B TOUKY X( U AHAJIATHIECKOe IIPOJOJIZKEHNE
BJIOJIb 9TOIl KpUBOM pocTka T, = cos a(cosfl) JaeT POCTOK, IPUHUMAIONINNA B
TOUKE T 3HAUEHUE q.

s nac ocobenno Bazxubl nosmHoMbl Jebbimésa 1, n dyuknun 11/, 00-
paTHBIe K HUM. Biaromapst yTBepKIeHUIO 6, MBI UMEEM ONUCGHUE MHOICE-
cmea snavenul gynrxyuu Ty, B Touke a. [lycrs uy, ug — KopHU ypaBHeHUs
w+ut

2
HU ypasHenus v = u;, vae i = 1,2; 1 < j < n. Muoxkecrso {711 /,(a)} Beex

= a (mocraTouHO B3sATH OAMH u3 9THX KopHeil). [Iycrs {v;;} — xop-

V15 Y,

5 } " MHOXKECTBY

3HaveHn#l DYHKIUU B TOYKE G PABHO MHOXKECTBY {

{vzj + vz }
5 .

§2. OVHKIINNU YEBBIIIEBA HAJ TTOJIAMU

2.1. AI'TEBPAUYECKOE OIIPEJEJIEHUE

[Momunrom Yebwimésa T), € Z[x] oupenesen Haj irobdbim nosem k. Ecin xa-
pakTeprcTuKa 1osisi paBHa Hymo, 10 Z C k u T, € klz|. Ecan mose nmeer
xapaxkTepuctuxky p > 0, 1o Z, C k u nomunom, norydennstit us 1), npusese-
HEeM ero Ko3(hMUIMEHTOB 110 MOYJIO P (KOTOPBIH MbI Oy1eM 0603HAYATH TEM
ke cumBoJsioM Ty,), npunajgexur k[x]. Ecau p # 2, ro degT),, = n, tak Kak
crapmmit kKoaddurment nosunoma T), pasen 27 L.

YTBEPXKJEHUE 7. Ecau zapaxmepucmura noas kK ne pasna deym, mo 6
nose payuonarvhur Gynkuut k(z) cnpasedauso moorcdecmeso

—1 n —-n
Tn<x+2:c )Zm —‘,—233 ' (3)

JIOKA3ATEJIbCTBO. Borrekaer u3 dopmya (1), (2).

CHEACTBUE 8. Ecau xapaxmepucmuxa noas K ne pasna deym, mo ypas-
nenue Ty, () = a nad nosem k, 20e a € k, asno pewaemes 6 paduxara.

JIOKABATE/IBCTBO. B toxkaectso (3) mogcrasum z = (v + v~ 1) /2. Tlo-
gayanm (v™ 4+ v~ ") /2 = a. Pemum kBajipaTHOe ypasHenne u’ — 2au + 1 = 0
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st uw = v™. Ilyers ug, up — ero kopum u {v; j} — MHOXkKeCTBO BCeX KOpHeid
crereHn n u3 ui. Torga smeMeHTsI Vg j = U] 31 00pa3yIoT MHOKECTBO BCEX KOP-
9
Heil creneHu n U3 uz, Tak Kak ujus = 1. Bee xopuu ypasuenus T, (z) = a
— ) -1 — . -1
peSICTaBUMBL B BUje @ = (v1,; + vy ;)/2, a Takxke B Buje T = (v2; + vy ;)/2.

JokazarenbcTBO ceacTBus 8 MOKa3bIBAET, 9To ypasnenue Tp(x) = a Has
mojieM Kk, XxapakTepucTuKa KOTOPOrO HEe PaBHA JIBYM, PEULGEMCA AGHO NPU NO-
mougu dopmyave x = Ty, (a), KOTOpas uMeeT CMbICT U Hajl TIoeM k.

2.2. YPABHEHUS CTEIIEHU TPU

IIycts F' — monuHOM cTemneHn n HaJd mojieM K, XapakTepucTukKa KOTOPOIo
WM paBHA HyJ0, wian 6osbine deMm n. [lomoxum Q(y) = aF(Ay + ), rue
a#0, A# 0 u xg — saemerThl m0Jis K uu ero pacmupenust. [Ipu caemanHbIxX
[IPEJIIIOJIOKEHUSIX O XapaKTepUCTUKe 10Jis1 Kk nmeem

aXk ) (z
Q) = 3 FE

k!

Jluneitnas dyukuus QMY obparmaercs B myiab B HekoTopoii Touke ¢. Io-
JIOXKUM To = ¢, Toraa Kosbdurment B Q mpu 4”1 obparurcs B Hy/Ib. Menss
a U A\, MOXKHO JIOOUTbCsI, YTOOBI JIBa HEHYJIEBBIX KO3 duiinenTa mojuuoma
[PUHSIN 33/[aHHbIE HEHYJIeBbIe 3HAUEHUS.

Onucannbiv npeoGpazosannen nosunoM F(x) = azz® 4+ asx? + a12 + ag
MOYKHO TIpuBecTH Jin60 K BUy 3> 4 ¢, mbo K sumy 4y> — 3y + c. Iomunom F”
obpaliaercsi B HyJIb B TOUKe o = —az/3as. Bo3aMoKHbI gBa cirydast:

1) F'(z9) = 0. B sToM ciyuae noammom F mpusomurcsa K Buay y° + ¢
npeobpasopammeM aF(y + xo), tae a = az . Tlpu atom ¢ = F(x)a.

2) F'(x0) # 0. B aTom ciryuae nosmnom F npusogures K suty 4y — 3y +c
upeobpazoBaruem aF' (\y + xg), re

A= (—4F'(z0)/3a3)"?;  a = —3(\F'(x))"".

IIpu srom ¢ = F(zp)a. (3HaKk A MOXKHO BBIOpATH JIIOOBIM: MBI HIIEM OJHO
npeobpazoBaHne, 008 fatoIIee Hy KHBIM CBOMCTBOM, a HE OIICBIBAEM HX BCE.)

CHEACTBUE 9. Kybuueckoe ypasnenue F(x) = azx®+azx®+a1x+ag 1nad
noaem K, zapaxmepucmura xomopozo ne pasna 08YM u mpem, cAeoyousum 06-
paszom pewaemca 6 padukarax. ITyemo xg = —az/3as — xopensv nosuroma F”.
Toz0a:

1) ecau F'(z0) =0, mo x = zo + (—F(x0)/a3)'/?;

2) ecau F'(xg) # 0, mo x = 2o + ATy /3(—c), 2de X\ u ¢ onpedenervl cviuie.
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2.3. YPABHEHUS CTEIIEHU YETBLIPE

ypaBHeHHe CTeIIeHN YeThIpe MOXKHO CBECTHU K ypaBHeHHIO TpeTbeﬁ CTelleHUu
(koTopoe perraercsi ¢ noMorbo dyaxiwn T} /3), paccMaTpuBas Iy 40K IJIOCKAX
KBaJpuK [4].

IIycts Q: V — k xBagparumanast popma u dimy V' = n. KBagpatuunyio
dopMy Ha IJIOCKOCTH U Ha MPSIMOM MOXKHO Pa3JI0XKUTh Ha JIMHEHHBIE MHOXKU-
Tesin (BO3BMOXKHO, HE HaJl UCXOJIHBIM moJieM K, a HaJ| ero KBaJ[paTHIHBIM pac-
mmpenneMm K). Ilycrs K — pacmupenne noss k, a Vi u Qg — mpocTpancTso
u dopma, coorBercrBytomiue V u () upu pacmumpennn k C K.

JIEMMA 10. Ecau Qg packaadueaemca rna muoscument, mo dimy ker Q) >
> n — 2. Ecau 9mo HepaseHcmeo 6uinoAHERO, O MOHCHO A6HO HATMU PA3A0-
orcenue Qi = L1 Lo nad xeadpamuurvm pacwupenuem K noas k.

JOKABATENBLCTBO. Ecim Qi = L1La, To ker Qi D ()1 o{Li = 0} u
dimg ker Qr > n — 2. ®opma @ onpejesnena Has k, TO3TOMY aimk ker Q >
> n — 2. Eciu HepaBeHCTBO BBIIOJIHEHO, TO V IIpeicTaBUMO B Buue V =
=kerQ @& W, rue dimy W < 2. Ilycts 7 : V. — W — npoeknus Biosb ker @
u Q — orpanuvenne dopmbr @ na W. Ha W ectb pasioxkenue Q = L1 L, u,
caetoBaresibHo, QQ = (7*Ly)(7* Ly).

YTBEPXKJAEHUE 10. Koopdunamuos x, y movek nepeceverus 08yx niocku
xeadpuxk P =0 uR =0, 2de P u R — noauromwv, 6mopoti cmeneru, MOHCHO
HAtMU, pewas 00Ho KYObUHECKoe U HECKOADKO KEAOPAMHDIT U AUHETHDIT YPaG-
HEeHUT.

JIOKA3ATEJIbCTBO. Bcee kBagpuku nyuka 0 = Q) = P+ AR, rime A — na-
paMeTp, MPOXO/IT Yepe3 UCKOMbIe TOUKY. [Ipr HekoTOpbIX A KBajipuka Q) = 0
pacnazaercs Ha mapy npamblx, T. €. Oy = L1Ly, tae L1, Lo — NOJUHOMBI IIE€p-
BOil cremeHu. DTo A yAoBIeTBOpsieT KyOuueckomy ypasreruio det(Qy) = 0,
rae @y = P+ A\Q — (3 x 3)-marpuna KBagpaTuaHoit (hOpMbl, COOTBETCTBYIO-
el YpaBHEHNIO KBaIPUKN B OJHOPOIHBIX KoopanHaTax. [leficTBuTenbHo, pn
5TOM A dopma () UMeeT HEeTPUBHAJBbHOE spo, modToMy (Qy = LiLo, tipu-
gem L1, Lo MOKHO HafiTH, perrasi 0JHO KBAJPATHOE W HECKOJILKO JIMHEHHBIX
ypaBHeHuil. Bo3Bpalmasch K KoopjwHaTaM &, %y, u3 L1, Lo TOJIyIUM HYKHBIE
mostmHOMBI L1, L9. Ocraercst pemuTh KBaJpaTHble YpaBHEHUsI JIJIsT HAXOXKIe-
HUsI TOYEK Tepecedennst Keaapuku P = 0 u npsambix L1 =0 u Lo = 0.

CHEACTBUE 11. Kopnu noauroma apx* + a1z3 + asx® + a3z + as moocho
HAUMAU, PEWAA 00HO KYOUUECKOE U HECKOADKO KEAOPATMMHBLL U NUHETHOLY YPG6-
HEeHUT.

JOKA3BATEJBCTBO. KopHHI 3TOT0 TTOJIMHOMA — IMPOEKINI Ha OCh & TOUEK

nepecevueHnst KBaJpuK Yy = 2 u a0y2 + a1y + a2y + asx + a4 = 0.
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[Tonunom F' Ha3bIBAETCH KOMNOZUUUOHHO PA3AOHCUMDBLM, €CIIH OH IIPE/I-
crauM B Bugie F' = P(Q), tne P u () — 1OJIMHOMBI cTenenu, GoJibiieii qem
OJIVH.

YTBEPXKJAEHUE 12. [loaunom F' cmenenu vemwipe KOMNOZUUUOHHO PA3-
AOACUM, €CAU U MONBKO ECAU BLINOAHEHO 00HO UL CACOYIOULUT IKEUBANEHIMHDLT
ycao8ul:

1) das nexomopozo xy cnpasedauso moorcdecmeo F(x — xg) = F(xg — x);

2) F'(x0) = 0, 20e xg — makas mowka, wmo FG)(xq) = 0.

JOKA3BATEJBCTBO. Ecmu ToxkmecTBo cripaBeanBo, TO F' — mognHOM BTO-

poii cremenu or y%, rme y = = — x9. 1o dopmyse Teitzopa 510 CBOICTBO
skBuBasienTHO pasencrsam F'(zg) = F®)(z5) = 0. Hycrs F = Q(P), To-
Ia Tak Kak mogmHOM P mpenctasuM B Buge P o= a(r — mg)? + b, mmeem

F(z —xz9) = F(xog — ).

§3. O TPEX KJIACCUYECKUX 3AJAYAX

3.1. OBPAIIIEHUE OTOBPA>KEHUI B PAUKAJIAX

Korma nommuaomuasipHoe orobpazkerune P : C — C obpaTtumMo B paankaiax?
Haunem ¢ npumepos.

[TpuMEP 1. Eciu P — crenenHoii mojuHoM £, TO 00paTHOE 0TOOpaXKeHHe
z = 2%/, 1o ompenenenno, mpexcraBuMo B pagukagax. Beam n = km —
COCTaBHOE YHCJIO, TO OTODOparkeHne " PacCKIaIbIBAETCS B KOMIIO3UINIO & =
= (2™)¥. Jlnst mpocToro n mOMMHOM " KOMIIO3HITUOHHO HEPA3JIOMKIM.

I[TpumEeP 2. Ecaiu P = T,, — nmonaunoMm YeObimésa, To oOpaTHOE 0TOOpAa-
xkenue T/, npepcraBuMo B pajiukaiax. Ecmu n = km — cocrasroe 1mcsio, To
orobpazkenue T, packiaisiBaercs B Komnosuiwio 1, = T (1,,). das npocro-
'O N IIOJINMHOM Tn KOMITO3UIITMOHHO HEPa3JIO2KUM.

[TPuMEP 3. Eciim P — moMHOM CTelleHu YeThbIpe, TO 00paTHOe OTObpa-
KeHue Hpe,ZLCTaBI/IMO B paﬂI/IKaJIaX (TaK KaK ypaBHeHI/IH quBepToﬁ CTEelleHUu
peramorcs B paJukaiax). Kak npaBuio, HOJMHOMBI CTEIIEHU YeThIPe KOMIIO-
BUIMOHHO HEPA3JIOKUMBI. VICKTIOUeHns ONMCAaHbl B yTBEpXKaeHnu 12.

TEOPEMA 13. Ecau P= Pyo...0 Py, 2de npu 1 <1 < k noaunom P; au-
60 AuHeeH, AUO0 PaBeH KOMNOSUUUOHHO HEPASAOHCUMOMY NOAUHOMY CMENEHU
yemuwipe, aubo pasen T, 2de n — mpocmoe wucao, Aubo pasen Ty, 2den > 2 —
npocmoe yucao. Toeda omobpasicenue P: C — C obpamumo 6 padukara.

JIOKABATEJIBCTBO. Ciieflyer u3 pacCMOTPEHHBIX IPUMEPOB 1)-3).

Purr [14] nokazan obparnyio Teopemy (cMm. Takxe [3,5]).
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TEOPEMA 14 (J. RITT). Ecau omobpascenue P: C — C obpamumo 6 pa-
dukaraz, mo nosunom P npedemasum 6 eude, onucarrom 6 meopeme 13.

C Teopewmoii 14 cBsizan ciienyronuii uHTepecHbIil Borrpoc. Hackosibko equH-
CTBEHHO IIpeJICTaBJIeHUe IOJIMHOMA B BHU/IE

P:P10...0Pk, (4)

rie npu 1 < i < k noauHoMbl P; KOMITO3UIIMOHHO HEPA3JIOXKUMbBI? PurT ma
noJstHbI oTBeT Ha 9ToT Bompoc ([15], cm. Takxke [17]). Ects psj coornoIIeHnMit
AoB=CoD, (5)
B kKotopeix A, B, C, D — nonuaomel. Hampumep, ects pasencrso Ty, o T;, =
= T,,0T,,. Ectb ciemyrommee o6obimenne pasercrsa ()" = (™)™ 115 BCIKO-
ro nosimHoMa H pasenctso (5) Boiosneno st A(z) = z”, B(x) = 2™ H (z"),
C(z) = 2mH"(z), D(z) = z". Purr nokasaj, 9To IO MOJYJIO BBIIMCAHHBIX
PABEHCTB U KOMITO3UIIMOHHBIX COOTHOIIEHUI ¢ JTMHEHHBIMU (OYHKIUSIME TP/~
crasjienue B Bujie (4) eMHCTBEHHO.
Nrak, PurT mogHOCTBIO ONHCAJ BCE IOJUHOMBI, OOpaTUMble B pPaIuKa-
sax. CeMelicTBa CTENEHHBIX MMOJUHOMOB U HOJTMHOMOB eOBINEBA UIPAIOT TI€H-
TPAJIbHYIO POJIb B 9TOM OIMCAHUM.

SAMEYAHUE. B crarpe [7| mOJHOCTBIO ONUCAHBI BCE IIOJHMHOMBI, 0OpaTH-
Mble B k-pajukajax, T.e. oOpaTuMble IPHU IOMOIIU PAJUKAJIOB U PEIICHUs
ajnrebpanueckux ypasHeHuii crenenu He Bbime k (tae k — soboe 3ajaHHOE
HATYpAJIbHOE YUCI0). DT0 0000IIeHne TeopeMbl Purra onupaercst Ha npuHa,i-
aexaityo Mrosutepy kiaccudukaimo nogmHoMos [13], obpaieHne KOTOpbIX
nMeeT NIPUMUTUBHYIO I'PYIILy MOHO/IPOMUMN.

Purty Takke yIasoch MOJTHOCTHIO ONUCATH PAIMOHAJBHBIE OTOOPAXKEHUS
R: C — C upocroii crenenu p, KoTopble obpaTuMbl B pagnkaiax [14]. B ero
omucaHuu GUTypPUPYIOT PYHKIINN, CBA3aHHBIE C JeJIEHHEM apryMeHTa SJIIUII-
Tudeckoit byHKImu (M0J00HO TOMY, KaK MOJUHOM T, CBsI3aH C JIEJIEHHEM ap-
rymenTa dyskipn cos). [lomgpobaee o Takux orobpakenusix cM. [5,6].

3.2. OBPATUMOCTBb OTOBPAYKEHUN KOHEYHBIX I1OJIEN

[Momuuom P € Qlz] MOXKHO OHpenenuTs Haj Zp, €CJIH IPOCTOE HHCIIO
p He JeJUT 3HaMeHaTeaun ero kodddunuentos. g kakux P orobpakeHue
P: Z, — 7Z, o6patumo (T.e. B3aUMHO OJHO3HAYHO) JJIs1 OECKOHEYHOIO MHOZKE-
CTBa MPOCTBHIX wuces p? DT1or Bompoc 6611 moctasieH lypom [16], koTopsrit
HalleJ TUIIOTEeTUYECKNI OTBET U TOJIYyYInJI PAJT pe3yJIbTaTOB B 9TOM HallpaBJIe-
unn. Opuy nokazan runoresy Hlypa naxe B 6osbiieit obiaocT [8] — BMecTo
oyt Q on paccmaTpuBast ero KoHedHoe pacimmupenue K . 31ech Mbl OIpAHTINM-
ca caydaeM K = Q. Muorma HaMm moHamobsITCs KBaIpaTUIHble pacinupennst k
noJseit Z,, cojepzKariue P? SIIEMEHTOB.
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[TPuMEP 4. Ipu p > 2 wernsii nommuaoM P € Z[x] (mampuvep, 2" wm

Tyy,) 3agaer Heobparumoe orobpaxkenue P: Zj —>IZp, tak Kak P(z) = P(—x)
¥ YUCJIO 3HAYMEHUN MTOJIMHOMA He OOJIBIIE YeM pT +1<p.

. a a
I[TPUMEP 5. ljist smHeiiHoro mosmHoMa P(x) = b—lx + b—2 0TOOpaXKkeHNe
1 2

P: 7, — Z, oupeneneno n obparnmo, eciu biby ne gemurcs Ha p.

ITPUMEP 6. Orobpakenne P: K — K mgua P(x) = 29, tne ¢ # 2 —
mpocToe uucjo u K — KoHevHoe 1oJie, obparumo, ecian #K # 1 mod ¢. s
K = Z, ycnosue p # 1 mod ¢, B 9acTHOCTH, BBIIIOJHEHO Jyid p = 2 mod q.
Jna xBagparmyaoro pacmmpenus k mons Z, ycaosue p # £1 mod ¢ npn
q > 3, B YaCTHOCTH, BBIMTOJIHEHO, ecau p = 2 mod gq.

YTBEPXKJEHUE 15. Ilycmo g > 2, p > 2 — npocmue wucaa u p # +1
mod q. Toeda omobpasicenue Ty : Zy, — Ly, obpamumo.

JJOKABATENILCTBO. JlokazkeM, 4TO 1IpH JiIoboM a € Z, ypasuenue Ty(x) =
= a umeer pemenue B Zjy. Ilycts k — pacmupenue crenenu jasa 1ojs Zp.
Vpasuenne v2 — av + 1 = 0 umeer permenus vy,vy € k. Tak xax p # +1
mod ¢, cylecTByeT eJMHCTBeHHOe pemenne u; € k ypasaenus u? = vy, vie
v1 — Jioboe u3 pemennit vy, vy. IlycTh g — HETPUBHAJIBHBIN 3JIEMEHT IPYIIIBI
lamxya monst k man Z,. O6osnaunm g(u;) depes ug. Tak xak g(v1) = vg, TO
ud = vy. VI3 pasencrsa (ujuz)? = vive = 1 BeITeKaer, uro ujuy = 1. OTkya
CIIeJIyeT, 9TO IeMeHT & = (uy + uz)/2 — pemrenne ypasuenus Ty(z) = a. Tak
KaK ¢(z) = x, T0 x € Zp. Ml fokazamnu, uaro orobpaxenne Ty : Zy, — 7, sB-
Jsiercst oTobpakenueM «Has. [IockobKo mosie Z;, KOHEYHO, 3T0 0ToOpazkeHne
obpaTnmMo.

3AMEYAHUE. Ilpo T3 B yTBepkKIAeHNU 15 rOBOPHUTCS JIUIIhL, 9TO OTOOpa-
xenue T3: Zs — 73 obparumo (4ro oueBniHO). MOKHO IIPOBEPUTD, YTO 0TOO-
paxkenne 13: Z, — 7, HeobpaTuMo 1pu p > 3.

TEOPEMA 16. Ilycmv P = Py o...0 P, 2de npu 1 < i < k noaurom
P; € Q[z] aubo auneen, aubo pasen xl, 20e ¢ > 2 — npocmoe wucao, Aubo
pasen Ty, 2de ¢ > 3 — npocmoe wucno. Tozda omobpasicenue P: Z, — 7y
06PaAMUMO 0AA BECKOHEUHO020 MHONHCECTNEA NPOCMBLL YUCEAN.

JIOKA3ATEJ/IbCTBO. O6o3HaunM depe3 F KOHETHOE MHOXKECTBO ITPOCTHIX
qucesl P, Ajisd KOTOPBIX JIMHEHHBbIE MOJUHOMBI, BXOJAIINE B PA3JIOKEHUE TIO0-
qauuoMa P, He onpegernensl Hax Zy. Ilycrs M = {g;} — MHO)KeCTBO pasimd-
HBIX cTeneneii nosmHoMoB Ty, n x%, BXongIUX B pasjioxkKenue 1nojuHoma P, u
m =[] gem G- 1lycrn S — MHOYXKeCTBO HATYPaJbHBIX UHCEJ, PABHBIX JIBOIKE
o monystio m. Eeim a € S u q; € M, To a mod ¢g; = 2. Ilo Teopeme Hupuxiie
B apudMETHIECKON MOCIET0BATEILHOCTH S €CTh OECKOHETHO MHOTO MTPOCTHIX
quces p > 2, He MPUHAJICKAIINX KOHEUHOMY MHOXKecTBY F. JIna Kaxkaoro u3
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TaKHUX IPOCTHIX YHCeN P KaxKi0e u3 orobpaxkennit P : Z, — Z, obpatumo (cM.
npumepst 5, 6 u yreepxkenne 15). Teopema pokazana.

TEOPEMA 17 (Dprun). Hycmo das P € Qlx] omobpasicenue P: Z, — Zy
06pamMUMO 045 BECKOHEUH020 MHOMCECTEA NPOCTBLT “uces p, mozda P nped-
cmasum 6 sude P = Pyo...o Py, 2de npu 1 <1 < k noaunom P; aubo auneen,
aubo paser x?, aubo pasen Tj.

Crarbs Opua [8] COJIEP2KUT KpacuBbI€ PE3YJIbTAThl O KOMIIJIEKCHBIX ITOJIHA-
HOMax, Osm3kue K Teopeme 14 Purra. OHa TakKe UCHOJIB3YET CBSI3U MEXKLY
Teopueil dnces u ajaredpandeckoil reoMeTpreil (B 9acTHOCTH, HEKOTODBIE pe-
syabrarsl A. Beitss).

3.3. IHTETPUPYEMBIE OTOBPAYKEHU S

Nrepanun nosmaomuasibHoro orobpakeruss P: C — C KoMILIEKCHOI mpsi-
MOii B cebst 1715t TostmHOMOB 2™ 1 T}, BeiyT cebst oueHb HeoObIuHO. VX quHaMuKa
HAIIOMUHAET [TOBEJICHUE BIIOJIHE HHTEIPUPYEMbBIX CUCTEM B FaMHUJILTOHOBOH Me-
XaHUKE.

[TPuMEP 7. Uteparuu oTobpaxkeHus £ — &' OIMUCHIBAIOTCS sIBHO: k-5 UTe-
parmst — 9To orobpazkenue r — . Eemu k — 00, TO xgk — 0 mpu |xg| < 1m
xgk — oo mpu |xg| > 1. [Ipoekrus x = exp it upsimoit R na okpyzkHOCTD || = 1
compsiraeT pactsikenue t — nt ¢ orobpazkenuneMm x — x'. OTpesok |t —tg| < €
nocie k-it HTepAIuE PACTSKEeHHs IIEPEXOIUT B 0Tpe3oK |t — nFty| < enF. Ilpu
k > 0 kaxjas TOYKa OKPY2KHOCTU UMEET IOPsIKA %nk pooOpa30oB B 3TOM

orpeske. Touxu exp 2min~F mocte k-it wreparuu momnayT B Touky 1 u ocTamyT-

Csl B 9TOU TOYKE IPU CJEAYIOMNUX UTEPAIUAX. XOTS UTEPAIUU OTOOPAKEHUs
OIMCAHBI SIBHO, €ro JIMHAMUKA Xa0TUIHA Ha OKpyzKHocTH |z| = 1.

[TpuMEP 8. Ureparun orobpakenusi & — T,,(z) ONUCHIBAIOTCS SBHO: k-sI
urepanust — 310 orobpaxkenune © — T, k. Eciu k — oo, o T, x(xg) — 00 1pn
xo ¢ I, tne I C R orpesok, onpesenennbiii HepasencrsoM |x| < 1. ITpoekrust

u+u

T = ———— OKPYXKHOCTH |u| = 1 ma orpesok [ conpsiraeT 0oTOOpaXKeHUST U —

u™ ¢ orobpaxenuem x — T),(z). Ha orpeske I nunamuka orobpazkenus: T,
CTOJIb K€ XAO0TUIHA, KaK JMHAMIKA 0TOOpaykeHus u'" Ha OKpyKHOCTH |u| = 1.

OnPEAENEHUE. [losmuomuansuoe orobpaxkenne P: C — C unmezpupy-
emo (eMm. [1]), ecau cymecrByer nosmHoMuasbHoe orobpaxkenne G: C — C,
rakoe, uro P o G = G o P, upuuem: 1) deg P > 1, degG > 1; 2) k-s1 ure-
parnust moauHOMa P He coBmajaer ¢ ¢-ii mreparmeit moguaoma G Jjist JTIOOBIX
HaTypaJbHBIX k, Q.

Orobparkenne r — &' UHTErpUPYEMO, TaK KaK OHO KOMMYTHPYET CO BCe-
MU CTeIleHHBIMEU OoToOpazkeHussMu & — . Ecau m # nk/4 tue k,q € 7, To



“mph” — 2013/2/18 — 20:37 — page 105 — #105

Iomumompr YebbimméBa u ux obpalmeHust 105

uTepanuy 3TuxX orobparxkenuii pazimanel. Orobpakenne x — T, () unTerpu-
pPyeMo, TaK KaK OHO KOMMYTHUPYET co Bcemu orobpazkenusimu & — Tp, (). Ecoin
m # n¥/9 tne k,q € 7, 10 urepamum 3THX 0TOGPAKEHNH PASINIHBI.
[Momuaombr P u G ax6usasenmmvl, eciau cymiecrsyer nojaunom H(z) =
= ax + b, a # 0, Taxoit, utro P o H = H o G. Purt, 2Kynmma u @ary onucann
BCe MHTErPUPYEMBIE TOJIMHOMHAJIbHBIE OTOOPaYKEHUsT ¢ TOYHOCTHIO /10 S9KBUBA-
nenTHocTH. IIpuBesieM nx 3amedaresbHblil pesynbrar (cM. [9,10,15]).

TEOPEMA 17. Omobpasicenue P: C — C unmezpupyemo, ecau u mons-
Ko ecau noaurom P oxeusasenmen odnomy us nosurnomos ', Top, Tomi1,

—Tom1-

Kymma n Pary moka3aau 3Ty TeOPeMy, UCIOIb3Ys METONbI JTUHAMUKH.
HokazarenscrBo Purra cosepiiento apyroe (cp. m. 3.1).

Panee Jlarre npuBes npuMepbl HHTEIPUPYEMBIX (B AHAJIOTHYHOM CMBICJIE)
parmuonaTbHBX oTobpaxkenuit CP! B ceba [11,12]. Purr moxasam, 9To Her
MHTErPUPYEMBIX PaIlMOHAJILHBIX OTOOpakeHuit, Kpome oTobOpakeuuii Jlarre.
Hunamudeckumu Metomamu, Bocxopdammmu K 2Kymma n Paty, 10Ka3aTh 9Ty
TeopeMy Purra HUKTO HE MOr, OKa 9TO He yaajaoch Epemenko [2].

Wurepecto, uro Bece orobpazkenusi Jlarre obpaTtuMmbl B pajgukaigax. Purt
OTIMCAJT 3aMedaTeTbHBIN KJIacC PAIMOHAIBHBIX OTOOpaskeHmil, OOPATHMBIX B
pajgukanax (cm. [5,14]). Dror kinace gocrarouno mupok. Hanpumep, o co-
JIEPKUT Bce oToOpakenus JlaTTe u Bce 06paTUMbIEe B PAJINKATIAX OTOOPAYKEHUST
HPOCTON CTEIICHU.

N3BecTHBI MHOTOMEPHBIE NMPUMEPHI WHTETPUPYEMBIX TOJUHOMUAILHBIX U
paIMOHAIBLHBIX 0TOOpayKeHMil (X MOYKHO HaiiTH B JiATepaType, IPUBEIeHHON
B 0030pe Musnopa [12]).
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['Opn30HTAIBHO-BBITYKJIbIE TOJTNAMOH IbI
1 X [IPOU3BOJIsIINE PYHKITIH

B. M. ZKypagJies

1. BBEJIEHUE

B nureparype nmo koMOMHATOPHOI reOMeTpUM XOPOIIO U3BECTHBI (DUTYPHI,
COCTaBJIEHHBIE U3 OJIMHAKOBBIX KBaJPATOB — IOJUMUHO, U3 OJIMHAKOBBIX IIPa-
BUJIbHBIX TPEYTOJbHUKOB — MOJUAMOH/IBI U U3 OJIMHAKOBBIX IPABUJIbHBIX IIIe-
CTHYTOJIBHUKOB — IIOJIUTeKChl (cM., Hanpumep, [1]). Purypbl JO/KHBI ObITH
CBSIBHBIMU W KaXKJIBIi TPABUJIbHBIN MHOIOYTOJIBHUK C JJTIHHOW CTOPOHBI 1
JIOJIPKEH UMETh ODIIYI0 CTOPOHY € KaKUM-HHOY/Ib JIPYTUM HPABUJIBHBIM MHO-
rOYTOJIBHUKOM C JJIMHON cTopoHbl 1. Bosiee Toro, B yrnomsinyToit kuure C. ['o-
JIOMO OTMEYaeT, YTO MOCTABJIEHHAS HA JIOOYIO KJIETKY IOJUMUHO JIaIbsd CMO-
2KeT 33 KOHEYHOE YUCJIO XOJIOB MEepPeiTH Ha JIOOYIO JAPYTIYIO KJIETKY TOTO Ke
notuMuHO. TakuM 06pazoM, JJis OIPeJIeJIeHNs] TIOJIMMUHO OOBITHON T€eOMEeTPHU-
9eCKOM CBSI3HOCTHU COCTABJIEHHON (DUTYPHI HEJIOCTATOYHO. TepMUH «XOJ1 JIaIbu»
HE SIBJISIETCST OOIEPUHSITBIM JJIsi cJrydast (PUTYp, COCTABIEHHBIX U3 IPABUIb-
HBIX TPEYTOJIbHUKOB U IIECTHUYTOJbHUKOB. UTOOBI BBITH U3 9TOH CUTYAIUH,
MBI MOKEM KazKJI0il Takoil purype cormoctaButhb rpad. Kaxkmomy mpaBuibHO-
My MHOTOYTOJIbHUKY C JJIMHON CTOPOHBI 1 OyleT COOTBETCTBOBATH BEPIIMHA
rpada. Eciu 1Ba Takmx MHOIOYrOJIbHUKA UMEIOT OOIIYIO CTOPOHY, TO COEJIU-
HUM COOTBETCTBYIOIIME UM BepiinHbl pebpom. Tenepsb TpeboBanne CBA3HOCTU
COCTABJIEHHON (PUTYPBI MBI MOXKEM 3aMEHUTH TPeOOBAHUEM CBSI3HOCTU COOT-
BETCTBYIOIIETO 3Toit purype rpada.

O6braaO 3TH DUTYPBI PACCMATPUBAIOT HA COOTBETCTBYIOIINX PEIIETKAX:
KBIPATHOM, TPEYTroJIbHON U 1ectuyroibuoit. [losromy Takme durypsr gacto
HA3BIBAIOT PEIIETYATBIME MOHCTpaMul) . Pasinunble THIIBI PEIIETYATHIX MOH-
CTPOB MOXKHO IOJIy9UTb, €CJU PACCMATPUBATD PA3JIMIHBIE TPYIIIBI JBAXKECHUN
IIOCKOCTH. TPAHCAAUUOHHDIE THIT TIOJUMUHO ([IOJTMAMOHJIOB, [IOJIUTEKCOB) M0~
JIyIAeTCsl, €CJIM Mbl CUMTAEM OJUHAKOBBIMU (DUTYDPBI, COBIAIAIOIINE IPU IIa-
pasutesibHOM 1epeHoce. Hanpumep, Ha puc. 1 1OKa3aHbl BCe TPAHCSIITUOHHBIE
l-aMOHBI 1 3-aMOHIBL. Bpawameavtoili (pomauuorsili) THI BO3HUKAET, €C-
JIU CINTATH OJIMHAKOBLIMU JIIOOBIE Ba MOHCTPA, SKBUBAJIEHTHBIE OTHOCUTEIHHO

D Auru. “lattice animals”.

MaTtemaTunueckoe npocseletue, cep. 3, Bein. 17, 2013(107-129)
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AR HQY T

Puc. 1.

TPYIIBI COOCTBEHHBIX JIBUKEHUH MIIOCKOCTH — MTOBOPOTOB M TTAPAJIIETbHBIX TTe-
peHocoB. Hzomempuueckudl TUII BOSHUKAET, €CJIH CIUTATh OJUHAKOBBIME (9K-
BUBAJICHTHBIMU ) JIFOOBIE JIBA KOHIPYIHTHBIX MOHCTPA.

TpaHC/ISIMOHHOE TOJIMMUHO HA3BIBAIOT GbNYKAbM N0 padam (COOTBET-
CTBEHHO 6bNYKABLM NO CTOAOUAM), €CITH TIepecevdenne 000 TOPU30HTATLHON
(BepTUKAJILHOM) HPSIMOI € IIOJIMMUHO, JINOO IyCTO, JUOO COCTOMT TOJIBKO W3
oJiHOrO OoTpe3ka. VHorma Takue MOJUMUHO HA3LIBAIOT NOPU30HTAJIBHO-BBITYK-
JIBIMA (BEPTHKAIBHO-BBITYKJIBIMA) UJIH «IITa0CIbHBIMI» TTOJUMIHO. Boinyk-
AbLMU HA3BIBAIOT MOJHUMAHO, KOTOPBIE OJHOBPEMEHHO SBJISIOTCHA BBITYKJIBIMA
0 psiZiaM U BBIMYKJIBIMEU TI0 ¢TOJIOIaM. OTMETHM, 9TO BBITYKJIO€ TIOJTUMIHO He
00s13aHO OBITH BBIYKJION T€OMETPUIECKON (hUrypoii.

[Tycth s, 0603HATAET KOMMYIECTBO PA3TUIHBIX BBIMYKJIBIX IO PSIJIAM 7-MU-
HO (IOJIMMUHO COCTOSIIIUX U3 N eIMHUIHBIX KBaipaToB). HerpyiHo BbrancuTh
HavaJIbHbIE YJIEHBI 9TOH IOC/IeI0BATETbHOCTH §1 = 1, S9 = 2, s3 = 6, s4 = 19,
s5 = 61. M3BecTHO, 9TO 9Ta MOCIEI0BATETHLHOCTD YIOBIECTBOPSIET PEKYPPEHT-
HOMY COOTHOIIEHHIIO TPETHETO MOPSIIKA

Sp =bSp_1 — TSp_o+4s,_3, mian = 5.
[IpousBonsmieil pyHKIMER I MOCAeI0BATEILHOCTH OyIeT palnoHalbHas
byHKIHS
.- (1—a)*
S(z) = spa’t = n--2 .
( ) Zl " 1—5x+7x2—4m3
n—=

Drtu pesyabrarsl Obun nosydenst 1. Knapaepou B [8] ¢ nomomnipio koM6u-
HaTOPHOIT nHTepnperanuu uHTerpasa Ppearosbma. Tam xe B [8] emy yuanoch
BBIYUCJ/IATH [IPOU3BOJSIIYI0 (PYHKIIAIO It KOJUIECTBA BBIMYKJIBIX 10 PsijiaM
[TOJIUTEKCOB

1— 6z + 1022 — 72° + 2%

F(ac) _ Z _ z(1 —33)3
n=1

Kak cnencrBue, 1moc/ieioBaTe/IbHOCTD I KOJTUYIECTBA BBIMYKJIBIX IO Psi-
JIaM [OJTUTEKCOB OyIeT YIOBIETBOPATH PEKYPPEHTHOMY COOTHOIIECHUIO IYETBEP-
TOI'O IIOPSJIKA

fn :6fn—1_1Ofn—2+7fn—3_fn—4a I mo= 5.
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HauasbHble 9jIeHBI 9TOi MOC/Ie10BaTeIbHOCTH TAKOBRL: f1 = 1, fo = 3, f3 = 11,
fa = 42.

[To kakuM-TO puYMHaM B yroMmuHasieiics padore (8] . Kinapuep ne na-
€T TPOU3BOJAIIYI0 (DYHKIIUIO JIjIs ITOJTUAMOHJIOB, XOTS U IOJIyYUJI OIEHKY
CHU3Y JJIsl UX KOJIMIECTBa.

Kpowme mpousposmux GpyHKIUHA, COOTBETCTBYONIUX ILJIOMAIN TOJTHMUHO,
TaKKe PACCMaTPUBAIOTC JPYTU€e BUJLI IPOU3BOISAIINX (DYyHKINH, B 4aCTHO-
CTH, IPOU3BOJIINE (DYHKIMH, COOTBETCTBYIONINE IIEPUMETPY HOJUMUHO, WJIN
npousBojsine (bYHKIMN HeCKOJIbKuX 1epemennbix. Tak M. lene [5] mamén
PaIMOHAILHYIO TIPOU3BOAAIIYIO (DYHKIIUIO JIBYX [I€PEMEHHBIX /I KOJITIECTBA
BBIILYKJIBIX IO PsiIaM T-MHHO C 171 CTOJIOIAMH U aJIredpandecKyio IPOU3BOIdA-
1y GYHKIIAIO JJIsi KOJMIECTBA BBIMYKJIBIX 10 PSIaM MOJUMUHO C IIEPUMET-
poM 2n + 2.

JLj1sT KOJIM9IEeCTBa BBIIYKJIBIX 7T-MHHO ITOJIy9Y€HbI ACHMIITOTUIECKNAE OIEHKU
cM. [4,9] (HauaabHbIe YIEHBI TI0CIIEA0BATEILHOCTH JJIsl UX KOJIMIECTBA TAKOBDIL:
1,2, 6,19, 59, ...). B ro xe Bpemst M. [Tesie u 2K. Brenno [6] namuim Tounyio
dopMyITy JJIsT KOJIMIECTBA BBITYKJIBIX TOJIUMUHO P2, C MEPUMETPOM 21

Poants = (2n+11) - 4" —4(2n + 1)

AcumMrToTryueckne OIEeHKH Jiist 00IIero KOJIMUecTBa MOJUIEeKCOB U T10JIHa-
MOH/IOB I0JIy4eHbI B pabore [10].

[To aHasoruM Mbl MOXKEM OIPEJIEJUTh I'OPU30HTAIBLHO-BBIIYKJIbIE 110JIHa-
MOH/IbI (1107MreKcnl). [ToCKoIbKY /1715t TpeyToJIbHOM U IIECTUYTOJIBHO PEIIéTKH
y HaC MMeeTCsl TPH OCHOBHBIX Hampasienus 0 (ropusonrasnbhoe), /3 n 2mw/3,
TO JIJIsl ONIPEICJICHNUsT BBIILYKJIBIX [OJIMAMOHJIOB (IIOJIMTEKCOB) MBI JIOJIZKHBI 110~
TpeGOBATH BBINOJHEHNE BBIITYKJIOCTH 110 BCEM TPEM OCHOBHBIM HAIIPABJICHUSIM.
B 10 ke Bpemsi, MBI MOYKEM PACCMATPUBATH HOJIMAMOH/IBI (IIOJIUIEKChI) BBIILYK-
JIbIE 110 JIBYM HAIIPABJICHHSIM.

[Ty6imkanuu, CBsI3aHHBIE ¢ U3yYCHUEM II0JIMAMOH/IOB, BCTPEUIAIOTCS TOpas3-
JI0 PerKe, YeM IyOIIMKAIUI CBSI3aHHBIC C IOJUMUHO. MBI XOTHM COKPATHTB 9TOT
paspbIB, U MO3TOMY B 9TOH CTaTbe MbI OyJIEM PacCMaTPUBATH I'OPU30HTAJIb-
HO-BBIILYKJIble [IOJTMAaMOH/Ibl. MBI He Oy/ieM 3arparuBaTh HpoOJIeM, CBSA3AHHBIX
C BBIILYKJIBIME [TOJIHAMOHJIAMHE, OCKOJIBKY 9TO TeMa JJIsl OTJEIbHOI0 HCCIIE0-
BaHUSI.

YT0 Kacaercsi rOPU30HTAIBHO-BBITYKIIBIX [TOJTHAMOHJIOB, TO HAM YaJIOCh
BBIYHC/IUTH HECKOJIBKO PAIMOHAJBHBIX HPOU3BOASINX QYHKIMH I UX KO-
JIMYECTBa, [IPU STOM Mbl HCIIOJIb30BaIN KOMOMHATOPHBIE METOJIbI, OLUCAHHBIE
B [2]. B pesyibrare 0Ka3aIoch, 9TO MOCAELOBATEILHOCTD [JIst KOJTUIECTBA O~
PU30HTAJILHO-BBIIYKJIBIX HOJHAMOHJIOB YJIOBJIETBOPSIET PEKYPPEHTHOMY COOT-
HOIIIEHUIO CeIbMOro Topsijka. Kpome Toro, moj BuedatieHueM paboTsl [7], Mbl
HAIIIH JIPYTOe JOKA3aTe/IbCTBO PEKYPPEHTHOTO COOTHOIICHNUSI, HCIOIb3YIOIIee



“mph” — 2013/2/18 — 20:37 — page 110 — #110

110 B. M. ?Kypapies

QJIEMEHTapHbI€ BBIKJIQJIKN. 9T10 JA0Ka3aTeJIbCTBO JIOCTYIIHO /JIJId IOHUMAHUNA
IIOATOTOBJIEHHBIM yYalllUMCA CTAPpHIINX KJIaCCOB.

2. ONPEJE/JEHUSI 1 OBO3HAYEHUS

Bo mHO2«KecTBe TPAHCISIIIMOHHBIX MTOJTUAMOHIOB Mbl PACCMOTPHUM IIOIMHO-
2KECTBO T'OPU30HTAJIBHO-BBINYKJIBIX ITOJUAMOHIOB. B majbHelinieM Mbl Oyaem
OIyCKaTh YHOMHWHAHNE TPAHCJIANMNOHHOTO THUMA U TOBOPUTH IIPOCTO <«IIOJIHA-
MOHJIBI» .

lopu3oHTa/IBHO-BBITYKJILIMA MBI Ha3bIBAEM TAKHUE MMOJUAMOHILI, UTO JIIO-
Oasi TOpU3OHTAJbHAS HpAMas JUOO HE MEPECEKAeT ITOJIMAMOH/I, Jubo Iepe-
ceKaeT ero mo OTpe3Ky mim Touke. Ha puc. 2a) mpuBeIéH mpuMep ropu3oH-
TaJIBHO-BBIITYKJIOTO TTOJTUAMOH/IA, 3aMETUM, YTO ITOT IOJUAMOH/I HEe SBJISETCS
BBINYKJIBIM 110 Hanpasjenusim 7/3 u 27/3. Ha puc. 2b) npusenén npumep
TOJTNAaMOH/a He SIBJISIOIIETOCS TOPU30HTATBHO-BBIITYKJIBIM, ITIOCKOIBKY CYIIIEC-
TBYeT TOPU30HTAJIbHAS IPAMasi, KOTOpas MepeceKaeT ero Mo JBYM OTPE3KaM.
Ha puc. 2¢) npuBeéH npumep CBsA3HOMN (GUTYDPbI, KOTOpasl HE SIBJISIETCS OJIHA-
MOH/IOM.

A

a) TOPH3OHTAJILHO-BbI- D) He TIOpPH30HTAIb- C) CBsA3Hasi (urypa, He
IYKJIBIHA TTOJIMAMOH,T HO-BBINYKJIBIA  [OJINa-  SIBIAIONASICS  [TOJIAa-
MOHJT MOHJIOM

Puc. 2.

Mb1 oTMedasin, 9TO UMeeTcst TOJIbKO 1Ba l-amona (puc. 1), OHU SABJISTOT-
Cs1 FOPU30HTAJILHO-BLIILYKILIMA. EIUHUYHBIA IpaBUILHLI TPEYroIbHUK, Pac-
MOJIO?KEHHBIN OCTPUEM BBEPX, MBI OyzaeM 0003Ha4YaTh 4epe3 A, a eIUHuIHbIHA
[IPaBUJIbHBII TPEYTOJIbHUK, PACIOJIOXKEHHBI OCTPUEM BHU3, MBI OyzieM 000-
sHavyaTh depe3 V. IloHgarHo, 9TO JII0OOH IOJMAMOHJ COCTOUT U3 €IUHUIHLIX
TpeyrombHUKOB V 1 A.

OrnpeiesiuM MHOXKECTBa TOPU30HTAIBHO-BBIIYKJIBIX TosimaMoH10B A, B, C,
D u D* B 3aBucumocTu ot (hOpMbl UX BepxHeil cTpoku (puc. 3):

a) eCJIM BEePXHsisl CTPOKA MOJIMAMOHJIA COCTOUT TOJILKO U3 OJTHOTO TPEYTOJIb-
Huka A, TO OTHeCéM ero K MHOXKecTBY A (B wacTHocTH K A OTHOCHTCSI Tpe-
yroJbHuK A);
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O T3

a) Muoxkecrso A ) Muoxecrso B ) Muoxecrso C'

d) MuoxecrBa D u D*

Puc. 3.

b) eciiu BepxHsisi CTPOKa IIOJIMAMOH/IA SIBJISIETCS] PABHOOE[PEHHOMN Tpallely-
eil, HIKHee OCHOBaHHe KOTOPOi IJIMHHEEe BEPXHEr0, TO OTHECEM €0 K MHOXKe-
cTBY B;

C) ecJim BEpXHsisl CTPOKA $IBJISIeTCs PaBHOOEIPEHHOl Tpareryeil, HuxKHee
OCHOBaHHE KOTOPO#l KOpOYe BEPXHEro, TO OTHECEM ero K MHoxkecTBY C'; IJist
ya00CTBa JAJbHERIINX BLIMUCACHUH TPEYTOJIBHUK V TAKXKE OTHECEM K MHO-
xectBy C}

d) ecim BepxHsisl CTPOKA IIOJHAMOHJA SIBJISIETCS] I1APAJLIEIOIPAMMOM C
KpaifHUM MTpaBbIM TPEYTOJBHUKOM V OO0 TPEeyroJbHUKOM A, TO OTHECEM ero
K MHOKecTBY D b0 K MHOKECTBY D™ COOTBETCTBEHHO.

K muoxkecrBy H oTHECEM IOJIMAMOHIBI, Y KOTOPBIX B BEPXHE CTPOKe Ha-
XOIUTCS HE MeHee IBYX TPeyrOJbHUKOB, T. €. MHOXKeCTBO H saBiigercs obbemy-
menneMm muoxkectB B, C, D u D*.

MuozkecTtBo G OYIET COCTOATH U3 BCEX MOPU30HTAJLHO-BLILYKJILIX [TOJIHA-
MOHJOB, T.e. MHOXKecTBO (G siBJisteTcst oObequHereM MHOKecTB A u H.

Yepes Ay, By, Cpn, Dy, D}, Hy, G,, 0003HaINM [OJMHOYXKECTBA MHOYKECTB
A, B, C, D, D*, H, G, B KOTOPBIX IOJUAMOHIBI COCTOST U3 7 IPABUIbLHBIX
TPEYroJIbHUKOB C JUIMHON cTOpoHbI 1 (n-amonzos). KosmdecrBo s1emeHTOB B
COOTBETCTBYIOIINX HOJAMHOXKECTBAX 0003HAYUM UePe3 Ay, by, Cp, dy, A7y, hp, gn.-

Wcexoast u3 coobpazkeHuii CUMMETPUH, Mbl MOYKEM 3aKJIIOYUTH, 9TO IIOJIAA-
MOH/JIOB B MHOXKeCTBe [);, POBHO CTOJIbKO K€, CKOJILKO ITOJIMAMOHIOB B MHOYKE-
crBe D} . CilejoBaTesibHO, 115l JI000T0 1 BLINOJIHEHO dy = d.

Torma n3 HaIIUX ONPeneIeHU CaeIyeT ITO

by, = by + cn + dp + d), = by, + ¢ + 2d,, (2.1)
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gn = an + by +cp+dy +d, = an + hy,. (2.2)

B ,ZLaJ'H)HeI;’IHIel\I MBI XOTUM HUCIIOJIB30BATHh U I/I3qu/ITI) JeTaJIn3alluIo II0JINa~
MOHJIOB 110 KOJIMYECTBY COCTaBJIAIOMMX uxX Tpeyroiabuukos A u V. Bosee To-
ro, Ajig Hac OyZeT BarkKHO, CKOJIBKO TPEYTOJIBHUKOB BHUAA V PACIOJIOXKEHO B
caMoit BepxHeil cTpoke mosmamoHaa. Vcxomst u3 atux coobparkeHnit, 0603Ha-
quM gepes a(p, ¢, m), b(p,q,m), c(p,q,m), d(p,q, m), d*(p,q,m), h(p,q,m) n
9(p, ¢, M) KOIMIECTBO TOJMAMOHIOB IPUHAJIEIKAIMX MOJAMHOKecTBaM A, B,
C, D, D*, H, G coOTBETCTBEHHO, KOTOPBIE COCTOAT U3 P TPEYTrOJBHUKOB V,
q TPEeyroJbHUKOB A W BEPXHSS CTPOKA KOTOPBIX COIEPXKUT 1M TPEYroIbHU-
KoB V.

[TocKobKY y MOJMAMOHIOB M3 MHOXKeCTBa A BEpXHsSIsT CTPOKa COCTOUT
TOJILKO U3 OJIHOrO Tpeyrosibuuka A, 1o a(p,q,m) = 0 upu m > 1.

[Tpumensist coobparkenusi cumMmerpuu, nosrydaem d(p,q,m) = d*(p,q,m).

MbI MOKEM 3alUCaTh PABEHCTBA, aHAJOIMYHBIE IIOJIYyYCeHHLIM PAHEee

h(p,q,m) = b(p,q, m) + c(p, q,m) + 2d(p, ¢, m), (2.3)
9(p,q,m) = a(p,q,m) + h(p,q, m). (2.4)

MpeI cenaan XOpoIyio MOArOTOBUTENbHY 0 paboTry. U Bce ke, mpex e yem
[IEPEXOJINTD K IMPOU3BOISIINM (DYHKIINAM, Mbl XOTHM IPEJIOKUTH BBIBOJ, Pe-
KYPPEHTHOTO COOTHOINEHUsI, NCIOIb3YIONINii 3/IeMEeHTAPHBIE BHIKJIA K.

3. PEKYPPEHTHOE COOTHOIIIEHUE

CrpyKkTypa IpeajaraeMoro J0Ka3aTeabCTBa IIPEACTaBJIAET OO0 psi
gemM. Kaxkmas jieMMa CBSI3bIBAET PEKYPPEHTHBIM COOTHOINEHUEM ITOCIEI0Ba~
TeJILHOCTH KOJIMIECTBa MOJHNAMOHIOB B ONPENeIEHHBIX MTOAMHOKecTBax. Pak-
TUYECKU KarKJas JIeMMa YCTaHABJIMBAET B3aUMHO OJIHO3HAYHOE COOTBETCTBUE
MEXK/]Iy HECKOJIbKUMU TTOIMHOYXKECTBAMH IMOJTMAMOHJIOB. B nTore Mbl norydaem
CHCTEMY PEKYPPEHTHBIX COOTHOIIIEHUN MEXK Ty TIOCJIEI0BATEIbHOCTSIMU. BBIBOT
ATOTOBOTO COOTHOIIEHUS TIPEACTABIsSIET coOOil TeXHUUIECKOoe yIIparKHeHNe Ha/l
MOJIYYEHHBIMU ITPOMEXKYTOYHBIMU COOTHOIICHUSAMH.

TEOPEMA 1. Jlaa n > 8 6binosHsemces pekyppeHmuas Gopmyra:
In =39n-1 —49n—2+ gn—a+ gn—5+39n—6 — Gn—7- (31)

[Tpex e yeM nmpucTynaTh K JI0KA3aTEILCTBY TeopeMbl 1 copMmyaupyem u
JIOKa2keM HeOOJIbIINEe JIEMMBI.

JIEMMA 1. Jlaa n = 2 8uNOAHAEMCA COOMHOWEHUE
Cn = gn—1 -

JIOKABATE/IBCTBO. Eciau Mbl qo6aBuM TPEyTroJbHUK V CJI€Ba B BEPXHIOIO
CTPOKY TOPU30HTAJIBHO-BBINYKJIOrO (n — 1)-aMonsa u3 MHOXKecTBa Dj_1, TO
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[TOJIyIUM TOPU30HTAJIBHO-BBIMY KB n-amout u3 C,. DTa mporeaypa odbpaTu-
Ma, ¥ U3 KaKJIOr0 TOPM30HTAJbHO-BBIYKJIOr0 n-aMoHa u3 Cy,, yiaasss Jie-
BBIfl TPEYIOJbLHUK U3 BEPXHEH CTPOKU, MbI MOJYYUM TFOPU3OHTAIBHO-BBIITYK-
aeiit (n — 1)-amon u3 muoxkectsa D,,_1 (puc. 4).

Puc. 4.

Mgl mostygaeM B3aMMHO OJHO3HAYHOE COOTBETCTBHE MEXKIY TaKUMH MHO-
sxectBamu. CJie10BaTeIbHO, JIJIST JIFOOOTO M 2> 2 BBIOJHEHO Cp = Gn_1- O

JIEMMA 2. Jlaan = 2 8bNoAHAEMCA COOMHOWEHUE
dp = ap—1+bp_1.

JIOKA3BATEJBCTBO. PaccMorpum moamaMoHna u3 MHOXkecTBa D, Ecin
9TOT IOJIMAMOHJ, UMeeT He MeHee UYETBLIPEX TPEYTOALHUKOB B BepxHeil cTpo-
K€, TO MBI MOXKEM yJAJATH CAMBIA IIPABbIi TPEYTOJbHAK V U3 BEPXHEH CTPOKH
U TOJIYyYNATH IOJUMAMOHJ U3 MHOXKecTBa B, 1. Ecim sror mommamonma mmeer
B TOYHOCTH JIBa TPEYLOJILHUKA B BEPXHEH CTPOKE, TO, TaK YK€ yIajss CaMbIi
IPaBBIl TPEYTOILHUK V 13 BEPXHEH CTPOKH, MBI OJIy9YMM IIOJIMAMOHI U3 MHO-
xkecrBa Ay, —1. OueBuaHO, 9TO 9TOT HpoIece obparuM (puc. 5).

S oI

Puc. 5.

SHaYNUT 1151 JII000TO N 2> 2 MBI HOJIy9aeM B3aWUMHO OJHO3HAYHOE COOTBET-
CTBHUE MEXKJIy MHOXKECTBOM D, 1 00'beINHEHUEM HEIEPECEKAIOIIUXCSI MHOYKECTB
A,_1u B,_1. Cnenosarenbio, d, = ap_1 + by_1. Il

JlJist ToJTyueHus JOMOJHUTENLHBIX COOTHOIIEHUN BBEIEM €IME HEeCKOJIHKO
ITOAMHOXKECTB I'OPU30HTAJIBHO-BBIIYKJIBIX OJHAMOHIOB.

B MuoxkecTBe A OIpeaenM MOoIMHOXKECTBA MOPH30HTAILHO-BBIITYKJILIX II0-
smamonsos I, J, E u E* B 3aBucuMocTr 0T (POPMBI UX BTOPOIl CBEPXY CTPOKU

(puc. 6):
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=

a) Muoxkecrso [ b) Muoxkecrso J

- %

¢) MuoxecrBo E u mHO)KecTBO E’

Puc. 6.

a) ecJqm BTOpasl CBEPXY CTPOKa IIOJIMAMOHJIA $BJISIETCS DPABHOOEIPEHHOM
Tpalenyeii, Hu>kKHee OCHOBaHME KOTOPOHl JIMHHEEe BEPXHEr0, TO OTHECEM €ro
K MHOXKecTBY [

b) eciu BrOpasi cBepXy CTPOKa MOJMAMOHJIA SIBJISIETCS PABHOOEIPEHHOM
Tpalenueii, HIXKHee OCHOBaHME KOTOPOHl KOpode BEpPXHEro, TO OTHECEM €ero K
MHOXKECTBY J;

C) ecJin BTOpasi CBEPXY CTPOKA MOJIMAMOH/IA sIBJISIETCSI TAPAJIIEIONPAMMOM,
KpaiflHuii MpaBbIii TPEYTOJBHUK KOTOPOTO HAIPABJIEH OCTPUEM BHHU3 WU Ha-
[IPaBJIEH OCTPUEM BBEPX, TO OTHECEM €ro K MHOXKeCTBy F mim MHOXKecTBY F*
COOTBETCTBEHHO.

Yepes I, Jn, E, 1 B}, 0003HaUNM MHOXKECTBO I'OPU30HTAJIBHO-BBIITYKJIBIX
nosuamMousoB u3 I, J, B u E* coorBeTCTBEHHO, KOTOPBIE COCTOSIT U3 N TPe-
YTOJILHUKOB, & KOJUYECTBO JIEMEHTOB B 3THX MHOXKECTBAX in, Jn, €n, € COOT-
BETCTBEHHO.

CoobpazkeHHsl CHMMETPHH JAI0T PABEHCTBO €y, = €.

[MousiTHO, 9TO MHOXKECTBO A SIBJSIETCS O00LEIMHEHUEM HEIEPECEKAIOIIIXC S
noamuoxkecrs I, J, E u E*. CienoBareabHo, st 1 2> 2

Ap = ip + jn + en + €N =i, + jn + 2e, .

JIEMMA 3. Jlasa n = 2 8unOoAHANOMCA COOMHOWEHUSA

]‘) ]n = Cn—l + en—l 9
2) en = dp—1+ 9p_1.
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JOKABATEJIBCTBO. 1) Pacemorpum m-amon u3 mHoxkectsa J. Eciau B
TAKOM 7N-aMOHJIe TPEYTOJbHUK U3 BEPXHEHl CTPOKHM PACIIOIONKEH B TOTHOCTH
HAJI CAMBIM IIPABBIM TPEYTOJIBHUKOM BTOPO# CTPOKH, TO, YAAJIUB TPEYTOJbHIK
u3 BepxHeil cTpokn, Mel nosryanMm (n — 1)-among u3 C (puc. 7). Konmmdecrso
TAKWUX MOJIMAMOHIOB OyIeT ¢,—1. Kcim 2Ke B TaKOM n-aMOHJIe TPEYTOTHHUK U3
BEepXHEHl CTPOKU PACIIOJIOKEH HE HAJ[ CAMBIM IIPABBIM TPEYTOJIbHUKOM BTOPOI
CTPOKH, TO yJIAJUM CaAMbIil IPABBIl TPEYTOJIbHUK U3 BTOPOU CTPOKH U ITOJIY IHUM
(n — 1)-amon u3 E*. KomuuecTBO TaKUX II0JMAMOHIOB OYIET €y, 1.

JAN
AN

= _vs

JAN JAN

b

Puc. 7.

OTu orneparuu 0OpaTUMbI, SHATAT JJIsI JTFOOOTO 1 2> 2 MbI [TOJIyIaeM B3arM-
HO OJHO3HAYHOE COOTBETCTBUE MEXK/LY MHOXKECTBOM J,, U 0ObeINHEHNEM HeIle-
pecekarormuxca MHOKecTB Cp,—1 u E' ;. CrnenoBarenpHo, j, = Cp—1 + €np—1.

2) Byzaem paccykaaTh aHAJIOTHYHO. PaccMOTpHM n-aMOHJ| W3 MHOXKECT-
Ba F. Eciu B TaKOM n-aMOHJIe TPEYTOJbHUK U3 BepXHEil CTPOKU PACIIOJIOKEH
B TOYHOCTH HaJI CAMBIM IIPaBBbIM TPEYTOJbHUKOM BTOPOH CTPOKH, TO, VIAJIUB
9TOT TPEYTOJIBHUK U3 BEepXHEil CTPOKU, Mbl moxyduM (n — 1)-amomng u3z Dy,_1.
KonundaecTBo Takux moanaMoH10B O0yaer d,, 1. Ecin »ke B TaKOM n-aMOHJIe Tpe-
YIOJIbHUK U3 BEPXHEI CTPOKHU PACIIOIOXKEH He HaJl CAMbBIM IIPABBIM TPEyTOJIbHI-
KOM BTOPOM CTPOKHU, TO YJAJUM CaMbIi IIPaBbIi TPEyroJbHUK U3 BTOPOU CTPO-
ki 1 nostyanm (n—1)-amon g u3 1. KosmaecTBo Takux HOJINAMOH/IOB OYIET iy 1.
DTH onepaiun 0OpaTUMBbI, 3HAYAT JIJIst JIFOOOTO 1 > 2 MBI ITOJIy4aeM B3aHUMHO
OJTHOBHATHOE COOTBETCTBHE MEXKYy MHOXKECTBOM F,, 1 o0beqnHeHneM Helepe-
cekatormuxces Muoxkecrs Dy,_1 u I,_1. Cinenosarensto, e, = dyp_1 + tp—1. [

Haxoner HaM moHamoOnUTCsI €Ié TpHU MOAMHOYKECTBA TOPU30HTAJIBHO-BBI-
ITYKJIBIX TTOJIMAMOHIOB.
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K muoxkecTBy P, OTHECEM MTOTMAMOHIBI U3 MHOXKECTBA B, y KOTOPBIX Kpaii-
HUI TPaBbIil TPEYTOJBHUK A BepxXHeil CTPOKHU PACIIOJIOKEH HAJl CAMBIM JIEBBIM
TPEyTroJIbHUKOM V BTOPOIl CTPOKHU (CaMBblii JIEBbI TPEYTOJbHUK V MOXKET ObITh
BTOPBIM CJIEBA TPEYTOJLHUKOM), CM. PHC. 8.

ol

Puc. 8. Ilosmamonabl u3 MHOXKecTBa P

K muoxkectBy (), 0THECEM Te MOIMaMOHIBLI 13 I, Y KOTOPBIX TPEYTOIbLHIK 13
BepXHeil CTPOKH He PACIIOJIOXKEH HaJi BTOPBIM ClIpaBa TPEyroJIbHUKOM BTOPOIi
crpoku (puc. 9).

XXX

Puc. 9. MuoxectBo @

K muoxKecTBYy R, OTHECEM T€ IOJHMAMOHIBI U3 (), y KOTOPBIX KpaiiHuil mmpa-
BBIIf TPEYTOJILHUK /A BTOPOIl CBEPXY CTPOKHU PACIIOJIOXKEH HAJ, CAMBIM JIEBBIM
TPeyroJIbHUKOM V Tperbeil cBepXy CTPOKH (caMmblil JieBblil TpeyrosbHuK V
MOKeT ObITb BTOPBIM cjieBa TpeyroibHukoMm) (puc. 10). Takum obpaszom, mo-
JIMAMOH/IBI U3 MHOXKeCTBa R cOCTOAT U3 He MeHee YeM TPEX CTPOK.

Ha pucynkax 9 u 10 3HaKOM «XXX» 0003HAMEHA TTO3UIUS, 3AIIPEIIEHHA I
PAaCIOJIOXKEHUs TPEeYyroJIbHUKa, A\,

XXX XXX

Puc. 10. MuoskectBo R
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Yepes P, Qn, R, 0603HAYNM MHOXKECTBa NOPU30HTAJIBHO-BBITYKJIBIX II0-
JInaMOHI0B TUIoB P, (), R COOTBETCTBEHHO, KOTOPBIE COCTOSIT U3 7 TPEYTOJIb-
HUKOB, a 9€pe3 Pn, (n, Tp KOJUIECTBO JIEMEHTOB B 9TUX MHOXKECTBaX.

JIEMMA 4. Jlaa n > 2 8biNOAHAEMCA COOMHOWEHUE
bn = dn—l + Pn -

JIOKABATEJILCTBO. MuoxkectBo By, \ P, COCTOUT 13 TOPU30HTAILHO-BbI-
IIyKJIBIX N-aMOHJIOB, ¥ KOTOPBIX CAMBbIii IPABBIl TPeyroJbHUK A U3 BepxHei
CTPOKHU HE PACIIOJIOYKEH HAJI CAMBIM JIEBBIM TPEYTOJBHUKOM V BTOPOIl CTPOKHU
(camblit JIEBBII TPEYTOILHUK V MOXKET 0Ka3aThCsl BTOPBIM cjieBa mocie A). 91o
O3HAYAET, UTO Yy BEPXHEH U BTOPOIT CBEPXY CTPOKU OOIIUMHU SABJISIOTCS HE MEHee
JBYX CTOPOH TPEYTOJBLHUKOB. KCIM MBI yIAJIUM CAMBIN MPaBbIil TPEYTOJbHUK
U3 BepxXHeil CTPOKH, TO Mbl nostyauM (n — 1)-amonx u3 D (puc. 11).

NN
VAV R YA

Puc. 11.

[TorsaTHO, 9TO 3Ty OIEpaIui0 MOXKHO OOpPaTUTh, MOCKOJBKY K KAaXKIOMY
(n — 1)-amonay w3 D Mbl MOXKeM J100aBUTH CIIpABA TPEYTOJbHUK B BEPX-
HIOIO CTPOKY. SHAYUT, KOJUYECTBO TOPU3OHTAIBHO-BBINYKJIBIX 7-aMOHIOB B
mHOXKecTBe B, \ P, Takoe ke, Kak u B MHOxecrBe D,,_1. CiieoBaTesbHO,
bn — pn = dnp_1. OcTajioch mepeHecTn cjaaraeMble B HyKHbIE YaCTH pPaBeH-
CTBa. O

JIEMMA 5. Jlaan = 2 gunoanaemca coommouweHue
in = bn—l + Gn -

JIOKABATEJIbCTBO. Muoxkectso I, \ @, COCTOUT U3 TOPU30HTATLHO-BbI-
MyKJIBIX 7N-aMOHJIOB, ¥ KOTOPBIX TPEYTOJTHHUK A U3 BepXHEH CTPOKH PacIo-
JIOXKEH B TOYHOCTH HaJT BTOPBIM CIIpaBa TPEYTOJbHUKOM BTOpOil cTpoku. Ec-
JI MBI yJIAJIUM TPEYTOJBHUK U3 BEpXHEH CTPOKH, TO mojtyduM (n — 1)-amMoH
u3 B. [lousaTHo, 9T0 3Ty Onepanuio MOXKHO OOPATUTH, HMOCKOJbKY K KarKJO-
My (n — 1)-amonmy n3 B MbI MOXKeM JOOABUTH TPEYTOJbHUK B TOTHOCTH HA/T
BTOPBIM CIIpaBa TPEYrOJIbHUKOM BepxHeil crpoku (puc. 12).

SHAYUT, KOJUIECTBO TOPU30HTAIBHO-BBIMYKJIBIX 7-AMOHIOB B MHOXKECTBE
I, \ @, Takoe xke, Kak u B MHO)KecTBe By,_1. CiieoBaTe/IbHO, iy — ¢ = bp_1.
OcraJjioch nepeHecTu cjaraeMble B Hy>KHbIE YaCTH PABEHCTBA. 0
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Puc. 12.

JIEMMA 6. Jlaa n > 3 svinoanaemcsa coommoweHue
Qn = Tn + Z‘n—2 .

JIOKABATEJIbCTBO. MuoxkecTBO @), \ R;, COCTOUT U3 TOPU30HTATBLHO-BbI-
IIyKJIBIX 7-aMOHJIOB, Y KOTOPBIX TPEYIOJIbHUK U3 BEPXHEHl CTPOKU HE pPacIo-
JIOZKEH Ha/| BTOPBIM CIIpaBa TPEyrOJbHUKOM BTOPOU CTPOKM, & CaMblil IIpABBIN
TPEYTOJLHUK BTOPOIl CTPOKM HE PACIIOJIOXKEH HAJl CAMbIM JIEBBIM TPEYTOJIb-
HUKOM V Tperbeil cTpoku (caMmblil JIEBBIH TPEYrOJIbHUK V MOXKET OKa3aThCsi
BTOPBIM cJieBa mocsie A). DTo 03HAYAET, 9TO Y BTOPOI U TPETheil CBEPXY CTPOKI
OOIIUMU SBJISTIIOTCSI HE MEHee JBYX CTOPOH TPEYTOJILHUKOB. KCaum Mbl yaaauM
JIBa KPAHUX CIpaBa TPEyTroJbHUKA U3 BTOPOIl CBEPXY CTPOKHU, TO MBI ITOJTY THM
(n — 2)-amons u3 I (puc. 13).

XXX

VAV R YAY

Puc. 13.

[TousaTHO, YTO 3Ty OIEPAIUIO MOXKHO OOPATUTH, IMOCKOJBKY K KaXKIOMY
(n—2)-amon ity u3 I MbI MOXKeM JI06ABUTH CIIPABA JIBa TPEYTOJbLHUKA BO BTOPYIO
CBEPXY CTPOYKY. 3HAYUT, KOJUIECTBO T'OPU3OHTATIBHO-BBIIYKJIBIX 7-AMOHJIOB
B MHOXKecTBe Q) \ R, Takoe ke, Kak u B MHOXKecTBe [,_o. CiesoBaTesbHo,
Gn—"n = in—2. OCTAJIOCH IEPEHECTH CJlaraeMble B HyKHbIE 9acTU PaBeHCTBa. [

JIEMMA 7. Jlaan = 4 svinoanaemca coomnoweHue

Tn = Tp—2+ Pn—3 -
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JOKABATEJIBCTBO. Paccmorpum n-among u3 R. Ecim B Takom n-amom;te
TPEYTOJIbHUK W3 BEpXHE!l CTPOKU PACIIOJIOXKEH B TOYHOCTH HAJI BTOPBIM CJIEBA
TPEYTOJIbHUKOM BTOPOW CTPOKHU, TO, VIAAJUB ITOT TPEYTOJHHUK U JIBA CAMbBIX
JIEBBIX TPEYTOJBHUKA M3 BTOPOIl CBEPXY CTPOKH, MBI HOIydInM (1 — 3)-aMOH/T
n3 P. CjieoBaresibHO, YUC/IO TAKUX N-aMOHJIOB OYIeT pn,—3. Eciu ke B TakoM
N-aMOH/JIe TPEYTOJIbHUK U3 BEPXHEN CTPOKHU PACIIOJIOYKEH HE HaJ| BTOPBIM CJIEBA
TPEYTOJILHUKOM BTOPOil CTPOKHU, TO, YJAJUB JBa CAMBIX JIEBBIX TPEYTOJbHUKA
U3 BTOPOIi CBEPXy CTPOKHU, MbI HostyunM (n — 2)-amony u3 R (puc. 14). Hucso
TaKUX N-aMOHJIOB OyJIET 7y_9.

XXX

-7,

O

XXX XXX

\4 \4

Puc. 14.

Oru onepamuu ooparuMbl. ClleI0BaTEIbHO, Ty = T'p_2 + Pp_3. Il

JIEMMA 8. /Jlaan = 4 svnoanaemca coommoweHue
Dn = Pn—2 + hn—3 .

JHOKABATEJILCTBO. PaccMmorpum n-among u3 P. Eciu B TakoM n-amon-
Jie BepXHsis CTPOKa COCTOUT u3 5 u Oojiee TPEyroJbHUKOB, TO, YIAJUB CJie-
Ba J[BA TPEYTOJbHUKA U3 BEPXHEIl CTPOKH, MBI mOIyInM (n — 2)-among u3 P
(puc. 15). Eciin B TakoM n-aMOHJIe BEPXHsisl CTPOKA COCTOUT POBHO W3 3 Tpe-
YTOJIbHUKOB, TO, YAAJUB BCIO 3TY CTPOKY U3 TPEX TPEYTOJbHUKOB, MBI IOy IHM
(n — 3)-among n3 H.

SameTnM, 9TO BCE M-aAMOHIBI U3 P MOXXHO TOJIYYATH TAKUMU OOPATHBIME
onepamusimMu. Clie10BaTe/IbHO, Py = Pp_2 + hp_3. Il
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: [N\
% %

VAVAN

Puc. 15.

CBe,ZLéM IIOJIy49eHHbIE€ PEKYPPEHTHBIE COOTHOHIICHU A BMECTeE!:

( gn = an + hnv
hn = bn +cn+ 2dn7
Cp = dp_1,

dp = an—1+bp_1,

ap = in + Jn + 2€n,

Jn = Cn—1+ €n_1,

en = dp_1+ ln_1,

bp = dp—1+ pn,

in = bp—1+ qn,

Gn = Tn + in—2,

Tn = Tpn—2 + Pn—3,

\ Pn = DPn—2 + hn73'
ODTUX COOTHOIIEHUI HAM XBATHUT, 9TOOBI J0Ka3aTh TeopeMy 1.
ﬂaﬂbHeﬁLHI/Ie BBIKJIQJIKHN 6yﬂyT UMEThb YUCTO TeXHUYEeCKUil XapaKTep € uc-

IIOJIb30BaAHUEM OTACJJIBbHBIX PEKYPPEHTHBIX COOTHOIIEHUN CUCTEMBI JJId TI0J1Yy-

YEHHUSA JIPYTUX PEKYPPEHTHBIX COOTHOMIEHMI. UTOOBI HE yTOMJIATH YUTATEIS,

MBI IIPOCTO IIPEIJIOZKHM €My B Ka4deCTB€ YIIPparXKHEHHs IIPOMEXKYTOYHbIE De-
3yJIbTaThI.

YHOPAXKHEHUE 1. JlokaXuTe COOTHOIIECHUS:

a) Ggn—-1=dp +2dp1 +dp2, 111 1 2> 3;

b) In — Gn-1=2dp +dp1 —dp_2—2dp_3+ by +bp_o + 1y +1rp_1, LA
n > 4;

)
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C) In — Gn—-1+2gn—2 = 2dy, + 3dp—1 + 3dp—2 + by + b2 + 1y + 11, 1u18
n = 4;

d) In —209n-1+39n—2 —2gn—3 = 2dp+2dp—1 —dp—2—2dy_3—dp_g4+pn —
— Pn—1+ Pn—2, 1 0 = 5;

e) In—2Gn-1+3gn—2—9gn-3 = 2dp +2dp 1+ Ppn —Pn—1+Pn_2, Mg n = 5;

£) pn = Pn-2 — pn—3 = 2(dpn—3 + dn—4), A1t 1 = 5;

g) gn — 297171 + 2gn72 — gn—4 — 2gnf5 + In—6 — 2dn + 2dn71 - anf2 -
—2dp—3 —2dp—g + 2dp—g, n1g 0 2 7,

h) gn — 291171 + 297172 — G9n—4 — 4gn75 + gn-6 = Q(dn + dnfl) - Q(dan +
+dp—3) —4(dp—a +dp_5), 1aN >T7.

JHOKABATEJILCTBO TEOPEMEL 1. IIpomeMoHcTpUpyeM TeXHUYIECKUE BbI-
KJIQJIKU JUJIS [IOJIy4eHUd UTOI'OBOI'O COOTHOIIEHUS.

Ucnonb3yst pesyibrar yrnpaxkuenusi 1h) st n > 8 umeem
In—1—29n—2+ 2003 — gn—5 — 4gn—6 + gn—7 =
= 2(dp—1 +dp—2) — 2(dpn—3 + dpn—4) — 4(dp—s5 + dn—s).
Torna
9n — 2gn—l + 2977,—2 — 9n—4 — 4gn—5 + gn—6+
+ (gnfl —29n—2 + 29n—3 — gn—5 — 49n-6 + gnf'?) =
=2(dp, +dp—1) — 2(dp—2 + dn—3) — 4(dp—4 + dn—s5)+
+ 2(dn—1 + dn—2) - Q(dn—S + dn—4) - 4(dn—5 + dn—6) =
= Q(dn + 2dn—1 + dn—2) - Q(dn—Q + 2dn—3 + dn—4) - 4(dn—4 + 2dn—5 + dn—G) =
=209n-1—29n—3 — 49n—5 -
CirenoBare/ibHO,
9n = 20n—1 + 29n—2 — gn—a — 4gn—5 + gn—6+
+ 9n—1 — 2977,—2 + 2.971—3 — 9n—-5 — 4gn—6 + gn-7 =
=209n-1 — 2903 — 49n—5 -

[Tepenecém Bce ciaaraemble KpOMe IIEPBOTO B IMPABYIO YaCTbh PaBEHCTBA U
MIPUBEJIEM TIOI00HBIE UIeHBI. B uTore mojgyvaeM TpebyemMoe COOTHOIIEHNe

In = 3Gn—1 — 4971—2 + gn—4 + Gn—s + 39n—6 — Gn—7 -

Teopema 1 moka3zaHa. U

[IpuBeném Tabsuily HAYAILHBIX 3HAYCHUI TTOC/ICI0BATEILHOCTEIH.
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n| a b c d i J e p|lq|r]| h g
1 1 0 1 0| 0 0 0] 0| 010 1 2
2 1 0 0 110 1 0] 0| 010 2 3
3 2 1 1 11 0 0 11 0 00 4 6
4 5 2 1 31 1 2 1] 1] 00 9 14
5] 12 5 3 7T 2 2 4| 21 00| 22 34
6| 31| 12 7T 17| 6 7 91 5| 1]0]| 53 84
7T Tr| 28| 17| 43|15| 16| 23|11 | 3|1 ]| 131 | 208
81192 | 70| 43 |105 |36 | 40| 58 | 27| 8|2 |323| 515
9| 474 | 169 | 105 | 262 | 91 | 101 | 141 | 64 | 21 | 6 | 798 | 1272

Taba. 1.

4. TIPOU3BOASIIINE OYHKIINU

Bce psiabl B 3T0ii cTaThe MBI pacCMaTpuBaeM KakK pOpMaJsibHbIE CTEIeHHbIE
PsiIbI, HE BIaBasiCh B BOIPOCHI cxoammocTu. Omepamnuu CIOKEHUsI, yMHOXKEe-
us, gudepeHnupoBanns psi/ioB Mbl PACCMATPUBAEM KAaK COOTBETCTBYIOIINE
omnepanuu HaJ (pOPMATLHBIMYU CTEIIEHHBIMHU PsIIAMHI.

OpHolt U3 HaImX 1eseil OygeT HaXOXKIeHNe IPOU3BOIAIIEH (DYHKIIAN JIJIsT
TOPU30HTAJBbHO-BBIIIYKJIBIX HOJIUAMOHJIOB

o0
x) = Z gnz".
n=1
[TomyTHO MBI HAHEM IPOU3BO/IAILYIO (DYHKIMIO JIBYX [EPEMEHHBIX

v) = E :gp,q“pvqa
P

rjie gp,q 0003HAUAET KOJMIECCTBO TOPU3OHTAILHO-BBITYKIIBIX OJINAMOHJIOB, CO-
CTOSIIIIAX U3 P TPEYTOJBHUKOB Bujia V U ¢ TPEYTOJbHUKOB Buja A.

Bamerum, uro G(z) = G(z, z).

J1J1sT HAXOXK IeHUs YKA3aHHBIX (PYHKITUH PACCMOTPHUM IPOU3BOAAIINE (DYHK-
MU TPEX MEPEMEHHBIX

G(u,v,y) = Y glp, g, muPv’y™,  A(u,v,y) = > a(p,q,m)uFvly™

p.gm p.gm

(u,v,y) Z b(p, g, m)uPviy™, C(u,v,y) = Z c(p, ¢, m)uPviy™
p.gm p.gm

D(u,v,y) de,q, YuPvly™,  H(u,v,y) th,q, YuPvly™

p,q,m p,g,m
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I3 HAIIMX [OCTPOEHH{T BUHO, UTO G (u,v) = G(u,v,1), nosromy Jist Ha-
mmx nesieit He obsizaTesibHO HaxoauTh dyukiwo G(u, v,y), a J0CTaTouHO Haii-
tn G(u,v,1).

U3 (2.3) u (2.4) cnexyer

H(u,v,y) = B(u,v,y) + C(u,v,y) + 2D(u,v,y),

G(u,v,y) = A(u,v,y) + H(u,v,y). (4.1)

Mer ormeuasu uro a(p,q,m) = 0, eciu m = 1. Ilosromy byHkIims
A(u,v,y) daxrudecku siBjsiercsi (PyHKIMEH IBYX MEPEMEHHbIX U HE 3aBUCUT
or y, B wacraoctu A(u,v,y) = A(u,v,1).

[Iycrs x(u,v) = g—yH (u,v,y) - obo3HauaeT (GPyHKIUIO JBYX MEPEMEH-

HBIX, MOJIyYeHHYIO [PU HOJCTAHOBKE Yy = 1 B mpoauddepeHmpoBaHHbIi 110
nepemeHHoi y dopmanbubiil psag H (u, v,y).

[IpoBeiéM HEOOBINOE TEXHUUIECKOE BBIYMCJIEHNE, KOTOPOE MBI BIIOCJIE/I-
CTBUU HCIIOJIB3YEM.

IIpu nowrennom guddepennupoBannu pOPMAIBLHOTO Psifia MOJIYUUM s
Bcex Meabix k = 0

9 (. k ‘ _9 p,,q, m+k
ay(y H(u,v,y)) = 5y (Z h(p, g, m)uPvly

p’q7m

y=1

S (ot Wb g )t — 3 (z<m+ k>h<p,q,m>)
p,q,m p,q m

C apyroii CTOPOHBI, UCIOJIB3Ysl CBOWCTBO AudDEePEeHIIMPOBaHUsI TPOU3Be-

nenust PYHKIINHA, IOy TUM

(W H @, y)| = kH(uv, 1)+ x(u,v).
Y y=1

CremoBareibHO, JIJId BCeX eJbix k > 0

kH(u,v,1) + x(u,v) = Z <Z(m + k)h(p,q,m)) uPvl. (4.2)

pq m

B wacrtrocTH, ipu k = 0

x(u,v) = Z <Z mh(p, q, m)) uPvl. (4.3)

pq m

JapaiiTe IOJy49UM pPEKyppEHTHBIC COOTHOIIEHHs Ha K03(hdUIUeHTH
a(p,q,m), b(p,q,m), c(p,q,m), d(p,q, m) u 3aTeM COCTABUM COOTHOIIEHUSI JJIsI
[IPOUBBOIAIIUX (DYHKITHIH.
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[TocmoTpuM, Kak MOIyIarTCs ToJrnaMoH bl 13 A. BosbMéM TpeyrosibHUK
A v HAYHEM TIPUKJIABIBATH €r0 CBEPXY K HEKOTOPOMY HOJTMAMOHLY (HA30BEM
ero MCXOJHBIM) TaK, YTOObI MOJIYYUJICS HOBBIA mojmaMoH. Mbl He cMOKeM
MpoJIe/IaTh TAKYIO OMEPAINio, €CJIN WCXOAHBIH momuaMon Obin w3 A. Ecmm
MCXOIHBII ToTnaMoH1 u3 H 1 B ero BepxHeil CTPOKe COIEPKUTCS 1M TPEYTOJIb-
HUKOB V, TO TaKyIO OMEPAINIO MOYKHO [IPOJIEJIATD 171 CIIOCODAMU. 3aMETUM, ITO
TaKUM 00pa3oM MBI MOYKEM TIOJIYIUTh BCE TIOJTUAMOH/IBI IOAMHOXKecTBa A Kpo-
Me cobcTBeHHO TpeyrosibHuKa A. ClieI0BaTeIBbHO, I BCEX P, ¢ BBITIOJIHSIIOTCS
COOTHOIIIEHU ST

a(p,q+1,0) =Y mh(p,q,m).

st rpeyrosibauka A mbr umeem a(0,1,0) = 1.
3 5TUX COOTHOIIEHUIT CJIeyeT COOTHOIIEHUE s IIPOU3BOIANINX (DY HKITHI

A(u,v,y) =v+uv- g—yH(u,v,y)‘y:1 =v(1 4+ x(u,v)). (4.4)

HeticrBuresnbro, Benomunast (4.3), mosydaem

o1+ X 0) =0+ 3 (3 b, g,m) | e =
p,q m

=v+ Z a(p,q+1,0)uPv?™ = A(u, v, y).
P,

[TocmoTpuM, Kax IMOJIyIalOTCsT MOJUAMOHIBI U3 MHOXKecTBa B. Bozbmém
OJTMAMOHJT, 13 B, COCTOAIINI TOJBKO U3 OJHOW CTPOKHU U COCTABJICHHBIN u3 k
TpeyroabHUKOB V, n k + 1 TpeyroabHukoB A, U HAYHEM TPUKJIAIBIBATD €r0
CBEPXY K HEKOTOPOMY (MCXO[HOMY) IIOJMAMOH/LY TaK, YTOObI II0JIY YHJICS HOBBIIi
mostmaMoH . MBI He CMOXKeM TpPOJIESaTh TAKYIO OIEPAIUIO, €CJIN HCXOIHBIM
OJIMAMOHIOM ObLI mosimamMoud u3 A. Ecin uexommsiit monamons Ob1 u3 H
U B €r0 BEPXHEM CJIO€ COJIEPKUTCSI 1M TPEYTOJBHUKOB V, TO TAKYIO OIEPAIUIO
MOXKHO TIpojiesiaTh m+k criocobamu. 3aMeTuM, ITO TaKUM 00Pa30M MbI MOYKEM
[TOJIy YUTH BCE TOJMAMOH/IBI N3 MHOXKECTBa B KpoMe TexX, KOTOpPbIE COCTOSIT U3
onHoit crpoku. CrenoBaTeIbHO, JJIsT BCEX P,  BBIIOJIHSIIOTCS COOTHOIIEHUSI

b(p+k,q+k+1,k) =Y (m+k)h(p,qm).

J1st TomMaMoOHI0B U3 MHOXKECTBa 3, COCTOSIIIINX TOJIBKO U3 OJHON CTPOKH,
noJiy4yaeM

bk, k+1,k) = 1.
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Ucnonbayst (4.2), BbIBeIeM COOTHOIIEHHE JIJisl IIPOU3BOAIINX (DyHKIUI

B(u,v,y) pr,q, JuPo'ly

p,g,m

:Zb(k’kJrl’k) kph+1 k+sz+k g+ k1, k)uPHhprthrlgk —
D:q:k

:Zukvk+1yk+zuk By Z (Z(m+k)h(p,q,m))upvq] —

k>1 k>1 D,q m

_Zuk k+1yk+zuk k:+1 k kH(U v, 1)+X(U ’U))
k>1 k>1

Wrak
(u,v,y) Zuk k+1yk+2uk MLk (kH (u,v,1) 4+ x(u,v)). (4.5)
k>1 k>1

[IponenaB aHaJOrUYIHBIE PACCYXKJIEHUST JJIsI TIOJIUAMOHIOB 13 MHOXKeCTB C'
u D, MBI [IOJIyYUM €II¢ JBa COOTHOIIEHUSI JJIsl IPOU3BOAAIINX PYHKITUM

Cluyv,y) = uy + 3 uboh 1yb 3wk (= 2)H (,0,1) + x(,0),
k>2 k>2
(4.6)

(u,v,9) Zukvkyk + Zuk FyR((k — 1) H (u,v,1) + x(u,v)). (4.7)
k>1 k>1

CkutazpiBaeM pasenctsa (4.5), (4.6) ¢ yaBoennsim paBercTBoM (4.7) u, yuan-
thiBas (4.1), nosayuum ypasaenue Ha dyukuuo H(u, v, y)

uvy Zuk k:-i—ly +uy+zukk1yk+2zukkk

k>1 k>2 k>1
—|—Zuk kLR (kH (u,v,1) 4 x(u, v))+
k>1 (4.8)
+ ) uF Ry (k- 2)H (u, 0, 1) + x(u,v))+
k>2
—l—QZuk FoF((k — 1)H (u,v,1) + x(u,v)).
k>1

YT0o06b! HE yTPYKIATH YUTATEJIS TTOJPOOHBIM BBINMUCHIBAHUEM JTAIbHERITHX
IPOMO3IKUX ITPEOOPA30BAHUM, MbI IIPOCTO COOOINM, KAKHUE Maru HeOOXOINMO
[IPOJIEJIATh, UTOOBI TOJIYIUTh SBHBIH BUJ (DYHKITHH.

YacTb rpOMO3IKIX BBIPAXKEHUH, MOIIAETCS YIIPOIICHUSIM.
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YIPAYKHEHUE 2. Vcnonb3ys dopmMyry cyMMbl OECKOHEYHON TreoMeTpute-
CKOM IIPOI'PECCHH, JIOKAYKUTE, YTO

Zukvkﬂyk—l—uy—i—Zukvk 1yk+2zuk k,k _

k>1 k>2 E>1

:1—uvy 1 —uvy 1 —uvy 1 —uvy

2 2
Uv uvy2 uv wvy(v+ 2+ u
Y Y 9 Y y( ?/)

YIPAX>KHEHUE 3. Mcnonbs3yss muTerpupoBanme u auddepeHImpoBaHne
dOpMAIBLHBIX PSIIOB, MOKAXKUTE, ITO

Zkuk k+1yk+uy+2(l€—2 ko k-1 k+2z ukvkyk
k>1 k>2 k>1

B uv2y(1 + uy)2
= - woy

B urore mbl yupocrum (4.8) 110 ciiejyromero Bujia

. uvy (v + 2 4 uy) woy(1 + uy)?
H(wo,) =+ (U2 (g (u0) + A1)

(4.9)

U3 ypasuennst (4.9) Jerko HOJIyYnTh CHCTEMY YPABHEHUI OTHOCHTEJHHO

H(u,v,1) n x(u,v). IlepBoe ypaBHeHHe cucTeMBbl MBI HOIydnM, ecau B (4.9)

clleslaeM TIOJCTAHOBKY Yy = 1. Bropoe ypaBHemnme cHCTEMBI MOJTy9aeTCs, €C-

au (4.9) npouddepennupoBaTh 110 Yy U 3aTeM cJeJaTh HOJCTAHOBKY Yy = 1.
Nmeem

Hu o, 1) = (25 (1 (u0) + Hlae, )"

0 [uv(v U
x(u,v) =u+ (1+ X(Uﬂf))a*y (%) ‘y:1+

+ H(u,v, 1)2@/(“'("2(1“22) ‘y -

1 — uv)

Pemus cucremy, naiiném H(u,v,1) u x(u,v). 3arem vaxomgum A(u,v,y) =
=v(l+ x(u,v) u G(u,v,1) = A(u,v,1) + H(u,v,1).

He Gyzmem yTpy»KmaTh amTaTesss BLINNCHIBAHUEM BeexX (DYHKIUIT IBYX Ie-

PEMEHHBIX, JIJIsI [IPUMepa, IPUBEIEM JABe U3 HUX. JIsh HpOCTOTHI 3AIIMCH OIIpe-
JICJIIM JIBa, MHOI'OYJIEHA OT JABYX II€PEMEHHbBIX
r(u,v) = 1 — 6uv — 2uv — 2uv? 4 8uv? + 4udv? 4+ 4u?v® — 5udv®—
— 6utv® — 6udvt — wPud — w0 — Butet + u5v5
3 — wvd — Tu0® — B2 — i+

+ uto? + u?ot + 5030 + 4wt + 0Bt + 3utot.

t(u,v) = u + v + 3uv — 2uv — 2uv? —u
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Torja uMeeT MECTO CJIeJIyIoIIasi TeopeMa.
TEOPEMA 2. I[Ipousgodauwumu GyHKUUAMY 068YT NEPEMEHHBL OAL MHO-

orcecms H u G 20pu3onmansdvHo-6unykiss nosuamondos bydym Gyrryuu

H(u,v,1) = w(v+1)(1 —uv)?(1 —uv —u?v)

r(u,v) ’
G(u,v) = ng,qupvq = G(u,v,1) = (1~ uwv)t(u, v) '
Psq

r(u,v)

OrmeruM, 9T0 pannonaabHas GyHkus G(u, v) sBIsieTCsl CHMMETPHUYECKOIT
dyHKIMENH OTHOCUTEHHO TIEPEMEHHBIX U, V.

CreaB MOJICTAHOBKY U = ¥ = X, Mbl HAHIEM IIPOU3BOMAMAIINE (DYHKIIUU OT
OJIHON IepeMeHHOI:

z(z+1)(1—2)2(1 — 2% — 2%)

H(x’le):1—3x+4x3—x4—x5—3$6+w7’
o z(l-2)(1 —a)?(1 - 2? —2®)
A(x’le)_1—3x+4x3—x4—x5—3$6+w7’
3 2 5
x°(1 — 2z° + 22°)
B(.’L‘,CC,].): _ 3_ .4 5 6 7
1+2)(1-3z+4+42° — 2" —2° = 32" + ')
z(1 — 2z — 222 + 323 + 2% — 325 — 27)
C(z,r,1) = — 3 4_ 5 _ o6 7
1+2)(1—=3z+4x° —2" —2° -3z + ')
2 2 3 4 5 6
1—2z-2 2 —
D(w,x,1) = (1 —z—22° +22° 4+ 2" +2° — ")

(14 2)(1 — 3¢+ 423 —a* — 25 — 3254+ 27)
1, KOHEYHO, IIOJIYIUM CJIEICTBHE TEOPEMBI 2.

CHEICTBUE. [Ipoussodawets dynruuets 0if KOAUMECTNEA 20PU30HMAND-
HO-BBINYKABLT NOAUAMOHI0E8 OYdem patuorasvHas GYHKUUL
(1 —2)(2 — o — 42® + 2z* + 32°)
1-3z+42° —2*—2® - 325+ 27~

(4.10)

G(z) = Zgnznn = G(z,z) = G(z,z,1) =
n=1

U3 (4.10) mosryuaem

o0
(1—3z+42% — 2t — 25 —32%4+27) Zgnx”: z(1—x)(2 —z —4a® + 22 +32°).
n=1
HOCKOHbe IIpaBasd 9aCTb IIOCJIEJHET'O PaBEHCTBa ABJIACTCA MHOI'OYJ/JIEHOM,
TO U JIeBas YaCTh PAaBEHCTBA JOJKHA ObITH MHOrowIeHoM. ClleZloBaTeIbHO,
IOCJIEJOBATEIBHOCTD ¢y, Y/IOBJIETBOPSIET PEKYPPEHTHOMY COOTHOIIEHMIO, COB-
naamomeMy ¢ coornomenneM (3.1) u3 Teopemsr 1

In = 3Gn—-1 — 4.gn—2 + Gn—a + Gn—s + 39n—6 — Gn—7 -
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Jlig mocJie10BaTeIbHOCTEH, 3aJaHHBIX PEKYPPEHTHBIMU COOTHOIIEHU-
SIMH, MOXKHO COCTABUTH XapaKTEPUCTUYECKOE ypaBHEHHE (CM., HAIpUMep,
A. 1. Mapkymesuu [3]). st mocae1oBaTeIbHOCTH ¢, XapaAKTEPUCTUIECKOE
ypaBHEeHHUe OY/IeT CJIe/IyIONuM

2T =328 +dxt — 2P — 22 —3x+1=0.
DT0 ypaBHEeHNE UMeeT JeHCTBUTEIbHBIE KOPHHU, HANOOIBINUI 13 HUX

Tmax ~ 2.463536 .

[ToCcKONMBKY Xpax HE SIBISETCS KOPHEM YHUCIUTE/sS TPOU3BOIAIIEH (DyHK-
UM, TO UMEEeM AaCUMITOTHYECKYyIo omeHkKy 2.4635" < g, < 2.4636"™. Yro,
€CTEeCTBEHHO, Jydlne HumKHeil onenkn 2.13" < g, noaydennoinr /. Kiapue-
poum B [8].

OcraeTcst OTMETHTD, UTO IOCJIEIOBATETBHOCTH Ay, Ny VIOBJIETBOPSIIOT pe-
KYPPEHTHOMY COOTHOIIIEHUIO CEJIbMOTO TOPSIKA, AHAJIOTHIHOMY COOTHOIIICHUIO
(3.1). B Toxke BpeMsi, KaK BHJIHO M3 IPOU3BOASIINX (DYHKIUIA, TOCTEI0BATE b
voctu by, ¢, dp OyIyT yIOBIETBOPATH PEKYPPEHTHOMY COOTHOIIEHUIO BOChH-
MOTO MTOPSIIKA.

Yrobbl HATH TPOU3BOAAIIYIO (DYHKIINIO ABYX IMEPEMEHHBIX I KOJIUIe-
CTBa TOPU30HTAJIBHO-BBIIYKJIBIX N-aMOHJOB C 11 CTPOKAMHU, KaK 3TO CJeJIas
M. Heste [5] auist 1oJMMUHO, HAM CJI€J0BAJIO Obl PACCMOTPETH HPOU3BO/IAIINE
GYHKIUU OT YeTHIPEX MepeMeHHbIX. [[OBTOPUB HaIU PACCyKIEHMsI, MbI I10-
JIyduyid Obl COOTHOINEHUE, aHAJIOTHIHOE COOTHOMIEHUIO (4.9), HO OT YeThIPEX
repeMeHHbIX. Pa3penius 1oy 4eHHoe COOTHOIIEHNE, MbI TI0JIyIUM UCKOMYIO Pa-
[IMOHAJIBHYIO (PYHKIIUIO.

J1J1sT TEXHUYIECKUX OIEPAIUil YMHOXKEHIS MHOTOUJICHOB U HAXOXKICHUS KOP-
Heil aBTOPOM HCIOJIb30BaJIcs IopTas http://www.sagenb.org/ .

Aprop 6uarogapur K. A. Bampkoa u II. . CamoBosia 3a BHEUMaHUWE K
pabore.

CIICOK JIMTEPATYPHI
[1] Tomom6 C. B. IHosumuno. M.: Mup. 1975.

[2] Tynbuen ., Txekcon 1. Ilepewucaumenvrasn xomburamopuka. M.: Ha-
yka. 1990.

[3] Mapkymiesua A. U1. Bossparusle nocienoBareasaoctu. 3-€ n3a. M.: Ha-
yka, 1983. (cepus «Ilomyssipable JleKIuu Mo MareMaTuKe» ).

[4] Bender E. Convex n-ominoes // Discrete Math. Vol. 8. 1974. P. 219-226.

[5] Delest M. P. Generating Functions for Column-Convexr Polyominoes //
Journal of Combinatorial Theory. Series A. Vol. 48. 1988. P. 12-31.



“mph” — 2013/2/18 — 20:37 — page 129 — #129

TI'opuszonTa/IbHO-BBITYKJIbIE TOJHAMOHABI H UX HPOH3BOAsine pyHKnun 129

(6]

17l
18]
19]

[10]

Delest M. P., Viennot G. Algebraic languages and polyominoes enu-
meration // Theoret. Comput. Sci. Vol. 34. 1984. P. 169-206. |Pycckwuii
nmepeso: M.-11. Jlenect, 2K. Boenno. Aszebpauveckue A3viku u nepevwuc-
aenue noaumuno // Kub. cbopuuk. Hos. cep. Bomr. 26. M.: Mup. 1989.
C. 113-156.]

Hickerson D. Counting Horizontally Conver Polyominoes // Journal of
Integer sequences. Vol. 2. 1999. Article 99.1.8.

Klarner D. A. Cell growth problems // Canad. J. Math. Vol. 19. 1967.
P. 851-863.

Klarner D., Rivest R. Asymptotic bounds for the number of convexr n-
ominoes // Discrete Math. Vol. 8 1974. P. 31-40.

Lunnon W. F. Counting hezagonal and triangular polynominoes // Graph
Theory and Computing (R. Read, ed.). New York: Academic Press. 1972.
P. 87-100.

B. M. 2Kypasies, 111141, Mocksa, yu. Kyckosckas, m. 17, kB. 32.
Email: ZhuravlevVM@mail.ru



“mph” — 2013/2/18 — 20:37 — page 130 — #130

130

O HEKOTOPLIX CBOICTBAX IIPOUBBOJIHOIL,
e€ XapaKTepn3yoIuX

B. Kajen

IIycte A u B — nBe anreOpbl HaJ OJXHUM I10JieM, IpuaéM B — momarebpa
A. Jluneituprit oneparop D: B — A HasbiBaercs nauddepeHmpoBaHueM, eciu
Jutst 106X f, g € A BbinosiHeno «npasusio Jleiibuunas: D(fg) = f-Dg+g-Df.

B Mmaremaruke momobubIe TudPEePEeHIIMPOBAHNS BOZHUKAIOT IIPU PACCMOT-
pPEeHHH pas3HbIX BOIpocoB (cM. Hanpumep [3,5,6] u, s HEKOMMYTATHBHOIO
ciydad, [1]).

UsBectro, uToO 1060€ Mudpdepernuponanne aaredbpst C°(R) B cebst — 9710,
C TOYHOCTBIO JI0 HOPMHUPOBKH, OOBIYHBIN OIEpaTOp B3sITHsI [IPOU3BOJHON |6,
ri. 1, §2|. Oxnako anasior aToro dakra jyisi APYrux aarebp riaajkux QyHKImit
He SBJISETCS MUPOKO M3BECTHBIM. MHe He ymajaoch HAllTh B JIMTEPATYpE OIH-
canms mucddepenruposannit w3 CH(R) B C(R), a n3BecTHbIE J10Ka3aTeILCTBA
qtst C°° Ha 5TOT citydail He iepeHocATCsi. BO3MOXKHO, UTO 3TO OIUCAHIE MOXKHO
[TOJIyYUTh U3 00ImMUX TeopeM Teopun AuddepeHnupoBanus OaHAXOBBIX aJIredp
(em. [1,7]), oqHako MHE TaKOro OBIIEro yTBEPXKIeHUs HANTH HEe yJaJoCh.

B sroii 3aMeTKe IpUBEIEHO 9JIEMEHTAPHOE JIOKA3aTE/ILCTBO TOrO, UTO JIF000E
mmddepenmuposanue 3 C B C 1oCIe €CTECTBEHHOI HOPMUPOBKH COBIIAJIACT C
IPOM3BOIHON (HAM Jlake He ITOTPedyeTCst B IIOJIHOI Mepe yCI0Bue JH/IHeI‘/’IHOCTH).
Mper He 3HAEM, BEPHO JIM AHAJIOTUYHOE YTBEPXKIeHne s i hepeHITnpOBAHMI
n3 aaredpol auddepennupyeMbix QYHKINNE B aaredbpy Bcex dpyHKImi Ha R.

Pacemorpum onepatop D: C1(R) — C(R). Mbr mokazem, 4To, ecau oH
VJIOBJIETBOPSIET OJIHOMY U3 CJIELYIONUX HaOOPOB yCJIOBUIA:

(1a) D(fg)=f-Dg+g-Df (<«upasuno JleiiGuumas),
(2a) Da-z+b-1)=a-1,

nm
(1b) Da-z+b-1)=a-1.
(2b) CymiecTByIoT He ciopbekTupHas dyukiusg ¢ € O u Touka

xo Takue, 9T0 (D) (z0) # 0,
(3b)  D(f(9)(x) = (Df)(g(z)) - (Dg)(x) («nemnoe npasuio»),

To must moboit dyrxkmmu f Bepro Df = f'. (3meck n nanee 3naukom 1 0603Ha~
qaercs (DYHKIUS, TOXKIECTBEHHO PABHAsI €JINHMUIIE. )

MaTemaTuueckoe npocsetyerue, cep. 3, sbin. 17, 2013(130-135)
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Mpbr Tak?Ke MOKaXKeM CyIeCTBOBaHMe abCTPAKTHOIO IuddepeHITnPOBAHIS
Ha IpocTpaHCcTBe (DYHKIUI C JIOKAJIHLHO OTPAHUYEHHON ITPOU3BOJIHOM, HE COB-
IIaJAI0IIET0 C ollepalneil B3aTuA TPON3BOIHOM.

1. JIBE TEOPEMBI O COBIIAJIEHUM ABCTPAKTHOT'O
NUOOEPEHIIMPOBAHUSI C OBBIYHBIM

OCHOBHBIM HHCTPYMEHTOM OYJET CJIYKHUTH CJIEAYIOMIAst IPOCTasl JIEMMA.

JIEMMA. ITycmw onepamop D: C1(R) — C(R) ydosaemeopsem yciocusm:

(1) dasn mobwx a,b € R ewnoaneno D(ax +b-1) =a-1;

(2) das wobozo xKonewnozo unmepsana J = (s;t) us fly = gl; caedyem,
wmo (Df)|; = (Dg)|s (aokarvrocms).

Tozda dan 0601 dynrxuuu f eepro Df = f'.

JTOKABATE/IBLCTBO. Ilyers f € CYHR), 19 € R, I1 = (w9, +0), I =
= (—00,20), g(x) = f(zo) + f(x0)(x — z0). Beeném dbyuximo h takyio, 4To
hlr, = f, hlr, = g. Torna h HenpepsiBHa B TOUKe xo U limg_z, h'(x) = f/(x0).
[ostomy h € CY(R). Torma, Tax xak I u Iy ecTb (cudTHbe) 06BLETMHEHMS
wnzepmasion, 10 (DR)|, = (Df)\n, (DR)ls, = (Dg)lr, = f(xo) - 1. Ho Df m
Dh uenpepbIBHBIL, X JeKUT Ha rpanuie Kak I1, tak u Iy. [Tosromy (D f)(zg) =
= f,(x()). O

Temepb mOKaXKeM CJIEYIONIYIO TEOPEMY.

TEOPEMA 1. ITycmw onepamop D: CH(R) — C(R) ydosaemeopsaem ycao-
BUAM:

(1) D(fg) = f-Dg+g-Df;

(2) D(a-x+b-1)=a-1.

Tozda dasn 060t pyrkyuu f eepro Df = f'.

JOKABATEJBCTBO. /lokaxem, uro D — «JIOKaJbHBII» orepaTop. IlycThb
I — unreppain. Pacemorpum dyukmmio b € C! takyio, uTo h He paBHO HYJIIO HH
B ojiHOi Touke nHTepBana I, a h|g\; = 0. lycrs g|; = f|;. Torna f-h = g-h na
Beeit ocu. [lostomy f-Dh+h-Df = g- Dh+h-Dg. Snaunr, (Df)(x) = (Dg)(z)
npu Bcex = € I. Takum obpazom, omeparop I yIOBIETBOPSET YCIOBUSIM JIEM-
MBI, ostomy Df = f'. O

3AMEYAHUE. Bes yciosust (2) Teopema HesepHa. leficTBurenbuo, 0To6-
paxenue (Df)(x) = L(f(x)), tne L(x) = x - In|z|, L(0) = 0, ymosiaersopsier
yesosuio (1).

[Tonpobyem Temephb OCMOTPETh, KAKUE YCJIOBUST HAJIO JT00ABUTH K «ICITHO-
my npasuity» (D(f(g))(z) = (Df)(g(z)) - (Dg)(x)), 9T0bbI 10Ty YCHHBIE YCIIO-
BUsI 3a1aBaJiu oneparop auddepennupobanns. [IpuBeném cHauaaa HECKOIBKO
IPUMEPOB OTOOParKEeHH, YIOBJIETBOPSIIOIINX «IIEITHOMY [IPABUILY ».
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[puMmep 1. (Df)(z) = T;f(f:))), rie T € C' — mpomsBosibHAS BCIOTY TIO-

JIOZKUTEJIbHaA beHKHI/IH ﬂeﬁCTBHTeﬂbHO,
_ T(f(g@) _ T(fe() Tle() _ ,

[TpuMEP 2. Ilycrs Df = f', ecim f — OGueknust, u D f TOXJIeCTBEHHO
pasta 0 Jyist octanbubix f (1151 HenpepbIBHBIX GyHkmil 13 R 8 R koMmosurust
SIBJII€TCsT OUEKIHeil TOJbKO Toria, Korjua obe pyHKIun — OUeKIm).

[Tocrenuuit mpumMep 0ObSACHIET €CTECTBEHHOCTD IMOSIBJICHUST yCaoBus (2) B
cjaeyIoneil reopeMe.

TEOPEMA 2. ITycmwv onepamop D: C1(R) — C(R) ydosiemesopaem ycao-
BUAM:

(1) D(a-z+b-1)=a-1;

(2) cywecmeyem ne cropsexmuenaa dyrryua @ € Ct u mouka xo maxue,
umo (D) (xo) # 0;

(3) D(/(9)) (=) = (D) (9(x)) - (Dg)(x).

Tozda Df = f.

JIOKA3ZATEIBCTBO. OCHOBOI JTOKA3aTEILCTBA CHOBA OY/IET MPOBEPKA JIO-
KAJLHOCTH OTlepaTopa. BymeM cIuTarh, 9T0 00pa3oM ¢ CIYKUT KOHETHBINH OT-
PE30K, MHTEPBAJI WU TIOJIyHHTEPBAJI, BHYTPEHHOCTH KOTOPOTO MbI 0OO3HATIM
I (1oKa3aTeILCTBO IS CIydast OTKPBITOrO WM 3aMKHYTOIO JIy4a HOJTHOCTHIO
AHAJIOTUIHO).

Bamernm, uyro u3 cpoiicte (1) u (3) caenyer, uro D(f(ax + b1))(zg) =
=a-D(f)(axg +b) u D(a- f+ b)(z) = aD(f)(x). [Tosromy st s1r060r0
unTepsaia J u moboit Toukn y € J cymecrsyer dyukius fy € C' u Touxa
x1 Takme, 9ro fo(x1) =y, (Dfo)(z1) # 0, fo(R) C J (fo — 9r0 capunyTas u
pacrsiHyTast byHKIHS ©).

Jokaxem Tenepb, uro, ecau f|y; = g|s, rme J — unrepsan, o (Df)]|; =
= (Dg)| . Badukcupyem npousBosibHyo ToUKy y € J. BeibepeMm Takyio dbyHK-
mio h, aro h(zi) =y, (Dh)(z1) # 0, h(R) C J. Torma f(h(x)) = g(h(z))
npu Bcex x € R. Ilpumensia omeparop D u moicTaBisds © = 1, HOLYIUM
(D)) - (DR)(a1) = (Dg)(y) - (Dh) (1), r.c. (DF)(y) = (Dg)(y)- Suasmrr,

OIIepaTop YIOBJIETBOPAET yCIOBUAM JeMMbI, T.e. Df = f/. O

2. OUJIBTPHI U [IPUMEP CTPAHHOI'O JUPOEPEHIIMPOBAHUS

st nokasaresibcTBa ClEyIOIIel TeopeMbl HaM IOHAJOOUTCH TeXHHKA
bunbTpoB 1 yIbTPadIIBTPOB, XOPOIIO U3BECTHAS CIEIUAIICTaM B 00IIeil To-
IIOJIOTHH, HO PEJIKO yIIOMUHAeMasl B OOIUX YHIBEPCUTETCKUX Kypcax (mo1pob-
Hee cM. [2,4,8]).
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[Tpu paccmoTpernu QyHKIWIA, He UMEIOIIUX Ipejiesia (B 0ObIYHOM CMBICIIE),
yI00CTBO TIpejesa Mo yIbTPaUIbTPy 3aKII0YAETCsI B TAKOM €JIMHOOOPA3HOM
BBIJICJIEHUU [IPEJIEIBHOI TOYKY, YTO BBIIOJHSIOTC apudMeTUIecKue CBOMCTBA
[peJiea.

Hamomuanm HEOOXOAMMbIE OlIpeIe/ieHusT U (DAKTHI.

ONPEAEJEHUE. CemeilcTBO mOjMHOXKeCTB F MHOXKeCTBa X HA3BIBACTCSI
durompom una X, ecin

(1) F memycro;

(2) @ & F;

(3) ecru A,Be€ F, 10 ANB € F;

(4) ecm Ae F,ACBCX, 10 Be F.

ONPEAEJNEHUE. CemelicTBoO MHOXKeCTB C HA3BIBAETCS UEHMPUPOSAHHDIM,
ecJId Iepecevyenre JIboro KoHeyHoro Habopa smeMeHToB u3 C HEeIycTo.

TEOPEMA. Kaxkioe Hemycroe IMeHTPUPOBAHHOE CEMEHCTBO MHOXKECTB CO-
JEePKUTCA B HEKOTOPOM (DUIBTPE.

OIPEAEJEHUE. Ilycts X — mHuO)KecTBO, F — puabrp Ha X. Touka y € R
HasbiBaeTcs npedesom gyrxuyuu f: X — R mo dunbrpy F, ecau s a0060i
okpecraoctu U Touku y cymecrsyer A € F takoe, uro f(A) C U.

ONPEAEJEHUE. Yavmpaduarempom ra X HasbIBaeTCs MaKCUMaJIbHBIA 110
prIoYeHnio ¢puasTp Ha X . To ectb F — yiubTpaduiabTp, €CJIM HE CYIIECTBYET
dunsrpa U # F Takoro, uro F C U.

TEOPEMA. JIoboit pusibTp COAEpKUTCS B HEKOTOPOM YJIbTPaQUIBTPE.

TEOPEMA (O CYLIECTBOBAHMN M EAVHCTBEHHOCTHU ITPEJEJIA TIO VJ/Ib-
TPAOUJILTPY). Ilyers F — yabrpadbunsrp wva E, f : E — R dyuknus, u
06pa3 HEKOTOPOro 3dJIeMEHTa YIbTPadUIbTPa OTHOCUTEIHHO KOMIIAKTEH (TO
€CThb JIEXKUT B KAKOM-TO OTpe3Ke). Torjga CyImecTByer u eJIuHCTBEHEH MpPees
byukun f mo F.

TEOPEMA (API/I‘DMETI/I‘{ECKI/IE CBOMCTBA IIPEAEJIA IIO (DI/IJIbTPy).
Ilycts f, g — BemecTBeHHO3HAYMHBIE (DYHKIMU Ha MHOXKecTBe I, F — duyibTp
na F, u cymecTByoT npejesibl dyHkiuilt f u g no dbuiabTpy F, paBHbIE, COOT-
BercTBenHo, a u b. Torga cymecTByioT npegenst mo F byukmuit fg u f + g,
paBHbBIE, COOTBETCTBEHHO, ab u a + b.

BepuéMmcs Tenepb K oneparopaM, yJIOBJIETBOPSIONMM «yCJI0BHIO JIeiOHu-
na» D(fg) = f-Dg+g-Df. Oboznaunm uepe3 D By(R) npocrpancrso gudde-
peHIMpYeMbIX (DYHKIMI, NMEIOIMUX OrPAHUIEHHYIO B OKPECTHOCTU HYJIsT TIPO-
usBoHYIO, & depe3 R — mpocrpancrso Beex dynkrmit u3 R B R.
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TEOPEMA 3. Cywecmeyem onepamop D: DBy(R) — RE, omauvnwii om
onepamopa Judpepernyuposarun u ydosaemsopsrouul yeaosuam (1) u (2)
meopemot 1.

JIOKABATE/ILCTBO. Pacemorpum dyukmmio h(z) = z?sin(1/x), n mycrs
p(z) = h'(x), b — npenenpras Touka p(x) npu x — 0, ommanas or p(0)

(nampumep, b = 5). PaccMoTpuM ceMeliCcTBO MHOXKECTB BUIA

{z:|p(x) = b <e}nN(—0,+9)

py pasjndHbIX €,0. OHO IEHTPUPOBAHO, 3HAYHUT, CYIIECTBYET COJIEpIKAIIi
9T0 ceMmeitcTBO yiabTpaduibTp F. OueBuHO, 9TO 006pa3 5Toro yjabrpaduiIbTpa
noJ JeficrBueM p cosepKutr 6a3y okpecrHocTell Touku b, T.e. limz(p) = b.
Tenepb MOXKHO paccMoTperh oneparop D, takoit uro (Df)(x) = f'(x) upm
x#0u (Df)(0) =limg(f/'(x)). Tak kak awbas dbyuknus uz DBy(R) nmeer
OIPAHUYIEHHYIO TPOM3BOIHYIO B OKPECTHOCTH HYJIst (& OKPECTHOCTH HYJIsl — 9TO
9JIEMEHTBI yIbTPa(UILTPa), TO [0 TEOPEME O CYIIECTBOBAHUN [IPEJIEIa 110 Yilb-
tpadunbrpy limz(f/(x)) cymecrsyer. U3 apudmernueckux CBOHCTB 1peesa
o dunbTpy cieayer, uro paserncrso D(fg)(z) = (f(Dg) + g(Df))(z) Bepuo
u upu = 0. Ho (Dh)(0) = b # 0 = h/(0). O

MHe He M3BeCTeH OTBET Ha CJEAYIONINI BOIIPOC.

Bormroc. Bepno sn yTBepKIeHNEe TEOPEMBI 3 M1 OIEPATOPOB M3 MHOXKE-
crBa Beex auddepeHnupyeMbx GpyHKIIi B RE?

Beipazkaro rirybokyto 6aromapaocts C. JI. I'edprepy 3a moctaHOBKY 3a1a9u
U 1eHHOe 00CYXKJIeHNeE.
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O MHOXKeCTBax C JIByMsI PACCTOSITHUSIMU

A. B. Akonsaa* O. P. Mycunf

B sroit 3ameTke MORIET pedb 0 MHOXKECTBE TOYEK B MPOCTPAHCTBE
win Ha cdepe, pacCTOSHUS MEXKJIy KOTOPBIMU NPUHUMAKT He Oojiee
qgeM j1Ba 3HadeHusi. OOCYKIAETCsT BOIIPOC O TOM, KAK MHOT'O TOYEK MO-
JKET IMETh TAKOe MHOXKECTBO, a TaKKe KaKne KOHMUryparun o0pasyoT
TOYKHU U3 SKCTPEMAJIBHBIX HADOPOB.

BBEJIEHUE

CKOJIBKO TOYEK MOXKHO BBIOpaTh B d-MEPHOM €BKJIMIOBOM ITPOCTPAHCTBE
TaK, 9TO PACCTOSTHUST MEXKIY JIIOOBIMU JByMsI W3 HuUX OyayT paBubl?! Jlerko
BUJIETH, YTO MOXKHO BBIOpaTh He 6ojiee d + 1 TOUeK, a BEPIIMHBI d-MEPHOTO
CUMILTIEKCA KaK pa3 n OyayT oO6pa3oBBIBATL TaKOoe MHOXKeCTBO. [IpaBmibHbIH
cumiuieke Brucal B (d — 1)-mepayto cdepy, u o3ToMy Ha Takoii cdepe Toxke
MOKHO BbIOpaTh (d 4 1) TOUKY Tak, 4TO PACCTOSIHUSI MEXKJLY JIFOOBIMU JIBYMsl
TOYKAME TPUHUMAET (PUKCHPOBAHHOE 3HAYECHIIE.

OTMeTnM, 9TO BOMPOC O TOM, KAKOe MaKCHMAJILHOE KOJUIECTBO TOUEK Ha
OJMHAaKOBOM JIPYT' OT ApPpyTra PacCTOAHHMHN TrapaHTUPOBaAHO MO2KHO BbI6paT]:> B
d-MepHOM 6aHAXOBOM IIPOCTPAHCTBE OCTAETCsI OTKPBITHIM (CM. 0630pbI [16,17]).

Muoxecrso S B R? mmu S? (mm 11060M APyroM METPUUECKOM IIPOCTPAH-
CTBE) HAa3bIBACTCS MHONCECTNEOM C § paccmoanuamul) | ecim paccrosnms MesK-
JIy ero TOYKaAMU MPUHUMAKT He Oojiee s 3HAUCHMUIA.

B 910it cTaThe B OCHOBHOM 06CYK/TAI0TCST MHOYKECTBA, C JIBYMST PACCTOSTHSI-
M. OKa3bIBAETCSI, ITO, HECMOTPSI Ha, TAKOe, B OOINEM-TO, TOCTATOYHO IIPOCTOE,
orpaHUYeHne, ST MHOXKECTBa 00JIaIaf0T PSI0M JOBOJBHO MHTEPECHBIX U MHO-
/18, HEOYKUAHHBIX CBONCTB.

Ormerum, uro Ditaxopu u [Houbepr B [9, 10] nokazaau, 4To cymecTByer
JIUIIIb KOHEYHOE YUCJI0 MHOYKECTB (C TOYHOCTBIO JI0 TIOJI001S) € IBYMSI PACCTOSsI-
auamu B RY, cocrosimumu u3 6ostee geM d + 2 Touek. 3aMeTuM, 4To M0I00HbIIT

*Pabora BBIIOJIHEHA IIPU 9acTUYHON nojuep:kke douga «Iunacrusy», rpaaros POOU
11-01-00735 u 12-01-31281 u rpanta llpaBuresscra PO Nel11.G34.31.0053.

tPaBora BbImONIHEHA IIpU YacTHUHOM TOIepKKe rpanTa 11-01-00735 u rpanta IIpasu-
resibecrBa PO Nel1.G34.31.0053.

Dlo-aurmiicku s-distance set.

MaTtemaTunueckoe npocselenue, cep. 3, Boin. 17, 2013(136-151)
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pe3yJIbTAT JIjIT MHOXKECTB C § > 2 paccrogHuaMmu ObL1 mosyden X. Hosakwm
cosceM HenasHO [19).

IMeercst IpuMep MHOMKECTBa ¢ JIByMs paccrosgumsmu B RY, cocrosiiero
w3 C7, | = d(d + 1)/2 Touex. Mpr Gyaem 0603HaUATE 9TO MHOKECTBO Sy. Pac-
CMOTPUM TIpaBUIBbHLI cumiuieke B RY, y koToporo aymms Beex pébep pasHbI 1.
Y sroro cumiiekca Beero d(d—+1)/2 pébep. VIx cepeunbl GyyT 06pa3oBbIBAT
MHOXKECTBO C JIByMsl paccrosiusiMu. [leficrBuresibHO, ecu JBa pebpa UMEIT
OBIIYIO BEPIIMHY, TO PACCTOSTHAE MEXKIY UX CepeIMHAMU PaBHO 1/2 (OCKOIBKY
COEJIMHSIIONTNH X OTPE30K OyJeT cpejHell JuHuell TpeyroJbHuKa, 06pa3oBaH-
HOTO BepIIMHAME 3THX pébep). Ecim ne umetor, To 1/4/2, MOCKOILKY B 3TOM
cjlydae BEPIIUHBI 9THX PEOEp SBJISIIOTCS BEPIIMHAME IIPABUIBLHOTO TPEXMeED-
HOT'O TETPAdPa, a PACCTOSHUE MEXKIY CePeIUHAME IPOTHBONIOJIOXKHBIX PEGEp
IIPaBMJILHOI'O TeTPa’dpa MMEHHO TaKOBO.

DTO MHOXKECTBO MOYKHO OIHMCATH TAKXKE C MOMOIIBI0 OPTOHOPMHPOBAHHOI'O
Gasuca ey, €g, . .., eqy1 mpocTpamcTsa R4, Paceyorpuy Toukn Bua

eite (1<i<j<d+1).

Paccrosiame MezKy TAKIME TOYKAMI MOKET ObITh PaBHO 6o /2, mmbo 2, B
3aBHCUMOCTH OT TOI'0, UMEOT JIU OHU ODIIYIO €JINHUILY B KOOPJIMHATHON 3aIucu
wim Her. Cymma koopyunar nosyunsiuxcst d(d 4+ 1)/2 Touek 6yzer pasHa 2
1 TO9TOMY OHE OYIyT JIeXKaTh B TUIEPILIOCKOCTH, 3aIaBAEMON ypaBHEHUEM
r1+...+ T4 = 2.

Bamerum, uto eciim a u b (a < b) — JABa paccTOsiHUsI MHOXKeCTBa Sg, TO
b2 / a® = 2. OKa3bIBAETCS, 9TO MONOOHOE CBOMCTBO BEPHO JJISI BCEX JTOCTATOYHO
OOJIBITNX MHOYKECTB C JIBYMST PACCTOSTHUSIMHU.

Jlapman, Pomxepe n 3eitzens B [14] jgokaszasnm, 4To ecim MHOXKECTBO C
nByMst paccrogmuamu a u b (a < b) B R? cocrour uz 6osee wem 2d + 3 Touek,
TO

2
%:%,mekem u 2<k<1+72\/ﬁ. (1)

Heznasmo sror coornommenue 6p110 0606meno Hozaku [19] na ciyqait Muo-
2KECTB C S PACCTOSHUSIMU.

EcrecrBerno, uTo Hac OyaeT HHTEPEeCOBATh MAaKCUMAaJIbHAsT MOIIHOCTD MHO-
2KECTB C S PACCTOSHUSME. JacTo IKCTpeMajbHble KOH(UTYypaIun, TO €CTh MHO-
JKECTBA C S PACCTOSHUSIMH, COCTOMINNE U3 MaKCAMAJILHOI'O BO3MOXKHOIO UHC-
Jla TOYEK, OKA3bIBAIOTCS BEChbMa JIIOOOIBITHBIMU M I'pad PaCCTOSHUNA MEXKIY
TOYKaMU UMeET BbICOKYIO CTE€II€EHb CUMMETPUU. STO O/lHa U3 NPUYUNH, II0YEeMYy
HMHTEPECHO MCCJIEI0OBATH BOIIPOCHI O MOITHOCTH U BUJIE TAKUX MHOXKECTB.

OrMeTuM, 9TO BEPXHUE OLEHKN Ha MOLIHOCTHL MHOXKECTB C S PACCTOSHUSIMMU
B R? cramm ussectrsr okomo 30 et Hazax. B uwacrHocTn, Biokxayc moxasai,
YTO YUCJIO TOYEK Yy MHO2KECTBa S C IBYM<d PACCTOAHUAMU B Rd HE ITPEBOCXO/IUT
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(d+1)(d+2)/2 (cm. ruxke Teopemy 1). Kak nokasas Jluconek (cm. paszer 3),
9Ta OIEHKA JIOCTUTAETCS B Pa3MEPHOCTH 8.

B pab6ore [8] 6bL11 TIOJTy 9€HBI OIEHKH JIJIsT CJTydasi, KOTJIa TOYKU MHOYKECTBa
S nexar ma cdepe B R%. (Mpr Oy/ieM Ha3BIBATH TaKHe MHOXKECTBa cfepuie-
CRUMU MHONHCECTNEAMU, C 08YMA PACCMOAHUAMU.) B 9TOM citydae orneHka Oyer
d(d+3)/2 (cm. Teopemy 2). 3aMeTHM, UTO 9Ta OIEHKA JOCTUTACTCs It d = 2,
6 u 22.

B paznene 3 mbr pazdbupaem pabory JInconeka mo MHOXKECTBAM C JIBYMSI
paccrostauamu B R? s d < 8. Kpome BepxHEX OneHOK 1 paboTsl JInconeka,
OCHOBaHHOH! Ha KOMIIbIOTEPHOM Iiepebope, IPAKTUIECKN HUKAKUX PE3YJIbTATOB
JUTST MAKCHMAJIbHBIX €BKJIUIOBBIX MHOXKECTB C JIByMsI PACCTOSIHUSIMU HET.

B ornmmaun ot eBrMI0Ba, [Jisi C(OEPUIECKOTO CIIydasi UMEeeTCsl 3HATUTE b
HBII porpecc. Mbr HemHOro 06Cy M 310 B pasjesne 5. B pabore [18] 6bL10
mokazaHo, uto st 6 < d < 22 n 23 < d < 40 KOJIUIeCTBO TOUEK HE IMPEBOCXO-
mur d(d 4 1)/2. CrepoBaresbHO, B 9TUX PA3MEPHOCTSIX MHOXKECTBO Sy sIBJIsI-
ercs MakcuMaJIbHbIM. HemaBHO 3TOT pesynbrar ObLT paciupeH s d = 23 u

40 < d < 93 (d # 46,78) B pabore A. Bapra u B.-III. O [4].

1. MHOYKECTBA C ABYMSA PACCTOAHUAMU I d < 3.

B caywae, korya Hale IpOCTPAHCTBO — 9TO IpAMAasi, JErKO BUJIETh, UTO
MaKCUMaJbHasl MOITHOCTb MHOYKECTBA C JIByMsSI PACCTOSTHUSMH PaBHA TPEM.
DKcTpeMaJibHON KOH(MUryparumeit TyT CIy»KaT KOHIBI OTPE3Ka U TOYKA B €ro
cepeauHe.

Ha miockocTun Takoe MHOYXKECTBO MOXKET YK€ COCTOATH M3 MATH TOYEK —
BePIIUH IPABUIHLHOTO MATHYTOIbHUKA. J[Ba paccTosinus — 9TO JITMHA CTOPOHBI
IATUYTOJBHUKA U JIJINHA €ro AuaroHa n. B ciemyroreM pasaesie Mbl TOKaXKeM,
9TO 9Ta KOHPUI'YPAInsd €INHCTBEHHA.

Puc. 1.

B TpéxmepHOM MpocTpaHCcTBE MaKCUMaJIbHAST MOIITHOCTD HE CHJILHO DOJIBITIE
u paBHa 1ectu. 1o nokazan Kpodr B [7]. OkasbiBaercst, 4T0 pasMepHOCTb TPH
B JIAHHOM CJIy4dae SABJIIETCS MCKJIIOUUTEJLHON CcHUTyalmei, MOCKOJIbKY TaKUX
MHOKECTB U3 IIEeCTH TOYEK He OJIHO, a IEeJIbIX IIeCcTh MTyK. [lepeuncimm ux.
Bo-mrepBhIX, cymmecTByeT 1Ba MHOXKECTBA C OTHOIIEHWEM JJINH, PaBHBIM
V2. TlepBoe — 9TO BepIIMHDLI IPABUILHOIO OKTadapa. Jpyroit mpuMep — 3T0
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Puc. 2.

pU3Ma, OCHOBAHUE KOTOPON — IPaBUJIbHBII TPEyroJbHUK, & OOKOBbIE PEOpa
paBHbI CTOPOHE 9TO TPeyroJbHUKa (puc. 2).

EcTb emg derbipe JT0OBOJIBHO JIFOOOTBITHBIX TPUMEPA, KOTOPBIE TOJIY Yal0TCs
U3 [PaBUJIBHOIO MKOCadjpa. B mpaBmiibHOM mKocasape 12 BepumH (puc. 3).
st KaXKJI0il BepIMHBI €CTh D COCEJHUX BepliuH (JaBaiite cYuTarh, 4YTO
paccTosiHue JI0 HUX PABHO 1), MPOTHUBONOJIOXKHAS U 5 COCETHUX C IPOTHUBO-
HOJIOXKHO}T (paccrosiaue J10 HUX paBHO 1/5/2). JlaBaiiTe n3 KaxK 101t mapbl Ipo-
THBOIOJIO’KHBIX BEPIIMH BhIOEpEM OJHy. 1Oraa MblI IOJIYyYnM 6 TOYEK, MEXKILY

AT

BN

Puc. 3.

S>BC

Puc. 4. Uerbipe mpumMepa MHOYKECTB C JBYMSI PACCTOSIHHSIMHE, ITOJIY IATOIIHMUCS
U3 IpaBHJIBHOIO HKOcasapa. 2KupHble JTHHAT 0003HAUAIOT PACCTOSIHUS, PAB-
mete 1, a Tonkne — \/5/2
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Puc. 5. Muo>xkectBa u3 7 TOYEK HA ILIOCKOCTH, MEXKJY KOTOPBIMH TOJBKO TPH
BHJI& PACCTOSHUH

KOTOpBIME paccrostaue 6o 1, 6o /5/2. Takum 06pa3omM, MbI MOYKEM I10-
JIVIATH 9eThIpe HOBblE KOHCTPYKINH, N300parkéHHbIe Ha, puc. 4.

WNurepecHo, 9To Jjid IJIOCKOCTH U IPOCTPAHCTBA TaKXKe PEIleHa 3ajada
0 MHOXKECTBaX C TPeMsl PacCTOSTHUSIMH. Ha IJIOCKOCTH OHO MOXKET COCTOSITh
MaKCUMYM U3 CEMHU TOYEK, U CyIIeCTBYeT JBe TaKue KOH(MDUTYPAIUI: BEPITUHBI
[PABUJIBHOTO CEMUYTOJILHUKA U BEPIIUHBI ITPABUIBLHOTO MECTUYTOJbHIKA U €TI0
nentp (puc. 5). IlosHOCTBIO BCe MHOXKECTBA € TPEMsl PACCTOSTHUSIMU Ha IIJI0C-
KOCTH, COCTOsiIUe U3 1T 1 6ostee Tovyek Kiaccudunuposas [Ilunoxapa [21]
(ux okazasoch 24 mrykn). On xke nokasas 20|, 4To B TpEXMEPHOM TPOCTPAH-
CTBE €JIMHCTBEHHOE MAKCHUMAJIbHOE MHOXKECTBO C TPEMS PACCTOSHUSAMHU — ITO
ukocasp (puc. 3).

[Ipumepbl MHOXKECTB C JIByMsI PACCTOSIHUSIMU B OOJIBIINX Pa3MEPHOCTSIX,
obcy»K1aloTcs B pasaese 3.

2. MAKCUMAJIbHOE MHOKECTBO C JIBYMA PACCTOAHUAMU HA
IIJIOCKOCTHU

[IpuBeném 3mech M0KA3aTEILCTBO TOTO, UTO MATH TOUYEK HA ILIOCKOCTH C
JIBYMsl PACCTOSHUSME, BCerja o0pa3yloT IpaBWIbHBLA IMATHYIOILHUK. llep-
BbIM 9T0 JoKazan Kemm [12], permast moxoxkyio 3agady Dpiéa u3 3ajad-
Huka American Mathematical Monthly. Sagaua dpaémra cocrosiia B cienyro-
ieM: CKOJIBKO TOYEK MOXKHO PacCIIOJIO?KUTDH Ha IIJIOCKOCTH UJIM B IIPOCTPAHCTBE
TaK, 4TOObI 060 TPEeyTrOAbLHUK ¢ BEPIIMHAMU B HAX ObLT PABHOOEIDEHHLIM.
MHOXKECTBO ¢ IBYyMsI PACCTOSHUSME, OUEBHJIHO, SABJISAETCA IIPUMEPOM TaKOI'O
MuOXkecTBa. OOpaTHoe HeBepHO. B 9acTHOCTH, OTBETOM Ha, BOIPOC DPAEIIA
ISl ITIOCKOCTH OynerT 6 — HpaBUIbHBIN IATUYTCOJBHUK U ero LeHTp. Kesiu
MOKA3aJI, 9TO 9Ta, KOHCTPYKIINA U3 IIECTH TOYEK OyJeT e MHCTBEHHOM. B Tpéx-
MEPHOM IPOCTPaHCTBe 3ajady dpxéuia pemusn Kpodt [7], nokaszas, uro B
9TOM CJIydae Touek He bosee 8. MHOKECTBO U3 8 TOUEK CYyIIECTBYET: IPABUIb-
HbIl IATUYTOJBbHUK B I'OPU30HTAJIBHON ILUIOCKOCTH, €ro LEHTDP W JBE JOYKH
HaJI ¥ IO, IIEHTPOM Ha PACCTOSHUM PABHBIM PAJNYCy OIMCAHHON OKPYKHOCTH
IATNYTOJIbHUKA. O,ZLHaKO J0Ka3aTb, 9YTO 9TO €JMHCTBEHHasd BOCBMUTOYCTHAaA
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KOH(MUIYypaIust yIaJoch JoKa3aTh JHIIb cpaBHUTeIbHO HegaHo (Kugo [13]).
ITozxke HO.U. Monwny ymajoch MOJIYYUTH peIleHre STON 3aJadu JJisi Ipo-
cTpaHcTB pasmepHoctu He Gosbineii 8 [11]. Bosee moapobro 06 3roii 3a1aue u
[IOXOKHX BOIIPOCAX MOXKHO IIPOYHUTAThH B €ro HeJlaBHell crarhbe [2].

Bepuémcs k narreit 3ajatie 0 MHOXKECTBE C JIBYMsI PACCTOTHUSIMA HA TLJIOCKO-
cru. OYeBUHO, YTO K BEPIIUHAM [TPABUJIBHOIO HSTUYTOJBHUKA HEJIB3sT OYIeT
J00aBUTH €Ié OJHY TOYKY, TaK YTOOBI YMCJIO PA3JIMIHBIX PACCTOSHUI HE yBe-
JINYNJIOCH. HOSTOMy, N3 ¢JUHCTBCHHOCTN 6y,£[eT cjaea0oBaThb, YTO MaKCUMaJIbHaAd
MOITHOCTH MHO2KeCTBa C ABYMA PACCTOAHUAMU Ha IIJIOCKOCTU paBHa ITATH.

WNrak mycTb JaHO MHOXKECTBO S M3 5 TOYEK Ha IJIOCKOCTH, TaKUX, YTO

MeXKJy HUMH TOJIbKO JBa paccrosiaus a u b (a < b). Bamerum, 910 cpenn
9THUX TOYEK HET TPEX, 00Pa3yIOIMuX MPABUIbHBIN TPEyroabHuK. JleficTBUTEIb-
HO, 1ycTh Tpu Touku A, B u C 006pa3yT NpaBUIbHBIN TPEYroJbHUK. 1orma
Ipo J00yI0 TOUKy X M3 JBYX OCTABIIUXCS TOYEK S, MOXKHO CKa3aTh, YTO
a) u3 Tpéx paccrosuuii 10 A, B u C' jBa 10/KHBI ObITH PABHBI, 09TOMY X
JIE?KUT Ha OJIHOM W3 CEePEJIMHHBIX IePIIEeH/INKYIsIpaxX K CTOPOHAM;
6) Bce Tpu paccrosiausi 10 A, B u C' He MOryT ObITh OJMHAKOBBIME (CJTyvai,
korjia X 1eHTp A ABC JIerko MCKIIIOYAeTCsl, TAK KaK MITYI0 TOUKY K ITOMY
Habopy /106aBUTH HEJIb3s1), IO9TOMY OJ[HO U3 HHUX JIOJZKHO ObITh paBHO |AB).
CuretoBaTe/IbHO 9Ta TOUKA JICXKUT Ha OKPYKHOCTH pajuyca |AB| ¢ neHTpoM B
OJTHO M3 BEPIINH TPEYTOJLHUKA.

Takum obpazoMm, KaHIUIaTAMU B HAIE MHOXKECTBO MOI'YT OBITH TOJIBKO 9
TOYEK, OTMEYCHHbIX Ha PUC. 6 ﬂeFKO 3aME€TUTb, 9YTO B MHO2KECTBE€ C ABYM:I
PACCTOSIHUSIMU TOYKH JIOJIXKHBI OBITH OJJHOTO THIA (T. €. OJIMHAKOBO OTMEYEHbI
Ha puc. 6). Ho, npoanasm3upoBaB Bce Tpu BO3MOXKHBIE B 9TOM CJIydae KOH-
CTPYKIIMN, Mbl BUJIUM, 9YTO OHU UMEIOT TPU PA3/IMIHBIX PDACCTOAHUA.
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3aMeTuM TakxKe, UTO JJIsd KaykJI0it Toukn X U3 MHOXKeCTBa S, CYIIECTBY-
eT POBHO JiBe TOYKH u3 S Ha pPACCTOSHUM ¢ U JIBE HA PACCTOSHUH b.
HeiicTBuTenbro, ecau Tpu Touku A, B u C' HAXOIATCS HA PACCTOSTHUM, CKa-
KeM, @ oT X, TO b0 MeXKTy KaKUMU-TO JBYMs U3 HUX PACCTOSIHUE G W OHU
00pa3yIoT MPaBUIbHBII TPEYTOJbHUK BMECTE C TOUYKON X, Tub0 MeXKy HUMU
BceMu paccrosinue b u A ABC' npaBUIbHBIA.

Pa3 Tak, To momywuaem, 9TO €CIM COEIMHUTL OTPE3KAaMU BEPITUHLI Ha Pac-
crosgHuu b, TO OHE 00PA3yIOT MATU3BEHHYIO JIOMAHYIO, [P 9TOM KazK10€ pedpo
9TOH JIoMaHOl siBJisieTcs juaMerpoM S. Ho jiobeie jBa jiuamMerpa MHOYXKECTBA
Ha TJIOCKOCTH JIOJIZKHBI JIMOO TepeceKaThest, b0 MMeTh OOIuil KoHerr (ecsn
JIBa JMaMeTpa He IePeCceKaroTcs, TO U3 KarXKJ0r0 MOKHO BBIOPATH 110 BEPIITUHE
TaK, 9TO PACCTOSIHUE MeXK/Iy BBIOpaHHBIMHU BepiHamu Oyier Gosbie). Ciiejo-
BaTeJIbHO, 3Ta JIOMAHAs yCTPOEHA 3Be3/10i, Kak nm300paxkeHno Ha puc. 7. Ocra-
JIOCh 3aMETHUTDL, YTO BCE CTOPOHBI 0OPA30BABHIETOCH IIATUYTOIBHUKA JIOJIZKHBI
OBITH paBHBI 6. OTCIOJA y2Ke JIErKO MOJIYINTh PABEHCTBO €0 YIVIOB, & 3HAYUT,
3TOT NATUYTOJbHUK ITPABUIbHBIIA.

Puc. 7.

3. MHOKECTBA C JIBYMS PACCTOAHUAMU B [TPOCTPAHCTBAX
PABMEPHOCTHU d < 8

B 1997 roxy ITérp Jluconek omy6auKoBaa UHTEPECHYIO crarbio [15], B Ko-
TOPOI OH € MOMOIIBIO KOMITBIOTEPA [TOKA3AJI eJIMHCTBEHHOCTD (€ TOYHOCTBIO JI0
10/1001s1) MAKCUMAJIBHBIX MHOKECTB C JIBYMsI DACCTOSIHUSIMU B PA3MEPHOCTSIX
4,5, 6 u 7 (caMu KOHCTPYKIUU ObLIM U3BECTHBI €IIE JI0 HEro), a B Pa3MepHO-
ct 8 OH ODHAPYKUJI MHOXKECTBO COCTOsiIee 13 45 TOYEK, T. €. MaKCUMAaJIbHO
BO3MOXKHOE coryiacHo rpanure Biokxayca (cm. Teopemy 1 B pasmerne 4).

Paccmorpum sty paboty Gosiee mogpobno. Ilepebepém Bce MakcuMa ibHBIE
MHOKECTBa, ¢ JiByMs1 paccrosiamsivi B RY, tie d < 8. MbI yike 3HAKOMBI C
TaKUMH MHOXKecTBamu ajist d = 2 u d = 3.

d =4. B stoM ciydae 9UuCI0 TOYEK B MHOXKECTBE C JIBYMSI PaCCTOTHHUSIMU
He mpeBocxoauT 10. VI eamHCTBEHHBIM MHOXKECTBOM u3 10 TOUEK SIBJISIETCsT
OIIMCAHHOE BBIIIE MHOXKECTBO S5, COCTOsIIEE U3 CepeJuH pEbep IpaBUIILHOIO
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Puc. 8.

cumiuiekca. Muarepecto, uro rpad pébep OoJibiieil JJIUHBI B 9TOI KOHMUTrypa-
mn obpasyer 3HamenuTslil rpad Ilerepcena (puc. 8).

d = 5. B 3710it pa3MepHOCTH MOXKHO IOJIYIUTH OOJIBbINE TOYEK, TIeM JTaéT HaM
MHOYKECTBO U3 cepeliuH pédbep cumiuiekca — 16 Bmectro 15. [liag sToro mamo
«IIOKPYTHUTb» Y€THIPE TOYKHU, UTO ITO3BOJIUT J00aBUTH eIié onny. OnuiieM 3Ty
KOHCTDYKIIMIO SIBHO (OHA YKe SIBJISIETCsI €JIMHCTBEHHONH MaKCUMAaJbHOM B MsITH-

MepHOM npoctpancTse). I[IycTsb eq, e, €3, e4 U €5 — 9T0 OPTOHOPMUPOBAHHBIIT
5

baszuc. Hamre mHOXKECTBO Oy/eT COCTOSTH M3 MATH TOYEK BUIA —€; + Zej
i=j
(1 <i<5),10Touek Buma e; +e; (1 <i < j < 5)u Havama koopAuHAT. JIerko

BUIETH, 9TO ME2K/y TOYKaMHM 3TOI'0O MHO2KECTBa PaCCTOsAHUE Jb0o ﬂ, Jmbo 2.
5

1
Kpome Toro, Bce onn sexar Ha cdepe pamyca /5 /2 ¢ neHTpoM B 5 Z e; .
i=1

d = 6. OkaspiBaeTcs, 9YTO B CEMUMEPHOM IIPOCTPAHCTBE CYIECTBYeT 28 Ipsi-
MBIX, TIPOXOJLAIINX depe3 HAYAJO KOODJIMHAT, TAKUX, YTO YIOoJ MEXKJy HUMU
o/MHAKOBBI u pasen arccos1/3. Kak mocrpours Takme npsimbie? Pacemor-
puM npsMble B RS, BhIXosIIIe N3 Hauasa KOOPIMHAT B HAIPAB/ICHUAX BJIOJIb
BEKTOPOB, YV KOTOPBIX /Be KOOPJAWHATHI PAaBHBI 3, a OCTaJIbHBIE IIECTh PABHBI

—1. Takux npsMbIx Cg = 28 U BCe OHM JIEXKAT Ha TUIEPIIJIOCKOCTU 3a/aBae-
8

MOH ypaBHEHUEM Z x; = 0. Bce BeKTODBI, TOPOXKIAIONINAE ITH IIPSIMbIE, UMEIOT
i=1
IUHHY /24, a CKaJIspHOE IPON3BEIEHNE STHX BEKTOPOB PABHO JIHG0 8, 160 —8.
BHauuT, yros Mexjy STHMH BeKTOpaMu Jmu6o arccos 1/3, smbo — arccos1/3.
Bribepem emuHUIHBIN BEKTOP € Ha OIHON U3 MPAMOil U 27 e TUHUIHBIX BEK-
TOPOB HA OCTABIIIUXCS MPSIMBIX, TAK YTO OHU 00pa3yIoT ¢ e Tymoit yroj. Jlerko
IIOHATH, YTO KOHIIBI 9TUX BEKTOPOB JIEXKAT Ha IIECTUMEPHON IJIOCKOCTH, TIEP-
HEHJIUKYJISIPHOM €, 1 PACCTOSIHUS MeXKJy HUMU PaBHbI in60 /4/3, mbo /8/3.
(M1 onsiTh 2Ke, BUJIHO, YTO BCE OHU JIEXKAT HA OJIHOI chepe.)
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d =7. B s7oit pazmepuoctu JInconek obHapyKujI, YTO MAKCUMAJIbHOE MHO-
2KeCTBO €JIMHCTBEHHO U COCTOUT OHO n3 29 Touek. Kak u B pa3MepHOCTH ISATh,
MOYKHO <IOJKPYTUTH» KOHCTPYKIIHIO, 0OPA30BaHHYIO cepemHaMu pébep mpa-
BUJILHOTO CHMILJIEKCA U JTOOABUTH €ITE OJTHY TOUKY.

Mgl omuiieM 5TO MHOYKECTBO C TOMOIIBIO OPTOHOPMUPOBAHHOTO Gaszmca
e1, e, . ..,eg nmpocrpancrea RS, CyMMa KOOPIAMHAT TOJTYIUBIIAXCST TOUEK OY-
T paBHA 2 W IOTOMY OHH OyJyT Jie2KaTh B CEMUMEPHON TMIIEPILJIOCKOCTH,
3a/IaBAEMOl ypaBHeHUeM T1 + ... + xg = 2.

7 TOYEK HAIIEr0 MHOXKECTBA 33[AI0TCS TaK:

7
1 1 .
—€i+2k516k—268 (1<i<T).

21 TouKa mMeeT BUJI;
ei+e (1<i<j<T),

a 29-g TOYKa — 9TO TOUKA
7
L e 36
2 Z kot
k=1

PaccrostHmsT MeXKIy TOUYKAMH OISTH K€ PaBHBI anubo /2, mmbo 2, HO B
OTJIMYHe OT IMPEIBLIYIINX CIyYaeB, HA 3TOT pa3 TOYKHU He OyJyT JieXKaTb Ha
omHoit cdepe.

d = 8. Kak u B npenpiayieM ciaydae, 333 UM 3TO MHOXKECTBO B KOOD/IU-
HATAX IIPOCTPAHCTBA OOJibIlell pasmepHocTu. IlycTh €1, €es,. .., 9 OPTOHOPMU-
posanueii 6azuc B RY?. CyMMa KOODJHHAT HOCTPOCHHBIX TOUYEK OIATH OYIET
paBHa 2, TO eCTb OHHU OYJIyT JIeXKaTh Ha TUIEPIIOCKOCTH, 3a/1aBaeMoil ypaBHe-
HUEM X1 + ...+ Tg = 2.

9 TOUEK 3aAI0TCs C MMOMOIIBIO TAKUX COOTHOIIEHUIA

9
1 .
_6i+3,§16k (1<i<9).

Ocrajbubie 36 00pa3yoT MHOXKECTBO Sg U UMEIOT BU/I
ei+e; (1<i<j<9).

Kak 1 paHblle pACCTOSHUS MEXKIy TOYKAMH OYIYT PABHBL 60 v/2, n-
60 2. DTOT MpUMEP ABIIETCI MAKCUMAJIbHBIM, IIOCKOJIBKY Ha HEM JOCTUTAETCS
rpanuiia Biiokxayca (teopema 1). Ho sBigercss jm ra KOHCTPYKIUS €J[MH-
creerroit? Kpome Toro, ormMeTum, 4TO MOJIYyJIUBINHECST TOYKU OyIyT JIEXKATH
Ha JIBYX KOHUEHTpHUecKux cdepax. MoxKer OBbITb, 9TO BEPHO U IJjis IAPYLUX
9KCTPEMAJbHBIX KOH(MUTYpAIHii B OOJIBIINX Pa3MEPHOCTSAX (9Ta rumoresa Obl-
Jla BbICKa3aHa HeCKoJIbKO JieT Hazaj A. A. ImaseipuabiM u O. P. Mycunbim)?
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Metoz nepebopa ocroBan Ha coorHomenun (1), 6aromapss KOTOpOMY MbI
MOXKEM CYUTATh, YTO 3HAEM OTHOIIECHWS MEXKJy paccrosHusMu. [locse dero
HAJIO PACCMATPUBATDL Pa3JIMYHbIE TPadbl U MPOBEPSATH, PEATUIYIOTCS JIM OHU B
IPOCTPAHCTBE COOTBETCTBYIOIIEH Pa3MEPHOCTH (/71T 9TOTO CYIECTBYIOT KJIac-
CUYECKUE METObI, OCHOBAHHBIE HA MOJIOKUTENBHON OIPEIEIEHHOCTH MATPUITLI
CKAJISIPHBIX TIPOU3BEJICHUIN ).

B crarwe Jluconeka Tak:ke MPUBOIATCS JAHHBIE O BPEMEHH, TIOTPAYCHHOM
HA& BBIYHCJIEHUST HA JOBOJHLHO MOITHOM Mo MepkaMm 1996 roja KommbioTepe
(DEC Alpha 2000 4/275 ¢ 256 MB RAM wu cynepkommnbiorep IBM /SP2 ¢ 40
yaimamu RS6000 mo 256 MB RAM B kaxoit). Tak nHa coyuait d = 4 yuuio
Bcero 0.2 cekyHjbl, Ha d = 5 — 7 cekyHs, HAa d = 6 — 12 MunyT, a HA d = 7
rnmoHamo6mmoch axk 40 mHei.

4. BEPXHME OILIEHKU HA MOIIHOCTBH MHOYKECTBA C JIBYMSI
PACCTOSHUSMU B RY

TEOPEMA 1. ITyemv S — amo mnodsicecmeo ¢ deyma pacemosnusamu 6 Re.
Tozda koauuecmso mouer 6 S ne npesocrodum (d + 1)(d + 2)/2 (wmo pasro

Ciya)-

[NepBonatansno ornenka (d+ 1)(d + 4)/2 6p1a nonyuena Jlapmarnom, Pox-
xkepcom u 3eiigenem B [14]. ITorom Biokxayc [6] cirerka gomosHmi 9To J10-
KA3aTe/bCTBO M HOJIYYIMI OLEHKY u3 TeopeMbl 1. Mbl ceiiuac npuseaém sru
JIOBOJIBHO IIPOCTBIE PACCY XK ICHHSI.

JIOKA3ATEJIbCTBO TEOPEMBI 1. Jljist KaxK10it Touku p € S 3aBeIEM MHO-
rodYjieH OT d TIEPEMEHHBIX:

Fy(z) = (|l = pl* = ) (||l — pl* = *), (2)
rjae a u b — 3To Te caMble JiBa PACCTOSHUS.

Jlerko BUIETH, YTO 3TH MHOIOYJIEHBI JMHEIHO HE3aBUCHMBI, HOCKOJIBLKY,
HOJICTAB/IAA B KA4eCTBE EPEeMEHHO o TOUKY P, MbI IIOJIyYUM, YTO BCE MHOTO-
aensl Fy, p' € S, p' # p, obuynsiiores, a sHadenne Fj, B 9T0if TOUKe paBHO
a’b?. BaMeTuM TaKKe, UTO OHU sIBJISCTCS JIMHCHHBIMU KOMOUHAIUSIMU CJICITY-
omuX QyHKIAI:

lll*, llel?ei, @iy, @, 1. (3)
Ho pasmepHOCTb JIMHEHHOIO MPOCTPAHCTBA, 3aaBAeMOr0 3TUMH (DYHKIMSIMU,
paBHa 1 +d+d(d+1)/2+d+1=(d+1)(d+4)/2.

D10 paccyxaenue 66110 puBeieHo B pabore [14]. Teneps npuseaém yTou-
HeHue, npuayManaoe Biokxaycom B [6).

ITokaxxeM, aro HaGop byukuuit { ), z;, 1} Tak:ke siB/IsieTCs JIMHEHHO He3a-

sucumbiM. Otciona Oyier cienosarh onenka (d + 1)(d +4)/2 —d — 1 =
=(d+1)(d+2)/2=C3,,.
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Nrak, mycto

d
Z epbp(x) + Z cixi+c=0. (4)
i=1

peES

Bamernm, 9TO MOCKOJIBKY MHOTOYIEH — TOXKJECTBEHHBIH Hy/b, K03 du-
4 —
[IUEHT NIPH ||z||* 10/KeH PaBHATHCS HYIIO, HOITOMY g cp = 0.
peES
IToscraBisist p B 9T COOTHOIIEHHUS, TIOJIYIaeM

d
a2b26p + Z cpi +c=0, (5)
i=1

e p; — 9TO i-as KOOPAMHATA TOYKH p. YMHOXkKasi cooTHOmeHne (5) Ha ¢, u
CYMMHUDYSI IO BceM p € S, MoydaeM

d
‘1252201204‘2%2%2%4‘02%:0 (6)

pES i=1 peS pES

3aMeTuM, 9TO MOCTEHUE JBA JICHA C JIEBOM CTOPOHBI OOHYJISIIOTCS, TTO9TOMY
E 072J = 0. Orkyna Bce ¢, = 0, a 3HAUUT U BCE ¢; U ¢ PABHBI HYJIO, YTO U

peS
3aBeplIacT J0Ka3aTeJIbCTBO.

J1j1st MHOKECTB C § PACCTOSHUSMU 3TO OIeHKa ObLia 0000ImeHa B paboTax
[3,5]. Pasusas sTor meTos, 6b110 Mokazamo, uro |S| < CF, , -

B ciy4ae cdepuuecknx MHOXKECTB C J[BYMs PACCTOSHUSIMHU OIIEHKY MOYKHO
YMEHBIIUTD eIé Ha 1, IJIs 9TOro JOCTATOYHO MOKA3aTh, YTO HAOOP IIOCTPOEH-
HBIX MHOTOJICHOB eI§ JIMHEHHO He3aBhucuM oT MHorowtena ||z||? — 1.

TEOPEMA 2. Ilycmo S — 9mo mHootcecmso ¢ 08YyMma paccmoarUuAMU, Pac-
nonazarouieecs na chepe 6 R, Tozda xoauvecmeo mover 6 S e npesocxodum

d(d +3)/2.

JIOKABATEJILCTBO. Be3 orpanuuenusi oOIHOCTH MOYXKHO CUYHTATh, UTO
TOYKN MHOXKecTBa S JiexkaT Ha equnudHoii cdepe. Kak u B jgokazarencrse
TeopeMbl 1 pacCMOTPUM MHOTOWIeHBI 3aj1aBaemble B (2). [Tokaxkem, uro dbyHK-
nmn w3 nabopa {Fp, z;, 1, ||z]|? — 1} muneiino nesasucumbt.

[Iycts sT0 He Tak. Torma

d
> opFp(r) + Y cimi+ e+ d(a)* — 1) =0. (7)

pES i=1
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OnaTh e, MOCKOTLKY Koadbdumment npu ||z||* pasen 0, mueem Z cp = 0.
peES
IockombKy ||p||?—1 = 0, Kax u pamblue, IOACTABIISASA B 9TO COOTHOIICHHE T = P,
p € S, MBI IOJIyIUM COOTHOIIEHUS (5).
Komner jokazaTeibcTBa JOCIOBHO COBIAIAET C TOKA3ATETHLCTBOM MIPEIbILY-
meif TeopeMbl. MBI 1OJTydaeM, 9TO BCE Cp, BCE ¢; U ¢ PABHBI HyJIIO. A 3HAYNT,
uc =0.

Ha camom mene, Teopema 2 6bL1a J0Ka3aHa pPaHbIIE TEOPEMBI 1 W Cpas3y
JIJIsT MHOYKECTB C HECKOJBKUMM PacCTOSTHUSIME. 1IpuBenéM 31ech 3TO HOKasa-
TEJbCTBO.

TEOPEMA 3 (IENBLCAPT, I'VTAJIC 1 3ENAEND, [8]). [Tyembv & — amo
c&epu%ec%oe MHOHNCECTBO C S PACCTMOAHUAMU 6 Rd, Tozda xoauvwecmeo mo-

yex 6 S ne npesocrodum Cfltsl_l + C’j;sl_Q.

JIOKA3ATEJIbCTBO. OusTh e, MOYKHO CIUTATH, YTO BCE TOUYKU PACIIO/IA-
ralorcst Ha enuHUIHON cdepe. U Toria paccTOSHUIO MEXKTy JAByMsi TOYKAMHI
COOTBETCTBYET 3HAYEHUE CKAJAPHOI'O INPOU3BEJEHUS UX BEeKTOPOB. [losTomy
MOXKHO CUUTATB, YTO y HAC 33JaHO CEMENHCTBO €IMHUYHBIX BEKTOPOB, CKaJAp-
HbIE TPOU3BEIEHUS KOTOPBIX IPUHUMAIOT OJIHO U3 § 3Ha4YeHuit a;, ¢+ = 1,...,s.

Kaxoit Touke p € S comocraBuM MHOTOYJIEH CTEIIEHH S CJIEIYIONUM 00-
pa3oMm

S
Fy(z) = []((z, p) — as). (8)

i=1

Bamernm, 4T0 F) () paBeH Hy/II0 BO BCEX TOUYKAX MHOXKECTBa S, KPOME P, B
KOTOPOIl OH PaBEH NMPOU3BEJICHUIO @; (YMHOXKEHHOMY Ha —1, €C/i § HEYETHO).
TTokazkeM, ITO 3T MHOTOUJIEHBI JITHEHHO HE3ABUCUMBI, IIPUIEM ITOPOXKIAEMOE
UMHI JIMHEHHOE MOJIIPOCTPAHCTBO MIEPECEKAECTCS ¢ MPOCTPAHCTBOM MHOIOYJIE-
nos Buga (||z]|> — 1)P(z), tme P(x) MHOrOHIeHbI cTenenn He 6obIIe s — 2,
TOJIBKO 110 0 (9T0 MOXKHO MHTEPIPETUPOBATH TaK, KakK Oy/ITO Mbl pACCMaTPUBa~
eM MHOTIOYJICHBI, OIIPE/IeJIEHHBIE TOJIBKO Ha cdepe). A MOCKOJIbKY Pa3MEPHOCTh
POCTPAHCTEA MHOTOUJICHOB CTeneHn He Goubie s pasua C, | a pasMEpHOCTD
nofmpocTpancTsa Morousnenos sua (||z|2 — 1) P(x) pasna pasmeprocTH 110/1-
POCTPAHCTEA, MHOIOMJIEHOB CTeneH: He Goubineil s — 2, 1o ectb Cq, o, 10-
JydaeM, ITO Pa3MepHOCTh JIMHeHol 0booukn F)(x) ne Gosblie, em

d d _ d d d _
Cits — Chys—2=Clys1+Cais1 — Cips2=
_ d d d—1 d _ d d—1
=Cys1+Chys o+ Coy 5 —Clis 0=Cgis 1 +C5 5. (9)

n _ /m n—1
31ech MBI HOJIb3yeMcsl U3BecTHBIM cootHomenuem C = ClL 1 4+ C— .
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Nrak, mycto

> abp@) + (2] = 1)Px) = 0 (10)

pES

Il HEKOTOPOrO HeHyJsieBoro Habopa ¢, u muorowiena P(x). Torna, nogcras-
agg p € S B Ka4ecTBe T, Mbl OOHY/JIUM BCE CJIaraeéMble B JIEBOH YaCTH 3TOTO
paseHcTBa KpoMe ¢, Fy,(p). Tlockonbky Fp(p) He paBHO HyIIO, IOIydaeM, ITO
¢p = 0. TTockobKY 9TO BEPHO Jylst BCEX P, HOJIy9aeM HPOTHBOPEYHe, 4TO U
JIOKa3BIBAET TEOPEMY.

5. HEJABHUE PE3VJIBTATHI 10 COEPUYECKNM MHOYKECTBAM C
ABYM#A PACCTOAHNAMU

O/ imH U3 aBTOPOB ITOHM CTATHU YCUIU BEPXHIOI OINEHKY JJIsT caIydas cde-
pUYeCKNX MHOYKECTB C JIByMSI PACCTOSHUSAMU, KOTJIa, CYMMa STUX PACCTOSHUN
He IIPEBOCXOJIUT T7.

TEOPEMA 4 (O. P. MycuH [18]). IIyemv S — amo mrosicecmaso ¢ 06yma
PACCMOANUAMU, PACTIOAGRaI0UeecA Ha edunuunot cdepe 6 RY npuvém cymma
amuz (yeaoswr) paccmosnut ne npesocrodum . Tozda Koaurmecmeo mouex
6 S ne npesoczodum d(d+1)/2 (mo ecmv C3, ;).

JIOKABATEJIBCTBO. Bylem cuurarh, 9TO CKaJsipHbIE MPOU3BEIEHUS, CO-
OTBETCTBYIOIIUE YKa3aHHBIM PAaCCTOAHUAM, PaBHBI a4 1 b TOI‘IL& yciioBue, 9TO
CyMMa 9THUX PACCTOSHUI He MPEBOCXOIUT T, SKBUBAJEHTHO TOMY, 4TO a+b > 0.

Kak u B peapIyiiux JoKa3aTeIbCTBaX, KaXK 10l ToUke p € S cOMOCTaBUM
MHOTOYJIEH

Fp(z) = ((,p) — a)((x,p) — b). (11)

Kak MBI 3HaEM, 3TH MHOTOYJIEHBI JIMHEHHO HE3aBUCUMBI U UMEIOT CTEIEHb 2.
[TokazkeM, 9TO KPOME 3TOr0 OHH JIMHEHHO HE3ABUCHMBI C OJHOPOIHBIMHE JTTHEH-
HeIME yHKIHsAME 1 MHOTOUTeHOM ||z[|? — 1.

IIycTp
> Fy() + (v,2) + effle]* 1) =0, (12)
peES
rje 6e3 orpaHmYeHHs OOIHOCTH MOXKHO cuauTarh, 4To |[v|| = 1. Torma, nox-
CTaBJIsIsl B KAYECTBE T TOUKU P € S, MOJIYIUM CJIEIYIONINe COOTHOIIEHI:
—\up
Zchp(p) + (v,p) =0, 10 ecrb ¢y = m . (13)

peES
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Teneps nojcrasum B coornomtenne (11) B KauecTBe & TOYKK v U —0:

3 %Fp(v) +1=0; (14)
peES
—<U,p> _
% me(—v) —1=0. (15)
p

Berauras (15) 3 (14), moayaaem

0= TSt (Fyfo) — Fy(—v) +2 =

vy 1—a)(1-0)
_ —(vp) 5 _ 2(a +b)(v,p)*
— (17@(147)( 2a — 2b)(v,p) +2 =) G wiy T2 (16)
peES peES
2
9ero He MOYXKET ObITb, ITOCKOJIbKY a + b > 0 u, 3HaquT, % BEJININHA
(-
HeoTpHullaTe/JIbHAaA.

Teopema 2 1aéT BepXHIOIO OIEHKY HA MOITHOCTH MHOYKECTBA C JIBYMsI pac-
crostamsiMu Ha cdepe B R?, paBHyio d(d + 3)/2. Mbl yxke BUmenn, 9T0 9Ta
orenka jocturaercs npu d = 6. [logobmo ciay4uaio d = 6 crpouTcsa mpumep
st d = 22 [8]. Ipyrux npumepos, Korga gocruraercs onenka d(d + 3)/2, ue
U3BECTHO.

C Jpyroif CTOpPOHBI, ¥ HAC €CTh YHUBEPCAILHBIH TpuMep chepudecKoro
MHO2KECTBA C JBYMs PACCTOAHUAMU Sy — CepeJInHbl pédep cumiiekca. B sTom
cilydae KOJMIeCTBO To4uek pasno d(d + 1)/2.

B pabore [18] paccmarpuBasiach 3aj1a4a 0 MAKCUMAJIbHBIX MHOXKECTBaX S
¢ nByMs paccrosguusMmu Ha cdepe. [lo Teopeme 4, ecin cymma paccTosHuii ne
IPEBOCXOJUT T, TO KOJMIECTBO ToYek B S He npesocxoaut d(d + 1)/2. Takum
0bpa3oM, ocTaéTcs paccMOTpeTh ciaydait a + b < 0.

N3 Teopembr Jlapmana — Pomxkepca — 3eitmens caemyer, aro b =
=(ka—1)/(k—1), tme k =2,...,[(1++2d)/2]. Janee B [18] npumensiercs
mero lenbcapra (M., HanpuMep, [1]) jIst OIeHKH MOIIHOCTH MHOYKECTBA TO-
YeK C TAKUMU PACCTOSIHUSIMHU. DTOT MeTo st 6 < d < 22 u 23 < d < 40 maér
orenky Menbinyo dem d(d + 1)/2. CraenoBaresbHo, B 9TUX Pa3MEPHOCTSIX Y
MaKCUMAaJIbHOI'O MHOXKeCTBa @+ b 2> 0 1 MHOXKeCTBO cepeJinH PEOEp CHUMILIEKC A
ABJIdEeTCA MaKCUMaJIbHBIM.

Henasuo B pabore [4] sror pesynabrar Obui pacmmpern Ha d = 23 u
40 < d < 93 (d # 46,78).

BamernM, uto 6, 22, 46, 78 saBisrorcs ducaamu Buga (2m + 1)2 — 3, T1e
m =1,2,3,4. DT0 HPUBOIUT K CJIEAYIONIEH IUIIOTE3€:

Mowrocmsd MaKcuManvHo20 chepuiecko2o MHOHCECTEG ¢ J8YMA PACCMO-
anuamu 6 RY 2de d > 6 u d # 4m? +4m — 2, m € N, paena d(d + 1)/2.
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OngaTb 0 MHOTOYTOJIbHUKAX Peitaxapara

C. B. T’'amkos

B [9] Peitaxapr 1okasas u301uaMeTpuIeckoe HEPABEHCTBO JIIsl [IePUMeT-
pa m-yrosibHuKa jganHoro juamerpa d. B [1] aBropom mHacrostmeir 3amerkn
OBLIO TIpUBEAEHO DOoJIee MPOCTOE JA0Ka3aTeabCTBO. llomyTHO OBLIO JOKA3AHO
AHAJIOTUYHOE HEPABEHCTBO iUl MMpHHBIY . A MMeHHO, J10Ka3aHa CJIe Ty FOITIasT
TeopeMa.

Ecau p nepumemp, b wupura u d duamemp uinyKA020 N-Y20AbHUKG, MO
T . ™

CNPABedAUBD, HEPABEHCTNEA 2nbtg2— <p < 2ndsm2—. Kaorcdoe us nepa-
n n

sencme mownoe, ecau n # 28, k € N. Jocmuzaromes owu, 6 wacmmocmu, Ha
NPLEUABHBLET T-Y20ALHUKAL NPU HEYETNHOM T, U HG NOAYNPAGUABHOLL Th-Y200b-

HUKAT Npu YeEMHOM 1, OMAUYHDIT 0 CIMENEHU (9607:”‘%(,2).

BOHpOC 00 QKCTPEMAJIbHbBIX ’I’L—yFOJII)HI/IKaXS) OKa3aJICd HEeITPOCTbhIM. On 65LT

SBHO cOPMYJIMPOBAH ABTOPOM B TEKCTE, TIOMEIIEHHOM BCJIe]| 3a cTaTbeil (1o
Ha3BaHUEM <«33J[a4u JIJIsl UCCIIe/JOBaHUsT» ). B HEM yTBEpPXKIaI0Ch, B YaCTHOCTH,
9TO JIjIsl IIPOCTOrO P €JIMHCTBEHHBIM 3KCTPEMaJIbHBIM p-yTOJIBHUKOM SIBJISI€TCS
PaBWILHBIN, €TMHCTBEHHBIM JKCTPEMAJIBHBIM 2p-YTOJBHUKOM SIBJISETCS TIO0-
JIyNIPaBUJIbHBIN, CPEJIU JIEBATUYTOJIBHIKOB MMEETCS B TOYHOCTU JIBA IKCTpe-
MAaJIbHBIX (OJIMH TPABUJILHBIHN, APYTOH MOJIYIPABUIbHBIN), & JIJIsi BCEX OCTaJlb-
HBIX N # ok CYIIECTBYIOT 3KCTPEMAaJIbHbIE TN-YTOJBHUKN, HE ABJAIOINNECH HA
[PAaBUJIbHBIMY, HU MOJIYIPABUILHBIME. TaM 2Ke ObLIO NPUBEJEHO CJIEIYIONIee
HepaBeHCTBO PeftHxap/ra Ijis IJIOMAIN N-yTOJIbHIKA,

s < 2 cos Itgld2,
2 n 2n
B KOTOPOM DPaBE€HCTBO HOCTHUTaETCdA TOJIBKO IJjid IIPpaBUJIbHBIX HEYETHOYI'OJIb-
HUKOB.
[IpumepHO B TO 2K€ BpeMsi ObLIN HOJIyY€Hbl BEPXHIE U HUKHIE OIEHKU JIJIsS

qucCJia pa3JIMIHbIX 9KCTPEMAJIbHBIX 1-YT'OJIbHUKOB, HO OHy6JII/IKOBaTI: UX B 2KYyD-
naje «KsanT» ne IpeaoCTaB/IAJIOCE BOSMOXKHBIM, a HY6JII/IK8,U,I/H/I B HayYIHbIX

Y CoorBercrByomue onpeienenns MoxkHO Haiitn B [1-3].

lonynpaBuabHEIME B [1] HasBaHb paBHOCTOPOHHHE N-YTOJBHUKH, BIUCAHHBIE B IIpa-
BUJIbHBIE k-yrosibHuKU Peso, rioe k — menurenb n, HO paKTUYECKU TaM JIaHO 0oJjiee siBHOE
OIIpE/IeTICHIE.

3),Hnﬂ KOTOPBIX 0OpalllaeTcsi B paBEHCTBO JIFOOOE U3 JIBYX HEPABEHCTB, TaK KaK OHU oOpa-
IIJAIOTCS] B PABEHCTBO OJIHOBPEMEHHO.

MaTemaTuueckoe npocsetyerue, cep. 3, Bbin. 17, 2013(152-161)
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KypHaJIax IPEenATCTBOBAJIO OTCYTCTBIAE YBEPEHHOCTH B HOBU3HE PE3YJIbTATOB,
™

B YaCTHOCTH MU30/IMAMETPUYECKOI0 HEPABEHCTBA I NIUPUHBI 2nb th— <p
n

(B [1] oHO BMecTe ¢ HepaBEHCTBOM JyIsi IIepUMETpa ObLIO HA3BAHO HEPABEH-
crBoM Peiinxap/ra).

ITocne BosoOHOBIIEHNUSsT exKeroaunKa «MaremaTndaeckoe IpOCBEIEeHne» II0-
SIBIIIACH BO3MOXKHOCTD IIYOIMKAIME B HEM, 4TO U ObLIO ocylecTsicHo?) B [2].
Tam GbLIO KPATKO MOBTOPEHO JIOKa3aTesbeTBO u3 [1] (mo He BhosiHe moHsT-
HOII cefigac caMoMy aBTopy npuduHe B [2| He ObLI0 cebuiku Ha [1]), JToKazaHbI
YTBEDXKJI€HUs, OCTaB/IeHHbe B [1| 6e3 mokasarenbcTBa, a TAKKe HEKOTOPhIE
HOBbIE YTBEPIKJIEHUsI. DKCTPEMAJIBHbIE N-YTOJBHUKA B [2] 6L HA3BAHBI MHO-
royrosibHEKaMu PefiHxapra, nM OblIM COLOCTABIICHBI JIBYXI[BETHBIE OZKEPEJIbsT
" IMIOAMHO2KECTBa MOIITHOCTU T B I'PYIIIIE KOMIIJIEKCHBIX KOpHeI'7I CTeIleHu 2n u3
eJIMHUIIBI, He COJIePIKaIllie IPOTUBOIIOIOKHBIX KOPHE(i, 1 ¢ IOMOIIBIO STUX 1€~
MEHTAPHBIX COOOPAYKEHUH MOJIyYeHbl BePXHUE U HIKHUE OIEHKHU JJIsl YhCIa
N-yrOIBHUKOB Pefxap/ra ¢ TOTHOCTHIO 10 BPAMEHHit”) . A HMEHHO, 11 HEero
IIOJIy1YeHbl OIICHKU

L guimip(m) — u(m)) < R(n) < = 37 2/mg(m)

2tm|n 2tm|n

rae p(n) — dynkmua Mébuyca, ¢(n) — byakiusa Diiepa; HUKHsISA OIEH-
K& — 9TO0 B TOUHOCTHU YHCJIO «IICPHOLHICCKIX> N-yroipaukosd) . s n = 2kp¥,
k,l € N, rie p > 2 — npocroe 4uciio, B [2| 6bIIO JOKA3aHO € TIOMOIILIO KPYyTO-
BBIX MHOTOYJIEHOB, UTO BCE M-yTOJbLHUKN PeifHxap/ra nepuoauaecKue, OTKy/Ia
ciresryer popmysia

1

R(n) = o ; 2"/ (ip(m) — p(m)) =

= 2i(2"/pp F 2P p(p — 1) + ... + 2P P (p — 1)) ~ 27/Pp/2n.
n

Henasao aBrop ciiydaiiHO yBujesl B MHTEepHeTe crarbio [7], rue, B 4dact-
HOCTH, OBLIM HaWIEeHBl (DOPMYJIbI JJId UUCIA HEPUOJUICCKUX N-YTOJbHUKOB

locne TOr0, KaK aBTOP HAIIEJI CBOM CTapble 3anucu u caesast nu3 uux TEX-daitn, a Takxke
mepeBoJl Ha HeMmelKuit u mocian B «Elemente der Mathematiks, u mosyunn orryma orkas
I10/1, TIPEJIJIOTOM, UTO TOJAOOHOIO CTUJISI CTATHY KyDPHAJ HE IPUHUMAET.

5>HOJ’[B3y§ICb BO3MOXKHOCTBIO, 3aMETHM 3/1eChb, 9TO B [2] B 1Byx dopmysax nocpeaun c. 98
€CTh OIIEYATKU — B OJHON B MOCJIEAHEM DABEHCTBE MPOIYIIEH MHOXKATEIb M /2n, a ApYyroi
MEeXKIy JBYMsI CYMMaMW BCTaBJIEH HEHYKHbII 3HAK PaBEHCTBA.

6T, ¢. Tex, KOTOPBIM COOTBETCTBYIOT IEPUOMMUECKHE OKEPEIbs; B UACTHOCTH, IOJYIPa-
BUJIbHBIE MHOTOYTOJIbHUKHU SIBJISTFOTCSI TIEPUOTUIECKUMU.
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PeI‘/’IHxap;LTa7) C TOYHOCTBIO J0 BPAINEHUN U OCEBBIX CI/IMMeTpMI‘/’IS), HOBTOPEH
pesyabrar u3 [2] o Tom, uro npu n = 2'pF k.1 € N ne GuBaer nenepuojuye-
CKHUX M-yTOJIBHUKOB PeiiHxapra, ¢ IOMOMIBI0 KOMIIBIOTEPHOI'O IIOMCKA Halime-
HBI JIJIsl HEKOTOPBIX N Herepuojandeckue (Ha3BaHHbIE B 7] cliopaJudecKiMu)
N-yTOJBHUKE, ¥ OBbLIO BBIABUHYTO MPEIIIOJOKEHUE O TOM, YTO [P N = Pq, TIE
P > ¢ — TPOCTBIE, CIIOPAJMIECKIX N-YTOJIBHUKOB He cyriecTByer. U3 [7| aBrop
y3HAJI TakzKe, 9TO B [4| JoKa3aHO HEPABEHCTBO JIJIs MUPUHBI 2nb tg % < p Ges

cchlIoK Ha [1], Tae 910 GbUIO CIeJIaHO HAMHOTO paHee (M BEPOSTHO, HPOIIE).
BHauuT, 10-BUMMOMY, STOT pe3ysbTar [1| sBJisics HOBBIM.

B [6], napsimy ¢ apyrumu pesysibratamu, Oblaa JOKa3aHa

TEOPEMA 1. Henepuoduueckur n-yeorvnurxos Petinxapdma npu n, pas-
HOM NPOUIBEIEHUIO DBYT PASAUNHBLT NPOCTBIT, He CYULLCTNEYEm.

Huzxe MBI mpuBemeMm 6oJiee IpoCToe M0Ka3aTeabcTBO 3Toro daxra. Iloma-
raeM, 4TO U OCTaJbHbIe Pe3ysbTaThl [6] MOryT OBITH JOKa3aHbI H0JIee IPOCTO C
HCTIOJIL30BAHNEM YKA3aHHOTO HUKE MOJIXOJIA.

Hokazarenbcrso [6] ocHoBano Ha Teopeme Peituxapira [9] o ToM, 4T0 9KC-
TPEMAJILHBIM N-YTOJbHAKAM MOYKHO OJJHO3HAYHO COIIOCTABUTH MHO20UAEHDL
Petinzapoma f(x) maxue, wmo f(0) = 1, degf < n, @9, | f, 2de Pg, —
Kkpy206ot nosunom?) nopadka 2n, a xoadduruenmao f(x) pasnw 0,£1, npu-
YEM YUCAO HEHYAEBDIT KOIPPHUUUEHMOE HewemHo. Y TBEPKIEHNE TEOPEMBbI, T. €.
OTCYTCTBHE CHOPAJNUECKUX N-YTOJBHUKOB, OYEBUIHO CJIEJYET U3 CJIeyoned
seMmsbl [6]:

JIEMMA 1. Ecau n = pq, 2de p > q > 2 — npocmoie, M0 MHO20UAEH
Petinzapoma f(x) deaumca uau na ®,(—z7) uiu na q(—2aP).

[eiicrurensho, Tak kak ®p,(—z?) = g®P=e — =20 4 4 29 71, yka-
3aHHAsI JIEJIMMOCTD O3HAYAET AHTUIIEPUOIUTHOCTD TIOCIEI0BATEIBHOCTH KO-
dburmentoB Muorowiena f(x), T.e. BBIIOJHEHHS PABEHCTB f; = — fiip, L€
0<i<q(p—1), a3HAaunT U G-IEPUOANIHOCTD COOTBETCTBYIOIIETO 7-yTOJIbHI-
kal®) (310 He OUEBNIHO, TAK KAK 3/€Ch MbI HE IIPHBOUM [PABIIA IOCTPOCHISI
MHOTOUYIeHOB PeffHxapira, 0JlHAKO HECJIOXKHO JI0Ka3biBaercs B (6, 7], Kyaa Mbl
U OTCBLIAEM YUTATEJIsA).

7>TepMI/IH n-yroJbHUKY PeffHxap/Ta, KaXKeTcsl, He UCIOJIb30BAJICS B [7] U HOSIBUIICS TOJIBKO
B [6].

8>Hoquy—To MHe He IPUIIJIO B I'OJIOBY PaCCMOTPETH TAaKyIO 331ady.

9>Onpezgene}me KPYTOBBIX ITOJIMHOMOB, WJIN IIOJIMHOMOB JI€JIEHUSI KPYyTa, MOXKHO HAfTH B
JTII060M yUueOHUKE BBICIIEH ajareOphl.

10)MHOFOyI‘OJ’IbHI/IK Ha3bIBAETCS {-IIEPUOAMIECKIM, €CJIU €ro IPYIINa BPAIeHUuil uMeeT Io-
PAIOK T.
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st jokasaTebCeTBa 3TOMH JIeMMBI B [6] ncnonbsyercs ciretyiomas Jemma,
dbaxruaeckn coneprxarmasics B [5,8, 10]1).

JIEMMA 2. Ecau g(x) — npoussosvhuili MHO20MAEH CMENEHU, MeHbUeT
n = pq, ¢ yeavimu xoagpunuenmamu, deasuwuiica na Pn, mo

g(x) = a(x)Ppy(27)+b(x)Py(2?), a(x),b(x) € Z]z], dega(z) < g, degb(x) < p.

Tak Kak IpU HEYETHOM 1, KaK U3BECTHO u3 aarebpsul, Pop,(x) = &, (—x), TO
U3 9TOM JieMMBI (P HOJICTAHOBKE T = —Y) cyeayet, 1ro ecan Pop, | g(x), TO
g9(x) = a(x)Pp(—27) + b(x)Py(—aP), dega(z) < g, degb(x) < p.

B [1] skcrpemasbHbIM n-yroabHuKaM PeffHxapra ApyruM crocoboM oJHo-
3HAYHO COIOCTaBJIEHBI MHOTOUWIEHB! ¢(x), degg < m, y KOTOPbIX 6ce Koappu-
yuenmor pasno, +1, Takue, aro Py, meauT g, TpUUIEM, ecan Ko3(OOUIHEHTHI
gi MHOTOYJIEHA YJIOBJIETBOPSIIOT YCJIOBUIO AHTHIIEPUOJANIHOCTH §; = —(it¢, L€
n/t HEYETHO, TO COOTBETCTBYIOIINIT N-yroibHUK Peitaxapra Oymxer n/t-nepu-
OJTITIECKIIM.

DT0 MO3BOJIIET YIPOCTUTH PACCyK/IeHus [6] 1 BbIBECTH OTCYTCTBUE CIIOpPa-
JIMYECKUX N-YTOJIBHUKOB IIPDH N = pg, e p > ¢ > 2 — IPOCTHIe, U3 CJIEYIONIeit
JIEMMBI.

JIEMMA 3. Ecau cymma 08yr nociedosamesbnocmet, 00Ha u3 Komopolr
AHMUNEPUOIUNHA C MEPUOIOM D, G OPY2as AHMUNEPUOIUNHA C MEPUOIOM ¢,
(p,q) = 1, ecmv nocaedosamenvrocmo, UaeHaMU KOMOPOT AGAAIOMCA MONLKO
066G, PA3AUNHBLT HUCAQ G, b, MO IMa N0CAeJOBAMENLHOCTS MOIHCE AHMUNEPUO-
durna Aub0 ¢ nepuodom p, aubo ¢ nepuodom q.

HeiicrBuresbHo, nycrs g(z), degg < m, mHOrowien ¢ koadduiuenTamu
+1, Takoit, aro ®g, | g, COOTBETCTBYIONHIT TPOU3BOJILHOMY N-yrOJbHUKY Peii-
HXapATa, N = pq, p > q > 2 — upoctsie. Coryacuo jemme 2 umeeM g(x) =
= a(z)Pp(—2?) + b(x)Py(—2P), a(z),b(z) € Z[z], dega(z) < g, degb(x) < p.
Tak Kax mociefoBaTeabHOCTH K03bduImeHToB MHOrOWIeHOB a(x)P)(—x9),
b(z)®y(—2P) anTHIEPHOAUYHBI C IEPHOJAME ¢, D COOTBETCTBEHHO (I 0OpaTHO,
JI000# MHOTOMJIEH CTENEHN pg — 1 ¢ aHTUNEPUOAMIHOl ¢ IEPUOIOM ¢ TIOCJIEIO-
BaTeIbHOCTBIO KO3 dunuentos npeacrasuM B Buje a(z)P,(—z?), dega(z) <
< @), a MOCJIeIOBATEILHOCTD KOI(DMDUIMEHTOB MHOTOUIEHA §(X) COCTOUT TOJIb-
KO M3 IBYX "ncea +1, To n3 IeMMBbI 3 CJIeJyeT, 9TO TOCIeI0BATETLHOCTE KO3dh-
dbunmenTos MHOTOWIEHA ¢(T) AHTUIEPUOAMYHA C TIEPUOJOM P WM ¢, 3HATUT
COOTBETCTBYIONIUIT eMy N-yTOJbHUK TIEPUOJANIEH (T. €. UMeeT IPYIIILY BPAIeHUit
HOPSIIKA ¢ WIA P).

[TpuBesem moka3aTenbCTBO JIeMMbI 3. Jlokazkem BHAYAJIE, YTO OJIHA U3 JIBYX
CYMMUPYEMBIX aHTHIIEPHOIMYECKUX IocenoBaresnbHocreii {a;}, {b;} rakosa,

B [5,8,10] mokazano Gosiee oblee yTBep:K/eHUE, HO OrPaHUYEHMI HA CTEleHU MHOIO-
4ieHoB TaM Het. B [8] mamo Gosee mpocroe 10Ka3aTesIbCTBO, YeM B [5] u ecTsb ccblika Ha [5].
B [10] ccbunok Ha [5,8] mer.
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YTO BCE ee WIEHBI C YeTHBIMH HOMepaMi paBHbBI. JlomycTuM, 9To 9T0 HEBEPHO,
TOr/la HailAyTCsl YeTHBIC Yucia ig, i1, Jo, j1, TaKHe, 9TO a;y < i, bjy < bj,
10,71 < 2q, jo,Jj1 < 2p. CoriracHo KuTaiickoii TeopeMe 00 oCTaTKaxX JJIsd JIIO-
obix o, 8 € {0,1} maiigercs anciao N, g < 2pgq, Takoe urto N, g = i mod 2g,
No g = jp mod 2p (kuraiickast TeopeMa IPUMEHSETC K IHCIaM iq/2, jg/2 u
MOJLyJIfIM ¢, P, & OTOM Bce yMHozkaercst Ha 2). Torma npu N = N, g numeem B
CWIy NEPUOAMYHOCTH cN = ay + by = a;, + bjﬁ, BHAYUT CN, o = G4, + bjy <
< aj, +bj, = eny, < aiy +bj, = ey, T cyMMa nocseIoBaTebHOCTel
COCTOUT HE U3 JBYX, & XOTs Obl U3 TPEX PA3HBbIX UHCEJI, ITO HPOTHBOPEUUT
ycsoBuo. [losToMy MOXKHO cuMTaTh, YTO, HAIIPUMED, B MOCJIEIOBATEILHOCTH

{a;} Bce unennl ag;, i =0,1,2,..., paBHbI HEKOTOPOMY 4HCIy a. B cuiy g-aH-
TUINEPUOIMIHOCTH G241 = —Qg+2i+1 = —a, ¢ = 0,1,2,..., nosromy {a;} =
= a,—a,a,—a,..., v.e. {a;} HA caMOM Jiejie AHTUIIEPUOJAUIHA C [IEPUOJIOM 1,

a MOTOMY ¥ aHTHUIIEPUOJNTHA C JIIOOBIM HEIETHBIM MEepUOIOM, Hanpumep p. Ho
TOrJla AHTHUIIEPUOMYHA C TeM Ke [EePHOJOM P U cyMma {¢; = a; + b;}, uro
JIOKa3bIBACT JIEMMY.

Bameuanue. O49eBUIHO, TAKMM K€ CIOCOOOM JIOKA3bIBACTCA U CJIELyIOIast
JeMMa (KoTopas Jlajee He TIOHAI00UTCs).

Ecau cymma dsyx nocaedosamenvrocmeti, 001G U3 KOMOPHLT NEPUOOUNHA C
nepuodom p, a dpyean nepuoduyura ¢ nepuodom q, (p,q) = 1, ecmv nocaedosa-
MEABHOCTD, YACHAMYU KOMOPOT ABAAIOMCA OALKO 080 PA3AUNHBLT YUCAA G, b,
Mo IMa NOCAEIOBAMEALHOCTVD TOHCE NEPUOOUYHA AUOO ¢ NEPUOIOM D, AUOO C
nepuodom q.

J1st TOTHOTHI IpUBeieM [0Ka3aTenbeTBO JeMMbl 2 u3 [6]. Tak kak @), D,
IPU [IPOCTBIX P > ¢ B3AMMHO IIPOCTBI, TO U3 M3BECTHOIO CBOJICTBA AJITOPUTMA
EBkimia ciemyer cymectBoBanne MHOro4IeHoB a(z), b(x) € Zlz|, dega(zr) <
< g, degb(z) < p, takux, aro a(z)®,(x) + b(z)Py(z) = 1. Ecm g(x) —
MHOrOWIeH Jiesimuiicst Ha @, To g(z) = &, (x)h(z), orrysa

9(x) = h(x)a(z)Pn(2)Pp(x) + h(2)b(2) P (2) Py ().
Hens h(z)a(x) na @q4(x), nmeem h(z)a(z) = c(x)@q(x) + f1(z), deg f1(x) < g,
U IpeJIblIyIIee PABEHCTBO [IePeIrIeM B BUJIe
9(x) = f1(2)Pn(2)@p(2) + (c(2)Pp(x) + h(2)b(2)) P (1) Py (2) =
@) B0 (2) By () + o) B () 1),
Fala) = elx)By(2) + h(2)H(2).
(P! —1)(z—1) O, (2)®
P — 1)(mq 1)’
D, (2)Pp(z) = Pp(29), Pp(z)Py(x ) = ®,(2P), mosTomy Hpeﬂbmymee paBeH-
CTBO MOXKHO mnepenmcarhb B Buge g(z) = fi(z ) (:cq) + fo(z)Py(2P). Tak kax
deg f1 < ¢, degg < n, 1o deg f1(2)®y(2?) < g+ (p — 1)g = pg = n, 3HauwUT

P9
Tak xak Ppg(z) = p(T) = = L _ P, (27), sHaumT
27 —
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deg(fa(x)Pq(2P)) = deg(g(x) — fi(x)Pp(z?)) < n, nosromy deg fo(z) < n —
— (¢ — 1)p = p, 9TO U JOKA3BLIBAET JIEMMY.

TakKe JJIs1 TIOJHOTBI IPUBEJIEM KPATKO J0Ka3aTeabeTBo u3 [1,2] nepasen-
crBa Peituxapara u ycjioBuit ero obpaienust B papercrso. Ilycrs M* — cum-
MeTpuzalust MUHKOBCKOTO n-yrojabuuka M, T.e.

M* = S(M + (=M)) = {(z —y)/2: 5,y € M}.

Torma MmuOkecTBO M™ €CTh IEHTPATBLHO-CUMMETPIUIHBIN BBITYKJIBIH 2/mM-yTO/Th-
HUK, TJe M < N, ¢ TEeMH YK€ [IEPUMETPOM, JIMAMETPOM U IUPUHON 410 u'y M.
N3 nenrpanbaoit cumMmerpudnocTr M™ cietyeT, 9TO ero BHYTPEHHUN PaJINyC
r* = b/2 u BHemnHwii paguyc R* = d/2 (1okazarenbcrBa BCEX MCIOJIB3YEMbIX
daxros moxuO HaiiTu B [1,3]). ITocneroBarensnocts n tg % CTPOrO MOHOTOHHO

. 71'
yObIBaeT, & 1 Sin — cTpPOro MOHOTOHHO Bo3pacTaeT. [losTomy
n

antgﬁ <
n
™ * T * . e . e
<2mbtg — =4dmr' tg — < p < 4mR"sin — = 2mdsin — <
2m 2m 2m 2m
< 2nd sin —
on’

™ . s
puYeM paBeHCTBa p = 2nbtg o P = 2nd sin 5, JHMIIb TOLA CIPaBEIBBL,
n n

korga M™ ecTb MpaBUJIbHBIN 21-YTOJIBHUK.

Jlj1st IpaBUIBLHOTO N-YTONBHUKA TIPU HEYETHOM 7 CIIPABETIUBLI DABEHCTBA
™ . ™

p=2nbtg o = 2nd sin 2, + & IPH “IETHOM 70 HH OJIHO U3 HUX HE BEPHO. Onuako
n n

IIPU 9eTHOM 7, He DABHOM CTEIIeHU JIBOUKH, YKa3aHHBIC DaBEHCTBA MOLYT JO-
cTurarhed. [Ipumeps! n-yroapHUKOB, JI KOTOPBIX OHH JOCTUTAIOTCS, MOYKHO
nocTpOuTH caeayromuM o6pazon'?). TIpeacTaBuM 1 IPOU3BOIBHBIM 06PA3OM B
Busie m(2k + 1). Bosemem npasuibublit 2k + 1-yrosbHuk ¢ HanbosbIeii aua-
rOHAJBIO d W C IEHTPOM B KarKJOil ero BepIInHe IIOCTPOMM KpYT pajauyca d.
Beinykitast durypa, siBisifoniasicsl liepecevdeHreM IIOCTPOEHHBIX KPYIOB — 3TO
npaBubHblil 2k 4 1-yroneuuk Peso. Ee nuamerp pasen d, a nepumerp md. Iln-
pHHa ee BO BCEX HAIPABJIEHIAX OJMHAKOBA 1 paBHa d (3T0 GuUrypa moCTOsTHHOI
mUpUHbI ). Briniem B Hee n-yroJibHUK ¢ PABHBIMU CTOPOHAMHU TaK, 4TO0bI CPeJIH
€ro BEPIIUH COJEPAKAJINCH BCE BEPIITUHBI paccMaTpuBaeMoro 2k + 1-yrojabHuka.
Kazxxnas n3 2k+1 ynoMsHy THIX 1yT IPH 3TOM Oy1eT pa3buBaThCs Ha 1M PABHBIX
JTy?KeK, XOpJbl KOTOPBIX Oy/IyT CTOPOHAMN PAacCMaTPUBAEMOIO N-yTOJIbHUKA.
Huamerp ero d, a mmpuna pasaa b = d cos(m/2n) — BbicoTe paBHOGEIPEHHOTO
TpeyrojbHUKa ¢ pebpoM d m yryioMm npu Beprmse 7/n. Torma ero mepnmerp
pasen 2ndsin(m/2n) = 2btg(n/2n).

2B [1] oM HA3BIBAIKMCH OJIYIPABUIBHBIMUA N-yTOJbHUKAME
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VkarkeM Tenepb BBITEKAIOIEEe U3 MPUBEJICHHOIO JIOKA3aTEILCTBA MOTHOE
onmcanue n-yrojabHuKoB Peiinxap/ra (B3siroe u3 [2]). [Iycrs M takoit n-yroJib-
HUK, Torja M™ — OnpaBHIBHBIA 2n-yrOJILHUK (B MPOTHBHOM CJIydae pPaBeH-
cTBO He gocturaercs). OpueHTHpyeM BCe CTOPOHBI MHOTOyTOMbHUKA M* B 0J1-

HOM HalIpaBJIEHUU U COIIOCTaBUM UM BEKTODAa, I/I306pa}I(aIOIL[I/Ie KOMIIJIEKCHBIE

o _ 1T
KOpHH 2n-if crenenn u3 emuHuibl 1,e,e2,...e?" 1 tie ¢ = exp — . Toraa
n

CTOpOHAM N-yroJabHUKa M OJHO3HAYHO COIOCTABJISETCS N-3JIEMEHTHOE MHO-
JKeCTBO, TakxKe obo3Havdaemoe M, jiexkalliee B TpyIiiie KOPHEH U3 €IUHUIIbI
Wo, = {1,¢,...,e* 1}, Ilpu nogxomamem Bei6ope 0603HAMEHHTT, MOKHO CHH-
rarb 1 € M. Eciin pacnosiokuTh BEKTOPa 9TOIO MHOXKECTBA B OIPEIEJICHHOM
HOPsIJIKE TaK, YTOOBI HAYAJIO OYEPEHOTO BEKTOPA BEKTOPA COBIAJIO C KOHIIOM
[IPEIBIIYINEro, TO OHU Oy/IyT OrPAHUYUBATD N-yTOJBHUK, TOAO0OHBIN N-yTOIb-
uuky M. EcrecTBeHHO, IIEHTPAIBHO-CAMMETPHYHOMY MHOIOYTOIBHUKY (—M)
coorBercTByeT MHO)KeCTBO (—M ) Takoe, uro M N(—M) = @. fdcno, aro ycio-
Bust MN(—M) = @ u MU(—M) = Wy, paaocusibibl. OHI PABHOCHIBHbI TAK-
JKe TOMY, 9TO B KasKJOff TIape MPOTHBOTIONIOKHBIX BEKTOpoB {g', " = —¢t}
ol npuHaiexkur M, a jgpyroii npunajiexxur —M. Takxke 04eBUIHO, UTO
Y &' =0, Tak Kak CyMMa BEKTOPOB, B KOTOPBIE TIPEBPAIIAIOTCS OPHEHTHPO-
ereM
BaHHbIE B OJTHOM HAIIPABJIEHUU CTOPOHBI MHOTOYIOJIbHUKA, paBHA HYJ0. Pac-
IIOJIO2KEHE BEKTOPOB B .HIO6OM JAPYIroOM IIOPsJIKE, XOTd U UMEET BCETla CYMMY
PaBHYIO HYJIIO, IPUBOIUT K HEBBIIYKJIOMY WU CAMOIIEPECEKAIOIEMYC s MHO-
royrompuuKy. Pacecmorpum muorownen fyr(z) = 3. !, cremenm, MembImeit
eteM
2n, cocrogamuii 3 N — 1 OTHOWIEHOB M €JUHUIHOTO CBOOOMHOTO wieHa. Ero
KOpHeM OyJIeT T = €. 3aMeHHM B 3TOM MHOTOYJICHe KasKIblil wien " ma
—2', 0 < i < n. Honydennstit MHorowien obozHaumM gy (r). On cocront
u3 n — 1 pasindHbIX OJHOWIEHOB ¢ Kodddurmentamu +1 (B cuity ycioBus
M N (=M) = @) u eAUMHAIHOTO CBOOOJHOIO UJIEHA, MMEET CTEIeHb MEHbIIe
N, 3HAYUT OH HE CONEPXKUT HYJIEBbIX K03dduimenToB. Ero kopaem Takxke 0y-
ger © = €. CoryiaCHO M3BECTHBIM CBONCTBaM KPYIOBBIX MHOIOYJIEHOB (CM.,
nanpumep, [5,8,10] u m06oit Kypc anrebpbl) Moce[Hee YCIOBHE PABHOCHILHO
nesumMocTr gy () Ha Kpyrosoii muorowieH Py, (x). Ilo srobomy MHOrOWIEHY
gn (), YAOBIETBOPSIONIEMY YKA3AHHBIM YCJIOBUSIM, OJJHO3HAYHO BOCCTAHABJIU-
BaeTcst MHOrOWIeH fi7(x), MHOXKeCTBO M, COOTBETCTBYIOIIEE €My JIBYXI[BETHOE
oxepesbe (eM. [2]) u cam n-yronbuuk Peitnxapara M. ITosromy 3aa4da onmca-
HUsI BCEX TAKUX N-YTOJILHUKOB SIBJISIETCS YUCTO ajrebpandeckoii (4ro u 6bLIo
[OKA3aHOo B [2]).

Jlerko BuJieTh, YTO yCJIOBUE AHTUIIEPUOIUIHOCTH KOIDMUIMEHTOB MHOTIO-
YJIeHa ¢); PABHOCHJILHO YCJIOBHIO EPUOJIUIHOCTH KOIPPUIMEHTOB MHOTOUIE-
Ha fyr, MHOKecTBa M 1 COOTBETCTBYIOIIErO €My JIBYXIIBETHOTO OxKepesbst. I3
YCJIOBHUST aHTUIIEPUOJNIHOCTHU C TIepUoioM ¢ (Tora obsi3aresibHO 1/t HEYeTHO)
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Puc. 1. Hertepuonmieckoe oxkepeJibe jijisi 30-yrosbuuka Peitaxapira

kosdbdurmentos gys(z) cnemyer pasencrso gy(x) = h(z)(1 — 2t + 22 — ... —
— 2", degh < t, U3 KOTOPOro O4YEBHJHO cjeiayeT paBeHCTBO gpr(€) = 0
(a smaunT, u ycaosue ®o, | gar).t?)

B kadecTBe mpuMepa pasjimdus MeXKJy MHOrowieHamu PeffHxapira, uc-
[OJIb30BaHHBIMUA B |6, 7|, ¥ HAIIMME MHOTOWIEHAMHU, PACCMOTPUM CIOPaAve-
ckuit 30-yrosbHuK, HafijeHusiit B [7] (Tam 6b110 jg0Ka3ano, uro npu n < 30
CIIOPaINIECKUX N~-YTOJIbHUKOB HE Cy]l[eCTByeT). OHI/H_HGIVI €ro BHa41aJie, UCII0JIb-
3ysl BBEJICHHBIC BBIIIE MHOYKECTBA, OXKEPEeJbsi U MHOIOYJIEHBI. BosbMeM mpu
e = e/ 30 60 — 1 menepuommyeckoe MHOMKECTBO

(1,e,e2, 3 eh 5 O T 8 0 10 1112 13 14 15 16

£lT 18 _ 19 20 21 22 .23 24 25 26 27 _ .28 29

(B 3TOIT 3aIIMCH MCTIOIB30BAIOCH TOxKAeCTBO &' = —e30+e i =0, ..., 29). Coot-
BETCTBYIOIIEE €My OKEpesbe CM. Ha puc. 1.

[TpoBepum, 9TO COOTBETCTBYONIMHA MHOrOUYJIEH ¢(x) uMeeT KopeHb e. Jljist
5TOr0 Hy?KHO YCTAHOBUTD, 9TO

l+e+e 4+ +et 4240 "B

_Ql0 12 13 1y 15 16 17 4 I8 19 4 20
£2 4 22 23 24 25, 26, 27 28, 29 _ ()

HermocpeicTBeHHO 3TO ¢lesiaTh 3aTPyTHATEIBHO, HO MOXKHO HEITOCPEJICTBEHHO
ITPOBEPUTH, ITO

13) DeoMeTPHIECKOE TOKA3ATEILCTBO CM. B [2].
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Puc. 2. Henepuomuaeckuii 30-yroapauk Peftaxap/ara, cooTBeTCTBYIONIE OXKe-
peJipio puc. 1

(@B — 212 42010 4 2% — 08 0T 4SS 4t et 1),
(A 4a? =2t 2 M e — 14 a2t 4 20—
S S N s S S o G TSN | S ¥ RS R [ s | G L
_pl9 20 g2y 22 28 L 24y 025 L 026 027 08 20
u 3aMeTnTh, uTo Pgo(e) = —1 + 62 — &8 — &8 — 10 4 214 4 216 = 0 rak kax
0:(630—|—1)(82+1):(66+1)(€10+1)(1+62—66—68—610+€14+616),
S+14£0 £P041+£0.

Henepnomnaeckuit 30-yroapHuK PefiHxapaTa, COOTBETCTBYIONIWI OXKEPEJIHIO
puc. 1, mzobpaxken Ha puc. 2. Kpome cTOpOH, HA HEM HOKa3aHBI TaKXKe €ro

JIAaMeTPBHL.
B [7] mast mocTpoenust sroro ke 30-yrosibHUKA UCHOJIB30BAJICSH MHOIOUJIEH

Peituxapmra
r(z) =
g By 1516 1T 19 20 021 022 23, 04 08 29

HafiJIeHHBIH KOMIIbIOTEpHBIM 1ouckoM. Tor daxkr, uro o jenurcs na Pgy (u
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HMeeT KOPHEM €) CJIeJyeT U3 TOXKICCTBA

(B2 My 104 09 5Tyt 021 1) (20410 48 06102 11) = r(z).

Muorowren r(x) daxkropuzoBan nporpammoii Maple, HO IpoBepKy yKe Haii-
JIEHHOT'O TOXKJIECTBA MOXKHO IIPU KEJIAHUU BBIIOJHUTD U BPYYHYIO.

Pabora Beiosinena npu dpunancopoit nomepxkke PODIH, npoekr 11-01—

00508a.
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Hpeno,z:aBaHI/Ie MaTeEMAaTNKN

JmcKpeTHbINT aHaIN3
JIIsT MATEMATUKOB U ITPOTPaMMUICTOR
(mombopka 3a/1a4)

J1. libuacKmi A. Kymascknit A. Paitropomckmit*
A. Ckomnenkos!

BBEJEHUE

Mb1 tipuBo/M OAGOPKHU 3aja4 10 KOMOMHATOpUKe u Teopun rpados (B
TOM YHCJIe CJIyYalHbIX ). DTH 3a7a9u OYIyT MOJIE€3HbI PYKOBOIUTEISAM U yIacT-
HUKaM KPY?KKOB JIJIs CTaPIIEKJIACCHUKOB 1 MJIQ/IIIIEKYPCHUKOB, OPHEHTUPOBAH-
HBIX Ha oJimMIuajabl. HekoTopble IpUBOIMMbIE KPACUBBLIC 3319l U BayKHbBIE
TeMbl MAJION3BECTHLI B TIApaINTMe KPYKKOB IO MaTeMaTuKe, HO IMOJIE3HBI KaK
JUIE MAaTeMaTHIeCKOro 00pa30BaHMs, TaK U JIJIsl OJATOTOBKUA K OJIMMITHAJIAM.

Permtenne stux 3ama41 Oy/1eT M0JIE3HO TAKYKE BCEM, KTO XOUET CTaTh MaTeMa-
THKOM, CIEIUAJMCTOM 10 computer science win mporpaMMuCTOM-pa3paboTIn-
koM. VIMEHHO TaKMX CIIEIUAJUCTOB Mbl FOTOBUM Ha (DAKY/IbTETe HHHOBAIUN U
BhICOKUX TexHosioruit MockoBckoro ®Pusuko-Texumdeckoro Uucturyra. [1pu-
BeJEHHBIE 33/Ia9N HUCIIOJIL3YIOTCS MPU U3YYEHUN Kypca JUCKPETHOTO aHAIN3a
Ha 3ToM dakysbrere, KoTopblii untaer ¢ 2009 npod. A. M. Paiiropomckuii. Mbr
6G1aroapuM CTY/ICHTOB 32 KaBEpP3HbIE BOIPOCHI U yKA3aHUs HA HETOYHOCTH.

DopMyIUPOBKY OOJIBITUHCTBA 33,189 JOCTYITHBI CTAPIIEKIACCHUKAM, HHTE-
PECYIOIIMMCST MaTEMAaTUKOW; Mbl IIPUBOJIMUM BCE OIIPEJIEJIEHUs, HE TaK YacTO
uzydaeMble Ha Kpykkax. OJHAKO MHOTHE 3aJIa9U TPYJHbBI, JJIsl UX PENIeHUsI

*Tlonuepkan rpanTom PODU 12-01-00683 u rpaHTOM HOIJIEPXKKH BEIYIIMX HAYIHBIX
mkost HITI-2519.2012.1.
tYacruano nomueprkan rpanrom domna Caiimorca.

MaTemaTuueckoe npocsetyerue, cep. 3, Bbin. 17, 2013(162-181)
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HY?KHO IIPeJ/IBAPUTEIHHO ITPOPENIaTh JIPyTre IPUBEJIEHHBIE 33/a91 Ha JaHHYIO
TEeMy WJIM 3HATh JICKIIMOHHBIA MaTepUaJl.

OBLLII/IE COIVIAIIEHMWA 1 OIIPEJEJIEHNA

Ecnm yciioBre 3a1a4n siBasieTcsl yTBEPXKACHUEM, TO B 3aJ1a9e TPeOYyeTCst 9T0
yTBEpKIEHNE T0Ka3aTh. Ecm HeKoTopasl 3a1ada He MOJIydaeTcsd, TO JuTaiiTe
JIAJIBIIE — COCEJIHUE 3aJIa’i MOT'YT OKA3aThCsl TTOJACKA3KAMU.

Ecimu He oroBopeHo mpoTuBHOE, aCUMIITOTAKH U IIPEAE/Ibl PACCMATPUBAIOT-
CsI TIpU N — 00.

Tpagom Gez nemeav u kpamnwx pébep G = (V, E) Ha3biBaeTCsl KOHEU-
Hoe MHOKecTBO V = V(G), HEKOTODBIE JIByX3JIEMEHTHBIE IOJMHOXKECTBa (T. €.
HEyTIOPsII0UYEHHBIE Taphl HECOBIAAIONINX JIEMEHTOB) KOTODPOIO BbIJIEJIEHBI.
I'pad 6e3 eresnb 1 KpaTHbIX PEGEP MBI KOPOTKO Ha3bIBaeM I'paoM. DJIeMeHThI
JIAHHOT'O MHOXKECTBa, V Ha3BIBAIOTCH 8epuiuHaMU. BhiIe/IeHHbIE TAphl BEPIITHH
Ha3BIBAIOTC pébpamu. Ecau Bepmnaa IpUHAIIEKUT PeOPY, TO TOBOPUTCS, ITO
pebPO HABBIBACTCS NPOTOOAWUM T€PE3 ITY BEPIIUHY U UHUUIEHMHBIM ITON
BeprinHe. MHOXKeCTBO BBIJIEIEHHBIX II0JMHOXKeCTB obo3Havaercs F = E(G).
Ecnu He oroBopeHo mpoTuBHOE, TO Yepe3 1 U € 0003HATAIOTCSA COOTBETCTBEHHO
KOJTMIECTBa BEPIIHH U pEbep paccMarpuBaeMoro rpada.

[IpuBenérnoe ornpee/ieHne He TOMUTCS IS 2pados ¢ NeMAAMU U KPAMHbL-
mu pébpamu (Mmyaprurpados). C HUIMU MBI TI0YTH He PaboTaeM U OIPEJIesIsieM
TaM, TJe OHU UCIOJIb3YIOTCH.

I'pad MoxkHO npezcTaBisTh cebe Kak HAOOP TOUeK (HAIpUMep, Ha ILIOC-
KOCTH), HEKOTOPBIE TIaPbl KOTOPBIX COEINHEHbBI JIOMAHBIMU, IIPUIEM OJIHA Mapa
BEPIINH He MOXKET ObITh CoeInHeHa Oojiee deM OOl Jaunueil. Toukn Ha3bIBa-
0TCA gepuwuHamu rpada, a JoManbie — pébpamu. JIoManbie MOTYT IT€PEeCeKATH-
Cs, HO TOYKHU II€peCeICHUsA «HE CHUTAIOTCA», TO €CThb He ABJIAIOTCA BEPITUHAMMU.

Cmenenvio BepIIuHbI rpada Ha3bIBAETCs YUCIO BRIXOIAIINX U3 HeE pedep.

IIymém B rpade Ha3bIBAETCS MTOCIEI0BATEIHLHOCTD BEPIINH, B KOTOPOM JITO-
Oble JIBe COCelHIe BEPIINHBI COeIUHEHBI PEOPOM.

I'pad HazbIBaeTCs C6A3HBIM, €CIIH JIIOOBIE JIBE €r0 BEPIINHBI MOXKHO COEIH-
HUTDH ITyTEM.

fAcHo, 9TO «COENMHEHHOCTD HEKOTOPBIM IIyTEM» SIBJISIETCS OTHOIIIEHUEM dK-
BUBaJIEHTHOCTHU Ha MHOXKecTBe BepiinH I'pada. Ceasnoti komnonenmot rpada
Ha3bIBAETCS KJIACC SKBUBAJIEHTHOCTH.

I'pad, y KkoTOpOro mpoBeieHbI BCe BOBMOXKHBIE PeOpPa MEXKy BEpIITHAMEI
Ha3BIBAETCS NoAHbLM 1 00o3HauUaeTcss K,. Eciu Bepruubl rpada MOXKHO pas-
JICTATH Ha, JIBE 9aCTH TaK, 9TO He CYIIECTByeT peébep, COeAUHSIIONNX BEPITNHBI
13 OJHOM M TOM Ke IacTH, TO I'pad HA3BIBAETCS J6YJoAbHbIM, & TaCTH HA3BI-
Batorca doasmu. Hepes Ky, , obo3HavaeTcs JABYIOIBHBIIN Tpad ¢ J0IAMHE U3
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M U U3 N BePIIUH, B KOTOPOM UMEIOTCs BCe pedpa MKy BEePITUHAMU PA3HBIX
JIoJIei.

Hszoruposarnotli 6epuiunoti Ha3bIBAETCS BEPIINHA, U3 KOTOPOR HE BBIXOIUT
HI OJTHOTO pebpa.

Packpacka BepriuH rpacda B HECKOJIBKO I[BETOB HA3BIBAETCS NPaAsUAbHOTL,
€CJIM KOHITHI JTI000T0 pebpa pa3sHOIIBETHHI.

1. KOMBUHATOPUKA U BUHOMUAJIbHBIE KOO®DPUIIMEHTHI

1.1.
oG-
o) Gof=eonl )+ )

n+1 | n k|
k+1 |k+1 k|

Z! — COOTBETCTBEHHO KOJUYIECTBA

Brecw (), {}}:

— k-3JIeMEHTHBIX IIOJIMHOXKECTB N-3JIEMEHTHOIO MHOXKeCTBa (apyroe obo-
snavenne: CF);

— pasbueHuii N-31EMEHTHOIO MHOXKeCTBa Ha k dacTeil (T.e. HeIyCThIX MOJI-
MHOKECTB), Pa30MeHUsl CUUTAIOTC HEYIOopsyiodeHHbIMH, T.e. {1,2} U

{3} ={3yu{1,2};
— k-MepHBIX JTHHEIHBIX TOANPOCTPAHCTB JIMHEHHOTO IIPOCTPAHCTBA Z .

1.2. Haiigure «ABHYI0» (DOPMYILY JJIst

n n n
@ () O (n) ©X ()
k>0 k20 k>0

B orBere ucmosb3yiiTe TOJLKO METOYNCTIEHHBIE (PYHKITUU IIEJI0UUCICHHOTO
apryMeHTa.

ByayT mosnesnsl mpuzonomempuueckas Gopma KOMNAEKCHO20 “UCAL G ~+
+bi = r(cosp + ising), ne r = Va?+b®> u p = arctg(b/a) nm ¢ =
= arctg(b/a) + 7, gopmyaa Myaspa (cos + isinp)™ = cosny + isinne.

1.3. (a) Bo ckompknx mogMuOKecTBax MHOKecTBa {1,2,3, ..., 11} ne naii-
JETCsT ABYX MOIAPSI MIYIIUX IHCesT?
(b) To ke 1t Mpéx TOIPSIIL UIYIIUX THCEIL.

n —
1.4. (a) .HpI/I q)I/IKCI/IpOBaHHOM n ancno (}) Makenmasbio npu k = [n/2].
(b) Best in their own ways. B MaTemMaTHyecKoil oJIMMIKaIe yIaCTBOBAIO k
ITIKOJIBHUKOB. BI)IS{CHI/IJIOCI), qTO JJIdA .HIO6bIX JABYX IIIKOJIbHUKOB A uB HalllJIaCbh
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3aJ1ava, KOTOpyo pemmi A u He pemua B, u 3aja4a, KOTOpYO pentuia B, HO
e permt A. Kakoe HanMenbimnee BO3MOXKHOE KOJIMIECTBO 1 33444 MOLJIO ObITD
DU 9TOM YCJIOBUH?

Nupivu ctoBaMu, HaiiinTe HAUMEHbIIIEe BOZMOXKHOE 1, JIJIst KOTOPOro Haii-
JETCsT TaKOe CeMeiiCTBO U3 k MOJIMHOXKECTB N-3/IEMEHTHOIO MHOKECTBA, YTO HU
OJIHO 3 IOJMHOYKECTB CeMeiiCTBa He COAEPKUTCs (COOCTBEHHO) B JIPYTOM.

1.5. (a) Haitzure }i‘ st k= 0,1,2. (b) Haitnure m ma k=0,1,2,3.
(©) [l = ol = & il =[] = 2" = 1@ [f] = [,2] (¢) Hatimure [3].
(f) Haiipre |}|.

2. TIJIOCKUE I'PA®HBI

Ilrockum epaom HasbiBaeTcs m3obparkeHne rpada Ha IJIOCKOCTH, s
KOTOPOTO JI0ObIe JiBa pebpa IepeceKaroTcst TOJAbLKO 10 UX OOIIMM BepIIMHAM
(B 4ACTHOCTH, €CJIM TAKUX BEPIIMH HET, TO He [ePeceKaroTcs).

Wuorga Takoe m3obparkeHne HA3BIBAIOT MIPOCTO rpadoM, HO 3TO HETOUHO,
IIOCKOJIBKY IUIAHAPHBIN Ipad MOXKHO M300pasurh (6e3 camorepeceveHunii) Ha
IJIOCKOCTU PAa3HLIMU CIIOCODAMU.

Puc. 1. Pazinanble n3obpazkeHust rpaga Ha IJIOCKOCTH

[Tnockuii rpad AeuT MIOCKOCTH HA YaCcTU, HA3bIBaAEMbIE 2panamMy rpada.

2.1. DOPMWJIA DUNEPA. (a) dst csizHoro mockoro rpada ¢ V' Bepiu-
namu, E pébpavu u F rpansimu umeem V — E+ F = 2. (Jloka3areibCTBO 9TOM
TeOpeMbI CM., Hanpumep, B [1].)

(b) Haiture anajor Toro pesyJjbraTa Jjisi JIOCKOro rpada ¢ k KoMmmo-
HEHTAMU CBS3HOCTH.

2.2. Ipumenenus gopmyave Jinepa. (a) Hu onun us rpados K5 u K33
(cM. puc. 2) HEBO3BMOXKHO 6€3 caMoriepecedeHuii HapuCoBaTh Ha IJIOCKOCTH.

(b) Ha mutockoctu ormedeno n Touek. Paspernaercst coeiuHATh HEKOTOPbIE
JIBe W3 HUX JIOMAHOI, He IPOXOJsIeil depe3 jpyrue Touku. JIBa mrpoka Imo
OUepein COJUHSIOT JIOMAHOM KAKUEe-TO JIBE eIlé He COoenHEHHBIE TOUKHU. [Ipu
9TOM TPEOYETCsT, ITOOBI ITU JIOMAHBIE HE CAMOIIEPECEKANCH U He MePEeCeKaich
HUT/Ie, KPOMEe OTMEYEHHBIX TOUYeK. [IpOourpoiBaeT TOT, KTO HE MOYKET CIeIATh
x0/1. KTo BBIMTpBIBaET 11pu npaBuibHONM urpe (B 3aBUCUMOCTH OT 1)7
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Ks K33

)

Puc. 2. I'pacpbr Kypartosckoro

(¢) Onuimure (¢ TOYHOCTHIO 10 M30MOPdU3MA) IIOCKUE rpadbl, ¥ KOTOPHIX
CTeIleHN BCEX BEPIINH PABHBI M «CTEIIEHU» BCEX TpaHeil paBHbI (T. €. B IDAHUIE
Pa3HBIX I'PaHeil OJMHAKOBOE KOJUYECTBO PEOED).

VYkazanue K (a), (b) u (c): ecsin He 1MOJIyUaeTCs1, TO pemiaiiTe CJieyIonye
nyHKThel. Onpegenenne nzoMopdusMa CM. B 3a1a4e 3.5.

(d)* BBIIyKJIBIX NpasuAbHbX MHOTOIDAHHUKOB (BCE I'DAHM — IIPABU/Ib-
HbIE MHOT'OYTOJIbHUKHU C OJMHAKOBBIM YHUCJIOM CTOPOH, CTEIEHH BCEX BEPIINH
paBHBI) POBHO 5 (¢ TOYHOCTBIO 70 n3oMopdusma ux rpados). Koncrpykimio
COOTBETCTBYIOIIUX MHOMOIPAHHUKOB HYKHO IPUBECTH, OHA He MPE/II0/IaraeTcst
U3BECTHOM.

(e) duist 1106010 TII0CKOTO CBsi3HOTO Ipada 6e3 meresib 1 KPATHBIX pébep,
nmerorero 6osee aByx Bepmiun, 2F > 3F u E < 3V — 6.

(f) B mmo6om 1ockom rpade ecTh BepIInHA cTerneHn He bosiee 5.

(g) Ecam kaxmas BepiimHa, IJI0CKOTO CBA3HOTO rpada nmeer cremneHsb d, a
1

E .
2.3. Bepmunbr 1106010 miockoro rpada MOXKHO MPABUIBHO PACKPACUTH
B (a) 6 nBeros; (b) 5 mperos; (¢)** [Bece paBHo He Jo0KaxkeTe].

" 1 1 1
B IpaHmIle Kaxk/io0#l rpanu poBHO k > 3 pébep, ToO p + T3 +

Top u simcr Mébuyca n3obpaxkeHbl Ha puc. 3. DTu PUIYPHI MIPeITojara-
10TCst NPo3panvimu. T.e. Touka (MM TOJAMHOXKECTBO), <«JiexKallas Ha OJHOMN
CTOPOHE TTOBEPXHOCTU», «JIEKUT U HA JIPYTOH CTOPOHE». DTO AHATOTUIHO TO-
My, 9TO TP U3Yy9IEHUN TeOMETPUU MBI TOBOPUM, HAIPHUMED, O TPEYTOJbHUKE
Ha IJIOCKOCTH, a He O TPeyroJbHUKE HA BepXHel (MM HUXKHEl) CTOPOHE I1710C-
KOCTH.

Puc. 3. Top, siuct Mébuyca, nuiaunap u cepa ¢ pydaxamu
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F—=< '

Puc. 4. Iloapasznenenne pebpa

2.4. Hapucyiite 6e3 camonepecedenuit (a) Ky na Tope. (b) K33 na smcre
Mébuyca.

['py6o roBopst, nodepag narHoro rpada — 310 ero 4actb. PopmMasbHO, rpad
G masbiBaeTcs nodepagom rpada H, ecim MHOXKecTBO BepimH rpada G co-
JIEpYKUTCS B MHO2KecTBe BepiinH rpada H u kaxkgoe pedbpo rpada G siisiercst
pebpom rpada H. Ilpu stom aBe Bepmmabl rpada G, coeanHéHHbIE peOPOM B
rpade H, e obsg3aTe/IbHO coeauHeHbl pedbpoM B rpade G.

fcHo, aro 0b60it ofarpad miaHapHOro rpada IIaHapeH.

Omneparnust nodpasdenenusn pebpa rpada mokaszaHa Ha PUCYHKE 4.

JlBa rpacda Ha3BIBAIOTCST 20MEOMOPPHHbBLMU, ECJTA OT OTHOI'O MOXKHO IepeiTn
K JPYroMy IIpU TIOMOIIH OTlepaIuil moapasieaeHus pedbpa u 0OpaTHBIX K HUM.
Wiu, sKBUBaJIEHTHO, ecjiu cyIecTByeT rpad G, Moy YeHHbIi 13 000UX JAHHBIX
rpadoB omepalnsIMn IoapasIeseHns: pedpa.

fAcuo, uTo romeoMmopdHbIe Ipadbl ABIIIOTCA WU HE SIBISIOTCH ILIAHAPHDI-
MU OJIHOBPEMEHHO.

TEOPEMA KYPATOBCKOTI'O. I'pad siBAsteTcst IIaHAPHBIM TOTIa W TOJIBKO
TOT/Ia, KOTJla OH He COJIepzKUT 1ojarpada, romeomopdnoro rpady Ks nim Kz 3
(puc. 2). ([LokazaresbcTBO 9TOi TEOpeMBbI CM., Hanpumep, B [6].)

2.5. Tlpuaymaiite aaropurm

(a) pacnosnaBanus 1aHapHOCTH rpada (3/ech MOXKHO HCIOIB30BATh 6e3
JI0Ka3aTebeTBa TeopeMy KypaTosekoro);

(b)* pucoBanusi 6e3 camornepecevdeHnil 3aBeJOMO IUTAHAPHOTO rpada Ha
IJIOCKOCTH.

Haiijiure acuMnTOTHKY CJIOKHOCTH Balllero aJrOPUTMa B 3aBUCUMOCTH OT
qnciia n pédbep rpada, T.e. aCUMIITOTHKY MakKCuMyMa 110 rpadam ¢ n pédpamu
OT YHCJIa [aroB B aAropuTMme, IpuMeHéHHoMy K nanHomy rpady. (M3sectabr
JIMHEHHbIE aJITOPUTMBI, HO y BAC BPsiJl JIU TIOJIyYUTCsl JIazKe TIOJIMHOMUAJIbHBIA. )

CM. «ompejie/ieHre» HaXOXKJIEHNsI aCHMITOTUKY B 3aja4e 8.1.a.

3. IIEPEYUCJ/IEHUE I'PA®OB

Bamerum, uro rpadsr ({1,2,3},{{1,2}}) u ({1,2,3},{{1,3}}) pasmuunsL
['padom HazbiBaeTcst uMeHHO rpad, a He Kiace uzomopdusma rpados (omnpe-
Jiesierne n30Mopdu3Ma HAITOMHEHO B 3a1a4e 3.5, Tjie OHO ucnosb3yercs ). Wim,
roBopsi HedopMaaIbHO, BEPIIUHBI IPpadOB CAMTAIOTCS 3aHyMepOBaHHBIMU. [1o-
9TOMY T'pad MHOT/IA HA3BIBAIOT IMOMEYEHHBIM IpadoM.
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Myavmuepagom (mnm rpadom ¢ neTiisiMu 1 KpaTHBIME PEOPAME) HA3bIBa~
eTcst KBaJpaTHast Tab/IuIa U3 TeIbIX HEOTPUIIATEIbHBIX YHCesI, CAMMETPUIHAST
OTHOCUTEILHO IJIABHOI JUATOHAJIH.

Opuenmuposanrovim epagom (6es nemesv u kpamnwx pébep) G = (V, E)
Ha3bIBaeTCsl KOHeuHOoe MHOXKecTBO V' = V/(G), HeKoTOpBIE Yynopadowermvie mna-
PbI HECOBIIAIAIONINX 3JIEMEHTOB KOTOPOI'O BbIIEJICHLL.

Opuenmuposarnvim mysvmuepagom (WM OPUEHTUPOBAHHBIM IpadoM ¢
HET/IIMA ¥ KPATHBIMU DEOPaMU) HA3BIBAETCS KBaJIPATHASA TAbJIMIA U3 HEJIBIX
HEOTPUIATE/ILHBIX YHCelL.

Huraresb JIErKO co00Opa3uT, Kak u300pakarTh (¢ CaMOIEePeceveHUsIME )
OPMEHTHUPOBAHHBIC WM HEOPUEHTHPOBaHHBLIC I'padbl U MyabTHrpadbl Ha
ILJIOCKOCTH.

Pebpa ab u ba opuenTupoBaHHOrO rpacda He CUUTAIOTCS KPATHLIMU.

3.1. Croabko Bcero rpadoB ¢ N BepIIHHAMEI
(a) oprueHTHPOBAHHBIX 63 KPATHBIX PEGEp, HO, BOBMOXKHO, C IIETJISIMUA?!
(b) HeopueHTUPOBAHHBIX 6€3 [eTe b, HO, BO3MOXKHO, C KpDaTHbIMU pébpamu’?

3.2. CkoabKO Bcero rpados ¢ n BepimHaMu 1 k pédpamu

(a) HeOpHMEHTHPOBAHHBIX 6e3 IeTeslb 1 KPaTHBIX pEdep?

(b) HeopuerTHpPOBAHHBIX I'PadOB, Y KOTOPBIX JOIYCKAIOTCS KpaTHbIE pebpa
U TeTJIN?

3.3. Kakux rpacdos ¢ n BepiiuHaMu OOJIbIIIE:

(a) UMeIOIUX W30JUPOBAHHYIO BepIUHY (T.e., BepIIMHY, U3 KOTOPOii He
BBIXOJIUT HU OJIHOTO pebpa) mim HeT?

(b) CBSI3HBIX WJIN HECBSI3HBIX !

Iux.rom HA3BIBAETCA IyTh, B KOTOPOM II€PBas U IOC/IEIHAA BEPIINHBI COB-
nagaioT. IlyTh (IUKII) HA3BBIBAETCSI HECAMONEPECEeKAULUMCHA, €CTU OH POXO-
JIUT 110 KarKJI0il CBOEil BepInHe TOJILKO OJInH pa3. I'pad HazbiBaeTcs depesom,
€CJIM OH CBSI3€H U HE COHEPXKUT HEeCAMOIIEPECEKAIONINXC sl IUKJIOB. ['pad HasbI-
BAETCsT JAECOM, €CJTH OH HEe COJIEPXKHUT HeCcaMOIIepeCceKaomuXxcst MuKIoB. ['pad
HA3BIBAETCS YHUUUKAUYECKUM, €CJIM OH CTAHOBUTCS JIECOM IIOCJIE VIAJIEHUSI
HEeKOoTOporo pebpa. Mim, SKBUBaJIEHTHO, €CJIM OH MMEET POBHO OJIMH HECAMO-
[ePeCeKAIOIUNACH UK.

3.4. Kakux rpados 6osbiie, gepebeB co 100 BepmmHAMN UIA CBASHBIX
VHAIUKInIecKnX rpados ¢ 98 Beprunamu?

3.5. I'py6o roeopsi, rpadbl n30MOpPMOHBI, €CJIM OHU OJAUHAKOBBI (IIPU 9TOM
uxX u300parkeHusl HA IJIOCKOCTH MOIYT ObITh pasubiMu). PopmasibHO, rpadbl
G1 n G (6e3 meresib U KpaTHBIX PEOED) HA3BIBAIOTCS U30OMOPPHHbLMU, €CIIH
CYIIECTBYeT B3aMMHO OfiHO3HaUHOe oTobpaxkenue [ : V3 — Vo muHOMKecTBa V)
BepiuH rpada G Ha MHOXKecTBO Vo BepimmH rpada (o, yI0BIETBOpSIONIEe
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yCJIOBHIO: gepuwiutv, A, B € Vi coedurensvs pebpom 6 mom U MoAbKO 6 Mom
cayuae, ecau sepuunv, f(A), f(B) € Va coedunenwv. pebpom.

KonmuaecrBo kiaccoB nzomMopdusMa JIepeBbEB ¢ N BEepHIMHAMHU (T. €. KO-
JIMYECTBO PA3JINIHBIX JIEPEBBEB € 7 HE3aHYMEPOBAHHBIMU BEPIIINHAMIE) MEHb-
mre 4™,

Kod IIpogepa comocraBisieT faepeBy ¢ BepmmHaMHu 1, 2,..., 7N MOCIeI0Ba-
TEJBHOCTH YUCEJI OT 1 710 N MO CJAEIYIONEMY AJITOPUTMY.

Crauasta koj [Iprodepa — mycroe citoso. Iloka komdecTBo BepiiuH 60Jib-
e JIByX

1. Beibupaercst aucm (Bepmuna crerneHn 1) v ¢ MUHIMAIBHBIM HOMEDOM.

2. B kox Ilprodepa mobapiaseTcss HOMep BEPIIUHBI, CMEXKHOM C v.

3. Bepmnna v (1 uHIMIEHTHOE €if PeOPO) yIAISIOTCs U3 JepeBa.

Korma ocrasioch fBe BEpIIMHBI, JITOPUTM 3aBepInaeT padboTy.

3.6. (a) Haiizure xon IIprodepa jepesa ¢ Bepumnamu 1,2, ..., 10 u pé6-
u (8,9), (8,4), (4,10), (10,3), (3,5), (10,6), (10,1), (1,7), (1,2).
( ) BOCCTaHOBI/ITe nepeso 1o Koy Ilprodepa 1,1,2,5,4,27.
(c) @opmyaa Koau. Uncio nepeBbes ¢ n BepIIMHAME paBHO 1"~ 2.
3.7. (a) TlocienoBaTeabHOCTL U3 N MOJOKHUTEILHBIX TEJbIX YHUCET B
JIIETCs TI0CJIE/IOBATE/ILHOCTBIO CTEIICHEH BEPIITUH HEKOTOPOro JiepeBa TOoTria U
TOJILKO TOTJIa, KOIJla CyMMa €€ 4jIeHOB paBHa 21 — 2.

(b) Ecsim cymma 1esibIX HOJIOKUTEMBHBIX duces dy, . . ., dy, paBHa 2n — 2,
TO KOJIMYIECTBO JIEPEBBEB C M BEPIIUHAMIE, § KOTOPBIX i-sI BEPIINHA UMEET CTe-
(n—2)!

eHb d;, paBHO . Unbvm crioam, (21 + ... + 2,)" 2 =

(di— D). (dn — 1)
=>r :U(liegT(l)fl Ce x,%egT(n)fl, rJe CyMMa — I10 BCeM JiepeBbsiM 1 ¢ BepIim-
Hamu 1,2, ..., n, u gepe3 degr(k) obosnadeHa crenenb BepimHbl k gepesa 1.

(c) Haiizure 4nciio CBA3HBIX YHUIMKINIECKUX IpadOB ¢ N BEPIIMHAMU.

3.8% Ilycrp T4, ..., T, — nepeBbsi, MHOXKECTBa BEPIIUH KOTOPLIX HE IIepe-
cekaiorcs. CKOIbKO €CTh JIEPEBBEB, MHOYKECTBO BEPIIIMH KOTOPBIX €CTh 00be/ -
HEHUEe MHOYKECTBA BEPIIUH 3TUX I JIEPEBBEB, U KOTOpbIe copepxkar 11,..., 71,7

4. DMJIEPOBBI IYTU U UKJIBI B TPAGAX

4.1. Bepmmubl rpada MOXKHO pacKpaCHTh B 2 IBeTa TaK, UYTO KarK;0e
pebpo OyIeT MeTh PA3HOIBETHBIE KOHIIBI, TOTAa U TOJHKO TOTa, KOraa rpad
COJIEP>KUT ITUKJIBI TOJBKO YETHON JIJIMHBI.

Diinepos yuka (1yTh) — UK (IyTh), IPOXOAIIUIT IO BceM pébpam rpada
POBHO TI0 OJTHOMY DPasy.

4.2. (a) B cBasnom rpade ecThb 3iI€pOB UK TOIJIA U TOJBKO TOIJIA,
KoI'ZTa CTEIICHb K&)K,ELOfI €ro BepHIinHbl 9eTHa.



“mph” — 2013/2/18 — 20:37 — page 170 — #170

170 . Unpbunacknii, A. Kynasckuii, A. Paiiropogckuii, A. CKOIeHKOB

(b) ITpu kaxom ycsoBum B rpade CymiecTByer 3iljiepoB myTh?
(c) Ilpu KaKOM yCJI0BUM B 0pueHmuposartom rpade cyecrByeT OpueHTH-
POBAHHBIN SUIEPOB TUKJI!

4.3. (a) IIpu kakux n rpad K, umeer sitnepos nuka? (b) To xe mis
rpacda Ko, .

4.4. Ha pébpax rpada, y KOTOPOrO CTEleHb KaKIO# BEpIIUHLI YeTHA,
MOXKHO IIOCTABUTBH CTPEJIKH TaK, UTO y KarKIO0# BEPIIMHBI BXOJAIIAS CTEIeHb
OyIeT COBIIAJATD C UCXOJAIIECH.

4.5. Eciu KOJIM9IecTBO BEPIIUH HEYETHOW CTEIIEHU B CBSI3HOM rpade pas-
HO 2k, TO MHOXKECTBO ero pébep MOXKHO HPEeJCTABATL B BUIE O0beINHEHUS Kk
myTell, HUKAKOH M3 KOTOPBIX HE MPOXOJUT HHU IO KaKOMY PeOpy MBaXKIbI U
HUKaKWe J[Ba U3 KOTOPBIX HE MMEIOT 00Imux pedep.

4.6. T'panu sitytepoBa 1I0CKOro rpada MOXKHO ITPABUILHO PACKPACUTH B
2 1Bera.

4.7. (a) Maremaruk 3a0bl71 TPEX3HAUHBIN KO/ CBOEIO 3aMKA. 3aMOK OT-
KDbIBAeTCst, e TpH Iudpbl KOJa HabpaHbl MOAPsL (J1azke eCu Hepejl 3TUM
6pLtn Habpams! gpyrue 1mudpol ). MaremaTnk Habupaet oy 1udpy B CEKYHIY;
HabpaHHas 1udpa gobdasisieTcss B KoHell. JlokaykuTe, 9T0 MaTEeMATUK CMOXKET
OTKPBITH 3aMOK 3a 1002 ceKyHIBI, €CIM B KOJE MOI'YT OBITh HCIIOJIb30BaHbI
TOJBKO JeCITh ITHdp.

(b) Cdhopmysupyiite n gokaxkure mpasuio «0 < 1 <2 < -+ < 8 < 9»
oTKpbITUs 3aMKa 3a 1002 ceKyHIbI.

4.8. Ilycrs man opuenTupoBaHHbBI rpad G, y KOTOPOro Ha KayKJOM pebd-
pe e nanmcal Bec v(e). (DrTor Bec MOXKHO HOHUMATH KaK paboTy, KOTOPYIO
HY?KHO 3aTPATUTh JIJIsi TOTO, YTOOBI MPOATH 10 pebpy OT HaYaJa J0 KOHIA.)
Oyukmus p: V(G) — R («morernuan» ) Takasi, uro v(z,y) = p(x) — p(y) mis
soboro pebpa e = (x,y) CyIIecTBYeT TOTJa U TOJIHKO TOTJA, KOIJIa CyMMap-
HBIT Bec pebep BJI0JIb JIF000T0 IUKJIA PaBeH HYIO (P IPOXOXKJIEHUN pebpa 110
[UKJIy B HAIIPABJIEHUH, TIPOTUBOIOIOKHOM OPHEHTAIH, BEC B CyMMY Oepercst
C OTPHIIATETHHBIM 3HAKOM ).

4.9% Jlan cBA3HDI OpUEHTHPOBAHHDIH I'pad ¢ BepmmHaMu 1,...,n, y Ko-
TOPOT'O BXOJISAIIAsT CTENEHD dj KaXKJION BEPIIUHBI K PaBHA MCXOMISIIEN.

(a) CymiecTByeT JepeBo, cojepzKaliee BCe BEepIIMHBl OPUEHTUPOBAHHOTO
rpada, y KoToporo Bce pebpa HallpaBjeHbl B CTOPOHY BepPIIUHBI 1.

(b) ®ukcupyem gepeso T u3 (a). Byaem 06xourh opueHTUpOBaHHbIL Ipad
(o crpesikaMm), IPOXOs MO KayKJIoMy pebpy He Gosiee opnoro pasa. Chava-
Jia, BBINJIEM M3 BEPIIWHBLI 1 B IPOM3BOJILHOM HampaBjeHun. Jlajee, mycTb Mbl
[IPUILTA B HEKOTOPYIO BepmwuHy v. Bhixomum m3 Hee 1o Jobomy pebpy, He
npuHajexkaieMmy 1, ecjim 970 BO3MOYXKHO. A eCJIi HEBO3MOYKHO, TO BBIXOIM
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u3 Hee 110 pebpy, npuHaexamemy 1 (Takoe peGpo eJuHCTBeHHO). JloKaKu-
Te, ITO 00XO0/1 3AKOHIUTCS B BepIiHEe 1 U YTO B pe3yJsibrare 00X0/1a MOy IUTCSI
OPUEHTUPOBAHHBIA 9MIEPOB IIUKJI.

(c) Hucso opreHTHPOBAHHBIX SiiJIEPOBBIX [IUKJIOB B OPUEHTHPOBAHHOM I'Da-
de xkparno uncay (dy — 1)!-...- (d, — 1)!.

5. TEOPEMA TYPAHA. /INCTAHIIMOHHBIE 'PA®DLI
Tpeyeorvrurom B Tpade HA3BIBAETCS ITUKJ JJIMHBI 3.

5.1. (a) Ecmu rpad He coiepKuT TPeyroabHIKOB, TO € < n?/4.

(b) Ecm e = [n?/4] 41, To B rpade ectb 110 Kpaiineit Mepe [n/2] Tpeyros-
HUKOB.

(¢) Eciiu n = km u rpad He comepxut noyHoro noarpada ¢ k + 1 Bepiu-
namu, 10 2e < k(k — 1)m?. (Ilepexons K nonoHuTesHOMY rpady, TOTydaeM,
9TO ecyii N = Kkm u cpejiu J0ObIX k + 1 BEPIINH HEKOTOPBIE J[BE COEINHEHBI
pebpom, To 2e = km(m — 1).)

(d) Ecam cpeau mr06b1x k + 1 BepImH HEKOTOPBIE JIBE COEMHEHBI PEOPOM,
m:= [n/k] ur:=k{n/k}, o 2e = km(m — 1) + 2mr.

5.2. (a) Eciu rpad AByIOJEH U HE CONEP:KUT IMUKJA JJIUMHBL 4, TO € <
<nd?/2.

(b) B usrobom rpade ectb nBymosbHBLI 10Arpad, cojepKamuii He MeHee
[I0JIOBUHBL pebep rpada.

(c) Ecau rpad He comepKuT IUKIa JJIUHBL 4, TO € < N

(d) Ecin rpad me comepxutr noarpada K3, 10 € < 2n3/2.

(e) Ecox rpad e comepsxut nogrpada Ks 3, To e < 2n°/3.

(f)* dorst smi06BIx 1edtbix 8, t, 0 < s < ¢, ecau rpad ¢ He cofepKuT moarpada
Ko, toe< (s+ )21/,

3/2.

5.3. st Tr0OBIX M TOYEK HA IJIOCKOCTHU CYIIEeCTByeT He 6ojiee n duamenm-
P06, T. e. (HeyTOPsIOUCHHBIX ) [IAP TOYEK, PACCTOSHIE MEK Ly KOTOPBIMI PABHO
MaKCUMYMY U3 BCEX BO3MOXKHBIX PACCTOSHUN MeXKIy IapaMy U3 3TUX 1 TOUEK.

5.4. Jnst mobeix n touek Ayq, ..., A, B R? o6osnaunm qepes D(Aq, ...,
Ay,) dnciio (HeynOpsiZIOUEHHBIX ) AP TOYEK, PACCTOSHIE MEXK/Ly KOTOPBIMU PaB-
o 1. Oboznaunm

En(d) = max{D(Ay,..., A,) : Ay,..., A, e RY}.
(a) E,(2) > nllogyn]/4. (b) En(2) < 2n°/2. (c) En(3) < 2n°/3.
(d) (n—1)2 < E,(4) < 2(n + 4)*
4 ~ n ~ .

5.5. (a) Mycts V — 11¥F-smemenTtroe moammozkectso mpocrpancTsa RF,
moGoe 10*-351eMeHTHOE TTOJIMHOMKECTBO KOTOPOTO COJIEPIKUT JBE TOUKH &,
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Ha paccroguun 1: |z — y| = 1. [Jokaykure, 9TO JyIst JTOCTATOYHO OOJIBIIOrO K
KOJIMIECTBO €JNHUIHBIX PACCTOSHUN MEXKIY TOUYKaAMHU MHOKeCcTBa V 0OJIbIIle,

aem 12F/2:

1 12k
S ) eV XV o -y =1} > 2

(b) To e Gombie, uem 12.1%.

6. "AMUJIbTOHOBBI IIUKJIBI U IIYTU

Tamunrvmoros nymo (yuka) B rpade — myTh (IUKII), TPOXOJANINN Yepes3
KayKJIyI0 BEPIINHY POBHO II0 OJTHOMY pasy.

6.1. Pebeprvim epagom rpada G HasbiBaeTcss rpad, BEpIIMHBI KOTOPO-
ro — pebpa rpacda G; JaBe BepHIUHBI pebepHOro Tpada CoeIuHEHBI PebpPOM,
ecau cooTBeTcTBYIOIUEe pebpa rpada G umeror obiiyio Bepimuny. Haiigure B
TepMuHax rpada G HeOOXOIMMOE U JOCTATOYHOE YCJIOBUE HAJTUIUS TaMUJIBTO-
HOBa IUKJIa B €ro pedbepHoM rpade.

6.2. (a) I'pad, cymma creneneii J06bIX JIBYX HECMEKHBIX BEPIINH KOTO-
pPoro ne MeHbIie 1 — 1, nMeeT raMmjaibTOHOB IIyTh.

(b) I'pad, cymma cremneneit JT00bIX JIByX HECMEXKHBIX BEPIIUH KOTOPOIO HE
MEHbIIIe 1, UMeeT I'aMUJIbTOHOB ITUKJI.

(c) Ecim rpad cpsisen u 2e > n? — 3n + 6, To B HEM eCTb TaMUJILTOHOB
UKL

(d) Ecoin cpesn s106b1x k + 1 Bepimus rpada ectb pebpo u 1mocie yIaaeHust
0601t k — 1 BepmnuHBI rpad OCTAeTCsI CBA3HBIM, TO B HEM €CTh MaMHUJIBTOHOB
Iy Th.

6.3. [Merox dupaka| Ecin aq, . .., a — MakcuMaJIbHBI Iy Th Cpe/ Heca-
MOIIEPECEKAIOIITIXCS TI0 BepIuHaM 1yTeit B rpade, k > 3 u dega; +degag = k,
TO B 9TOM Ir'pade ecTb HecaMoIllepeceKAIOMMIics UK JIJIMHbL k.
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6.4. B rpade na puc. 5 HET raMUJILTOHOBA Iy TH.

(@)

.5. MaxcuMaJIbHOEe YHCJIO IOIapHO HEIEPeCceKaIolnXcs 10 pedpam ra-

n—1
MUJIBTOHOBBIX ITUKJIOB B TOJTHOM rpade K, paBHO [T}

7. XPOMATUYECKUN MHOI'OYJIEH U MHOI'OYJIEH TATTA

O6o3naunM depes x (G) MUHUMAILHOE KOJIMYECTBO I[BETOB, B KOTOPbHIE MOXK-
HO IPaBUJILHO IIOKPAacUTh BepiiuHubl rpada G.

7.1. Eciu mis mekoroporo k B rpade ¢ n BepiuHaMu cpein Jiroobix k4 1
BePIUH eCTh PedPO, TO BEPIIUHLI HEBO3MOXKHO ITPABUILHO IMOKPACUTH MEHee,
4geM B n/k 1BeToB.

Yepes G — e obo3naunm rpad, mosryuaemblii yiatenueM u3 G pebpa e. Ye-
pe3 G/e oboznaumM rpad, HOTy9IaeMblil CKICHBAHIEM KOHIOB pebpa e (mpn
9TOM MOI'YyT 06pa30BaThCst KpaTHble pebpa). Mocmom Ha3biBaeTcsi pebpo, 1pu
yJIaJeHIH KOTOPOI0 KOJUYECTBO CBA3HBIX KOMIIOHEHT yBesjumdauBaercs. Ocmo-
60M 2pagha HAZBIBAETCS JIIODOE TTOMIEPEBO, COfepIKaliee BCe BEPITHHBI rpada.

7.2. (a) Ha xakoe 4mcjio MOXKET U3MEHUTHCS XPOMATUIECKOE UUCJIO TDa-
da G, ecnu obaBuTh K rpady oxno pebpo? Wim, dopmasibHO, HaliuTe BCe
nesiple k, Juist KOTOPBIX cytectByeT rpad G u ero pebpo e takue, 1ro X (G) —
—x(G—e)=k.

(b) x(V, E1 U Bs) < x(V, ED)X(V, By).

(¢) Hmsa xaxmoro r > 0 mocrpoiite takue V, Eq, Fy, ato x(V, Ey U Ey) =
=XV, E1)x(V, Ez) u x(V, E1) = 7.

7.3. (a) Ecau makcumasbaasi crenenb Bepriutbl rpada G pasaa A(G),
o X(G) < A(G) + 1.

(b) Eciin nan rpad G ¢ n BepiimHaMu u e pebpaMu, IPUIEM [IPU Y1 eHIN
7060 BEPIIMHBI XPOMATHIECKOE YHCIIO0 yMeHbinaercs, To 2e = n(x(G) — 1).

7.4. (a) Hus moboro pebpa e rpada G somonueno x(G) = x(G —e) —
— x(G/e). (MoxHo cunrarh, 4T0 KpaTHble pebpa B rpade (/e 3aMeHeHbl HA
HEKPaTHBIE. )

(b) Teopema Bupkeoga — Yummnu. Hucno xg(t) mpaBuIbHBIX PacKpacok
rpada GG B t BETOB €CTh MHOIOYJIEH OT .

(¢) Ero crenenb paBHa KOJMYECTBY BepIIUH, crapimii Kodddunuent 1,
BTOPOI KO3 PUIMEHT paBeH Yuciay pédep B rpade, B3ATOMY CO 3HAKOM MU-
HyC, KO3 DUIMEHTHI 3HAKOIIEPEeMEHHBI (T. €. KO3 bUIMEHThI Ipr "2k geor-
punarenbasl 1 koddbdumenter mpu "2 genmomokuTeBHB IS JTFOGOTO

nesioro k).

7.5. Borumcsmmre xpomaTmdeckuit MHOrowneH g (a) mosHoro rpada;
(b) mycroro rpada; (c) nenw; (d) nukia; (e) gaHHOrO JiepeBa ¢ N BEPIIMHAMU.
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7.6. (a) Ecim xpomartmdeckuit Muorowten rpada ects t(t — 1)"71 To

rpad — zepeso.
(b) He cymectsyer rpada ¢ XpoMaTHdecKum MHOrOUIeHoM t4 — 3t3 + 3t2,

7.7. Hns rpados ¢ nerisivu u kparubimu pédpamu T(G) = T(G — e) +
+T(G/e), rne e — pebpo rpada G, He ABISIONICECsT HU TETIIEH, HI MOCTOM, 1
T(G) —

(1,1) umcao OCTOBHBIX JieCOB (T.e. 00beMHEHNU OCTOBHBIX JI€PEBLEB €r0
KOMITOHEHT ).

(1,2) unciio Takux HAGOPOB PEGED, UTO JIJIst OO0 KOMIIOHEHTHI CBSI3HOCTU
rpada Jiexkalnue B Heil pebpa n3 Habopa 0O6pa3yroT CBA3HBIN moarpad.

(2,1) uucso anukinveckux HaAGOPOB PEGep.

7.8. Teopema Tamma. B mynbrumHOKecTBe (T. €. B HEYHOPSIIOYEHHOM Ha~
6ope ¢ kpaTHOCTsIMHU) TpadoB paspertaercs Jyist Jaoboro rpada G u ero pebpa
e, He FABJIIONIErocsd HU IeTJIel, HM MOCTOM, 3aMeHsTh oauH rpad G Ha aBa
rpada G — e, G/e. Dra 3aMeHa IPUMEHsIETCsI JI0 TEX MOP, TIOKa HE OCTAHYTCsI
TOJIBKO Ipadbl, B KOTOPBIX BCe Pedpa SIBISIIOTCS MeTJIAMA WA MOCTaMHu. To-
raa JJIst JII000r0 MCXOIHOTO I'pada MoIyYeHHOE MYJIBTUMHOXKECTBO KOPPEKTHO
OTIPEJIeJIEHO, T.€. He 3aBUCUT OT IMOpsiaka rpadoB u peédep, K KOTOPBIM MBI
[IPUMEHSIEM 3aMeHBI.

Mnozounenom Tamma wasbiBaercs muorowien T'(x,y) or AByX mepemMeH-
HBIX, ONpPe/IeJEHHbIN pekyppenTHoii dopmynoit T = Tg—e + T /e, €cim € ne
nersiss u ne Moct, 1 Tg(x,y) = 2'y/, ecim G uMeer § MOCTOB, j TeTesb M He
UMeeT Apyrux pedep.

7.9. (a) Boipasure xpomaTuieckuii MHOrOUJIeH Yepe3 MHorodieH Tarra.
(b) ITouemy Tak cTpaHHO 3aHYMEPOBAHBI IIYHKTHI B 3aja4de 7.77

8. ACUMIITOTUKU

Byzner nonesna gopmyaa Cmupaunea nl ~ ne~"v/2mn, 1. e.

|
lim ——%  —1,

n—oo n'te” "\/2mn

8.1. (a) Haiigure acuMnTroTuky Jjisi KoaudecTBa A, MOJIMHOKECTB MHO-

xkecrBa {1,2,...,n}, He copepKaIUX JBYX MOJPSIL MIYIHX IHCEIL.
(MubiMu  cioBamu, Haiigure «siBHyoo» GyHKuo f(n), s KoTopoit
. An
lim =1.)
n—oo f(n)

(b*) To ke 1t MPEx MOAPSIL UIYIIUX YUCEIL.

B orBeTe MOXKHO UCTIONB30BaTh DyHKIMIO T p(a, b), KOTOpas 1o aucaam a, b
1 MHOTOUJIeHy P, IMEoIeMy e/IMHCTBEeHHbINH KOPEHb Ha OTpe3Ke [a, b], BbImaér
3TOT KOPEHb.
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2n n n n on
220 3257 < () <20 (i) ~ 7
8.3. (a) ([ar;]) = (@ (1 —a)*" +o(1)".
(b) W'[asn]' — (e—m Ina;—--—aslnas + 0(1))11’ rne ap 4 -+ a; = 1

8.4. (a) n(2+ 1)" = 2+ 0(1))™. (b) 32+ )" = (2 + o(1))".

B nynkrax (b,c,d) ciemyromeit 3a/1aum 10CTATOUHO MHTYUTUBHOIO TOHUMa-
HUsI TOTO, YTO TAKOE BEPOSITHOCTD.

8.5. (a)ln (nil)(nimk'”"(nik) _ _kELD) (1—|—O (S)) st k= ky,.

n 2n

k
(b) (Z) ~ % st k = ky, = o(y/n). Buaunt, nis k < /N BEPOSITHOCTD

BBINIAQJICHUSI POBHO Kk OPJIOB NpHU N MOAOPACHIBAHUAX MOHETBHI MPUOJIMKEHHO
n —
paBHa 52 "

(¢) Onst k < /n BEPOATHOCTDL MOJIyYeHHsI POBHO Kk YCIIEXOB B CepUU W3
7 OIIBITOB, C BEPOSITHOCTBIO A/M yclieXxa B OJHOM OIIbITe, IPUOJIMKEHHO DaBHA

Ak:
Z_e™ (pacnpedenenue Iyaccona).

k!
k2
(d) <n2_nk>/<2:) = e a0t M) yng ko= K, = o(n). Buauur, s

k < n BepoATHOCTDL Pj, BBINIAJICHUS POBHO 1 — K OPJIOB IIpH 271 MOAOPAChIBAHUSIX
N 12
MOHETBI IPUG/IIKEHHO paBHa Pye F/m (nopmanvhoe pacnpedenerue).

8.6. Bepmo s, uro samucu €”™ u o(e") «paBHO3HAUHE»? T.e. BepHO

i, 9ro s jioboit dyukimuu f: Z — (0,400) yeaoBust lim nfn) _ 0mn
n—oo n

lim f(n)e™™ = 0 paBHOCHIBHBI?
n—oo

8.7. Kakast dyukius pacrér 6picrpee: ") wn (:C!)(Qz)f? T.e. maitgure
lim 2 (21)(=27),

T—00

8.8. Haiiure acHMITOTHKY 1151

(a) In C‘j) (b)* ([:a]), a € (0,1). (¢) (2n — DI (d) :O (2)2

(e)* kZ_O (Z)

8.9. Cymecrsyer jin dbyukius ¢(n) = o(1), mis Koropoit
(24 p(n))"2 e VP — x0?
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(Kak B s11060it MaTemMaTH4IecKoil 3a/1aue, Hy>KHO 000CHOBATH OTBET: IIPUBE-
CTHU IIpUMep TaKo# (DYyHKIMHU WU JOKA3aTh €€ CYIEeCTBOBAHUE WU JOKA3aTh,
9TO Takoil (DYHKIUU He CyIIECTBYET. )

8.10. Haiimre acumnroruky dbynknnu s = s(n), 3agannoil kak (a) s° =

=n; (b) s* =n.

8.11. (a) Haiigure acuMOTOTHKY /1711 Ben<uHbl n3 1.4.b.

(b)* Haiiure acUMITOTHKY JJIsi KOJMYECTBA JIMHEHHBIX MOIPOCTPAHCTB
B Z%. B oTrBeTe MOXKHO HCIOJIb30BATh KOHCTAHTY, 33JaHHYIO B BUJE CyMMBI
psizia.

(c)* Haiiaure acHMITOTHKY YHCIIa CBSI3HBIX YHUIUKINIECKUX IPpadoB ¢ N
BepIIMHAMI.

8.12. B »sToit 3amade, B OTIMYME OT OCTAJIBHBIX, HEJIb3d IMOJIb30BATHCS
dopmystoit CrupsuHra.

(a) n"e " < nl < p et (b) n! < ne "/,

9. IIPOCTENIINN BEPOATHOCTHBIN METO/, UJIN ITOJCYET
9.1. CymecTByeT Takast packpacka pébep rpada Km’n B JBa IIBeTa, 4TO

YHCJI0 OJHOUBETHBIX oArpados K, ne 6oibIie <TZ) (Z) ol—ab,

9.2. k-00nopodnwiti eunepepadp H = (V, E) — 310 MHOXKecTBO V' BepIIuH 1
cucreMma E n3 k-3/1€MEeHTHBIX MOIMHOXKECTB MHOXKECTBA BEPIIUH. DTHU IOAMHO-
JKeCTBa Ha3bIBAIOT pEOpamMu (MaTEeMaTUKU JPYTUX CHENUATbHOCTEl HA3hIBAIOT
UX CUMILJIEKCAMN ).

(a) Ecom |E| < 281, 10 Bepmmubl runeprpada MO:KHO PacKpacuThb B JBa
[[BETa MPABIJILHO (T. €. Tak, 9T00bI He HAIILIIOCH pedpa, BCe BEPIIMHBI KOTOPOIO
OJIHOIIBETHBHI ).

(b) Eciu 11 HEKOTOPOTO YETHOIO M

G9hY
(1 -2~k ) 2" <1,
(¥)

To cymecrByer k-onuoposusiii runeprpad H = (V) E) ¢ e pébpamu, BepIInHbI
KOTOPOT'O HEJIb3sl MPABUJIHLHO PACKPACUTH B JIBa IBETA.

(¢) CymecrByer Takoe ¢ > 0, 9To j1jist 1100010 K cymecTByer k-0HOPOIHBIIH
runeprpad, KOTOPHIH Helb3sT MPABUILHO PACKPACUTD B JIBA MBETA W KOTOPBIH
nMmeer He Gostee ck?2F pétep.

9.3. s yo0bIX N BEKTOPOB V1, . - ., U € R™ myuHbI 1 CyImecTByeT Takoi
Habop €1, ..., = £1, uro (a) | Y _p_; ervr| < v/n; (b) | Y op_; envr| = Vn.



“mph” — 2013/2/18 — 20:37 — page 177 — #177

JuckperHsiit aHaIn3 JJIsT MATEMATHKOB H IIPOTPDAMMHCTOB 177

9.4. VMmeercs HeCKOIBKO 1BeTOB. Kaxk 1ol BepiinHe ABY/I0JbHOTO rpada
C M BEpPIIMHAMU COIIOCTABJIEHO He MeHee, deM log,n + 1 u3 mux. Torma cy-
[IECTBYET IPaBUIbHAA pacKpacKka rpada, IPUIICHIBAIONIAs KaKI0i BepInHe
HEKOTOPBIA CONMOCTABJICHHBIN € I1BeT.

9.5. B roboMm MHOXKeCTBe U3 1 pa3JIMIHBIX HATYPAJbHBIX YHCes HAlIETCS
HOJIMHOXKECTBO U3 OoJtee, 1eM 1 /3 duces, B KOTOPOM HET TPEX YUCes, CyMMa
JBYX 13 KOTOPBIX paBHa TPETbEMY.

9.6. Ecsiu B rpadpe G = (V, E) ¢ n BepuMHAMU MUHUMAJIbHAsI CTEIEHb
BEPINUHBI PaBHA §, TO CYIIECTBYET TAKOE MHOYKECTBO BEPIIUH

(a) A C V, gro nmeerca me Gomee np + n(1 — p)°+! pepmun, meskamux
B A wm He coeMHEHHBIX HU ¢ Kakoil Bepmmnoit n3 A. 3xecs p € (0,1) —
[IPOU3BOJILHOE HAIEPE] 3a[aHHOE THCJIO.

(b) D C V, uro nobas Bepmuna u3 V\D coenunena pebpoM ¢ HEKOTOPOIi
1+In(s+1)

Bepmunoit us D, u |D| < n
p ;1 |D] < P

10. CJIVUYAMHBIE I'PA®HI

Hazosém eepoammocmoio rpada (B MOmean, Win B BEPOSITHOCTHOM IIPO-
crpancrse, G(n,p)) ¢ n Bepumaamu {1,2,...,n} u e pébpamu wmucio Pp(G) =
p°(1 — p)™=1/2=¢ " Beposmmocmpro mpousBoIBHOTO cemeiicTBa (LTI, UTO TO
JKe camoe, cBoiicTBa) rpadoB ¢ MHOXKeCTBOM BepinuH {1,2, ..., n} Has3biBaeTcs
CyMMa BEPOSITHOCTEH BXOJAIINX B HErO rpadoB.

Caywatinot sesudunoti Ha3biBaeTcsd PYHKIU Y, OompeaeaéHHas Ha MHO-
KecTBe TpadoB.

IIycre cayuaitnas Betmdnna Y npuHuMaeT k pasjmdIHbIX 3HAYEHU Yy, . . . ,

yg. Torna mamemamuieckum oorcudanuem (MaTOXKUIAHIEM ) CILy IaHOI BeJIU-
k
anHpl Y HasblBaeTcs e8 «B3pemtennoe cpeanee» BY = S 4, P(Y1(yy)), rae
s=1
Y ~(ys) — muokecTBO Beex rpador G, At kotophix Y (G) = ys. Hocieamiorno
BEPOSITHOCTH MOXKHO 0603Hadarh P(Y = y5).

10.1. Jlyist JaHHBIX N ¥ P HARAUTE MATOXKUIAHAE KOJTMIECTBA (&) raMUIb-
TOHOBBIX IUKJIOB; (b) HecaMolepeceKaoIuxcs: MUKIIOB.

10.2. (a) BeposiTHOCTb HaMuust k BEPIINH, MEXKJly KOTOPBIMU HET PEGED,
MEHBIIIE eklnn—pk(k—l)/Q.

(b) st mobbix nesbix [, ¢ > 0 cymecTByer rpad, He CoeprKaliiii HecaMo-
[IEPECEKAIOITUXCS IUKJIOB JIUHBI < [, KOTOPBIA HEBO3MOXKHO IIPABUJILHO PaC-
KpaCuThb B ¢ IBETOB.
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10.3. Jjst JaHHOrO p BBIYMCJIUTE ACUMIOTOTHKY (IpU N — 00) JJIs
EFY) :=EY(Y —-1)...(Y =k +1)) (re. mrs k-20 gaxmopuanvozo mo-
menma), ecan Y — THCIIO U30JIMPOBAHHBIX BEPIIIHH.

CobbiTe A, Mpoucrodum acuMnMoOMUYECKy noYwmu naseproe (MIH C
ACHMIITOTHYECKOH BeposaTHOCTBIO 1), ecrm Py (Apn) — 1.

10.4. Tpu p = p(n) = 1/(2n)

(a) JuIst HEKOTOPO#i HOCIE0BATEIBHOCTH dy, — 0 aCHMIITOTHYECKH HOYTH
naseproe nmeercs (1 + dp,)n/2 N30IMPOBANHBIX BEPHIUH (CIIEIUATICTEI TOBO-
psir: umeercst (1 + o(1))n/2 n301MpPOBAHHBIX BEPIIIHH).

(b) muist Hexkoroporo C' > () aCHMITOTUYECKH IIOYTH HABEPHOE KazK1ast KOM-
noHeHTa cBsi3HoCcTH MMeeT MeHee C'lnn BepunH (ClENUATUCTBL TOBOPST: MEHee
O(Inn) Beprmnm).

(C) ACUMIITOTUYICCKHU IIOYTU HaBepHOE KazK/1asl KOMIIOHEHTa CBA3HOCTU AB-
JISIETCST JIEPEBOM HUIU YHUIUIK/IMIECKAM IPadOM.

(d) mas mekoroporo C' > ( aCHMITOTHYECKH MOYTH HABEPHOE MMEETCs
MeHee C YHUIUKJIAIECCKNX KOMITOHEHT.

10.5. (a) IIpu p = p(n) = o (n_3/ %) aCHMITOTHYECKH HOYTH HABEPHOE
pebpa HONapHO HE [ePeCeKatoTCsl.

(b) IIpu p = p(n) = o (n_3/2) u pn? — 0o cymecTByer Taxas (DyHKIUsS
M (n), aro 2M (n) ~ pn? u acumnroTHaecKu noutH Haseproe 2M (n) crenemeit
BEPIIMH PAaBHBI 1, & OCTAJIBHBIE CTENIEHH PABHBI HYJIIO.

10.6. (a) Haitjure xoTst 661 0iHy Takyio dbyHKImO p*(n), 9ro

— npu p(n)/p*(n) — 0 acummToTHYeCKN TIOYTH HaBepHOE rpad He comep-
xKuT nonrpada, nzomopduoro Ky, u

— upu p(n)/p*(n) — 400 acuMITOTHYECKN HOYTH HaBepHOE rpad comep-
KUT noarpad, nzomopdubiii Ky.

(b)* To ke ¢ 3amenoit K4 Ha 3aanHbIil rpad ¢ v BeprmHaMU U e pébpamu.

11. IIEPECEYEHUS TTOAMHOYKECTB

B srom pasneiie yepes F obo3HAUAETCS TPOU3BOJIbHOE CEMENCTBO k-3Jie-
MEHTHBIX IIOJIMHOXKECTB N-3JIEMEHTHOI'O MHOKECTBA..

11.1. (a) Ecim k > | n kaxgoe [-3/1eMEHTHOE TTOJMHOXKECTBO N-3JIEMEHT-
HOI'O MHOYKECTBA COJEPIKHUTCS B HEKOTOPOM HOJAMHOXKecTBe u3 F, To |F| >

S (n / k
> :
l l
(b) Kommuecrso (k—1)-3/1eMEHTHBIX [IOJMHOXKECTB N-3JIEMEHTHOI'O MHOYKE-
CTBAa, IEJIMKOM COJICPZKAIIIXCS XOTsI OBl B OJTHOM 13 IIOJMHOXKECTB cemeiicTBa F,
k| 7|

HE MEeHee ———— .
n—k+1
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11.2. B mrobomMm ceMmeiicTBe MOMAPHO ITEPECEKAIOMNXCS IOIMHOYKECTB
N-3JIEMEHTHOI'O MHOXKeCTBa He Oosiee 2"~ ! momMHOXKeCTB.

11.3. Teopema Ipdéwa — Ko — Pado. (a) Ecau 2k < n u obble jiBa
1
o MHOKecTBa n3 F mepecekatorcs, 1o | F| < <Z 1).

(b) Eciu 2k > n u 06beiiHEeHNE HUKAKUX JIBYX HOJMHOXKECTB 13 F He eCThb

n—1
BCE N-3JIEMEHTHOEe MHOXKeCTBO, TO |F| < ( f )

11.4. TIlyctbn—2 2>t > 2.

(a) IocrpoiiTe cemeiicTBO U3 2! MOIMHOMKECTB N-3JIEMEHTHOI'O MHOKECT-
Ba, JIIOObIE J[BA U3 KOTOPBIX IIEPECEKAIOTCS HE MEHee, UeM 110 ¢ 3JIeMEeHTaM.

(b) Cymectsyer jn Takoe cemeiicTso u3 2"t + 1 mogmuOMKecTs?

Hodcornyxom ¢ m aenecmramu u Adpom Y HA3BIBAIOT HADOD MHOXKECTB
{F1,..., Fyy} makoii, uro |F; N Fj| =Y upu i # j u Bce muoxkecrsa F; \ 'Y
HETTYCTHI.

Hanpumep, momapHo HermepeceKaoImecss MHOXKECTBA 00Pa3yIOT MOJICOTHYX
C MYCTBIM SITIPOM.

11.5. (a) Ecm |F| > k!(m — 1)¥, 10 B F maiigércs mogcommyx ¢ m Jjie-
[ECTKAMU.

(b) Haitayres (m — 1)F moaMmoxkecTs n-31eMeHTHOr0 MHOMKECTBA, B Kay-
JIOM M3 KOTODBIX k 9JIEMEHTOB U CDPeJ( KOTOPBIX HeJb3sl BBIOPATH IOJCOTHYX
C M JIENECTKAMH.

12. JIMHENHO-AJITEBPAUYECKUN METO/]

12.1. Jlano cemeiicTBo F MOJMHOXKECTB MHOXKecTBa {1,...,n}.

(a) Ecam B KaxKJ10M HOIMHOXKeCTBe n3 J HEUETHOE YUCJIO JIEMEHTOB, & B
[epeceveHnn JIFOObIX JBYX MOAMHOXKECTB U3 JF UETHOE YUCJIO JIEMEHTOB, TO
|F| < n.

(b) IMocrpoiite mpumep, Korja ra ONEHKa JOCTUIAETCSL.

(c) Ecan B mepecedennn Jo6bIX JBYX IIOJIMHOYKECTB 13 JF POBHO k 9JieMeH-
TOB U B KaxKJIOM HoaMHO)KecTBe u3 F 6osiee k snementos, o |[F| < n.

(d) Ecau k > 0 u B nepecevdenunn JroObIX JBYX MOJMHOXKECTB u3 F POBHO
k snementos, To | F| < n.

12.2. (a) Ipuseaure npumep 2% moamuoxkecTs 2k-31€MEHTHOIO MHOMKECT-
Ba, B KayKJIOM U3 KOTOPBIX YETHOE YHC/IO JIEMEHTOB, ¥ B II€PECEUeHUH JTIOOBIX
JIByX U3 KOTOPBIX YE€THOE THCJIO 3JIEMEHTOB.

(b) Bosbire, wem 2 mojMHOKECTB B yCIOBUSAX TIYHKTA (2) GBITH HE MOMKET.
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12.3. (a) Cpean mo6bIx 327 HOMAPHO HEPECEKAIONTIXCS JIeBATHIIEMEHT-
HbIX ITIOAMHO2KECTB 25—3ﬂeMeHTHOFO MHOZKeECTBa Haﬁ,ﬂyTCH JBa IIOJIMHOKeCTBa,
B II€pECeYEHUN KOTOPHIX POBHO 3 UJIM POBHO 6 37IEMEHTOB.

(b) st k € Z obosuasmm V,, i, == {(x1,...,2,) € {0,1}" :+ > x5 =k}
Cpenn mr00bIx 327 Touek B Va5 9 ecTh J1Be, CKaJIsSPHOE IIPOU3BEJIEHIE KOTOPBIX
aexur B {0, 3,6}.

(c) Hust soboro @ € Va9 packpoeM CKOOKH B IPOU3BEIEHAN

((_i . (331, Ty e v ,.7}25) — 1)(6 . (xl,xg, e ,$25) — 2),
riae Ti,Ts,...,To95 — MEepeMeHHble. B Ka)K/I0M U3 IMOJyIeHHBIX OIHOYICHOB
JJIsT KaXKI0ro ¢ OyJieM 3aMEeHSITh x? Ha 1, moka 3T0 Bo3MOXKHO. [losyaeHHbBIiI
MHOTOUIeH 0003HaunM Fg (1, ..., x95).
JlokazknuTe, 9TO €C/IN CKaJsIpHOe IIPOM3BeIeHNe HUKAKUX JIBYX BEKTODPOB
cpemu di, . .., as € Vas g HE IeJINTCA Ha 3, TO MHOTOWIeHbI Fy , ..., Fg amHeiiHO

HesaBrucuMbl Ha Q.

12.4. (a) Cpemau 061X 107 ISATHIIEMEHTHBIX TOAMHOXKECTB 14-3/1eMenT-
HOT'O MHOKECTBa HalyTCs ABa IIOJIMHOXKECTBA, B [IEPECEYCHUN KOTOPBIX POBHO
2 ajeMeHTA.

(b) To ke mst 93 HOMHOKECTB.

(c) To xke st 92 HOIMHOKECTB.

(d) HeBosmoxkHO packpacuTb B 21 1mBeT BCe MSITUIJIEMEHTHBIE [OJIMHOMKE-
cTBa 14-371IeMEHTHOrO MHOKECTBA TaK, YTOOBLI JIIOOBIE JBa IMATUIJIEMEHTHBIE
HOJMHOKECTBA, IIepeceKalolecss POBHO IO JBYM 3JIEMEHTaM, ObLIN pa3HO-
IIBETHEI.

12.5. (a) Hambosbiiee ancyio Touek B R™ ¢ paBHBIME MOIAPHBIMU PACCTO-
SHUSAMUI paBHO N + 1.

(b) IMocrpoiire n(n — 1)/2 Touek B R", nmonapHble pacCTOSTHUST MEXK/LY KO-
TOPBIMU ITPUHUMAIOT TOJIHKO J[BA PA3JIMIHBIX 3HAUCHUS.

(¢) Eciu monapHbie paccTosiHust MEXK /Ly m ToYKaMu B R IPUHUMAIOT TOJIb-
KO J[Ba Pa3/IMIHbIX 3HadeHus, To m < (n+ 1)(n+4)/2.

12.6. (a) dust mpocroro p u meoro t 9ucao
Gt)=t—-1)t—-2)-...-(t—p+1)

JIGJIATCS Ha P TOTJA U TOJBKO TOTJa, KOTJIa ¢ He JEeJTUTCA Ha p.
(b) IIycrb p npocroe u n = 4p. O6ozHaIMM

M = {<17y27y3a'~-7yn) ‘ n=1uy € {1,—1}
U CPEIU Y2, . . ., Yp IUCIO MUHYC €JMHUI[ YETHO}.

st moboro @ € M packpoem ckobku B npoussenennu G(a - (1,29, ...,x,)),
rae Ti,x2,..., T, — IepeMeHHble. B KaXX/10M U3 MOJIyIeHHBIX OJTHOUIEHOB JJIsT
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2

KazKJIoro ¢ OyJieM 3aMeHATb Tj Ha 1, moka 9To Bo3MOxkHO. [loryuenneiit Muo-

rowien obosuauuM Fz(xa, ..., Ty).
JokaxkuTe, 9TO €Cu CKAJIAPHOE IPOU3BEICHIE HUKAKUX BEKTOPOB CPEIN
di,...,0ds € M He paBHO HyIO, TO MHOTOWIEHbI Fy , ..., Fg JnHeilHO He3aBH-

cumbl Hat Q.
(¢)* CymecTByer n u OrpaHUYEeHHOE TIOJMHOKECTBO B R™, KOTOpOE HEBO3-
MO2KHO Pa3buThb Ha N + 1 HEIYCTHIX YacTell MEHBIIETrO JHaMeTpa.

12.7. (a) Ecau muoxkecrBo pédep rpada K, siBisercs 00beIMHEHHEM
MHOKECTB PEOEp M MOJHBIX JIBYIOJbHBIX TPadOB, HE TEePECEKAIONNXCS 110 PED-
pam, To m = n — 1.

(b) TTocrpoiiTe HAGOD ABYIOJILHBIX I'PacdOB, HA KOTOPOM 3Ta OLEHKA JIOCTHU-
raeTcs.

Bajaun 3TOro IMyHKTa 3auMCTBOBaHbI u3 [2,3,5, 7|, rae unraresib Haiijgér
pereHnss U 00OOIEHNS.
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IIo morTuBaM 3amaunnka «MaTeMaTmaeckoro
IIPOCBEIIECHUST »

CeMb 3TION0B 00 OJIHOM HECOBIIAICHUN

H. H. Ocumos

— Bunure, BasiaranoB, 4T0 MOXKHO ce/1aTh U3 IIPO-
croii mBeitHoi Mammmabl 3unrepa? HeboJibiiioe mnpu-
crocobjieHue — W IMOJIYIHJIACh HMPEJIECTHAST KOJIX03-
Hasl CHOIOBSI3AJIKA.

N. Uned, E. erpos. 3oao0mot meaérox

Ha oxnoil HemaBHell MaTeMaTU4eCKOR onHMHI/Ia,zLel) eé yJacTHUKAM ObLiIa
OpeayIoXKeHa CJIeLyolast

BALAYA. Jokastcume, wmo wucaa arctg (4/3) u m necousmepumot.

NuabivMn CJIOBaMU, Tpe6OBa.HOCI) II0Ka3aTb, 94YTO YHUCJIO
arctg (4/3)
T
nppanuoHaJIbHO. Ecan IIpUBJI€Yb KOMIIJIEKCHBIEC YUCJIa, TO 3TO YTBEPXKJECHUE
MOXKHO C(POPMYJIMPOBATH TaK: YUCAO

3+4v-1
5

D Pe2uonanvtas cmydenueckas oaumMnuada no Mamemamuke, COCTOSBIIAICS
B ampeste 2010 roya. Perymsipao mpoBogutcst Mucturyrom Mmartemaruku Cubup-
ckoro denepanbroro yausepcurera (Kpachosipek) n 06br9u0 cobupaer KoMaH-
bl yHuBepcuTeToB Abakana, Kemeposo, HoBocubupcka, Yian-Ya3 U caMoro
Kpacnosipcka.

MaTemaTuueckoe npocsetyerue, cep. 3, sbin. 17, 2013(182-191)
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HE ABAACMCA KOPHEM U3 eduruybl. TaKIM 00pa30M, pelleHne 3aa9i CBOINTCS
K JI0OKa3aTeJIbCTBY Takoro gakra: npu awbom n =1, 2, ... pasencmeo
(34 4y/-1)" =5" ()

He6803MootcH0. KOMYy-TO 3TO MOYXKET MOKa3aThCsl OYEBUJIHBIM: B CAMOM Jlejie,
BeJIb He MOXKeT OBITh, YTOOBI MHEMOE KOMILIeKcHoe ncio (3 + 4y/—1)" oxa-
3aJI0Ch PaBHBIM BelecTBeHHOMY unciy 5. Ho modemy, cobcrBenno, mepsoe
YHCJIO SIBJIAETCS MHUMBIM? Kak 310 MOXKHO jokasarh? W Booblie, Kakue eCcThb
CII0COObI AKKYPATHO OIIPOBEPIHYTH PABEHCTBO (*)7

B nambHelinreM w3/10:KeHUN MBI Oy/I€M HCIIOJIB30BATH HEKOTOPBIE CTAHIAPT-
Hble TOHATUS U (DAKTHI U3 TEOPUH KOJIEI[ U TEOPUU MHOTIOUIeHOB. Bee HeoOx0-
JIUMBIE JIJIsT IOHUMAHWS [IPE/IBAPUTENIbHBIE CBEIEHNUS IUTATE/b DU YKEeJaHUU
CMOKeT HaiiTh, HalpuMmep, B Kaurax [1] u [6].

OTI0A I. KAHOHUYECKUI SITUMOP®U3M

B gaxmoproavue Ry = Z[\/—1]/I1 Korvua yesvix 2ayccosuis wucen
ZIV=1] = {a+b/~1: (a,b) € Z*}
o udeasy Iy = (5) mmeem 5 = 0 u (3 + 4v/—1)% = 3 + 4y/—1. Ho Torya
5" =0, (3+4V-1)"=3+4V/-1
npu JII060M HATYPAJIBHOM 7, ¥ PABEHCTBO (%) He MOYKET OBbITh BEPHBIM.
A B daxTopkombie Ry = Z[\/—1]/Is, te I = (1+2+/—1), em@ narnsmee:
5"=0, (3+4/-1)"=1,
IOCKOJIBKY THO-TIpeskHeMy 5 = 0, HO Temeph 3 + 4/—1 = 1.
OTMeTHM KCTaTH, 9TO KOJbIO R cocrouT u3 25 = 5 3jeMeHTOB U He

siBJIsieTCst 1ojieM (100, HApUMeEp, COJepKUT desumenu Hyas 1 + 2¢/—1), a
Ry — nosie u3 5 snemenTos (B ormane ot I1 C Io, ujmeas Is yiKe Makcumanen).

OTIO II. DAKTOPUAJILHOE KOJIBIIO

Hockomeky 3 + 4y/—1 = (2+vV/=1)2u 5 = (2 + /—1)(2 — v/—1), pasen-

CTBO (%) MOXKHO IIEPENncaTh B BUJIE
2+vV-1)"=2-v-1"

Ho 510 paBeHCTBO HEBO3MOXKHO, IOCKOJIbKY B €6KAud060M (& 3HAUUT, U armo-
puaavrom) Kobliie Z[/—1] 0ba uncia 24+/—1 ssagiores npocmvimu, TPUIEM
HEACCOUUUPOBAHHBLMU,.

[TpoTUBOPEYMBOCTL PABEHCTBA (*) TaKyKe CTAHET OYEBHJIHOMN, e 3aMe-
THTD, 9TO 4ncio 1+24/—1 — mpocToil gesmTess 5, KOTOpbIit He gesut 3-+4+v/—1
BBUJLY paBeHcTBa 3 + 4y/—1 = 2(1 + 2¢/—1) + 1.
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9110/1 I11. [IMKJTOTOMUYECKUE MHOTOYJIEHBI

XOpOHIO HU3BE€CTHO, 9TO uu%ﬂomOMUHEC%‘U’L’Z MHO204NEH TTOPAIKaA Ty
Ce)= ] @-¢) G=exp@rv-1/n),
HOZ (a,n)=1

MMEeT NeJIOUUCIeHHbIE KOI(MDMUIMEHTBI U HEIIPUBOJUM HAJL TI0JIEM DAIMOHAJ b
ubix ancest Q. Kak coencrsue, moboit muorowren f(z) € Q[x], mverormuii 06-
mue kopuu ¢ P, (x), obsazan neamurbes Ha P (). B gacTHOCTH, cripaBemnBO
HEPABEHCTBO

deg f(z) > deg ®n(x) = ¢(n), (1)
rie o(n) — dynryus Jiaepa.
[Tycrb Temepb n — HauMeHbIIIEe HATYPAIBHOE YUCIIO, JIJIs KOTOPOIO PABEH-
crBo (*) cupaseymso. Torma

344v=1 .4
T

JIJIs HEKOTOPOI'O @, B3AUMHO TIPOCTOrO ¢ n. [I0CKOJIbKY YHCIIO cieBa — keadpa-
MUYHAA UPPaLuoHasbHocmy, uvMeeM p(n) < 2, orkyna n € {1,3,4,6}. Ho, kak
[OKa3bIBAeT HEIIOCPEICTBEHHAs IPOBEPKA, JIJIsl 9TUX 3HAYEHUH 1 PABEHCTBO ()
HE BBIIOJTHSIETCH.

Dakrrueckn u3 (T) BbITEKaeT ciemyomas 6osee obmast

TEOPEMA. Ecau /7 € Q u cosp € Q, mo cosp € {0,£1/2,£1}.
HeticrBurensro, ecmu ¢ = 2mwa/n, rne 0 < a < n u HO (a,n) =1, To
2cosp =(p + G,

oTkyza (¢ — kopenn f(z) = 22 — (2cos o)z + 1 € Q[z].
Ipyrue jmokazaresnbcTBa 9TOH TeopeMbl Oy/IyT JaHbl B 3Tiofax V u VI.

9110/ IV. JIMAANYECKHUI TTOKA3ATE/Ib

s paBe€HCTBa (*) BbITEKa€CT, 9TO MHUMad JaCTb YHUCJIa
B+4v/-1)"=2+V-1)" =X, + Y,v/—1

JIOJKHA OBITE Hy/eBoOi. [IpumeHuB 6uHomuasonyo Gopmyay, Haiiém
n—1
Y, = 2(71)11—1 Z(*l)k0221§+122k'
k=0

Ecan pagencrso Y, = 0 3amucars B Buze
n—1
1 _ k 2k+162k
CQn - Z(_l) C2n 2 )
k=1
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CTaHeT MOHSITHO, ITO OHO HEBO3MOXKHO. [leficTBuTE/IHHO,

1 2k
CQk+1 — C2n CZn—l
n 2%+1

mosromy tpu k > 1 umeem

Ut162ky C3,C3F 122" 1 1
va(Cyy 2%) = 1y — 1 )7 v2(Cyy,) + 2k > 12(Cy,),

riae vo(m) — 2-aduueckuli nokazamens HATYDPATBHOTO YHUCIA M, T.€. TAKOE
mestoe gucyo [ > 0, 9ro m IeJuTcs Ha 2l, HO e gesmrest ma 201

OTIOA V. MHOIOYJIEHBI YEBHBIIIEBA U LIEJBIE AJITEBPAUYECKUE
YUCJIA

[Tpu m06om n =1, 2, ... aByuwieH z" 4+ 1/2" MOXKHO NpEJICTaBUTH B BUJIE
MHOTOUJIEHA Dy (Y) OT y = 2+ 1/2, ipu 3TOM Py, (y) HOPMUPOBAH U MMEET IEJIbIe
koaddurimenTo. B camom sese, nmeem

po(y) =2, p1(¥) =y, Prs1(y) = ypu(y) — Pr-1(y)-
Ecimu z = cosp + v/ —1singp, 1o y = 2cos ¢ u u3 gopmyav, Myaspa mosyanm
pn(y) = 2" 4+ 1/2" = 2cos (np) = 2T, (cos p) = 2T, (y/2),

rie T, (x) — mnozounen Yebwwésa 1-ro pona.
Teneps 3anumemM paBeHCTBO (x) B Buje 2" = 1, rjue

L _ 344V
—
Toryna y = 6/5, a Takxke
Pn(y) = pu(6/5) = 2" +1/2" = 2.
Urak, 6/5 okasblBaeTcs palMOHAIBHBIM, HO HE IEJbIM KOPHEM HOPMHPOBaH-
HOTO MHOTOYJIEHA C TesbiMu Kodddurmentamu py,(y) — 2, 9T0 HEBOZMOKHO.

DTO paccyxXKJjeHne — eIg OJUH CII0co0 JI0KA3aTe/IbCTBa TEOPEMbBI U3 ITHO-
na III. Ero MOXKHO ciestaTh COBCEM KPaTKUM, €CJIU 3aMETUTh, YTO YUCJIO

— _ ra —a __ ~a n—a
y_2COSSO_Cn+Cn _Cn+<n
ABJIACTCA UEADIM aﬂee6pau%ec%um (HOCKO.HI)Ky TaKOBO Cnv a IeJIbIe aﬂre6paI/I—

JecKue ducsia obpasyroT KoJibio). Ho B Takom ciydae yciosue y € Q paBHO-
CHJIBHO YCJIOBHIO Y € Z, a 3Ha4nT, cos @ € {0,+1/2, £1}.

297110/1 VI. JIMHAMUYECKUE CUCTEMBI

Paccmorpum nrepalimoHHbIil Iporiece, 3aJauubiit (hopmyJtoit

Tpe1 =222 -1 (k=0,1,2,...).
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Puc. 1. Ilepsasi Thicsida 4/IeHOB HOC/Ie/40BaTebHOCTH {x)} pu xo = 3/5

Beeném obosmadenne: Ig = {r € Q: —1 <r < 1}.

[TPEJUIOKEHUE. [Ipu x¢ € Ig\ {0,£1/2,£1} sce waenv nocaredosamenn-
nocmu {x} nonapno paziunol.

B onuncaHHON cUTyanun IIOBEJIEHUE TI0CIIE0BATETbHOCTH {T)} BBILJISIUT
xaoTudeckum (cM. puc. 1). st JqoKasarebCTBa MpeIIoXKeHnsT HaM [TOHAI0-
ourcsa

JIEMMA. Iycmo f(x) =222 — 1. Jasa k =1, 2, ... noaosicum
fel@)=f(..(f(z)...).
k

Tozda pavyuonanvrve Kopru ypasrwenus fr(r) =z cymo 1 u —1/2.
JOKABATENBCTBO. Ilpu k > 1 crpaBeniuBo IpecTaB/ieHIe
folm) =22"122 4 41

[TosTomy 11060#i paIOHAJBHBIN KOPEHb Ty MHOrOWwIeHa fi(z) — & J0JKeH
nmersb Bug +1/ 2! rae | — HEKOTOpOE IeI0e HEOTPUIATEIbHOE Trc/I0. VMeen

fr(@o) = f2(yo) = 8yg — 8yg + 1 = o,

e yo = fr—2(zo) — pammonanbhoe [ncio (cuamraem fo(z) = x). Ho, xak
HETPY/IHO yOeIUThCs, ypaBHEHUE BUJIA

Syt —8y? +1=+1/2
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IMeeT PallOHAJIbHBIE KOPHH TOJIBLKO TOLJA, KOIJIa ero Ipabasl 4acTh paBHa 1
wim —1/2.

[lepexosst K JI0OKA3aTENbCTBY IPEJJIOXKEHUSI, 3aMETUM, UTO €CJIH TNk =
=zn, 10 fr(xn) = N u no remme zy € {0,+1/2,+1}. Ho B TakoMm ciyuae,
KaK HeTPyHO nposeputhb, £n—_1 € {0,£1/2,+1} u ©. 1. — nporusopeune.

PacckaxkeMm erré o aByX JApyrux crocobax JTOKa3aTeJbCTBA MPEITOXKEHNUsI,
B KaXKJIOM U3 KOTOPBIX IKCILIyaTUPYETCS MPeACTaABIeHNE PAIMOHABLHBIX YU-
ceJl T} B BUJE HECOKPATUMBIX JIpobeit:

v =%, HOM (ak,bg) = 1.

1. Tlepsoiii cioco6 coBceM Koporkuii. Vimeem

2 2
ap41 2a;, — b
Th1 = 3 —— = % : (1)
k+1 K
Tak kak d, = HOJL (2a2 — b2,02) € {1,2}, To
b b}
bk+1=i>§k>bk7

Kak TOJbKO by > 2. Ocrajiock 3aMeTuTh, 9410 by > 2.

[Tomobuble s1eMeHTapHBIE PACCYKIAECHNST COCTABJISIIOT OCHOBY MHTEPECHOTO
CIOZKETa O TOM, KaK U3 OJHOW M3BECTHON PAIMOHAJIBHONW TOYKHN Ha JIAHHOW 9./-
AUNMUYECKOT KPUBOT, MOYKHO U3MOTOBUTH DECKOHETHYIO ITOCJIE/I0BATEIBHOCTD
pPaIMOHAJILHBIX TOYEK 3TON KPUBOIA.

[Tpuseném omun mpumep. [Iycts S — mostoKuTEIBHOE PAIMOHAIBHOE THUCJIO,
FEg¢ — sjumnTudeckass KpuBasi, olpeesseMas yPaBHEHIEM

Sy? = a3 —x.
TEOPEMA. Ecau xpusas Eg codeporcum zoms 6b. 00HY PaUUOHAAOHYIO

mouky Py = (zo,y0) ¢ yo # 0, mo makxuxr mouex Ha Hel OeckoneuHo
MH020.

JOKA3ATEJILCTBO. IIpoeeném B Touke Py kacareabuyio K Fg. Ona nepe-
ceuér Eg B Hekoropoii npyroit Touke P*. O6o3na4uuMm yepe3 P; TOUYKY, CHMMET-
puunyto P* orHocuTesnpHO mpsimoit y = 0. [oBopsiT, uTo TouKa P mosydena
ydsoenuem Touku Py (Takasi TepMUHOJIOIUsI CBsI3aHA ¢ HEKOTOPOIl €CTecTBeH-
HOIT onepayueti cA0dCenUs TOYEK ILTUIITUIECKON KPUBOIi).

[Iycrs Py = (z1,y1). [IpocTbie, HO HECKOJIBKO I'DOMO3/KUE BbIYMCIIEHMUSI
JIAI0T
2y = (:c(%—i—l)z 1:x875x375x3+1
dzo(zg —1) 8Szoyo(zg — 1)

[TockombKy Y1 # 0, 60 MHOTOUIEH
25 =5zt — 502 4+ 1= (2% + 1) (2% — 22 — 1) (2% 4 22 — 1)
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HE WMEeEeT PAITMOHAJILHBIX KOpHeil, n3 Touku P| y/JIBOeHMEeM MOYKHO ITOJIyIUTH
touky P, = (x2,y2), u3 Touku P aHa/JOrMYHBIM 0OPAa30M IIOJIyYUTh TOUYKY
P = (x3,y3) u 7. 1. [TokaxkeMm, aro Bce TOUKU Py OyiyT MONAPHO PA3IUIHBL.

[Iycrs xp = ag/by — 3anuch B BuJe HecoKpaTumoil npobu. Torma, xak
JIETKO BUJIETD,

_ Hao(ag — b3)|

b
1 d

2 | 1242 2 32
bo, do=HOZM ((ag + b5)°, 4aobo(ag — b))
Herpymio mposeputs, uto dy € {1,4}. Hockombky |ag(ad — b3)| > 1, umeem
b1 > bg. Anasioruuno by > by u T. 1. Takum obpaszom, 3HaMeHATEIU by parmo-
HAJILHBIX YHCEJ Tj MOHOTOHHO BO3PACTAIOT, a 3HAYUT, BCe T} U TeM Gojee Py
HOIIAPHO PA3JIMIHBI.

Kpusas Eg npumedaresnbHa TEM, UTO €€ PAIMOHAJBHBIM TOYKAM, OTJIAY-
ubM or (0,0) u (£1,0), cOOTBETCTBYIOT IIPSIMOYTOJIbHBIE TPEYTOJBHUKH ILIO-
magau S ¢ panuoHAJbHBIME JITMHAMA CTOPOH. JIOKasaHHYIO0 TeopeMy MOXKHO
cOPMYTMPOBATE TaK: €CAU CYULLCTNGYEM TomA Ol 00ur maxol mpeyzont-
HUK, Mo uX cyuecmeyem 6eckoneuno MHrozo (yTBepzKieHne, KOTOpoe BlepBble
Bbickazasl [1. @epma). OHAKO BOIIPOC CYIIECTBOBAHUS JIJIsI JJAHHOTO S XOTsI ObI
OJIHOT'O TPEyTOJbLHUKA C TPEOYEMbIM CBOHCTBOM OKa3bIBAETCH BECHMA, HETPUBH-
aJIbHBIM (101pobHee 06 9TOM M., HanpuMmep, B 6poriope [5]).

II. Bropoii criocob ocHOBaH Ha cJie/iytomieM coobpazkernu. [lycTs p — mpocToii
nenutenb by. Torma nust k=0, 1, ... uMmeem

2F1,(bo), ecau p > 2,

vp(by) =
o(e) 2 (vy(bo) — 1) + 1, ecmu p = 2,

rae vp(m) — p-aduueckuti nokazamens, onpeaesseMblil aHAIOTHIHO 2-aude-
ckoMmy mokazareso (cm. atiox [V). JlokasaresbeTBO IPOBOAUTCS IO MHIYKITUN
C HCIIOJIB30BAHUEM DPeKyppeHTHOro coorHomenus (). B wacrHom ciaydae 1o
paccyKIeHne MOXKHO HAWTU, HAIPUMED, B OIyOJUKOBAHHOM PEIIEHUU CJIEITY-
forieil hOTBKIIOPHON 3aa4u: doKa3amd UPPAUUOHAALHOCTG 2PAJYCHOT MEDPDL
yeaa @ npu yeaosuu cosp = 1/3 (em. [3]).

Temeps MOXKHO IaTh €II€ OTHO HOKA3aTEIHLCTBO TeopeMbl n3 arioxa I11.
Iycts xg = cosp € Ig \ {0,£1/2,£1}. Torna

zp =cos(2%0), k=0,1,2, ...,

U 110 TIPEJIOKEHUIO B [OCIIEI0BATENBHOCTH { X } HE JTOJIPKHO OBITH COBIIAIEHUIT.
Ho rak ne 6biBaer, ecin /1 € Q.

Hekoropble 31eMeHTapHbIE CBOWCTBA OCIIEI0BATEIBHOCTH { )} PAcCMOT-
peHbI B craThe [2].
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9T110/1 VII. TPAHCHEHJEHTHBIE YUCJIA I MEPA
UPPAIIMOHAJIBHOCTU

VrBepxkeHue 00 UPPAINOHAJIBHOCTUA YUCTIA

By = arctg (4/3)

i
O03HAYAET, YTO ITO YMUCJIO HE MOXKET ObITh KOPHEM MHOrodjeHa l1-ii creneHu c
nenbiMu Koadgdunuenramu. Ho Ha caMoM Jiejie OHO He SBJIIeTCs KOPHEM BOOO-
IITe HUKAKOTO MHOTOWJIEHA, C TeIbIMEI KoddpurmenTamu. NHBIME CIIOBAMMT, 9TO
YUCTIO — MPaHCueHdenmuoe. DTOT (PaKT BBITEKAET U3 CJIEIYIONIEHl TeopeMbl.

TEOPEMA 'ENb®OHIA (1934). Eciu «, f — anrebpandeckue quciia, Ipu-
aém a ¢ {0,1}, B € Q, To uncio o TpamcienentHo.

JlokazaTeabCTBO 3TOH BeCbMa HETPUBHUAJIBHON TEOPEMBI, peraiomei 7-10
npobaemy luavbepma, auraresb MoxKeT HaiiTn B Kuure [7]. B namewm ciaydae
nMeeM

(1) = exp (o log (~1)) = exp (fomy/~T) = 21
a TOCJIe/IHEeEe YHCJIO, OYEBU/IHO, ajIredbpaniecKkoe.

UppanuonaabHoe IUCIO [y SBISETCST BEIMIECTBEHHBIM, a /I TAKUX THCET
[IPEJICTABJISIET UHTEPEC BOIIPOC O TOM, HACKOJIBKO XOPOIIO OHU MPUOINKAIOTCS
PAITMOHABLHBIMU JPOOSIMH.

Mepoti uppayuonarvrnocmu pu(f) auncaa f € R\ Q Ha3bIBAIOT HUKHIOIO
rpanb Takux 4ucesi [ > 0, 9T0 HepaBeHCTBO

_P
ﬁq

1

<= (8)

q#

HMeeT JIMIIbL KOHeIHoe MHOMKeCTBO permenuit (p, ¢) € Z2. Ecim uncen y ¢ yka-
3aHHBIM CBOWCTBOM HET, TO IOJIAraioT (/) = oo (Takue ducia [ CyMecTBYIOT
U Ha3bIBAIOTCS wucaamu Juysuars). Onupascs Ha npunyun Jupuzae, J€rko
[OKa3aTh, UTO IPH [t = 2 HEPABEHCTBO (§) MMeeT GECKOHETHO MHOTO PEIIeHNil,
nosromy Beerya p(3) = 2.

TEOPEMA PoTA (1955). Ecomm § € R\ Q — anrebpanueckoe 4uciio, To
ISt JTI060T0 4 > 2 HepaBeHCTBY (§) yIOBJIETBOPsieT KOHEYHOE MHOXKECTBO T1ap

(p,q) € Z°.

Urak, p(f) = 2 miua moboro anrebpandeckoro uncaa [ € R\ Q. Hokaza-
TEJLCTBO TeopeMbl PoTa Tak:Ke 0OYeHb CJIOXKHO M K TOMY 2Ke Hea(pPeKTUBHO,
[OCKOJIBKY He MO3BOJISIET YKa3aTh siIBHOI oneHKu q < qo = qo([3, 14) /it BO3-
MOXKHBIX pertennii (p, q) nepasencrsa (§) (cMm., Hanmpumep, [4]).

BwmecTe ¢ Tem myst 1r000i BelecTBEHHONM KBaIPATUIHON MPPAITOHAILHO-
CTu ﬁ TaKyIO OIIEHKY BBIIIMNCATDH BIIOJTHE MOXKHO. STO CB#A3aHO C TEM, YTO MO2KHO
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[PEJIbsIBUTH B SIBHOM BHJIe TaKylo KOHCTaHTY ¢ = ¢(3) > 0, 4TO HepaBeHCTBO

I N C)]
-2

GyseT BepHO I JT06BIX (p,q) € Z2. Tak, manpumep, i 3 = V2 rommres
c=1/4.

st Meper uppanmonanbHocTu f4(/3) TpaHCIeHIeHTHBIX quces 3 € R, He
ABJIATONNUXCA YHUCJIaMMN ﬂHyBHJ’IHH, O6bILIHO N3BECTHBI TOJBKO BEPXHUE OIlCH-
K1 (HeKOTOpI)Ie KOHKDpeTHbIC DPE3yJ/IbTaThbl YHUTaTe/Ib CMO2KET HalTU II0 CCHLI-
ke [10]).

[Ipo uuciao By U3BECTHO, YTO OHO HE UUCIO JIMYBUJLIsI, IPU STOM MOK-
HO yKa3aTb siBHYIO OleHKY [i((3y) < ap ero Mepbl UppalMoOHaJIbHOCTH. Takoro
pona GaKThl BHITEKAIOT U3 CTEIEHHON OUEHKHU IJIS AUHETHOT hopMmvl 0m A0-
20PUPMO8 AN2EOPAUMECKUT “UCEA, KOTOPYIO BIEpBble mosyunyi DejbaMaH B
1968 romy (cm. [7]).

B wacrrOCTH, N5 unca

By = log (o) o — 3+4y/-1

= Qo = —1
log (052) Y 1 5 Y 2

peub uieT o suHeitHoi dhopme A = ¢ log (a1) + g2 log (), miist koropoii cipa-
BeJIJINBA OICHKA THIIA

Al > L7,

rie L = max{|q], |q2|,2}, upu sTOoM KOHCTaHTa by, 3aBHUCAIIAST TOJIBKO OT
a1, (g, a TakxKe OT BbIOpaHHBIX 3HaveHwii log(aq), log(as), MoxkeT OBITH sIB-
HO BbIYHCsIeHa. [y mosrydenus: 5Toro pedysnbrata OesibIMaH yCOBEPIIEHCTBO-
BaJI METOJI OIleHKN JIMHEHHOH POPMBI OT JoTaprdMOB aaredpandecknx Inces,
npeiozkeHublii B 1966 roxy Beitkepom (cu. [8]).

Onnako KoHcTaHTa by (M, Cjej0BaTEIbHO, KOHCTAHTA d() OKA3bIBAETCSI
OY€eHb OOJIBIION, TO9TOMY JIJIsi IPAKTUYIECKUX IIPUJIOXKEHUH BBITOJHEE [PUMe-
HATD OIEHKY THIIA

|A| > exp (—colog® L),

XYJIIYIO II0 MOPSIKY, HO C OTHOCUTEJIHLHO HeOOILIION KOHCTAHTOI ¢, TAKXKe 3a-
BUCSIIEH TOJIBKO OT <1, <2, log(ay), log(ag). IIpumep Takoii oneHkn durarensb
cMoKer Haiitu B pabore [9].
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006 ogHOM (DyHKIMOHAJIBHOM ypaBHEHUH

H. Hukosos B. Craskos

B crarbe obcyxkgaercs perienne 3ajaun 16.6 u3 3amaunuka «Ma-
TEMATUIECKOTO TTPOCBEIEHUST>

B sTo0it crarbe Mbl uccieayem pyHKIMOHAIBHOE yPABHEHNE

f(f(@)) = g(x), (1)

na dynkmuo f: N — N,V e g: N — N — jgannas unbexrusaas GyHKims.?

Oynkiyn g yaobHO comocTaBuTh opueHTHpoBanublii rpad I'(g), Beprmmna-
MH KOTOPOro ciyKar sjeMenTol N, a pebpa BeyT or x K g(x) st Bcex x € N.
VHBbEeKTUBHOCTD ¢ BJIEUET CJIEJIYIONLYI0 CTPYKTYpy rpada: Bce Bepuiunbl ['(g)
pasbuBaroTCs Ha HelepeceKarompecss MHoxKecTBa [K;, rme kaxmoe K; mmeer
OJIMH U3 CJEIYIOINX TPEX TUIIOB:

3)

i) 6eckomeunas yenouxa: x — g(x) — g*(x) — ...3), B koropoit g~ (z) =

=0, u g'(x) # ¢°(x) npn s # t;

i) yura daunor 0o: ... — g 2(z) — g Hz) — 2 — g(x) — ¢*(x) — ...
rie g'(x) # g°(z) npu s # t;

i) wura daunw k (k € {1,2,3,...}): 2 — g(x) — ¢*(z) — ... — ¢"(x) =
= x, rje Bee ajeMentTsl T, g(x), g%(x), . .., ¢ '(z) nonapuo pazamuHbL

Byzaem rosoputs, uro g — dbyukius muna (a;b; ¢y, ca, . . .), ecau I'(g) pas-
buBaeTcsa Ha a IENOYEK, b IUKJIOB JJIMHBI OC U ¢, IUKJIOB IIUHH k, k =
= 1,2,... (31€ch a,b, ¢k MOTYyT HE3ABHUCUMO JPYI OT JIpyra NPUHUMATH 3HA-
genus 0,1,2,...,00). CupaseminBa cjeyomas TeopemMa, B KOTOPOii jaercst
orBeT (B TepMuHAX THIA (YHKIMA ¢) HA BOIIPOC O PA3PEIIUMOCTU yPaBHEHHSs
(1), IpEYeM U3 JOKA3ATEIHCTBA SICHO OIMCAHIE MHOMKECTBA permeHmii.®)

UN MOXKHO 3aMEHHTH Ha HPOM3BOJILHOE CUETHOE MHOXKECTBO, TAK KAK apH(METHUCCKHe
OllepaIyy 3/1eCh He UCIOJb3YIOTCS.

D HanoMHuEM, 9TO g HA3BIBACTC UHLEKTUBHOM, eciu u3 ¢(z) = g(y) BeITekaer & = y.

3 JIns HATYypaibHOrO k MBI IOJAraeM g (z) = g(¢" (). Kpome roro, ¢°(z) = =,

“10N _ —k(oN _ —1(, —kF1

g (@) ={ylgly) =z}, g "(x) =g (g7 (2)).

' MeTon mOKA3ATETHCTBA IPUMEHNIM JIJIsi ONMCAHHS Pellennii ypasnenns f° = g, rue k —
HATYPAJIbHOE, & § — JAHHAs WHHLEKTUBHAA (DYHKIMS.

MaTemaTuueckoe npocsetyerue, cep. 3, Bbin. 17, 2013(192-195)
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TEOPEMA. [Iyemov g: N — N — dynryusa muna (a;b;c1,ca,...).
a) Ypasnenue (1) nepaspewumo mozda u moavko moada, ko2da 6 MHodHCeE-
cmee {a,b,cop | k=1,2,...} ecmv zoms 6o, 00HO HeueMHOE HUCAO.
6) Vpasnernue (1) paspewumo u umeem KOHEUHOE MHOHCECTNEO DEUWEHUT
moeada u MoAvKko Mo2da, K020 BVMOAHEHDL CACOYIOULUE YCAOBUS: 68 MHOHCECTNEE
{a,con | K =1,2,...} sce wucaa wemmo, b =0, u cymma
o0
> (can—1(cop—1 — 1) + cox)
k=1

KOHEUHA.

Ormernm, 4TO YaCTHBIN ciaydail Hameil 3ajaun st Gyuknun g(r) = x +
41987, npemmarasics Ha MexxayHapOgHON MaTeMaTuIeckoi oaguMmuaae 1987 .
Kak Buanm, sra dbyskmus umeer tun (1987;0;0,0,...), u, coracuo Haeii
TeopeMe, Jist Takoii (byHKIMK g ypaBHeHue (1) He uMeer pereHuii.

,HOKASATEIIBCTBO TEOPEMBI

[Tycte N — 310 MHOXKecTBO Bcex BepriuH ['(g), mpuHAa/IeKaIuX IUK-
naM (KoHeYHbIM U GeckoHedHbIM), a M — 310 MHOXKecTBO Beex Bepiud ['(g),

0 .
upuHa Ieamnx oeckonednbiM nenoukaM. (Popmasnsao N = () ¢*(N), M =

i=0
= N\ N.) SIcno, uto g(N) = N u g(M) C M. O6oznaunm M; = g'(M)
(i =0,1,2,...) u S; = M;y1 \ M;, Tak 9ar0o Sy — MHOXKECTBO HaIATHHBIX

9JIEMEHTOB BCeX OECKOHEUHBIX Ienouek, S1 = ¢(Sp), S2 = ¢g(S1), - .- .
[Tycrs dynkius f ynosiaersopsier (1). Tak kak g MHbeKTHBHA, TO U f
uHbekTHBHA. OTMETHM TaKKe, 9T0

fg(n)) = g(f(n)) mrs Beex n €N, (2)

Tak Kak JieBasi u npasas dacru (2) pasasl f(f(f(n))).

[Mokaxem, aro f(M) C M u f(N) C N. loctaTo4HO HOHSTH, Y9TO MHO-
wecrBa K = {k € M | f(k) € N} u L ={l € N | f(l) € M} uycrere.
[Ipeamonoxum K Hemycro. Haiigem MuHEMAJIBHBIH HOMED ¢ Takoit uro K N S;
Hernycro, u BosbMeM k € K N S;. Tak xak f(k) € N, vo f(k) = g(z) s
Hekoroporo x € N. 113 pasencrsa f(k) = f(f(x)) u nabekrusroctu f mosry-
qaeM k = f(x). ns smementa z naiinem y € N takoit uro ¢g(y) = z. [lycrs
z = f(x). Umeem k = f(z) = f(9(y)) = g(f(y)). Ecoim ¢ = 0, 1o ectb k € Sp,
nostyunan nporusopeune, tak xkak ¢ (k) = @. Unaue f(y) € S;_1. Kpome
toro f(f(y)) = g(y) = = € N, nosromy f(y) € K N S;_1 B mporusopedne ¢
BBIOOPOM 4.

[Tpeanonoxkum, uro L wemycro. Bosemem z € L. Ilo onpenenenuto f(z) €
M. C npyroii croponst f(f(z)) = g(z) € N. Orciona f(z) € K, u Bce cBOIUTCS
K IPEJIBIIYIIEMY PACCMOTPEHHIO.
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Nrak, Mbl pa3aenmiv HAIYy 3a/7a9y Ha JIBE HE3ABUCHUMBIX MOA33AYUN s
muoxkects M u N.

1. Pemmm 3agaqay miust M (MoxkuO cumrarh, uto N = &). Ilosmoxnm
A={a €Sy | fla)€ Sp}, B={be Sy| f(b) e M\ Sp}.

OueBugno AUB =Sou ANB=@.

Bamernm, ato ecan © € A, to f(x) € B. [eiicTBUTENBHO, TPEIITOIOKAM
uporusnoe: f(x) € A. Torna f(f(z)) € Sp no oupenesnennto A. Ho ¢ apyroii
croponst f(f(x)) = g(z) € S1 — nporusopeune.

[Mokaxkem, uro f(B)NMy = &. IlpeanosoxKum, 9T0, HAIIPOTHUB, CYIIECTBYET
y € B rakoii uro f(y) = g(g(x)) nis mexoroporo x € M. 13 (2) u (1) ciuexyer,
210 6y) = F(F@)) = F(6@)) = o(g(f())). Tax xex g mvercrupms, 10
y = g(f(z)), uro uporusopeunTt BKIOUeHUIO Yy € So. Urak, /s Kaxoro
y € B umeem f(y) € Si, 1o ectv f(y) = g(x) mas mexkoroporo x € Sp.
C npyroit croponsl, g(z) = f(f(x)), n B cuiy uabeKTUBHOCTH f MOJydYaeM
y = f(z). Tak kak y € Sy, 10 x € A. Ilosnyuaem, uro f(A) = B, B yacTHOCTH,
ecin a = |Sy| koneuno (|.Sy| paBHO KoIMUECTBY GECKOHEUHBIX MEIIOYEK ), TO OHO
YETHO.

C npyroit cropoHbl, Tpu JIFOOOM pa3OUEHNN MHOXKECTBa Sy Ha JIBe YaCTH
A u B rakue, uro |A| = |B| mobast 6ueknus h: A — B mpojoKaercs e/iH-
CTBEHHBIM 0Opa3oM 110 uckomoii pyHrmuu f: M — M ciieayronmm o0pas3oM.
IIycts ¢ € 5;, Torna

{ fa) =g (hlg7'(2)),  ecm g7i(x) € A,
J(@) = g (Mg (@), ecmu () € B,

B ciyaae gernoro a 1o naer ((;}2) - (a/2)! uckombIx dyHKITHIL.

2. Tenepsb pemmm 3agady gt N.9 s xaxmoro © € N Iycrb G(z) =
= {¢'(z) | i € Z} — nuxn (opbuta) 3MeMenTa T (UKL JBYX 3JIEMEHTOB
JbO He MepPeceKaroTCst, TUO0 COBIIAIAIOT).

Bamernm, uro ms Besikoro ¢ € N Bepuo f(G(x)) = G(f(x)). Do caemyer
w3 toro, uro f(g/(r)) = ¢/(f(x)) mna Beex j € Z. Orcrona momydaeM, dTo
f(G(f(x)) = f(f(G(x))) = g(G(x)) = G(z). BuaunT, Jsi KazKJIOr0 IUKIIA
umeercst jiBe Bo3MoxkHocTu: Jmbo f(G) = G, nubo Haiijercs Apyro UK/
G rakoit, uto f(G) = G u f(G) = G. 3adukcupyem | € {1,2,...,00} u

pacemorpuM 1wk G sl |G| = 1.

a) Paccmorpum cayuait f(G) = G. Bosbmem z € G. Tax xax f(z) € G,
umeem f(r) = ¢/ (x) mna wexoroporo j € Z. Jnsa kaxnaoro y € G, y = g*(z)

%) dakTudeckn 910 3a/1aua pEIlleHns] yPaBHEHHs] T2 = ¢ B I'PyIIe Seo GHEKIHIl CIETHOro
MHOKECTBA.
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mveem f(y) = f(g*(2)) = ¢*(f(2)) = ¢*(¢’(2)) = ¢/(¢"(2)) = ¢’ (y). Unteen
g(z) = f(f(2)) = ¢ (¢’ (x)) = ¢%(x) wm g¥~!(z) = z. 1o ozmauaer, uTo |
koneuno u 25 — 1 genmres #a . Orciona | veverno: | = 2k — 1. Tlosromy j = k
(mod 1), n 3HaunT cyxenue f Ha G OJHOZHAYHO ONPEIESETCS PABEHCTBOM

f(a) = g"(x). (3)

6) Paccmorpunm Bropoit cayuait: f(G) = Gu f(G) =G, G #G. B
ciydae cyxenne f wa G — sro 6ueknusa mexay G u G (f(G) = G u f nnb-
extusHa). 3uaunT, |G| = |G| = [. Baduxcupyem x € G. Ilycrs T

Torma ogHO3HAYHO
fy) = ¢"@), ecmy=g"@)eq,
fly) =g (@), eccmy=g"@) eq.

HaoGopot, mis npoussosbaoro T € G cyskenne na G'U G Taxoit bynknun f,
aro f(x) =T, oqHO3HAUHO ompejesseTcst popmynamu (4).

Uraxk, ecin | 6GECKOHEYHO MJIM YETHO, CJIydail a) HEBO3MOXKEH, TI09TOMY KO-
JIMIECTBO MUKJIOB AIUHEI [ 11bo 6ecKoHeuHO, b0 yeTHO. IIpm sToMm Karkmoe
pazbuenue MUKJIOB JIMHBI | Ha mapel gaet | crocobos onpeemuts f na GG
!l

C
— CHOCO6OB B TOM CJly4dae€, KOorI'la l n c
(/2)!- 29/ e rops E A

no dopmysnam (4) (uroro

KOHEJHBI ).

Ecan | HeweTHO, MHOXKECTBO IIMKJIOB JJIMHBI | pa3ObWBafOTCS Ha MHOXKECTBA
SuT, (|T| aerno nim 6eckoneuno). Torma f onpesessiercs Ha KaXKIOM IUKJIe
u3 S eJMHCTBEHHBIM CIIOCOOOM Kak mokazaHo B (3). Lluxisl muoxecrsa T npo-
U3BOJIBHO Pa30MBAIOTCs Ha IIAapbI, U JJIs KayKJ0il napel f olpejiesiseTcs: OJHIM
u3 | crocoboB Kak MOKa3aHo B (4).

OObeuHsist MOJIyIeHHBIE PE3YJIBTATHI, HOJIYIUM YTBEDKICHUE TEOPEMBI.

Apropser 6maromapsT I1. KoxkeBHMKOBA 3a IOMOIINBL B IIOJTNOTOBKE TEKCTA
9TOI 3aMETKM Ha PYCCKOM SI3BIKE.

H. Hukosios, MacturyT Maremaruku u nHQOPMATUKY, Bojrapckast akaeMust
HaykK, yia. «Axaz. . Boruess, 6i1. 8, 113 Codus

email: nik@math.bas.bg

Bb.Crankos, Lyceé Louis Le Grand, 123 rue Saint Jacques, 75005 Paris

email: thrall.warlord@gmail.com
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3agagHbIil pa3ge

B stom pasmene BHUMaHUIO YuTATENEH TpeJjIaraeTcs MOA00OPKA 3aJad pa3Hoit
CTEeIeHN CJIOXKHOCTH, B OCHOBHOM TPYyAHBIX. COCTaBUTESIM 9TOH MOIOOPKU KarXKeTCsd,
4TO IIpejiylaraeMble HUXKE 33/1a9l OKAXKyTCs MHTEPECHBIMH KaK JIJIS CUJIbHBIX ITKOJIb-
HUKOB, HHTEPECYIONINXCA MaTeMaTUKONU, TaK U JJId CTY/IeHTOB-MaTeMaTUKOB.

Mpu1 obparaeMcst ¢ IPOCHOOit KO BCEM YHTATEJISIM, MMEIOIINM CBOU COOCTBEHHBIE
ITO/IDOPKU TAKMX 33J1a4, IPUCHLIATH UX B pefaknuio. V1, pa3ymeercs, MbI C yI0BOIb-
cTBUEM OyJZieM IIyOJIMKOBATh CBEXKME aBTOPCKUE 3aadu.

B ckobkax mocsie ycjaoBus 3a/1a9u IPUBOAUTC (baMuius aBTopa (yTOYHEHUs CO
CTOPOHBI YHTATEJIEil IPUBETCTBYIOTC ).

1. Moxkno s B Ky6 jocrarodHo GoJibinoil pasmepHocTH ¢ pebpom 1 cm
BJIOXKUTD 371aHe MI'Y? (D. Usnes)

o I 3
2. a) Haiitu 300-10 nudpy nocse sansaroi unciaa v/0.99...9.

100 mryx
6) C moMoIpio KaIbKyJasiTopa HalTh 1epByo nudpy ducia 210°,
(A. 4. Beaos)

3. Ha miockoctn mano mHOXKecTBO M, mjIomajgb KOTOPOTO MeHbIne 1, u
n Touek. /lokazarb, uTO MHOXKeCTBO M MOXKHO CABHHYTH Ha BEKTOD,

JTHHA KOTOPOro MeHbIe \/n/m, tae m = 3,14159. .., Tak, 9T0 MHOXKe-
CTBO, TIOJIyYeHHOE B Pe3yJbTaTe CJABHUra, He OYJEeT MOKPbIBATD HU OJHON
U3 JAHHBIX 1 TOYeK. (B. A. Cendepos)

6) (Bamaua wa ucciemosanue) IlocrapaiiTech MOJYyYNTh OINEHKU JIJIst
N-MEPHOI'0 IIPOCTPAHCTBA.

4. A — orobpazkeHne IJIOCKOCTH B cebsl, COXpaHsIoIee paccTosiaue (T.e.
| XY | = |A(X)A(Y)| minsa mobbix Togek X, Y 1rockocrn). lokaszars,
ato A — orobparkeHne IIOCKOCTH Ha cebst (T. e. KaxKIas TOUKa MMEET
poo6pas Mmpu 5TOM O0TOOPAYKEHUN ).

5. Ha miockocTu HapUCOBAHBI J[BE &) TIePeCeKaroNecst 6) HelepeceKaroI-
ecst OKPY2KHOCTU. MOKHO JIi OIHOM JIMHEHKOH MOCTPOUTH UX IEHTPHI!

6. Ecau mesple m u n B3amMHO IIPOCTHI, a qucia ' + x~ ", ™ + =" —

nesble, 10 « + 1/x — Toxe nenoe uucyo (z € C).
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10.

11.

12.

Ha kax oM pebpe npaBu/ibHOTO MHOTOrpaHunKa M ¢ e TuHUIHBIMET Peb-
pamu B3sii 110 Touke A;. Haiitu 06beM reomMeTpudeckoro mMecra IieH-
TPOB Macc TakKux HAOOpOB. PaccMoTpeTh Bce 5 BOZMOXKHOCTEI.

(A. 4. Kaneaw)

C0Ba U U U YUKAUMECKU CONPANCEHBL, €CTTH U = S$182,UV = S$981 JJIsl
HEKOTOPBIX CJIOB S1, S2. CJIOBO U Ha3bIBAETCH NPAGUALHBILM, €CJIA OHO
6oJIbIIe JTI0O0TO CBOETO JIEKCHKOrpadbUIecKn ConpsizKeHHoro. a) Jloka-
JKATE, 9TO B JIIOOOM IPABUJIBHOM CJIOBE U MOYKHO TaK OJHO3HAYHO Pac-
CTaBUTb JINEBBI CKOOKH [+, -], 9TO 1ipu ux packpbitu ([st] packpbiBaercs
Kak st — t$) cjoBO u GyeT CTapIiuM YIeHOM HOJIyYUBIIerocs (HEKOM-
MyTATHBHOIO) MHOTOYJICHA.

6) Jokaknure, ITO JOCTATOYHO JUIMHHOE CJIOBO COJICPKUT IIO/ICJIOBO BHIA
UXU, rne U, X — npaBujIbHbIE CJIOBA.
(D. Bakelin, B. A. Y¢naposcru)

Nmeercs 2" — 1 xkopobok. B KopobOke mepBoit BeTUIHHBI COIEPIKATCS BE
KOPOGKHI BTOpOil Bemanmbl. B kaskmoit n3 251 kopoGok k-oif BeTmInHbI
coziepKaTcs 1o jase Kopooku (k+ 1)-oit Besmunubl. B KopoOKax moce-
Hel n-0il BeJIMYUHDI JIEZKUAT 110 OHONM MoHeTe. 3a OJMH XO/I pa3peIaeTcs
B OJIHOI 13 KOPOOOK J1000#1 BETMYINHBI IEPEBEPHYTH BCE MOHETHI. JloKa-
3aTh, 4TO 3 [n/2] + 1 X00B MOXKHO yPaBHSATH YUCJIO MOHET, JIEXKAIIUX
OPJIOM BBEpPX ¥ OPJIOM BHH3. MOXKHO JIM YJIYyYIIATE 3Ty OIEHKY !

(A. 4. Beaos)

Hano Bekropuoe npocrpanctso W, dim(W) = m, asa ero nomipo-
crparcta U u V, takne aro U NV = 0 (dim(u) = ny, dim(v) = na)
u obparumblii oneparop A: W — W. Hokaxure, uro A"(U)NV =0

IPHU HEKOTOPOM N < min((;ﬁ), (g;))

CymectByer Jin rpad ¢ XpomMaTudeckuM ducjaom, ooabmmm 2013, Bce
IUKJIBI KOTOPOro uMeroT JymHy Gosbine 20137 (Xpomamuueckoe wucao
epaga eCTb MUHMMAJIHLHOE YHCIO I[BETOB, B KOTOPBLIE €r0 MOXKHO IIpa-
BUJIBHO PACKPACUTh.)

(3ajmaua Ha uccuenosanue). a) Jdan muorowien P(z,y) crenenu n ra-
koit, uro P(z,y) > 0 upu Becex z,y. Ilpu srom P(z,y) = 0 Toabko
ectu x = y = 0. Bepro s, uro nnsa mekoropoit koucrautel C > 0
BbIOJIHSIeTCs HepaBeHcTBo P(z,y) > C - (|z| + |y)"? 6) Hus xakux
HATYPAJLHBIX 11 MOXKHO YTBEPXKJIATH YTO JJIsi HEKOTOPOH KOHCTAHTLI
C > 0 soiosasiercst HepasercTso P(z,y) > C - (x| + |y|)™ (upu Beex

z,y € [—1,1])7 (U. U. Bozdanos, I'. P. Yeanoros)
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6.11. YCJIOBUE. PaccmarpuBatoTcsl CJI0Ba U3 OYKB PYCCKOIO ajidaBHUTA.
Caosa Buga SUT n SUUT umeror ogunHakoBblii cmbica (3aecs S, U, T —
POU3BOJIbLHBIE CJIOBA, BO3MOXKHO, MyCcThIe). JIOKasKuTe, 9TO KOJIUIECTBO pas-
JIMYHBIX CMBICJIOB KOHEYHO.

PEIIEHUE. Hazosém cioBa A u B sxeusarenmuvmu (0603HATEHHE:
A ~ B), ecau OJHO MOXKHO IIOJYYIUTb M3 JPYroro IEHOYKOH 3aMeH BHJIA
U < UU. Obosuasnm 1epe3 |A| pauny cioosa A.

JokaxkeMm cHavasa e/ yromue JBe JeMMbL.

JIEMMA 1. ITyemb A — npousdsoavroe caoso, codeporcauiee 6ce GYKEb: Q-
pasuma X, a B — npoussosvroe cao6o 6 amom aagasume. Tozda A ~ ABC
das nexomopozo caosa C.

JOKABATEJILCTBO. Mnayknus no mguune |B| crosa B. Ecom |B| = 0, yr-
BepK/ieHre TpuBnasibHo. Ilycrs Teneps |B| > 0, u b — nepsas 6yksa ciioBa B,
To ectb B = bB'.

Byksa b Berpeuaerca B A, To ectb A = UbV s mekoropwix cios U, V;
torga A ~ UbVbHV = AbV. llpumMensiss npeanosoXKeHne HHAYKIUA K CJIOBaM
A" = Ab u B’, naxomum cioso C' Takoe, uro A’ ~ A'B'C' = ABC’; Toraa
A~ AV ~ ABC'V, n moxno nostoxxuts C' = C'V. JleMma nokazaHa. O

JIEMMA 2. Cywecmeyem maxoe wucao f(n), wmo arwboe cro60 6 n-6yx-
sennom aagasume daurol, ne mernvwed f(n), sxkeusarenmmno cro8y menvuiel
OAUNDL.

HOKABATEJILCTBO. Unnyknus no n. baza unayknuu npu n = 1 TpusBu-
aJbHa: MOXKHO 1o10KuTh f(1) = 2. [ljis mara WHIyKIMI TOKAZKEM, 9T0 MOXKHO
nonoxuts f(n) = (/=D £ 1)f(n — 1). JeficTBuTebHO, PACCMOTPHM CJIOBO
W pmasbl, He Menbieit f(n), u oygenum B mém nd ("~ 41 menepecexaromuxcst
nogcsios juuabl f(n—1). Ilo npuanuny upuxiie, 1Ba U3 9TUX HOJICTIOB OyLyT
ouHakoBbIME, TO ecTb W = UABAV, tne A — cioBo jymust f(n — 1). Ecin
CJIOBO A collepKuUT He Bce N OyKB HAIIEro ajpaBuTa, TO M0 IIPEJIOI0KEHIIO
ungyknun A ~ A’ tie |A'| < f(n—1); rorma W ~ UA'BA’V, u yrBepxkienne
JIOKa3aHoO.

IIycTs Teneps A comepzkutT Bce OyKBBI ajiasura. Torma, MpUMeHsist JIeM-
My, nosyaaem, aro A ~ ABC gias #ekoroporo cjoa C. Otcioma mmeem

MaTemaTuueckoe npocsetyerue, cep. 3, Bbin. 17, 2013(198-207)
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ABA ~ ABABC ~ ABC ~ A, 10 ectb W = UABAV ~ UAV, u
| UAV| < |W/|, aro u TpeboBaioch J0Ka3aTh. O

Temepn Jrerko J0Ka3aTh yTBEPXKIeHUE 33 a491. PACCMOTPUM ITPOU3BOIBLHOE
cJIoBO B n-OykBeHHOM aJsipaBuTe; OYIEeM NPUMEHATH K HEMY JIEMMY 2, ITOKa
ero jiimHa He Menbine f(n). B urore mosydnm, 9To Hale CJI0OBO SKBUBAJICHTHO
CJIOBY JIIMHBI, MeHbIIe f(n), TO eCTh OJHOMY N3 KOHETHOrO HabOpa CJIOB.

(4. U. Bozdanos)

11.3. YCJIOBUE. A4,...,A, u By,...,B, — aBa pasbuennus eIuHUIHOIO
KBaJ[paTa Ha HellepeceKalolecs U3MepUMble MHOXKECTBa. S;; — IepecedeHne
muozkecTs A; u Bj, |G| — minomans MHOXKecTBa G. JloKasKnuTe HEPABEHCTBO:

Z|SU| In(]:5451) Z!A\ In(|A;]) +Z\B| In(|Bj]).

PEIIEHME. HepasencTBo 3a/1a41 — 9T0 (€ TOYHOCTHIO J0 3HAKA) CTAHIAPT-
HBIN (DAKT U3 TeOpur HH(POPMAIIAN: SHTPOIIN COBMECTHOTO PACIIPEICICHUsT He
IPEBOCXOIUT CyMMBI 3HTponuii. IIpuBenéM cranmapTHOe T0KA3aTeILCTBO 3TO-
ro daxra.

O6o3naunM ’SZJ‘ = Sij, A = ‘Az‘ = Zj Sij, bj = ‘B]’ = Zl Sij- Sammmem

Pa3HOCTD
Z\Sul In(].Si;1) Z!A! In(]A;])

B BUJIE
S; S;
E sijlns;; — E sijlna; = g a; ”l ”. (%)
W7 i3
Bamerum, uro dbyuknus f(zr) = zlnz seinykiaa npu x > 0 (Bropas mpous-

BOJ[HAs MOJIOXKUTEIbHA). 13 HepaBeHcTBa VleHceHa mojrydaeM MpH KayKJIOM j
cJIeIyIolnee HepaBEHCTBO

Zalswl gy Zalszf In Zaz—{ =bjlnb;.
Orcrozia orieHIBaeM IPaBYIo YacTh (%) CHU3Y Kak
> bilnb;,
J

OTKyZa U CcJeyeT HEPABEHCTBO 3aJatN. (M. H. Baawii)

11.10. YcaoBHUE. Ilycts A, B — mnemodncjennble MaTpuilbl. V3BecTHO,
gro det(A) = 1, det(B) # 0. Hokaxkure, uro cymectByer n € N Takoe, 410
~1A"B — nenounciennas MaTpHILA.
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PEIEHUE. ITockoubky det(A) = 1, marpuna A obparuma 110 J1060My Tie-
JIOMY MOZLYJIIO.

O6oznaunm A = det B. Torna B! = A7'B’/, rne B — mesouncieHnast
Marpuna. C Apyroil cropoHbl, Ipu HEKOTOPOM N BhimoJHsercs A™ = 1 mod A.
9ro o3nagaer, yro A" = I+ AA,,, rne I — equnuunas, a A, — 1eJIo4ucaieHHas
maTpuiia. Ho Torma marpuia

B7'A"B=A"'B(I+AA,)B=1+B'A,B

TaKzKe IeJI0TUCIeHHA. (M. H. Baavi)

12.3. YCJIOBUE. Bepmmnunt A u B rpada G Ha30BEM 2KE6UBANCHINHBLMU,
€CJIM CYIIEeCTBYeT TaKas IIOCIeNoBaTeJbHOCTh Bepmud A = Ag, Ay, ..., A, =
= B, uro mobble mBe cocemnue BepmuHbl A; n A;y1 MOXHO COeTUHUTDL k
nyTaMu 6e3 00X TPOMEXKYTOUHBIX BepiinH. JlokaxKuTe, UTO JIOOBIE JIBE K-
BUBAJIEHTHBIE BEPIITUHBI MOYXKHO COEIUHUTH k myTsiMu 6e3 obrux pédep.

PENIEHUE. YTBep:KaeHne 3a1a91 BHITEKAET U3 CJAEAYIONIEro paxTa.

Bepwunv, A u B epaga Ha306ém SKBUBAJIEHTHBIME, €CAU CYULECMEYEM Ma-
xasa nocaedosamenvrocms eepuwun A = Ay, A1, ..., A, = B, umo mobwuie dee
cocednue sepuuns, A; u A;11 mootcno coedurnumo k nymamu 6e3 obwux pé-
bep. Jhobuie dse IKBUBAAEHMHDIE BEPULUHDE MONHCHO CoeduHUMS k nymamu 6e3
obwux pébep.

Hoxaszameavcmeo gaxma. Ecim ynanurs mobse k— 1 pébep, To st j11060-
10 i BepmuHbl A; n A;y1 OKaXKyTCsI B OJIHOM KOMITOHEHTE CBSI3HOCTH. 3HAYMT,
BepiuHbl Ag 1 A, Tak»Ke OKaXKyTCsl B OJHOI KOMITOHEeHTe ¢BsizHOCTH. OcTaercs
npuMeHuTh PEGEpHYI0 TeopeMy MeHrepa.

[TPUMEYAHUE. DTo0 pelreHre n30MOPGHO IEPBOMY PEIIEHUI0, TPUBEIEH-
HOMY B IIPOIIJIOM BBIITycKe cOopHuKa «Maremarudyeckoe npocserienues. /leii-
crBUTENbHO, Teopema Popjia — PasikepcoHa JIst eIMHUYHBIX IIPOIYCKHBIX CIIO-
cobHOCTEl ecTh IpocTo pébepHas Teopema Menrepa. (B. Moxap)

15.10. YCJIOBUE. Ha rpanm mpaBHJIBHOTO TeTpas/ipa OTMeUYeHa TOUKA.
JlokarkuTe, ITO TETpa’sap MOXKHO pPa3pe3aThb Ha UEThIPE PABHBIX BBILYKJIBIX
MHOT'OTPAHHUKA TaK, YTOOLI 9Ta TOYKA ObLiIa BEPIIUHON OJHOTO U3 HUX.

PEWEHUE. [lycts A1 AsA3A4 — ucxonublit Terpasap, O — ero LeHTp, a
X1 — naHHas Touka Ha rpann Az AsA4. ObosHAUMM Yepes Y19 OTparKeHue OT-
HOCHUTEJILHO TIpsIMOi f1o, TIpOXOsitiieil uepes cepeaunbl pebep A1 As u A3zAy,
qepes 13 U P14 — JBA aHAJOTUIHBIX OTPAKEHUsI OTHOCUTEIBHO TPSIMBIX {13
u (14. Torma p1; 0 15 = 1k, ecm {4, 7, k} = {1,2,3}. Takum obpasom, or-
PaXkeHUus Y12, P13, P14 BMECTE C TOXKJECTBEHHBIM OTOOparKEHWEM O0pa3yioT
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HOJIPYIILY B rpyiie Sy BCeX CaMOCOBMEIEHHH TeTpaspa (9Ta HoArpyIa Ha-
3bIBaeTCst epynnoti Kaetina).

TTomoxxum X2 = (plg(Xl), X3 = @13(X1), X4 = (p14<X1). TOI‘;L& TOYKa
X; nexur Ha rpanu A;y1A; 124,13 (Bce uHyeKchl 6epyTes mo MOy 4, TO
ectb, Hampumep, As = Aj). Samerum, uro gersépka Touek (X1, Xo, X3, Xy)
mepexoanT B cebst pu JII0OOM OTPaXKeHWH 1;. 1109TOMY U CyMMa BEKTOPOB

§ = 0X1+ 0Xo + OX3 + OX4 nepexomur B cebs IpU JHCTBAM HAIIAMEA
orpaxkenusimu; 3Ha4uT, § = (. Takum obpazom, b0 Touka O JIeKUT BHYTPHU
rerpasapa X1 XoX3Xy, mubo toukn Xq, X, X3, X4 KOoMILIaHAPHEL.

Eciu terpasap X1X2X3X4 HEBBIpOXKJEH, TO BCE MPOCTPAHCTBO pa3du-
BaeTcs Ha deThipe Tpéxrpanubix yrira C7 = 0XoX3Xy, Cy = 0X1X3Xy,
C3 = 0X1X9Xy, Cy = OX1X2X3. Hamm orpazkenust 1epecTaBiIsiioT 9TH TPEX-
rpaHHbIE YIJIBI M IEPEBOJAT TETpasap B cebsi. SHAYMUT, €CJIM Mbl 0OO3HATUM
gepes T; nepecedenne narrero rerpasapa ¢ Cy, to ¢1;(11) = T;, nosromy BCe
MHOrorpanauku 1; paBHbl. Kpome Toro, T; BBIIYKJIBI KaK [I€PECevIeHns BBITYK-
JIBIX MHOXKECTB, U TO4YKa X siBjsieTcst BepmuHoit 1. VToro, Hae pazbueHue

[IOCTPOEHO.

/A5

Puc. 3
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[Iycrs, makoner, Touku X1, Xo, X3, X4 xKoMmmanapabl. Torma 9eTbIpéx-
yroubHuk X1 X9 X3X, umeer (B IpOCTPAHCTBE) TPU TIOMAPHO HEPIEH UK YIIsAP-
HBIX OCH CUMMETPUN; 3HAYHT, 9TO — IPSMOYTOJbHUK (BO3MOYKHO, BBIPDOKJICH-
HBIi), €ro CTOPOHBI MAPAJJICTbHBI ABYM n3 HpsaMbIX (1; (ckaxkem, f19 u {13)
U IepeceKaroT uX. TakuM 00pa30oM, 3TH YEThIpe TOYKHU JIEKAT B «CEPEJIUH-
HO» ILJIOCKOCTH, paBHOYyIaJéHHoil or pébep A1 A4 u AsAz. B srom ciayuae
[TIOCTPOEHNE MOYKET OBITh IMOJIYIE€HO, HAIPUMeEp, MPEJIEbHBIM IIEPEXOI0M U3
HEBBIPOXKJIEHHOTO CJIYUasl.

Ha puc. 1 u 2 nmoka3aHbI JIBa BO3MOXKHBIX HEBBIPOXKJIEHHBIX Pa3pe3aHusl,
HOJTyI€HHBIX ONMCAHHBIM CIIOCOOOM (CIpaBa OT KaxKJOro TETPasipa MOKa3aH
OJIMH U3 MHOIOTDAHHUKOB pa3buenusi). Ha puc. 3 u 4 — «BbIPOXKJIEHHbIE» Pa3-
pesaHusl, HOJIyIeHHbIEe U3 HUX IPEIe/IbHBIM IIEPEXOIOM.

3AMEYAHUE. Bwmecto rpymmsr Kieiina MoxkHO ObI OBLIIO pACCMOTPETD JIBU-
JKEHUE IIPOCTPAHCTBA, IIEPECTABJISIIONIEE BCe BEPIIMHBI TETPAdIPa MNKJINIECKH,
U PPYIIILY, IOPOXKIEHHYIO 9TUM JIBUYKEHNEM. AHAJIOIMYHOE IIOCTPOEHHUE, €CTECT-
BeHHO, TOKe paboTtaer. Ha puc. b u 6 moka3zaHbl 1Ba pa3pe3aHusi, IOy IeHHbIE
TakuM 0Opa30oM.

Puc. 6

Herpynuo Bujerh, 9TO 3Ta Bapualius JOIMYyCKAeT Takxke 0O0OOIIeHWe Ha

N-MEPHBIN cITydail. (4. 1. Bozdanos)

16.2. Yca0BUE. B Yepnomopcke BO BpeMsi 00CYXKIIE€HUsT BOIIPOCA, O TOM,
KOIJ[a K€ HaKOHel[ YepHOMOPCK OObSIBAT BOJBHBIM T'OPOJIOM, CJIOYKUJIACH 38~
HsiTHas cuTyarus. Bce depHOMOPIBI pa3sOUINCh Ha MAPTUU, & BCE HMAPTUU
Ha dpakium Tak, 9To: 1) CyIIeCTByeT MapTHs, B KOTOPOH OODbEIMHUINCH
BCe n XKuTejeil roposa; 2) KaxKas HapTHs COCTOsIa POBHO M3 JIBYX HeIe-
pecekaronuxcst dppakimit; 3) Kaxkas (pakiys IUCIEHHOCTBIO GoJiee OJHO-
ro 4eJioBeKa cunTasia cebs maprueil. KaxKiplii KUTEIb TOPOJIa IJIATHT HJIEH-
ckuii B3uoc (1 py6.) B KaxK/0if mapTun, 4IeHOM KOTopoii siBisiercsi. Kak nm
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HaJ10 ObLJIO OPraHU30BaThHCsI, YTOOBI CyMMa B3HOCOB OblLiIa: a) MaKCUMAJIbHOI;
6) MUHUMAJIBHO?

PEMEHKE. IIycrs Mx(n) — MakCHMaJIbHO BO3MOYKHAsSI CYMMa JICHCKHUX
B3HOCOB, Mn(z) — MUHUMAaJILHO BO3MOXKHasl. Ilycrb k — onTuMasbHOE YHCIIO
M3HAYABLHOTO JIeJICHUS YePHOMOPIIEB Ha J[BE MAPTUU, TAK 9TOOBI CYMMAa JI€H-
CKHX B3HOCOB Obuta Obl, ckaxkeMm, MuHnMaiabHa. Torma Mn(n) = Mn(k) +
+ Mn(n — k) 4+ n, ubo BHyTpu dbpakiuii 4epHOMOPIIBI JEJIATCI ONTHMATBHBIM
obpazoM. Takum 06pa3oM, IMeeT MECTO PABEHCTBO:

Mn(n) = mkin(Mn(k) + Mn(n —k)) + n. (1)

AnajornaunimM o6pa30M, JJId 3a a9 O MaKCUMYyMa 9JICHCKUX B3HOCOB UMeE-
€T MEeCTO PaBE€HCTBO

Mn(n) = ml?x(Mn(k) + Mn(n — k)) + n. (2)

13 dopmyibl (2) HEmocpeJcTBEHHON WHJIYKIUeH JIerkKo HPOBEPUTH, UTO
Mx(n) =n(n+1)/2 — 1.

PaBeHCcTBO JIJIs1 MUHUMYMa WJIEHCKUX B3HOCOB HECKOJILKO CjioxkHee. [TycTh
n=2F41;0 <1< 2 Torma Mn(n) = kn +2l. DT0 paBeHCTBO TAKKe C OMO-
b0 uHAYyKnun BeiBoguTcst 3 dopmyssl (1). CoorsercrBenno, Mn(2047) =
= 11-2047.

SAMEYAHUE. MOXKHO paccMaTpuBaTh JBOUTHOE JIEPEBO, CBA3AHHOE C pas3-
OuenuneM Ha napTun/GpaKIuu U 3aMETUTD, YTO €CJIU eCTh JIBe BUCSIHNe BepIIi-
HBI, YbM YPOBHH OTJIMIAIOTCsI HE MEHee 4eM Ha 2, TO OJIHy U3 HUX MOXKHO Iepe-
HECTH K JPYyroil Tak, 9TobbI 00Iasi CyMMa UJIEHCKUX B3HOCOB YMEHBIINIACH.

(A. 4. Kaneav-Benos)

n

16.11. YcaoBUE. Ilpu kakux HATYPAJIBHBIX N UUCJIO €CTh KBaJIpaT
meJoro yucaa’?
OTBET: n € {1,2,5}.
PEMIEHUE. Tpebyercs: pemmmTh ypaBHEHHE
222 +1 = 3" (1)

B HATYPAJIBHBIX YUCIAX 1 U T.
1-1 CIOCOB. DTOT crnocob peIeHnsl OMUPAETCsT HA TEOPHUIO YpaBHEHUIA
BUTA
X? - AY? = B, (2)
rme A > 0, B # 0 — nesble uncyia u VA uppanuonaies. YacTHBIM CJIydaem
siysiercst ypasrenue lleans ¢ B = 1. Bee pemenusi ypaBuenusi (2) B IeJIbIX
quciax X, Y MoryT ObITh HailleHbl U3 POPMYJI

X +YVA=+(X; +Y;VA) (X0 + YoVAF, kez,
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rae (X;,Y;) — Hekoropsle basuchuie pemennsi, a (Xo,Y)) — munumanvroe
pellleHne acCOIMUPOBAHHOIO ypaBHeHus [lesiiss B HATYpasbHBIX Yucjaax (mo-
JIPOOHOCTH IUTATEb MOMKET HafiTh, HampuMmep, B crarbe [2| mim kuure [3]).

[Iycts cnagana n uétno, n = 2m. Ilonoxum y = 3™. Ypasuenue [lemnsa

y2 22 =1
B HAaTYpaJIbHbBIX YUCJ/IaX UMEET €JUHCTBEHHYIO CEPUIO pe]]leHHﬁ:
y+a2v2=03B+2V2)F (k=1,2, ...).
Ecmm m > 2, o y = 0 (mod 9), a 970 nMeeT MeCTO TOrJa U TOJHKO TOI/A,
korya k =3 (mod 6).
HeticTBuTesbHO, TOCIEI0BATEILHOCTD THces (3 + 2\/§)k ABJIIETCS TIEPHUO-
JITIECcKOil 1o JIroboMy MOyt (mogymaiite, mouemy ). 3aMeTHM, 4TO
(3+2v2)%=—-1 (mod 9).
[Mosromy ecu k = 6g +r, tae r € {0,1,...,5}, 10
(34+2v2)*F = (=1)9(3+2v2)" (mod 9).
IIpoBepka MmokasbpIBAET, ITO TOJBKO HPHU T = 3 paIMOHAJIBHAS YaCThb YHUCJIA
(34 2v/2)" 6yzer =0 (mod 9).
Ho mst k = 6g+ 3 umeem y = 0 (mod 11), uro HEBO3MOXKHO, ecan y = 3™.
B camom gere, mockosbKy (3 + 2v/2)% = —1 (mod 11), nveem

(34 2v2)F = (-3 +2v2)? = (-1)74v/2  (mod 11),

OTKY/Ia U CJIeJLyeT yTBEPIKICHUE.
Urak, m = 1 — equHCTBEHHOE BO3MOXKHOE 3HAaUeHNE, OTKyAa (1, ) = (2, 2).
B ciyuae meuérHoro n = 2m + 1 paccyx/eHusi aHaJormdHbl. [losroKnm
z =2z, y = 3™. YpaBHeHne

22 —6y? = —2
B HaTypaJIbHbBIX YUCJ/IaX TaK2Ke MMeeT € IJMHCTBEHHYIO CEPUIO peHleHI/Ifli
2+ yV6=2+V6)(5+2V6) (k=0,1,2,...).

Hasiee MoxKHO npoBepuTh, uTo cpasHerue y = 0 (mod 27) paBHOCHJIBHO CpaB-
uennio k =4 (mod 9), oguaxo Jyrst takux k umeem y = 0 (mod 17) — mporn-
Bopeune. Takum obpazom, m < 2, aro maér (n,x) € {(1,1),(5,11)}.

2-1 CIOCOB. [lng 9éTHBIX n = 2m MOXKHO PaCCyXJIaTh COBCEM 3JIEMEH-
TapHO, IPEeIBAPUTEIHLHO TIEPENNCAB YPABHEHNE B BUJE

(3™ —1)(3™ +1) = 22°.
[Tonoxxkum x = 21, Toraa
3" —1 3"+1

2
9 9 - 2$1,




“mph” — 2013/2/18 — 20:37 — page 205 — #205

Perrternst 3aa9 n3 npeapLIyniux BBITYCKOB 205

npu sroM uncia (3™ £ 1)/2 B3aumuO mpocThl. BOSMOXKHBI CJle/lyIonume JIBa

cJrydast: Judo
3" -1

;= 242, 5 = b2,
o 3m -1 3Mm+1
= a2, 2T —op?
2 2
(a, b — HeKOTOpBIE HaTYpaIbHBIE YKcIa). Ho B IepBoM ciydyae paBeHCTBO
3" =4a® + 1

HEBO3MOYKHO, I0CKOJIBKY 4a’ + 1 e nenmres Ha 3. Bo BropoM ciyuae umeem
3m = (2b—1)(2b+ 1),

otkyma 2b —1=1u2b+1=3"1e.b=1,m=1ux=2.
B ciaydae meuéTunix n = 2m + 1 paccyxKienue MeHee 3jieMeHTapHO. MBbl
MO2KEM BOCIIOJIb30BATHCS TEM, YTO KOJIBIIO

ZIV-2] ={a+by/—=2:a,bec Z}

darmopuanvro, T.e. sl HETO CIIPABEIJINB AHAJIOT OCHOBHOI TeopeMbl apud-
METHKH 00 OJHO3HAYHOM DA3/IOKEHUH B IIPOU3BEJECHHE HPOCTLIX duces. IIpo-
11e BCEro 3TO JI0KA3aTh, 3aMETHB, YTO KOJbIO Z[y/—2] e6Kkaudoso, T.e. B HéM
BO3MOXKHO deneHue ¢ ocmamiom (Todmble (bOPMYIHPOBKE COOTBETCTBYIOIIIX
oupesesernii 1 HakToB cM., HarpuMmep, B yuebnuke [1, c. 190-197]; nposepka
eBK/IMI0BOCTH Koutbla Z[y/—2] orHocuTemsio mopMbr N (a +by/—2) = a? + 22
OCTABJISIETCST YUTATENIO B KAUECTBE HECIIOXKHOIO YIIPAYKHEHNST).
[lepemmmenm ypasuenue (1) B Buze

(14 2vV=2)(1 — 2v/=2) = (1 + V=2)?"+1(1 — y=2)?m+L, (3)

Bamernm, uro uyncia 1 + xy/—2 B3auMHO IPOCTHI B KOsblle Z[\/—2], a yucia
1 £+ v/—2 gBasitorcst 1pocThIMU B 9TOM KoJiblie. [Tosromy u3 pasencrsa (3) u
cBOiicTBa (PAKTOPUATILHOCTH CJIEIYET, 9TO

1+ 2v=2 = £(1 + v/=2)*m+H!

P HEKOTOPOM BbI60p€ 3HaKOB. PaCKpI)IB OUHOM U IIpUPpaBHAB BEIIECCTBEHHDbIE
JaCTH, IIOJIYINM PAaBEHCTBO

1= G312+ Cop12® — o+ (F1)"C3 127 = +1. (4)
IIpu 3Hake «MUHYC» B ciydae m > 2 9TO PABEHCTBO MOXKHO IEPENUCATH
B BUIE
1- C’22m—|—1 + C§m+12 — ...+ (_1)m 22$+12m—1 = 0.
HO TaKO€ paBEHCTBO HEBO3MO2KHO, ITOCKOJIbKY IIpN .HIO6OM m YHUCJIO
(2m — 1)(2m>® — m? — 4m — 3)

1—C3pi1 4+ Cony2 = 3

He JieJnuTcs Ha 4.
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ITycrs Temeps B paBeHcTBe (4) B34T 3HAK «mmoc». Torma mpu m > 5 oHO
npUMeT BUJ

2 4 6 2 8 3 2 -1
Coms1 — Comp12 + 09 12” — 5 127 + . = (1) 0127 = 0. (5)
dAcwHo, uTO ™M M0MKHO OBITH Y€THBIM. IlomosKIM
2 4 6 2 8 3
A=Chny1 — Cop12+ 0127 — €5, 1127 =

~m(m—2)(2m +1)(8m° — 68m" + 158m® — 139m* + 254m + 102)
315 '

st mo6oro nestoro uncia P # 0 mycrb vo(P) obo3HaYaeT Takoe Iejioe HeoT-
pUIATEIbHOE IHCIO0 v, ITO P menures Ha 2%, HO mHe mesurcs ma 2011, Jlna
moboro panuonasbuoro uucia P/Q monoxum vo(P/Q) = va(P) — 12(Q). Kak
HETPYIHO BUIETD,

vo(A) = va(m(m —2)) + 1.
Iy ToKa3aTeIbCTBa HEBO3MOKHOCTH PaBeHCTRa (4) HaM J0CTaTOuHO y6e uTh-
CS B CIIPABEJJIMBOCTH HEPaBeHCTB vo(B)) > 1v9(A), rae

B =03 27 5<i<m.
Nmeem B = 22571__18321_1, rie

(m—=1)(m —2)(m —3)(m —4)2m + 1)(2m — 1)(2m — 3)(2m — 5)(2m — 7)

B= 10— D)1 —2)(1 —3)(I — 4)(20 — 1)(20 — 3)(20 — 5)(2L — 7)(2L — 9)

TToaTomy
va(By) = (B2 = vy(m(m — 2)(m — 4)) +a >
>va(m(m—2))+1+a=1(A)+a,

rie

2[71
¢=r2 (z(z - 1)(5-2)(;-3)(1-4)) >0

pu Jjobom [ > 5.
KoMMEHTAPUU. [. YpaBHeHus
?+2=3" 22 4+4=5"

TaKzKe MOI'YT ObITh PelleHbl JABYMsl CII0cob6aMu (IepBoe U3 HUX ObLIO MPEJICTaB-
seno ua VIII Kybke namsit Kosmvoroposa). YpasHenue

Ta? —4=23"
pelaeTcst mepBbIM CIIOCOOOM, a ypaBHEHUE
27 =9"

(ypaBuenue Pamanymkana — Haress, cm. [4], a Takxke [5, p. 205-206]) — Bro-
PBIM, HO TEXHUYIECKU O0JIee CII0KHO. DTUM ¥Ke CIIOCOOOM, HO TEXHIUIECKH ITPOIIE
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peraercst ypaBHEHHUE
241 =y"
npu Jgobom meaom y > 1 (em. marepmasnsl X Kybka mamsatun Kommvoroposa).
Ectb MHOrOYHMC/IEHHDIE TPUMEPHI MTOJOOHBIX yPaBHEHUI, KOTOPHIE MOYKHO
PEIINTD IIKOJbHLIMU METOJAMHM, IIPU 3TOM HUCIOJIL3YIOTCA TOJIBKO OCHOBHAsI
TeopeMa apuMOMETUKHA U METOJ OCTATKOB.
O,ZH/IH n3 HedJIEMEeHTapPHbBIX ITOJAXO/0B CBA3aH C JINIUIITHNICCKUMU KPUBBIMMU.
Perterne ypasaenust (1) CBOAUTCS K OTBICKAHUIO BCEX IEJIBIX TOUEK HA KPUBBIX

202 +1=13"y3, re{0,1,2}.

ITpu r = 0 sra 3a1a9a MOKET ObITH PEIIeHa JJIEMEHTAPHO (CHOBA MOYKHO BOC-
[OJIb30BaThCst (PAKTOPHAIBHOCTBIO KOsbla Z[v/—2]).
I1. Pemenne ypasuenus

202 +1=23"

IEPBBLIM CIIOCOOOM eCTh Ha Www.artofproblemsolving.com (cM. [6]).
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OIEYATKU, BAMEYEHHBIE B Nv16

CTPAHHIA, Crroka | HATIEUATAHO CJIEAYET YUTATH
189, 8 cuusy | 27 2/m
197, 7 cmmsy |27 1—27%
201, 18 cepxy | /2 /8
235, 7 cBepxy |12.1 14.2
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