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6.7. YCHOBUE. IIycte G — GeCKOHEUHBLIN OPUEHTWPOBAHHBLIN Trpad,
V' (n) — 4mcao BepuinH, B KOTOPBIE MOXHO IONACTD U3 (PUKCUPOBAHHON BEPIIIN-
ue1 O we Gosee wem 3a n maros. [lokaxute, 9To ecaw lim, o V(n)/n? = 0,
TO HAUJETCS BepiimHa, rpada, B KOTOPYI BXOAUT HE MEHBIIE CTPEJOK, IeM
BEIXOUT.

PEmMEHUE. B ycroBum 3a1a4u He 6BLIO CKA3aHO, HO MPEANOIATAIOCH, ITO
B rpade HET KPATHBIX CTPEaOK (pébep). B mpoTuBHOM Ccaywae yTBepxkaeHHe
3a0a9K IO OYEBHJHLIM IPAIAHAM JOXHO.

Haszosém wapon B, (O) paduyca r ¢ yenwmpom B Toake O MHOXKECTBO Bep-
IIMH, B KOTOPBIE MOXKHO IONACTE 13 BepmuHbl O He 6oee 9eM 3a 7 MIATOB IO
crpenkam rpada. Cgepoti S, (0) paduyca r ¢ yewmpom B Touke O HAZOBEM
MHOXECTBO BepIIMH rpada, B KOTOPBIE MOXHO MOMACTH 34 7' AroB, HO HEAb3A
HOMACTD 34 MEHBIIEE YUCIO MATOB.

flcno, aro S,(0) = B,(0) \ By—1(0), a V(r) = |B,(0)|, |M| o6o3ua1aer
“mcao saeMerToB Muoxectsa M. [lonoxum T, (0) = |S,(O)| = V(r)—V(r—1).

Teneps mpeANOIOKUM, 9TO U3 KaXKIOW BEPINUHBI BHIXOAUT OOJBINE CTPE-
JIOK, Y€M BXOJUT, U IPHAAEM K IPOTABOPEIUIO.

JIEMMA 1. Koauuecmeo cmpeaok, svizodswur usd eepuun wapa By(O) u
BaKAHUUBAOWUTCA 6 Bepuunat ene wapa Br(O), ne menvwe |Br(O)].

JOKA3BATEJILCTBO. IloacunTaeM pasHOCTH MEXAY KOIUIECTBOM BXOMIA-
XX U BBIXOAIIUX CTPEJIOK A KaXAou BepuHbl B, (0) U cI0XUM 5TU 4u-
caa. Ilo caenanHoMy npeanonoxenuio pesyabrar S ue mensiie | B, (O)]. Kax-
Jasg CTPeIKa, COeAMHAONAA BEPIINHLI IIapa JAaéT HYJIeBOM BKJAAJ B CYMMY.
[lomoxwurensHbI BKAAL (PABHBIM 1) HAIOT CTPEIKW, BEIXOIAIINE W3 BEPIINH
mapa B BEPIIUHBI BHE MAPA.

JIEMMA 2. V(r) <T(r)-T(r+1).

[MOKA3ATENLCTBO. Crpenku, Begymue u3 B,(0) HapyXy, HAIXHAIOT-
ca B BepummHax S,(0) m 3akamumBatorcsa B BepmuHax Syy1(0). Kaxzpas na-
pa BepIIMH coequHEHA He (GoJee 9eM OJHOU CTPEIKOU, TIODTOMY KOJUIECTBO
crpenok He 6oasuie T'(r) - T(r 4+ 1). OcTarocs BOCIOIb30BATHCA IPEALIAYIIEH
JIEMMOH.

MaTemaTu4eckoe npoceewyenne, cep. 3, sbin. 11, 2007(165-174)
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Puc. 1.

[Ipumenss wepasenctso Komu (a + b)/2 > Vab, nemmy 2, u oveBugHOE
HepasencTso V (r) > V(r — 1), noxyuaem

Vir+1D) V-1 22/(Vier+1)-VE)VE) —V(r-1) >
> 2V (r) = 2/V(r—1).

IlocremoBaTeabHOCTD Sy = Vo, = 0 yI0BIETBOPAET YCIOBUAM

so =1, spy1 =8y +2¢/50.

OTcro/a O WHYKIMY TOMY9aeM OIeHKY S, = n? /2, sraunt, V (r) > (r—1)2/2.
[IpuxoauM K IPOTUBOPEHHIO C YCAOBAEM 3aJA4M.

3AMEYAHUE. Ha puc. 1 npusenen mpuMep rpada, y KOTOPOTO W3 KAXKJAOU
BEPIIUHLI BHIXOAUT GOJBIIE CTPENOK, €M BXOAWUT, a 00béM mapa V(r) =
= r(r 4+ 1)/2, Tak 4To oneHKa B 3ajade ACUMOTOTHYECKM TOYHA. Bosee To-
ro, MOXHO 1OKaszaTb, 410 ecau V(r) < r(r + 1)/2, upu HEKOTOPOM T, TO
HAIJETCA BEPIIMHA, B KOTOPYI) BXOAWT HE MEHBIIE CTPEIOK, I€M BLIXOIUT.
Ecan xe nas mo6oro C' mpm BeeX AOCTATOYHO OOMBIIAX 7 BBIMOMHAETCA He-
paserctso V(r) < r?/2 — Cr, To 4mcao Takmx BepumH GeCKOHEHO. B TO
xe Bpemi, aasa pukcupoBanaoro C cymecTByeT rpad ¢ KOHETHBIM TUCIOM
BEPLIVH, B KOTOPBIE BXOAUT HE MEHBIIE CTPETOK, €M BEIXOIUT, M TAKOHW, ITO

2/9 _
Vir) <rf/2=Cr. (A. A. Beaos)

7.12. YCJIOBUE. MoryT am 4 xBagpaTa HATYpPaIbHBIX UIHCET 00Pa30BLI-
BATH APUPMETUIECKYIO TTPOrPECCHIO?!

KOMMEHTAPUHA. JTy 3agasy chopmyauposar II. Pepma B ogHOM U3 CBO-
ux ruceM K Mepcenny (mpegnonoxurenasro B 1641 roay). Pemenue on He npu-
BoamT. BiocreqcTeuy 3a a9 6L, pEIIeHa, MHOTHMHA MaTeMaTUKaMA. B m3Jo-
XKEHHOM HUXKE PACCY XK ACHUA UCTOIB3YIOTCA uaen JI. Direpa (43 ero 3ammcHbIX
KHUXKEK).
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OTBET: He MOTYT.

PEMEHUE. [Ipeamonsoxum IpOTUBHOE: HAUAYTCA HATYPAIbHEIE YACIA T <

< a < b <y, kBagpaThl KOTOPEIX 00PA3YIOT APUPMETUICCKYIO TPOTPECCHIO.
UNmeem Torza: b — 2 = y2 — a2, OTKY 3

b+r y—a m

y+a_b—a: n

7

rIe — — 3aIuCh IPeABLIYIIAX (paBHBIX) ApOGEN B BUAE HECOKPATUMOU APOOH.
n
Torga HaWAyTCA Takue HATYpaJdbHbIe S U t, 9TO b+ = sm, y +a = sn u

sm —tn sn —tm sm +tn
y—a=tm,b—x=1tn, orkyga xr = ;4= , b= 5
2 2

Io yeaosmio b? —a? = a® — 2. IlogcTaBuB B 5TO PABEHCTBO BLIPAKCHUA T,
a, b wepes m, n, s, t, mpeobpasyem ero k suxy (m? —n?)(t? — s?) = 2mnst.
Msr pemnm 3amady, ecan OyaeT MOKa3aHA,

JIEMMA 1. He cyurecTByeT HATYpAJbHBIX THCET M, N, S, T, VAOBIETBOPI-
tomux pasenctsy (m? — n?)(t2 — s2) = 2mnst.

HOKABATEABCTBO JEMMEI 1. Ilpeanosoxum mpOTUBHOE: TaKWe SUCIA
HALAYTCA. Ecau s u ¢ uMeoT OOIIud AeTUTelb, MOXKHO MOAEIATh PABEHCTBO
HA KBAJAPAT DTOTO [EJUTEIA W MOLYUATh AHAJOTUIHOE PaBEHCTBO. [losToMy
Oy/leM CIMTaTh, 9TO § W { B3AUMHO MPOCTHI, W AHAJOTUIHO 1 W 1, B3AWMHO
npocTel. OYEBUAHO TAKXKE, ITO M F# 1, § F L.

3aMeTuM, ITO HE MOTYT OLITH OZHOBPEMEHHO M W 7 PA3HOU YETHOCTH
M $ W | PA3HOM YETHOCTHU (MHAYE JEBAad 9aCTh PABEHCTBA HEYETHA, & MPABAA
gerHa). [lycTs, HApUMED, $ W { OAHON IETHOCTH (A 3HAIUT HEYETHHI).

m
[ole 1B PABEHCTBO HA N2, MOLYIUM OTHOCATEILHO ~ KBaDaTHOE ypaB-

HeHHe:
2
<(m> - 1> (£ — s?) = 25t 2.
n n

JuCKpUMUHAHT DTOTO YpaBHEHUA paBeH 4(34 — 22 + t4) U JOMXKeH OBITH
KBA,JPATOM PAIMOHATHHOTO <HCIA, OTKYAA (Tak Kak § u t memsie) s* — s2¢2 4
+ it — KBapaT LEAOTO YUCHIA.

OcTamochk A0Ka3aTh, 9TO COIPABEIINBA

JIEMMA 2. Eciu HedeTHBIe HATYPAJILHBLIE YUCAA S U { PA3IWTIHEL, “TUCIO
st — %42 + t* me MoxeT GBITEH KBaApPaTOM LIEJOr0 9UCIa.

JOKA3BATEJLCTBO JEMMEI 2.

IIpennonoxnm nporuBHoe. Bo3bMeM Torga Takme HATYpaJabHLIE S, T U Iie-
goe z = 0, uro st — %2 + t*=22nu CYMMa, $2 + t? HAMMEHBIIAA BO3MOKHAA.

Yucna s u ¢ B3AaMMHO MPOCTHL (MHAME €CTh AHAJIOTUYIHOE PABEHCTBO [
MEHBIINX 9HCEI, 9eM S U 1), & 3HAYUT ¥ Z B3AUMHO IPOCTO C S U C t.

Mo npeanonoxeruio (s? — t2)2 = 2% — (st)?, m Tak kak s # ¢, noTydaeM,
a0 (z + st)(z — st) — KBagpaT HATypaJbHOro “wmciaa. Hangem Hamboabmmm
OOIIUY AeMUTENb e THRIX 9ucen 2+ st u 2z — st. OH JeaIuT CyMMy 2z U PasHOCTD
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2st DTUX YUCEN, U, 3HAYAT, PaBeH 2. SHAYAT, HAUAYTCA HATYPATILHBLIE THUCIA,
k u | Takue, uTo 2z + st = 2k%, z — st = 21?2, orkyga z = k? + 12, st = k? — [°.

Samernm, aro wmcio 3(st)%+2% parno (s24-12)?, To ecTn aB1AeTCA KBAIPA-
TOM HATYPATBLHOTO mcia. [logcTasiss BMecTo 2 u st uX BHIpaXKeHus depes k u
[, momy<mm, o xBagpaToM seaaerca (k2 —12)2+ (k2 +12)% = 4(k* = k212 +1Y),
a suasauT k* — k212 4-1* Toxe xBagpar. Ho k2412 = 2 < s2 42 (oueBmano, ecim
BO3BECTHU B KBAAPAT), 9TO MPOTUBOPEIAT BLIOOPY § u . Jlemma 2 nokasana.

3AMEYAHUE. Jlemma 2 BepHA A5 JOOBIX PA3INYHBIX HATYPAILHBIX YACET
S ® t, KeJAoMKUe MOTYT HAUTHU AOKA3ATEILCTBO CAMOCTOITEMBHO.

JINTEPATYPA.

1. II. depma. UccaenoBanus mo Teopun duces u quodaHnToBy aHaausy. M.:
Hayxka, 1992. C. 34.

2. Heony6aukoBanubie MaTepuaasi J1. duaepa mo Teopun uncen. CII6.: Ha-
yka, 1997. C. 99-102.

3. W. Sierpinski. Elementary theory of numbers. Monografie Matematy-
czne. Tom 42. Warszawa, 1964. C. 73-75. Dr1eKTpoHHAA BEPCUA €CTDH Ha CAUTE
http://matwbn.icm.edu.pl (C. A. Jopuuenro)

8.9. YciuoBuE. Cdepa packpamena B 2 msera. JJokaxure, 9TO HA HEU
Haﬁ,ﬂeTCH HpaBHJIbHI:Iﬁ TpeyI‘OJH)HI/IK C OJHOUBCTHBIMMY BEPIINHAMMA.

PEMEHUE. Brnumem B cdhepy mxocasap U JOKAXKEM, 9TO HAUAETCS MPa-
BIJIBHBIN TPEYTOJIBHUK HA €r0 BEPIINHAX, TOKPAIIEHHBIM B onuH 1BeT. [Ipen-
TMOJOXUM MPOTABHOE ¥ PACCMOTPUM PACKPACKY B KPACHBIM U CHHUU MBET, HE
COIEPXKAIIYIO OJHOUBETHBIX MPABUWIBHBIX TPEYTOILHUKOB.

Byaem cuwmrath, wro Bepmmua A (cM. puc. 1) mokpameHa B KpaCHBIX
nseT. JlmaMeTpalbHO IPOTUBOMIOIOKHYIO el BepmmHy o6os3HaxmM A’. Wko-
Capp COCTOUT W3 MPABWILHBIX MATAYTOJLHLIX MUPAMU C BEpIIMHAMHA B A

u A’ v IpaBUIBLHOM ATUYTOJILHON AHTUIPU3MBI MEXK 1y HU-
4 vu. Beprmmaer, ¢cBssannubie pebpamu ¢ A, HA30BEM BEPXHUM
coeM, a CBA3aHHBIE ¢ A’ — HIXHEM cIoeM.

3aMeTHM, ITO B BEPXHEM CJIO€ HET MAPhI COCETHUX KPAaC-
HBIX BepuH (nHa4e oHU M A 06pa3yloT NMPABMIBLHBIA Tpe-
YTOMBHUK ). AHAJOTHYHO, B HUKHEM CJIO€ HET Maphl KPACHBIX
BEPIIWH, UAYIIAX Tepe3 OnHY.

SHAYUT, B KaX/JOM CJO€ He GOMbINe IBYX KPACHBIX BEP-

A’ mUH ¥ He MeHbmle Tpex cumHmX. Ho Torga A’ — kpacmas

(uHAME K HEW MOXHO OLLIO OBl IPUMEHWTHL PACCYXKICHUE,

Puc. 1. KOTOpPOE MBI TIPUBEIU M1 A, ¥ HAUTU OAHOLBETHLIU TTPa-
BUJILHBIA TPEYTOJbHUK ).

(Bepurmuaa A GbL1a BHIGpaHA TPOM3BOIBHO, TIOITOMY MBI (GAKTUIECKHA TOKA-
3a/M, YTO MPOTUBOMOIOKHEIC BEPIIMHLI MKOCAAPA HOKPAILICHBI OJUHAKOBO. )
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Ho Teneps oxaswiBaeTcs, ITO B 000UX CIOSX HET TMAPBI KPACHBIX BEPIIUH
(Takas mapa aubo cocemHAsd, TUOO PACIOIOKEHA Iepe3 OHY ). SHAUUT, B BEPX-
HeM CJIoe eCTh TPH NOAPAJ uAylye cuHue Bepmuabl S1, V, Sy, Bepmuna V),
OpOTUBONONOKHAA V', Takxke cuHsasa (BepuumHy A Mbl BRIGDAIU IPOU3BOIBHO,
MO3TOMY MBI (PAKTHIECKH MOKA3AIU, 9TO MPOTUBOMOIOXKHbIE BEPIINHLI UKO-
casapa moKpamensl oguHakoso). Ho Toraa S1, V', Sy 06pasyooT npaBunbHbIT
OJTHOIIBETHLIU TPEYTrOJbHUK.

KOMMEHTAPUIA. EcTecTBeHHO mOCTaBUTH Oolee oOmMU BOmpoc: cde-
pa packpallieHa B HECKOJBLKO IBETOB. BepHO A 9TO HAWAETCS NPABUIbL-
HLIH N-YTOJALHUK C OAHOIBETHLIME BepimmHaMu! OTBET Ha 5>TOT BOIPOC
(chepudeckun anamor Teopembl Bam nep Bappena) memsBecTeH gaxe s
TpeyroabHuka. Teopema Banm mep Bapmena mma adueHHOTO mpOCTpPAaHCTBA
3ByYMT TaK: IIPOCTPAHCTBO PAaCKPAIIEHO B HECKOJIBKO IBETOB. Torga s
Ja1060r0 KOHEYHOT'0 MHOXECTBA HaUAeTca mogodHoe emy omHomseTHoe. Teo-
peme Bam gep Bapaema s adpwHHOTO TPOCTPAHCTBA MOCBAMICHA CTATHS
B. O. Byraenko («<MaTemaTn1eckoe IpOCBEMIEHNE) , TPETHS Cepus, BhIMyCcK 10,

2006. C. 151-160).

Hewussecren ananor reopemsl Ban nep Bapena u mia HeeBKIM JOBOU ILIOC-
KOCTH. (A. A. Beaos)

9.9. YCJIOBUE. CKOIBKO CUHTAKCUYECKNA MPABUILHBIX BHIPAXKEHUU U3 7N
CHMBOJIOB MOXHO COCTABUTH, €CIA UCIOIb30BATH TOJIBKO CUMBOJBI [BYX I€-
peMeHHBIX X # Y, OTKPHIBAIOIIYIO ( ¥ 3aKPBIBAIOILYIO ) CKOOKH, 3aIATYIO (,),
CUMBOJ JIBYMECTHOW (PYHKIIMW § W CUMBOJ OMHOMECTHOU pyHKIum f7

CUHTAKCHYIECKN TTPABWILHBIE BLIPAXKEHUA OMPENENAI0TCA THAYKTUBHO: X,
Y — CMHTAKCHYeCKM TPABWILHBIE BBIPAXKEHUA, JI000€ CHUHTAKCUIECKM IIpa-
BunbHOE BhIpaxenue umeet suj [ (A) wmm g(A, B), rae A, B — cuaTakcuIeckn
NPABUIBHBIE BHIPAXKEHUA MEHBIICH [TAHBIL.

PEMEHUE. BygeM Ha3bIBATH CHHTAKCHUYIECKH MPABWILHLIE BHIPAKECHUA
mepMaM.

IIycts T' — mMHOXecTBO Bcex TepMoB. Toraa
T = f(T)Ug(T,T)U{X,Y}. (1)

3necs g(T,T) 03HAIAET MHOKECTBO TEPMOB BUIA «CUMBOJ ¢, OTKPBIBAIOIIAAC
CKOOK&, IPOU3BOABHBIN TEPM, 3AISTAA, IPYTOU TPOU3BOIBHBIA TEPM, 3aKPhI-
Bafommasa ckoO6kay. Anamorumuno ompenensercsa f(T).

Ecau sanucars Bce TepMBbl TI0 pa3y depes 3HaK oObeAuHEHUS U, TOTOM
3aMeHUTb U Ha +, 8 CUMBOJHI f, g, ,, (, ) HA COOTBETCTBYIOMINE KOMMY TUPYIO-
e TepeMenHsIe T 7, Ty, T, T(, T), TX, Ty, TO MOCJe TPYIIUPOBKY MOJ00HEIX
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WICHOB IIOJYYNUTCA BBIPAXKCHUE

. N2 1.N3 N4 N5 .16 )17
T = E Koy ,ong fx T lw ey
n; =0
rae Ky, .. p, — 9HACIO TEPMOB C 7] BXOXJCHUAME CUMBOJIA f, 1o BXOXJCHUA-
MM CHMBOJA ¢, 73 BXOX ICHUSAME CUMBOJA, 3AMATOR, . . ., N7 BXOXKJCHUIMEA Y .
Taxoe BHIpaXeHMe HABBIBACTCA Npoussodawets gynryuet.
PagencTso (1) B KOMMyTUPYOIINX IEPEMEHHBIX IPEBPALIACTCA B ypaBHE-
HITE
T = ZTfr(TT) + TeL(TT,TT) + Tx + Ty. (2)
Cpenas 3aMeHy HepeMEHHBIX [ = Tfx(T);§ = Tox(x,0), X = zx,Y = zy,
MOJY UM PABEHCTBO

_ IR

T=fr+grr+X+Y. (3)
KoMOMHATOPHLIA CMLICI 3aMEHLI B TOM, ITO CUMBOIY f OTBeYaeT mapa CKO-
60K, a CUMBOJNY ¢ — mapa CkoOOK W 3amnaTad; ecan GaraHC He COOII0IAETCA,

TO Takux TepMoB HeT. OTCI01a
_1-V1-4X +Y)g/(1 - f)?
29(1 - f)
Paszmoxus 5To BeIpaxkeHnue B paa Terwaopa, MOXKHO BLIMACIATHL KO>(phUIneH-
Tel. [las 3Toro Mu1 Bocmonbsyemes (aast « = 1/2) dopmyaon 6uaoma Heroroma

a - « k
(1+y) —%(,Jy :
rie (3) =a-...-(a—(k—1))/k!. Umeem:

k,l,n=1

Bocnoassyemcst paBercTBOM

O]
1 . 1 Ak
(1_y)l_<(1_y)> _Aly7

(AF = k(k—1)-...-(k—(I—1)), ¢V osmasaer l-xpaTHoe quddepennupopamme).
[Monyanm

o

T > D" <1£2> 22" Ay (;) frgrxmy o,

n>m,k,l,mmn=1
1/2\ 9 n
2 A
()7t ()

Koa¢pputiment
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PABEH IUCAY TEPMOB, CONEPKAIIAX 17, BXOXKAeHUU X, n — 1M BXOXJeHUU Y,
k Bxoxmenuy f um n BXOXIeHHHU g. B pTOM caydae mmeeTcs pOBHO k + 1 BXO-
XKIEHUN OTKPBIBAIOIMX U Kk + N 3aKPBIBAIOIIMX CKOOOK, 1 3alATHIX.

[lockombKy HAC WHTEPECyeT TOMBLKO ofIIee THCI0 CAMBOMIOB, CAETaeM 3a-
meny t* — §,t2 — f,t — X,t — Y (mokasaTemm CTEHNEHN OTBEYAIOT HCTY
CHMBOJIOB, HAIIpUMeED, § oTBevaeT 4 cumsoaa g, (, ), ,). Ameem

r_ 1— /14t +t)t1 /1 —13)2  1—4/1-8t5/(1 —13)2
T =
2t4(1 — %) 264 (1 — %)

Amanoruvaso moxygaem

(1/2) 214kt5k74

7= Z(—l)kw

k=1

B cuny paBeHCTBa mJaA pPA3lIOXKEHUI B PAI L uMeeM
[e.e]
1/2
Z ( / >214k:t5k 4+3l"4lk+1
k=1

Orciona cregyeT, ITO KOIUIECTBO TEPMOB, COEPKAIMMX POBHO 1M CUMBOJOB,

paBHO
1/2
S ()

k>0,0>0,5k—4+3l=m

3AMEYAHUA. 1. Anamoruvnnie (GOpMYIB CIPABEAIUBEL A CAydas Tep-
MOB, COACpXKAMMX GYHKIMOHATLHBIE OYKBBI OT JOO0T0 HHUCAA MEPEMEHHBIX.
B sTom caygae nmpoumsBogsaman GyHkuus OygeT aarebpamdeckou pyHKITEn
CTENEeHU, PABHOU MAKCUMAJIBLHOU BAAEHTHOCTH (PYyHKIUOHAMBHOU OyKBHI. flc-
HO, 9TO BCe KO3 PUIMEHTH pAga Temnopa MoLyIaolencsa alrebpandeckon
dyukImy 6y Ay T HeTBIMYU YucIaMu. [[JIsS TpOU3BOIBLHOU anrebpanveckon hyHK-
O KOJIMYIECTBO IIPOCTBIX YHUCET, BXOAAUNINX B 3HAMCHATECIN KOB(l)(l)I/IHI/IeHTOB
paga Tewnopa, Oyger konednbiM (kak coobumn Muae M. Konmesut).

2. NmeeTca kmaccuaeckas 3anada o qucae cnoco6os T'(n) npaBuibHO pac-
CTABUTH CKOOKZ B HEACCOLMATHUBHOM CIOBE M3 1 cuMBOJOB. flcHo, wTo T'(1) =
=T(2) =1, T(3) = 2. PaccmaTpuBas 3aKpHIBAIOLIYIO CKOOKY, HAPHYIO CAMOK
JEBOU OTKPBIBAIOIIEH, MOJYJIaeM PEKYPPEHTHOE COOTHONIEHUE

T(n)= Y TET).
k+l=n;k,0>2

3 HEro JIeTKo TMOMY TS, ITO Npom3Boaaman byskmas 7 = > oo, T(k)t* yxo-
BICTBOPAET ypaBHeHHIO 72— 7+t = (. U3 pasnoxennsa dynkman (1—/1—4t)/2
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JIErKO HMOXyIuTh Koaddummenter T'(k) = 22’“*1\(1,/62) |. 3agatda o wmcaax Kata-
JaHa MpeIIaraiach Ha JeTHen koH(epennuu Typuupa ropoaos B 2001 roxy.
(A. A. Beaos)

10.2. YcjoBUE. Kpusas C 3agana B R* mapameTprdeckn ypaBHEHAAME
x; = Pi(7), i =1,2,3,4, roge muorowrensr Pj(7) umetor creness 3. [Jokaxure,
910 C KUBET B TPEXMEPHOU IIOCKOCTHU (T.€. HAUAeTCA 3-MepHoe ahpuHHOE
O TIPOCTPAHCTBO, KOTOPOE €€ CONEPKHUT).

PEmEHRUE. Ilycte A — Toduka kpuBou C', OTBEYAIONAA 3HAYCHUIO Tapa-
mverpa 7 = 0. CasureM Havano koopauaaT B Touky A. [Ipu orom ypaBHeHue
KpUBOH 6yIeT UMeThb BUL T; = a;T° + b; 72 +¢;7 = Pi(1);i =1,...,4 (cBOGO-
HBIE 9ICHBI UCYE3In).

Yerwipe BekTOpa €; = (a;,b;,¢;);4 = 1,...,4 ITMHEWHO 3aBUCUMBI, T. €. TIPU
HEKOTOPBIX {);}}_|, M3 KOTODBIX HE BCE DABHBI HYJIO, BHIIONHACTCS DABEH-
CTBO Z?Zl Ai€; = 0. Ho Torga Bce KODOUIUUHTEI CyMMBI Z?Zl A P; myne-
BBIE U TIPU BCEX T BBHIMOAHAETCA TOX ECTBEHHOE PABEHCTBO Z?Zl XiPi(1) = 0.
Owno osznaugaeT, 9T0o KpuBas C J€KUT B TPEXMEPHOM JUHETHOM IPOCTPAHCTBE.

Anamornauniv 06pa3oM MOKA3LIBAETCA, ITO KPUBAA N-U CTENEHN JeXUT B
7-MepHOM adPUHHOM IPOCTPAHCTBE.

3AMEYAHUA. 1. MHOTOWIEH N-U CTeneHn OT k IMePEMEeHHBIX

k
P(ri,...,7) = Z aNHTini
=1

Zi‘c:l ni<n

nMeeT (Z) + 1 xoaddumnuent. OTC0A8 MOXKHO TIOAYIUTH, ITO MApPAMETPHUIE-
ckoe MHOTr000pasme M cremenu n PasMepHOCTH K, 3aaBAEMOE PABEHCTBAMU

k
n;, ;
T; = E aNjHTZ-Z;jZI,...,k,
=1

2?:1 ni<n

JeXUT B adpOUHHOM HOATPOCTPAHCTBE PA3MEPHOCTH (2) B cayuae o6mero
HOMOKEHUA OHO HE JIEXKUT B IPOCTPAHCTBE MEHBIIEN PA3MEPHOCTY (IS TIOOBIX

2. 3agata BO3HUKIA W3 AudpepeHnmaIbHOu reoMeTpuu. KacaTembHasd
npsMas K TIafKOU KPUBOU UMEET GAM30CTh 2-TO MOPAJKA B TOYKE KACAHWS,
COIIPUKACAIOMIAACA IIOCKOCTh — TPEThEero u T. 1. I[OCKOIbKY TIagKyo Kpu-
BYIO C TOYHOCTBIO A0 “LIEHOB N + 1 mopagka MaJOCTH MOXHO IpHOIU3UTL
KPUBOU N-T'O TOPAIKA, W3 PENICHUA 33aYU CAETyeT, ITO PACCTOSHUE IO CO-
[IPUKACAIOUIETOCA N-MEPHOT'O IPOCTPAHCTBA B TOYKE KACAHUA UMEET MOPsA0K
manocta n + 1. (A. A. Beaos)
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10.4. YcJIOBUE. Ha mmnockocTu TPOBEAEHBI N CUCTEM PABHOOTCTOAIINX
MPAMBIX; - CACTEMa COCTOUT U3 BCEX MPAMBIX BUAA a;T + by = ¢; + k,k € Z.
[Tpu 5TOM HUKAKWE TPY MPAMBIX HE MEPECEKAIOTCA B OJHOW TOYKE, N HUKAKUE
[IBE CHUCTEMBI HE MAPAIEAbHBL. DT CUCTEMBI Pa30UBAIOT IOCKOCTh HA MHO-
royroapauku. Ilycts S — cpeanas mioma b MEOTOYTOILHAKA, S;; — ILIOMA b
MapaJLIeIoOrPAMMa, PEIIETKY, MOPOXK IEHHOU (-1 1 j-U cucTteMamu. Jlokaxure,

9T
- Z Si;l .

1<J
(Cpemusas miomaab MHOTOYTOJIBHUKA — 3TO BEIUUIWHA S = . lim S;/Ny, roe
——400

Sy — obmas mIoma s> BCEX MHOIOYTOJbHAKOB Pa30MeHNs, HEINKOM COAEPKA-
UIWXCA B KpyTe pajguyca t ¢ IeHTpOM B Hadajle KOOPAMHAT, N — KOJIMIECTBO
STUX MHOTOYTOJIbHUKOB. )

PEINEHUE. ¢-1 # j-1 CUCTEMBI Pa3bUBAIOT IIOCKOCTD HA PEUIETKY IapaJi-
JgerorpaMmos miomanu S;j. CoOTBETCTBEHHO, SZ}l — DTO YHUCIO TAKWUX Ia-
pALTEIOTPAMMOB B TepecydeTe Ha eAwHHIy miomanu. /laree, B KBagpaTe co
cropomoit R mromamum R? kommtecTro wacted pazbuenma N(R) Gymet ymo-
BIETBOPATH ACUMITOTHYIeCKOMY paseHcTBY N ~ S - R?, mosromy S~! ects
CpefHee IUCIO 9acTed Pa3OueHUsA B € JUHUNE ILIOMA A U JOKA3BIBAEMOE PABEH-
creo S = D oic j S~1 osHataeT COOTBETCTBHE MEXIY MAPALICIOrPAMMAMIE

?
peueToK m 1acTAaMm’ pa361/1eH1/151.

Onumem 310 cooTBeTcTBUe. BrifepeMm HampapieHue OOIIET0 MOJOXKEHNU,
T.e. He TEePIeHANKYJIAPHOE HU OJHOW M3 NpAMBIX pa3Ouenus. Hazoem ero
HAIIPABICHUEM 6HU3. TOTa y KaXAOU 9acTH PA3OUEHWA OJHO3HATHO ONMpe-
MeJeH HUXHAW YTOJd, Tapa MPAMBIX ero 06pasyiolinx W, COOTBETCTBEHHO,
MapaJLIeTorPaMM PEIIETKU C TEM X€ HUXHUM YIJoM. AHAJTOTMYHBIM 0Gpa-
30M KaXOMY TaPaJLIeJOrPaMMy MOXHO CONOCTABATH MHOTOYTOJbHUK Pa3-
OveHmA.

Tenepr paccMoTpuM Kpyr paamyca R — 0O ¥ COOTBETCTBUE MEXITY Ha-
CTAMU, TOTABIINMY B 3TOT KPyT. /3-3a rpanuvHLIX 3 PeKTOB COOTBETCTBHE
mapymaercs. Ciaegyomnas 1eMMa OKA3BIBAET, ITO DTUMU HAPYIIEHUAMEI MOXK-
HO TIpeHebpeYb:

JIEMMA 1. Ilycts D — MAKCUMAJBHBIA AUAMETP MAPATICIOTPAMMOB pe-
mretok. Paccmorpum kpyr paguyca R — oo.

a) Cymecreyer kouCTanTa C] Takasd, 9TO KOAUIECTBO 9aCTEN pasOuenus
BBIMMYKJIOU (puryphl grameTpa D cucTeMamu TpAMBIX He npesocxogaut C.

6) Cymecrsyor koucTanTel Cy u C3 Takue, 9TO KOIMIECTBO NAPALIEO-
TPaMOB PEIIETOK, a TaKXke JacTed pa3OueHusa MOMaBIINX B KPyT pagmyca R,
e mpesocxoguT CyR? u me mensure C3R2.
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B) CymectsyeT koHCTaHTa (4 TaKas, 9TO KOIUIECTBO MAPALICAOIDAMOB
PEIIeTOK, a TaKXKe IACTeN pa3bUeHns MOMABIINX B TOJI0CY MEX Iy KOHIICHTPH-
geckuMu Kpyramvu paguyca R u R + 3D, we npesocxoaut CyR.

r) IIpu arom limg_.o, C4R/(C3R?) = 0.

KoMMEHTAPUN. 1. s pazbmeHna n-MepHOrO MPOCTPAHCTBA, k CUCTe-
MaMF PABHOOOTCTOANIAX IIOCKOCTEN OOMIErO MOMOKEHUA CIIPABE/JINBA aHA-

JOTUIHAA (popMyaa:
Vol = Z VL
- i1 <l

21 < <lp
Cucremy npAMbIX OGUIETO MOJOXKEHUA MOKHO 3a4aTh 6EKMOPOM U ENCUBHO-
cmu f, HATPABAEHHBIM TI0 HOPMAJIX K IIOCKOCTAM CUCTEMEI, AJIUHA KOTOPOTO
pasHa d~ !, roe d — paccTosHEE MeXIy COCEIHMMHU ILIOCKOCTAME CHCTEMBL.
ITO — CPEAHAA IIOWA /b yIACTKOB IIOCKOCTEN CUCTEMBI B IIEpecIeTe Ha e/iu-
Huiy obwseMa. Toraa V“_<1 <, PbaBeH fi, A---A f;, — ONpefernTemo MaTPHALEL,
COCTABIEHHOMY M3 COOTBETCTBYIOIINX BEKTOPOB MHTEHCHUBHOCTU. DopMyry
MOXHO 00O0OIUTE I HENPEPHIBHOIO PACIPENETCHNA CUCTEM TIOCKOCTEN T10
nanpasiaeHuaM. [lamHas popMyaa BEPHA HE TOJIBKO A PABHOOTCTOAIIUX CH-
cTeM, HO ¥ [IPX JOBOJLHO HIUPOKUX MPEATIONOXKEHIAX O 3aKOHe paclpeeleHnsI
PACCTOAHUYU MeX Ay HuMU. [Ipr caMbBIX IMTUPOKUX TPEATONOKCHUAX TSy IAET-
CA PABEHCTBO

-1 __ 1 o o
Vo= 2nn,/P€1'---'Pé*n’ffl/\"'/\en|
Kaxnoe €; (BekTop manpasiaenuir) HesasucuMmo npoberaer (n — 1)-mepryio
eAuHU4HYIO0 cdepy, Pz — COOTBETCTBYOWIAA ILIOTHOCTH MHTEHCUBHOCTH,
1

MHOXWTEJJIb W BO3HUKAECT U3-3a TOT'O, 9TO OJUH W TOT XK€ SJCMCHT obbema,
n.

BosHEUKaeT 2"n! cnocobamu (mepecTaHoBKM M cMeHa, 3HakoB). Korga mampa-
BJEHUA CUCTEM COCperHOTO‘{eHbI B ,HI/ICerTHI:IM Ha60pe BO3MO)KHOCTeﬁ (qﬁ)yHK-
U PACTIPEIETEHAA €CTh CyMMa, §-(DYHKITUN ), MbI UMEEM JUCKPETHYIO (hOpMy-
JIy, TOKA3LIBAEMYIO KaK Boie. OCIUHA CIyval MOJIYIAeTCA AllpOKCUMAIMEN.

2. 3aa1a BO3HUKIIA IPYU BEIUUCACHUY CPEIHNX 00LEMOB IacTel pa3tueHns
HpOCTpaHCTBa cucreMamMmm TpeHH/IH.
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