IIo MmoTHMBaM 3agavHMKA
«MaTeMaTHI€CKOTr0 IIPOCBEIEHAI)

[ucKpeTHBIE TTOJOXKUTENbHBIE TapMOHIIECKIE
dpyHKIIUNT

C.T'. Cro60muuK

[peanaraerca HOBOE, Golee KOPOTKOE, pelleHne 3a1adn 5.90) us 3a-
JaIHUKA ((MaTeMaTI/I‘{eCKOFO IIPOCBEIICHUAY .

Lapmonuueckot na yeaouuciennot peuremse Z" HABBIBACTCA TaKasd PYHK-
mua f: Z" — R, 3HaYeHMe KOTOPOU B KaXIOU TOYUKE PABHO cpegHeMy apud-
METUYECKOMY OT 3HAYEHUN COCENEN:

1

f(xl,...7xn):%Z(f(wl,...,:vi—1,...,$n)—l—f(xl,...,xi—i—l,...,xn)).
=1

TEOPEMA. [apmonuueckas na 2" nosoncumesbnas Gynryus nocmosmna.

YacTHBIMU CIy9asMK DTOM TEOPEMBI ABIATCA IIYHKTHL 0) 1 B) 3ana4m 5.9
w3 3agadHuKa «MaTeMaTudeckoro mpocBelneHusy. B mpeaniayuieM BBITyCKe
«MaTeMaTrIeCcKOro IpOCBeIIe sy OBLIO Oy OINKOBAHO JOKA3ATEABCTBO DTON
Teopemsl [1]. 31ech Mbl U310XKKUM 6oJIee TIPOCTOE NOKA3ATEIbCTRO.

st 0603HAMEHNA TOYEK PeeTKH Z" Oy AeM UCIOIb30BAThH MAJIbIE JATUH-
ckue OYKBBI WIU 3AMUCAHHBIE B CKOOKAX KOOPAUHATHI COOTBETCTBYIOLIMX TO-
4ek. Uepes ey, Gyaem 06030a9aTH TOUKY ¢ KoopauraTamu (0,...,0,1,0,...,0),
rie efuHANA CTOUT HA k-M MecTe. TOUKY ¢ HYJIeBBLIME KOOpAUHATAMU Gy IeM
UL KPATKOCTH 0003HAIaTh depes (.

MaTemaTu4eckoe npocseyenune, cep. 3, sbin. 11, 2007(145-148)
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Touku peleTKn MOXHO CKIAIBIBATH MOKOMIIOHEHTHO. B Taknx 0603HATe-
HUAAX yCJIOBUE TaPMOHUYHOCTH IEPEIUCHIBAETCI KaK
n
1
f(l“)—%i (f(z+e) + flz—ei)). (1)
=1
Paccvorpum muOXKECTBO F' rapMOHMYeCKUX Ha 2" QYHKIUM, TAKUX 9TO

f(z) >0, muamoboro x € Z", (2)
f(0) =1 (ycaoBue HOPMUPOBKH). (3)

MuoxecTBo F' HemycTo, TakK KaK OHO CONEPXKUT TOXIECTBEHHO PaBHYIO 1
dyuknumio u. Ecan f(r) — rapmonnmveckas Ha Z™ nmoroxuTenrbHas QyHKIU, TO
f(x)/f(0) € F. Mb1 fokaxeMm TeOpeMy, yCTAHOBUB, ITO MHOXECTBO (DYHKIAN
F we comepXuT HUKAKUX APYTUX QPYHKIUNA, KPOME U.

[Lram gokaszaTelbcTBa TaKOB. MBI BBeEM JMHETHBIN TTOPATOK HA (HYHKIIN-
ax u3 Z" B R u mokaxem, 9T0 MAKCUMAIbHAA (M MUHUMAJILHAA) OTHOCUATEILHO
oTOro mopsaaka GyHKIuu B F N0JKHBL OBITH KOHCTaHTaMu. CylecTBOBAHIE
MAKCAMAJILHOU (PABHO KaK M MUHUMAJILHON) (QYHKIWA CIEAYeT M3 KOMIAKT-
mocTu F' B Tomomoruu moToMeIHON CXOAUMOCTH. MEI IPpUBEAEM SAEMEHTAPHOE
MOKA3aTeILCTBO HTOT0O (PAKTA, HE UCIOAb3YIoIIee TeopeMy TuxoHOBA.

Ha »ToM noxa3aTeaneTBO TEOPEMBI 3aBEPIIASTCA: MAKCUMATLHBIA SJEMEHT
PaBEH MUHUMAJBHOMY, TTO3TOMY B MHOXECTBE F €CTh TOJABKO OOHAQ (byHK—
A U.

HawréMm co BCOMOraTeabHOrO 3aMeYaHWA: MOJOXKUTEIbHBIE TapMOHUYE-
ckue PYHKIUM HE MOTYT PACTH OY€Hb ObICTPO. A mMeHHO, BBejeM 0603HA-
“eHue

n
=yl = | —yil- (4)
im1
Toraa cropasejinBa IPOCTas OLEHKA POCTA MOJOXKUTENLHOM I'aPMOHUYECKOU

dyHKTIANT.

JIEMMA 1. Ecau f — 2apmonuueckas na Z" noaoxrcumenvnas Gynryus,
mo das 41006z T,y € 2" 6binoaneno

fly) < fla)@n)ov, (5)

[TOKA3ATEJNBCTBO. [laa cayuas y = x + e, HepaBeHCTBO (5) HEMEIIEHHO
CTENYeT U3 YCAOBUA TAPMOHHIHOCTHU ¥ TIOJOKATEILHOCTH:

2nf(z) = f(y) + (nonoxurenbuwie craraemeie) > f(y).

OcTanock 3aMeTuTh, 9TO 33 | — Y| eAMHAIHBIX WATOB N0 pemeTke Z™ MOXHO
IEPENTH U3 I B Y. O

Cpapuusas npu nmomoun (5) 3uadenwe f(z) ¢ f(0) = 1, moxydaem
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CHEACTBYE 1. Ecau f € F, mo (2n)~ 1l < f(z) < (2n)l.
Tax Kax MHOXeCTBO Z" C4eTHO, TO CYILeCTByeT OMEKTUBHOE 0TOOPAKEHUE
p: Z" — N

MHOXeCTBa Z" Ha MHOXeCTBO HaTypaabHbIX umucen N. Yepes aj Gymem 060-
3HAYATHL TAKYI0 TOUKY PEleTKH I, 4t Koropou p(x) = k.

[Tocae TOrO Kak MBI 3aHYMEPOBAIM TOYKH PEMICTKH, HA (PYHKIAAX U3 2"
B R BO3HUMKAET JEKCUKOrpapuIeCKuil MOPANOK: [ < g TOTAa W TOJIBKO TOTJA,
korga f(ag) < g(ax) mpm HEKOTOPOM K, & HA BCEX MEHBIIUX TOYKAX (PyHKIUK
pasusl f(a;) = g(a;) mpu i < k.

JIEMMA 2. Ecau 6 muoxcecmee F' omuocumenvno aexcurozpaduuecrozo
nopadka cyuecmsyom nouboavuias Gyrwryus M u noumenvwas Gynryus m,
T0o M =m = u.

[JOKA3ATEJNLCTBO. [na f € F onpenenum ¢pyukiuu S;f:
Sif(x) = f(x)f(e;) — f(x +¢€)f(0) mas moboro x € Z". (6)

Dyukuuma S; f rapMOHTYIECKAsA, TAK KAK ABIACTCA JUHEMHON KOMOWHAIIMEH
rapmorniecknx pyuknun f(x) n f(z + ;). lpu orom S; f(0) = 0.
W3 onenku pocra (5) moaygaeMm, ITo

1Sif (@) < [f(@)] - [f(e)| + [f(z + ei)| < 4nlf(z)]. (7)
[osTomy dyukman f + (4n)~1S;f Takxe npunagrexat F.
Ecau S;f me paBuo ToxmgecrBenno 0, To f nexur crporo mexnay f +
+ (4n)71S;f m f — (4n)71S;f B nexcuxorpadmaeckom mopagke. Orciona 3a-
KJII09AEeM, 9TO IS MAKCAMAJILHOM ¥ MUHIMAJILHON (PyHKIWNA JOJXKHEL BBIIOJ-
HATbCA paBencTBa S;M = S;m = 0.
Teneps goxaxem, aro ecau S;f = 0 gus aroboro ¢, To f = u. I3 paBencTn

Sif(x) = F@)f(e:) = flz +e) £(0) = 0 (8
caenyeT
32 D 1) — e
flate) = 2D p(a) = fen (o). )

[Toacrasus B (9) BMECTO T BEKTOp T — €;, HOLYIUM

fle—e) = fle) ™ f(x). (10)
Yeaosue rapmonudnocTu B 0 ¢ yaérom pasercTs (9) u (10) npuobperaer

BHT
n

2n = (fle)+ fle)"). (11)

i=1
Tax Kax [Id MOTOKUTETLHOTO THCIA @ CYMMa @ + ¢~ | He MeHbIme 2 W paBHA
2 tompko ecim ¢ = 1, To m3 (11) caeayer, aro f(e;) = 1. Ho Torga us (9)
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u (10) caegyer, 9TO B COCENHWX TOYUKAX PEIICTKH (DYHKIUA f NPUHUMAET
oauHAaKOBEIE 3HadeHusa. [lopToMy oHa ToXmecTBeHHO paBHA 1. U

[lns 3aBepUICHAs JOKA3ATEABCTBA TEOPEMbI OCTAIOCH YOSAUTHCA B CyILE-
CTBOBAHUU HAMOOJLINER ¥ HAMMEHLINen GHyHKINT B £,

JIEMMA 3. Muoocecmeo F 3amknymo ommuocumensvhno nomoueunoti cxo-
dumocmu: ecau g{x) = nlinolo f"(z) u fre FymogekF.
—

[TOKABATEJNBCTRBO. [lomoxuTeasbHOCTh IpeaenbHON (PYHKIVY CIeqyeT U3
ouenku (5):
2n)®lg(z) = @n)l* lim f7(z) > lim f7(0) = 1.
n—oo n—oo
YcaoBusa TapMOHMYIHOCTH ¥ HOPMUPOBKY — PABEHCTBA M IIOTOMY COXPAHAITCI
[IPU TPEJETHEHOM MEPEXOIE. g

JIEMMA 4. B muoscecmsee F omuocumenvrno aexcuxoepagduueckozo no-
PAOKG CYWECMBYIOM HOUOOADULGS U HOUMEHBULAS PYHKYUU.

JOKABATEJILCTBO. /lokaxeM CyIIeCTBOBAHUE MAKCUMYMa, CYIIECTBOBa-
HUEC MUHNMYMa NOKA3BIBACTCA aHAJIOTUIHO.

Caencrsue 1 w3 HepaseHcTBa pocTa (5) NOKA3BIBAET, ITO MHOXECTBO 3HA-
wenuy GyHKIUA n3 F B 10001 TOUKe orpaHmteHo. Bocmoansyemca mymepa-
mmen @ Todek Z". IlocTpouM CeMencTBO BIOKEHHBIX 3aMKHYTHIX MHOXKECTB
F; n nocienoBaTebHOCTD 9HCEI C; TIO CJIEYIOIMIEMY IIPABUIY:

Fy=F F={f|f€F, fla) =ci}, ci= sup f(a)
feF;—1
BaMKHyTOCTb MHOXECTB F’L JOKA3bIBACTCA AHAJOTI'MYIHO JEeMME 3 HOSTOMy
HU OJHO W3 MHOXeCTB F; He mycTo, a dyuxuus M rtakas, aro M(ay) = cx,
MPUHAMICKUT BeeM MHOXecTBaM F;. C apyrom cToponsl, qiobas GyHKINA U3
F = Fj ue 6oabmie M 110 TOCTPOEHMIO. ]
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