141

O6 OJHOIIBETHBIX CBA3HBLIX Ipadax

K. A. MarBeesn

B xmure B. A. Cagosamuero, A. A. 'puroprana u C. B. Komarumaa «3a-
7
rqa‘II/I CTy,ﬂeH‘{eCKHX MATEMATAIECKNX OJII/IMHI/Ia.,ID) HpHBeAeHa CJIe,LLyIOHIaJ{
330444,

3ATAYA. Bee pebpa morHOoro rpada Ha 1 BEPUIMHAX TOKPAIIEHH B
3 upeTa. /lokaxuTe, ITO MOXHO BHIOPATDH B HEM CBA3HBIN MOATPAD,
CojilepX)alui He MeHee /2 BepunH, Bce peGpa KOTOPOro MOKpa-
HIEHBI B OJMH UBET (B AadbHEUIIEM TOATPAMDEL, yA0BAETBOPAIOIINE
5TOMY YCJIOBUIO, OyJeM HA3LIBATEH OJHOIBETHLIMH).

OcnoBHas Ielh HACTOAIIEN 3aMETKH COCTOUT B 0G00MmeHnnn 3Toro GhaxTa,
a UMEHHO B J0KA3aTENLCTBE CAEAYIONIEN TEOPEMHEI.

TEOPEMA 1. Bce pébpa noanoeo z2pada Ha N GEPUWUHAT NOKPAULEHDL G
k usemos. Toeda 6 ném cywecmseyem ceasmnviti odnoysemmuuit nodepag, 8
Komopom ne menee n/(k —1) sepwun.

IIpu k = 3 — 5T0 yTBepX [eHME BHIIIENPUBENEHHON 330491, a ipu k = 2 —
TOT (PaKT, ITO JOMOJHEHUE HECBA3HOT'O I'pada CBA3HO.

[lonyTHO 6yayT MOKA3aHBI TaKXKe HEKOTOPHIE (PAKTHI, MMEIOIINEe UHTEPEC
n camu 1o cebe. Byaer Takxe MokasaHo, YTO CyHIeCTByeT O€CKOHEYHO MHOT O
BHAYEHUU K, Ui KOTOPBIX TPU HEKOTOPBIX 71 OMEHKA, ABJAACTCA TOIHOU.

JIEMMA 1 (HEPABEHCTBO). Heompuyameavnvie deticmeumenvhbie wu-
caa a, b, c, T1, ..., Tm, Y1,---, Ym MAKOGLL, UMO X1+ +Tm < b, y1+...+
+ym <cux;+y; <anpu awbom 1 <i<m . Toeda
abc
b+c’

T1y1 + -+ TmYm <

HOKA3BATEJILCTBO. /loxaxeM BHatMage TaKOe HEPABEHCTBO:

P11+ + Pmm < max (Ap; + (1 — N)g,), (1)
1<i<m

NN

npu pi, i >0, 35,0 <1, 35,40 <1, 0< A<,
SameTnm, aTo QyHKuUA 1/ ABageTca BRmykaoW mpu x > 0, T.e. mguA
z,t >0m 0 <\ <1 Bomoareno 1/(Az + (1 — A)t) < A/z+ (1 — A)/t. Torga
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Y i Pidi Pidi 1
< S L <
max;(Ap; + (1 — Ngi) Z Api + (1 — Mg Z At (- p T

) %

<A G+1=-N)) p<A+(1-N)=1

BepuemMcsa k mCXogHOMY HEPABEHCTBY M BLIKMHEM BCE TMAPHI ; U Y;, OAd
KOTOPHIX Z;Y; = (), HOTOMY YITO OHM HE BIUAIOT HA JEBYIO YaCTh, & BCE YCIOBUA
O6yIyT BBIMOTHATHCA. Fcam xoTsa 661 ogqHO w3 umcea b u ¢ pasuo (), TO Hepa-
BEHCTBO OYUEBUIHO, MOXTOMY OyJeM CUIUTATh, ITO oHU 06a Goabure (). Torga
nonoxuM p; = z;/b, gi = y;/¢, A =b/(b+ ¢). Umeem

D miyi =be > pigi <
7 7
Ty c Yi

b be
< be - L4 LYy % ) N <
S be mzax(b—l—c b +b+c c) b+c rniax(xmtyz)\

abc
b+c’

JIEMMA 2. Bce pebpa n-sepuunnozo epaga G noxpauenvt 8 k y6€mos.
Ilyemy a; — MOKCUMAALHO BOBMOICHOE UUCAO BEPWUN 6 CEA3HOM Nodepade
H 2paga G, 6 xomopom ece pebpa noxpawenvt 8 ygem i. Tozda, ecau donoa-
nenue epada G neceasno, mo ap + -+ ag = n.

JTOKABATEJNBCTBO. Ilycts nomomnenme rpada G pacnagaeTca HA KOM-
noHeHTHl cBsa3uocTu Cf, ..., Cs (s > 2). OTrecem Bce Bepmunasl ] K MHO-
x®ecTBy A, a Bce Bepmmubl KommouenT Cy, ..., Cs k muoxecTBy B. Torga
B rpade G ecTb Bce pebpa, coeauHspmme 00y Bepiuay u3 A u ar06yio
Bepuimbay u3 B. COOTBETCTBYWOUIMY TOJHBIU ABYAOIABHBIN rpad Ha3zoBeM F
o sBaserca noarpadpom rpada G. Ilycts B MuoxectBax A m B cooTset-
crBeHHO | u n — [ BepiuH. [lycTh MaKCUMAJBHO BO3MOXHOE WHUCIO BEPIITUH
B cBasuoM moarpade rpada F, B koTropom Bce pebpa MOKpAIIEHBI B I[BET
1, paBuo b;. OdeBugmo, uto b; < a;. llosTOoMy mocTaTodHO FOKA3aTh, UTO
b1+ - -+0bi = n. llycTts xomugecTBo pebep usera i B rpade F pasuo a;l(n—I1),
0 < o5 < 1. lIposegem mex gy Bepimaamvu rpadga F Toabko pebpa useTa i
7 o6o3HaIMM moayueHubn rpad Fj. [lycTs om pacmagaeTcda Ha KOMIOHEHTHI
ceasHoctu Py, ..., P;. llpu atom Pj conepXuT ; BepmnH u3 MHOXecTBa A
u y; BepumH u3 MHOXecTBa B. Torga uucno pebep B rpade F; He npesocxo-
mar 1y + -+ 2y Ho oy +y; < by mpm 1 < j < ¢, SHaqmT, mo Jemme 1
ail(n = 1) < z1y1 + -+ - + 2y < bil(n — 1) /n. CregoBarensuo, b; > na;. Ilpo-
CYMMMPOBAB TIO BCEM 4, omyaaem by +- - -+bg = n(a1+- - -+ag) = n. Orcoga,
B 4acTHOCTH, caeayer, 4To (mpu HekoTopoMm i) a; = n/k. To ectb B rpade
MOXHO BBEIODATH OJHOIBETHLIN CBA3HLIA HOATPad, COAepKALIMY He MeHee 1/ k
BEPIIIVH.

IlepengeMm Temeph K JOKa3aTeILCTBY TeopeMbl 1. BribepeM B Halem Imoa-
HOM rpade MAKCAMATHHBIN [0 UCAY BEPIIUH CBA3HBIN O THOIBETHLIN TOATPad
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H (Oymem mnsa OmpeereHHOCTH CUATATH, ITO BCE ero pebpa MOKDPAIIECHBI B
user 1). Ilycte A — MHOXeCTBO ero BepumuH, B — MHOXECTBO OCTABILINXCA
sepinH. Eciu B mycro, To BeiGpanubm nogrpad cogepxut n = n/(k — 1)
Bepumme. Ecom HeT, TO paccMoTpum Bee pebpa, COeMHAIOINE BEPIUHLL 13 A 1
BepuHbl u3 B (06pasoBannbii umu rpad HazoseM (). OHE Bce HOKPAIICHEL B
ocrasmumecs k — 1 mBeTOB, TaK KaK HaIWIue cpeau HuxX pedep useTa 1 mpoTm-
BOpeImI0 661 MakcumanbrOCTH oarpada H (k nemy, HanpuMep, MOXHO OBLIO
OBI IPUCOEAUHUTD 3TO PeOPO, YBEIUYIUB IUCIO BepuinH). Torga mo emme 2 B
rpage G MOXHO BHIOPATH ONHOIBETHBIN CBA3HBIN MOATPad, COMEPKANMMA HE
menee n/(k — 1) BepumH, KOTOPBLIMA OyAeT TAKOBBIM U [JISI UCXOAHOTO I'pada.

Teneps mokaxeM, ITO OIEHKA, MOIYyIeHHAS B TeopeMe 1, 6ymeT B HEKOTO-
PLIX CIyYasX TOYHOMH.

TEOPEMA 2. Ecauk—1=p — npocmoe wucao, un deaumcs na (k—1)2,
mo ouyenra u3 meopembt 1 mounaa.

MOKABATEABCTBO. Iycts n/(k — 1)? = d. Pazo6bem Bce BepIIMHbI MOJ-
HOTO N-BEPIIMHHOTO I'paca Ha p’° MHOXKECTB BHJIA Ai; (0 <@ < p-—1,
0 < j <p-—1), cogepxamux 1o d BepmuH Kaxgoe. Ecan pebpo coenuns-
€T ABC BECPIIMHBI, JeXalle B OJHOM M3 3TUX MHOXECTB, TO IIOKpaCuM €ro B
nseT 1. Bce pebpa, coenHAIONe BEPIIMHEL U3 MHOXKECTB Ay i m Ay ji, 10~
KPaCHM B OJUH IBeT, KOTOPLIN OmpefeauM caeayiommumM obpaszoM. Ecmma i/ = ",
To mokpacum ux B uset 1. Ecinm i’ # 4", To cymecTsyer equHCTBEHHOE TaKOe
0<t<p—1,uro (j”" —j) =t(" —i') (mod p). Toraa moxpacum >Tu pedpa
B uBeT t + 2. llycts B; ectb o0Beaunenne MuoxecTs A;o,..., A;p—1. llycTs
H — mexkoTOpBIN OgHOIBETHBIN CBA3HBIN moarpad. Eciu Bce ero pebpa mo-
KpAallleHHl B IIBeT 1, TO BCe €ro BEPIIMHBI NPUHAIEXKAT OJHOMY M3 MHOXKECTB
B, To ecTh y Hero e Gonee n/p BepummH. [lycTs Bee ero pe6pa MOKPAILICHL B
upeT t # 1. Bribepem B Hem nmpouspoabnyio Bepimuy X . [lycTs oma npunam-
JexuT MEOXeCTBY A . Torpa, gsurasce m3 Hee 10 pebpaM 1IBeTa ¢, MOXHO B
KaX JJOM I3 MHOXECTB I3; HOCEeTHTh TOMBKO BePIIMHLI OJHOT'0 MHOXKECTBa, A; i
(a mmenno, gua takoro 0 < 7/ <p—1, aro " = (t —2)(i —i') + 7' (mod p)).
3HauuT, u B oTOM caydae noarpad H cogepxur we 6oaee n/p BepuInH.

AsTop Grnaromapem A. C.IllTepuy 3a mirogoTBOpHBIE OOCYXIECHUA U

M. H. Basiomy, npemaoxusueMy 60Jee IpoCTOe 0 CPABHEHHUIO € IIEPBOHATAIb-
HBIM JTOKa3aTEJAbCTBO JEMMBI 1.
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