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06 0HOM CBOMCTBE MHTETPUPYEMON (DYHKITIH

M. Annersb6aym B. ?Kypagaén [1. CamoBoux

B sTou 3ameTke npusoauTcs pemenue 3aga<u 9.10 us 3agaunuka «Ma-
TEMATUIECKOTO TIPOCBEIICHNTA .

Ha maTeMaTH4ecKux COPEBHOBAHUAX CAMOIO PA3HOIO YPOBHA BCTPEYAIOT-
CA 3aa47 € HECKOIBKO [apafOKCAIbHON (popMymupoBkon. Hampumep, B kaure
[1, c. 105] maxozmm:

3ANAYA 1. OauH 4eI0BEeK KaX bl MECAL, 3aIMCHIBAL CBOM JOXOJ] U Pac-
xon. MoxeT qu GLITL TaK, ITO 33 JI00LIE IATL UAYIINX IOAPAL MECAIEB €r0
OOLIMU TOXO[ TPEBBINIAT TOXOM, & B IEJOM 33 TOJ ero JOXO TPEBBICUI Pac-
xon?

(B popmyauposke A. A. Eroposa 3anata 3ByIuT 601€€ MHTPUTYIOUIE: (KAK
JOJTO0 MOXKET 3aKOHHO CYIIeCTBOBATH OU3HEC-COOOUIECTBO, €CIM MO WTOTAM
paboTHL 3a JOOBIE 5 MecAneB y cOOOIMECTBA €CTh NMPUOBLLTL, HO 33 'Ol B Ha-
JIOTOBYIO UHCIEKITNIO COOOMIECTBO MOAAET OTIYET O TOM, ©ITO MPUOLLIM HET U
HAJIOTU ILIATATH HE U3 Hero. . . »)

Bropou mpumep mnpemnarancs #Ha Mexayumapomaunou MarTemaTuvaeckou
Oaumumane (IMO) 1977 roga B Bearpage (6 oukos), cm. [2, c. 5, Ne19.2]:

3AJAYA 2. B KOHETHOU MOCAENOBATENLHOCTH JENCTBUTENLHBIX TUCEN
CyMMa, JIOOBIX CEMH WAYIIUX TOAPAN YIEHOB OTPUIATENBbHA, & CyMMa JIO-
OBIX OJMHHAANATH MAYIIUX TOAPA] WIEHOB MONOKUTeAbHa. Hatimu Haboabee
MUCIO SICHOB AAHHOU MOCAEA0BATEILHOCTH.

B Ilectragnarom Mex aynapoauaom Typuupe ropoaos (1994-1995, ocen-
HUW TyP) HAXOAUM 3a/1aTy:

3AIA4YA 3. (A. Kanens-Benos) Ilepuogsl gByx mocaegoBaTeIbHOCTEN —
7 u 13. KakoBa MakcuMaabHAs IIUHA HAYATHLHOTO KYCKA, KOTOPBIM MOXET Y
Hux conagatsk? (Ilepmos mocaepoarensHOCTH {dy } — DTO HAMMEHBINEE HA-
TYPAILHOE THUCIO P TAKOe, ITO A JIO0T0 HOMEPA 7 BLIIOIHACTCA PABEHCTBO
A = Gpip)-

MareMaT9ecKy o nAe BCeX MaHHBIX 3429 MOXHO C(POPMyIUPOBATE TAK.

[l1a moCIe0BATEALHOCTA AeACTBUTEILHBIX IUCET, 3alUCAHHLIX B CTPOt-
KY, BEIIOMHAIOTCA CACAYIOMINE YCIOBUA (*):

MaTemaTu4eckoe npocsetyerne, cep. 3, sbin. 10, 2006(265-272)
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1. cymma m06BIX M UAYUIAX TOAPAL WIEHOB OTPHUIATETLHA;

2. CyMMa, JI0OBIX N IAYIIUX IIOAPAL “LICHOB IIOJOXUTE/IbHA.

Yemy paBHO Npax — MAKCUMAIBLHOE GKCIO WICHOB JAHHOU TOCIEI0BATEIBHO-
cru?

B sTou cTarhe MBI PACCMOTPHUM €IIé OMHY BEPCHIO TAHHOU TPOOIEMHEI.

3AIAYA 4. CymecTByeT au Takas HempepbiBHAA GyHkuua y = f(z), 410
J060U OTIPEJIENEHHBIN MHTETPAT OT DTOU PYHKIUKA TO JIOOOMY OTPE3KY MJIU-
HBI 1 = 3 OTPHUIATEJEH, 3 110 JI000MY OTPE3KY JUIUHBL 1) = 5 — MOJOKUTENEH !

Takwe PpyHKIIU CYIIECTBYIOT. AHATATHIECKOE BLIPAXKEHUE OJTHOU M3 HUX
W IpUMEpHad CXeMa ee rpaduka NpuBeeHb Huke Ha pucynke 1. Tpaduk cum-
METPUYCH OTHOCUTEIBHO pamon z = 3. Kaxpaa ms gacren rpaduka Taxxe
CHAMMETPHUHA: IEPBasi OTHOCATEALHO IpaMon = = 1,5, Bropas (mpaBas) 9acTb
CHMMeTPUYHA OTHOCUTENLHO pamon £ = 4, 5. Kpowme Toro, gas z € [0; 3] Bbr-
noassercs paseHcTso f(z) = f(z + 3) (nepuoamaaocTs).

IoaTomy

a+3 3 a+3 3 a 3
/f(m)dm:/f(a;)dx+/f(x)dx:/f(x)dx—l—/f(m)dx:/f(m)dm.
a a 3 a 0 0

(3mech u gagee MBI MPEANONATAEM, 9TO PABEHCTBA BBINOIHAIOTCA JIA TEX
3HAYCHIH TAapaMEeTPOB, P KOTOPLIX OTPE3KM MHTETPUPOBAHMAA MOHOAJAI0T B
061aCcTh onpeneseHna HyHKITIMN. )

T <1, Y
124

—6, mpuz 0 <
180z — 186, mpu 1 < z < 1,1,
12, mpm 1,1 <z < 1,9,
—180x + 354, mipu 1,9 < z < 2,
—6, mpu 2 < z < 3,
—6, pu 3 < z < 4, _
180z — 726, npu 4 < = < 4,1, 0
12, mpm 4,1 <z < 4,9,
—180x + 894, mpu 4,9 < z < 5, 61
—6, mpu 5 < = < 6.

Pwuc. 1.
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C gpyrom cropousel, GpyHKIUA f(r) IPUHUMAET OJHO M TO XK€ 3HAUCHHE
—6 ma orpeskax [0; 1] u [5;6]. IlosTomy
a+5 5

/f(g:)d:z::/f(x)da: 0<a<l)
a 0

UwuTerpan ot uHeNHON QPYHKIWM PABEH MPOU3BEIEHUIO MIUHBI OTPE3KA,
MHTErPUPOBAHUA HA MOJAYCYMMY 3HAYCHWU (DYHKIUU B KOHIIAX OTPE3Ka, WHTE-
rpupoBanusi. [losromy

3
/f(m)dmzl-(—6)+0,1- ‘6;12+0,8-12+0,1- _6;12—1—1-(—6):
0

=-124+96+2-03=—-18<0,

5
/f(:z:)d:z::—1,8+1-(—6)+2~0,3+9,6:2,4>0.
0

Taxum 0Gpa3oM, IIS JAHHOK (PYHKIWE JI0O00H ONpeTeIeHHLIN HHTErPa IIo
OTPE3KY MIWHBI 3 OTPUNATEILHBIN, a [0 OTPE3KY JAJUHBL 5 — MOJOKUTEILHEBIN.
[lokaxkeM ClIeqyIOIIyI0 TeopeMy.

TEOPEMA 1. Humeepupyemas na ompeske [0,c] dynryus f(x) maxosa,
umo w000t uUHME2Pas no OMPE3KY OAUNBL N NOAOHCUMEAEH, G NO OMPE3KY
daunbt m ompuyameden, ¢ >m >n > 0. Toada

a) c<m+mn;

b) ecau m u n cousmepumvl, m.e. m/n = q/p, 2de p, ¢ — 63aUMHO NPO-
cmule yeavie uucaa, mo ¢ < m+n —m/q.

[oKa3aTeIsCTBO a): NPeANoAoXKAM, ITO ¢ > m~+n. ObosHaunm epes F'(z)
nepBoobpasuyio ¢yukuuu f(x), a depes P(r) — mepBoobpasHyoo GyHKIME
F(z). Ucnoawsys dopmyry Heiorona — JlenOHUIA U yIMTHIBAA, ITO MHTETPAT
OT TOJOXUTEIHHON (PYHKINHU MOJOKUTEIEH, OT OTPULATEIHHON OTPUIATEIEH,
HOMYHaeM IPOTUBOPEINE:

m [ z+n m
0<0/ x/f(y)dy dsz/(F(:E+n)—F(:1:))d$:
=&(m+n)— ®(m) — &(n) + ¢(0) =
n n [ y+m
JEwrm -rayay= [ | [ s a<o
0 0 Ly

Urak, c < m 4+ n.
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HokazaTeascTso b). [lomaraem d = m/q = n/p, Tak wro m = qd, n = pd.
O6o3ua¥uM

Sak = / f(z) dz, keN,d>0,kd <ec.
(k—1)d

PaccmoTpum mocieqoBaTersHOCTh

Sa,15584,2,543 -+ Sdptq1- (2)

CormacHo yCIOBHIO TEOPEMEL 9Ta MOCIeI0BATEILHOCTE Y IOBICTBOPAET CJIe-
OYIOIIVM CBOUCTBAM:

1. cymma n00BIX TOAPAL UAYLIAX P €€ WIEHOB IOJOXUTENILHA;

2. cymMa JTI00BIX TIOAPAT UAYIIUX ¢ €€ WIEHOB OTPUIATETHHA.

Ho, kak caegyeT m3 IpUBOAUMOU HUXKE JEMMBI, MOCAENOBATEILHOCTEN C
TAKMMU CBOMCTBAMHU HE CYIIECTBYeT (MAKCHMATBHAA JIAHA TAKOW IIOCJETO-
BaTEILHOCTH PaBHA P + g — (p, q) — 1). Ilpuxoaum K mpoTUBOpEIMIO.

Teneps copMmyaupyeMm n ZOKaXKEM YIOMIHYTYIO JEMMY.

JIEMMA 1. Bydem 2os8opumob, umo nocaedosamenbrnocms deticmeumens-
nolr wuces ydosaemeopsem ceoticmey *x(n,m), ecau cymma 40061 N udy-
WUz nodpad UAEHO8 NOCACIOBAMEALHOCTIU NOAOHCUMEALHA, A CYMMA A10O0bLE
m udyuuxr nodpad 4aenoe nocaedosamesbHocmu OMPUYAMEAbHA.

Ecau nocaedosameavnocmv a;, 1 < i < N ydosaemeopsem ceoticmey
x(n,m), mo N < m+n—d—1, ede d = (m,n) — nauboavwuii o6uwui
deaumend wucea n u m.

[JOKA3BATEJBLCTBO. Be3 orpanmyveHua oOIIHOCTHU CIUTAEM, UTO 1M > N.
O4eBuHO, YTO TIPU BBINIOJHEHUU YCJAOBUSA JEMMbI YUCIA 770 U 1, HE MOTYT
ObITH KpaTHBI ApyT apyry. [lostomy n > d = (m,n). O603matum n = nqd,
m = mad, (mi,n1) = 1.

Bynem pokasbmBaTh gdemmy oT npoTuBHOro. [Ipeanosoxum, 9To B mocie-
poBaTenbHOCTH 1 +m — d = d(my + np — 1) wrenos. Pazo6bem mocrenoBa-
TeALHOCTH Ha M1 + 1) — 1 rpynn mo d wucea B kaxgou rpymme. CoraacHo
YCJIOBUIO JIEMMBI TIOJYYa€M, 9TO CYMMa YUCEN B JIOOBIX 1M IPyHIax NOJOXK -
TeMbHA, 8 CyMMa TUCEN B JMIOOLIX 711 TPYNNaX — OTPUIATedbHa. 110 cyTu gema
MBI CBEJU JOKA3ATENLCTBO K YACTHOMY CIYHTalo JeMMBI, KOTIA 7, 17 B3AUMHO
npocTel. [looToMy B gaabHEHImEM PacCyXAeHWU MbI cauTaem, 910 (n,m) = 1
¥ TOBOPUM O WIEHAX HOCIEJOBATEALHOCTH JIMHBL 12 + m — 1.

PaccmoTpum arobwie m — n MOAPAL UAYIIAX “WIEHOB MOCAEJOBATENLHOCTH.
Kpome Hux nocaegoBaTensbHocTh cogepxur (m+n—1) — (m—n) =2n —1
@wieHoB. Tak kKak dmucao 2n — 1 HedeTHoe, TO Tpu J060M pa3bUeHUU >TOTO
YUCIA HA ABA CAATAEMBIX OMHO M3 HUX OyAeT He MeHbIIe 7. Tak 9To cieBa
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WIN CIIPaBa OT BEIOPAHHOU CPYIILI U3 1M — 1. WICHOB HAXOJUTCA €IIe He MeHee
7 <LICHOB.

Cymma, J0OLIX 7 TOAPAL MAYIIAX WICHOB IOCAEA0OBATEIHEHOCTH TTOM0KM-
TeabHa. Ecaum n06aBUTH 7 WIEHOB K BBIOPAHHOU T'PYIIE W3 1M — 1 WICHOB
HOCIeHOBATEILHOCTH, TO CYMMa, HOIYYIEHHOTO HAOOpa U3 m MOAPAL UIAYIIAX
YWICHOB MOCIEAOBATEALHOCTH OyAeT oTpunaTerbia. [looToMy cymMMa BHIOpaH-
HBLIX 11 — 7 WICHOB JOJKHA, TaKXe ObITh OTPHUIATEALHOM.

WTak, 414 B3aMMHO OPOCTHIX 1M, 72 MBI MOKA3AIHM, ITO €CIM IOCIeH0BA-
TEIBHOCTD yAOBIETBOPAET CBOUCTBY *(7M,M), TO OHA TaKkKe yAOBIETBOPAET
ceoucTBy *(n,m — n). Jlamee nencTByeM AHATOTWYHO, 3aMeHsAA GOIbIIEe W3
TMCeT M, N HA WX Pa3HOCTL. IloIydaeM TakKylo ke MOCAeIOBATEILHOCTDL Iap
TmMcel, KaK B atropuTMe EBkamaa. IIockoIbKy MCXOHBIE TUCIA T, 1M — B3a-
MMHO TIPOCTBIE, IIPAXOAMM K TOMY, 9TO TOCJAELOBATETHHOCTD YAOBACTBOPACT
cBOMCTBY *(g, 1), 9TO HEBO3MOXKHO (€CaAM BCE WIEHBI MOCAEN0BATEALHOCTH OT-
PUIATENLHBL, TO JI06ad WX CyMMa TaKke OyAeT OTPULATEILHON). O

3AMEYAHUE 1. Takum o6paszoM, MBI BUAWM, 9TO ONUCAHHAS B HAYAJIE
CTATHU MATEMATHYECKAsA HUIeI MOXET NPUHUMATHL CaMble Pa3HbIE (DOPMEL.
BumecTe ¢ Tem mepexon B «MHTErpaAJbHYI0 TEMATHUKY» MO3BOLIET PACCMOTPETH
CAyYadl HECOM3MEPUMEBIX TIPEIEN0B MHTETPUPOBAHMA.

Onerku B Teopeme | HETB3A yAydImUTh. BymeM TOBOPUTH, 9TO (PyHKIUA
f(z), onpenenennas ma orpeske [0;c|, yAOBIETBOPAET MHTEIPATLHOMY CBOU-
cTBY *(n,m), ecau uHTErpat or f(z) mo 1060My OTPE3KY NIUHEL 1 MOIOKU-
TeJEH, a Mo J60MY OTPE3KY [JUHBL 17 OTPUNATEICH.

TEOPEMA 2. 1) Ecau m u n cousmepumvi, m.e. m/n = q/p, 2de p, ¢ —
83AUMHO NPOCTNBIE YEAbIE UUCAL, MO dasn at06020 € > 0, m +n —m/q > ¢,
MOHCHO Tocmpoums uwmezpupyemyro Pywryuto f(x) na ompesre [0,m +n —
m/q — €], ydosaemsoparowyo unmezpasbhomy ceoticmsy *(m,n).

2) Ecau m u n wecousmepumbl, mo das at06020 € > 0, m+n > &, mooxc-
no nocmpoums uwmezpupyemyro Pyuryuro f(x) wa ompesxe [0,m + n — g,
YA0BAEMBOPAIWYI UHMELPAALHOMY ceoticmey *(m, n).

[l mokazaTerbCTBA TEOPEMBI MBI GyIeM CTPOUTH (PYHKIIUAU, YIOBICTBO-
PAIOLINE YCUICHHOMY UHTEIDAILHOMY CBOUCTBY *(m,n). A umenHo, @ynryuet
muna (L, m,Sp,n,S,) HA30oBeM dyHKUMIO, OnpeaeseHHy0 Ha oTpeske [0; L],
U TaKyIo, ITO UHTErpPaJ OT 5ToN PYHKIWYU IO JIOOOMY OTDPE3KY IIUHBL 17
paBeH Sy, a Mo J160MY OTPE3KY AIWHBI 1, PABEH S),.

3AMEYAHUE 2. Ecau mocrpoena ¢yukuusa tuna (L, m, Sy, n,S,) Takad,
aro L, m, n — neaste, Sy, < 0, S, > 0, To mHTErpaisl OT 3TON (PYHKIUK
no orpeskam [k; k + 1] npegocTaBisoT npuMep «1apasjoKCaabHOMy HOCIe0-
BaTearbHOCTH (CM. [4]). B wacTHOCTHM, M3 TeopeMbl 2 ClefyeT, ITO OINEHKA
B JeMMe 1 Touna. I[IpmBoamMoOe HUXE AOKA3aTETHCTBO TEOPEMBI 2 ABIIETCA



270 M. Anners6aym, B. 2Kypasaés, I1. CamoBo.r

IPAMBIM 0606IIeHIeM aJTOPATMA IOCTPOEHUS (HAPASOKCATLHBIX) TOCAEH0BA-
TeabHOCTEN U3 [4].

JIEMMA 2. Ilyemo L < m+n u das awowzr A, B cywecmeyem dynryua
muna (L,m, A,n, B), m > n. To2da das a0bviz A, B cywecmsyiom @Gynryuy
munos (L +m,m,A,n+m,B) u (L+n,m,A,n+m,B).

[TOKA3ATENBLCTBO. Ilycts f umeer Tun (L, m, A,n, B). Torga dyaxnus

o) — { (@), ecan 0

<z <m,
flx—m), ecmm <z <L+m,

mmeet tun (L + m,m, A,n +m, A+ B). [eucrsurensuo, eciu b —a = m,
a <m, TO

b m b
/g(m)dw—/ da:+/g dx—/f da:+/f
a m

aecau b—a=n+m, Touws L < m+n caexyer, 910 o < M, & 3HATAT

m a+n

/bg(x)d:r:/f(m)dac—l—/ dx—/f dm+/f

a
a

/ d:E—l—/f dac—l—/f(x)dx:A—l—B.
0 a
JokaxeM, ITO PYHKITUA

o) = {f(a:—n+m), ecan 0

<z <n,
f(z —n), ecmun <z < L+n,

MMEET TUII (L+n,m,A,n+m A+ B). Eciw b —a =m, a < n, TO

b n
/g(w)dm:/ ()dx+/ / f(z dac—|—/f
a a n a+m—n
aectmn b—a=n+m, Tous L <m+n caegyer, 910 ¢ < 1, a 3HAIAT
a+m
/ / f(z dx+/ / flx d:r+/f(:1:)d:1::
a at+m—n at+m—n 0

a+m m a+m

_ / f(x)dx+/f(x)dx+/f(z)dm:B+A.

at+m—n a+m 0
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Temepsb JeMMa BBITEKAeT U3 Toro ¢akra, 9To orobpaxenue (A,B) —
(A, A + B) B3auMHO OZHO3HATHO. O

[JOKABATEJLCTBO TEOPEMHBI 2. [na n < m < L = 2n — § zagagum
dyukuumio f tuna (L,m, A, n, B) asaour ¢GopMyJIon:

(3)

f(a) b, ecmO0<zs<n—0mwmn<z <L,
xTr) =
a, eciun—9 <z <n.

Uurerpan ot f mo aoboMy OTpe3Ky MJIMHBI 1 paBeH B = da + (n — §)b,
a mo mo6oMy OoTpesKy aauHbl m paen A = da + (m — §)b. Honywaomaacs
CUCTEMa JUHCUHBIX yPABHECHUN HEBBLIPOXK ICHA U IO2TOMY MMEET €MHCTBEHHOE
petenne npu Jao6nix A, B.

ITpeo6pasoBanms, ONMCAHHBIE B TEMME 2, OIMHAKOBO MEHAIOT CYyMMY 111+ 1
u pmuny L. s dysakouu us (3) pasaocts m + n — L paBra m — n + 0.

[TosToMy, MHOTOKDATHO IPUMEHA JEMMY 2 U UCTIONb3Ys GYHKIWO u3 (3),
HOXyHYaeM CIeAYIOIee YTBEPXKACHWE: eCau mapa (m,n) MepexXoAuT B Hapy
(mg, ne), ng < my < 2ny — €, MOCTE HECKOMBKUX MPEOOPA30BAHUN BUA

(m,n) — (m —n,n) wmm (m,n) — (m,m —n), (4)

TO cymecTByT dbyrknuu tana (n+m— (mg—nyg) —e,n, A, m, B) aas mo6eix
A, BulO<e<n+m—(my—ny).

[IpumenrM 5TO pacCyXIeHue NIA AOKA3ATeIbCTBA IMYHKTA 1) TEOPEMEL.
Honoxum d = m/q = n/p, oueBuano, uro n = pd u m = qd. Beibepem Ha-
rypaasHoe uncao N, takoe uto 0 < d/N < e. PaccMoTpuM HATypaJbHBIE
qmcaa my; = Nqg u ny = Np. Ogesugno, aro N = (my,n1). [locrpoum Ppymxk-
o y = fi(z) tuna (my +ny — N — 1,mq, A, nq, B). B kagecTBe nckomon
gocTarodHo pacemorpers Gyrakuuio y = f(z) = fi(dz/N), oupegenennyio ua
OTpe3Ke
m1+n1—N—1d]:|: m d

O;m—i-n——} D [O;m—l—n—m—e
N q q

0;
N

AHaIOrMYHO HOKA3BIBACTCA IYHKT 2) TeOpeMbl. B 5TOM ciydae B cuiy
HECOM3MEDPUMOCTH 711, 7, TOCAEN0BATEALHOCTD MpeobpasoBaruu (4) mpogoa-
XKaeTcA HEOT PAHUIEHHO:

(m,n) — (my,n1) — (M2, n2) — ... = (Mg, ng) — ...,

mpuaeM my + ng — 0 mpu £ — 00 U CKOJIb YTOAHO YACTO BLITOIHACTCA HEPa-
BEHCTBO 1y < my < 2ny. Beibpas Takoe £, aTo my+ny < €/2 munyg < my < 2ny,
3AKJIIOYAEM, ITO TAK 9TO CyMECTBYIOT dyHKmn Tumna (n+m —e,n, A, m, B)
st a00eix A, Bu 0 <e <n+m. O

3AMEYAHUE 3. [locTpoeHHbIE B [0KA3ATEABCTBE CTYNEHIATHIE (DYHKITUI
MOXHO 6€3 TPy Ja IpeBPATUTH B HEIIPEPHIBHLIE, YV I0BACTBOPAIOIIAE aHAJIOTUI-
HBIM YCIOBUAM.
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B zaxmiovuenne mpemnaraeM o600IIeHNTE HA MHOTOMEPHBIU CIYYal KaK 3a-
Jady O1d caMOCTOATEILHOI'O HCCIeIOBAHUA.

3AMAYA. s xakux obaacren @, $o, P3 cymecTByeT HEmpepbIBHAA
dyukmua f ¢ obracTeio onpeaeaenus P; u Takag, 9T0 mHTErpaJa oT f 1o abo-
My mapasteabHoMy meperocy P, sexamemy B P35, momoxwuTeneH, a mHTErpaT
ot f mo aoboMmy mapajrenbHoMy nepenocy Do, aexaniemy B $3, oTpunaTeneH.
Paccmorpute caywan, korga $1 — mpamoyroasumk, a $o — xpyr.

Amroper BeRIpaxatT GaarogapaocTs npodeccopy Kanmens-Beaosy (Mo-
cxkoBckuu Mucturyr OTkporroro O6pasoBanus) 3a ydacTue B O6CYXKACHUA
5TOHN MPOOIEMEL.
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