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ð. ûÏÌØÃÅ

çÁÒÍÏÎÉÞÅÓËÏÊ ÎÁ ÃÅÌÏÞÉÓÌÅÎÎÏÊ ÒÅÛÅÔËÅ Zn ÎÁÚÙ×ÁÅÔÓÑ ÔÁËÁÑ ÆÕÎË-
ÃÉÑ f : Zn → R, ÚÎÁÞÅÎÉÅ ËÏÔÏÒÏÊ × ËÁÖÄÏÊ ÔÏÞËÅ ÒÁ×ÎÏ ÓÒÅÄÎÅÍÕ ÁÒÉÆ-
ÍÅÔÉÞÅÓËÏÍÕ ÏÔ ÚÎÁÞÅÎÉÊ ÓÏÓÅÄÅÊ:

f(x1; : : : ; xn) = 1
2n

n∑

i=1

(
f(x1; : : : ; xi − 1; : : : ; xn) + f(x1; : : : ; xi + 1; : : : ; xn)

)
:

äÁÎÎÁÑ ÚÁÍÅÔËÁ ÐÏÓ×ÑÝÅÎÁ ÄÏËÁÚÁÔÅÌØÓÔ×Õ ÓÌÅÄÕÀÝÅÇÏ ÕÔ×ÅÒÖÄÅÎÉÑ,
ÉÚ ËÏÔÏÒÏÇÏ, × ÞÁÓÔÎÏÓÔÉ, ÓÌÅÄÕÀÔ ÐÕÎËÔÙ Â) É ×) ÚÁÄÁÞÉ 5.9 ÚÁÄÁÞÎÉËÁ
�íÁÔÅÍÁÔÉÞÅÓËÏÇÏ ÐÒÏÓ×ÅÝÅÎÉÑ�.

ôÅÏÒÅÍÁ. çÁÒÍÏÎÉÞÅÓËÁÑ ÎÁ ÒÅÛÅÔËÅ ÎÅÏÔÒÉÃÁÔÅÌØÎÁÑ ÆÕÎËÃÉÑ ÐÏ-
ÓÔÏÑÎÎÁ.

áÎÁÌÏÇÉÞÎÏ ÏÄÎÏÍÅÒÎÏÍÕ ÓÌÕÞÁÀ (ÓÍ. ÐÒÅÄÙÄÕÝÕÀ ÓÔÁÔØÀ é. é. âÏÇ-
ÄÁÎÏ×Á É ç. ò. þÅÌÎÏËÏ×Á) ÍÙ ××ÅÄÅÍ ÏÐÅÒÁÔÏÒÙ ÓÄ×ÉÇÁ X1, . . . , Xn, ÄÅÊ-
ÓÔ×ÕÀÝÉÅ ÎÁ ÎÁÛÉÈ ÆÕÎËÃÉÑÈ ÐÏ ÓÌÅÄÕÀÝÅÍÕ ÐÒÁ×ÉÌÕ:

(Xif)(x1; : : : ; xn) = f(x1; : : : ; xi + 1; : : : ; xn):
ôÁËÉÍ ÏÂÒÁÚÏÍ, Xi �ÓÄ×ÉÇÁÅÔ� ÒÁÓÓÔÁÎÏ×ËÕ ÞÉÓÅÌ × ÕÚÌÁÈ ÒÅÛÅÔËÉ ÎÁ 1
ÐÏ i-Ê ËÏÏÒÄÉÎÁÔÅ. õÓÌÏ×ÉÅ ÇÁÒÍÏÎÉÞÎÏÓÔÉ ÆÕÎËÃÉÉ ÚÁÐÉÓÙ×ÁÅÔÓÑ Ó ÐÏ-
ÍÏÝØÀ ÏÐÅÒÁÔÏÒÏ× ÓÄ×ÉÇÁ ËÁË

(X1 +X−1
1 +X2 +X−1

2 + · · ·+Xn +X−1
n )f = 2nf

ÉÌÉ
(X1 +X−1

1 +X2 +X−1
2 + · · ·+Xn +X−1

n − 2n)f = 0;
ÇÄÅ 0 | ÔÏÖÄÅÓÔ×ÅÎÎÏ ÎÕÌÅ×ÁÑ ÒÁÓÓÔÁÎÏ×ËÁ.

ïÐÅÒÁÔÏÒÙ ÓÄ×ÉÇÁ ËÏÍÍÕÔÉÒÕÀÔ. ðÏÜÔÏÍÕ ÍÏÖÎÏ ÒÁÓÓÍÁÔÒÉ×ÁÔØ ÍÎÏ-
ÇÏÞÌÅÎÙ ÏÔ ÏÐÅÒÁÔÏÒÏ× Xi; X−1

i Ó ÄÅÊÓÔ×ÉÔÅÌØÎÙÍÉ ËÏÜÆÆÉÃÉÅÎÔÁÍÉ, ÐÏ-
ÎÉÍÁÑ ÕÍÎÏÖÅÎÉÅ ÏÐÅÒÁÔÏÒÏ× ËÁË ËÏÍÐÏÚÉÃÉÀ, Á ÓÌÏÖÅÎÉÅ É ÕÍÎÏÖÅÎÉÅ
ÎÁ ÞÉÓÌÏ | ËÁË ÓÌÏÖÅÎÉÅ É ÕÍÎÏÖÅÎÉÅ ÎÁ ÞÉÓÌÏ ÆÕÎËÃÉÊ Z→ Rn.

ðÅÒÅ×ÏÄ É ÒÅÄÁËÔÉÒÏ×ÁÎÉÅ é. é. âÏÇÄÁÎÏ×Á.

íÁÔÅÍÁÔÉÞÅÓËÏÅ ÐÒÏÓ×ÅÝÅÎÉÅ, ÓÅÒ. 3, ×ÙÐ. 10, 2006(236{242)
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úÁÍÅÔÉÍ, ÞÔÏ, ÐÒÉÍÅÎÑÑ ÍÎÏÇÏÞÌÅÎ ÏÔ ÓÄ×ÉÇÏ× Xi; X−1
i Ë ÇÁÒÍÏÎÉÞÅ-

ÓËÏÊ ÆÕÎËÃÉÉ, ÍÙ ÏÐÑÔØ ÐÏÌÕÞÁÅÍ ÇÁÒÍÏÎÉÞÅÓËÕÀ ÆÕÎËÃÉÀ. ðÒÉ ÜÔÏÍ,
ÅÓÌÉ ËÏÜÆÆÉÃÉÅÎÔÙ ÍÎÏÇÏÞÌÅÎÁ É ÉÓÈÏÄÎÁÑ ÆÕÎËÃÉÑ ÎÅÏÔÒÉÃÁÔÅÌØÎÙ, ÔÏ
É ÐÏÌÕÞÅÎÎÁÑ ÆÕÎËÃÉÑ ÎÅÏÔÒÉÃÁÔÅÌØÎÁ.

íÙ ÂÕÄÅÍ ×ÅÓÔÉ ÄÏËÁÚÁÔÅÌØÓÔ×Ï ÉÎÄÕËÃÉÅÊ ÐÏ n. äÏËÁÚÁÔÅÌØÓÔ×Ï ÄÌÑ
n = 1 ÔÒÉ×ÉÁÌØÎÏ, ÐÏÓËÏÌØËÕ ÏÄÎÏÍÅÒÎÁÑ ÇÁÒÍÏÎÉÞÅÓËÁÑ ÆÕÎËÃÉÑ ÌÉÎÅÊ-
ÎÁ, Á ÏÇÒÁÎÉÞÅÎÎÁÑ ÌÉÎÅÊÎÁÑ ÆÕÎËÃÉÑ ÐÏÓÔÏÑÎÎÁ.

äÌÑ ÛÁÇÁ ÉÎÄÕËÃÉÉ ÄÏÓÔÁÔÏÞÎÏ ÄÏËÁÚÁÔØ, ÞÔÏ ÆÕÎËÃÉÑ f ÉÚ ÕÓÌÏ×ÉÑ
ÔÅÏÒÅÍÙ ÕÄÏ×ÌÅÔ×ÏÒÑÅÔ ÎÅÒÁ×ÅÎÓÔ×Õ

2(n− 1)f > (X2 +X−1
2 + · · ·+Xn +X−1

n )f (1)
(ÐÏÄÏÂÎÙÅ ÎÅÒÁ×ÅÎÓÔ×Á ÍÙ ×ÓÅÇÄÁ ÂÕÄÅÍ ×ÏÓÐÒÉÎÉÍÁÔØ ÐÏÔÏÞÅÞÎÏ; × ÞÁÓÔ-
ÎÏÓÔÉ, ÄÁÎÎÏÅ ÎÅÒÁ×ÅÎÓÔ×Ï ÏÚÎÁÞÁÅÔ, ÞÔÏ ÚÎÁÞÅÎÉÅ ÌÅ×ÏÊ ÆÕÎËÃÉÉ × ËÁ-
ÖÄÏÊ ÔÏÞËÅ ÎÅ ÍÅÎØÛÅ, ÞÅÍ ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÅÅ ÚÎÁÞÅÎÉÅ ÐÒÁ×ÏÊ). äÅÊÓÔ×É-
ÔÅÌØÎÏ, ÔÏÇÄÁ ÉÚ ÓÉÍÍÅÔÒÉÉ ×ÙÐÏÌÎÑÀÔÓÑ ÎÅÒÁ×ÅÎÓÔ×Á ÔÁËÏÇÏ ÖÅ ×ÉÄÁ Ó
ÚÁÍÅÎÏÊ ÉÎÄÅËÓÁ 1 ÎÁ i; ÐÒÏÓÕÍÍÉÒÏ×Á× ÐÏ ×ÓÅÍ i, ÍÙ ÐÏÌÕÞÉÍ, ÞÔÏ

(2n−X1 −X−1
1 −X2 −X−1

2 − · · · −Xn −X−1
n )f > 0:

ðÏÓËÏÌØËÕ ÜÔÏ ÎÅÒÁ×ÅÎÓÔ×Ï ÏÂÒÁÝÁÅÔÓÑ × ÒÁ×ÅÎÓÔ×Ï, ÔÏ ÏÂÒÁÝÁÌÉÓØ × ÒÁ-
×ÅÎÓÔ×Ï É ×ÓÅ ÓÌÁÇÁÅÍÙÅ, Ô. Å. ÐÒÉ ÌÀÂÏÍ j

(∑

i6=j
(Xi +X−1

i )
)
f = 2(n− 1)f:

úÁÆÉËÓÉÒÕÅÍ ÐÒÏÉÚ×ÏÌØÎÏÅ a ∈ Z. ôÏÇÄÁ ÆÕÎËÃÉÑ
f1 : (x2; : : : ; xn) 7→ f(a; x2; : : : ; xn)

Ñ×ÌÑÅÔÓÑ ÎÅÏÔÒÉÃÁÔÅÌØÎÏÊ ÇÁÒÍÏÎÉÞÅÓËÏÊ ÆÕÎËÃÉÅÊ ÎÁ (n−1)-ÍÅÒÎÏÊ ÒÅ-
ÛÅÔËÅ, ÐÏ ÐÒÅÄÐÏÌÏÖÅÎÉÀ ÉÎÄÕËÃÉÉ ÏÎÁ ÐÏÓÔÏÑÎÎÁ; ÐÏ ÔÅÍ ÖÅ ÐÒÉÞÉÎÁÍ
É ÆÕÎËÃÉÑ

f2 : (x1; x3; : : : ; xn) 7→ f(x1; a; x2; : : : ; xn)
ÐÏÓÔÏÑÎÎÁ. á ÔÏÇÄÁ É ÆÕÎËÃÉÑ f ÔÁËÖÅ ÐÏÓÔÏÑÎÎÁ.

ïÓÔÁÌÏÓØ ÄÏËÁÚÁÔØ ÎÅÒÁ×ÅÎÓÔ×Ï (1).
÷×ÅÄÅÍ ÍÎÏÇÏÞÌÅÎ m(x2; : : : ; xn) = (2n− 2)−x2−x−1

2 −· · ·−xn−x−1
n É

ÏÂÏÚÎÁÞÉÍ ÞÅÒÅÚ M ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÊ ÅÍÕ ÏÐÅÒÁÔÏÒ m(X2; : : : ; Xn). îÁÍ
ÎÕÖÎÏ ÄÏËÁÚÁÔØ, ÞÔÏ Mf > 0. úÁÍÅÔÉÍ, ÞÔÏ (Mf)(x1; x2; : : : ; xn) ÚÁ×ÉÓÉÔ
ÔÏÌØËÏ ÏÔ ÚÎÁÞÅÎÉÊ ÆÕÎËÃÉÉ ÐÒÉ ÄÁÎÎÏÍ ÆÉËÓÉÒÏ×ÁÎÎÏÍ x1.

óÕÍÍÁ ÓÄ×ÉÇÏ× ×ÄÏÌØ ÐÅÒ×ÏÊ ËÏÏÒÄÉÎÁÔÙ (X1 + X−1
1 )f ×ÙÒÁÖÁÅÔÓÑ

ÞÅÒÅÚ ÓÄ×ÉÇÉ f ×ÄÏÌØ ÏÓÔÁÌØÎÙÈ ËÏÏÒÄÉÎÁÔ; ÉÎÁÞÅ ÇÏ×ÏÒÑ, ÓÕÍÍÁ Ä×ÕÈ
ÚÎÁÞÅÎÉÊ f × ÔÏÞËÁÈ, ÓÉÍÍÅÔÒÉÞÎÙÈ ÏÔÎÏÓÉÔÅÌØÎÏ ÐÌÏÓËÏÓÔÉ x1 = a, ×Ù-
ÒÁÖÁÅÔÓÑ ÞÅÒÅÚ ÚÎÁÞÅÎÉÑ f × ÜÔÏÊ ÐÌÏÓËÏÓÔÉ. ÷ÙÑÓÎÉÍ, ËÁË ÉÍÅÎÎÏ ÏÎÁ
×ÙÒÁÖÁÅÔÓÑ.
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÷×ÅÄÅÍ ÍÎÏÇÏÞÌÅÎÙ
p0(t) = 2; p1(t) = 2 + t; pk+2(t) = (2 + t)pk+1(t)− pk(t):

ðÏÌÏÖÉÍ Pk = pk(M).
ìÅÍÍÁ 1. Pkf = (Xk

1 +X−k
1 )f ÐÒÉ ÌÀÂÏÍ k. ëÁË ÓÌÅÄÓÔ×ÉÅ, Pkf > 0.

äÏËÁÚÁÔÅÌØÓÔ×Ï. éÎÄÕËÃÉÑ ÐÏ n. äÌÑ n = 0; 1 ÕÔ×ÅÒÖÄÅÎÉÅ ÏÞÅ×ÉÄ-
ÎÏ. äÌÑ ÏÓÔÁÌØÎÙÈ ÚÎÁÞÅÎÉÊ n ÉÚ ÏÐÒÅÄÅÌÅÎÉÑ ÇÁÒÍÏÎÉÞÅÓËÏÊ ÆÕÎËÃÉÉ
ÐÏÌÕÞÁÅÍ

(Xk
1 +X−k

1 )f =
= (Xk−1

1 (X1 +X−1
1 )−Xk−2

1 +X−k+1
1 (X1 +X−1

1 )−X−k+2
1 )f =

= −(Xk−2
1 +Xk−1

1 (X2 +X−1
2 + · · ·+Xn +X−1

n − 2n))f−
− (X−k+2

1 +X−k+1
1 (X2 +X−1

2 + · · ·+Xn +X−1
n − 2n))f =

= (Xk−1
1 +X−k+1

1 )(2 +M)f − (Xk−2
1 +X2−k

1 )f =
= ((2 +M)Pk−1 − Pk−2)f = Pkf;

ÞÔÏ É ÔÒÅÂÏ×ÁÌÏÓØ ÄÏËÁÚÁÔØ. ¤
úÁÍÅÞÁÎÉÅ. éÚ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÌÅÍÍÙ ÓÌÅÄÕÅÔ, ÞÔÏ ÌÀÂÕÀ ÆÕÎËÃÉÀ,

ÚÁÄÁÎÎÕÀ ÎÁ ÐÌÏÓËÏÓÔÉ x1 = 0, ÍÏÖÎÏ ÐÒÏÄÏÌÖÉÔØ ÇÁÒÍÏÎÉÞÅÓËÉÍ ÏÂÒÁ-
ÚÏÍ ÎÁ ×ÓÀ ÏÂÌÁÓÔØ ÏÐÒÅÄÅÌÅÎÉÑ: ÏÎÁ ×ÏÓÓÔÁÎÁ×ÌÉ×ÁÅÔÓÑ ÉÚ ÄÏËÁÚÁÎÎÏÊ
ÌÅÍÍÙ, ÅÓÌÉ ÐÒÅÄÐÏÌÏÖÉÔØ, ÞÔÏ ÏÎÁ ÓÉÍÍÅÔÒÉÞÎÁ ÏÔÎÏÓÉÔÅÌØÎÏ ÜÔÏÊ ÖÅ
ÐÌÏÓËÏÓÔÉ. ðÒÉ ÜÔÏÍ, ÏÞÅ×ÉÄÎÏ, ÏÎÁ ÎÅ ÏÂÑÚÁÎÁ ÂÙÔØ ÎÅÏÔÒÉÃÁÔÅÌØÎÏÊ,
ÄÁÖÅ ÅÓÌÉ ÉÓÈÏÄÎÙÅ ÄÁÎÎÙÅ ÂÙÌÉ ÎÅÏÔÒÉÃÁÔÅÌØÎÙÍÉ.

ôÅÐÅÒØ ÍÙ ×ÒÅÍÅÎÎÏ ÚÁÂÕÄÅÍ ÐÒÏ ÏÐÅÒÁÔÏÒÙ Pk É ×ÙÑÓÎÉÍ ÎÅÓËÏÌØËÏ
Ó×ÏÊÓÔ× ÍÎÏÇÏÞÌÅÎÏ× pk(t).

ìÅÍÍÁ 2. pk(2 cos�− 2) = 2 cos(k�).
äÏËÁÚÁÔÅÌØÓÔ×Ï. éÎÄÕËÃÉÑ ÐÏ k. ðÒÉ k = 0 É k = 1 ÜÔÏ ÏÞÅ×ÉÄÎÏ.

éÓÐÏÌØÚÕÑ ÏÐÒÅÄÅÌÅÎÉÅ ÍÎÏÇÏÞÌÅÎÏ× pk(t), ÐÏÌÕÞÁÅÍ

pk+2(2 cos�− 2) = 2 cos� pk+1(2 cos�− 2)− pk(2 cos�− 2) =
= 2(2 cos� cos(k + 1)�− cos k�) = 2(cos(k + 2)�+ cos k�− cos k�) =

= 2 cos(k + 2)�
ÉÚ ÐÒÅÄÐÏÌÏÖÅÎÉÑ ÉÎÄÕËÃÉÉ. ¤

úÁÍÅÞÁÎÉÅ. éÚ ÌÅÍÍÙ 2 ÓÒÁÚÕ ×ÙÔÅËÁÅÔ, ÞÔÏ pk(t) = 2Tk
( t

2 + 1
)
, ÇÄÅ

Tk(t) | ÍÎÏÇÏÞÌÅÎ þÅÂÙÛ£×Á ÓÔÅÐÅÎÉ k.

ìÅÍÍÁ 3. pk(t) = 2 + (t − t1) · : : : · (t − tk), ÇÄÅ tj = 2 cos 2j�
k − 2. ëÁË

ÓÌÅÄÓÔ×ÉÅ, pk(t) > 2 ÐÒÉ t > 0.
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äÏËÁÚÁÔÅÌØÓÔ×Ï. óÏÇÌÁÓÎÏ ÌÅÍÍÅ 2, ËÏÒÎÑÍÉ ÍÎÏÇÏÞÌÅÎÁ pk(t) − 2
Ñ×ÌÑÀÔÓÑ tj = 2 cos 2i�

k − 2, i = 0; 1; : : : ; k − 1. îÅËÏÔÏÒÙÅ ÞÉÓÌÁ ×ÓÔÒÅÞÁ-
ÀÔÓÑ ÓÒÅÄÉ ÓÐÉÓËÁ tj Ä×ÁÖÄÙ. ïÄÎÁËÏ, ÅÓÌÉ d = tr = tj , ÔÏ r + j = k, É
−4 < d < 0; ÚÁÍÅÔÉÍ, ÞÔÏ ÐÒÉ t ∈ [−4; 0] ×ÙÐÏÌÎÑÅÔÓÑ ÎÅÒÁ×ÅÎÓÔ×Ï

|p(t)| = 2
∣∣∣cos

(
k arccos t+ 2

2

)∣∣∣ 6 2;

Á p(d) − 2 = 0, ÐÏÜÔÏÍÕ d | ×ÎÕÔÒÅÎÎÑÑ ÔÏÞËÁ ÌÏËÁÌØÎÏÇÏ ÍÁËÓÉÍÕÍÁ
pk(t) − 2 É, ËÁË ÓÌÅÄÓÔ×ÉÅ, ÅÇÏ ËÏÒÅÎØ ËÒÁÔÎÏÓÔÉ 2. ôÁËÉÍ ÏÂÒÁÚÏÍ, ÍÙ
ÎÁÓÞÉÔÁÌÉ k ËÏÒÎÅÊ ÍÎÏÇÏÞÌÅÎÁ pk(t)− 2; ËÒÏÍÅ ÔÏÇÏ, ÅÇÏ ÓÔÁÒÛÉÊ ËÏÜÆ-
ÆÉÃÉÅÎÔ ÒÁ×ÅÎ 1 (ÉÚ ÏÐÒÅÄÅÌÅÎÉÑ). ôÏÇÄÁ pk(t) = 2 + (t− t1) · : : : · (t− tk).
ðÒÉ ÜÔÏÍ ×ÓÅ ti ÎÅÐÏÌÏÖÉÔÅÌØÎÙ, ÏÔËÕÄÁ ÓÌÅÄÕÅÔ ×ÔÏÒÏÅ ÕÔ×ÅÒÖÄÅÎÉÅ
ÌÅÍÍÙ. ¤

ðÕÓÔØ r | ÎÁÉÍÅÎØÛÅÅ ÎÅÏÔÒÉÃÁÔÅÌØÎÏÅ ÞÉÓÌÏ ÔÁËÏÅ, ÞÔÏ ÎÅÒÁ×ÅÎÓÔ×Ï
(M + r)g > 0 ×ÙÐÏÌÎÑÅÔÓÑ ÄÌÑ ÌÀÂÏÊ ÎÅÏÔÒÉÃÁÔÅÌØÎÏÊ ÇÁÒÍÏÎÉÞÅÓËÏÊ
ÆÕÎËÃÉÉ g. úÁÍÅÔÉÍ, ÞÔÏ (M+2)g = (X1+X−1

1 )g > 0 ÉÚ ÌÅÍÍÙ 1; ÐÏÜÔÏÍÕ
r ÓÕÝÅÓÔ×ÕÅÔ É ÎÅ ÐÒÅ×ÏÓÈÏÄÉÔ 2. ôÒÅÂÕÅÍÏÅ ÎÅÒÁ×ÅÎÓÔ×Ï (1) ÜË×É×ÁÌÅÎÔÎÏ
ÔÏÍÕ, ÞÔÏ r = 0.

ðÒÅÄÐÏÌÏÖÉÍ, ÞÔÏ r > 0. òÁÚÄÅÌÉÍ ÍÎÏÇÏÞÌÅÎ pk(t) Ó ÏÓÔÁÔËÏÍ ÎÁ
(t− 2(n− 1))(t+ r):

pk(t) = (t− 2(n− 1))(t+ r)qk(t) + rk(t); deg rk 6 1: (2)
ìÅÍÍÁ 4. qk(t) ÍÏÖÎÏ ÐÒÅÄÓÔÁ×ÉÔØ × ×ÉÄÅ

qk(t) =
k−2∑

l=0
Alpl(t);

ÇÄÅ Al > 0.
äÏËÁÚÁÔÅÌØÓÔ×Ï. ðÏÄÓÔÁ×ÉÍ × (2) t = 2 cos�− 2 É ÐÏÌÏÖÉÍ z = ei�.

ôÏÇÄÁ t = z + z−1 − 2, Á pk(t) = zk + z−k. óÏÏÔ×ÅÔÓÔ×ÅÎÎÏ, ÞÁÓÔÎÏÅ qk
ÐÒÉÎÉÍÁÅÔ ×ÉÄ

qk(z + z−1 − 2) = zk + z−k − rk(z + z−1 − 2)
(z + z−1 − 2n)(z + z−1 + (r − 2))

=

= Ak−2(zk−2 + z−k+2) +Ak−3(zk−3 + z−k+3) + · · ·+A0; (3)
ÐÏÓËÏÌØËÕ qk(z+z−1−2) ÓÉÍÍÅÔÒÉÞÎÏ ÏÔÎÏÓÉÔÅÌØÎÏ ÚÁÍÅÎÙ z 7→ z−1. úÁ-
ÍÅÔÉÍ, ÞÔÏ ÔÏÇÄÁ qk(t) = Ak−2pk−2(t)+ · · ·+A0, ÉÂÏ ÄÌÑ ÌÀÂÏÇÏ t ÎÁÊÄÅÔÓÑ
ÔÁËÏÅ (×ÏÚÍÏÖÎÏ, ËÏÍÐÌÅËÓÎÏÅ) z, ÞÔÏ t = z + z−1 − 2. ðÏÜÔÏÍÕ ÎÁÍ ÎÁÄÏ
ÄÏËÁÚÁÔØ ÎÅÏÔÒÉÃÁÔÅÌØÎÏÓÔØ ËÏÜÆÆÉÃÉÅÎÔÏ× Al.

ðÒÉ z →∞ ÉÍÅÅÍ
qk(z + z−1 − 2) = Ak−2zk−2 +Ak−3zk−3 + · · ·+A1z +A0 + o(1):
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ó ÄÒÕÇÏÊ ÓÔÏÒÏÎÙ,

qk(z + z−1 − 2) =

= zk

(z + z−1 − 2n)(z + z−1 + (r − 2))
+ z−k − rk(z + z−1 − 2)

(z + z−1 − 2n)(z + z−1 + (r − 2))
=

= zk

(z + z−1 − 2n)(z + z−1 + (r − 2))
+ o(1);

ÐÏÓËÏÌØËÕ rk(t) ÎÅ ÂÏÌÅÅ, ÞÅÍ ÌÉÎÅÅÎ.
úÎÁÞÉÔ, ÐÒÉ z →∞

zk

(z + z−1 − 2n)(z + z−1 + (r − 2))
= Ak−2zk−2 +Ak−3zk−3 + · · ·+A1z+A0 +o(1):

ðÏÄÓÔÁ×É× x = 1=z É ÄÏÍÎÏÖÉ× ÎÁ xk−2, ÐÏÌÕÞÁÅÍ ÐÒÉ x→ 0
1

(x2 + 1− 2nx)(x2 + 1 + (r − 2)x)
= Ak−2 +Ak−3x+ · · ·+A1xk−3 +A0xk−2+

+ o(xk−2);
Ô. Å. Al ÅÓÔØ ËÏÜÆÆÉÃÉÅÎÔÙ ÒÑÄÁ íÁËÌÏÒÅÎÁ ÆÕÎËÃÉÉ

1
(x2 + 1− 2nx)(x2 + 1 + (r − 2)x)

=

= x2 − 2x+ 1
x2 − 2nx+ 1

· 1
(x2 − 2x+ 1)(x2 + (r − 2)x+ 1)

= u(x)v(x):

äÏÓÔÁÔÏÞÎÏ ÄÏËÁÚÁÔØ, ÞÔÏ ÒÑÄ íÁËÌÏÒÅÎÁ ËÁÖÄÏÇÏ ÉÚ ÓÏÍÎÏÖÉÔÅÌÅÊ
ÎÅÏÔÒÉÃÁÔÅÌÅÎ. ðÕÓÔØ �1 > 1, �2 = 1=�1 | ËÏÒÎÉ ÍÎÏÇÏÞÌÅÎÁ x2− 2nx+ 1,
ÔÏÇÄÁ

u(x) = x2 − 2x+ 1
x2 − 2nx+ 1

= 1 + (2n− 2)x
(1− �1x)(1− �2x) =

= 1 + (2n− 2)x
�1 − �2

( �1
1− �1x

− �2
1− �2x

)
= 1 + 2n− 2

�1 − �2

( ∞∑

l=1
�l1xl −

∞∑

l=1
�l2xl

)
=

= 1 + 2n− 2
�1 − �2

∞∑

l=1
(�l1 − �l2)xl;

ÇÄÅ ×ÓÅ ËÏÜÆÆÉÃÉÅÎÔÙ, ÏÞÅ×ÉÄÎÏ, ÐÏÌÏÖÉÔÅÌØÎÙ.
òÁÓÓÍÏÔÒÉÍ v(x). úÁÍÅÔÉÍ, ÞÔÏ Õ ÒÑÄÁ

1
1− 2x+ x2 = 1 + 2x+ 3x2 + : : :

×ÓÅ ËÏÜÆÆÉÃÉÅÎÔÙ ÐÏÌÏÖÉÔÅÌØÎÙ. ôÏÇÄÁ, ÅÓÌÉ r = 0, ÔÏ ÓÏÍÎÏÖÉÔÅÌØ
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v(x), ÒÁ×ÎÙÊ Ë×ÁÄÒÁÔÕ ÜÔÏÇÏ ÒÑÄÁ, ÐÏÌÏÖÉÔÅÌÅÎ. åÓÌÉ ÖÅ r > 0, ÔÏ

xv(x) = x
(x2 + 1− 2x)(x2 + 1 + (r − 2)x)

= 1
r

(
1

1− 2x+ x2 −
1

1 + (r − 2)x+ x2

)
:

áÎÁÌÏÇÉÞÎÏ ÐÒÏ×ÅÄÅÎÎÙÍ ×ÙÛÅ ×ÙÞÉÓÌÅÎÉÑÍ, ÉÍÅÅÍ

rxv(x) =
∞∑

l=0
(l + 1)xl − 1

� − �−1

∞∑

l=0
(� l+1 − �−l−1)xl =

=
∞∑

l=0

(
l + 1− �l+1 − �−l−1

� − �−1

)
xl;

ÇÄÅ �, �−1 | ËÏÒÎÉ ÔÒÅÈÞÌÅÎÁ x2+1+(r−2)x (ÏÎÉ ÐÒÉ 0 < r 6 2 ËÏÍÐÌÅËÓÎÏ
ÓÏÐÒÑÖÅÎÙ). ïÓÔÁÌÏÓØ ÚÁÍÅÔÉÔØ, ÞÔÏ

∣∣∣∣
�l+1 − �−l−1

� − �−1

∣∣∣∣ = |� l + � l−2 + · · ·+ �−l| 6 l + 1;

ÐÏÜÔÏÍÕ ÄÌÑ (ÄÅÊÓÔ×ÉÔÅÌØÎÙÈ!) ËÏÜÆÆÉÃÉÅÎÔÏ× ÒÑÄÁ rxv(x) ×ÅÒÎÏ ÎÅÒÁ-
×ÅÎÓÔ×Ï

l + 1− �l+1 − �−l−1

� − �−1 > 0;

Á ÚÎÁÞÉÔ, É ËÏÜÆÆÉÃÉÅÎÔÙ ÒÑÄÁ v(x) ÎÅÏÔÒÉÃÁÔÅÌØÎÙ. ¤

òÁÓÓÍÏÔÒÉÍ ÏÐÅÒÁÔÏÒÙ Qk = qk(M), Rk = rk(M) É ÐÒÏÉÚ×ÏÌØÎÕÀ ÎÅÏ-
ÔÒÉÃÁÔÅÌØÎÕÀ ÇÁÒÍÏÎÉÞÅÓËÕÀ ÆÕÎËÃÉÀ g.

ìÅÍÍÁ 5. Rkg > 0.

äÏËÁÚÁÔÅÌØÓÔ×Ï. éÍÅÅÍ

Rkg = Pkg + (M + r)(2n− 2−M)Qkg =
= Pkg + (M + r)(X2 +X−1

2 + · · ·+Xn +X−1
n )Qkg:

úÁÍÅÔÉÍ, ÞÔÏ Pig > 0 ÉÚ ÌÅÍÍÙ 1, Á ÐÏÜÔÏÍÕ Qkg > 0 ÉÚ ÌÅÍÍÙ 4. ôÏÇÄÁ
ÐÒÉÍÅÎÅÎÉÅ ÏÐÅÒÁÔÏÒÁ (M + r) Ë ÇÁÒÍÏÎÉÞÅÓËÏÊ ÎÅÏÔÒÉÃÁÔÅÌØÎÏÊ ÆÕÎË-
ÃÉÉ (X2+X−1

2 +· · ·+Xn+X−1
n )Qkg ÄÁÅÔ ÓÎÏ×Á ÎÅÏÔÒÉÃÁÔÅÌØÎÕÀ ÆÕÎËÃÉÀ.

ïÔÓÀÄÁ ÓÌÅÄÕÅÔ ÕÔ×ÅÒÖÄÅÎÉÅ ÌÅÍÍÙ. ¤

úÁ×ÅÒÛÉÍ ÄÏËÁÚÁÔÅÌØÓÔ×Ï ÔÅÏÒÅÍÙ. éÔÁË, ÍÙ ÐÒÅÄÐÏÌÏÖÉÌÉ, ÞÔÏ
r > 0. ôÏÇÄÁ 0 < ' = arccos 2− r

2 6 �, É ÓÕÝÅÓÔ×ÕÅÔ ÔÁËÏÅ k, ÞÔÏ
�=2 < k' 6 �. ðÒÉ ÜÔÏÍ k ÉÍÅÅÍ pk(−r) = 2 cos k' < 0 ÓÏÇÌÁÓÎÏ ÌÅÍ-
ÍÅ 2. ëÒÏÍÅ ÔÏÇÏ, ÉÚ ÌÅÍÍÙ 3 ÐÏÌÕÞÁÅÍ pk(2n− 2) > 2.
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ðÏÄÓÔÁ×É× × (2) t = 2(n− 1) É t = −r, ÐÏÌÕÞÁÅÍ
rk(2(n− 1)) = pk(2(n− 1)); rk(−r) = pk(−r);

ÏÔËÕÄÁ

rk(t) = pk(2(n− 1)) + (x− 2(n− 1))pk(2(n− 1))− pk(−r)
2(n− 1) + r :

ôÏÇÄÁ

Rkg = pk(2(n− 1))− pk(−r)
2(n− 1) + r Mg+

+
(
pk(2(n− 1))− 2(n− 1)pk(2(n− 1))− pk(−r)

2(n− 1) + r

)
g > 0;

ÐÒÉÞÅÍ ËÏÜÆÆÉÃÉÅÎÔ ÐÒÉ M × ÜÔÏÍ ×ÙÒÁÖÅÎÉÉ ÐÏÌÏÖÉÔÅÌÅÎ. òÁÚÄÅÌÉ×
ÎÁ ÜÔÏÔ ËÏÜÆÆÉÃÉÅÎÔ, ÐÏÌÕÞÁÅÍ(

M + pk(2(n− 1)) 2(n− 1) + r
pk(2(n− 1))− pk(−r) − 2(n− 1)

)
g > 0:

ïÄÎÁËÏ

pk(2(n− 1)) 2(n− 1) + r
pk(2(n− 1))− pk(−r) − 2(n− 1) =

= (2(n− 1) + r) pk(2(n− 1))
pk(2(n− 1))− pk(−r) − 2(n− 1) <

< 2(n− 1) + r − 2(n− 1) = r;
ÎÅÒÁ×ÅÎÓÔ×Á ×ÙÐÏÌÎÑÀÔÓÑ, ÉÂÏ pk(2(n − 1)) > 2 > 0 > pk(−r). ðÏÌÕÞÁÅÍ
ÐÒÏÔÉ×ÏÒÅÞÉÅ Ó ×ÙÂÏÒÏÍ r. úÎÁÞÉÔ, r = 0, ÏÔËÕÄÁ ÓÌÅÄÕÅÔ ÎÅÒÁ×ÅÎÓÔ×Ï (1),
ÉÚ ËÏÔÏÒÏÇÏ, ËÁË ÂÙÌÏ ÐÏËÁÚÁÎÏ ×ÙÛÅ, É ÓÌÅÄÕÅÔ ÔÅÏÒÅÍÁ.
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