195

[lepuoguieckue mocaes0BaTEILHOCTH

M. III. Tastenko

OcTaTky OT geseHusa WIEHOB I0C/IeJ0BATEILHOCTEN, ONPeaeIAeMEIX Pe-
KYPPEHTHBIMU COOTHOIIEHUAMU, Ha, TAHHOE YUCI0 k 0OPasyoT Mepruojmde-
CKUEe TIOCIeI0BATENLHOCTY. [IpuMepaMu MOTYT CIYKUTH apupMeTUIeCKIE
1 FeOMEeTPUIECKHEe IPOrPECCUH, CTEIEHHLIE BEIPAXKEHUA N, B KOTOPLIX 7
npoberaet 3uavenus 0,1,2,..., a m gpageTcsa GUKCUPOBAHHBIM TTOJOXKU-
TEJILHLIM LEJILIM YUCIOM, ducia PuboHadydm u MHOrME APYLHUe HOCJAeL0-
BaTeIbHOCTH. Haxoxgenne mepuogoB HEKOTOPLIX IMOCIEIOBATEILHOCTEN
ABJIACTCSA OCHOBHOHM TEMOU DTOU CTAThLU.

Marepuai »>TOU CTATHLUA MOKET OBITh UCIOAL30BAH B MATEMATUIECKIX
kpyxkax. OH TakkKe TOJE3€H U JOCTYIIEH YYAIUMCA CTAPIINX KJIACCOB,
HHTEPECYIONUIMMCA MAaTEMATUKON U IPUHUMAONIIM yIaCTHe B MATEMATH-
YeCKUX COPEBHOBAHUAX.

1. PEKYPPEHTHGIE IOCJELOBATEJIBHOCTH

Mg 6y 1eMm paccMaTPUBATE MOCIENOBATEILHOCTY HEABIX TUCETI WIK, IPYTHU-
MH CI0BaMM, PYHKITAY HEOTPUIIATEILHOrO MEJOr0 apryMeHTa, IPUHAMAIOIINE
nenwle 3HAYEHUA. 110 TpaauIyu 3HAYMeHne Takou (PyHKIUW ¢ HA Tucae n (n-u
DIEMEHT TIOCIEIOBATETBHOCTHU) 0003HATACTCA Uy, .

IlocremoBaTEILHOCTD HABBLIBACTCA PeKyppeHMHOt, €CIN OHA 331aeTCI (Pop-
MYJIOT

Gntk = C1Gp+k—1 + C20p4k—2 + - + Cxao,
rie ci,...,Cp — (PUKCHAPOBAHHLIE SUCIA.

[IpomnrtocTpupyem 5To onpegeneHne Ha HECKOAbKUX mpumepax. [Ipocren-
UMK IpUMeEp — apudpMeTUudecKas Iporpeccus, KOTopad 3a4aeTcsa COOTHOIIE-
HUEM apy1 = ap + d. Ee MOXHO 3agaTb U MO-APyrOMY, HUCKIIOUUB d:
Gpt2 — 20p+1 + anp = 0. Aragoruanyio GpoOpMysy MOXHO HANKUCATH W A TIO-
CJIeIOBATEIBHOCTH KBAJPATOB Gy = N2 OGn+43 — 3Gp+2 — 3an4+1 + ap = 0.

3AJAYA. [JokaxuTe, 9TO AL A000T0 k HOCIELOBATEILHOCTD a4, = n’

YAOBIETBOPAET PEKYPPEHTHOMY COOTHOUICHUIO
k
-k
> (~1) (Z.)anﬂ = 0.
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PekyppeHTHLIMY ABAAIOTCA ¥ MHOTHE IPYTHUE XOPOIIO U3BECTHBIE BUALI 10~
CIEMOBATENLHOCTEN, CKAXKEM, T€OMETPUIECKAE MPOTPECCUN Gpi] = (G WIN
yncia PuboHATIN G490 = Gpt1 + G, a9 = 0, a1 = 1. Hekoroprie pexyppenT-
HBIE TIOCIEeI0BATETLHOCTH IEPUOJAYHBI, HAIPUAMED, TTOCIEI0BATEILHOCTE

Un42 = Qpt1 — Gp, a9 =2, a1 =1
nepuoau4Ha ¢ nepuogom 6 (mposepbre!).

YTPAYKHEHUE. Ilposepbre, 4T0 ocTaTku, ob6pasyembie uyuciavu DPubo-
HAYIW Opu geaeHrm HA 2, 3, 4 COOTBETCTBEHHO 00PA3yIOT MEPUOAUICCKUE
IO CIeIOBATENLHOCTH C TepuogaMu 3, 8, 12.

2. CPABHEHHUSA IO MOIYJIIO

loBopsT, 4To neawie quciaa ¢ U b cpasnumbl no modyaio n > 1, ecau mpu
IEJCHUU HA 1 OHU JAIOT OTMHAKOBBHIA OCTATOK (0603HadeHue a = b (mod n)).
OTHoueHne CPABHUMOCTH IO JIOO0MY MOZAYJIIO ABIAETCA OTHOILIEHHEM HKBHU-
BaJICHTHOCTMN. BOJIee TOT0, CYMMa OCTATKOB CPABHUMA C OCTATKOM OT CyMMBbI
U NIPOM3BEJEHNE OCTATKOB CPABHAMO C OCTATKOM OT IpoumsBegeHus. Kmaccol
SKBUBAIEHTHOCTH II0 MOIYIIO 71 HA3LIBAIOTCA KIACCAME BLIYETOB WIX IIPO-
CTO BbBIYE€TAMU 110 MOIYJIO T71. BI:I‘IeTI:I MOXHO CKJQIBIBATH U YMHOXATH 11O
CIEeAYIONIUM ITPABUIAM

[a] + (6] =[a+0],  a]-[b] = [ab].

MHOXeCTBO TEABIX IUCENT 7, T MHOXKECTBA BHIYETOB Zj) HA3BIBAIOTCS B aarebpe
KOJIBLIAMUY, 4 COIIOCTABICHUE IHCIY ( KIACCA BBIYETOB [G], KOTOPOMY IPUHAJL-
JEXUT OCTATOK OT ACICHUA ¢ HA N, ABIAETCI TOMOMOPMUIIMOM KOMBITA TETBIX
quces 7 Ha KOJIbIO BBIYETOB Z,.

Beruer [a] HasbBaeTca deaumesem nyas B Zp, €CIM CyMIECTBYET TaKOW
Beraetr [b], aro [a] - [b] = [0]. Beruer [a] maswBaerca obpamumvin B Zy, ec-
J¥ CyLIeCTByeT Takou BerdeT [b], uro [a] - [b] = [1]. MoxHo mpoBepuTsh, 4TO
KaX B BHIYET JUG0 ABAAETCA denuTeneM HyJsd, mubo o6parum. O6paTuMbl-
MU ABAAOTCA B TOYHOCTU T€ BBIYETHL [G], M KOTOPBIX G B3AUMHO IIPOCTO C
n. B mokasaTenncTBe 5TOro GaxTa MOME3HO UCTIOAL30OBATL CACAYIONIEe CBOU-
cTBO HamboabIero obumero aeaurens (a,b) wucen a u b: (a,b) asasemes wau-
MEHDULUM NOAOHCUMEALHBIM YUCAOM, KOMOPOE MOWCHO NPeIcmasums & eude
UCAOYUCACHHOY aunetiHnot Kombunayuy ua + vb wuces a u b.

3. IIEPUOANYECKUE IIOCJEIOBATEILHOCTH

HaszoBem mocireoBaTeIBLHOCTD Ag, - - -, U,y - - - NEPUOIUNECKOT, €CAT CYTITE-
CTByeT Takoe mejaoe 1uciao 1T > 0, 9ro

Gp T = Gp AIA BCEX N GOIBIIAX HEKOTOPOTO M. (1)
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Hawmmvensbuiee Bosmoxuoe wmcao T, 41a KOTOPOro BoimoaHseTcs (1), HazoBeM
nepuodom MOCAENOBATEILHOCTHA Gy, .

Ucenoabsysa ¢cBOUCTBO HAMOOIBIIETO OOIIErO ASTUTEN, YIOMAHYTOE BLIIIE,
7 OIpe/ieSieHue MePUO UIeCKON TOCAeJ0BATENLHOCTH, HETPYAHO NOKA3ATE CJIe-
oy GpakT:

TEOPEMA 1. Ecau das nocaedosameavnocmu a, cywecmsyom dea no-
aoxcumenvuoit wucaa Ty u Ty, das xomopwuiz evinoansemes (1), mo das D =
= (T, 1) maxoace evinoansemcs (1).

[TosTomy Bee wmeaa T, s KOTOPHIX BBHINOAHAETCA (1), KpATHBI IEPHOAY
IOCJIEAOBATETHLHOCTH.

TEOPEMA 2. Ilycmb nocaedosamesbrocmy G, 3a00EMCA PEKYPP EHMMHBIM
COOTMHOWEHRUEM Upt = C1Up4t—1 +Co0nti—2+ -+ Crag, 6 KOMOPOM BCe KOIP-
Puyuenmot 1, ..., — yeable YUCAad. Feau ag, a1, ..., 0—1 — YEAble YUCAT,
MO 6CE UACHDL NOCACIOBAMEALHOCTNY ABAAIOMCA YEABIMU YUCAAMU, OCTNATN-
KU om dedenus KOmopuir Ha A1060e YEA0e YUCAO 00PaA3YIOM NEPUOOUECKYIO
nocAedo6amesbHOCmb.

[Ipex e yem HOKA3BIBATH Teopemy 2, pazbepeM CIydadl reoMeTPUIecKOn
nporpeccun ¢”. PaceMoTpum octaTku cremnenen a mo moxayaio k. I[locaenosa-

TeABHOCTD [a]” = [a"] 0643aTeabHO COLEPKUT OJUHAKOBLIC WICHHI (TaK Kak

BBIIETOB 11O MOIYJIO k' KOHEYTHOE ‘II/ICJIO). SHa‘IHT, BBIIIOJIHACTCA PABEHCTBO
mi _ [ me

[a]™ = [a] (2)

opu mq # meo. Bes orpanndenna oGIHOCTH cuuTaeM, 9To T = mq — mgy > 0.
Yvmoxas pasercTso (2) ma [a]"™ ™2, ybexmaemca, aro [a]"TT = [a]" mpm
n 2= me. [losTOMy mocae10BaTEIBHOCTH OCTATKOB OT AeieHus a” Ha k mepuo-
nuaeckan. [Togpobraee 5T OCIEAOBATENBHOCTH U UX IIEPUOIbI 0OCY XK JAI0TCH
HHUXe B pasjere d.

[pumep nocregoBarensaocTu 1,2,22, ... u MOgy1a 4 IOKA3BEIBAET, 4TO B
o01IEM Caydae TepPUOAIeCKOe TOBTOPEHUE He 0643aH0 HAYMHATHCI C CAMOT O
HaYvaJda TOCACAOBATEABHOCTU: B JAHHOM CAayvae mOCaea0BaTEJIBbHOCTH OCTAT-
koB ecthb 1,2,0,0,...

JOKABATEALCTBO TEOPEMBI 2. OHo 06061Ia€T IPUBEIEHHOE BHIIIE PAC-
cyx eHne 06 0CTATKAX WIEHOB eOMEeTPUIECKOU TPOrPECCU.

[l OCTATKOB WIEHOB PEKYPPEHTHOU MOCAEI0BATEILHOCTY TAKXKE BHITIOJ-
HAETCA PEKYPPEHTHOE COOTHOIIEHNE

[an+i] = [e1] - [ansi—1] + [eo] - [ansi—2] + -+ - + [er] - [ao);

mO3TOMY JHO0BIE § TOCAEIOBATENBHBIX DIEMEHTOB PEKYPPEHTHOU MOCIEI0BA-
TEABHOCTHU OJHO3HAYHO ONPERENAIOT CAEAVIONIee TUCIO B MOCICAOBATEILHO-
cru. Ho HabopoB m3 ¢t ocTaTkoB (KOpTeXeW NIWHBI {) OT [AeJeHWA Ha K
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KOHEYHOe WHCI0 — k'. 3HA4MT, KaKOW-TO HAOOp BCTPETHTCA ABAXKILI, IIO-
cJie 1ero 3IeMeHTHI II0CIeL0BATeILHOCTH CTAHY T IIePUOUIeCKH IOBTOPATHCA.

4. CTENEHHBIE IOCJIETOBATE/IBHOCTH

ITocaeqoBaATEIBHOCTH Gy = N’ ABAAIOTCA PEKYPPEHTHBIMM, TAK 9TO IIO-
CAEOBATENBHOCTH OCTATKOB T, = N (mod k) mepmoguwvsbl B cury Teope-
MBI 2.

JIEMMA 1. a) Ilepuod T nocaedosameavnocmu rn, = n' (mod k) asaa-
emca deaumenem k.

b) Muoacecmeo npocmuz deaumenet nepuoda T cosnadaem ¢ mnosrcecm-
som npocmuir deaumedneti k.

¢) Cymma mT + ()T? + -+ ([ )T™ " deaumes na k.

m—1
[JOKABATENLCTBO. a) Jusa moboro i =0,1,2,... uMeem:

m

(G +k)™=i"+ (T)z’m‘lkJr <2)z‘m‘2k2 +- 4+ E"=i" (mod k).

Mo caexctBuio Teopemer 1 mepwon 1 aBmserca meaumrenaem k. IlosTomy um3
HATMCAHHOTO BhIIE CpaBHeHUs crenyet, aTo (i+ 7)™ = 4™ (mod k) mua Bcex
12 0.

b) Ecau T sBAgeTcsa nepuogoM, TO, B YaCTHOCTH, npu i = () umeem:

0" =0=(0+T)"=T" (mod k).

CaemoBaTensno, yucno T™ geawtcsa Ha k ¥ OTOMY Cpeau MPOCTHIX JEIUTE-
aer T mOMKHBI HAXOAUTHCA BCe MpocThie geaurenu k. U3 a) BuaHo, 910 BEpHO
u 00paTHOe yTBepXaenue. [lo5ToOMy MHOXKECTBA TMPOCTHIX geautenen k uw T
COBIIAJAIOT.

¢) Ecim T'— nepuog, To npu i = 1 numeem:

1=1"= (14+47)™ = 1+mT++ @)T%- : +<mrf 1)T”“JFT’” (mod k).

Cokpamas 1 B o6eux gacTax sroro cpasuenus u 1™ = 0 (mod k) B mpason
TaCTU, TOJYyIaeM HYXKHOEC CDABHCHUE.

TEOPEMA 3. Ocmamku om 0eAeHus UAEH08 NOCACI0BAMEADHOCINUY NOJA-
HulE Keadpamos na uyesoe uucao k > 1 obpasyrom nocaedosamenbrocmo,
nepuod T komopot pasen k, ecau k wne deaumcs na 4, u pasen k/2, ecau
k deaumca na 4.

[TOKA3ATEJNBCTBO. B cmry yrepxaenus a) semmer 1 nepuon T’ sraercs
penureneMm k. Ecmu T < k, ro T < k/2. HHosromy 2T < k. B cuny yreepx ge-
mus ¢) aemmel 1 27 > k, t.e. 2T = k. CregoBaTensHo, uucao k deTHO. B cuny
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Puc. 2. 72 (mod 25)

yTBepXKaeHus b) meMMbl 1 IEPUO TOXE ABAAETCA I€THBIM IUCIOM. [lodTOMY
k menutcsa Ha 4, a mepuon T pasen k/2. Bo Bcex ocranbubix caydaax T = k.

3AMAYA. TIpo muOrownen P(x) ¢ meabiMu k0>ppUIUEHTAMEU M3BECTHO,
gro P(1) = 2. Joxkaxure, uro P(7) He gBiIsgeTCS HOIHBIM KBAaJPATOM.

[lepenrmem Tenmeps K OOIIEMY CAy€al0 MOCAEAOBATEABHOCTH Gn = N,

m > 2. Kak yxe 0TMe9aI0Ch, BCAKAA IOCIEJOBATENLHOCTD y ABIAETCA (DYHK-
quer apryMeHTa, MPUHUMAIOIEr0 HeOTPUIATENbHBE Helble 3HaYeHus. | pa-
duK TakoU (PYHKIUU COCTOMT U3 JUCKPETHOIO MHOXECTBA TO4eK. Kak Bu-
"o m3 cpapHerui n2™ = (—n)?™ = (T —n)?™ (mod k), B cIydae cTemeHHEIX
HOCIE0BATENLHOCTEH € 9eTHEIM I0KA3aTeIeM 9acTh IpaduKa, COOTBETCTBY-
romas nepuogy (ot 0 no T') cummeTpuaHa oTHOCKHTENBHO Ipsamont z = T'/2. Ha
puc. 1 u 2 MOXHO yBUIETH 3Ty CUMMETDHIO (KyCKH TapaGor JOOABIEHBI « 1/
KPaCOTED ).
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Temeps moCTpOUM HauMmeHbulee <TUCAO 1', MHOXECTBO IPOCTLIX IEJATE-
Jel KOTOPOr0 COBIAJAeT C MHOXECTBOM IPOCTHIX geaumTenen uucaa k u mT
IenuTcs Ha k.

Hycrs k = p{'pg? - ... - p%s, vae pi,p2, ..., Ps — PA3IXIHBIE IPOCTHIE TH-
cl1a, a MOKa3aTeln CTeHeHeH «, ..., (s 6oabme Hyad. [IpegcTaBuM m B BHIE
m = pflp’gz oo - pP*my, nomyckas ans mokasaTenei cTemenei B, ..., B aHa-

venue 0. IToxoxum
T(k,m) =p]'p)-....pY, vaevi= o, —fi, ecma; > B;, my; =1, ecm o < f3;.

fcuo, wro uncao T(k,m) ABaseTca HAMMEHBIIAM AeauTereM k, 00JaJalomum
yKa3aHHBIME BEIIe cBoucTBamu. O6osuaaum d(k,m) = k/T(k, m). Jlerko Bu-
neTh, aro m neaurcs Ha d(k,m) n

d1,.0¢ s _ _
d(k,m) = pi'ps?-.. .-pg ,raed; = f;, ecim oy > B, ud; = a;—1, ecnm oy < 5,

TEOPEMA 4. Ilepuod nocaedosameavrocmu my, = n™ (mod k) ssasemcs
deaumenem wucaa T(k,m).

[TOKA3ATEJNBCTBO. [las ynpomenusa s3ammcu Bmecto T(k,m) w d(k, m)
6ymem ucats 1" u d. B cuny creacrBus Teopemsr 1 mia 10Ka3aTEabCTBA, TEO-
PeMEI JOCTATOYTHO MOKAa3aTh, UTO NI JI0OOTO IEJ0T0 HEOTPUUATEILHOTO f
seimosnHsgercs (i + 7)™ = 4™ (mod k). Tak kak

(i+T)™ =i"+ <?)Tz‘m1 +o @)T%’ml +o T

TO AOCTATOYHO [OKA3aTh, YTO BCE HUCIA (T)Tl menarca vHa k = dT npm
1<li<m.
Brauasne paccmorpum caydan | < m. O6osnaumm g = m/d. Tak kak

m Tl:m(m—l)-...~(m—l+1)Tl:(dT) m—1 Lapi-1,
{ I-(1—1) I—1 I
JOCTATOYHO JOKA3aTh, 9T0 A = (T‘__ll) . %Tl_l — meaoe. Kak mokaserBaeT

pasIoXeHme

(0)-+ (D)

B 3HAMEHATEIb MPEACTABIEHUA A B BUIe HECOKPATHMOU APOOU MOTYT BXO-
IUTH TOJIBKO neawreau k (€cau p HE ABIACTCA AeauTeneM k, TO P TAKXKe He
apngerca gerureneM d). Ho ecim k gerurca ma p, To TV geautca mo xpaii-
meit Mepe na p' ', C IPyTrol CTOPOHEI, p MOXET BXOJWTH B Pa3loxKeHHe | HA
npocThie MEOXUTeM He Gosee, dem [log, [ | pas (3geck | | o6osmataer neryio
TacTh Tmena). Uz mepasencrsa log, [ < logy ! < [—1 crenyet, wro mcro A —
mesoe.
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OcraeTca mokaszaTh, uTo T aemurca ua k. Eciu p — mpocTon gernrent
k, Ha KOTOPBIN M He JASIUTCS, TO P BXOAUT B T B TOW Xe CTEMeHu, ITO U B k.
Ecau xe p — o6mun npocrou genureds k u m, TO p BxoauT B T’ o KpanHen
Mepe OJuH pPa3.

Ecmn o < 8 (ans ynpomenns 3anmcy MHAEKCHI OMYIIEHBI), TO P BXOAUT B
T B mepson cremenu. Torga p sxoaut B T™ mo kpaimein mepe p® pas. Tak
Kak p=>2ufi>a, top® >2° >8>0, uT™ gemmrca ma p®.

Ecru a > 3, To p Bxogut B T 1o kpaires Mepe (o — 3)p® pas. Ilokaxenm,
aro (a—f)p® > a. Tak kax B < p® —1, 10 1/ > 1/(p® —1). YmrrBaz, aT0
a— B > 1, nonyqaem
a — 1 o
/3I8>1+p6—1 s E2pﬁp_l

Tem cambiM mokasano, aTo 1T genwrcs uHa k.

1+

s (a-8)p >«

CnEACTBUE 1. Ecau k = pip2 - ... - ps, 2de P1,P2, ..., Ps — PO3AUY-
HbLE MPOCTNBLE MHONCUMEAU, MO NPU A0OOM T NEPUOD NOCAEIOBAMEALHOCTNU
an =n™ (mod k) pasen k.

CAEACTBUE 2. Ecau k u m e3aumuo npocmbl, mo nepuod nocaedosa-
meavhocmu a, = n™ (mod k) pasen k.

HJOKABATEALCTBO. llpegmomoxum, uro nepuog 1’ mensine k. Muoxect-
BO mpocThix aeaurenen y T rtakoe xe, kak y k (memma 1b). TlosTomy 6Ge3
OrpaHMYeHNA OOUIHOCTH MOXHO CYMTATh, 9T0 k = p°q um T aBiasercs me-
aurenem Ty = pq. Torga i™ = (i + T1)™ (mod k), a Tax kak T merurcs
Ha k, To

m
2

Suaqur, m1] genmrca wa k. [ockonsky k u m B3amMuHO mpocThI, TO U 1)
menurca Ha k. Ilpuxonum k mporuBopeyumio, Tak Kak 17 < k.

1mE(1+T1)m=1+mT1+< >T12+~--+T{”51+mT1 (mod k).

B Tom cayuae, korga m m k uMeroT o0uUIMe MHOXUTEIN, TEPUOL MOXKET
okasatbca menbie T'(k, m), kKak mokasbBaeT caepyrommi npumep. Ecaun k =
=32=2um=8 = 23 10 T(32,8) = 4. Onnaxo nepmox T = 2, Kak
MOKA3BIBAIOT BBITHUCICHU:

n|0]1(23]|4
T, |[0[1]10]1]0

EumcTBeHnOe HEOTeBUIHOE PABEHCTBO B dTok Tabmmme: 3° = 1 (mod 32).
OHO erkKo ycMaTpHUBaeTCA U3 Pa3JO0XKeHNA

B -1=3B-1DB+DE*+1)(3* +1).

Bce MHOXUTEMN B IPABOR ACTH Y€THHL, a 3 + 1 geanmTca ma 4.
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CHIENCTBUE 3. Ecauk = p{'py?-...-p¥. m :pflpgz-- A S |
das ecex i =1,2,..., 5, mo nepuod nocaedosamenvrnocmu a, = n" (mod k)
pbasew p1pa - - Ps-

5. 'EOMETPUYECKUE NPOI'PECCUU

W3 paccmoTpenus cTeneHHEBIX GYHKIME MOXET MOKA3ATHCI, 9TO TIEPUO/T
BCeraa CBA3aH ¢ MoayaeMm k. OaHAKO yXe A Coydad IMOKa3aTelbHbIX (DYHK-
i (WIM reOMEeTPUYECKUX IPOrpeccuu) a, = m™, m > 1, mepuoa He uMeeT
O‘IeBI/IrHHOI;,I CBA3U C MOAYJIEM.

[TOCKOMbKY CAEAYIOIMIAA LIEH TEeOMeTPUIECKON MPOTPECCUU OTHO3HATHO
OIIPEeAEIIeTCA IPEeALIIYIIAM, IEPUOAOM g, OyaeT Takoe HamMenbimee T > 0,
9aTo

mi(m? —1)=0 (mod k) (3)

MPU BCEX AOCTATOYHO GOJBIINX f.

Buatgame paccMoTpuM CIydam, KOTZa 1M B3aHMHO IpocTo ¢ k. B sTom
caygae T coBmajgaer ¢ nopadkom |[m] B xombue Zg, T.e. HAUMEHBIIUM IIO-
JOXKUTEABHBIM 9UCAOM T, mist KoToporo [m]|" = [1]. HanomuuMm, uro nopsaok
ABIAAETCA AETUTENEM KOIMIECTBA MCET, MEHBIINX &k W B3AWMHO MPOCTHIX C
k. 9To mocaexmee umcao obosHadaerca (k) m HaswBaeTcs @ywxyuetd Ii-
aepa. OyHknums Junepa 06JaTaeT CBOUCTBOM MYAbMUNAUKAMUBHOCTNY: IS
B3aMMHO IPOCTHIX Z, Y BbmoauaeTca p(xy) = ¢(x)p(y). Us cBourcTsa Myab-
TUTLTAKATUBHOCTH JIETKO BEIBECTH (fopmyay Itaepa

PP py” - pet) = 0 = et D05 — ) - 0 T,
rae p; — PA3IUIHBIE TPOCTLIE TUCTA.

Tockonbky T gemnr (k) To Brmonmaercs cpasrerne m?*) =1 (mod k),
KOTOpO€ Ha3BIBAaeTCA meopemoti Jiaepa. Eeam k — mpocroe, To (k) =
= k — 1 u TeopemMa ODuiepa MpeBPAIIAETCA B Maay meopemy DPepma:
mF~1 =1 (mod k).

Bee mpuBegennbie Boile (HPaKTHI XOPOLIO M3BECTHHI, M UX MOXHO HANTH
BO MHOIMX KHHTaX MO Teopum dYucern, ckaxem, B kuumre H.B. Axrydoson,
A. B. Ycrunosa «Aarebpa u Teopua ducen. COOpPHUK 3a1a9 MJIA MaTEeMaTAIe-
ckumx mkoi.», M.: MIOTHMO, 2002.

O6muit cryvan Jerko CBOAUTCA K yXe paccMoTpennomy. [Lis ao6oro ie-
aoro k > 1 momoxum k = pi"ps? - ... pSky, vae pi,pa,...,ps — Bce obume
MpPOCTHIE AeauTean m u k, a oy, o, ..., Qs — HAUOOJbIINE CTEIEeHH, B KOTO-
PBIX DTHU JEIWTENN BXOIAT B PA3IOKEHNE Kk HA TPOCTHIE MHOXUTEIN. B 1alb-
HeHIIeM IpousBegenue p'py?-...-pds Oyaer o6o3HavaThCa depes b(m, k) win
npocto 4epes b. Yucao k1 pasuo k/b(m, k).
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TEOPEMA 5. Ilepuod nocaedosameavrocmu ocmamxos r, = m" (mod k),
edem u k — Purcuposannsie yeavie wucaa, Goavwue 1, pasen nopadky [m]
6 Zkl-

TTOKA3ATENBCTBO. Ilockoasky b(m, k) ABaseTcsa npomsBeeHUEM CTETIe-
Hell TPOCTHIX SUCET, BXOIIAX B 1M, BCE TOCTATOYHO OOMBIINE CTEINEeHW 77
menarca ma b(m, k). Ho Torga us cpasmenma (3) saxmodaem, aTo m! —1 =0

(mod k).

IIpounarocTpupyem yTBepXjgeHHE TEOPEMbI 5 HA CJACAYIOIMIEM IpUMEpE.
Oycte £ = 12. Ecim m = 2, to k; = 4 u b = 4. Torga mepuoj mocaeao-
BATEILHOCTH OCTATKOB, MOJYYIAIOMINXCA Ipy AeaeHun ucena 2" Ha 12, pasen
2, Tak xak BurueT [2] umeeT mopsaaok 2 B Zs. Ecomm =3, to ki =4u b =3,
u Toraa nepmo nocaegoBareasuocTu 3" (mod 12) Takxke pasen 2, Tak Kak
BBIYET [3] mMeeT MOpaaoK 2 B Zy.

OrMerum, 91O Teopema 5 OOBACHIET, B 9aACTHOCTH, TOT (PAKT, 9TO KPH-
TepUU ACIUMOCTHU HA PA3HBIE IUCAA kK UMEIOT PA3HYIO CAOXKHOCTD: CAOKHOCTD
KPUTEPUs OLIpeNeJaeTcsa BeInduHon nopsagka sordeta [10] 8 Zy, . Hanpuwmep,
[10] mmeeT nopsgok 2 B Zy; v nopsaaok 6 B Zy.

6. Yucaa ®PUBOHAYYIU

HamomunM, 9T0 mocaegoBaTeabHOCTD dnces DuGoHa<an OnpeeaaeTca pe-
KYPPEHTHBIM COOTHOIIEHAEM

On4+2 = Op41 + ap

7 HadYaTbHBIME yeaoBuamu ag = 0, a; = 1. B cuny Teopemur 2 ama ao6oro
k ocTtaTkm 06pa3yoT MEPUOIUYUECKYIO MOCAEI0BATEILHOCTh. J3AMETHUM, UTO
ocrarky unces PubOHATIN YIOBICTBOPAIOT TOMY XK€ PEKYPPEHTHOMY COOT-
HOIIIEHUO TIO TI000MY MOIYI0. DTO MO3BOJAAET YIPOCTUATDH BEIMUCICHNUE LICHOB
MOCAEA0BATENHLHOCTH OCTATKOB. Kpome Toro, aobbie [Ba COCETHUX LIE€HA IO-
CeI0BATENBLHOCTH duces PubOHATIN MOJHOCTHIO ONPEAEIIIOT BCIO MOCIEI0-
BATEIbHOCTD: €CJAW U3BECTHBI “WIEHBI Uy, Umt1 TO, UCHOAB3YS PEKYPPEHTHOE
COOTHOIIECHNE, MOXKHO HAUTH HE TOMBKO Gyt 2, Gumt3, -« «y HO U Gyl G2,
..., IOCKOJIBKY U3 Qi1 = Gy + Qm—1 CAEAYET Q1 = Qm41 — Gm-

W3 nocaenuero 3aMedaHus cpa3y CAELYIOT IBa BAXKHBIX BBIBOMA!

a) ocmamku 06pas3yom nepuodudeckyo nociedo8amesbHocms, Nepevil
nepuod Komopot HaUUHGEMC A C UACHOB Gy U (1}

6) cywecmeyem beckoneuno mno20 wuces Pubonauuy, Komopvie Jeasmcs
Ha arboe zadannoe k.

Ilocmeguee yrBepk aeune orMetdeHo Takxke B kaure H. H. Bopo6sésa «Hu-
cra PuboraTINY.
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3aMeTuM, 9TO 4100ble 068G COCEIHUL UACHA NOCACIOBAMEALHOCTIU UUCES
DuboHaUUY 83AUMHO NPOCMBL. ITO YTBEPKACHAE YCTAHABIABAETCA C TOMO-
MBI METO/a MATEMATHICCKOW WHTYKIIN.

O6o3ra9uM Yepes m HOMEP BTOPOTo yucaa PuboHaT«Ir, KOTOPOE IeAUTCA
Ha k (mepBhIM sBasgeTca wmcao ag = 0). Yucao a,,—1 B3aMMHO IPOCTO C ayy,
B CWIYy CKa3aHHOTO BBINIE W TEM CAMBIM B3aMMHO TIPOCTO € k, TaK Kak a,
COIMIACHO HaleMy BBIGODY AeAMTCs Ha k. SHAYUT, BBIYET [Gy,—1| 0OpaTUM B
Z}., 0603HATUM 9I€pe3 P €ro MOPAIOK.

TEOPEMA 6. B 0603HaUeHUAT, 68CICHHBIT 8bIULE, NEPUOD NOCACI08AMEAD-
HOCTNU 0CMAMEKEOS, NOAYUAIOWULCE NPY dedenuts yuces DPubonauuu na k > 1,
paeen pm.

[OKABATEJNLCTBO. llepsnin nepuos HasmuaeTcs wucaavu 0, 1 u qomxen
koHYaThbCA wucaoM 1, Tak kak 1 + 0 = 1. O6o3HauuM 4Yepes T OCTATOK OT
MeJeHUust G—1 Ha k. Torma wmensr ¢ momepavu m — 1, m, m+ 1, m + 2 B
TIOCIeTOBATEILHOCTH OCTATKOB BBHITVIAAAT CAETYIOMMM 006Pa3oM:

r, 0, v, r, 2r (mod k).

3HAYUT, OCTATOK ¢ HOMepoM m + 1, 0 < ¢ < m moAydaeTcsa u3 OCTATKA C HO-
MEepPOM i YMHOXEHUEM Ha 7" U MOCIEAVIONINM B3ATHEM OCTATKA MO MOAYIIO k.
HOSTOMy nepean TpeTbUuM HYJEM B MMOCAETOBATECIBHOCTH OCTATKOB NOABUTCS
0CTATOK OT fexenud r2 Ha k. IIpogomxas gagblie, MOXHO 3AMETHTh, UTO HO-
CJIe TPETHET0 HYIA HAYAILHBIN OTPE30K MOCASNOBATEILHOCTH YMHOKAECTCA Ha,
r? (c moCIeAYIOUMM B3ATHAEM OCTATKa MO MOAyxio k) u T. 1. ClefoBaTensHo,
1 mosIBUTCs MEPBBIN Pa3 TEepe HYJAeM B MOCAEI0BATEALHOCTH OCTATKOB, KOT' 14
nepeq HyaeMm okaxercs [rP]. Tak kak BTOPOMY HYJIIO IPEAUIECTBYIOT 177 “THCET
¥ DTH 9MCIA yMHOXKAIOTCA TIOCISIOBATEIRHO HA T, 72, ... P!, 10 obmee wmco

qucen B IeprojJe PABHO MP, 9TO U yTBEPK JAIOCh.

Ilokaxem Ha mpuMepax, KaK BBHIMHUCAAETCA NMEPHUO] IIOCIeIOBATEILHOCTHI
octaTkoB wucean PubOHATYN, MOIYIAOUAKCA PN AETEHUN HA 9UCIO K.

Hycres k = 3. Bropou wien B mocaegoBaTensHOCTH ducen DubGoHaIIH,
KOTOpBIA jgeauTcsa Ha 3, umeer HOMep 4. [lpenbraymmu wen paser 2. Tak
kak 22 = 1 (mod 3), To mopagok »Toro wiena pasen 2. CoefoBaTeIbHO, HO
Teopeme 6 mepuo pasen 4 -2 = 8.

[l BerMmcaeHUA Tepuoga HeOOA3ATENBHO 3HATH BTOPOE HUHUCIO Gy, KO-
Topoe meruTcs Ha k. [locTaTOYHO 3HATH TOABKO OCTATOK Tpy—1 OT AETCHAA
Gm—1 HA K, TOCKOMIBKY OCTATKW CBA3AHBI TEM XK€ PEKYPPEHTHBIM COOTHOUIECHN-
eM, 10 u camu aucaa Pubonasrau. [IpogemMoncTpUpyeM CKa3aHHOE A IUCAA
k = 10. BoraucaseMm mocie0BaTeIbHOCTE OCTATKOB!

1012345678910 (11]12|13|14 |15
ry 1011111235813 |1(4|5]9]4]3 |70
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CrepoBaTensHo, m = 15 u ocTanoch HAUTH NOPAOK (7] B koable Zjg. Tax
Kak 72 3akamamBaeTca Ha 9, 7° — Ha 3, 7* — ma 1, mopagok pasex 4. IlosTomy
mepuon paser 15 - 4 = 60.

[Tpusegem Tabauiy 3uadeHun nepuoga aua k = 2, ..., 15. B sron Tabaure,
KaK ¥ BBHIIIE, — 172 O3HAYAeT HOMED BTOPOT0 WIEHA B TOCIeI0BATEThHOCTH Pu-
60oHAYYM, KOTOPBIN JEIUTCA Ha 3aJaHHOE Kk, Gy, — COOTBETCTBYIOUIEE YUCIO
dubonauum, p — HOPAAOK [am—1] B Zy, T'(k) — nepuos.

E|\m/| an |p|Tk)=mp
213 1/ 3-1=3
3 | 4 2| 4-2=3
416 2|1 6-2=12
515 41 5-4=20
6 | 12| 144 |2]12.-2=24
718 21 2| 8-2=16
8 8 2] 6-2=12
9 |12 144 |2]12-2=24
10)15| 610 | 4| 15-4=60
11110 55 |1|10-1=10
12 (12| 144 (2] 12-2=24
13] 7 13 |4 7-4=28
14124 | 46368 | 2 | 24 -2 =48
15120 | 6765 | 2| 20-2=40

ApTop rayboko Gmarogapen . A. lanbnepuny, THIATEABHO TPOYXTABIIE-
MY TMEPBOHAMAILHLIN BAPUAHT PYKOIUCH U CASJABIIEMY MHOTOUMCICHHBIE 3a-
MeYaHWUdA, KOTOpbIe ObLIN YITEHBI IPU LO0pabOTKe TEKCTa CTATBHU.
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