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PamMceeBckada Teopud y3/0B U 3allellIeHAN

B. B. IIpacoaoB M. B. Cxomnenkos

Teopema Pamces [8] sakmovaerca B caenyiomeM. IIycTs r-bieMeHTHBIE TOAMHO-
JKECTBa HEKOTOPOro N-3JeMEeHTHOrO MHOXKECTBA S pa3zbuThl HA ABA MOAMHOXKECTBA
a u f. Torga gas n06bIX TaHHBIX YUCEL D = © U ¢ > T HAUAETCsA 4ucio n(p,q,r)
(3aBuUCALIEE TOABKO OT P, ¢ U T), KOTOPOe 00AAAAeT CJACAYIOLMM CBOUCTBOM: €CIK
N > n(p,q,r), TO AUOO CYUIECTBYET P-BIEMEHTHOE MOAMHOKECTBO A B S, y KOTO-
pPOT0 BCe r-dJIeMEHTHBIE TOIMHOXECTBA JeXKAT B (, JUOO CYIIECTBYET ¢-DIEeMEHTHOE
MOAMHOXKECTBO B B S, y KOTOPOro BCE r-DJIEMEHTHBIE MOAMHOXKECTBA JeXKaT B [3.

Hampumep, usBecTHAs 320394 O TOM, 9TO B JIOOOU KOMIAHAU U3 6 IEJOBEK HAU-
OyTCsa auGO TPOE MOMAPHO 3HAKOMEIX, JUOO TPOEe MOMAPHO HE3HAKOMBIX, MOKA3LIBA-
er, 4ro B Kadecrse n(3,3,2) MOkHO B3aTh 4ucao 6. JelcTBUTeAbHO, MBL Pa3buBaeM
2-3JIEMEHTHEBIE TIOIMHOXKECTBA CICIYIOMUAM 00pPa30M: K (¢ OTHOCUM Maphl 3HAKOMBIX,
a K [§ OTHOCHM Taphl HE3HAKOMEIX, U MOAydaeM TpebyeMoe.

Paszauansie o6001enns TeopeMbl PaMces COCTARIAIOT TaK HA3BLIBAEMYIO TEOPUIO
Pamces; 9TON TeOpHUU MOCBSIIEHA KHUT [4].

[IpumepoM TeOpeMBI PAMCEEBCKOI'O THIA ABASETCS CAEAYIOUIee YTBEPXKIEHUE.
«/l1 KaxKIOro HATYPAIBLHOIO YUCAA 70 MOXKHO BHIOpaTh 4uciao N (3aBucsAmiee TO/Ib-
KO OT 7) Tak, 4To cpeiu ao0bx N TOYek, HUKakue 3 U3 KOTOPHIX He JeXKaT Ha
OHOU TIPAMOHU, MOXKHO BEIOPATH 7l TOYEK, ABIAIOIINXCA BEPITUHAMY BLITYKJIOT'O MHO-
royroapHuKa.y (10 — 3agada 22.7 u3 KHUr® [1]; MO XOAy peleHns HTOW 3aJadn
IOKa3BIBaeTCA Teopema Pamces.)

B mocmemuue TogBI CTAMM TOABIATHCA TEOPEMBI PAMCEEBCKOTO THUMA B TEOPUN
y370B 1 3anenneHudd. (Y3/bl v 3auemienus ObLIX TeMOU HOMepa 3-r0 Belmycka «Ma-
TEMATAIECKOTO IPOCBEIIEHUS»; K HEMY MOXHO OOPAaTUTHCA 33 HEOOXOAUMBIME OIpe-
penennavu.) IlepBas Teopema Takoro Tuma, JOKA3AaHHAS HE3aBACHMO 3akcoM [9] u
Konreem u T'opgoroM [3], 06cy) fanack B IpensIAyINeM BuITycke «MaTeMaTnaeckoro
npoceelneHnsy B crathbe [2]. Hamomuum ee dpopmymnpoky: «/lis 106000 BIOKEHUS
rpada Kg B TpexmepHOe MPOCTPAHCTBO B HEM HAWAETCSA Mapa 3AlEIUIEHHBIX UK~
aoe.» Konpen u I'opaon mokasanu Taxxke, 94TO Aj1d Jaoboro Bioxkenus rpada Kr B
TPEXMEPHOe NPOCTPAHCTBO B HEM HAUAETCS HETPUBUAIBHBIA y3ed. (3mech u pajee
MCTONB3YIOTCA CIeAVIONe CTaHAapTHBIE obo3HateHws: K, — rpad ¢ n BepunHa-
Mu, JH00bIe TBEe M3 KOTOPBIX COSINHEHR PeOpPOM, TaK HA3KIBAEMEBIN NoaHbll rpad ¢ n
BepruuHaMu; Ky, , — I'pad ¢ n BepIIMHAME OFHOI'O LIBETA K 1M BEPIIMHAMU LPYIOIO
uBeTa, npuyeM JioOLle ABe BEpPIIMHLI PasHOro LBsera coesuHensl pe6pom.) IIpumep
[IPUMEHEHUs: DTUX TeopeM puBegén B crarbe [10].

B mamen crartbe o6cyxgaioTcs ciegyiomue ase 6ojee oblye TeOpeMEl PaMCeeB-
CKOT'O TUIA O BO3MOXHOCTH BINCATL TAHHBIA y3ea (3allelieHne) B MPOU3BOJIbHLIN

MaTemaTu4eckoe npoceewerune, cep. 3, sein. 9, 2005(108-115)
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Puc. 1. IoaoxureasHbiy HA00P TOIEK

HA0Op TOYEK B MPOCTPAHCTBE, KOTOPBIA COAEPKUT TOCTATOUHO MHOIO TOYEK B 06-
eM HONOXKeHUHU (9T0 03HAYAeT, YTO HUKAKKUE 4 TOYKY He JeXKAT B OLHOU IIOCKOCTH).
ByneMm roBopuTh, YTO TAHHBIA y3eJ 6NUCGH B TAHHOE MHOXKECTBO TOYEK B TPEXMEP-
HOM IIPOCTPAHCTBE, €CIM CYIIECTBYET 3aMKHYTasd JOMaHad ¢ BepUIMHAMU B TaHHBIX
TOYKAX, IPENCTABIAIONIAA TaHHbIN y3ei. [ 3alemieHu onpeneaenne aHaJlornaHO.

TEOPEMA 1. (Heeamu [6,7]) Jas 406020 y3aa (3ayenienus) moxcno 6ui6pamo
namypasvroe wucao N mak, wmo 6 a060e muoxrcecmso u3 N mouex 6 obuyem noao-
scenun 6 npocmpancmee R3 moscno enucamv dannwiii yzea (zayenaenue).

MoxHo Taxxke pacCMaTPUBATH MHOXKECTBA TOYEK, PACKDAIIEHHBIX B IBA IIBETA, U
[IPU 3TOM PACCMaTPUBATH TOJIBKO JOMAHBIE, BCE 3BEHbA KOTOPHIX UMEIOT DA3HOIIBET-
Hble BepIIUHBLL. B TakoW cuTyanuu BEPHO CJAEIYIOIIEE YTBEPKICHUE.

TEOPEMA 2. (Muéuu [5]) Jdas 4106020 y34a (30yensenus) morcHo 8u16pams Ha-
mypaavhoe wucao N max, wmo 6 aboe muosncecmeo N kpacuvlx u N cunur mouex
6 0OWEM TOAONCEHUL MONCHO 6NUCAML danmublll y3es (3auensenue).

Teopema Heramu odeBuaubsiM 0o6pasom ciegyer u3 TeopeMbl Muétun. Ho, kax aTo
qacTO OBIBAET, YIOOHEe MOKA3BIBATL UMEHHO TeopeMy Mwuéunu. B sTom mokasarers-
CTBE BAXKHYIO POJIb UTDAET MOHATHE NOAOHCUMEAbHO20 HAOOPA TOUeK. ITOOB! ompe-
[IEIUTH 3TO MOHATHE, MbI (PUKCUPYEM INIOCKOCTh, HA KOTOPYIO BCE IPOEKINN TAHHOT'O
HA0Opa TOYEK PA3IUYHBI U PU DTOM BCE TOYKH HAOOPA JEKAT BBHIIIE DTOU ILI0CKO-
cru, u 6yaeM PacCMAaTPUBATH IPOEKINY OTPE3KOB, COEQUHAONINX JAHHBIE TOYKM, a
[ TIEPECEKAIONIMXCA OTPE3KOB OyleM OTMeYaTh, KAKOW M3 HUX MPOXOJUT BHIIIE.
Ha6op u3 7 KPACHBIX TOYEK U 7 CHHUX TOYEK (B OOMIEM TIOJOKEHWN) HA3BIBAIOT TIO-
JIOXKUTEJIbHBIM, €CIN A JIOOBIX ABYX CUHUX TOYEK B, By u J06BIX IBYX KPaCHBIX
Touek Ry, Ry npoekiuu orpeskoB Bi Ry u Bs Ry win npoexniuu orpeskoB B Ry u
By Ry nepecekaioTcsi BO BHYTPEHHEU TOYKe, IPUYEeM IIPY JBIKEHUN OT CUHET'O KOHIA
K KPACHOMY TIO OTPE3KY, KOTOPBIM TTPOXOAUT BLINIE, CAHUYN KOHEI] HUKHETO OTPE3KA
ocTaercsa crepa (puc. 1).

Cxema jgokaszaTenbcTBa crefyiomasa. CHavama MOKasbIBaeM, ITO LI JOOOTO 1
MOXHO BeIOpaTh N = R(n) Tak, 9T0 u3 moboro Habopa N cuHux u N KpPaCcHBIX
TOYEK MOXHO BLIODATH N CHHUX U 1 KPACHBIX TOYEK, OOPA3YIOMINX MOJOKUTEILHBINA
(unu orpunarenbHbl) HAGOP. 3aTEM LOKA3BIBAEM, UTO HIOJOKUTEALHLI HABGOpD TO-
YeK MOXKHO HepeBecTy (Tak, 4TOOBL B IPOLECCE ABUNKEHUS TOUYEK COELUHSIOLINE UX
OTPE3KM He MepeCeKATNCh BO BHYTPEHHUX TOYKAX) B CTAHIAPTHOE MOJOKEHWE, A
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KOTOPOTr'O €CTh ABE CKPENMBAIONIMECA IPAMBIE, CUHAA U KPACHAA, U BCE CUHUE TOIKH
JeXKAT HA CUHEU TPAMOMU, a BCe KPACHBIE TOYKN — Ha KpacHou. Hakowuer, 1oka3biBa-
eM semmy 0 06yr cnuyaz'): 1s MOGOTO yama (3AlEIUIEHIA) MOKHO BBHIGDATH HHCIO
7 TaK, 9TO JAHHBIN y3€a (3ALeIUIEHNE) MOKHO BIMCATH B MHOXKECTBO U3 1l KPACHBIX
TOYEK Ha KPACHOU IIPAMOHU K 1 CUHUX TOYEK HA CHHEU IIPAMOMH.

1. BBIBOP HOJIOXKUTEJILHOTI'O ITOAMHOXXECTBA TOYEK

HazoBem HAGOP 1 KPACHBIX U 7 CHHUX TOYEK B TPOCTPAHCTBE B OOIIEM TIOJIOKEHNN
HEUMPaAbHbIM, €CIU TPOEKIINK Ha BLIJEICHHYIO INIOCKOCTH JIOOBIX IBYX OTPE3KOB C
PA3HOLUBETHBIMY KOHUAMY HE [EPECeKaoTCs (BO BHY TPEHHUX TOHUKAX).

Jlerko BugeTh, 9T0 ecau n > 3, TO HAOOpP TOYEK HE MOXKET OBITH HEUTPAILHBIM.
JleICTBUTEILHO, IPEAIOIOKNAM, YTO Ha IIOCKOCTH 3aJaHEl cuaue Touku B, By, Bs
u KpacHbie TOUku Ry, Ry, R3 (B 06IIeM MOIOKEHWN) TaK, YTO OTPE3KU € PAZHOIBET-
HBEIMY KOHIIAMU He IIEePECEKAIOTCSA BO BHYTPEHHUX Toukax. lorga Ry By R BoR3 By —
3aMKHYTasA HECAMOIEPECEKAIOIIAACA JOMAHAsA. JIerko BIAETL, YTO [0 KPAUHEH Mepe
aBe u3 muaronanen Ry By, Ry B3 u R3 By jexar BHyTpu »ToU JoManou. [leicTBuren-
HO, MyCTh, HATIpUMep, AuaroHats R B, Buemmas. Torga Bce TaHHBIE TOYKU JEKAT
O OJHY CTOPOHY OT TpAMOu R Bs, a B TakoMm caydae nuaroHamm RoBs m Rz B
BHYTpPEHHUE. JTU BHYTPEHHUE MUATOHAIN MMEPECEKAIOTCSA, IOCKOIBKY TOUYKY Ry u Bj
JIEXKAT MO PasHble CTOPOHHLI OT nipsaMon R3B;. [lpuxoauM kK nmpoTUBOpEUUio.

Takum 06pa3oM, ZOCTATOYHO NOKA3ATL, YTO 044 4100020 N MONCHO 6bIOPAMDb
wucao R(n) max, umo woboi nabop R(n) cumuz u R(n) xpacnoir mouex obuyezo
NOAOHCEHUA COOEPHCUM AUOO NOAOHCUMEALHBIE, AUO0 ompuyamessubit, Aubo Het-
MPOaALHBIE HAOOP N CUNUT U N KPACHbIZ Mmouek. [lJaa DTOro HaM HyKeH HeOOTBION
DKCKYPC B PAMCEEBCKYIO TEOPHUIo rpadoB.

TEOPEMA 3. Jas a10661x My, Mo, M3 u N1, No, N3 MOHCHO 8bI6PaMb wUCA0 R =
= R(m1,n1,ma, N, M3, N3) MAK, 40 04k 400607 PACKPACKU MPEY20AbHUKOE C 6ep-
wunamy 6 B — 1 cunux v R xpacwviz moukar ysemamu 1, 2, 3 das mexomopoeo
UBENA T MONCHO BbLOCAUWMD T KPGCHLIL MOYEK U Ny CURUL TMOUEK MaK, 4Imo 6ce
MPEY2OAbHUKY C BEPULUHAMY 8 BbLOCAEHNBIL MOUKAT UMEITN YEEM 1.

[lna moxa3aTeasLCTBA DTOU T€OPEMEBI HAM TIOHATOOATCA OOTee TPOCTHIE YTBEPK Ie-
HUA O PACKPACKAX IPa(OB, KOTOPHIE MBI CENIAC TOKAKEM.

TEOPEMA 4. a) Jas aobviz m u n modcno evibpams wucao R = R(m,n) max,
ymo das m00601 packpacky pebep noanozo epagda Kg 6 dea yeema moxcno svidesumn
au60 nodepad K, ¢ pebpamu nepsozo ysema, aubo nodepad K, ¢ pebpamu 8mopoz2o
YBEMA.

6) Hdasn awobviz I, m u n moxcno svibpams wucao R = R(l,m,n) max, wmo das
o001 packpacku pebep noanozo 2pada Kr 6 mpu ysema moxcno svideaums aubo
nodepag K; ¢ pebpamu nepsozo yeema, aubo nodepad K,, ¢ sepwunamy 6mopo20
ysema, aubo nodepad K, ¢ eepuunamu mpemve20 ysema.

D06 sroit nemme Mol y3uaam or V. IbHHIKOBA.
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JOKABATEJBLCTBO. a) fcuo, 4T0 B KadecrBe R(m, 2) MOXHO B3ATH 1, IOCKOJb-
Ky 60 BCce pébpa MepBOro IBeTa, J100 €CTh XOTA ObI OTHO PeOpPOo BTOPOTrO IIBETA.
Ananormaso B kavectre R(2,n) MOXKHO B3aATh n. Ecam xe m,n > 2, To

R(m,n) < R(m —1,n) + R(m,n —1) + 1.

[MencTuTenbHo, paccMoTpuM noanbm rpad ¢ R(m—1,n)+ R(m,n—1) + 1 Bepmmna-
MU ¥ BHAeTuM B HEM Bepruuny A. U3 mee seixogut R(m — 1,n) + R(m,n — 1) pedep,
noPTOMY 13 Hee BeixoauT aubo R(m—1,n) pebep nepsoro usera, 6o R(m,n—1) pe-
6ep Broporo usera. [lycrs nias onpenenennocty us Bepumusl A Berxogur R(m — 1,n)
pebep mepeoro msera. Torna B moaHOM rpade ¢ BEPIIMHAMU B KOHIAX 3TUX pedep
(oTimuHBX OT A) MOXHO BHIAEAUTH JUOO MOJHBIA moarpad ¢ m — 1 BepmmHAME,
BCE PE6PaA KOTOPOTO MMEIOT MEPBEIN IIBET, JUOO TOJHLIA NOATPad ¢ 7. BEPITMHAMU,
BCe pé0pa KOTOPOr0 MMEIT BTOPOU IBET. BO BTOPOM ciydae MBI YK€ MOIYYUUINA
TpebyeMoe, a B MEPBOM CJIyYae K BBLIEJIEHHBIM 17 — 1 BepIIMHAM HYXKHO I00aBUTH
Bepuny A.

6) IIpexge Bcero samerum, 4yro R(2,m,n) = R(m,n), 1ockoIbKy b0 ecTh ped-
PO TEpBOro mBeTa, b0 Bce PEOpa MMET BTOpou wim Tpetun mser. [laree, ecan
l,m,n>2 to

R(,m,n) < R(I—1,m,n)+ R(,m —1,n)+ R(l,m,n —1).
OTO AOKA3KIBAETCS TOYHO TaK ¥e, KaK W YTBEPK/EHNE a).

Tenepnr MBI TOTOBH K JOKA3ATEILCTBY TeOpeMbl 3. [IpuMeHrM MHIYKIWIO O
S ni+ Y. m;. Ecm m; = 1 mwm n; = 0, TO I0KA3BIBATH HEYETO, MOCKOIBKY i-€
MHOKECTBO PACCMATPUBACMEIX TPEYTOMLHUKOE MyCTO. JJOKAKEM Temephb, UTO

R(my,ny,ma,na,m3,n3) < R(l,m,n) + 1,

rae R(l,m,n) — qncao us Teopembl 46) maa | = R(mqi,n1 — 1,mse,na, ms,n3),
m = R(mi,n1,ma,ns — 1,m3,n3) u n = R(my,n1,ma,ne,mz,n3 — 1). [lencrsu-
TEJIbHO, PACCMOTPUM MOJHBIA Tpad € BEPUIMHAMEU B KPACHBIX TOYKAX U OKPACHM
KaxJoe ero pe6po R; R OZHIM U3 TPeX IBETOB B COOTBETCTBUHU C IBETOM TPEYTOIb-
muka B R;R;, rae By — ¢ukcupopanHas cuHas sepumHa. K sToMy rpady mMoxuO
IpUMEHUTH Teopemy 46). B pesyabrare momaydnm, HAIpUMED, 9TO MOXKHO BBLICIUTD
R(m1,n1 —1,ma, na, m3, n3) KpacHLIX BEPILIUH TAK, 9TO BCE COCAUHAIONINE UX PEGPA
OKPAIIeHEl NEPBBIM I[BETOM. BBIOepeM IIPOM3BOJILHO €IIe CTOABKO XK€ CHHUX TOYEK,
otauuubx o1 Bi. Ilo npenmonoxeHuo HHIYKIUY BO3MOXKHEL TPH BAPUAHTA:

1) MOXHO BHIOPATE 1M1 KPACHBIX TOYEK U N1 — | CHHUX TAK, 9TO BCE TPEYTOJbHAKY
¢ BEPIMMHAMY B BHIOPAHHBIX TOYKAX UMEIOT TEPBHIU IIBET;

2) MOXHO BBIODATH 1My KPACHBIX TOYEK U 7l CHHUX TAK, YTO BCE TPEYTOJIbHUKA
¢ BEepIIMHAMY B BEIOPAHHBIX TOYKAX MMEIOT BTOPOU IBET;

3) MOXKHO BBIOPATH M3 KPACHBIX TOYEK W N3 CUHUX TAK, YTO BCE TPEYyIOILHUKU
¢ BepIIMHAMU B BEIOPAHHBIX TOYKAX MMEIOT TPETUU LBET.

B mepBoMm cayvae K BRIODAHHBIM TOYKAM A00aBIgeM TOYKY B, a B AByX OCTaJb-
HBIX Cpa3y Xe IoaydaeM Tpebyemoe.

Tenepr MBI ykKe MOXKEM AOKa3aTh chopmyaupoBaHHOe HA c. 110 yTBepxkaenue:
I/ E060T0 N MOKHO BHIGpaTh dmcio R(n) Tax, ¥to ao6on HaGop R(n) cuHUX n
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R(n) kpacHBIX TOYEK OOLIErO HOJIOXKEHUS COAEPKUT AUOO0 IIOJOKUTENBLHBIN, J100 OT-
PUIATENILHBIN, 00 HEUTPATLHEIN HAGOD 7 CHHUX W 7 KPACHBIX Todek. [las aToro
TTOKPACAM KXk bl TeTpasap suaa By ByRi Ry B 01WH M3 TpeX MBETOB B COOTBET-
CTBUU C T€M, MOJOKUTEIbHA, OTPUIATEIBHA, WM HEUTPATbHA deTBepKa B, Ba, Ry,
R,. Hyxuo goxasarb, 9T0 LI KaxKAOrO 71 MOXHO BhIbpaTh uuciao R(n) tak, dro
npu JIoO0U TAKOU PACKPACKE MOXKHO BBIJEIUTDH 7 CHUHUX U 7. KPACHBIX TOYEK TaK,
9TO BCEe TETPA’APHL C BEPIINHAMYA B BBIJEJEHHBIX TOYKAX OKPAIIEHBI OLHUM LIBETOM.
OTO JOKA3BIBAETCS AHAJOTUYHO TeopeMe 3.

2. CTAHIAPTHBIA BUJ HOJIOYKUTEJBHOTO HABOPA TOYEK

JokaxxeM, 9T0 1000H MOJOXKUTEILHLIN HAGOP 1 KPACHLIX U 12 CUHUX TOYEK MOK-
HO [I€DPEBeCTU B CTAHIAPTHOE HOAOKeHHe (TaK, YTOOBL B [IPOLECCe IBUIKEHUs TOUEK
COEIUHAIINE UX OTPE3KA HE MEPECEKATNCH BO BHYTPEHHNX TOYKaX). [laa 5T0ro Mbr
CHAYAA MOCAENOBATEIBLHO JOKAXKEM HEKOTOPHIE CBOMCTBRA MOJOKUTEILHBEIX HAGOPOB
TOYEK.

1) Bce npoexiuu CHHUX TOYEK Jexar IO OLHY CTOPOHY OT HPOEKLUM JI0OOK
[PAMOU, COENUHSAIOMEN APy KPACHBIX TOYEK.

IIpeanonoxuM, IT0 TPOEKIIUKN CUHUX TOYeK B1 u By JexaT 1o pasHble CTOPOHBI
OT TPOEKIIUHU TPAMOU, COETUHAIOIIEN KpacHuble Touku Ry u Ry. Torga mpoekuuu o1-
peskoB By Ry u By Ry He nepecekaroTcs 1 mpoekiuy oTpe3koB By Ry u By Ry Toxke He
[IEPECEKAIOTCHA. JTO IPOTUBOPEIUT ONPEIEJEHUIO IOJOKUTEILHOr0 Hab0opa TOYEK.

Bygem roBoputsk, uto R > Rs, eciu npu aBumxkeHuu oT R K Re mpoekiuu Bcex
CHHUX TOYEK OCTAIOTCS CIPABA.

2) Ecm Ry > Ry mw Ry > R3, T0 Ry > Rs.

IIpeanonoxum, uro Ry > Ry > R3 > Ry, u npugeMm x npotusopequuto. [lo npexano-
JOXKeHuo npu 06xoae npoekiun Tpeyroasauka Ry Ry R3 Bce cruHEE TOYKKM OCTAIOTCA
cupasa. JIerko npoBepuThb, 9TO 3TO BO3MOXKHO JIUIIL B TOM CIydae, Korga 06Xo1 mpo-
UCXOAUT TIO TACOBOU CTPEIKE W MPU DTOM MPOEKITUN BCEX CUHUX TOYEK PACTIONOKEHET
BHYTpU TpeyroabHnka R Rs R3. CuHUX TOYEK y HAC CTOJBKO €, CKOJBKO KPACHHIX,
MO3TOMY €CTh [0 KPauHen Mepe ABe cuHue ToYKY. [IpoBenem depes ux mpoeKnun mps-
mymo. [Ipoexmun 1B8yx um3 kpacubix To4ex Ry, Ro, R3 jsexaT 0o pasHole CTOPOHBI OT
DTOU MPAMOM, X MEI IIOJIy 9aeM [IPOTUBOPEYne, KAK U IPHU JOKa3aTeAbCTBE CBOUCTBA, 1.

3) Ilycte mpoekmuu oTpeskoB Ry By u Ry By mepecekanTcsa, mpudeM OTPE30K
Ry By nexur Boine (Huxke) orpeska RoBy. Torma Ry > Ry (Ry < R»).

IIycts orpesok Ry B; nexur Boime orpeska Ry By, PaccmarpuBaembin HaGop TO-
Y€K IOJIOXKUTENEH, IOXTOMY Ipu gerkenun 0T By k Ry npoexuus Touku By ocraercs
CIeBa. SHAYNT, Ipu ABmkeHnn oT Ry k Ry Touka B, octaercs cipasa, T.e. Ry > Rs.
Cayuan, xorga oTpe3ok Ry By mexxuT Hmke orpeska R Bs, pacCMaTpUBAETCA aHATO-
TUYHO.

4) Kpacuble u cuHUE OTPE3KU MOXKHO 3aHyMepoBaTh TakK, 4To ecau i < j u k # 1,
TO 6O mpoeknmu oTpeskos ;B m R;B; me nepecekaioTcs, aubo oTpe3ok R DBy,
JICXKUT BBINIE OTpeska [ 5.
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CoriacHo CBOMCTBY 2 KpacCHLIE TOYKM MOXKHO 3aHyMepOBaTh Tak, 4To By > Ry >
<+ > R,. CBONCTBO 3 IOKA3LIBAET, UTO T HyMEpaIlua — UCKOMas.

Bocnoab30BaBmmcs CBONCTBOM 4, MOJOXKATEILHLIN HAOOP TOYEK JErKO IPUBECTH
K CTaHIapTHOMY BUIY. JAHYMEPYEM KPaCHLIE TOYKM TaK, KAK YKA3aHO B 3TOM CBOU-
cree. OTpesku ¢ kounoM Ry Jexar BEIIeE BCEX IPYIUX OTPE3KOB, IOSTOMY TOYKY Ry
MOXKHO HOAHATH CKOJIb YI'OZHO BBEICOKO (HA[ ILIOCKOCTBIO IPOEKLMM). 3aTeM TOUKY
Ry MOXHO MOZHATHL HAMHOI'O BHIIIE BCEX TOYEK, KPOME IEpPBOHM, W T.A. llpm nToMm
MOXKHO T03a0OTUTLCA O TOM, ITOOB TOUKM Rs, ..., R, monamn #Ha mpamyo R Rs
(3Ty IpAMYIO MOXKHO BEIOpPATH 3apaHee, HAIPABUB €€ MOYTH BEPTUKAILHO).

Kpacuele TOYKE Temeph pacCIONOXKEHB TAK, KaK HyxXKHO. llocae »TOro ocraercs
IIOBTOPUTH TO XK€ CaMO€ I CAHUX TOYEK.

3. JIEMMA O IBYX CIMIAX

JlokasaTeahCTBO JeMMBI O ABYX CHUIIAX HAYHEM C TOT'O, UTO BHIOEpEM 1 TaH-
HOT'O y3Ja JUarpaMMy, KOTOPas MPEACTABIAET COOOU JOMAHYH CO 3BEHBAMU MBYX
HANPABJEHUNA — TOPU3OHTAIBLHOIO U BEPTUKAILHOTO. DTOrO JErKO TOOUTHCSA, aml-
MPOKCUMUPYS TMIAAKYI0 KPUBYIO JOMAHOU C T'OPU3OHTAJLHBLIMU U BEPTUKAILHBIMU
3BEHbAMU.

3aTeM Kax BN MEPEKPECTOK, Ha KOTOPOM TOPU30HTATLHOE 3BEHO MPOXOJAUT HU-
K€ BEPTHUKAJBLHOTO, mpeodpasyeM Tak, Kak mokaszano Ha puc. 2. [locme »Toro Met
MOAYYIAM [JUArPAMMY C BEPTUKAJBHBIMU U T'OPU3OHTAJBHBIMU 3BEHBAMU, Y KOTO-
POI HA BCEX MEPEKPECTKAX TOPU3OHTANBHBIE 3BEHbA IPOXOISIT HAJ BEPTUKATLHBIMU.

=il

- I
Puc. 2. IIpeobpaszoBanne mepeKpecTka

MaJabM 1eBeeHneM AMArPaMMBI MOXHO AOOUTHCA, ITOOB HUKAKWUE IBA TOPU-
BOHTAJLHBIX 3BEHA AMArPAMMBI HE JEXKAIA HA OJHOU MPAMOU W HUKAKUE [BA BEPTHU-
KAJIBHBIX 3BEHA TOXKE HE JeKAIN HA OTHOU MPAMOMU.

Moy ueHHOMY (IPAMOYTOILHOMY» IIPEICTABICHUIO Y3/1a COIIOCTABAM Y361 HA IBYX
cnunax caeayommym obpaszom. llyers x4, ..., £, — KOOPAUHATHI BEPTUKAIHHBIX 3BE-
HBEB, & Y1, - .-, Yn — KOOPAWHATH TOPU3OHTAJIBHBIX 3BeHbeB (puc. 3a). (Komude-
CTBO TOPU3OHTAIBHBIX 3BEHBEB, KAK W KOMIUYECTBO BEPTUKATLHBIX 3BEHLEB, B JBA
pasa MeHblle Koaum4decTBa Bepud.) [IpoBegeM MOPU3OHTANBHYIO IPAMYIO U BEPTHU-
KAJIbHYIO IPAMYIO TaK, YTO0BL BEPTUKANLHAA IpsaMas npoxoauia soiue (puc. 36). Ha
POPU3OHTAIBHOU MPAMOU OTMETUM TOYKKA C KOOPDAUHATAMHA L1, ..., Tp, & HA Bep-
TUKATHHOU TIPAMOUN — TOYKU € KOOPAUHATAMUA Y1, ..., Y,. 1lapy TOUEK HA PABHBIX
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(0)

Puc. 3. Yser Ha ABYX crimImax

IPAMBIX MBI COEIUHAEM OTPE3KOM, €CAU CYyIECTBYET BEPIINHA AMATPAMMEL C KOOP-
gunaramu (;,Y;). Beero moaydaem 2n OTPE3KOB: M3 KaKJOM OTMETIEHHON TOYKH
BEIXOZAT ABA OTPE3KA.

OcTaeTcs MOKa3aTh, YTO MOMYYEHHBIN B PE3YIbTATE Y36, HATAHY THIN Ha, IBE CIIN-
IIbI, — DTO UCXOMHBIN y3el. JTO JErKO CIeIaTh, €CJIU PACCMOTPETD TOMYILIOCKOCTH,
MIPOXOIAIIAE IE€PE3 BEPTUKAILHYIO IPAMYIO ¥ OTMEYEHHLIE TOYKHA HA TOPU3OHTAID-
HOI IpAMOU (BMECTE HTU HOLYILVIOCKOCTH IIOXOXKHU HA CTPAHULLI PACKPBHITON KHUIK).
Mer moxkeM CBOGOAHO MePOPMHPOBATE OTPE3KU B KAXKIOU MOJIYILIOCKOCTH, W 3TO
MO3BOJAET MOIYIUTE MPAMOYTOIBHOE TPEACTABICHNE yaaa. [[eNCcTBUTENBHO, CHAYATA
B KaXKJIOU PACCMATPUBAEMON TOIYIUIOCKOCTU TPOAedhOPMUAPYEM COOTBETCTBYIOIIYIO
[apy 3BEHBEB TAK, KaK IOKA3aHO Ha puc. 4. 3aTeM yOepeM OTPe3KH, KOTOPBIE IIPO-
xogATca ABaxkanl (puc. 5).

Puc. 4. /le¢popmanius napel 3BeHHEB Puc. 5. Jlumane oTpesku
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