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Teopema Hemmana o MuHUMaKce —
00Ien3BeCTHAA I HENM3BECTHASA

b. P. ®penkun

Teopema HerMana 0 MUHMMAaKCE TIO TIPaBy CIUTAETCA KITOYEBBIM PE3yIbTa-
TOM TEOpPUHU WIp, HO PACIPOCTPAHEHO MHEHHWe, u4TO HelMaH NOKa3al ee JIWIIh
OA OMIMHEMHOrO CIydas, OPUIeM CJIOXKHBIM CIOCO00M. B mencTBHTEILHOCTH
Hemmvan gokasaa >Ty TeopeMy AIA IITPOKOTO KIACCA (DYHKIWHA, C 9eM U CBA-
3aH €r0 METOJ — MPO3PAYHLIA 10 UAee, POACTBEHHBIN NOKA3ATEeJbCTBAM IIeJI0-
o pAfa HNOCIeAyIOmUX OGOOWEHNI 1 IO CyTH CBOEHW TomoJormdeckui. 1lo Tou
Xe TPUHIUNUATLHON CXeMe NOKa3blBaeTCA W TeopeMa XaHna— Bamaxa. Kak wma-
BECTHO, APYTOU MOAX0 K T€OPEeMe 0 MUHUMAKCE CBA3AH ¢ Teopemon Kaxyranu,
IIEPBOHAYAIBHO TAKXKE HMOLYIeHHOU (B apyrux Tepmuuax) Henmanowm; B 3ameTke
TMPUBOAUTCA HAamGOIEe TPOCTOE ee NO0KA3aTerbLCTBO, MpuHa ATexkamee KakyTann.

1.
28 mekabpsa 2003 r. ucnomamnock 100 met co gua poxaenus [lxoma (Hmoma,
Noranna) ¢pon Hemmana — OgHOrO M3 BEIMYANIIAX MATEMATHKOB XX Beka. Emy

MPUHALIEKAT OCHOBOMOJATAIOIINAE PE3YILTATEL BO MHOIMX OOJACTAX, U OJHUM W3
[IEPBLIX CTaJa TEOpeMa O MUHMMAKCE, TOKA3AHHAS B ero craThe ,Zur Theorie der
Gesellschaftsspiele“, Mathematische Annalen, 100 (1928), 295-320 (pycckuit nepe-
Bof [3]). HosBreHure 5ToN pabOTH CINTACTCA MOMEHTOM POXKIEHUsS TEOPUN UT'D KaK
CAMOCTOATEILHON MATEeMATUYIECKON AUCIUILINHEL. HenMmas chopMyampoBan OCHOB-
HbIe TOHATUA TEOPUU UCD U MOCTAHOBKY €€ 33134, J0Ka3aJ €€ KIIUEBYI0 TEOPEeMY,
KOTOpAs 3aTeM MOIYYUIa PA3sHOOOpa3Hble IpuMeHeHus u 0606menuns. O HAKO uMeH-
HO NPUHIUIUAILHAS HOBU3HA DTOI0 PE3yIbTaTa IPUBEJAA K TOMY, ITO HEPEIKO OH HE
BOCTIPUHUMAJICA B TIOTHOM OOBEME — DTO OTHOCUTCA U K OOIMIHOCTYU (POPMYIUPOBKH,
U K METOAY JOKA3ATeIhCTBA.

MOXHO BCTPETUTDL yTBEPK ACHUA, 9TO MEPBOHATAIBLHOE TOKa3aTeIbCTBO Hemmana
UBIUIIHE YCIOKHEHO. VICTOYHUKOM TAKOU OIEHKHU CIYXKUT HE YTO MHOE, KAK KHUTA
Heumana u Moprenwrepna [4], rge wa c. 178 rosopurcs caegyiomee: «/Jokazarens-
CTBO HALIEU TeOPeMbI, IPUBEJEHHOE B IEPBOU cTaThe [T.e. crarbe 1928 r.], 10BoJbHO
3AMyTaHHBIM 00PA30M UCIOIBL3YET ATMapaT TOMOJOTUN U Teopun (pyukiuny. Uaorga
MOJArai0T TaKKe, 9TO pe3yapTar HemMana OTHOCUTCA TOMBKO K OUINHENHBIM (DYHK-
M. (OJHAKO HEOGXOAUMO OTMETUTH, ITO, Hanpumep, Kaxyranu [9] popmyaupy-
eT — U JOKA3LIBAeT CBOMM MeTonoM — Teopemy Henmana B mosunon obwmocru.) s
OWJIMHENHOTO CIy9asi BIOCIEACTBAN MOSBAIACH OOJEe DJIeMEHTAPHBIE JOKA3ATEAbCTBA,
YeM B JEUCTBUTEILHOCTH ¥ BHI3BAHO IUTUPOBAHHOE 3aMEUAHUE.

MaTemaTu4eckoe npoceelerue, cep. 3, Bein. 9, 2005(78-85)
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Ha camom nene Hemman moxasan TeopeMy 0 MUHMMAKCE B rOpa3ao Gobmen o6m-
HOCTHU: A4 PYHKINN, KOTOPHIE HEMPEPHIBHEL HA, TPAMOM TTPOU3BEICHUN CUMILIEKCOR,
KBa3WBOTHYTH HA OJHOM U3 HUX ¥ KBA3UBLIMYKJKl HA IPYTOM, TPUYEM CAMILIEKCH B
DTOM MOKA3aTEJbCTBE MOXHO 3AMEHUTH TPOU3BOJbHBIMY BHIMYKJILIMA KOMIAKTAMUA B
KOHEYHOMEPHOM BermecTBenHoM npocTpanctse (cu. . 3)Y. Teopemon Heiimana oxsa-
TBLIBAETCA, B 9ACTHOCTH, NOMY/IAPHLIA BIOCAEICTBAYN CIyIall HENPEPLIBHEIX BOTHYTO-
BBILYKIbIX (DYHKITAL.

Nmenno ¢ O6IHOCTBIO pe3yabTaTa W CBA3aH MeTon Henmana, IpO3PAIHBEIA TI0
ujee U POLCTBEHHBIN NOKA3ATEeJALCTBAM DAL HO34Henmux 0006mwenunt (cm. o, 3, 4).
C apyrou CTOPOHBI, 60OIEE BIEMEHTAPHLIE JOKA3ATEALCTRA 1A OUINHEUHOTO CIydasa
(cM., mampumep, [4, c¢. 163-167, 178-179]) ommparoTcsa Ha TeOpeMy O Da3IesroIen
(unm OMOPHON) TUMEPILIOCKOCTH, TECHO CBA3AHHYIO ¢ TeopeMon Xana— Bamaxa. On-
HAKO aHAIM3 MOKA3ATENLCTBA TEOPEMBI XaHa— BaHaxa MOKaseBaeT, 9TO OHO CAMO
CTPOUTCA 110 TOU K€ [IPUHIMINAILHOU CXeMe, 4TO U JokasarenscrBo Henmama (cu.
ui. 4, 5). Uurepecro orMeruTsb, 4T0 06€ TEOpeMbl ObLIM IIOJLYIEeHBL IPAKTUIECKY
onHOBpeMenHO (paboTa Xana nossuaack B 1927, Hervana B 1928 u Banaxa B 1929),
HO B COBEPIIEHHO PA3HOM KOHTEKCTE, U WX CBA3hL BHAYAIE HE OCO3HABAIACK.

2.

Y10 %€ B AEUCTBUTEILHOCTU JOKa3anl HeMMaH u B 9€M COCTOUT €r0 MeTOI?!
B craree [1] popmyaupyercs caegyromas

TEOPEMA O MUHUMAKCE NJA4 BUJIUHEAHBIX OYHKUUA. IIycre h(€,n7) — Be-
[IeCTBEHHAS OWINHERHAA (PYHKIUA OT BEKTOPOB £ U 7] B KOHETHOMEPHBIX BEIIEeCTBEH-
HBIX MPOCTPAHCTBAX, MPUYEM 3THW BEKTODPHI NPOOETAl0T CUMILIEKCH, HATAHYTHIE Ha
HYJEBOU BEKTOP U KOOPIUHATHBIE OPTHL. Torga

mescmin h(E, ) = minmax h(E,n) (%)

Paziu4nBle TEOPEMBI O MUHUMAKCE OTIMHYAIOTCS OT BHIIENPUBEJEHHON, BO-TIED-
BBIX, KJI4CCOM DACCMATPUBAEMEIX (DYHKIUM, 4 BO-BTOPBLX, XapaKTEPOM HX O0JIaCTH
OLpefe/ICHAA. AK/II0IEHIE TEOPEMBl OOBITHO UMEET BUJ «MAKCMUH DABEH MUHUMAK-
cy». (B pasencrse (*) MakCMUH WM MAKCUMUH — DTO J€Bas 4aCTh, & MUHUMAKC —
mpaBas. Pasymeercs, B J0Ka3aTeIbCTBE HY K IAETCA JNIITB TO, ITO MAKCMUH He MEHb-
me muHEMakca. OOpaTHOe HEPABEHCTBO BCETAA CIPABEIINBO: (CAMBIH IMHHBIN
Cpeaw CaMBIX KOPOTKWX IIO IIEPEHraM HE MJIUHHEE, I€M CAMBIM KODOTKUU CPEIU Ca-
MBIX IJIMHHEIX [0 KOJOHHAMY.)

B nanbHemmeM MOABWINCH BAPUAHTEI TEOPEMBI, T/e PeUb UAET O CYIPEeMyMax u
naduMyMax. Ecim ke MUHIMAKC 1 MAKCMUH JEUCTBHTEIBHO FOCTHTAIOTCA, TO, KAK
JIETKO IPOBEPUTH, X PABEHCTBO HKBUBAICHTHO CYMIECTBOBAHUIO C€0A080% MOUKY,
re OZHOBPEMEHHO AOCTUIAETCA MAKCHMyM IO & u MuHEMYM 10 7). JencrBureasHo,

1) Ormernm, 9TO 0 3TOMY HOBOZLY B 3aMeTKe [8] IONyIleHa HETOUHOCTD: OKa3aTeIbCTBO HefiMana
TpebyeT UMEHHO HEeNPEPLIBHOCTYU Ha MPOU3BEACHUN KOMIAKTOB, 8 HE TOJLKO HOJIYyHEIPEPLIBHOCTHU C
COOTBETCTBYIOMEN CTOPOHBL HA KaXkA0M u3 HuX. O600umeHre Ha CIy<dayl HOLYHENPEPBIBHOCTH (s
KBa3MBOTHYTO-KBA3UBBITYKILIX (hyHKINH, IPA BO3MOXKHON HEKOMIAKTHOCTH OJHOTO U3 ABYX MHO-
XKeCTB onpenenenus) npunagrexur M. Canony (cm. [1, ¢. 259-260)).
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[LyCTh MUHMMAKC AOCTUIAETCA B TOYKe (Z,Yo), & MAKCMUH — B TOUKe (Zo,y). To-
rna f(z,y0) = f(zo,y0) = f(xo,y). Eciu MuHMMAKC paBeH MaKCMUWHY, TO IBOUHOE
HEPABEHCTBO O0OPAIIAETCA B PABEHCTBO U TOYKA (Tg,Yo) — cemoBad. O6paTHO, ecan
CenIoBasg TOYKA CYIIECTBYET, TO 3HaJYeHWE (PYHKIUA B HEM HE MEHBIIEC MUHUMAKCA,
7 HE GOJBIIE MAKCMUHA. TaK KAK MUHUMAKC HE MOXET OBITH MEHDIIEe MAKCMUHA, TO
OHU DABHELI.

Henman gopMmyampyeT cBOe yTBEPKACHUE AIA ONINHENHON (PYHKIWU, HO MHUIIET,
YTO OpU JOKA3ATEJNLCTBE TPEOYIOTCS JUIIb HEKOTODLIE U3 €e CBOMCTB (BUIMMO, C
5TON (HOPMYJUPOBKOU U CBA3AHA WIKO3UA, YTO €TI0 TEOPEMA NOKA3AHA, TONBKO IJIA
OuaMHENHOro ciy4as). Poab OuiuHeNHbIX (QYyHKIMU OLUPEEIseTCs TeM, YTO B Urpe
IBYX YIACTHUKOB C KOHEYHBIM YUCIOM BAPDUAHTOB XOMOB (4ucmuly cmpame2ud) urpo-
KU MOT'YT BLIOMPATH UX ¢ HEKOTOPLIMU BEPOATHOCTAME — HCTIOMb30BATE CMEULGHHDLE
cmpame2uy; TOMAa BEIUTPHIL UTPOKA (M IPOUCPHIIL €0 IPOTUBHUKA) ABIAETCA Ou-
JIMHENHON (PYHKLIKMEN OT 3TUX BepoaTHOCTen. [ Takol CUTyaluu TEOPEMa O MUHU-
MAKCe O3HAMAET, ITO CYIIECTBYET PEUwenUe u2pbl — TAKAT Napa CMEIIAHHLIX CTPATE-
DU, KOT 2 KaX IHIM UTPOK TIOAYIAET PE3YAbTAT, HAWIY YUY TTPYU JAHHLIX TeUCTBUAX
MPOTUBHUKA.

PasBuTme Teopum urp 3acTaBUIO PACCMATPUBATE U APYTHE (PYyHKIIUHA BEIUTPHIIIA.
Hamano stomy monoxkun Henman B cratse [10], rae nmpumensercs Teopema Bpayspa
O HETMOJBIKHOW TOYKE M JOKA3AHO €€ O0OOIIeHme, KOTOPOe TO3XKE MOIyIWI ApPY-
rum cnocobom Kaxyranm (cM. m. 6). 3aTeMm OBl I0Ka3aH pAJ BAPUAHTOB TEODE-
MBI O MUHMMAKCE, OPUEHTUPOBAHHLIX HA MAKCUMAJIbHYIO OOMIHOCTL 1ub0, Ha060poT,
Ha KOHKpeTHbIe npuiokenusa (cM. [1, ¢. 238-267, 362]). B 1959 Y Boub-n3tous (cM.
[1, c. 258-259]) BepBEE OMYOANKOBAT YUCTO TOMOIOTMYECKUN BAPUAHT TEOPEMBI —
HEMPOCTON 1O (POPMYINPOBKE U (KAK CACICTBUE) TIO NOKA3ATEABCTEY, HO 33T0 OXBa-
TUBIIAU MHOXECTBO U3BECTHLIX BADUAHTOB. DTy TeopeMmy 0606mmia Xoanr Tyn (cum.
[1, c. 253-258]), a mo3aHee u APYrue aBTOPHL

3.

Bepuemca k crarbe Henmana. OH oTMedaeT, 9TO B JOKA3ATEILCTBE TPeGyeTCs
He CUIMHENHOCTb QYyHKINUU, & (B COBPEMEHHOU TEPMUHOJIOIUK) €€ KBA3UBOIHYTOCTD
110 &, KBA3UBHIIYKJIOCTH II0 1) U HEIIPEPHIBHOCTS 10 COBOKYIHOCTH rtepeMeHHbx. Kea-
BUBOTHYTOCTH (COOTBETCTBEHHO KBA3UBLINYKIOCTH) O3HAYAET, YTO €CIu PyHKIUA HA,
060UX KOHIIAX OTPE3Ka HE MEHBIIE (COOTBETCTBEHHO HE GOJbBIIE) HEKOTOPOrO 3HATE-
HIs, TO TO BEPHO HA BCEM 0Tpeske. Takum CBOICTBOM 00/a1aeT 06as BorayTas (co-
OTBETCTBEHHO BBHILYKJas) GyHKIusa. Ho KIaCChl KBA3UBOIHYTHIX U KBA3UBHILYKJBIX
(DYHKIUU TOPA3 0 MUPe; HAIPUMED, UM IPUHALICKUAT J00as MOHOTOHHASA (DYHKIIA.

Kak oTMeteHo B m. 1, CUMILTIEKCHI, CIyKaIe 00JaCTHIO U3MEHEHUS TTePEeMEHHBIX
& m 1), MOXHO 3aMEHUTH JIOOBIMI BBITYKABIMUA KOMIIAKTAMU B KOHEYHOMEDHBIX BeIIle-
CTBEHHLIX IIPOCTPAHCTBAX. UTO XK€ KACAETCA «3aIyTAHHOI0» TOKA3ATEIHLCTBA Teope-
mbt Heltmana, T0 oHO cocrouT B crenyomeM (HEKOTOPbE OO03HAYEHUS OTINYAI0TCA
OT ABTOPCKUX).

JOKA3ATEJLCTBO TEOPEMbI HEAMAHA [Ji1 KBA3UBOI'HYTO-KBA3UBLIIY-
KJIBIX HENPEPBIBHBIX ®YHKIWUA. Bribepem B mpOCTpPAaHCTBAX MEPEMEHHBIX £ U 7
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O OJHOU KoopauHaTe & U 1)y U PaccMOTPUM (QYHKUUU (OT OCTAILHBIX KOODAU-
HAT) néax min f(¢,n) u min néax f(&,7), Toe mepeMeHHbIe MEHAIOTCA B IPEIETax 001a-
™ Ns Ns

.

ctu onpenencausa dyukmuu f(£, 7). HemocpeacTBEHHO TPOBEPACTCS, ITO BBEAEHHLIC
byHKIUYM 061aAAI0T TEPEINCICHHEIMY BHITE CBOUCTBAMY (HETPEPHBHOCTHIO, KBA3H-
BOTHYTOCTBIO M KBA3UBEIMYKJIOCTHIO IO COOTBETCTBYIOMINM TPYTIIAM TEPEMEHHEIX).
Ecmu MBI 1OKaxKeM, 9TO 3TH ABE (PYHKINU TOXKICCTBEHHO COBIAJAIOT, TO TEOPEMA
Oy[eT CIefOBATE U3 OUCBUIHON WHIYKIWH.

3aduKcupyeM 3HAYEHUA BCEX IMEPEMEHHBIX, KpoMe &, U 1)s, 1 OyIeM CIuTaThb f
dyukmen or gByX nocaeinux. [Jamee, saduUKCEpPyeM HEKOTOPOE 3HAMEHHE I Iepe-
MEHHOTO &, M PACCMOTPUM MHOXKECTBO TEX 3HAYEHUN )5, IPU KOTOPHIX f(z,7s) mo-
CcTUTACT MUHUMYMA. V3 HEMPEpPLIBHOCTU (GYHKIUN f BHITEKACT, ITO DTO MHOKECTBO
HEMYCTO W 3aMKHYTO, & U3 €€ KBABWBLIMYKJIOCTH MO 7]y — 9ITO OHO BRIIYKJI0. Kpo-
Mée TOTO, OHO OTPAHMICHHO, TAK KAK OTPAHUYEHHA O0MACTH OMpeaeneHna (hyHKITAN.
3HAMWT, HTO HEKOTOPHIU OTPE30K (BO3MOXKHO, cBogammuca k Touke) [K'(z), K" (z)].

3aduKcupyeM 3HAMEHUE Y MEPEeMEHHOTO 7); U PACCMOTPHM MHOXKECTBO TEX 3HA-
YEeHUN MEepeMEHHOrO &, mpu KOTOPHX f(&.,y) mocTUraeT MakCUMyMa. AHAIOCUIHO
OpPeILIAYIIEMY MOLYIaeM, 9TO 3TO HEKOTOph oTpesok [L'(y), L (y)]. U3 menpepuis-
vocTH QyHkumm f BEITekaeT, aTo Qynkumu K'(£.), L'(n;) nomrymenpepuiBHEL cHE-
3y, a K"(£,),L"(n,) monyrenpepseEbI cBepxy?. [eiicTBuTensHo, mycTs &, — ,
K'(&) — y. Torma f(&., K'(&.)) — f(x,y), mockoabky ¢yHKIMA f HempepHIBHA.
Ho Bmecre ¢ men menpepsBHa u f(&, K'(&)) = min,, f(&,ns); saaaur, f(z,y) =
= f(z,K'(2)), otxkyna y > K'(x), T.e. dynkmma K’ morymenpepoera camay. ITomy-
uenpepeisaocts K, L', " nokasbiBaeTcsa aHAJIOIMYHO.

Paccmorpum o6wexuneHme Beex oTpeskoB [L'(ng), L”(ns)], rae ns mpobGeraer
[K'(x), K"(x)]. Ha sToM oTpeske momynenpepuisHas cau3y dynxnma L' (1) moctn-
raet murumyMa H'(z), a noaymenpepwsras ceepxy (ymkmua L (1) — maxcumy-
va H"(z). lpeanonokum, 970 HEKOTOPOE IUCIO ', mpoMexyTodnoe mexay H'(x)
u H'(z), He NPUHAANCKUT YKABAHHOMY OOBEAMHCHMIO. TOraa KawxILIM OTPE30K
[L'(ns), L" (ns)] meimkoM pactiosokes ubo CaeBa, b0 CIpaBa OT &', NpUIeM CyIe-
CTBYIOT OTpesku o6omx BHAOB (Hampumep, Te, KoTopuie cogepxar H'(z) m H" (x)
cooreercreenno). Ha orpeske [K'(x), K'(z)] mangerca 3madenue 1, = ¥y, B JI0-
00 OKPECTHOCTU KOTOPOTI'0 BCTPEYaloTca 06a caydad. Tak kax yuxuua L'(n)
(coorBercTBenno L (1)) momymenmpepbiBHa CHE3Y (COOTBETCTBEHHO CBEPXY), TO
L'(y) < o/, L'"(y) > 2/, v.e. 2’ npuramsexur orpesky [L'(y),L”(y)], B nporm-
BOPEINU C IPEATOIOKEHUEM. SHAMUT, B JCMCTBUTEIBHOCTH OOBLEINHEHAE OTPE3KOB
[L'(ns),L" (ns)] 3amonnser secy orpesok [H'(x), H' (x)].

W3 moIyHENPEPEIBHOCTH ¢ COOTBETCTBYIOMEN cTOpoHbl ¢hyaxmuin K', K", L', L"
HETDPYIHO NOLyYUTh, 9TO pyrkuusa H'(€,) nonynenpepuiena camsy, a H' (£,) — ceep-
xy. Paccyxnas kak B npegeraymeM absarne, yoexx 1aeMca B CyIIeCTBOBAHUE TAKOTO T,
aro H'(z) < ¢ < H"(z). D10 03HAYAET CyLIECTBOBAHUE TAKOIO Y, 9TO (&, y) ABLICT-
CA TOYKOU MUHUMYMA TI0 1)y W TOUKOM MAKCUMYMa T0 &, T. €. CEAJIOBON TOUKOU JJIA
f- Kax oTMedeHo BuIIE, OTCIONA BEITEKACT PABCHCTBO MUHUMAKCA W MAKCMUHA. [

2)bynknua f(x) HONyHempepLIBHA CHH3Yy B TOYKE T, €CIM M3 T — o, f(xz) — y caegyerT
y > f(z0). IloTyHENPEPHIBHOCTE CBEPXY ONPEAENAETCA AHANOTMIHO.
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4.

[IprHIMNMANBHYIO CXEMY, JEXAIIYI0 B OCHOBE WM3JO0XKEHHOIO NOKa3aTeIbCTBA,
MOXKHO ChOPMY/IAPOBATEL CleAyiommM obpasoMm (cMm. [8], rge mo »Tou cxeme AOKa-
3aHO OJHO TonoJoruieckoe obobuenue reopeMmul Henmana). Ilycrs Tonoaorudeckoe
npoCTPaHCTBO S (B JAHHOM CIy9ae >TO OTPE3OK € BEIKOJIOTOU TOYKOU ') COCTOMT
U3 JBYX OTKDHITEIX HeIepeceKarommxcsa MHokecTB ST u S™. UMeercs cemelcTBO
{M, | a € I'} cBA3BHBIX MOMHOKECTEB TPOCTPAHCTEA S; B JAHHOM CIydae DTO OTPE3-
ku [L'(ns)], L" (ns)] — B mpegnosoxennn, 910 &’ HE MPUHANIEKUT UX OOHEIUHEHUIO.
ITpu »TOM MHOXECTBO MHIEKCOB [ ABAAETCS CBA3HBIM TONOJOIMYECKUM IPOCTPAHCT-
BoM (B gamHOM cayvae — orpeskom). Ilycrs IT u [~ — MHOKECTBA TeX MHAEKCOB
a € I, gna xoroperx M, He mepecexaeTca cooTBeTcTBeHHO ¢ ST u ¢ S™. Byayun
cBasEEIMH, M, He MOTYT IepecekaTbca ogaospeMenHo ¢ ST u S~ [losTomy obbegu-
Herne MHOxkecTB I u I~ copmagaeT ¢ I. [1a KOHKPETHON CATYallil JOKA3LIBACTCA,
4T0 008 MHOXKECTBA 3aMKHYTHL. BBUAY CBA3HOCTH IPOCTPaHCTBA I OTCIOAA BHITEKA-
eT, 9TO Jub0 ONHO M3 HUX IIyCTO, JUOO OHU IIEPECEKAIOTCH, U TOrJA IOKHO OBITH
OyCTHIM XOTA OBl 0qHO u3 M,. (B namHoM caydae mogydaeMm TPOTUBOpEYUE, KOTO-
pOe MOKA3BEIBACT, ITO TOIKA T’ HE CYMECTBYET. 3ATEM DTA CXeMa TPUMEHACTCA CIIe
pas — k orpeskaum [H'(z), H' (z)].)

OnucanHoe paccyX IeHre JeXUT B OCHOBE 10KA3aTeabcTB Y Baub-n3ions, Xoanr
Tysa, a Takxke BCEX NOKA3ATEILCTB TEOPEM O MUHUMAKCE, KOTOPBLIE OMUPAIOTCA HA,
TEOPEMY O Pa3AeIAIIEN TUNEPILIOCKOCTHA. /[0 B TOM, YTO OHA ABAAETCA MOAU(A-
Kanmen TeopeMbl XaHa— baHaxa, a B [0Ka3aTeIbCTBE MOIEAHEN MBI HAXOJAUM TY K€
cxemy! Tak wro no cymecrBy Teopema Helimana — ue cregcrBue (B GUIMHENHOM
caydae), a aHaaor reopembl Xana— Banaxa.

5.

HuraTento, 3HAKOMOMY CO CTAHJIAPTHHIM TOKA3aTeILCTBOM TeopeMbl XaHa—bBa-
Haxa, IOCJefHee YTBEDPKJAEHNE MOXKET MOKA3aThCA CTPAHHBEIM. B 3TOM moKazaTennb-
cTBE pedb ugeT 0 PYHKIMOHAAAX B JUHEUHOM HOPMUPOBAHHOM IMPOCTPAHCTBE, HAJ
KOTOPBIMU BBIIOIHAIOTCA ajarebpandeckue oneparuu. Ha caMoMm gesie, kKak MBI cerdac
YBEAUM, DTO LOKA3ATEIHCTBO AOIYCKAET [IPO3PAYHOE U3IOXKEHUE HA OCHOBE OLUCAH-
HOW BHIIIIE TOMOJOTUYIECKON cXeMBI. MBI cienyeMm sameTke [8].

Bynmem mokaseiBaTh Teopemy B caenyomen hpOpMyIRPOBKE.

TEOPEMA XAHA — BAHAXA. IlycTh Ha BemleCTBEHHOM JMHEMHOM IIPOCTPAHCTBE
N sapgan Bourykibi pyskuuonan P(x), a Ha HeKOTOpOM ero noaupocrpadcrse M —
JUHENHBN GyHKIMOHAT F'(1), TOMIMHEHHBIN yCIOBUIO

F(z) < P(x) ()

(0o6a Qpynxnmonana — BemecTBenHble). Torga F(x) mpogomkaeTcs g0 JIUHEHHOTO
(yHKIMOHAIA HA BCEM IMPOCTPAHCTBE, yIOBIETBODSIOLIErO YCJAOBHIO (k).

JOKABATEJBLCTBO. JocTaTodno paccMOTpeTh ciaydan, korga M — rumepiuioc-
KOCTb: jgajgee npoBoaurcs (TpaHCOUHUTHANL) MHAYKIUA 10 PasMepHOCTH. Bribepem
Touky a € N, "e mpuHamnexamyio M. Ilpogomxkenne dyuximmonara F(z) ¢ M na
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N MOXeT NpUHUMATH JIO0€ 3HAYEHUE B TOYKE @ U ONPEENACTCS UM OJHO3HAYHO.
Touku, B KOTOPHIX NAHHOE MPOJOKEHUE HApymaeT (kk), HA30BEM #edonyCmumol-
mu. Benenersue Brimykaoctr P(2) MHOXECTBO TaKUX TOYEK BHITYKJIO. [[0aTOMY OHO
JIEKUT 1O OfHY CTOpOoHY 0T M 60 mycto. C kaxaou cTOpoHEL 0T M Kakoe-TO mpo-
JQOJIKEHIE UMEeT HEIONYCTUMBIE TOUYKY (1 MOTOMY HE UMEET UX C APYI'OU CTOPOHBL):
JOCTATOYHO MOJOXKATL B OfHOM ciydae F(a) > P(a), B apyrom F(a) < —P(—a).

Ilycrs Teneps I T u [~ - MHOXKECTBa 3HAMEHHUH B TOUKE @ TEX IPOLOLKCHIH (hyHK-
uuonata F(z), y KOTOPBIX HET HEIOMYCTUMBIX TOYEK COOTBETCTBEHHO MO OIHY U IO
Ipyryio cropony or M. B culy ckazaHHOTO 5TH MHOXKECTBA HEMYCTHI U UX 0ObeIu-
HEeHIeM CIyXUT BellecTBeHHad npamad. HeTpynmo eugeTs, ato [T u I~ 3aMKHYTHL
TTosToMy OHE mEpECeKAIOTCs; TOYKY MIEPECEIEHMSI COOTBETCTBYIOT UCKOMBIM IIPOAOJ-
KeHnaM QyHKIoHaTa F (). O

M#u1 BUAUM, 9TO B CBA3U C T€OPEMOU O MUHUMAKCe HenmMaH Coesat CyIecTBeHHO
Ooublnie, yeM Hepenko cumTaercsa. OH 10Kazag 5Ty TEOpeMy s MUPOKOTO KIACCA,
CUTYallull 1 CO3aJ METOJ, BaKHENIUN B MOA00HBIX Bonpocax. (TyT ymecTHO BCHO-
MHUTE CI0Ba, ckazanubie C.B. CTeYKMHBIM 10 TOBOAY TEOPETUKO-YUCIOBLIX TPOG-
geM B 1970 r. ma saceganuy MOCKOBCKOI'O MATEMATUIECKOIO OOIIECTBA: «Y KJIACCUKOB
BCera HAIUCAHO HECKOAbKO OOubLIe, Y4eM y TexX, KTO ux lepenuchBain.) Cozzasas
TEOPUIO [JIA OMUCAHUA HOBOTO KIacca cuTyarmu, HemMan He CTpEeMWICA NOCTUYDL
MaKCUMAJIBHON «(IPUBAZKA K MECTHOCTUY, K HAMUIHBIM npuMepaM. HaoGopoT, on xo-
T BBIIBATH NMPUHIUNUAIBLHYIO CYyTh ABJICHUU, UX JOCMYECKYO cxemy. W mpu sTom
OOHAPYKUIOCH POJCTBO € CYMIECTBEHHBIMU (PAKTAMEI U3 PA3JIUIHBIX PA3AEJI0B MaTe-
maruxyu. Harasnuo nogreepauiucs caosa Ilyankape [7, ¢.388]: « .. Maremaruka —
DTO MCKYCCTBO JABATH OJHO W TO YK€ HA3BAHUE PABJIMYHBIM BEIIAM.»

6.

Iocae ckazansOro Oy 16T HEJUIIHE TIOJIEPKHY Th, ITO PDA3IUTHBIE METOIBI TOKA3a-
TEMLCTBA TEOPEM O MUHUMAKCE MMEIOT CBOM MPEMMYINEeCTBA. B dacTHOCTH, Teopema
Henmana gerko caegyer uz teopeMmbl KakyTranu o Hemogsu:kHou Touke. Ilocaennun
PE3YIBLTAT MMEET GOMLIIOE 3HAYEHUE U B IPYIUX BOIMPOCAX — HAINPHUMEP, B CBAZH
¢ IpobaEMaMU SKOHOMUIECKOTO paBHOBeCUA. OTHAKO HA PyCCKOM A3LIKE B TEIEHUE
IOJATOr0 BPEMEHN J0KA3aTEILCTBO TeopeMmbl KakyTanu (He caMoe TIpO3padHoe) uMe-
JIOCH JIMIITH B OTHOM OOIIEOCTYITHOM HCTOYHUKE, a UMEHHO [5, ¢. 97-99]. Jluum corceM
HeJABHO IIEPBOHAYAIBHOE, 60Jee IIPOCTOe JOKA3ATEILCTBO KakyTanu 6bUI0 M3/10KEeHO
B kuure [6, c. 96-97]. [losroMy npeacTABIAETCS [OE3HBIM LOLHOJHUTE 3TY 3aMETKY
IOKA3aTeIbCTBOM TeopeMbl KaKyTanu, BKIIOYME BEIBOJI 13 Hee Teopembl Henmana.
Kaxk u [6], MBI B OCHOBHOM CJIeJyeM MEPBOUCTOYHUKY [9].

TEOPEMA KAKYTAHU. IlycTh B r-MepHOM BEIIECTBEHHOM TTPOCTPAHCTBE TaH BhHI-
MYKJIBI KOMIAKT S M KaXKJIOU ero TOYKE T MOCTARJICHO B COOTBETCTBUE BEITYKJIOC
noaMuoxkectBo ®(z) C S, npuuem orobpaxkenue P zamxuymo (B MHOU TEPMUHOIO-
CUE NOAYHENPEPBIEHO CEEPTY): ecau T; — X, ¥y, — y u y; € ®(z;) upu Bcex i, To
y € ®(x) («rpenen 06pa3oB cogepxurcs B obpase npegenay). Torga y orobpaxkenus
® uMeeTCa HENnOJBUNCHAA TOUKE — TAKad TOUKA &, 910 & € P ().



84 E. P. Openkun

JOKABATEJILCTBO. ITomecTtum S BHyTpE r-MepHOro cuMiiekca S’. Kak ussect-
HO, CYIIECTBYET HempephiBHOE oToOpaxkenue 1 : S — S, mpu koropom ¢(z) = x
naa Beex x € S (pempaxyua cummaexca S’ wa S). Ionoxus ®(x) = ®(y(x)) aaa
BCcex # € S’, MBI IPOAOIKUM OTOOpakeHme ® Ha BECh CUMILICKC, IPUIEM 3aMKHY-
TOCTL OTOOPAKEHNA U BHILYKIOCTE 00Pa30B COXpaHUTCA. Tenepn 10CTaTOIHO HAUTH
HeNnoABMKHYIO TOUKy Ha S’: oma Gymer mpumagnexats S, nockoapky ®(S') C S.

Pazo6bem S’ Ha MaleHBKME CUMILIEKCHI. ECIm v — BEpIIMHA OJHOTO U3 HUX, TO
BeiGepeM Touky v € ®(v) m monoxum ¢ (v) = v'. Cgenaem Tak A1A BCEX BEPIIMH
pasbueHna U IPOSOIKIM OTOOPAKEHUE (1 HA OCTAMLHEIE TOYKH KAXKIOI'0 MAIEHBKO-
0 CUMILIEKCA TI0 JMHENHOCTH. MBI TTOMyYIMM HEpEPBIBHOE OTOGPAKEHNE CUMILICKCA,
S’ B ce6s. Cormacuo Teopeme Bpayspa (cMm., Hampumep, [2, ¢. 502-507]) oHO mMmeeT
HEMOABMKHYIO TOUKY &1 = A1,0%1,0 + - + AipZ1,r, TH€ T10,...,%1,, — BEPIIMHBL
OJHOT'O U3 CHMILIEKCOB pa3bmenusd, Adio+ -+ A, =1, A9 >0,...,A > 0. Ilpn
aToM 1 = 1(21) = Ar,0p1(21,0) + -+ A1 ppr(21,0).

BasB 6omee memkoe pa3zbueHne CUMILIEKCA, IIOCTPOUM AHAJOTTIHOE OTOOPAKEHUE
(2 C HENOABIKHOI TOYKOH To = Ao%20 + -+ + A2 ,%2,. IIpogomxum mpouecc,
yCTPEMEB quaMeTp pasbueHma K Hy. 0. MoxXHO BEIGPATEL TAKYIO IIOAMOCIEIOBATE b
HOCTb HOMEPOB 4, LI KOTOPOH: &; CXOAATCA K HEKOTOPOU To4Ke T (KaK ClescTBUe,
Ti0, - - - Tip CXOMATCA K TOU KE TOUKE); A0, - - -, Ajy CXOZATCA COOTBETCTBEHHO K He-
KOTODPBIM Ag, ..., Ap, THE Ag + -+ Ap =1, Ao 2 0,..., A, 2 0; @i(2i0), .-, pi(zir)
CXOIATCS K HEKOTOPBIM Yo, - - ., Yp. Lorma & = Agyo + -+ + Arypr. W3 3aMxHyTOCTH
orobpaxenus ® caegyer, 4TO Yo, ..., Yy, Hpunasaexar P(x). Tak xkax 310 MHONKE-
CTBO BBIYKJO, TO & TAKXKE €My NPUHAMLIEKHAT, T.6. ABIACTCA HEIIOIBUKHON TOIKON
oTobpaxenus P. O

BoiBOog TEOPEMBI HEMMAHA 13 TEOPEMBI KAKYTAHU. IlycTh Ha mpaAMOM mpo-
U3BEOCHUN BBINIYKJIBIX KOMIIAKTOB Kuls KOHEYTHOMEDPHOM BEINECTBEHHOM IIPOCTPAaH-
cTBe 3ajgana HenpepsiBHas Gyakuus f(r,y), kBasusoruyras Ha K npu xaxiom y u
xBasuBbykiaas Ha L npu kaxgom z. [ Bcex ¢ € K mosmoxum

Ly={y' €L| f(z,y) = ;niri [y}

//e

K, ={z' € K| f(z',y) = max f(z",y)};
eEK

®(z,y) = K, x L.

Jlerko mpoBepuTh, 9TO TOYCTHO-MHOKECTBEHHOE OTOOpakeHne @ yI0BICTROPACT yC-
JOBUSIM TE€OPEeMbl KakyTanu u, 3HAMAT, UMeeT HeMOABKHYyI0 Touky. OHa apisercs
ceqnoBonn Toukon qyukuuu f(x,y), orkyga (cM. m. 2) BLITEKAeT PABEHCTBO MUHU-
MaKCa 1 MAKCMUHA. O

AsTop 6aarogapen B. M. TuxoMupoBy 3a BHUMAHUE K PabOTE U TOJEIHBIE 3aMe-
TaHUA.
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