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äÅÊÓÔ×ÉÔÅÌØÎÙÍ ÔÒÉÇÏÎÏÍÅÔÒÉÞÅÓËÉÍ ÍÎÏÇÏÞÌÅÎÏÍ ÓÔÅÐÅÎÉ n ÎÁÚÙ×ÁÅÔÓÑ
ÆÕÎËÃÉÑ ×ÉÄÁ

tn(x) = a0
2 +

n∑

k=1
ak sin kx+ bk cos kx;

ÇÄÅ ak, bk | ÄÅÊÓÔ×ÉÔÅÌØÎÙÅ ÞÉÓÌÁ, ÎÁÚÙ×ÁÅÍÙÅ ÅÇÏ ËÏÜÆÆÉÃÉÅÎÔÁÍÉ, a2
n + b2n >

> 0. îÕÌÅ×ÏÊ ËÏÜÆÆÉÃÉÅÎÔ ÔÒÁÄÉÃÉÏÎÎÏ ÚÁÐÉÓÙ×ÁÅÔÓÑ × ×ÉÄÅ a0=2. ôÁË ËÁË
ÓÏÇÌÁÓÎÏ ÆÏÒÍÕÌÁÍ üÊÌÅÒÁ exp ikx = cos kx + i sin kx, É ak sin kx + bk cos kx =
= Re((bk − iak) exp ikx), ÇÄÅ Re ÏÚÎÁÞÁÅÔ ÄÅÊÓÔ×ÉÔÅÌØÎÕÀ ÞÁÓÔØ ËÏÍÐÌÅËÓÎÏÇÏ
ÞÉÓÌÁ, Á i | ÍÎÉÍÕÀ ÅÄÉÎÉÃÕ, ÔÏ ÔÒÉÇÏÎÏÍÅÔÒÉÞÅÓËÉÊ ÍÎÏÇÏÞÌÅÎ ÍÏÖÎÏ ÚÁÐÉ-
ÓÁÔØ × ÂÏÌÅÅ ËÒÁÔËÏÊ ËÏÍÐÌÅËÓÎÏÊ ÆÏÒÍÅ

tn(x) = Re
n∑

k=0
ck exp ikx; ck = bk − iak; k = 1; : : : ; n; c0 = a0

2

(ÓÍ. [1]). òÁÓÓÍÏÔÒÉÍ ÓÌÅÄÕÀÝÕÀ ÚÁÄÁÞÕ: ÓÒÅÄÉ ×ÓÅÈ ÔÁËÉÈ ÔÒÉÇÏÎÏÍÅÔÒÉÞÅÓËÉÈ
ÍÎÏÇÏÞÌÅÎÏ× Ó ÆÉËÓÉÒÏ×ÁÎÎÙÍ ËÏÍÐÌÅËÓÎÙÍ ËÏÜÆÆÉÃÉÅÎÔÏÍ ch, ÉÌÉ, ÞÔÏ ÒÁ×-
ÎÏÓÉÌØÎÏ, Ó ÆÉËÓÉÒÏ×ÁÎÎÙÍÉ ÄÅÊÓÔ×ÉÔÅÌØÎÙÍÉ ËÏÜÆÆÉÃÉÅÎÔÁÍÉ ah; bh, ÎÁÊÔÉ
ÍÎÏÇÏÞÌÅÎ, ÎÁÉÍÅÎÅÅ ÕËÌÏÎÑÀÝÉÊÓÑ ÏÔ ÎÕÌÑ. äÒÕÇÉÍÉ ÓÌÏ×ÁÍÉ, ÎÁÄÏ ÎÁÊÔÉ ÔÁ-
ËÏÊ ÔÒÉÇÏÎÏÍÅÔÒÉÞÅÓËÉÊ ÍÎÏÇÏÞÌÅÎ tn(x), Õ ËÏÔÏÒÏÇÏ ×ÅÌÉÞÉÎÁ max

06x62�
|tn(x)|

ÍÉÎÉÍÁÌØÎÁ. üÔÕ ×ÅÌÉÞÉÎÕ ÎÁÚÙ×ÁÀÔ ÒÁ×ÎÏÍÅÒÎÏÊ ÉÌÉ ÞÅÂÙÛ£×ÓËÏÊ ÎÏÒÍÏÊ É
ÏÂÏÚÎÁÞÁÀÔ ‖tn‖. ëÒÏÍÅ ÜÔÏÊ ÎÏÒÍÙ, ÞÁÓÔÏ ÉÓÐÏÌØÚÕÀÔ ÓÅÍÅÊÓÔ×Ï ÎÏÒÍ1)

‖tn‖p =


 1
�

�∫

−�
|tn(x)|p




1=p

; p > 1;

Á ÎÏÒÍÕ ‖tn‖ ÏÂÏÚÎÁÞÁÀÔ ‖tn‖∞ (ÓÍ. [2]). üÔÉ ÎÏÒÍÙ Ó×ÑÚÁÎÙ ÎÅÒÁ×ÅÎÓÔ×ÁÍÉ
‖tn‖1 6 21−1=p‖tn‖p 6 2‖tn‖;

ËÏÔÏÒÙÅ, ×ÐÒÏÞÅÍ, ÎÁÍ ÄÁÌÅÅ ÎÅ ÐÏÎÁÄÏÂÑÔÓÑ. ïÞÅ×ÉÄÎÏ, ÞÔÏ ÄÌÑ ÌÀÂÏÇÏ ÄÅÊ-
ÓÔ×ÉÔÅÌØÎÏÇÏ c É ÌÀÂÏÇÏ p > 1, × ÔÏÍ ÞÉÓÌÅ É p = ∞, ÓÐÒÁ×ÅÄÌÉ×Ï ÒÁ×ÅÎÓÔ×Ï
‖ctn‖ = |c|‖tn‖. òÅÛÅÎÉÅ ÚÁÄÁÞÉ ÄÁÅÔ

1)íÏÖÎÏ ÓÞÉÔÁÔØ, ÞÔÏ ÉÎÔÅÇÒÁÌ × ÉÈ ÏÐÒÅÄÅÌÅÎÉÉ | ÜÔÏ ÏÂÙÞÎÙÊ ÉÎÔÅÇÒÁÌ òÉÍÁÎÁ.

íÁÔÅÍÁÔÉÞÅÓËÏÅ ÐÒÏÓ×ÅÝÅÎÉÅ, ÓÅÒ. 3, ×ÙÐ. 9, 2005(56{68)
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ôÅÏÒÅÍÁ. äÌÑ ÌÀÂÏÇÏ ÄÅÊÓÔ×ÉÔÅÌØÎÏÇÏ ÔÒÉÇÏÎÏÍÅÔÒÉÞÅÓËÏÇÏ ÍÎÏÇÏÞÌÅÎÁ
tn(x) = Re

n∑
k=0

ck exp ikx É h > 1 ÓÐÒÁ×ÅÄÌÉ×Ï ÎÅÒÁ×ÅÎÓÔ×Ï

‖tn‖p > �(n; h; p)|ch|‖ cos ‖p;
�(n; h; p) = �(2m+ 1; 1; p) = m+ 2

2 tg �
2m+ 4 ; m =

⌊n− h
2h

⌋
;

ÇÄÅ ÓÉÍ×ÏÌ bac ÏÚÎÁÞÁÅÔ ÃÅÌÕÀ ÞÁÓÔØ ÞÉÓÌÁ a. ðÒÉ p = ∞ ÜÔÏ ÎÅÒÁ×ÅÎÓÔ×Ï
ÏÂÒÁÝÁÅÔÓÑ × ÒÁ×ÅÎÓÔ×Ï ÄÌÑ ÍÎÏÇÏÞÌÅÎÁ

tn(x) = Re
m∑

k=0
c(2k+1)h exp i(2k + 1)hx = |ch|g2m+1(hx+ ); (∗)

ÇÄÅ  = arg ch,

g2m+1(x) = C
m+1∑

k=1
gm;k(x) = cosx+

m∑

k=1
bk cos(2k + 1)x;

C = 22m+1

m+ 2 tg �
2m+ 4 ;

gm;k(x) = hm;k(x)fm;k(x); hm;k(x) =
(
wm(x) sin k�
cos(x− k�)

)2
;

wm(x) =
m+1∏

k=1
cos(x− k�);

fm;k(x) = 2 ctg k� cos(x− k�)− sin(x− k�); k = 1; : : : ;m+ 1:
óÌÅÄÏ×ÁÔÅÌØÎÏ, ÓÒÅÄÉ ×ÓÅÈ ÍÎÏÇÏÞÌÅÎÏ× tn(x) Ó ÆÉËÓÉÒÏ×ÁÎÎÙÍ ch ÍÎÏÇÏÞÌÅÎ (∗)
ÉÍÅÅÔ ÍÉÎÉÍÁÌØÎÕÀ ÎÏÒÍÕ

‖tn‖∞ = m+ 2
2 tg �

2m+ 4 |ch|:

üÔÏÔ ÍÉÎÉÍÁÌØÎÙÊ ÍÎÏÇÏÞÌÅÎ ÐÒÉ ÎÅÞÅÔÎÏÍ bn=hc ÏÐÒÅÄÅÌÅÎ ÏÄÎÏÚÎÁÞÎÏ, Á
ÐÒÉ ÞÅÔÎÏÍ bn=hc | ÎÅÏÄÎÏÚÎÁÞÎÏ.

ðÒÉ h = n (É ×ÏÏÂÝÅ ÐÒÉ h > n=3), ÏÞÅ×ÉÄÎÏ, m = 0, É ÉÚ ÔÅÏÒÅÍÙ ÓÌÅÄÕÅÔ
ÎÅÒÁ×ÅÎÓÔ×Ï ‖tn‖∞ > |ch|. üËÓÔÒÅÍÁÌØÎÙÊ ÍÎÏÇÏÞÌÅÎ ÔÏÇÄÁ ÒÁ×ÅÎ ah sinhx +
+ bh coshx. üÔÏ ÕÔ×ÅÒÖÄÅÎÉÅ ÒÁ×ÎÏÓÉÌØÎÏ ÉÚ×ÅÓÔÎÏÍÕ ÜËÓÔÒÅÍÁÌØÎÏÍÕ Ó×ÏÊÓÔ×Õ
ÍÎÏÇÏÞÌÅÎÏ× þÅÂÙÛ£×Á (ÓÍ. [1]).

÷ ËÎÉÇÅ ó. î. âÅÒÎÛÔÅÊÎÁ [3] ÄÏËÁÚÁÎÏ ÎÅÒÁ×ÅÎÓÔ×Ï ‖tn‖∞ > �
4 |ch|, É ÐÏËÁÚÁ-

ÎÏ, ÞÔÏ ÏÎÏ Ñ×ÌÑÅÔÓÑ ÁÓÉÍÐÔÏÔÉÞÅÓËÉ ÔÏÞÎÙÍ.
÷ [4] × ÓÌÕÞÁÅ p = ∞, ÏÐÉÒÁÑÓØ ÎÁ ÍÅÔÏÄ, ÒÁÚ×ÉÔÙÊ × [5], ÂÙÌÏ ÐÏÌÕÞÅÎÏ ÔÏÞÎÏÅ

ÎÅÒÁ×ÅÎÓÔ×Ï.
äÁÌÅÅ ÐÒÉ×ÏÄÉÔÓÑ ÜÌÅÍÅÎÔÁÒÎÏÅ ÄÏËÁÚÁÔÅÌØÓÔ×Ï ÜÔÏÊ ÔÅÏÒÅÍÙ, ÉÓÐÏÌØÚÕÀÝÅÅ

ÔÏÌØËÏ ÐÒÏÓÔÅÊÛÉÅ Ó×ÏÊÓÔ×Á ËÏÍÐÌÅËÓÎÙÈ ÞÉÓÅÌ (ËÒÁÔËÏÅ ÉÚÌÏÖÅÎÉÅ ÓÍ. [6]).
óÎÁÞÁÌÁ Ó×ÅÄÅÍ ÏÂÝÉÊ ÓÌÕÞÁÊ Ë ÓÌÕÞÁÀ h = 1, ÒÁÓÓÍÁÔÒÉ×ÁÑ ×ÍÅÓÔÏ ÍÎÏÇÏ-

ÞÌÅÎÁ tn(x) ÍÎÏÇÏÞÌÅÎ
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1
2h

2h∑

l=1
(−1)ltn

(
x+ �l

h
)

= Re
m∑

k=0
ch(2k+1) exp i(2k + 1)hx:

äÌÑ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÜÔÏÇÏ ÔÏÖÄÅÓÔ×Á ÄÏÓÔÁÔÏÞÎÏ, ÍÅÎÑÑ ÐÏÒÑÄÏË ÓÕÍÍÉÒÏ×ÁÎÉÑ,
ÚÁÍÅÔÉÔØ, ÞÔÏ

2h∑

l=1
(−1)ltn

(
x+ �l

h
)

=
2h∑

l=1
(−1)l Re

n∑

k=0
ck exp

(
ikx+ ikl�

h
)

=

= Re
n∑

k=0

2h∑

l=1
(−1)lck exp

(
ikx+ ikl�

h
)
:

ôÅÐÅÒØ ÐÒÉ k, ËÒÁÔÎÏÍ h, × ÓÉÌÕ ÒÁ×ÅÎÓÔ×Á exp (�kli=h) = (−1)kl=h ÉÍÅÅÍ
2h∑

l=1
(−1)lck exp

(
ikx+ ikl�

h
)

= ck exp ikx
2h∑

l=1
(−1)l exp

(�kli
h

)
= 2hck exp ikx;

ÅÓÌÉ k=h ÎÅÞÅÔÎÏ, É
2h∑

l=1
(−1)lck exp

(
ikx+ ikl�

h
)

= 0;

ÅÓÌÉ k=h ÞÅÔÎÏ, Á ÐÒÉ k, ÎÅ ËÒÁÔÎÏÍ h, ÐÒÉÍÅÎÑÑ ÆÏÒÍÕÌÕ ÓÕÍÍÉÒÏ×ÁÎÉÑ ÇÅÏÍÅ-
ÔÒÉÞÅÓËÏÊ ÐÒÏÇÒÅÓÓÉÉ, ÉÍÅÅÍ

2h∑

l=1
(−1)l exp

(�kli
h

)
=

2h−1∑

l=0
(−1)l exp

(�kli
h

)
= exp 2�ki− 1
− exp (�ki=h)− 1 = 0:

÷ÏÓÐÏÌØÚÏ×Á×ÛÉÓØ ×ÙÐÕËÌÏÓÔØÀ ÎÏÒÍÙ, Ô. Å. ÎÅÒÁ×ÅÎÓÔ×ÏÍ2)

‖�f + �g‖p 6 |�| · ‖f‖p + |�| · ‖g‖p;
É Ó×ÏÊÓÔ×ÁÍÉ ‖f(x+ a)‖p = ‖f(x)‖p, ‖f(rx)‖p = ‖f(x)‖p (ÉÎ×ÁÒÉÁÎÔÎÏÓÔÉ ÎÏÒÍÙ
ÏÔÎÏÓÉÔÅÌØÎÏ ÓÄ×ÉÇÁ3) ÎÁ ÐÒÏÉÚ×ÏÌØÎÏÅ ÞÉÓÌÏ a É ÒÁÓÔÑÖÅÎÉÑ4) Ó ÃÅÌÙÍ ËÏÜÆ-
ÆÉÃÉÅÎÔÏÍ r), ÉÍÅÅÍ ÐÒÉ m =

⌊n− h
2h

⌋

‖tn‖p = 1
2h

2h∑

k=1

∥∥∥tn
(
x+ �k

h
)∥∥∥

p
>

∥∥∥∥∥
1

2h

2h∑

k=1
tn

(
x+ �k

h
)∥∥∥∥∥

p

=

=
∥∥∥∥∥Re

m∑

k=0
ch(2k+1) exp i(2k + 1)hx

∥∥∥∥∥
p

=
∥∥∥∥∥Re

m∑

k=0
ch(2k+1) exp i(2k + 1)x

∥∥∥∥∥
p

:

2)üÔÏ Ó×ÏÊÓÔ×Ï ÐÒÉ p = ∞ É p = 1 ×ÙÔÅËÁÅÔ ÉÚ ÎÅÒÁ×ÅÎÓÔ×Á |a+ b| 6 |a|+ |b|, Á ÐÒÉ ËÏÎÅÞÎÙÈ
p > 1 | ÉÚ ÎÅÒÁ×ÅÎÓÔ×Á íÉÎËÏ×ÓËÏÇÏ (ÓÍ.[2]).

3)äÌÑ 2�-ÐÅÒÉÏÄÉÞÅÓËÉÈ ÆÕÎËÃÉÊ ÜÔÏ ÏÞÅ×ÉÄÎÏ ÐÒÉ p = ∞, Á ÐÒÉ ËÏÎÅÞÎÙÈ p ×ÙÔÅËÁÅÔ ÉÚ
ÐÅÒÉÏÄÉÞÎÏÓÔÉ É Ó×ÏÊÓÔ×Á ÁÄÄÉÔÉ×ÎÏÓÔÉ ÉÎÔÅÇÒÁÌÁ.

4)üÔÏ ÏÞÅ×ÉÄÎÏ ÐÒÉ p = ∞, Á ÐÒÉ ËÏÎÅÞÎÙÈ p ÄÏËÁÚÙ×ÁÅÔÓÑ ÌÉÎÅÊÎÏÊ ÚÁÍÅÎÏÊ ÐÅÒÅÍÅÎÎÙÈ Ó
ÕÞÅÔÏÍ ÐÅÒÉÏÄÉÞÎÏÓÔÉ É Ó×ÏÊÓÔ×Á ÁÄÄÉÔÉ×ÎÏÓÔÉ ÉÎÔÅÇÒÁÌÁ.
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éÚ ÜÔÏÇÏ ÎÅÒÁ×ÅÎÓÔ×Á ÓÌÅÄÕÅÔ, ÞÔÏ ÎÅÒÁ×ÅÎÓÔ×Ï ÔÅÏÒÅÍÙ ÄÏÓÔÁÔÏÞÎÏ ÄÏËÁÚÁÔØ
ÐÒÉ h = 1 ÄÌÑ ÍÎÏÇÏÞÌÅÎÏ× ×ÉÄÁ tn(x) = Re

m∑
k=0

c2k+1 exp i(2k + 1)x, n = 2m + 1.
èÏÔÑ ÜÔÏ ÎÅ ÐÒÉ×ÏÄÉÔ Ë ËÁËÉÍ ÌÉÂÏ ÕÐÒÏÝÅÎÉÑÍ, ÚÁÍÅÔÉÍ, ÞÔÏ ×ÚÑ× ×ÍÅÓÔÏ
tn(x) ÍÎÏÇÏÞÌÅÎ tn(x + ), ÇÄÅ Re c1 exp i = |c1|, ÌÅÇËÏ Ó×ÅÓÔÉ ÚÁÄÁÞÕ Ë ÓÌÕ-
ÞÁÀ, ËÏÇÄÁ ÍÎÏÇÏÞÌÅÎ ÉÍÅÅÔ ×ÉÄ tn(x) = |c1| cosx + Re

m∑
k=1

c2k+1 exp i(2k + 1)x,
Á ×ÚÑ× ×ÍÅÓÔÏ tn(x) ÍÎÏÇÏÞÌÅÎ (tn(x) + tn(−x))=2, ÍÏÖÎÏ ÄÁÌÅÅ ÓÞÉÔÁÔØ, ÞÔÏ
tn(x) =

m∑
k=0

b2k+1 cos(2k+1)x. ôÏÇÄÁ ÄÌÑ ÔÁËÉÈ ÍÎÏÇÏÞÌÅÎÏ× ÄÏÓÔÁÔÏÞÎÏ ÄÏËÁÚÁÔØ
ÎÅÒÁ×ÅÎÓÔ×Ï

‖tn‖p > |b1|m+ 2
2 tg �

2m+ 4‖ cos ‖p:

ðÏÌÏÖÉÍ ÄÌÑ ËÒÁÔËÏÓÔÉ � = �=(m+ 2). äÏËÁÚÁÔÅÌØÓÔ×Ï ÔÅÐÅÒØ ÕÍÅÝÁÅÔÓÑ × Ä×Å
ÓÔÒÏÞËÉ

ctg �
2m+ 4‖tn‖p =

m+1∑

k=1
sin k�

∥∥∥tn
(
x+ k�− �

2
)∥∥∥

∞
>

>
∥∥∥∥∥
m+1∑

k=1
sin k� tn

(
x+ k�− �

2
)∥∥∥∥∥

p

= |b1|m+ 2
2 ‖ cos ‖p;

ÅÓÌÉ ×ÏÓÐÏÌØÚÏ×ÁÔØÓÑ ÕËÁÚÁÎÎÙÍÉ ×ÙÛÅ Ó×ÏÊÓÔ×ÁÍÉ ÎÏÒÍÙ É ÔÏÖÄÅÓÔ×ÁÍÉ
m+1∑

k=1
| sin k�| =

m+1∑

k=1
sin k� = ctg �

2m+ 4 ;

m+1∑

k=1
sin k� tn

(
x+ k�− �

2
)

= b1m+ 2
2 cosx:

ðÅÒ×ÏÅ ÉÚ ÎÉÈ, ÏÞÅ×ÉÄÎÏ, ÓÌÅÄÕÅÔ ÉÚ ÉÚ×ÅÓÔÎÏÇÏ ÔÏÖÄÅÓÔ×Á5) (ÓÍ., ÎÁÐÒÉÍÅÒ, [7,
ÚÁÄ. 225] ÉÌÉ [1])

n∑

k=1
sin kx =

sin (n+ 1)x
2 sin nx2
sin x2

ÐÒÉ ÐÏÄÓÔÁÎÏ×ËÅ n = m+ 1; x = �=(n+ 1). äÌÑ ÄÏËÁÚÁÔÅÌØÓÔ×Á ×ÔÏÒÏÇÏ ÚÁÍÅÎÉÍ
tn

(
x+ l�− �

2
)

ÎÁ

Re
m∑

k=0
b2k+1 exp i(2k + 1)

(
x+ l�− �

2
)
;

5)äÌÑ ÅÇÏ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÄÏÓÔÁÔÏÞÎÏ ÕÍÎÏÖÉÔØ ÏÂÅ ÅÇÏ ÞÁÓÔÉ ÎÁ sin(x=2) É ÐÒÉÍÅÎÉÔØ Ë
ËÁÖÄÏÍÕ ÓÌÁÇÁÅÍÏÍÕ ÆÏÒÍÕÌÕ sin kx sin(x=2) = cos(k − 1=2)x− cos(k + 1=2)x.
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ÉÚÍÅÎÉÍ × ÐÏÌÕÞÅÎÎÏÊ Ä×ÏÊÎÏÊ ÓÕÍÍÅ ÐÏÒÑÄÏË ÓÕÍÍÉÒÏ×ÁÎÉÑ
m+1∑

l=1
sin l� Re

m∑

k=0
b2k+1 exp i(2k + 1)

(
x+ l�− �

2
)

=

= Re
m∑

k=0
b2k+1

m+1∑

l=1
sin l� exp i(2k + 1)

(
x+ l�− �

2
)

=

= Re
m∑

k=0
b2k+1 exp i(2k + 1)

(
x− �

2
)m+1∑

l=1
sin l� exp i(2k + 1)l�;

É ÐÒÉÍÅÎÉÍ ÔÏÖÄÅÓÔ×Á Re(i exp i(x− �=2)) = − sin(x− �=2) = cosx,
m+1∑

l=0
sin l� exp i(2k + 1)l� =

[
0; m > k > 1;
m+ 2

2 i; k = 0:

äÌÑ ÄÏËÁÚÁÔÅÌØÓÔ×Á ×ÔÏÒÏÇÏ ÉÚ ÎÉÈ sin l� ÚÁÍÅÎÑÅÍ ÎÁ exp il�− exp (−il�)
2i , ÌÅ×ÕÀ

ÞÁÓÔØ ÔÏÖÄÅÓÔ×Á ÐÒÅÏÂÒÁÚÕÅÍ Ë ×ÉÄÕ

1
2i

(m+1∑

l=0
exp i(2k + 2)l�−

m+1∑

l=0
exp i2kl�

)
;

É ÐÒÉÍÅÎÑÅÍ × ÏÞÅÒÅÄÎÏÊ ÒÁÚ ÆÏÒÍÕÌÕ ÓÕÍÍÉÒÏ×ÁÎÉÑ ÇÅÏÍÅÔÒÉÞÅÓËÏÊ ÐÒÏÇÒÅÓ-
ÓÉÉ

m+1∑

l=0
exp i2kl� =

[
0; m+ 1 > k > 1;
m+ 2; k = 0:

äÏËÁÚÁÔÅÌØÓÔ×Ï ÒÁ×ÅÎÓÔ×Á ‖g2m+1‖∞ = m+ 2
2 tg �

2m+ 4 ÂÏÌÅÅ ÇÒÏÍÏÚÄËÏ.
óÎÁÞÁÌÁ ÐÒÏ×ÅÒÉÍ ÔÏÖÄÅÓÔ×Ï g2m+1(x+�) = −g2m+1(x). ôÁË ËÁË × ÓÉÌÕ ÆÏÒ-

ÍÕÌ sin(x+ �) = − sinx; cos(x+ �) = − cosx, ÏÞÅ×ÉÄÎÏ
fm;k(x+ �) = −fm;k(x); wm(x+ �) = (−1)m+1wm(x);

ÔÏ

hm;k(x+ �) =
(
wm(x+ �) sin k�
cos(x+ � − k�)

)2
= hm;k(x);

ÏÔËÕÄÁ gm;kk(x + �) = hm;k(x + �)fm;k(x + �) = −gm;kk(x); É, ÓÌÅÄÏ×ÁÔÅÌØÎÏ,
g2m+1(x+ �) = −g2m+1(x).

ðÒÏ×ÅÒÉÍ, ÞÔÏ g2m+1(k� − �=2) = m+ 2
2 tg �

2m+ 4 , k = 1; : : : ;m + 1. ôÁË ËÁË
hm;k ×ÍÅÓÔÅ Ó wm ÏÞÅ×ÉÄÎÏ ÉÍÅÅÔ Ä×ÕËÒÁÔÎÙÅ ËÏÒÎÉ l�−�=2; 1 6 l 6 m+1; l 6= k,
ÔÏ É gm;k ÔÏÖÅ ÉÍÅÅÔ ÔÅ ÖÅ Ä×ÕËÒÁÔÎÙÅ ËÏÒÎÉ6). ðÏÜÔÏÍÕ g2m+1(k� − �=2) =

6)ëÏÒÅÎØ ÆÕÎËÃÉÉ Ä×ÕËÒÁÔÅÎ, ÅÓÌÉ ÏÎ Ñ×ÌÑÅÔÓÑ ÔÁËÖÅ ËÏÒÎÅÍ ÅÅ ÐÒÏÉÚ×ÏÄÎÏÊ. ÷ÓÅ ËÏÒ-
ÎÉ ÆÕÎËÃÉÉ f(x) ÂÕÄÕÔ Ä×ÕËÒÁÔÎÙÍÉ ËÏÒÎÑÍÉ ÆÕÎËÃÉÉ f2(x)g(x), ÔÁË ËÁË (f2(x)g(x))′ =
= 2f(x)f ′(x)g(x) + f2(x)g′(x) = f(x)(2f ′(x)g(x) + f(x)g′(x)).
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= Cgm;k(k�− �=2). ôÁË ËÁË fm;k(k�− �=2) = 1, sin l� = sin(m+ 2− l)�, ÔÏ

gm;k(k�− �=2) = hm;k(k�− �=2) =

= sin2 k�
m+1∏

l=1;l 6=k
cos2(k�− �=2− l�) = sin2 k�

m+1∏

l=1;l 6=k
sin2(l − k)� =

=
k∏

l=1
sin2 l�

m+1∏

l=k+1
sin2(l − k)� =

k∏

l=1
sin2 l�

m+1−k∏

l=1
sin2 l�;

ÏÔËÕÄÁ, ÐÅÒÅÓÔÁ×ÌÑÑ ÐÏÒÑÄÏË ÓÏÍÎÏÖÉÔÅÌÅÊ × ÐÏÓÌÅÄÎÅÍ ÐÒÏÉÚ×ÅÄÅÎÉÉ, ÉÍÅÅÍ

g2m+1(k�− �=2) =
m+1∏

l=1
sin2 l�; k = 1; : : : ;m+ 1:

éÚ ÉÚ×ÅÓÔÎÏÇÏ ÔÏÖÄÅÓÔ×Á
n−1∏

l=1
sin l�

n = n2−n+1

(ÓÍ., ÎÁÐÒÉÍÅÒ, [7, ÚÁÄ. 232]) ÓÌÅÄÕÅÔ, ÞÔÏ

g2m+1(k�− �=2) = (m+ 2)22−2m−2C = m+ 2
2 tg �

2m+ 4 ; k = 1; : : : ;m+ 1:

ðÒÏ×ÅÒÉÍ, ÞÔÏ g′2m+1(k� − �=2) = 0, k = 1; : : : ;m + 1. ôÁË ËÁË gm;k ÉÍÅÅÔ
Ä×ÕËÒÁÔÎÙÅ ËÏÒÎÉ l� − �=2; 1 6 l 6 m + 1; l 6= k, ÔÏ g′m;k(l� − �=2) = 0, 1 6 l 6
6 m + 1, l 6= k, ÐÏÜÔÏÍÕ g′2m+1(k� − �=2) = Cg′m;k(k� − �=2); k = 1; : : : ;m + 1.
ôÁË ËÁË

fm;k
(
k�− �

2
)

= 1; f ′m;k
(
k�− �

2
)

= −2 ctg k� sin
(
−�2

)
= 2 ctg k�;

hm;k
(
k�− �

2
)

= g2m+1
(
k�− �

2
)

= sin2 k�
(

wm
cos(x− k�)

)2
∣∣∣∣∣
x=k�−�=2

=

= (m+ 2)22−2m−2; k = 1; : : : ;m+ 1;

h′m;k
(
k�− �

2
)

= 2 sin2 k� wm
cos(x− k�)

∣∣∣∣
x=k�−�=2

(
wm

cos(x− k�

)′∣∣∣∣∣
x=k�−�=2

;

ÔÏ, ÓÏÇÌÁÓÎÏ ÆÏÒÍÕÌÅ ìÅÊÂÎÉÃÁ7) É ÔÏÖÄÅÓÔ×Õ ctg x = − tg(x− �=2), ÉÍÅÅÍ
(

wm
cos(x− k�)

)′∣∣∣∣∣
x=k�−�=2

= wm
cos(x− k�)




m+1∑

l=1;l 6=k
− tg(x− l�)




∣∣∣∣∣∣
x=k�−�=2

=

= wm
cos(x− k�)

∣∣∣∣
x=k�−�=2




m+1∑

l=1;l 6=k
− tg

(
k�− �

2 − l�
)

 =

7)éÍÅÅÔÓÑ × ×ÉÄÕ ÓÌÅÄÕÀÝÁÑ ÅÅ ÆÏÒÍÁ (f1 ·: : :·fn)′ = f1 ·: : :·fn(f ′1=f1+: : :+f ′n=fn), ÐÒÉÇÏÄÎÁÑ,
ÅÓÌÉ fi 6= 0; i = 1; : : : ; n.
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= wm
cos(x− k�)

∣∣∣∣
x=k�−�=2




m+1∑

l=1;l 6=k
ctg(k − l)�


 ;

ÏÔËÕÄÁ ÓÌÅÄÕÅÔ, ÞÔÏ

h′m;k
(
k�− �

2
)

= 2 sin2 k�
(

wm
cos(x− k�

)2
∣∣∣∣∣
x=k�−�=2




m+1∑

l=1;l 6=k
ctg(k − l)�


 =

= (m+ 2)22−2m−1




m+1∑

l=1;l 6=k
ctg(k − l)�


 ;

ÓÌÅÄÏ×ÁÔÅÌØÎÏ

g′m;k(k�− �=2) =

= h′m;k
(
k�− �

2
)
fm;k

(
k�− �

2
)

+ hm;k
(
k�− �

2
)
f ′m;k

(
k�− �

2
)

=

= h′m;k
(
k�− �

2
)

+ 2hm;k
(
k�− �

2
)

ctg k� =

= (m+ 2)22−2m−1


ctg k�+

m+1∑

l=1;l 6=k
ctg(k − l)�


 :

óÕÍÍÕ × ÓËÏÂËÁÈ ÍÏÖÎÏ, ÓÏËÒÁÝÁÑ ÒÁ×ÎÙÅ ÓÌÁÇÁÅÍÙÅ, ÚÁÐÉÓÁÔØ × ×ÉÄÅ
k∑

l=1
ctg l�−

m−k+1∑

l=1
ctg l� = ±

m+1−s∑

l=s+1
ctg l�; s = min(k;m+ 1− k):

úÁÍÅÔÉ×, ÞÔÏ ctg l� = − ctg(m + 2 − l)�, ctg(m + 2)�=2 = 0, ÏÔÓÀÄÁ ÉÍÅÅÍ
g′2m+1(k�− �=2) = Cg′m;k(k�− �=2) = 0, k = 1; : : : ;m+ 1.

ðÒÏ×ÅÒÉÍ, ÞÔÏ ÍÎÏÇÏÞÌÅÎ g2m+1(x) ÉÍÅÅÔ ÌÏËÁÌØÎÙÅ ÜËÓÔÒÅÍÕÍÙ × ÔÏÞËÁÈ
k�+��=2, � = ±1, k = 1; : : : ;m+1. óÎÁÞÁÌÁ ÏÃÅÎÉÍ ÞÉÓÌÏ ËÏÒÎÅÊ Õ ÐÒÏÉÚ×ÏÄÎÏÊ
g′2m+1(x) ÎÁ ÉÎÔÅÒ×ÁÌÅ [−�=2; 3�=2). éÚ ÒÁ×ÅÎÓÔ×Á g2m+1(x+�) = −g2m+1(x) ÓÌÅ-
ÄÕÅÔ, ÞÔÏ g′2m+1(k�+�=2) = −g′2m+1(k�−�=2) = 0, k = 1; : : : ;m+1, Ô. Å. ÐÒÏÉÚ×ÏÄ-
ÎÁÑ ÉÍÅÅÔ ÅÝÅ m+ 1 ËÏÒÎÅÊ ÎÁ ÉÎÔÅÒ×ÁÌÅ [�=2; 3�=2). ôÁË ËÁË g2m+1(k�−�=2) =
= −g2m+1(k� + �=2) = m+ 2

2 tg �
2m+ 4 , k = 1; : : : ;m + 1, ÔÏ ÆÕÎËÃÉÑ g2m+1(x)

ÎÁ ËÏÎÃÁÈ ËÁÖÄÏÇÏ ÉÚ ÏÔÒÅÚËÏ× [k�+ ��=2; (k + 1)�+ ��=2], � = ±1, k = 1; : : :m
ÐÒÉÎÉÍÁÅÔ ÒÁ×ÎÙÅ ÚÎÁÞÅÎÉÑ, ÐÏÜÔÏÍÕ ÓÏÇÌÁÓÎÏ ÔÅÏÒÅÍÅ òÏÌÌÑ8) ÅÅ ÐÒÏÉÚ×ÏÄÎÁÑ
ÉÍÅÅÔ ÈÏÔÑ ÂÙ ÏÄÉÎ ËÏÒÅÎØ ÎÁ ËÁÖÄÏÍ ÉÚ ÜÔÉÈ 2m ÏÔÒÅÚËÏ×, ÐÏÜÔÏÍÕ ÏÂÝÅÅ ÞÉÓÌÏ
ÅÅ ËÏÒÎÅÊ ÎÁ ÉÎÔÅÒ×ÁÌÅ [−�=2; 3�=2) ÎÅ ÍÅÎØÛÅ 4m + 2. ðÏÜÔÏÍÕ, ÓÏÇÌÁÓÎÏ ÉÚ-
×ÅÓÔÎÏÊ ÔÅÏÒÅÍÅ ÏÂ ÏÃÅÎËÅ ÞÉÓÌÁ ËÏÒÎÅÊ ÔÒÉÇÏÎÏÍÅÔÒÉÞÅÓËÏÇÏ ÍÎÏÇÏÞÌÅÎÁ9)(ÓÍ.,
ÎÁÐÒÉÍÅÒ, [1]) ÍÎÏÇÏÞÌÅÎ g′2m+1 ÉÍÅÅÔ ÎÁ ÉÎÔÅÒ×ÁÌÅ [−�=2; 3�=2) ÒÏ×ÎÏ 4m + 2
ÐÒÏÓÔÙÈ (ÏÄÎÏËÒÁÔÎÙÈ) ËÏÒÎÅÊ, ÐÅÒÅÞÉÓÌÅÎÎÙÈ ×ÙÛÅ, ÓÌÅÄÏ×ÁÔÅÌØÎÏ g′2m+1 ÎÅ

8)åÓÌÉ ÆÕÎËÃÉÑ ÄÉÆÆÅÒÅÎÃÉÒÕÅÍÁ ÎÁ ÏÔÒÅÚËÅ É ÐÒÉÎÉÍÁÅÔ ÒÁ×ÎÙÅ ÚÎÁÞÅÎÉÑ ÎÁ ÅÇÏ ËÏÎÃÁÈ,
ÔÏ ÅÅ ÐÒÏÉÚ×ÏÄÎÁÑ ÏÂÒÁÝÁÅÔÓÑ × ÎÕÌØ × ÏÄÎÏÊ ÉÚ ÅÇÏ ×ÎÕÔÒÅÎÎÉÈ ÔÏÞÅË.

9)îÅÎÕÌÅ×ÏÊ ÔÒÉÇÏÎÏÍÅÔÒÉÞÅÓËÉÊ ÍÎÏÇÏÞÌÅÎ ÐÏÒÑÄËÁ n ÉÍÅÅÔ ÎÁ ÌÀÂÏÍ ÉÎÔÅÒ×ÁÌÅ [a; a+2�)
ÎÅ ÂÏÌÅÅ 2n ËÏÒÎÅÊ Ó ÕÞÅÔÏÍ ËÒÁÔÎÏÓÔÉ.



ï ÎÁÉÍÅÎÅÅ ÕËÌÏÎÑÀÝÉÈÓÑ ÔÒÉÇÏÎÏÍÅÔÒÉÞÅÓËÉÈ ÍÎÏÇÏÞÌÅÎÁÈ 63

ÉÍÅÅÔ ËÒÁÔÎÙÈ ËÏÒÎÅÊ. ÷ ÞÁÓÔÎÏÓÔÉ, ÎÁ ÉÎÔÅÒ×ÁÌÅ ((m+ 1)�−�=2; �+�=2) ÐÒÏ-
ÉÚ×ÏÄÎÁÑ ËÏÒÎÅÊ ÎÅ ÉÍÅÅÔ, ÚÎÁÞÉÔ, ÏÎÁ ÓÏÈÒÁÎÑÅÔ ÐÏÓÔÏÑÎÎÙÊ ÚÎÁË, Á ÔÁË ËÁË
g2m+1((m+1)�−�=2) > 0 > g2m+1(�+�=2), ÔÏ ÏÎÁ ÏÔÒÉÃÁÔÅÌØÎÁ É ÆÕÎËÃÉÑ g2m+1
ÎÁ ÜÔÏÍ ÉÎÔÅÒ×ÁÌÅ ÕÂÙ×ÁÅÔ. ôÁË ËÁË ÐÒÏÉÚ×ÏÄÎÁÑ ÎÅ ÉÍÅÅÔ ËÒÁÔÎÙÈ ËÏÒÎÅÊ, ÔÏ
ÅÅ ÚÎÁËÉ ÍÅÖÄÕ ËÏÒÎÑÍÉ ÞÅÒÅÄÕÀÔÓÑ10), ÐÏÜÔÏÍÕ ÓÌÅ×Á ÏÔ ËÏÒÎÑ (m+ 1)�− �=2
ÐÒÏÉÚ×ÏÄÎÁÑ ÐÏÌÏÖÉÔÅÌØÎÁ, ÐÏÜÔÏÍÕ ÓÏÇÌÁÓÎÏ ÉÚ×ÅÓÔÎÏÍÕ ÐÒÉÚÎÁËÕ ÌÏËÁÌØÎÏÇÏ
ÍÁËÓÉÍÕÍÁ ÆÕÎËÃÉÑ g2m+1(x) ÉÍÅÅÔ × ÔÏÞËÅ (m+1)�−�=2 ÌÏËÁÌØÎÙÊ ÍÁËÓÉÍÕÍ.
áÎÁÌÏÇÉÞÎÏ ÐÒÏ×ÅÒÑÅÔÓÑ, ÞÔÏ ×Ï ×ÓÅÈ ÔÏÞËÁÈ k�−�=2; k = 1; : : :m+ 1 ÍÎÏÇÏÞÌÅÎ
g2m+1(x) ÉÍÅÅÔ ÌÏËÁÌØÎÙÊ ÍÁËÓÉÍÕÍ, Á ×Ï ×ÓÅÈ ÔÏÞËÁÈ k�+ �=2; k = 1; : : :m+ 1
| ÌÏËÁÌØÎÙÊ ÍÉÎÉÍÕÍ.

ðÒÏ×ÅÒÉÍ, ÞÔÏ g2m+1(x) > 0 ÎÁ ÏÔÒÅÚËÅ [−�=2; �=2]. ôÁË ËÁË C > 0, ÔÏ ÄÏ-
ÓÔÁÔÏÞÎÏ ÐÒÏ×ÅÒÉÔØ, ÞÔÏ gm;k(x) + gm;m+2−k(x) > 0, 1 6 k 6 (m + 2)=2, ÏÔËÕÄÁ
ÓÌÅÄÕÅÔ ÎÅÒÁ×ÅÎÓÔ×Ï

g2m+1(x) = C((gm;1(x) + gm;m+1(x)) + (gm;2(x) + gm;m(x)) + : : :) > 0:
ôÁË ËÁË cos(x− (m+ 2− k)�) = − cos(x+ k�), ÔÏ

gm;k(x) + gm;m+2−k(x) =

=
(

wm(x) sin k�
cos(x− k�) cos(x+ k�)

)2
(cos2(x+ k�)fm;k(x) + cos2(x− k�)fm;m+2−k(x)):

äÌÑ ÐÒÏ×ÅÒËÉ ÎÅÏÔÒÉÃÁÔÅÌØÎÏÓÔÉ ×ÔÏÒÏÇÏ ÓÏÍÎÏÖÉÔÅÌÑ, × ÓÉÌÕ ÔÏÖÄÅÓÔ×
sin(x−(m+2−k)�) = − sin(x+k�), ctg(m+2−k)� = − ctg k�, ÒÁ×ÎÏÇÏ, ÏÞÅ×ÉÄÎÏ,

cos2(x+ k�)(2 ctg k� cos(x− k�)− sin(x− k�))+
+ cos2(x− k�)(2 ctg k� cos(x+ k�) + sin(x+ k�));

ÐÏÌØÚÕÑÓØ ÔÒÉÇÏÎÏÍÅÔÒÉÞÅÓËÉÍÉ ÔÅÏÒÅÍÁÍÉ ÓÌÏÖÅÎÉÑ, ÐÒÅÏÂÒÁÚÕÅÍ ÅÇÏ Ë ×ÉÄÕ11)

2 cosx sin k�(cos2 x(2 ctg2 k�− 1) + sin2 k�):
ôÁË ËÁË 0 6 cos2 x 6 1, Á ÌÉÎÅÊÎÁÑ ÆÕÎËÃÉÑ ÄÏÓÔÉÇÁÅÔ ÜËÓÔÒÅÍÕÍÏ× ÎÁ ËÏÎÃÁÈ
ÏÔÒÅÚËÁ, ÔÏ ÐÒÉ k = 1; : : : ;m+ 1

cos2 x(2 ctg2 k�− 1) + sin2 k�) > min(sin2 k�; 2 ctg2 k�− 1 + sin2 k�):
ïÓÔÁÅÔÓÑ ÚÁÍÅÔÉÔØ, ÞÔÏ × ÓÉÌÕ ÔÏÖÄÅÓÔ×Á

ctg2 x− cos2 x = ctg2 x(1− sin2 x) = ctg2 x cos2 x
ÐÒÉ k = 1; : : : ;m+ 1, ÏÞÅ×ÉÄÎÏ,

2 ctg2 k�− 1 + sin2 k� = 2 ctg2 k�− cos2 k� = ctg2 k�(1 + cos2 k�)) > 0:
ôÁË ËÁË sin k� > 0; k = 1; : : : ;m + 1; ÔÏ ÔÅÍ ÓÁÍÙÍ ÄÏËÁÚÁÎÏ, ÞÔÏ ÚÎÁË ÆÕÎËÃÉÉ
g2m+1(x) ÓÏ×ÐÁÄÁÅÔ ÓÏ ÚÎÁËÏÍ cosx.

10)åÓÌÉ ÂÙ ÏÎÁ ÓÏÈÒÁÎÑÌÁ ÚÎÁË ÎÁ ÉÎÔÅÒ×ÁÌÅ, ÓÏÄÅÒÖÁÝÅÍ ÔÒÉ ÓÏÓÅÄÎÉÈ ËÏÒÎÑ, ÔÏ × ÓÒÅÄÎÅÍ
ÉÚ ÎÉÈ ÐÒÏÉÚ×ÏÄÎÁÑ ÂÙÌÁ ÂÙ ÒÁ×ÎÁ ÎÕÌÀ, Ô. Å. ÏÎ ÂÙÌ ÂÙ Ä×ÕËÒÁÔÎÙÍ ËÏÒÎÅÍ, ÞÔÏ ÎÅ×ÏÚÍÏÖÎÏ.

11)ðÒÏ×ÅÒËÁ ÐÒÅÄÏÓÔÁ×ÌÑÅÔÓÑ ÞÉÔÁÔÅÌÀ. äÌÑ ÕÄÏÂÓÔ×Á ÍÏÖÎÏ ÏÂÏÚÎÁÞÉÔØ cos k� ÞÅÒÅÚ Ó, Á
sin k� ÞÅÒÅÚ s.
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äÏËÁÖÅÍ ÔÅÐÅÒØ, ÞÔÏ ÎÁÊÄÅÎÎÙÅ ÅÅ ÜËÓÔÒÅÍÕÍÙ | ÇÌÏÂÁÌØÎÙÅ. íÅÖÄÕ ÓÏÓÅÄ-
ÎÉÍÉ ÌÏËÁÌØÎÙÍÉ ÍÁËÓÉÍÕÍÁÍÉ ÒÁÓÐÏÌÏÖÅÎÙ ÌÏËÁÌØÎÙÅ ÍÉÎÉÍÕÍÙ, Á ÔÁË ËÁË
g2m+1(x) > 0 ÎÁ ÏÔÒÅÚËÅ [−�=2; �=2], ÔÏ ÎÁ ÜÔÏÍ ÏÔÒÅÚËÅ ÌÏËÁÌØÎÙÅ ÍÁËÓÉÍÕÍÙ
ÂÕÄÕÔ ÏÞÅ×ÉÄÎÏ É ÇÌÏÂÁÌØÎÙÍÉ ÍÁËÓÉÍÕÍÁÍÉ. ÷ ÓÉÌÕ ÒÁ×ÅÎÓÔ×Á g2m+1(x + �) =
= −g2m+1(x) ÎÁ ÏÔÒÅÚËÅ [�=2; 3�=2] ÆÕÎËÃÉÑ g2m+1 ÎÅÐÏÌÏÖÉÔÅÌØÎÁ, ÐÏÜÔÏÍÕ ×
ÔÏÞËÁÈ k�+�=2; k = 1; : : :m+1 ÏÎÁ ÉÍÅÅÔ ÇÌÏÂÁÌØÎÙÅ ÍÉÎÉÍÕÍÙ. óÌÅÄÏ×ÁÔÅÌØÎÏ,
ÒÁ×ÅÎÓÔ×Ï

‖g2m+1‖∞ = g2m+1
(
k�− �

2
)

= m+ 2
2 tg �

2m+ 4 ; k = 1; : : : ;m+ 1;
ÄÏËÁÚÁÎÏ.

äÏËÁÖÅÍ ÔÅÐÅÒØ, ÞÔÏ g2m+1(x) =
m∑
k=0

bk cos(2k+ 1)x. ôÁË ËÁË × ÓÉÌÕ ÅÅ ÐÅÒÉÏ-
ÄÉÞÎÏÓÔÉ

g2m+1
(
−k�− �

2
)

= g2m+1
(

(m+ 2− k)�+ �
2
)

= g2m+1
(
k�+ �

2
)
;

g2m+1
(
k�− �

2
)

= g2m+1
(�

2 − k�
)
; 1 6 k 6 m+ 2

2 ;

ÔÏ ÆÕÎËÃÉÉ g2m+1(x) É g2m+1(−x) ÉÍÅÀÔ 2m + 2 ÏÂÝÉÈ ÍÁËÓÉÍÕÍÁ É ÍÉÎÉ-
ÍÕÍÁ ÎÁ ÉÎÔÅÒ×ÁÌÅ [−�; �), ÚÎÁÞÉÔ ÉÈ ÒÁÚÎÏÓÔØ ÉÍÅÅÔ × ÔÏÞËÁÈ ±k� + ±�=2,
1 6 k 6 (m + 2)=2 Ä×ÕËÒÁÔÎÙÅ ËÏÒÎÉ12), ÓÕÍÍÁÒÎÁÑ ËÒÁÔÎÏÓÔØ ËÏÔÏÒÙÈ ÒÁ×ÎÁ
4m + 4, Ô. Å. ÂÏÌØÛÅ 4m + 2, ÐÏÜÔÏÍÕ ÓÏÇÌÁÓÎÏ ÔÅÏÒÅÍÅ Ï ÞÉÓÌÅ ËÏÒÎÅÊ ÔÒÉÇÏÎÏ-
ÍÅÔÒÉÞÅÓËÏÇÏ ÍÎÏÇÏÞÌÅÎÁ ÒÁÚÎÏÓÔØ g2m+1(x)− g2m+1(−x) ÒÁ×ÎÁ ÎÕÌÀ. óÌÅÄÏ×Á-
ÔÅÌØÎÏ, ÍÎÏÇÏÞÌÅÎ g2m+1(x) ÞÅÔÅÎ, ÐÏÜÔÏÍÕ ÓÏÓÔÏÉÔ ÉÚ ÏÄÎÉÈ ËÏÓÉÎÕÓÏ×13) (ÓÍ.,
ÎÁÐÒÉÍÅÒ, [1]). ïÔÓÕÔÓÔ×ÉÅ × ÎÅÍ ËÏÓÉÎÕÓÏ× Ó ÞÅÔÎÙÍÉ ÄÕÇÁÍÉ14) ÍÏÖÎÏ ×Ù×ÅÓÔÉ
ÉÚ ÔÏÖÄÅÓÔ×Á15) g2m+1(x+�) = −g2m+1(x), ÎÏ ÍÏÖÎÏ ÐÒÏ×ÅÒÉÔØ É ÎÅÐÏÓÒÅÄÓÔ×ÅÎ-
ÎÏ ÉÚ ÏÐÒÅÄÅÌÅÎÉÑ16) g2m+1(x).

12)ðÒÏÉÚ×ÏÄÎÁÑ ÒÁÚÎÏÓÔÉ g2m+1(x) − g2m+1(−x) × ÜÔÉÈ ÔÏÞËÁÈ ÔÏÖÅ ÒÁ×ÎÁ ÎÕÌÀ, ÔÁË ËÁË
ÐÒÏÉÚ×ÏÄÎÙÅ ÆÕÎËÃÉÊ g2m+1(±x) × ÎÉÈ ÒÁ×ÎÙ ÎÕÌÀ.

13)îÅÞÅÔÎÁÑ ÞÁÓÔØ ÔÒÉÇÏÎÏÍÅÔÒÉÞÅÓËÏÇÏ ÍÎÏÇÏÞÌÅÎÁ tn(x) ×ÙÒÁÖÁÅÔÓÑ ÆÏÒÍÕÌÏÊ
nX
k=1

ak sin kx = (tn(x)− tn(−x))=2;

ÐÏÜÔÏÍÕ Õ ÞÅÔÎÏÇÏ ÍÎÏÇÏÞÌÅÎÁ ÏÎÁ ÔÏÖÄÅÓÔ×ÅÎÎÏ ÒÁ×ÎÁ ÎÕÌÀ, É ÐÏÜÔÏÍÕ ÅÅ ËÏÜÆÆÉÃÉÅÎÔÙ ak
ÒÁ×ÎÙ ÎÕÌÀ, ÓÏÇÌÁÓÎÏ ÔÅÏÒÅÍÅ Ï ÞÉÓÌÅ ËÏÒÎÅÊ ÍÎÏÇÏÞÌÅÎÁ.

14)óÌÁÇÁÅÍÙÈ ×ÉÄÁ b cos 2kx, ÇÄÅ k | ÃÅÌÏÅ. | ðÒÉÍ. ÒÅÄ.
15)ðÒÅÄÓÔÁ×ÌÑÑ ÞÅÔÎÙÊ ÍÎÏÇÏÞÌÅÎ tn × ×ÉÄÅ t0;n + t1;n, ÇÄÅ t0;n =

bn=2cP
k=1

b2k cos 2kx, t1;n =

=
b(n−1)=2cP

k=0
b2k+1 cos(2k+ 1)x, ÚÁÍÅÞÁÅÍ, ÞÔÏ t0;n = (tn(x) + tn(x+�))=2, ÐÏÜÔÏÍÕ ÉÚ ÔÏÖÄÅÓÔ×Á

tn(x) = −tn(x + �) ÓÌÅÄÕÅÔ, ÞÔÏ t0;n(x) = 0, É ÓÏÇÌÁÓÎÏ ÔÅÏÒÅÍÅ Ï ÞÉÓÌÅ ËÏÒÎÅÊ ÍÎÏÇÏÞÌÅÎÁ
ÞÅÔÎÙÅ ËÏÜÆÆÉÃÉÅÎÔÙ b2k = 0. áÎÁÌÏÇÉÞÎÏ, ÅÓÌÉ tn(x) = tn(x+�), ÔÏ t1;n(x) = (tn(x)− tn(x+
+ �))=2 = 0, ÓÌÅÄÏ×ÁÔÅÌØÎÏ tn = t0;n, Ô. Å. ÎÅÞÅÔÎÙÅ ËÏÜÆÆÉÃÉÅÎÔÙ b2k+1 = 0.

16)äÏËÁÚÁ× Ó ÐÏÍÏÝØÀ ÆÏÒÍÕÌ ÐÒÅÏÂÒÁÚÏ×ÁÎÉÑ ÐÒÏÉÚ×ÅÄÅÎÉÑ ÓÉÎÕÓÏ×-ËÏÓÉÎÕÓÏ× × ÓÕÍÍÕ, ÞÔÏ
ÍÎÏÖÅÓÔ×Ï ÍÎÏÇÏÞÌÅÎÏ×, ÓÏÄÅÒÖÁÝÉÈ ÔÏÌØËÏ ÞÅÔÎÙÅ ÄÕÇÉ, ÚÁÍËÎÕÔÏ ÏÔÎÏÓÉÔÅÌØÎÏ ÕÍÎÏÖÅÎÉÑ,
Á ÕÍÎÏÖÅÎÉÅ ÔÁËÉÈ ÍÎÏÇÏÞÌÅÎÏ× ÎÁ ÍÎÏÇÏÞÌÅÎÙ, ÓÏÄÅÒÖÁÝÉÅ ÔÏÌØËÏ ÎÅÞÅÔÎÙÅ ÄÕÇÉ, ÄÁÅÔ ×
ÒÅÚÕÌØÔÁÔÅ ÔÏÖÅ ÍÎÏÇÏÞÌÅÎÙ, ÓÏÄÅÒÖÁÝÉÅ ÔÏÌØËÏ ÎÅÞÅÔÎÙÅ ÄÕÇÉ.
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éÚ ÄÏËÁÚÁÎÎÏÇÏ ÄÌÑ ÌÀÂÏÇÏ ÍÎÏÇÏÞÌÅÎÁ tn(x) =
m∑
k=0

bk cos(2k+1)x, n = 2m+1;
ÔÏÖÄÅÓÔ×Á

m+1∑

k=1
sin k� tn

(
x+ k�− �

2
)

= m+ 2
2 b1 cosx

É ÓÏÏÔÎÏÛÅÎÉÊ ‖tn‖∞ > tn (k�− �=2) ;

ctg �
2m+ 4‖tn‖∞ =

m+1∑

k=1
sin k�

∥∥∥tn
(
x+ k�− �

2
)∥∥∥

∞

ÓÌÅÄÕÅÔ ÎÅÒÁ×ÅÎÓÔ×Ï

ctg �
2m+ 4‖tn‖∞ >

m+1∑

k=1
sin k� tn

(
k�− �

2
)

= b1m+ 2
2 ;

ËÏÔÏÒÏÅ, ÏÞÅ×ÉÄÎÏ, ÏÂÒÁÝÁÅÔÓÑ × ÒÁ×ÅÎÓÔ×Ï, ÅÓÌÉ É ÔÏÌØËÏ ÅÓÌÉ

tn
(
k�− �

2
)

= ‖tn‖∞ ; k = 1; : : : ;m+ 1:

ôÁË ËÁË ÜÔÉ ÓÏÏÔÎÏÛÅÎÉÑ ×ÙÐÏÌÎÅÎÙ ÄÌÑ tn = g2m+1, ÔÏ

‖g2m+1‖∞ = m+ 2
2 tg �

2m+ 4b1;

ÏÔËÕÄÁ, × ÓÉÌÕ ÄÏËÁÚÁÎÎÏÇÏ ÒÁ×ÅÎÓÔ×Á ‖g2m+1‖∞ = m+ 2
2 tg �

2m+ 4 , ÓÌÅÄÕÅÔ, ÞÔÏ
b1 = 1.

äÏËÁÖÅÍ ÅÄÉÎÓÔ×ÅÎÎÏÓÔØ ÜËÓÔÒÅÍÁÌØÎÏÇÏ ÍÎÏÇÏÞÌÅÎÁ tn ÐÒÉ ÎÅÞÅÔÎÏÍ bn=hc.
íÏÖÎÏ ÓÞÉÔÁÔØ, ÞÔÏ ch = 1, ‖tn‖∞ = m+ 2

2 tg �
2m+ 4 , m = b(n− h)=2hc . ðÏ-

ÌÏÖÉÍ

f2m+1(x) = 1
2h

2h∑

l=1
(−1)ltn

(x+ �l
h

)
= Re

m∑

k=0
c2k+1 exp i(2k + 1)x:

ôÁË ËÁË

‖tn‖∞ > tn
(x+ �l

h
)
; ‖f2m+1‖∞ > f2m+1

(
k�− �

2
)
;

m+1∑

k=1
sin k� = ctg �

2m+ 4 ;

ÔÏ ÉÚ ÄÏËÁÚÁÎÎÙÈ ×ÙÛÅ ÎÅÒÁ×ÅÎÓÔ× ÓÌÅÄÕÅÔ, ÞÔÏ ÐÒÉ ÎÅËÏÔÏÒÏÍ 

m+ 2
2 tg �

2m+ 4 = ‖tn‖∞ > 1
2h

2h∑

l=1
(−1)ltn

( + �l
h

)
= f2m+1() =

= ‖f2m+1‖∞ > tg �
2m+ 4

m+1∑

k=1
sin k� f2m+1

(
k�− �

2
)

= m+ 2
2 tg �

2m+ 4 :

ïÞÅ×ÉÄÎÏ, ÜÔÉ ÎÅÒÁ×ÅÎÓÔ×Á ÏÂÒÁÝÁÀÔÓÑ × ÒÁ×ÅÎÓÔ×Á, ÐÏÜÔÏÍÕ

‖f2m+1‖∞ = tg �
2m+ 4

m+1∑

k=1
sin k� ‖f2m+1‖∞ =
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= tg �
2m+ 4

m+1∑

k=1
sin k� f2m+1

(
k�− �

2
)
;

ÚÎÁÞÉÔ × ËÁÞÅÓÔ×Å  ÍÏÖÎÏ ×ÚÑÔØ ÌÀÂÏÅ k�− �=2, k = 1; : : : ;m+ 1, ÏÔËÕÄÁ

tn
(
k�+ �l − �=2

h

)
= (−1)l‖tn‖∞; k = 1; : : : ;m+ 1; l = 1; : : : ; 2h:

óÌÅÄÏ×ÁÔÅÌØÎÏ, ÍÎÏÇÏÞÌÅÎ tn ÉÍÅÅÔ ÎÁ ÉÎÔÅÒ×ÁÌÅ [�=2h; 2� + �=2h) ÌÏËÁÌØÎÙÅ
ÜËÓÔÒÅÍÕÍÙ × ÔÏÞËÁÈ (k� + �l − �=2)=h, k = 1; : : : ;m + 1, l = 1; : : : ; 2h, É ÏÂÝÅÅ
ÉÈ ËÏÌÉÞÅÓÔ×Ï ÒÁ×ÎÏ 2(m + 1)h > n. äÏËÁÖÅÍ ÅÇÏ ÅÄÉÎÓÔ×ÅÎÎÏÓÔØ ÒÁÓÓÕÖÄÅ-
ÎÉÅÍ ÏÔ ÐÒÏÔÉ×ÎÏÇÏ. ôÁË ËÁË ÐÒÏÉÚ×ÏÄÎÁÑ ÍÎÏÇÏÞÌÅÎÁ tn × ÔÏÞËÁÈ ÌÏËÁÌØÎÙÈ
ÜËÓÔÒÅÍÕÍÏ× ÒÁ×ÎÁ ÎÕÌÀ, ÔÏ ÅÓÌÉ ÂÙ ÓÕÝÅÓÔ×Ï×ÁÌ ÄÒÕÇÏÊ ÍÎÏÇÏÞÌÅÎ Ó ÔÅÍÉ ÖÅ
ÌÏËÁÌØÎÙÍÉ ÜËÓÔÒÅÍÕÍÁÍÉ, ÔÏ ÒÁÚÎÏÓÔØ ÜÔÉÈ ÍÎÏÇÏÞÌÅÎÏ× ÉÍÅÌÁ ÂÙ ÎÁ ÉÎÔÅÒ×Á-
ÌÅ [�=2h; 2�+�=2h) ÎÅ ÍÅÎÅÅ 2(m+1)h > n Ä×ÕËÒÁÔÎÙÈ ËÏÒÎÅÊ, ÞÔÏ ÐÒÏÔÉ×ÏÒÅÞÉÔ
ÔÅÏÒÅÍÅ Ï ÞÉÓÌÅ ËÏÒÎÅÊ ÎÁ ÐÅÒÉÏÄÅ Õ ÔÒÉÇÏÎÏÍÅÔÒÉÞÅÓËÏÇÏ ÍÎÏÇÏÞÌÅÎÁ.

òÁÓÓÍÏÔÒÉÍ ÓÌÕÞÁÊ ÞÅÔÎÏÇÏ bn=hc. ôÏÇÄÁ n > (2m + 2)h, m = bn− h
2h c.

ðÏÌÁÇÁÅÍ, ËÁË É ×ÙÛÅ, ÞÔÏ ch = 1. ðÏËÁÖÅÍ, ÞÔÏ ÔÏÇÄÁ ÜËÓÔÒÅÍÁÌØÎÙÍÉ ÂÕ-
ÄÕÔ ÍÎÏÇÏÞÌÅÎÙ g2m+1(hx) + cU2

m+1(sinhx) ÐÒÉ ÌÀÂÏÍ ÄÏÓÔÁÔÏÞÎÏ ÍÁÌÏÍ |c|,
ÇÄÅ Uk(x) | ÍÎÏÇÏÞÌÅÎ þÅÂÙÛ£×Á ×ÔÏÒÏÇÏ ÒÏÄÁ, ÏÐÒÅÄÅÌÑÅÍÙÊ ÒÁ×ÅÎÓÔ×ÏÍ
Uk(cosx) = sin(k + 1)x= sinx (ÓÍ. [1]). ôÁË ËÁË × ÓÉÌÕ ÔÏÖÄÅÓÔ×Á sin(k + 2)x +
+ sin kx = 2 sin(k+ 1)x cosx ÏÞÅ×ÉÄÎÏ Uk+1(cosx) +Uk−1(cosx) = 2 cosxUk(cosx),
ÔÏ ÐÏ ÉÎÄÕËÃÉÉ ÌÅÇËÏ ÐÒÏ×ÅÒÑÅÔÓÑ, ÞÔÏ Uk(x) ÅÓÔØ ÁÌÇÅÂÒÁÉÞÅÓËÉÊ ÍÎÏÇÏÞÌÅÎ
ÓÔÅÐÅÎÉ k. ôÁË ËÁË

Uk(− cosx) = Uk(cos(x+ �)) = sin(k + 1)(x+ �)
sin(x+ �) =

= (−1)k sin(k + 1)x
sinx = (−1)kUk(cosx);

ÔÏ Uk(−x) = (−1)kUk(x), ÚÎÁÞÉÔ U2
k (x) | ÞÅÔÎÙÊ ÁÌÇÅÂÒÁÉÞÅÓËÉÊ ÍÎÏÇÏÞÌÅÎ

ÓÔÅÐÅÎÉ 2k, ÚÎÁÞÉÔ U2
m+1(sinh(x+ �)) = U2

m+1(± sinhx) = U2
m+1(sinhx), ÓÌÅÄÏ×Á-

ÔÅÌØÎÏ U2
m+1(sinhx) =

m+1∑
k=0

d2k cos 2khx ÅÓÔØ ÞÅÔÎÙÊ ÔÒÉÇÏÎÏÍÅÔÒÉÞÅÓËÉÊ ÍÎÏÇÏ-
ÞÌÅÎ ÐÏÒÑÄËÁ 2(m + 1)h 6 n. ôÁË ËÁË ËÏÒÎÉ ÍÎÏÇÏÞÌÅÎÁ Uk(x) ÅÓÔØ, ÏÞÅ×ÉÄÎÏ,
cos l�=(k + 1); l = 1; : : : ; k ÔÏ × ÓÉÌÕ ÒÁ×ÅÎÓÔ×

� = �
m+ 2 ; sin

(
hk�+ �l − �=2

h

)
= sin

(
k�+ �l − �

2
)

=

= (−1)l+1 cos k� = (−1)l cos(m+ 2− k)�
ÔÒÉÇÏÎÏÍÅÔÒÉÞÅÓËÉÊ ÍÎÏÇÏÞÌÅÎ Um+1(sinhx) ÉÍÅÅÔ ËÏÒÎÉ (k� + �l − �=2)=h,
k = 1; : : : ;m+ 1, l ∈ Z. ÷ ÓÉÌÕ ÆÏÒÍÕÌÙ ÄÉÆÆÅÒÅÎÃÉÒÏ×ÁÎÉÑ (f2)′ = 2ff ′ Õ ÍÎÏ-
ÇÏÞÌÅÎÁ U2

m+1(sinhx) ÔÅ ÖÅ ËÏÒÎÉ ÂÕÄÕÔ Ä×ÕËÒÁÔÎÙÍÉ (ÎÏ ÎÅ ÔÒÏÅËÒÁÔÎÙÍÉ, ÔÁË
ËÁË ÓÕÍÍÁÒÎÁÑ ËÒÁÔÎÏÓÔØ ËÏÒÎÅÊ ÎÁ ÐÅÒÉÏÄÅ ÎÅ ÍÏÖÅÔ ÂÙÔØ ÂÏÌØÛÅ 4(m+ 1)h),
É ÏÎÉ ÓÏ×ÐÁÄÁÀÔ Ó ÔÏÞËÁÍÉ ÌÏËÁÌØÎÙÈ ÜËÓÔÒÅÍÕÍÏ× ÍÎÏÇÏÞÌÅÎÁ g2m+1(hx), ÔÁË
ËÁË ÐÏÄÏÂÎÙÅ ÔÏÞËÉ ÍÎÏÇÏÞÌÅÎÁ g2m+1(x) ÅÓÔØ k� + �l − �=2,k = 1; : : : ;m + 1,
l ∈ Z. ðÏÜÔÏÍÕ ÌÏËÁÌØÎÙÅ ÜËÓÔÒÅÍÕÍÙ ÍÎÏÇÏÞÌÅÎÁ g2m+1(hx) + cU2

m+1(sinhx)
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ÓÏ×ÐÁÄÁÀÔ Ó ÌÏËÁÌØÎÙÍÉ ÜËÓÔÒÅÍÕÍÁÍÉ ÍÎÏÇÏÞÌÅÎÁ g2m+1(hx). ïÓÔÁÌÏÓØ ÄÏËÁ-
ÚÁÔØ, ÞÔÏ ÐÒÉ ÍÁÌÏÍ |c| ÌÏËÁÌØÎÙÅ ÜËÓÔÒÅÍÕÍÙ ÂÕÄÕÔ ÔÁËÖÅ ÇÌÏÂÁÌØÎÙÍÉ. úÁÍÅ-
ÔÉÍ, ÞÔÏ, × ÓÉÌÕ ÏÔÓÕÔÓÔ×ÉÑ ËÒÁÔÎÙÈ ËÏÒÎÅÊ Õ ÐÒÏÉÚ×ÏÄÎÏÊ g2m+1(x) É ÉÚ×ÅÓÔ-
ÎÏÇÏ ÐÒÉÚÎÁËÁ ÌÏËÁÌØÎÏÇÏ ÜËÓÔÒÅÍÕÍÁ, × ÔÏÞËÁÈ ÌÏËÁÌØÎÙÈ ÍÁËÓÉÍÕÍÏ× ×ÔÏÒÁÑ
ÐÒÏÉÚ×ÏÄÎÁÑ g2m+1(x) ÏÔÒÉÃÁÔÅÌØÎÁ, Á × ÔÏÞËÁÈ ÌÏËÁÌØÎÙÈ ÍÉÎÉÍÕÍÏ× | ÐÏ-
ÌÏÖÉÔÅÌØÎÁ, É ÔÏ ÖÅ ÓÁÍÏÅ, ÏÞÅ×ÉÄÎÏ, ×ÅÒÎÏ ÄÌÑ ÍÎÏÇÏÞÌÅÎÁ g2m+1(hx). áÎÁÌÏ-
ÇÉÞÎÏ, ×Ï ×ÓÅÈ ÕËÁÚÁÎÎÙÈ ÔÏÞËÁÈ ×ÔÏÒÁÑ ÐÒÏÉÚ×ÏÄÎÁÑ ÍÎÏÇÏÞÌÅÎÁ U2

m+1(sinhx)
ÐÏÌÏÖÉÔÅÌØÎÁ. ðÏÜÔÏÍÕ ÇÌÏÂÁÌØÎÏÓÔØ ÌÏËÁÌØÎÙÈ ÜËÓÔÒÅÍÕÍÏ× Õ ÍÎÏÇÏÞÌÅÎÁ
g2m+1(hx) + cU2

m+1(sinhx) ÐÒÉ ÌÀÂÏÍ ÄÏÓÔÁÔÏÞÎÏ ÍÁÌÏÍ |c| ×ÙÔÅËÁÅÔ ÉÚ ÓÌÅÄÕÀ-
ÝÅÊ ÉÎÔÕÉÔÉ×ÎÏ ÏÞÅ×ÉÄÎÏÊ ÌÅÍÍÙ:

ðÕÓÔØ ÆÕÎËÃÉÉ f; g Ä×ÁÖÄÙ ÄÉÆÆÅÒÅÎÃÉÒÕÅÍÙ ÎÁ ÏÔÒÅÚËÅ [a; b]. åÓÌÉ ÏÎÉ
ÉÍÅÀÔ Ä×ÕËÒÁÔÎÙÅ ÎÕÌÉ × ÔÏÞËÁÈ a; b, ×ÔÏÒÁÑ ÐÒÏÉÚ×ÏÄÎÁÑ g × ÜÔÉÈ ÔÏÞËÁÈ ÏÔ-
ÒÉÃÁÔÅÌØÎÁ, ×ÔÏÒÁÑ ÐÒÏÉÚ×ÏÄÎÁÑ f × ÎÉÈ ÐÏÌÏÖÉÔÅÌØÎÁ, É g(x) < 0 < f(x) ÐÒÉ
a < x < b, ÔÏ ÐÒÉ ÍÁÌÏÍ |c| g(x) + cf(x) < 0 ÐÒÉ a < x < b. åÓÌÉ ÖÅ g ÕÂÙ×ÁÅÔ ÎÁ
ÜÔÏÍ ÏÔÒÅÚËÅ É g′(a) = g′(b) = 0, g′′(a) < 0; g′′(b) > 0, ÔÏ g(a) > g(x)+cf(x) > g(b)
ÐÒÉ ÍÁÌÏÍ |c|.

äÌÑ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÐÅÒ×ÏÇÏ ÕÔ×ÅÒÖÄÅÎÉÑ ÄÏÓÔÁÔÏÞÎÏ ÐÒÏ×ÅÒÉÔØ, ÞÔÏ ÐÒÉ ÍÁ-
ÌÏÍ |c| É a < x < b ÓÐÒÁ×ÅÄÌÉ×Ï ÎÅÒÁ×ÅÎÓÔ×Ï g(x)=f(x) < −Ó. ôÁË ËÁË g(x)=f(x) <
< 0, É ÓÏÇÌÁÓÎÏ ÐÒÁ×ÉÌÕ âÅÒÎÕÌÌÉ { ìÏÐÉÔÁÌÑ17)

lim
x→a

g(x)
f(x) = g′′(a)

f ′′(a) < 0;

É ÁÎÁÌÏÇÉÞÎÏ lim
x→a

g(x)=f(x) < 0, ÚÎÁÞÉÔ ÆÕÎËÃÉÑ g(x)=f(x) ÎÅÐÒÅÒÙ×ÎÁ ÎÁ ÏÔ-
ÒÅÚËÅ [a; b], ÐÏÜÔÏÍÕ ÓÏÇÌÁÓÎÏ ÔÅÏÒÅÍÅ18) Ï ÓÕÝÅÓÔ×Ï×ÁÎÉÉ ÜËÓÔÒÅÍÕÍÁ

max
a6x6b

g(x)=f(x) = M < 0

É ÄÏÓÔÁÔÏÞÎÏ ×ÙÂÒÁÔØ |c| < |M |: äÌÑ ÄÏËÁÚÁÔÅÌØÓÔ×Á ×ÔÏÒÏÇÏ ÕÔ×ÅÒÖÄÅÎÉÑ ÄÏ-
ÓÔÁÔÏÞÎÏ ÐÒÏ×ÅÒÉÔØ, ÞÔÏ ÐÒÉ a < x < b

(g(a)− g(x))=f(x) > c > (g(b)− g(x))=f(x):
ðÒÉÍÅÎÑÑ ÐÒÁ×ÉÌÏ ìÏÐÉÔÁÌÑ Ë ÏÂÅÉÍ ÄÒÏÂÑÍ ÉÍÅÅÍ

lim
x→a

g(a)− g(x)
f(x) = − g′′(a)

f ′′(a) > 0; lim
x→b

g(b)− g(x)
f(x) = − g′′(b)

f ′′(b) < 0;

ÚÎÁÞÉÔ ÆÕÎËÃÉÉ (g(a)−g(x))=f(x); (g(b)−g(x))=f(x) ÎÅÐÒÅÒÙ×ÎÙ ÎÁ ÏÔÒÅÚËÅ [a; b],
ÐÏÜÔÏÍÕ ÓÏÇÌÁÓÎÏ ÔÅÏÒÅÍÅ Ï ÓÕÝÅÓÔ×Ï×ÁÎÉÉ ÜËÓÔÒÅÍÕÍÁ

min
a6x6b

g(a)− g(x)
f(x) = M1 > 0; max

a6x6b
g(b)− g(x)

f(x) = M2 < 0;

É ÄÏÓÔÁÔÏÞÎÏ ×ÙÂÒÁÔØ |c| < min(M1;−M2).

17)åÓÌÉ lim
x→a g(x) = lim

x→a f(x) = 0, ÔÏ lim
x→a f(x)=g(x) = lim

x→a f
′(x)=g′(x). íÏÖÎÏ, ËÏÎÅÞÎÏ, ÏÂÏÊ-

ÔÉÓØ ÂÅÚ ÐÒÁ×ÉÌÁ ìÏÐÉÔÁÌÑ, ÉÓÐÏÌØÚÕÑ ×ÍÅÓÔÏ ÎÅÇÏ ÔÅÏÒÅÍÕ Ï ÓÒÅÄÎÅÍ.
18)îÅÐÒÅÒÙ×ÎÁÑ ÎÁ ÏÔÒÅÚËÅ ÆÕÎËÃÉÑ ÉÍÅÅÔ ÎÁ Î£Í ÍÁËÓÉÍÕÍ É ÍÉÎÉÍÕÍ.



68 ó. â. çÁÛËÏ×

óÐÉÓÏË ÌÉÔÅÒÁÔÕÒÙ
[1] ðÏÌÉÁ ç., óÅÇÅ ç. úÁÄÁÞÉ É ÔÅÏÒÅÍÙ ÉÚ ÁÎÁÌÉÚÁ. í.: íÉÒ, 1978.
[2] ëÏÌÍÏÇÏÒÏ× á. î., æÏÍÉÎ ó. ÷. üÌÅÍÅÎÔÙ ÔÅÏÒÉÉ ÆÕÎËÃÉÊ É ÆÕÎËÃÉÏÎÁÌØ-

ÎÏÇÏ ÁÎÁÌÉÚÁ. í.: æÉÚÍÁÔÌÉÔ, 2004.
[3] âÅÒÎÛÔÅÊÎ ó. î. üËÓÔÒÅÍÁÌØÎÙÅ Ó×ÏÊÓÔ×Á ÐÏÌÉÎÏÍÏ× É ÎÁÉÌÕÞÛÉÅ ÐÒÉÂÌÉ-

ÖÅÎÉÑ ÎÅÐÒÅÒÙ×ÎÙÈ ÆÕÎËÃÉÊ ÏÄÎÏÊ ×ÅÝÅÓÔ×ÅÎÎÏÊ ÐÅÒÅÍÅÎÎÏÊ. í.: ïîôé,
1937.

[4] òÙÖÁËÏ× é. à. ïÂ ÏÄÎÏÊ ÚÁÄÁÞÅ ó. î. âÅÒÎÛÔÅÊÎÁ // äáî óóóò, 1963, 153,
�2, ó. 282{285.

[5] ÷ÏÒÏÎÏ×ÓËÁÑ å. ÷. íÅÔÏÄ ÆÕÎËÃÉÏÎÁÌÏ× É ÅÇÏ ÐÒÉÌÏÖÅÎÉÑ. ì., 1963.
[6] çÁÛËÏ× ó. â. ï ÎÅËÏÔÏÒÙÈ ÞÁÓÔÎÙÈ ÓÌÕÞÁÑÈ ÚÁÄÁÞÉ ÷ÌÁÄÉÍÉÒÁ íÁÒËÏ×Á ×

ÍÅÔÒÉËÅ Lp // äÉÆÆÅÒÅÎÃÉÁÌØÎÙÅ ÕÒÁ×ÎÅÎÉÑ, ÇÁÒÍÏÎÉÞÅÓËÉÊ ÁÎÁÌÉÚ É ÉÈ
ÐÒÉÌÏÖÅÎÉÑ. éÚÄ. íçõ, 1987. ó. 79{82.

[7] ûËÌÑÒÓËÉÊ ä. ï., þÅÎÃÏ× î. î., ñÇÌÏÍ é. í. éÚÂÒÁÎÎÙÅ ÚÁÄÁÞÉ É ÔÅÏÒÅÍÙ
ÁÒÉÆÍÅÔÉËÉ É ÁÌÇÅÂÒÙ. í.: æÉÚÍÁÔÌÉÔ, 2001.

ó. â. çÁÛËÏ×, ÍÅÈÁÎÉËÏ-ÍÁÔÅÍÁÔÉÞÅÓËÉÊ ÆÁËÕÌØÔÅÔ íçõ


