Tema HOMepa: IPYNIILI OTPaAXECHUN

Kanen1ocKomsl 1 IPyIIbl OTPaXKeHnn

9. B. Bunbepr

Bcem m3BecTHA geTCKas UrpymKa KaJeMAOCKON (YTO MO-IPEYeCKU O3HA-
YaeT «CMOTPIO KPACUBHIA BUJ»), B KOTOPOU Pa3HOIBETHLIE KYCOYKM CTEKIA,
MHOTOKPATHO OTPAXKasACh B TPEX 3€PKAIAX, CO34AI0T KPACUBBIXA y30D. 3€pKa-
JIa 3TY PACIOJIOXKEHBI KAK OOKOBBIE IPAHYU IPABWIHLHON TPEYTOJLHON ITPU3MEL,
00pasys mexay cobon yrusl, pasable 7/3. Ecam 661 oTu yrust Geum apyru-
MU, TO, K&K IPABWIO, OTPAXEHUA HAKIAABIBAIACHL OBl IPYr Ha Apyra u He
CO3/aBAIYA CUMMETPUIHOrO y30pa. OOHAKO MMEIOTCA MUCKIYATENLHBIE CIY-
4Yam, KOT/[a DTOr0 He IPOUCXOAUT. Bece OHM MOTYT OBITH JErKO HAWAEHBI, 9TO
u OymeT caeraHo B II. 2.1 HACTOAIIEH CTATHH.

OmnucaHHBIA BIIE OOBIYHBIA KAJEUJIOCKOIN MO CYIECTBY ABYMEPEH, TaK
KaK MBI BUJUM B HEM ILIOCKUU y30p. MoxHO mpeacTaBuTh cebe Tpexmep-
HBIM KaJeUJOCKOI KaK MHOIOTDAHHYI) KaMepy C 3ePKAJbHLIMEA CTEHKAMHU.
HabarogaTenb, NOMEIIEHHEIA B HEe, YBAIUT MHOTOKDATHBIE OTPAXEHUS BCEX
HAXOQANMXCSA B HeW mpeameroB. Kak mpaBmio, 5Tu oTpaxenus OynyT Ie-
PEKPBIBATHCA, HO MMEETCA HECKOIBKO caydaeB (MBI ux onwmmeMm B . 2.3),
KOTJla OHU He MEPEKPHIBAIOTCA M CO3JAI0T CUMMETDPHAYHBIA TpPEXMEPHBIN
y30p.

OT6pocuB B CTOPOHY BO3MOXHOCTH IPAKTHAYECKON DEATU3ALNY, MOXHO
FOBOPUTH ¥ O MHOTOMEDHBIX KATEHJTOCKONAX, 4 TAaKXe O HeEeBKIMAOBHIX Ka-
JEUJOCKOIIaX, a MMEHHO, O KaJIeUJOCKOIax Ha cdepe u B mpocTpancTse Jlo-
6ageBckoro. Kamengockonsl B €BKINOBOM MIPOCTPAHCTRE U Ha Cdepe aT1060n
Pa3MepHOCTH OBLIM MCYEPIBIBAIOMMM O06Pa30M ONMCAHBI AHTIMACKUIM MaTe-
matukoM X. C. M. Kokcrepom B 1934 r. (cMm. craTsio [4] B 3TOM HOMepe Xyp-
Haua). Ha o61oxKe ero mepesefeHHOM HA PYCCKUM A3BIK IHOIYJSPHON KHU-
ru [1] u3o6paxen o0aWH M3 KaJeMAOCKOIOB Ha OOLIYHOM (ABYyMEpHOM) cdepe
(cm. puc. 9). Chepuueckue KareugOCKONBI TECHO CBA3AHBI C MPABWILHBIMU
MHOrorpasHukamu (cM. [5]).

MaTemaTuueckoe npoceewenue, cep. 3, sbin. 7, 2003(45-63)
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Kanengockomsr Ha WI0CKOCTH JIOGAIEBCKOTO UCITOIB30BAINCE €I B KOHIIE
XIX Beka @. Kunentnom u A. [Iyankape B UX UCCIEIOBAHUAX 110 TEOPUU ABTO-
MOP}HBIX (PYHKIUN KOMILIEKCHOTO iepemeHHoro. B 1958—60 rr. rowranackun
xymoxHUK M. D1rep co3/aa HECKOIBKO CBOMX OPUTHMHAILHBIX KAPTUH-Y30POB
Ha 6a3e HTUX Karengockomnos (cM. puc. 106).

Kanengockoner B mpocTparcTse JIo6a9eBCKOro cTann O6HEKTOM WHTEH-
CUBHBIX UCCIEAOBAHUYN HAYUHAA ¢ 1965 T'. B CBA3M C HEKOTOPHIMU TMPOOIEMAMEA
Teopum rpymnn. Ux momHoe onucanuwe B M060U PA3MEPHOCTH €IIE JAJEKO OT
3aBepuieHus. VMeeTcs yAUBUTEIBHBIN Pe3yabTaT (IPUHALIEKAIMNA aBTOPY
CTaTb®) O TOM, 9TO npH 7 > 30 B n-MEpPHOM IPOCTPAHCTBE JI06aIEBCKOrO BO-
ob1ie He cymecTByeT KaaerngockonoB. CKopee BCEero, 5Ta ONEHKA He ABIACTCA
TOYHOU, TAK KAK TPUMEPHI M3BECTHHI JUMIL Tpu 1 < 8.

IMoMuMO yke yIOMWHABIIMXCSA TPUIOKEHUN KAJEHJOCKOIOB B T€OMETPUU
(IpaBUIBHBIE MHOTOTDAHHUKY), T€OPUH (DYHKIUN KOMILIEKCHOT'O TIEPEMEHHO-
IO W TEOPUH TPYII, UMEIOTCA He MEHee BaXHBIE WX MPUIOKEHUS B TEOPUU
qumcen, Teopun aarebp Jlu, anre6panveckon reOMeTpUN, TOMOJOTUA U IPYTUX
Pa3sgerax MaTEeMATHKHA.

CremyeT, BIpOYEM, CKa3aTh, 9TO B CEPLE3HOM MATEMATHIECKOU JUTE-
paType TEPMUH «KaJeuTOCKOI» He ymoTpebisercsa. BMecTO »TOro roBopAT
«(mmckpeTHas) rpynna, MOPOXKAEHHAS OTPAKEHUAMUAY, WIA MPOCTO (TPYTIIIA
oTpaxeHum» (XOTA TPYIIA COCTOUT HE TOIBKO U3 oTpaxkeHun ). CMBICK 5TOr0
TepMuHA, 6yneT 0O0BACHEH HUXKE.

Bonee nmonubie cBeieHns 0 rpynnax OTPaXXEHUM MOXHO HAUTHU B 0030PHOU
craTtbe [2] u B craThe [3] U3 HaCTOAIIErO COOPHUKA.

1. OBIIAS TEOPUSA
1.1. ODHO 3EPKAJIO

Yro MBI BUAWM, TUIAA B 3€PKAIO! 3€PKAIBLHBIM M300PaXKEHUEM TOYUKA
A aBasercsa Touka A', cuMMeTpHYHAA € OTHOCHTEILHO IVIOCKOCTH 3€PKAJa.
OTO 03HAYAET, ITO HE3ABUCUMO OM MOUKYU 3PEHUA, UCTOIHUK CBETA, IOMeE-
LIEHHBIN B TOYKY A, BUjIeH B 3epKaje TaK, KaK eClIu
6e1 on Haxogmica B Touke A’ (cm. pmc. 1, rae m3o-

A 4! OpaxeHO cedeHMe ILIOCKOCTHIO, IEPIEeH UKy IADHON
["~t>**  mrockocTu 3epKala W IPOXOAAIIEH Uepe3 TouKy A

>~ u TouKy 3penus O).
0 [Ipeo6pazoBanme s, KOTOPOE KX JOU TOUIKE CTa-

BAT B COOTBETCTBHE TOYKY, CHMMETPUIHYIO eﬁ
OTHOCHTETHLHO TIIOCKOCTH 11, HA3RIBACTCA 0OMpadNce-
nuem oTHOcuTeabHO II. OHO sABIAETCA MBUXEHU-
Pnc. 1. eM (M30MeTpHUEN) NPOCTPAHCTBA, T.€. COXPAHIET
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pacCTOAHUA MeXAy TodkaMu. Ecam cumraTs mrockocTs Il 3epkanoM, To Mup
«333€PKaJbsiy IIOLYyIaeTCA W3 PEAIbHOI'0 MUDPA, HAXOMAAIIErOCA Iepel 3€pKa-
JIOM, IPUMEHEHNEM OTPAXEHUA S U HA0O0POT.

1.2. [IBA 3EPKAIJIA

Paccmorpum Temepsb, 9TO MOXHO YBUAETH B CACTEME W3 ABYX 3epkau 1l
u Ils, orparmamBaromux aByrpaHasid yroa P. Ilycts s; m so — oTpaxe-
HusA oTHOCHTExsHO 11 m Il cooTBercTBeHHOD. WN3o6paxenuem 3epkaia Il
B 3epkarne 1l; asasercsa moaymmockocTs $11lo, a m3obpaxenuamu Todek, CuM-
MeTpI/I‘IHI)IX OTHOCHUTEJIBHO H2 — TO‘IKI/I, CI/IMMeTpI/I‘IHI:\Ie OTHOCHUTEIBHO 31H2.
ITO 03HAYAET, YTO B 3a3€PKAILHOM Mupe (oTHOCHTEnbHO 1) momymiockocTs
s11ly saBASIETCA BEPKAIOM M30OPAKEHUSI OTPAKEHUS S9.

Boaee nmogpobuo, B pe3yabTaTe JBOMHOT'O OTPAKEHUS Iy9a CBETA, CHAYAIA
B I, a sarem B Il;, ncrounuk cBera, moMemeHHEI B TOUKy A € P, BugnT-
CS HAM B TOYKe $182A, cummerpuunon Touke s1A orHOCUTEasHO $111o (CMm.
puc. 2). Becs yron P B pesyabraTe JBOWHOTO OTPAXKEHWS BAAWTCA HAM KAk

H1 81P 811_[2

P 5189 P
11, 514 s182114
A 81824
so P 518281 P
SQA
591l 51825111
\ ¢ /
Puc. 2.

YOI MEXIY MOMYILIOCKOCTHIO S11ly M mOMymIockocThio §1891l1, cummeTpmd-
wou Iy oTtHOCHTEIBHO $1115. B pesyabTaTe Tpounoro orpaxenus yrox P Bu-
OATCS KAK YTOJ MEX Iy TOJYILIOCKOCTBIO $152111 m moaymmockocTrio s15251119,
cummverpuaHon $11ly oTHOCHTENBHO 8189111, U T. 1. (Bce momymmockoctu Il
Iy, s11ly, s189Il4, ...umeroT OOmUMU Kpau; HA PUC. 2 M300PAKEHO CEUEHUE
IUIOCKOCTBIO, TEPIEHAUKYIAPHON 3TOMY KpPalo. )

AnamormaaniM 00pa3oM, TIAAA B 3€pKaao Ilp, MBI BUAMM H300paKeHUA
s9P, s150P, $28182P, ...yraa P, IpUMBIKAIOIIWE K HEMY C APYTOA CTOPOHHL.

U lomyckas BOIBHOCTH PEYM, MBI [OBOPEM 00 OTPAXKEHNAX OTHOCHTEIHHO MIOLYILIOCKO-
CTel, UMes B BUAY OTPAXEHUA OTHOCUTEILHO COAEPKAIIMX WX IIOCKOCTEMH.
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Kaxpgas Touka yrua P', nporusononoxsoro P (OrpaHEm<9eHHOrO TIPO10J-
xenmavu noxymiockocren 11y wm Ilp), «Bmamar xax B 3epkane Iy, Tax um B
sepkade Ily. IIpu 5ToM mMeloTCs creayrouue [Be IPUHIAINAILHO PA3HbIE BO3-
MOXHOCTH.

Ecmn mepa o yraa P He sBiaseTcsa memron qacTei0?) T, TO, KaK MOKAa33aHO
Ha puc. 3a, mzobpaxenus yria P, Bugasre B 3epkanax 11y u Iy, 6yayT mepe-
KDPHIBATHCA, TAK 9TO B OQHOU TOUKe yriaa P’ Mbl cMoxeM (mepememas TO9IKy

BPGHI/I}I) yBUACTH H306pa)KeHI/IH Pa3HBIX TOYCK YTIJIa P. Ecin xXe o ABISE€TCA

I,

IT; @\p 2 I,
"

S/ \O

(6

~

Puc. 3.

[EJON 9aCThi0 T, KaK, HAIPUMED, Ha, pUC. 36, TO DTOr0 HE TPOUCXOIUT, T. €.
KAPTWHA, KOTOPYIO MBI BUAWM, HE 3G6UCUM 0T MOUKYU 3PEHUA, KAK eCau Obl
OHa, OBbLIa PEATHLHOU, 3 HE CO3JaHHOM MHOTOKPATHBIM OTPAaXEHWEM OTHOCH-
TEIbHO 3€PKAI. DTO U €CTh dPPEKT KaJIeh JOCKOIA.

ITocnexgree 06cTOATETHCTBO MOXKET OBITH BHIPAKEHO B TEPMUHAX YMHOXKeE-
Husa npeobpasoBanui. A mMenHo, nycts « = 7/k, rae k € Z, k > 2. Torga
onHM u3 n3o6paxennu Touku A € P B zepkauae 11 OygeT Touka

518981... A€ P,
——_——
k MHOXUTeEICH

a OHEM U3 ee m306paKeHn B 3epkare Iy — ToUKa,
$98182... A€ P.
——

k MHOXUTeIEH

o a
2)1'10,1:; IIEeJOU JaCThI0 YNUCIA @ 3AECH IMOHUMAEM UNCIO BHUIA % rae k — HaTypatbHOE
YUCIO.
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HesaBucumocTs HAGII0[aEMON KAPTAHLI OT TOYKW 3PEHUS O3HAYAET, UTO

818981 ... = 898189... (1)
N——— N——
k vmoxumTemenr  k MHOXHUTEICH
2 2

C y4erom Toro, 9To $; = $5 = e (TOXJECTBEHHOE NPEOOPA3OBAHUE), DABEH-
cTB0 (1) PaBHOCWILHO PABEHCTBY

(5182)]C =6, (2)

KOTOpO€, KOHEYHO, BEPHO, TaK KaK $182 €CTh NOBOPOT HA 27 /k BOKpyr pebpa
yria P.

Tax Kak W300paXKeHUSA KAXKIOU TOYKM HE BHIXOAAT 34 MPEIETHl ILIOCKO-
CTH, TEPIEHANKYIIPHON 06IIEMY KPAIO BCEX 3EPKAJ, TO OOHADPYKEHHOE HAMHA
SIBJICHUE TO CyIIEeCTBY AByMepHO. MOXHO roBOpmTH 06 OTPAXKEHUU OTHOCH-
TETHLHO MPAMOU HA, IIOCKOCTHU, W PUC. 3 AEMOHCTPUPYET, ITO M30OpaAKEHMUS,
MIOMyI€HHBIE MHOTOKPATHBIMA OTPAXEHUAME OTHOCUTEILHO CTOPOH yIia, He
MEPEKPBIBAIOTCA TOTAA U TOJBKO TOTMA, KOTJa BEIWMUWHA, (r DTOTO YTJIa ABJISI-
eTCs IeJor JacThio . Boxee Touno, ecim o = 7 /k, rge k > 2 — HaTypaabHOE
YUCI0, TO BCA IIOCKOCTH OKA3BIBAETCA pa3buTon Ha 2k paBHBIX YTIOB ¢ 06IIen
BEPIINHON, B KAXOM U3 KOTOPHIX MOJIYy9IaeTCA OJHO M300pakeHune BHYTPEH-
HOCTHM MCXOJHOT'O yria. B monoBuHE M3 3TUX yrioB M306DAKEHUS ABIAIOTCA
3€PKAJbHO OOPAIIEHHBIMHA, B JPYTOX IIOJOBUHE, BKIIOYAIONEH CaM MCXOJHLINA
yroia, — HeOOpalleHHBIMU.

1.3. MHOT'O 3EPKAIJI

[IpeacraBum cebe Teneps BHITYKILI MHOTOYTOABHUK (MHOrOrpaHHUK) P
¢ 3epkaabHBIME cTeHKaMu. HazoBem ero xasetidockonom, ecim m3obpaxe-
HUA €r0 BHYTPEHHOCTH, NOLydIaeMble MHOTOKDATHEIMEA OTPAXEHUAMHU OTHO-
CUTEILHO €r0 CTEHOK, He IePEeKPHIBAIOTCA WIN, WHAYe TOBOPS, eCIU KAPTUHA,
KOTOPYIO BHIUT HAOJIIONATENb, HAXOIAMMACA BHYTpU P, HE 3aBUCAT OT €ro
moJOXeHuA. V3 mpegniaymero ciegyeT, ITO [JAd DTOrO HEOOXOTUMO, ITOOHI
Bce (OBYrpaHHBIE) YIVIBI MHOTOYTOJbHEKA (MHOTNOTpaHHUKA) P OBLIH LIedbI-
MU 9acTaAME 7. MHOrOyroasHuKY (MHOTOIPAHHUKY ), 0613 4A0MI7e TOCAELHIM
CBOWCTBOM, HA3BIBAIOTCA MHO20Y20abHuKamy (muozozpannukamu) Koxemepa.
TakuMm 06pa3OM, BCAKUM IBYMEPHBIN (TPEXMEDHBIN) KAJEUJOCKOI ABIAETCA
MHOTOyroasHuKOM (MHOrOrpanEukoM) Kokcrepa.

[Mpumepom muOrOyroasuuka Kokcrepa ABISeTCS PABHOCTOPOHHUU Tpe-
yroabHEK (Bce yrusl KoToporo passHI 7/3). Ero sepkanbuble m3o6paxeHus
06pa3yioT KapTUHY, IOKa3aHHYI0 Ha puc. 4. IMeHHO Takyio KApTUHY MBI BU-
IUM, TVIAAA B OOBIYHBIN KaJIeH 0CKOI.

Jlerko mepevuncinTs BCe MHOrOyroabHuUKM KokcTepa (MBI DTO cHeraeM B
0. 2.1) u y6eauThCs, 9TO KAX B U3 HAX SABIAETCA KAJIEHJOCKOIOM B HALIEM
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LUV LYL
S P
N AN
s e
SlcokS|e
N < A N < A
LIVLL|L
c K9S e <D
AN AN

Puc. 4.

cmpicae. Onaako 6Golee MHTEPECHO AATH ANPUOPHOE NOKA3ATEIHCTBO 3TOTO
daxTa, IPUTOTHOE U IS MHOTOTDAHHUKOB.

I[Iyctes P — muoroyroasauk Kokcrepa, IIy,1ls,...,II, — ero cropownsr,
81,82,...,8, — COOTBETCTBYIOIIWE OTPaXeHWUs. MHOTOYroJAbHUKHU BUIA
SiySiy - -+ 8; P (B ToM umcne m caM MHOrOyroabHuK P) OyneM Ha3wIBATH Ka-
MEPAMU.

BreuacauM, mzobpaxenue kakon TOYKu A € P MBI yBUAUM B 33JaHHOU
Touke C' mrockocTu, ecaiu OygeM cMoTpeTs 3 Touku O € P. [[Burasch mo
orpesky OC, MBI cHauaTa HepecekaeM Kakylo-To cropony II;, kamepsr P u
monagaeM B kamepy P = s;, P, cummerpuunyio P orHOcuTensHo 11, 3aTem
IepecekaeM KakKyio-TO CTOpPOHY s; Il;, 5Tou kamepsl u momajgaeM B KaMepy
Py = s;, 84, P, cummeTpuunyio P; orrOCuTensHO 85, 11;,, 1 T. 1.; B KOHIIE KOHIIOB
MBI TIONAJaeM B KaKylo-TO Kamepy () = P = s;,8;,...5; P, cogepxamyio
Touky C (cm. puc. 5). Ilycts A € P — Takas TOYKa, 9TO

C= 84184y -+ - SilA;

torga orpe3ok OC (IpoxoAuMBIA B 0OPATHOM HAIPABICHUM) ABIAETCA Pa3-
BEPTKOW TPAEKTOPWUM JTyda CBETa, uAaymero m3 A m momagatomero B O mo-
clle oTpaxeHu#t B croponax II;, ..., II;,, II;, (B ykasamHOM nopsagke). Takum
ob6pasom, B Touke C MBI BuAUM n300paxenue Touku A.

Yro Gyzer mpoucxoguTh mpu mepemernenuu Todku 3penus 07 o Tex
mop, moka orpe3ok OC He HATKHETCA HA, BEPIIMHY OAHOW u3 Kamep P, P,
..., P_1, mocrenoBaTenbHOCTL Kamep P, P, ..., P, u, TeM caMBIM, TOYKa,
A 6ynyT ocraBaThCa Hem3aMeHHBIMU. [Ipu mpoxoxgenun orpeska OC uepes
BepiumHy [ OMHOW M3 YKa3aHHBIX KaMepP MBI Ha HEKOTOPOM YYACTKE HAIIETO
nyta u3 O B C 6ygeM HaKTUIECKU UMETDH AeJI0 C CUCTEMOW M3 ABYX 3EPKAI
(cm. puc. 6). Bosree Touno, mycts yror npm Bepumue D pasen 7/k; Toraa
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Q = 828381333281P

Puc. 5.

898381538981 = 8281835189851

Puc. 6.
B IOCIENOBATEIBHOCTH (i1,%2,...,%) OyAeT OPUCYTCTBOBATH OTPE3OK BHIA
(4,7,%,...) AIMHBL kK, KOTOPBIA MOCJE IPOXOX/IEHWA BepIIMHBL [ 3aMeHUTCA

HA OTPE3OK (7,4, 7,...) TAKOM XK€ JJIMHBLI, HO TAaK KaK

8iS584 .- = 858iSj... ,

S——— SN———r

k MuoxuTenren  k MHOXUTeIen
TO TIPOU3BEJEHUE S, Sj, .. .S, & 3HAYUT, U Touka A He mamenarca. Takum
o6paszomMm, P — KajaenoCcKoIl.
To4uHO Tak e MOXHO JOKa3aTh, ITO MPOM3BELEHNUE S;, Sj, - .. S;; HE U3Me-

HAETCA IpU nepeMemennn TOYKu C BHYTPH KaMepsl (). DTO 03HAYAET, 9TO

n3006paxenne, BUAAMOE BHYTPU KAMEPHI (), TOMyIaeTCA U3 BHY TPEHHOCTH Ka-
Mephl P nprMeHeHneM ABUXKEHHIS S;, Si, - . . Sj;. LaKIM 06pa3oM, BCA ILIOCKOCTH
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OKa3BIBAETCA Pa3OUTON HA KAMEPHI, BHYTPM KAXKJIOU M3 KOTOPHIX MBI BUUM
n306paxkeHne BHYTPEHHOCTH Kamepsl P.

AmBanmormvHO MOKA3BIBAETCSA, 9TO BCAKUU MHOTOrpaHHUK KOKcTepa ABJIS-
erca xasengockonoM. (IIpm 5TOM KPATMYECKAMU MOMEHTAMHU SBIAIOTCA TE,
korga orpe3ok OC HaTweIKaeTca Ha pebpo oguon w3 kamep P, Py, ..., P_1.)

1.4. T'’PynIA, TOPOXX/EHHASI OTPAXXEHUSIMA

CoBokynHOCTE (G OBUXEHUU MIOCKOCTU (IPOCTPAHCTBA) HA3LIBAETCS
2pynnod, ecin

1) mpoumsBejeHue MOOLIX ABYX ABMXeHUM u3 G Takxke npuHagiexut G
2) mBuXeHme, O6paTHOE JIOOOMY ABHXKEHUIO U3 (G, Takke NpuHa IexuT G

3) TOXAECTBEHHOE ABUXEHUe NpUHALIeXUT G.

[Iycts P — muOrOyroasuuk (MuOrorpanauk) Kokcrepa u s1, 8o, ..., Sy —
OTpaXeHus: OTHOCUTENBHO ero cTopoH (rpamen) II;, I, ..., II,,. OgueBugHo,
9TO COBOKYIHOCTH (G BCEBOBMOMXHBIX HPOU3BELEHUH S;, S, - .. Sj; (HE TOIBKO
HOJLY9eHHBIX ONMCAHHBIM B II. 3 CIOCOOOM) ABIAETCA IPYIION; B 9aCTHOCTH,

2

06paTHEIC 2IEMEHTHI B CIIY COOTHOIICHUA S; = € 3aJal0TCa (HOpMyIon

(SiySig -+ 8iy) " = Si; - SiySiy-

I'pynna G maseiBaeTcs 2pynnot, NoporIennot OmpaHceHUAMY OTHOCATEILHO
CTEHOK MHOI'OYTOJbHUKA (MHOrorpassmka) P.

[IpomsBeeHns S;, Sj, - - - Sj;, HOMyYaEMbIe OIIMCAHHEIM B II. 3 cioco6oM (T. e.
COOTBETCTBYIOIIE PEATbHBIM TPAEKTOPUAM JIyder cBeTa B Kamepe P), Gyxem
HA3BIBATE NPUBEICHHbIMU.

'IIOKa,)KeM, 9TO IIPUBCACHHBIMY NIDOU3BCACHUAMM HA CaAMOM [A€J€ MCYCPIIbI-
BaeTca BcA rpynma G, T.e. m060€ TPOU3BENEHUE OTPAXKEHUU 81,89, - - -, Sm
PaBHO KAaKOMY-TO IIPUBELEHHOMY.

Paccyxpgas no mEIyKImM, JOCTATOTIHO HIPOBEPUTE, ITO €CIH S, Siy - - - S ——
IpUBEJeHHOEe IPOMW3BEJCHUEe, TO JJIA JI000TO j NPOU3BEACHUE S; Si, - .- 5;5;)
PaBHO KaKOMY-TO IIPUBEJEHHOMY IPOM3BENEHUIO.

Bygem pus ompeneneHHOCTH TOBOPHATH O ABYMEPHBIX KaJeHJI0CKOIAX;
TPEXMEPHBIU CIy9all HUYEeM IPUHIUONATLHO HE OTIXIAETCA.

3apukcupyem Touky O € P m paccMoTpum Kamepy () = 8i;S;, ... i, P-
IIycte H — npsamas, IpOXOAAIIAs depe3 CTOPOHY S;, S;, - - - S;,11; Kamepsr ().
Bo3MoxHBI fBa crydas.

1) Kameps:r P u @ nexaTt no pasusie CTOPOHBHI oT npsamon H (puc. 7a).
Torga Touka C' € () moxeT ObITh BHIOpaHA TAK, YTOOBI TPOJOIKEHUE OT-
peska OC mepecekano CTOPOHY S;, Si, - .. S;11;. IIpuBenenHoe npomssesenue
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Puc. 7a.

8§18jy - - - 8j;, IOCTPOEHHOE 10 0Tpe3Ky JC ONMCAaHHBIM B II. 3 CIOCOGOM, paB-
HO Sj; 84y - - - S4;y TAK 9ITO

(8i1Sig -+ 8iy)Sj = Sj1Sjy - - - 85,55
Ho odveBmamO, 9TO 5,5, ...5;,S; — 9TO INPUBEJEHHOE IPOU3BEJEHUE, COOT-
BercTByiomee orpe3ky OD, rage D — mobas TOYKa, HA MPOLOMIKEHUN OTPE3KA,
OC, nexallas BHYTPH KaMePHl, CAMMETPUIHON () oTHOCHTETbHO H.

2) Kamepsr P u () nexat mo ogay ctopony ot upamou H (puc. 76). Torga
Touka C' € () MmoxeT ObITH BEIOpaHa Tak, 9T00BI oTpe3ok OC nepecekal cTo-
POHY S;, Si, - - - 5;,11;. IIpuBeeHHOE TPOM3BENEHNUE S}, 5, . .. Sj;, COOTBETCTBY-
fomee orpe3ky OC, PaBHO S;,S;, . .. S;,; IPA DTOM j; = j, TaK ITO

(Si1Sip -+ 8iy)Sj = 8118 -+ Sj,_;-

Puc. 76.
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Ho sj,8j,...5j,_, — 5TO IpuUBeJeHHOEe IPOM3BEICHNE, COOTBETCTBYIOIIEE OT-
pesky OD, rme D — mo6as Touka orpeska OC, nexamnas BHYTPU KAMEDHI,
cumMeTpuaHOR () oTHOCHTETHHO H.

W3 pokasaHHOTrO CrefyeT, B 9aCTHOCTH, 9YTO COBOKYIHOCTEL BCEX M300pa-
xeuun Touku A € P coBnagaer ¢ ee opbumot

GA¥ {gA:g € G},

TaK 9TO BCA KapTHWHA, KOTOPYI0 MHI HabI0aeM B HalleM KaJelTOCKOIe, WH-
BapPUAHTHA OTHOCUTEJILHO rpynnsl G.

1.5. HEEBKJNIOBBLI 1 MHOI'OMEPHEIE KAJIEN0OCKOIIBI

WsnoxeHHas BBINIE TEOPUA B ACUCTBUTEIBHOCTH HOCUT (olxee OOIIAN Xa-
paKTep, TAK KaK OHA HE UCIOIb3YET BCEX M€OMETPUICCKUAX CBOMCTB €BKIMA0-
BOU ILIOCKOCTY WK (TPEXMEDPHOr0) IPOCTPAHCTBA. BaXHO IULIb TO, 9TO Ips-
Mas (IIOCKOCTH) pa3bUBaeT MIOCKOCTH (IPOCTPAHCTBO) HA JBE CBA3HBIE KOM-
HOHEHTHI W CYUECTBYET OTPAXKEHUE OTHOCATEILHO MPAMOU (ILIOCKOCTH) —
ABUXKEHME, OCTABIAIOIIEE Ha MECTEe BCE TOYKM JAHHOU NPAMOR (ILIOCKOCTH) U
[EPEeCTABIAINIEEe CBA3HEIE KOMIIOHEHTEL MOIOIHEHUA. BCé 5T0 umeeT MecTo u
B [IBYX ABOUCTBEHHEIX APYT APYTY HEEBKIUIOBHIX M€OMETPHUAX: CHEPAICCKON
reomerpuz u reomerpuu Jlobadesckoro. IIpuMepsl HEEBKIMAOBLIX KAJeHA0-
CKOTIOB Oy/IyT TIPUBECHEI B CIEAYIONIEM maparpade.

Wsznoxennas Teopus MPAKTAICCKA 03 U3MEHEHWH MEPEHOCUTCA U HA €B-
KIWOBbI (A HEEBKIWOBbI) TPOCTPAHCTBA 000N PA3MEPHOCTH, €CIA TOJ OT-
paXKeHUEM MOHMMATHL OTPAXEHUE OTHOCATEIHLHO runepmiockocTu. O 1Hako B
HACTOAIIEN CTATHE MBI DU HATJIATHOCTH OIPAHAIMBAEMCA TPEMS U3MEDEHU-
AMH.

2. KJIACCUDPUKAIIAS U IPUMEPHI

2.1. /IBYMEPHBIE KAJE10CKOIIbI

Ha#mem Bce MEOrOyromsamkn KokcTepa Ha eBKIMAOBOM IIOCKOCTH. Kak
U3BECTHO, CyMMa YIUIOB €BKINI0BA 7-yTOILHAKA PaBHA 7 (n—2), TaK 9TO CPef-
Hee apudMeTHIecKoe ero yriaos pasHo (1 — %), aTo npm n = 4 cocTaBageT
/2. Ho Bce yrasr mEOroyroasauka Kokcrepa, Kak ABCTByeT W3 ONPEIEJICHNS,
He Goubiue, 9eM 7 /2. Ilo3TOMy eMHCTBEHHBIM YeTHIPEXyTOAbHIKOM KokcTepa
ABJAETCA TPAMOYTOJBHUK, 3 MHOTOYTOTLHUKOB KoKcTepa ¢ 6OIbIINMM 9UCIOM
cTOpOH BoOOIIe He cymecTByeT. [laree, Tak KaK CyMMa YIJOB TPEyTOJLHU-
Ka paBHA 7T, TO M TpeyroabHuka Kokcrepa ¢ yraamu 7/k, 7/l, w/m Mbi

IOy 1a€M AHO@&HTOBO YpaBHECHUE

1 1 1
E+?+E_1' (3)
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Puc. 8.

C TOYHOCTHIO [0 mepecTaHoBKu gucen k, [, m OHO MMeeT CAeLyIoIIne TPU pe-
menns: (3,3,3), (2,4,4), (2,3,6). Takum 06pa3om, UMeETCA POBHO TPHU TPE-
yroasauka KokcTepa: paBHOCTOPOHHUYW, PABHOOEAPEHHBIN MPAMOYTOJIbHBIN
U IPAMOYTOIBHBIU C OCTPHIME yraamu 7/3 u 7 /6. Pazbuenus nmockoctu, co-
OTBETCTBYIOIINE TOCAETHUM ABYM TPEYTOILHUKAM, M300paXeHbl HA PHUC. 8.
BMeCTe C IPAMOYT'OJIBHUKOM MBI II0JMYyYa€M 4 TUINIa ABYMEPDHBIX €BKJUNOBBIX
KAaJEeH 0 CKOIIOB.

Ananorugabiv 06pa3soM MOXHO HAUTHU BCE CHEPUIECKNE MHOTOYTOMLHU-
km Kokcrepa. Cymma yrioB cdepmyueckoro TPEyTOabHUKA GOabIne, 9emM
(mpocToe JOKa3aTEIbCTBO DTOr0 CM., Hampumep, B [1]) u, cregoBaTensHO,
CyMMa, yrioB ChEpPUIecKoro n-yroabHuka Ooabie, deMm w(n — 2). IlosTo-
MYy B OTHOIICHUU Cq)epI/I‘IeCKI/IX MHOT'OYT' OIbHUKOB KOKCTepa HAIllX1 BHBIBO-
OBl O 9UCIe CTOPOH TOJBKO YCYTyOMAIOTCA, a MMEHHO, He CyIEeCTBYeT cde-
PUYECKAX MHOT'OYT'OJHHUKOB KOKCTepa, OTIMYHBIX OT TPEeyroabHuKa. [l
cdepuaeckoro Tpeyroasauka Kokcrepa ypasHenue (3) 3aMeHAETCS HEPABEH-
CTBOM

1 1 1
E+Z+E>1’ (4)

uMmemuM cregyomue pemenns: (2,2, m), (2,3,3), (2,3,4), (2,3,5). llepsomy
73 DTUX PEIIEHHU OTBedaeT pasbuenme cdepbl Ha 4m «GUNPAMOYTOIBHBIX)
TPEYTOIBHUKOB, OCYIIECTBIAEMOE DKBATOPOM U 2117 PABHOOTCTOAIMIMMYA APYT
oT apyra Mmepuguanavu. QCTaibHBIE 3 DENIEHUA CBA3AHBI C TMPABUILHBIMEA
MHOrorpasaukamu (cMm. [5]). Pasbuenne, orseuarommee pemenuio (2,3, 5), uso-
6paxeHo Ha puc. 9.

Yro kacaeTcs MHOrOyrorsHUKOB Kokcrepa Ha mrockocTu JlobadeBckoro,
TO mx ropasmo 6omabime. Bece, 9T0 HEe MOXeT OBITH PEATU3OBAHO HA, €BKIU-
OBOM TLIOCKOCTM WU Ha cdepe, PearnsyeTcsa Ha, MIOCKOCTH JI0GadeBCcKoro.
A mmenno, cyMMa yTUIOB 7-yTOJBHUKA HA, INIOCKOCTH JI0GAYEBCKOTO MEHBbIIE,
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Punc. 9.

geM 7(n — 2), U gas moOBIX HATYpPadbHBIX qucel ki, ka,...,k, = 2, ynoBie-
TBOPAIOIIAX HEPABEHCTBY
1

+ 4t <n—2
k1 ko ’

kn

Ha TIOCKOCTH JI06a9EBCKOTO MMeeTCs MHOTOYroJibHMK KokcTepa ¢ yraamum
w/ki,7/ko,y. .., 7/kn,

[Ipemwigyinee HEPABEHCTBO ABTOMATHYECKW BBINOJHIETCA npu 1 > 4, a
Takxe npu n = 4, ecm Toasko (ki, ko, ks, k) # (2,2,2,2). Ilpu n = 3 Mt
MOMYy9IaeM CIAeAyIOIee HEPABEHCTBO A TPEyroilbHWKa, KoKcTepa € yriamu

[k, w/l,™/m:

1 1 1

4+ 4+ =<1

ot < (5)
Ero pemenusamu sBasioTcsa Bce Tpouku (k, [, m), KpoMe IEpEeIUCICHHBIX BBIIIE
pemeHuy ypasHeHus (3) u HepaBeHCTBa (4).

Hanpuwmep, #Ha miockocTu JIo6a9eBCKOr0 MMEETCA TPEYTOMBHBIN KAJEU 10~
ckon ¢ yraamu 7/2,7/4,m/6. CoorBeTcTByOmEe pazbueHre M306paXKeHO Ha
puc. 10a. IIpu sToM ucnoap3oBaHa MOAeIb IlyaHKape, B KOTOPOR ILIOCKOCTh
Jlo6aseBckoro m3o6paxaeTca B BUe OTKPBITOIO KPyTa, €€ IpsAMble — B BUE
IUAMETPOB KPyTra U AYT OKPYKHOCTEN, IEPIEH INKY IAPHBIX TPAHATIE KPYTa, &
YTJIBI COBOAAAIOT C €BKJINAOBEIMU. [[py mpubinkennu K rpaHulle Kpyra eBKId-
IOBBI Pa3MePHI TPEYTOILHUKOB PAa3OMEHMA CTPEMATCA K HYJIIO, HO UX Pa3MePHhI
B cMBIcae TeoMeTpuu JI06aEBCKOr0, eCTECTBEHHO, OCTAIOTCA TOCTOIHHBIMI.
Puc. 106 nmpencrasnser xkapTuny-y3op M. dmepa «Hebeca u ax», OCHOBaAaHHYIO
Ha 5TOM pa3bmeHnn.
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Puc. 10.

2.2. MoayJasapPHAA rpynnA KJEMHA

MoxHO paccMaTpUBATh TaK HA3BIBAEMEIE (CUMNMOMUUECKUE MHO20Y204b-
HUKU HA TIOCKOCTH JI06a¥eBCKOT0, ¥ KOTOPHIX OJHA WIM HECKOJIBLKO BEPIINH
ABIAIOTCA OECKOHEYHO yaaaeHHBIME (T.e. B Mogenu [lyankape aexar Ha rpa-
HULIE KPyra). YTl IPY TAKUX BEPUIMHAX CIEAYeT CINTATH DABHBIME HYIIO.
AcMOTOTUYECKUY MHOTOYTOJIHHUK ABISAETCS KAJEHJOCKOTIOM TOTAa M TOMhb-
KO TOrpga, Koraga BCE€ €ro yIVIbl IIDU OGBI‘IHBIX BEPHINMHAX CYTH IEABIC IaCTH T.
YcioBre CyIecTBOBAHUA BEITVIAUT TAK XKe, KAK U 11 OOBIMHBEIX MHOTOYTOlb-
HUKOB.

B wacTHOCTH, Ha mTockocTu JI06a9E€BCKOTO CYIIECTBYET TPEYTOALHBIN Ka-
nengockon ¢ yraamu 7/2,7/3 m w/oco. CoorBercrByiomee pasbueHue u30-
6paxeno Ha puc. 1la. Ha pmc. 116 To xe pasbuenme MOKa3aHO B MOIe-
au Ilyankape B BepXHEN MOJYILUIOCKOCTH, KOTOPASA TOMYIAETCA U3 MOLETHA B
Kpyre koHGOPMHBIM npeobpaszoBanmeM. Kak B Kpyre, Tak W B BEpXHEH IIO-
JAYILUIOCKOCTH TpAMEIe reoMeTpuu JI06a9eBCKOro m306paxaioTcsa WHTEPBAIA-
MW €BKJIUJOBBIX MPAMBIX W AYTaMU OKPYXHOCTEH, MEPIEHAUKYIAPHBIX T'Pa-
aune. (B ciydae BepxHEN MOIYIIOCKOCTH 3TO BEPTUKAILHBIE MOLYIPAMEIE U
HOLYOKPYXHOCTH C HEHTPOM Ha ocu abcuumcc.) OTpaxeHUs OTHOCATEILHO
NPAMBIX, T300PaXKaEeMBIX WHTEPBAJIAMU €BKJIUIOBHIX IPAMBIX, COBIAIAIOT C
€BKJINJIOBLIMU OTPAXEHUAMHU, 3 OTPAXKEHUA OTHOCUTEIHLHO NIPAMBIX, H300pa-
Xa€MBIX NyramMmn Opr}KHOCTeﬁ, — 9T0 MHBEPCUU OTHOCUTEIBHO 3TUX OKDY XK-
HOCTEH.

Mogens B BepXHEU MOJIYILIOCKOCTH YA00HA TEM, 9TO B HEM OY€HB MPOCTO
3aMMCHIBAIOTCA JBUKEHUS IIOCKOCTH JI06a9€BCKOro. A MMEHHO, eCIu BBECTH
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Puc. 11.

KOMILIEKCHY 0 KOOPAMHATY 2z = Z+iYy (TaK, 9T0 BePXHAA NOIYILIOCKOCTD Oy AeT
3aJaBATHCA HEPABEHCTBOM Im z > (), TO ABUKEHUsA, COXPAHAIOIME OPUEHTA-
IO, — TO NPe0o6pPa30BAHUA BUIA

b
az__:d (a,b,c,d € R, ad —bc = 1),
a JBUXKEHWA, MEHAIONIE OPUEHTAIINIO, — 3TO MPeoOpa3oBaHUA BUIA
az+b
e (a,b,c,d € R, ad —bc=-1).

Yucna a, b, ¢, d onpenenreHsl ¢ TOYHOCTHIO O OJHOBPEMEHHOT'O yMHOXEHUS
Ha —1.
JIerko mpoBepuUThH, YTO YMHOXEHUE IBUKEHAN COOTBETCTBYET YMHOXEHUIO

a b
MaTpHI (c d)' (3ameTum, 9T0 ad — bc — 5TO HEe YTO UHOE, KAK OIPEIeIn-

Telb MaT ab)
erb MaTpumst | )

OauH u3 TPEeyroIbHUKOB pa3OueHus, TOKA3aHHOrO Ha puc. 116, 3amaercs
HEPABCHCTBAMU

1
O603na9uM ero depes P. OTpaxeHus OTHOCATEIHLHO €r0 CTOPOH UMEIOT BUJ

_ _ 1
2 —Z, z—=1—Z z+— -
z
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VM cOOTBETCTBYIOT MATPHUIIHL

(1) () (o) ©

Tak KaK 9TV MaTPHUILI HETOIUCIEHHEI (T. €. IMEIOT IeJbIE DJIEMEHTH), TO U BCe
WX TPOU3BeAeHus NenouncieHHbl. Onupasch Ha, aaropuTMm EBkiamga, MOXHO
OpPOBEPUTH (IONPOGYATE DTO CAEAATH!), 9TO BCAKAA NEIOYACICHHAS MATPALA
c ompegeauTeneM +1 mpeacTaBAsLETCA B BUjE Npou3BeneHus MaTpul (6).
Taxum 06pa3om, rpynna, TIOPOX AeHHAA OTPAXKEHUAMA OTHOCATEILHO CTO-

POH TpeyroabHuKa P, — 5T0 rpymma Bcex nNpeoGpa3oBAHUN BUIA
“Z:d” (a,b,c,d € R, ad —bc =1) (7)
" BUA,
azZ+b N
e (a,b,c,d € R, ad —bc=—1). (8)

IIpeo6pasosanus Buga (7) (T.e. COXpAHAINME OPUEHTAINIO) 00Pa3yIOT B HEH
TMOATPYIIY WHAEKCA 2, HABBIBAEMYIO M00yaaphot epynnoti Kaetina. Ona e-
XWAT B OCHOBE GOJBIION TEOPUU, HAXOIAMIENCS HA CTHIKE Teopuu (HyHKIIN
KOMILIEKCHOT'O TIEPEMEHHOT0, TEOPUU YUCEI Y TEOPUU MPENCTABICHUN.

2.3. TPEXMEPHGIE KAJIENOCKOIBI

Haxoxgeawe muororpanamkoB KokcTepa 3aTpygHAETCS TeM, 9TO COOT-
HOIIEHUA MEXy NBYTPAHHBIMU YTJIAMHU MHOTOIDAHHUKA HE CTOJbL TPOCTHI,
KaK COOTHOIICHWE MEXJy YIJIaMu MHOTOYTOJbHUWKA. TeM He MeHee, HEKOTO-
phI€ TPOCThIE HEOOXOAUMBIE YCIOBUA MOXHO YKa3aTh cpa3dy. [lpu nepecedernun
BBIMYKJIOI0 MHOTOT'PAHHUKA, P ¢ MareHbKOU ¢(Pepou C IEeHTPOM B KAKOU-TU60
€ro BepumHe 00Pa3yeTCs BHIMYKILIN CPEPUIECKUN MHOTOYTOILHUK, YL KO-
TOpPOT'0 PABHBHI ABYIPAHHBEIM yIVIAM MHOTOTPDAHHWKA P mpu cOOTBETCTBYIO-
mux pebpax. [TooToMy, eciu u3 BEPIIUHBI BEIXOAUT ¢ pebep, TO CyMMa, ABY-
rPAHHBIX YIVIOB Ipw dTuX pebpax Goabme, gem (g — 2). Orcioga cregyer,
YTO eCI¥ BCe ABYTDAHHBIE YIVILI MHOTOTpaHHUKa P He mpeBocxogat /2 (Ha-
OpUMEp, €CIU OH ABIAETCA MHOrOrpaHHUKOM KoOKcTepa), TO M3 KaX/JO0U ero
BEPIIUHEI BHIXOAUT TOJBKO 3 pebpa, IpUYeM CyMMa, ABYT'DAHHBIX YTJIOB ITPU
Hux Gosbire 7. MHOTOrpaHHWKY, KAaXAasg BEPIINHA KOTOPBHIX IPUHAIJICKUT
TOILKO 3 pebpaM (¥, 3HAYAT, TOJLKO 3 T'PAHAM), HA3BIBAIOTCA NIPOCTHIMU.
Taxk, TeTpasap u Kyb ABIAIOTCA MTPOCTHIMUA MHOTOIPAHHUKAMUA, 3, OKTADAP —
HET.

YKa3aHHBIMU IPOCTHIMU HEPABEHCTBAMU, OMHAKO, HE MCIEPIBIBAIOTCA CO-
OTHOIIEHUS MEXIy ABYTPAHHBIMU YTJIAMU BREIMYKJIOTO MHOTOTDAHHUKA. Pac-
CMOTPHUM NPOCTEUIINA CIydau, Korga P — rerpasap (He 00S3aTEIBHO Ipa-
BWIBHBIN). 3aHYMepyeM Kak-Iu00 ero IpaHy U OGO3HAYMM 9Uepe3 (4 = (jj



60 J. b. Buabepr

yTOJI MEeXAy 1-0u U j-ou rpanamu. CpeacTBaMu JUHEHHON aareGphl Jerko 1o-
Ka3bIBACTCA, ITO 9TU YIVIbI CBA3aHBI CJCAYIOIIUM COOTHOIICHUEM:

1 —COSQia —COSQi3 — COS(i4
— COS V12 1 —Cosa3 —COSaosa| 0 9
—CoS (3 — COS Q93 1 —cosass| (9)
—CoSQ14 —COSQiyy — COSQ34 1

(Onpegerurens, CTOAINMA B IEBOM 9aCTH PABEHCTBA, €CThH OIpeeruTens I'pa-
Ma e[WHWYHBIX HOPMAJILHBIX BEKTOPOB I'PAaHEN TeTpPasapa. Kro paBeHCTBO
HYJII0 BEITEKAET U3 JIUHEUHON 3aBUCUMOCTH DTUX BEKTOPOB.)

3aMeTuM, IYTO TOYHO TaK XKe JOKA3LIBAETCS, ITO YIIHL @, (3, Y TPEYTrodb-
HUK3, CBA3AHBI COOTHOIIEHNEM

1 —cosy —cospf
—COos Y 1 —cosa| =0.
—cosff —cosa 1

OJHAKO DTO COOTHOWIEHWE TIPYU YCJIOBAM, 9TO CyMMa, JIOOBIX ABYX W3 yIJIOB
a, [, 7 MeHbIe 7, OKa3bIBAETCA PABHOCHILHBIM TOMY, 9TO & + 3 + 7 = 7.
(TTompobyuTe sT0 mokasars!). Uro kacaerca coorrHomerus (9), TO OHO, K
COXANEHWIO, HE TPUBOAUTCA K TAKOMY TIPOCTOMY BHULY.

Coorromenne (9) BMecTe ¢ HEDABEHCTBAMUA

apptoagtoae >m
a1 tag3 oo >T
a3zl + a3z +Q3e > T
Q41 + Qg2 Qa3 > T

ABIAETCA HEOOXOAUMEBIM ¥ NOCTATOYHBIM YCIOBMEM M TOTO, ITOOHI B €B-
K JOBOM IIPOCTPAHCTBE CYIIeCTBOBAT TETPAadAP C ABYT DAHHBIMHU YTIAMH ().
[MToawsysce 5TUM, MOXHO HAUTH BCe TeTPas3Apsl KOKCTEpa B €BKINIOBOM IPO-
crpaHcTBe. VX okasbiBaeTca Tpu. OHM M306paXeHbl Ha puc. 12, rae IpUHATO
clefyIolee COrVIallleHue: ABYTI'DAHHLIE YIUBI IPU HETIOMEYEHHLIX peOpax paB-
HBI /2, a npu pe6pax, IepedepKHY THIX OJHON WX AByMs depTaMu, — 7/3 u
7 /4 coorBeTcTBenHO. HeTpyAHO 3aMeTUTh, 9TO NEPBBIN U3 TETPAdLPOB ILIOC-
KOCTBIO CUMMETPHUY DPAa3pPe3aeTcsa Ha JBa TETPadApa, HOLJOOHBEIE BTOPOMY, U
TaK X€ TPETUN TEeTPAdAP MOIYyIAETCI U3 BTOPOTO.

Kpome 5Tux Tpex KalengoCKOIOB, B €BKINIOBOM IPOCTPAHCTBE UMEETCs
elje TOJIBKO JeThIpe KAJIEWJOCKONA, KOTOPHIE B ONPENeNeHHOM CMEICIE CBO-
OATCA K [BYMEDHBIM. JTO HPSAMEIE IPU3MBI, B OCHOBAHUM KOTODPBIX JIEXKUT
[IBYMEDHBIN KAJEH TOCKOIL.

['pynnel oTpaxeHu# B €BKIMJOBOM NPOCTPAHCTBE — 5TO 7 m3 219 Tak
HA3BIBAEMEIX KPUCTMAAL02PAPHUUECKUT 2PYNN, OMUCHIBAIOIINX BO3MOXHEIE THU-
bl CUMMETPHUY KPUCTALINIECKUX CTPYKTYp. Hanpumep, rpynna cumMeTpun
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KPHCTAJLINIECKON CTPYKTYPHI IOBAPEHHON COJM €CTh I'PYIINa, TOPOX IEHHASA
OTPAXEHUSAMU OTHOCUTEIHLHO I'DAHEN BTOPOT'0 W3 TETPadAPOB, M300paKEH-
HEIX Ha puc. 12. [lomecTuB aTOMBI HATpWMA ¥ XJIOPA B YKA3aHHBIX BepIIU-
HAX DTOr0 TETPa’Apa, MBI YBUIUM B HAIIEM KAJEUTOCKONE KPUCTALINYIEC-
CKYI0 CTPYKTYPy TOBAPEHHOM COJMU. AHAJIOIMYHO, TIOMECTUB B YKA3ZAHHBIX
ABYX BEpPIIMHAX MEPBOI'O TETPa’dAPa aTOMBI yIiIepOAa, Mbl YBAIUM KPHUCTAJI-
JWYECKYI0 CTPYKTYPY aiMasa (HO ee I'DYINa CAMMETDUH HECKOIBLKO GOMb-
me, 9eM T'PYIIa, MOPOXJEHHAA OTPAXKEHUAME OTHOCUTEIHLHO T'DAHEN DTOr0
TeTpasapa).

Herpyauo manTm Takxke Bce MHOrorpaHHuku KokcTepa HA TpexMepHOU
cdepe. Bee onm sBasioTcs TerpasgpamMu (CM. AOKA3aTEIBCTBO DTOrO B [5]).
PasencTso (9) 3aMeHAETCA B 5TOM CIydae HEPABEHCTBOM «OOIBIIE) HOLOGHO
TOMY, KaK TP TEPeXojie OT €BKIUIOBOM ILIOCKOCTH K cdepe CymMMa yIIOB
TPEYTrOJbHUKA CTAHOBUTCA OOIBIIE 7.

B mpocrpancrse Jlo6adesckoro paseHcTBO (9) 3aMEHAETCS HEPABEHCTBOM
«menbiney. HeTpyaao nanTu Bce TeTpasapul Kokcrepa B npocTpancTse Jloba-
4eBCcKOro. OMHAKO B 5TOM CIy4Yae OHU COCTABIAIOT JUIIL HAYTOXHYI 9aCTh
BceX MHOTOTpaHHUWKOB Koxcrepa. Ilogo6mH0 TomMy, Kak Ha miockocTu JlobHa-
YEBCKOI'O CYIIECTBYIOT MHOTOYTOJIBHUKY KOKCTEpa CO CKOIb YyTOAHO GOIBIINM
YKCIOM CTOPOH, B IPOCTPAHCTBE JI06AaIE€BCKOr0O CYIIECTBYIOT MHOTOT DAHHUKYA
KokcTepa co ckoab yroaso 6oabumM qucaoM rpaser. Ho, B oTamyame oT MHO-
T'OYyTOJIBHUKOB, OHA MOT'YT UMETH BECbMa CI0XHOE KOMGKHH,TOPHOG CTpO€HUE.
[TosToMy mOLYyYMTH WX MOJHOE OMUCAHUE HEIPOCTO.

B Tou crenenm, B Kako# 3TO BOOOIIE NPEACTABIACTCSI BO3MOXHBIM, 3TO
6sut0 caenano E. M. Augpeessmv B 1970 r. O goxasan obumyio Teopemy, OT-
HOCAIIYIOCSA HE TOJIBKO K MHOTOrpaHHWKaM KokcTepa, HO M KO BCEM BHIMYK-
JIBIM MHOT'OI'DAHHUKAM, AByTDAHHBIE yIUIbI KOTOPHIX He IpeBocxoaat /2. Ta-
K¥e MHOTOI'DAHHVKYA HA3BIBAIOTCA 0CMPOY20AbHbiMU (XOTA OHU MOT'YT MMETH
U npsAMble AByrpaHHbIe yrubl). Kak Mbel fokasanu Beime (J0KA3aTEILCTBO HE
U3MEHSETCS B CIydae IPOCTPAHCTBA JI06AIEBCKOT0), BCAKUN OCTPOYTOMLHBIN
MHOT'OT'DaHHUK ABJHACTCA IPOCTHIM.

<

Puc. 12.




62 . B. Bur6epr

Teopema AHapeeBa naeT HEOOXOZMMBIE M HOCTATOYHBLIE YCIOBHUSA CYIIE-
CTBOBaHUsA B IpocTpaHCcTBe JI06a9€BCKOTr0 OCTPOYTOIBHOIO IIPOCTOrO MHOT'O-
T'PAHHUKA, 33, [aHHOI0 KOMOWHATOPHOT'O CTPOEHUS, OTANIHOTO OT TETPASAPA,
C 33 JaHHBIMU ABYTPAHHBIMA YyTIAMU. OTHU YCIOBUA CYyTh CJAEIYIOIINE:

1) ecam xkaxme-1ubO TPU PPAHY CXOLATCA B OJHOU BEPIINHE, TO CyMMa yIJIOB
MexXay HuMu Ooabiie 7 (HeOOXOAMMOCTH HTOrO YCJIOBHA ObLIA JOKA3AHA
BBIIIE);

2) ecam Kakme-1uOO TPU I'PAHM IONAPHO CMEXHBI, HO HE CXOAATCA B OJZHON
BEPIIWHE, TO CyMMa YIJIOB MEXJIYy HUMU MEHBIIE T;

3) ecam kaxme-Tu6O IETHIPE IPAHM CMEXHBI «II0 KPYTY» (Kak GOKOBHIE I'Da-
HY YeTHIPEXYTOJIbHOU IIPU3MEI), TO HE BCE YIUIBI MEXy HUMU PABHEL 7 /2;

4) ecmum MHOTOIDAHHWK ABIAETCA TPEYTOALHOU HNPU3MOM, TO HE BCE YIUIBL,
00pa3yeMble OCHOBAHUAMY C GOKOBBIMU TDAHAMMY, PABHEL 7/2.

Teopema AEApeeBa B HEKOTOPOM CMBIC/IE AHAJOIMIHA 3HAMEHUTON TEOpe-
Me A. /. ArekcaaapoBa O CyNIeCTBOBAHUM €BKJIWI0BA MHOI'OTPDAHHUKA C JaH-
HOHU pasBepTkou. OHAKO ee TOYHOI'O AHAJOr'a B €BKIMJAOBOA I€OMETPHUU HET
(# He MOXeT OBITB). DTO OfHA U3 crenuduIecKux TeopeM reomerpun Jlo6a-
YEBCKOT'0, MOJOOHO IMPU3HAKY PABEHCTBA TPEYTOJHHUKOB IO TPEM YIVIAM.

(a) (6)
Puc. 13.

C momompio Teopemsl AHApeeBa HETPYAHO, HAIIPAMED, AOKA3ATh CyIIe-
CTBOBaHME B IPOCTPAHCTBE JI06AIEBCKOr0 «IPAMOYTOIbHBIX» MHOIOIDAHHU-
KOB (T. e. MEOTOIDAHHUKOB, BCE ABYT'PAHHBIE YIUILI KOTOPHIX IPAMBIE) CO CKOJIb
YyTOAHO GOJIBITAM IUCIOM FpaHel. HampuMep, 13 3TOM TeOpeMEI CIeAyeT CyIle-
CTBOBaHME IPAMOYTOIBHOIO Z0oAeKadApa (cM. puc. 13a). 3ameHuB aBE IPOTH-
BOIIOJIOXKHBIE T'DAHU NOAECKASAPA T -YyI'OIBHUKAMU U COOTBETCTBEHHO M3MEHUB
YUCAO0 MPUMBIKAMMWUX K HAM IATUYTOJIBHBIX TPaHel, MBI moxydmm (2n + 2)-
rpanHuk (cM. puc 136, rae usobpaxen caygan n = 7). [To Teopeme Augpeesa
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B IpOCTpaHCTBe JI06a4eBCKOTO CyUeCTBYEeT NPAMOYTOABHBIM MHOTOIDAHHUK
TAKOr0 KOMOMHATOPHOI'O CTPOEHUA IIPHU JIOO0M 71 2> 5.

Haumnuas ¢ xonna XIX Beka, rpynmbsl oTpax)eHu# B npocTpancTse Jloba-
YEBCKOT'0 IPUMEHAINCH K apudpMeTuKe KBAIPATUIHEIX (HOPM, & B IOCIETHUE
20 ;eT OHM MOXYYNIN NPUMEHEHUE B TPEXMEDHOU TOIIOJIOTUH.
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