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Nrpa Puavana

E.l'opckun B.I'yposun U. Mexwupos E. OcpmoBa

OTa CTaThsA HANNMCAHA [0 MaTepuaitaM JeTHeu koHpepenmun Typuupa ['opo-
108 2000 roga. Ha 5Tux KoHGepEeHINAX MKOIbHIKAM NPEIIaraeTCa IIA PelleHna
HECKOIBKO IUKIOB 3a1a1 UCCILOBATEILCKOI0 XapakTepa. Ha mocaeguen Koude-
PEHINN CaMBIM TONYJIAPHBIM OKA3AJICA IWKJ 33434, MOCBAMEHHBIN DPa3IMIHBIM
BapwaHTaM Urpsl PuuMana, 0 KOTOPOU MOUAET pedb HMXe. 3a4aY B DTOM IUKJIe
OBLIO MPENIOXKEHO OYEHb MHOT'0. 34eCh 00CYXK JA€TCA TOABKO JaCTh 3aTPOHY THIX
Ha KOHGEPEHINY BOIPOCOB. 3AXHTEPECOBAHHBIM IATATENIb MOXET HAUTH NOIOI-
HUTEIbHYI0 MHGOPMALUIO B SIEKTPOHHOM apXuBe KoHbepeHmmu [1].

Cpeanr MEOr006pasusa MATEMATHIECKIX TP MOXKHO BLIICSINTE 1BA IMUPOKUX KIaC-
ca. K ogroMy m3 HuX (K TaK HA3EIBAEMEIM K0MOUNGMOPHbLM UTPAM) OTHOCATCA HAK-
60Jee pacIpPOCTPAHEHHEIE UTPLL: MIANNKHA, MAXMATEl, HAM. . . B 5TUX IrPax BO3MOXKHO
JIUIE KOHEIHOE YUCJIO MO3UINAN, B KAXKIOU M3 KOTOPHEIX UTPOK UMEET KOHEIHOE |-
CJI0 BO3MOXKHBIX XOOB. VICXO TAKOU UI'PEL HE 3ABUCKAT OT CJIy9as, BCA MHPOPMALWS,
U3BECTHAA OJHOMY UTPOKY, U3BECTHA U APYTCOMY.

Urper w3 BTOpOro kiaacca (Tak HA3BIBAEMEIE MAMPUUHbIE WA 6EPOATNHOCTIHbLE
UTPEI) B OCHOBHOM KMEIOT OTHOIIEHUE K PEAJbHEIM (HAIPUMED, CTPATErMIeCKUM)
NPUIOXKEHUAM TEOPUU UI'D, ONEPUPYIOMNAM He C ITUCKPETHBIMU, & C HEIPEPHIBHBIMU
obbexkTamu. B HUX X0 UTPOKa He MPenonpeIeIeH IO3UINER, & B GOMLIION MEPe mPo-
U3BOJEH (HAIPUMED, «(KAMEHb-HOXKHULIE-0yMaray ).

O HAKO Urpy, KOTOPYIO MEL PACCMATPUBAEM B NAHHOU CTATHE, CJIOXKHO OTHECTH
K O,[[HOMy n3 3TUx ABYX KJIaCCOB. OHa HOCUT Ha3BaHUE «I/Il_‘pa PI/I‘{MaHa)) B 4YeCThb
MaTeMaTHKa, KOTOPHI ee m306pen.)

1. TIPABUJIA UT'PHI

B kunaccuyeckon Bepcun 3TOU WPl UTPOKOB ABOE: OHU YCJIOBHO HA3bIBaiOTCA Cu-
uuM u KpacueiM. B kadecTBe UrpoBOro moss 6epeTcs IpOn3BOIbHEI OPUEHTUDPOBAH-
HEI Tpad, OJHA W3 BEPIINH KOTOPOr0 OTMEYIAETCA CUHUM IIBETOM (najee OHa OyaeT
0603Ha9aTHCA b), a Apyras — KPAcHBIM (COOTBETCTBEHHO, T'), IPUYEM U3 JHO00U
BEpIIMHEL BEJeT OPUEHTUPOBAHHLIN IIyTh XOTA Obl B OJHY W3 BBLICJCHHBIX BEPLIUH.
OcranbHble BepIMHEL I'pada MBL Oy1eM HAa3LIBATH YEPHBIMU.

B nadgaje urpel B HEKOTOPOU BepIIMHE Ipada HAXOAUTCA (PUIIKA, & UCPOKA UMe-
0T HEKOTOPBIE HAYAJILHBEIE KAIUTAILI, PABHEIE, COOTBEeTCTBeHHO, B 1 R yciaoBHBEIX
efuany (MOXHO cauTaTh, 9T0 B + R = 1). Kaxauu urpok gemaer HeoTpuuaTesb-
HYIO CTaBKY, HE MPEBOCXOANIYIO €r0 KAMUTaaa, (CTABKU JEJA0TCA OJHOBPEMEHHO U

D lspug Pocc Puuman (1956-1991) — w3BECTHBIM AMEPUKAHCKAN MATEMATHK, PA0OTABIINI B
OCHOBHOM B KOMOUWHATOPHBLIX 001acTaX: Teopuu rpados, Teopuu urp. Tparudecku morub B aBuaKa-
TacTpode.
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B TalHE OT COINEPHUKA: «3AKPHITHI ayKuuon»). CresaBmmit 6OIBIIYI0 CTABKY IOJLY-
4aeT mpaBoO CABMHYTH GUINKY 0 pedbpy rpada, cobmwogas opuenTanuio. Baaven ox
[NOJXKEH OTAATH IPOTUBHUKY CYMMY, PABHYIO CBOEHU cTaBke. Eciu craBku coBnmamm mo
BEJIMYNHE, TO HO0EINTEIb ONPEAENIeTC XKPEeOUeM, HO IeHBI'M BCE PABHO IIE€PENAI0OTCA.

Ecin urpok cmor npusecTu ¢uiiky B BEPIIMHY CBOEr'O IIBETA, TO OH BHIMTI'DLIBAET.
Nuage urpa npogomxaercs 66CKOHEUHO, U CIUTALTCA, ITO OHA 3AKOHIMIACH BHAIBIO.
Hama nens cocTouT B TOM, 9TOOBI ONPEIEIATH, IPU KAKUX HAYAILHBIX YCIOBHUAX
UCPOKU MMEIOT GECIPOUTrPHINHYIO WM BHIUIPHIIHY CTPATErNIO.

2. IIPUMEPHI

Anpuopu He sCHO, TOYEMY TPHU KAKUX-TO HAYAIBHBIX YCJIOBUAX y KOT'O-TO U3
WI'POKOB BOOOIIE €CTh BHIUTPHIMIHAS CTPATErusA. PacCMOTPUM HECKOJIBKO KOHKPET-
HBIX IPUMEPOB.

be ° ° °r
U1 U2
Pwuc. 1.
Ecan mavanbnas Bepmmua — vp, a JEHEr y UTPOKOB MOPOBHY, TO 00a CTABAT

«Ba-6aHK» (CTABAT BECH CBOU KAIWTAN), M UCXOJ UIDHI PEIIAET MOHETKA, T.e. 6ec-
[IPOUTPHIMIHON CTPATErMK HET HU y OLHOI'O M3 MI'POKOB. B mr060M apyrom ciydae,
001a,1ar0mmy GOMBIIM KAIUTAJIOM, CTABAT BECh CBOU KANATA U BEIUI'DEIBAET UDPY.
Nrak, mpu B > 0,5 Cunuit uMmeeT BHINTPHIIHYIO cTpaTeruio, mpu B < 0,5 BEmrpoim-
Hy!0 cTparermio umeet Kpacubmi (u3 nasprenmero GyeT sSCHO, HOYeMy yAOGHO 3a-
[UCHIBATH YCJIOBUE MMEHHO B TAKOU (opMme).

IIycts ¢umika CTOMT B BepIIMHE Vs, 8 HadaabHBEIM KanuTtanl Cuxero pasuoM 0,7
y. €. Torga Bewrpennnyio crpareruio uMeer KpacHBIM WIDOK: MEPBHIM XOAOM OH
crasutr 0,3. Eciu Cunuy craBuT MeHbIIE, TO OH Cpa3y HPOUrpHIBaeT urpy. Ecin
ke OH cTaBuT He MeHblne (0,3, TO OH BEIUIDHIBAET IPABO XOa, ABACAET (DUIIKY B
COCEHIOI0 YePHYIO BEPIIUHY, HO ¥ HET'0 0cTaeTcsa He 6oabine 0,4 y. e., a y IpOTUBHUKA,
cooTBeTcTBeHHO, He Menbiue (0,6, u Kpacuem, craBsa Ba-0aHK, BLINTPHIBAET AyKIXOH
¥ BCIO UI'DY B IIEJOM.

Ilpu apyrom xamuranse (U HAYATLHOU BepimHe vy) CUHUN UCPOK, YTOOGHI BhHI-
WrPATh MEPBBIY AYKINOH, JOKEH HOCTaBUTh He MeHbine R = 1 — B, uTo ymenbmmT
ero kanuran no mesbmmen mMepe 1o 2B — 1. Torga 2B — 1 > 0,5 (Tak xax oH nox-
KEH BHIATPATH, HAXOAACH B BepmmHe vy ), OTKyAa B > 0,75. Urax, npu B > 0,75
BEINI'DHINIHYIO ¢TpaTeruto umeer Cunnu, mpu B < 0,75 — Kpacusm.

PaccmoTpum Gonee cnoxubir rpad (puc. 2).

be ° ° °r
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HUccregyeM, KTO BHIMIPHIBAET MIPYU HAYAMLHOU BEPINUHE V7 B 3aBUCUMOCTH OT HAa-
vanbHOro kamuraia Cunero urpoka B. Haunyumas nepsas craska Cunero — B (Tax
KaK B DTOM CJIyd4ae OH Ju00 Cpa3y BHIUI'DHIBAET, JUOO MapAHTUPOBAHHO IIOLYyIaeT OT
IPOTUBHUKA HAUOOJBILY BO3MOXHY cymMmy). Eciu KpacHbmr nocrasut menbiue,
10 Cununt cpasy Bemrpaetr Bcio urpy. Uxade CuHUN MOSYYUT OT HErO IO KPAUHEN
vepe B, T.e. xkanuran y mero craner 6onwire uem 2B, n dumka cgBuneTcs B Bep-
muHy ve. Bo m3abexanue npourpsuna Cununt 0613aH NOCTABATL GOJBIIE TEKYIIETO
kanurana Kpacuoro, t.e. 1 — 2B + ¢, rge € > 0. @umika BepHETCS HA, UCXOTHYIO
no3unuio, a y Cunero ocranercsa 6ombme 2B —14+2B - =4B —-1—-¢y. e. Uraxk, 3a

o 1
oauu nuka B mpeepammaercsa no xpanneu mepe B 4B — 1 —e. Ecn B < 3+ TO M3Me-

HeHre KanuTauaa, pasHoe 3B — 1 — g, orpunarensHo u TeM MeHbIle, YeM MeHblne B.
Crmenas MHOrO TakuX IUKJIOB, KPACHBI MOXeT yMeHbIUTh KamuTal CUHEero cKoab
yFOII[HO CI/IJII)H07 B ‘{aCTHOCTH, Ha,CTOJII:KO, ‘ITO6I::I B HeKOTOprI‘/)I MOMEHT B TOYKE Vg
ToT uMmen kamurani, Messimit 0,5, T.e. Kpacusm cmor 661 BEIUrpaTh. AHAIOrMYHO,

1

ecm B > 3> TO TPU HOAXOAAWEM € KAMUTAT Cunero GyneT yBeqWmIuBATHCA, ITO
[O3BOJIAT €My B KAKOU-TO MOMEHT IIOCTABUTH OOJBIIE MIPOTUBHUKA, KOU'AA (DUIIKA,
OKaXETCA B BEPIIMHE V1, T.€. BEIUIPATH NapTuioo. VTak, Ipu NpaBUILHON UTDE MIPU

1 o 1 o

B> 3 BEIMIDHIBaET Cunun, npu B < 3 Kpacuwin.
W3 npuBefeHHEIX TPUMEPOB BUAHO, YTO A 33JAHHOU HAYATLHON BEPIIMHEL U
rpada ypaercsa mono6parh Takoe dmcao (HazoBeM ero R(v)), 9TO mpu HAYAILHOM
kanurante Cutero B > R(v) oH uMeeT BHIMIDHIIHYIO cTpaTeruio, a npu B < R(v)

BBIACPHIIHYIO CTpaTernio umeeT KpacHbill. DTO yTBEPXK JEHAE OKA3BIBAETCA BEPHEIM
u B 00mem cay4ae. Huxe Mbr gokaxem ero.

3. OCHOBHBLIE TEOPEMBI

IIycre U(v) — MHOXECTBO NOCIEI0BATENCN JAHHON BEPIIVHEL ¥ (T. €. TEX BEPIIVH,
Kyna BemeT pebpo u3 v). Hazosem uucioBywo ¢yukumio R(v) Ha rpade dynwyuel
Puumarna, €y OHA yAOBIETBOPACT CACIYIOMIAM COOTHOMEHAM:

oin R(w) + max R(w)

R(r) =1, R(b) =0, R(v) = nas v # b, r.

2

Mur HE CIy9alHO UCHOMB30BaaM BHOBbL O6ozHauvenue R(v). OCHOBHBIM pe3yJb-
TATOM KJIACCUIECKON TeOpU: Urphl PUuMaHa Kak pas U ABIAECTCS HOKA3ATEILCTBO
SKBUBAJEHTHOCTHU 9TUX onpefgejaeHu qiasa R(v), K KOTOpOMY MBI celdac MepPexomuM.

JIEMMA 1. ITyemws R(v) — Pywxyus Puumana dannozo epaga, B > R(vy). Tozda
Cunuti, HGUUHAA U2PY C BEPULUNBL Vg, UMEEM OECTHPOUZPBIWHYI CPAMESUIO.

JOKA3ATEJBCTBO. Jokaxem, uTo CUHMI MOXKET UI'PAThL TAK, 9YTO B JIOOOU MO-
MEHT €ro TeKyIUH KANWTAJ OyJeT MPEBOCXOIWTb 3HAYCHWE (PyHKIMM PuamaHa B
Tekymmen BepumHe. I[[ycTh B KAKOU-TO MOMEHT (PUINKA HAXOMUTCA B BEPIIUHE U, 4
Cunun umeer kanuranx B > R(v). Torga o nomxen cuenats CTaBKy

max R(w)— min R(w)
_ weU(v) weU(v)

2



HUrpa Puamana 181

Ucxons m3 onpenenenns ¢pyukimuu Pruamana, moayduMm, 4To

R = R
(v) +s ax (w)

Rw) —s= in R(w).
('U) 5 wIEn[}r(l'u) ('lU)

Ecan ayknmon Bemrpaer CuHH{, TO, HepeiBUHYB (UIIKY B BEPLINHY C HAXMEHb-
M 3HaYeHreM QyHkmmyr Pramana cpeam mocaegqoBaTensen BEPIIUHEL U, OH 06ecre-

YUT BEINOJHEHUWe ycaosus B > R(v), Tak kak B — s > mir(l ) R(w). Ecin xe ayx-
weU (v

nwoH Bhmrpaer Kpacuem, T0, Kyaa Obl OH Hu nepeasuHya Quuky, 3sHaIeHue QyH-
kuuu Puamana B HOBOM BepmmHe He mpeesongerT max R(w) (tak xak B + s >
welU(v)

max limits,cy(v)R(w)), mosromy ycrosue B > R(v) coxpanurcs u B 5TOM CIydae.
Nrax, y CuHEro ecTs CTpaTerusa, KOTOpPas MapaHTUPYeT BHIIOJHCHUE YCIOBUA

B > R(v). Ho Tak xax R(r) = 1, a B < 1, ¢pummka HE CMOXET MONacTh B KPACHYIO

BEPIINHY, & 3TO U 03HadaeT, 9T0 y CuHEero ecTh GeCIpOUrpHIITHAS CTPATEr .

3AMEYAHUE 1. Eciu nHanmensbinee 3uavenue dbyukuuu PuuMana gocturaercs B
HECKOJIbKUX HOCJIEJOBATENIX, TO ONICAHHAA BEHIIE CTPATErWs HEOLHO3HAYHA. Jlem-
Ma 1 BepHA IpU IPOU3BOJILHOM BEIOODE HOCIELOBATENIS ¢ MAHUMAILHLIM 3HAYEHIEM
dyskun Puamvana.

[nsa nanprenmero yq06Ho cauTarh, 40 CUHAY BHIOUPAET TAKOr'O MOCIEAOBATEI,
KOTODHIA Oaudce K BepmHe b ([1IuHa KPaTIaUIero Iy TH MEHbIIE).

OTa JeMMa fgana OBl HaM BO3MOXKHOCTD NIPOAHAIMBMPOBATH UIPY, €CIX OBl MEL
MOIVI B SBHOM BHA€ NOCTPOUTH XOTs OBl OaHy byHKmmio Pramana mis gaHHOTO
rpada.

ycre My(v) u M, (v) — MHOXecTBa Takux B, 4T0 6€COPOUTPHINIHYIO CTPATEr M0
[IPY HAYATBLHOM BEPIIKHE v 1 HadaabHoM KanuTtane Curero B uMeroT coOTBETCTBEHHO

Curnit n Kpacusim. Ilycts I(v) = inf My(v), S(v) = sup M, (v).

JIEMMA 2. I(v) u S(v) — dynxyuu Puumana dannozo epada.

JOKA3BATEJBLCTBO. [Iycte Cunun umeer GeCpourphImHyo crpareruio. [lycTs
B KaKOU-TO MOMEHT (hUIIKa HAXOAWIACH B BepIuuHe v, a KamuTaa CuHero Obu1 paBeH
B. IIycts craska Cunero pasua s. Ecau CuHUN BHIUTPAET ayKIMOH, TO €r0 HOBHIA
KanuTaa JOJXKEH ORITH He MEHbBIEe MUHAUMAIBLHO BO3MOXKHOIO HOBOT'O 3HaYeHus I:

B-s> in I
52 wren[}r(lv) (’IU),

s < B— min I(w). 1)
weU(v)
C gpyrou cTopout, ecin y KpacHOro He[oCTaTOIHO A€HET, YTOOR! IePEKYIUTh CTAB-
Ky, T0 R < s, oTkyna
s>1-B, (2)
a WHAYe OH CMOXET CABMHYTH (DUINKY B Xy[IIEM CIy9a€ B BEPIIMHY C HAMOO/IBIIEN
I(v):

B+s > max I(w),
weU(v)
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> I(w) — B. 3
s> max (w) ©)

Nrak, y Cunero Oyger GeCIpOUrpHIIHAS CTPATErWA TOTAA U TOJIBKO TOr4a, KOUAa,
HAUJETCA Takoe §, 4To BemoxHseTca (1) u mubo (2), mubo (3). Tak kax (3) cregyer
n3 (2) (mockombky I(v) < 1), HEO6XOAMMO U JOCTATOTHO, ITOOEL

B - min I(w)> max I(w)-B,

weU(v) weU(v)
OTKy [ a
min I(w)+ max I(w)
B> weU(v) weU(v)
- 2

Toxywennoe mepasencTBo BMecTe ¢ onpenenenuem I(v) = inf My(v) npusoauT x pa-
BEHCTBY
min I(w) + max I(w)
w€eU(v) weU (v)
1) = g

fcuo, uro R(b) = 0 (yxe Haxogsack B b, Cunun Bumrpemaet), R(r) = 1 (Haxogscs B 7,
OH NIPOUTPHIBAET), T. €. [(v) — mencTBUTEabHO QyHKIMA Puumana ganHOro rpada.

Amanormano u S(v) — dysxnua Puwamana, T. e. cormacuo ntemme 1, ecm B >
> S(v), To Cunun umeeT GECOPOUTPHIIIHYI0 CTPATEIHMIO, & 3HATUT, [0 OIPELEJICHII0
S(v) = I(v).

Jlemma 1 He gaeT rapaHTUM TOTO, YTO UI'PA, HE OyAeT MPOA0MKATHCA OECKOHETHO:
OHA rapaHTUPYET OJHOMY W3 UI'DOKOB HE BBHIUI'DHIMIHYIO, & JUIIb O€CIPOUT PHIITHYIO
crpareruio. Bompoc 0 BHIMTPHITTHON CTPATETAU PEIIAST CIETYIOMAA JEMMA.

JIEMMA 3. ITycmv R(v) — dynryus Puumana dawnozo 2pada, navaiwvmas eep-
wura — vo, B > R(vg). Toeda Cunut umeem bluzpbiuskyto cmpameuio.

JOKA3ATEJNBCTBO. IlycTh d — HaubOMbIIAA IIMHA OPUEHTUPOBAHHOIO ILyTH 13
B;di}ﬁvg)- Cunun GygeT IeMCTBOBATHL CO-
TVIACHO OECIIPOUTPHINIHON CTPATErWK U3 JEeMMH 1, HO NPUOABIAA K CBOMM CTAaBKAM
C KaXIBLIM Pa3oM Bce Ooabmmy H00aBOK: €, 2¢, 4e, ..., IO TeX IOp, IIOKa €ro He
nepekynut Kpacuwm. Iloka aykumon BemrpeiBaer CuHuil, mocite Kaxaoro ero Xo-
[Ia YMEHBIIAETCS 3Ha4YeHre QyHKuuyn Puumana miu paccrosuaune no Bepumsbl b. Tak
uro Cunun OygeT OBUTATHCA IO HEKOTOPOMY OPUEHTHPOBAHHOMY IyTH B b, mODTO-
My Kpacueiz 06s:3aH GygeT B KaKOM-TO MOMEHT NEPEKYIUTH ero craBky. llycTs B
5TOT MOMeHT npubaBok Obu1 paser 2Fe. Torga Bcero Kpacuem moayumt or Cumero
ex (14+24+4+8+...+2k1) = (2¥ —1)¢, 1.e. B wTore Cunmit mOTyIUT TPUGELIE €.
Urak, meucTBysa Takum obpasom, Cununu Ha kaxjgou mepekynke Kpacmoro Gymer
OIy4¥aTh ONHY W Ty K€ HpubbLib, T.e. kanmuTan KpacHoro Oyzer HeOrpaHMYEHHO
magaTh. Tak Kak 5TO HE MOXET MPONOIKATHCA 10 OECKOHEYHOCTH, TO B KAKOU-TO
MoMeHT KpacHEIM yxe He CMOXKET MePEeKyNuTh CTABKY, T. €. CHHII CMOXET TOBECTH
duinky 10 b v Bourpars. Utak, y Cusero ecTh BHIUCPHIIIHASL CTPATETUA.

Tak xax I(v) — ¢pyuxkuma Puamana, 7o npu HagaasHoM KanuTate Cunero, 60ab-
mem I(v), KpacHein urpok He MOXeT MMeTb GECHPOUrPHIMIHON CTPATErUU, T.e€.
S(v) < I(v), u, suauur, S(v) = I(v). Kpome Toro, eciu 3ajana Kakas—To QyHKIUsA

TIPOU3BOILHOU BEPITUHET Tpada B b, € =
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Puumana R(v) ma rpade, To 1 — R(v) — «bysxmus Puumana gns Kpacnoro urpo-
Kay, T.e. aHatoruduo aemme 3, npu R > 1 — R(v) (t1.e. B < R(v)) Kpacubi umeer
BHIMTPEIIHEYIO ¢TpaTeruio, a npu B > R(v) CuHuz nMeeT BHIMIPHIIHYO CTPATErHIO,
T.e. R(v) = I(v) = S(w).

Ocraucs venceaegoBanuasM ciyda B = R(v). Ho B Hem auHaMuKa UrphHI IOHATHA,
HCXOAs U3 CKA3aHHOIO BEHILE: UCDOKY JOJUKHBI CTABUTH POBHO Ty CyMMYy, KOTODas
UM [OPEINUCHIBAETCA OECIPOUTPHIIHON cTpaTeruenn. Eciu oquH u3 urpokoB mOCTABUT
GOJbIE WIX MEHBINE, TO €r0 NPOTUBHUK IPEBLICUT CBOK (yHKumio Puumana, T.e.
CMOXET BHIMT'PATH. [I09TOMY MCXO KaXK [Or0 ayKIMOHA Oy 6T OnpeaeasThCss OpOCKOM
MOHETEI, T.€. HA Y OJHOTO M3 UI'POKOB HET BEIUTPBLIIHON CTPATEWH.

Nrak, mosydeH OCHOBHOU PE3YJIbTAT KIACCUIECKON Teopuu urpul Puumana: @ym-
xuyus Puumana R(v) cywecmeyem u eduncmeewna; npu B > R(v) Cunui umeem
suiuepoiwnyto cmpamezuio, npu B < R(v) ee umeem Kpacweid, npu B = R(v) nu
00un U3 UPOKO8 He umeem daxrce OECNPOULPLIWHOT CMPAMERUL.

Kunaccuueckas nrpa Pruamana gomyckaeT pasandabie 0000IIEHNs: MOXKHO CIeIaTh
rH(GOPMAINIO 0 IPOTUBHUKE HETIOMHOU (HANPUMED, UTPOK HE OyAeT 3HATH HAYATIBLHO-
0 KanuTana IPOTUBHUKA), JOOABATH TPETHErO UI'POKA U TAK JaJee.

4. 'TPA PUYMAHA C HEIIOJIJHOM UH®OPMAIIUENA

IIpeanonoxum, uro CuuuN He 3HAET HAYAILHOTO KATUTAIA IPOTUBHUKA, HO 3HA~

€T, YTO er0 OTHOCUTENbHEIN KAUTAI NOCTATOYHO BEJUK: > R(v) (T.e. on

B
B+R
6bI CMOT TAPAHTUPOBAHHO BHIATPATH, 3HAA CTABKY NPOTUBHUKA). [JOKAXKeM, 9TO U B
9TOM CIyYae y HEro eCTh 0eCHpourphimnHas crpaTerud. CUHUN UTPOK [MOMKEH CIu-

TaTh, 4TO KanuTal KpacHoro pasen Ry = — B (7.e. Gombiue, 9eM Ha CaMOM

B
R(v)
nene). Ucxonsa us aroro, CuHull MOXET CTPOUTH CBOK GECIPOUTPHILIHYI0 CTPATEr IO,
ananormvHO crpareruu n3 aemMel 1. Tak kak xanuran Kpacsoro Ha camom gerne ere
menbme, Kpacubin #He cmoxer nomemars CuHEMY, T. €. TAKAA CTPATErna OCTAHETCA
GECIPOUTPHIIIHON U B 3TOM CIy4ae.

Ecin urporoe mose He mMeeT OPUEHTHPOBAHHEIX IWKJIOB, TO HUIPA HE CMOXET
IPOMO/KATHCA OECKOHEYHO, 1, TaK KaK CUHUU He CMOXKET MPOUTPATH, OH BEIUT'PAET.

B o6mem ciyuae Cunum Takke MMeET CTPATErUIO, NAMIIYI0 BEPOATHOCTH BEI-
nrpemma, Cunero, pasayio 1. IlycTs or GymeT merncTBOBATH COTVIACHO CBOEU GECIpPO-
WCPBLIITHON CTPATErMH, CJAEIA 38 TEM, KAKIE MMEHHO CTaBku neaaer Kpacuom. Ecam
craBka KpacHOrO B KaKOM—TO MOMEHT MEPeCTaHeT OhThb paBHOU cTaBke Cunero u
OyzeT OTIMYaThCA OT Hee Ha €, TO CHHUE mociae 3TOro xoaa 0yAeT TBEpIO 3HATH, 9TO
€ro OTHOCUTENBHEI KAnuTal Ipesocxoaut R(v) mo MeHbmen mepe Ha BiR

9TO MO3BOJAET €My UCIOAb30BATH BHIUTPHIIIHYO CTpaTeruto u3 JemMul 3. Ecau xe
Kpacubm Bcerga OyaeT noBTOpATL CTaBKy CUHEr0, TO KaxXK LI ayKINOH OyaeT pas-
pemarscs 6pocarmeM MOHETKHU. TOrga 09epeaHOCTh X04a OyaeT OnpeneasThCa CiIy-
vanno. Ilycte N — HamGONbIIAA OIWHA TMyTU U3 MPOU3BOJLHOU BEPIIUHEL Tpada
B b. Cunemy mocrarodno N pa3 moaps] BEIAIPATH MOHETKY, YTOObLI BHIUI'PATH BCIO
urpy (Tak Kak OH HE MOXET IPOUrPATH). BepOATHOCTH BEIMCDHINA, HA MEPBOU Ce-

puu u3 N GpoCKOB paBHA o T. €. BEPOATHOCTH MIPOUTPHIINA HA OJHOU CEPUM PABHA
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1 1
1-— SN a na k cepuax — (1— 2—N)k, TO €CTh BEPOATHOCTEL IPOUIPHIIIA BOOOIIE PABHA
. 1 . .
lim (1-— —N)’c =0, T.e. CuHUNI TOCTOBEPHO BHIUTPHIBACT. Tak, Urpa ¢ HEMOIHON
k—o0 2

rHpOPMALIMEN YCTPOEHA TIOYTH TAK XKe, KaK U KIaCCUIecKas urpa Puuavana.

5. O IOKABATEJILCTBE CYIMECTBOBAHUA U EAMHCTBEHHOCTH
OYHKIAA PUYIMAHA BE3 UCIIOJIb3OBAHUS UT'PHI PUYMAHA

Ompegenum oneparop Puumana p kak onepaTop, CONOCTABIAIOMAN KAX JOMY Ha-
60py uucen M nHa BepmmHax rpada gpyrou Habop umcen p(M) Taxou, 9TO 1A JTHO-
6011 depHOU BepmuHLL v BEINOAHEHO p(M)(v) = (My(v) + M_(v))/2, roe My (v) n
M _(v) — MakcuMaIbHOE ¥ MUHMMAILHOE Cpenu 3HaveHni M B moToMmkax v (31eCh u
[aJee noAPa3yMeBaeTC A, ITO HA CHHEN BepmmHe Beeraa crout 0, a HA kpacHon — 1).
ITo onpenenenuro, dpyuknus Pruuamana — 5T0O HemoaBuxkHAA TOYKA omeparopa Pud-
MaHa, T.e. Takou Habop uucea R, aro p(R) = R.

CymecTBoBanne R cpasy caeqyer u3 TONOJOTMYIECKUX COOOpaxeHuu. B camom
neJie, p — HENpepHIBHLIN onepaTop. Habops! yucen Ha BepmmHAX Tpada MOKHO Pac-
CMATPUBATH KAK TOYKUA MHOIOMEPHOro Ky6a. Torma omepaTop p — HempepHIBHOE
oTrobparkeHre MHOIOMEPHOro Kyba B cels, a Takoe orobpaxenue 1o reopeme bpay-
2pa UMeeT HENOJBUKHYI TOYKY — (pyHKImO Puamana.

Joxkaxem equuCcTBeHHOCTD (pyukunu Pramana. Bo-mepBrix, 3amMeTum, 9T0 U3 JII0O-
OOV BEPIIMHEI MOXKHO IPUUTH B CUHIOK, IEPEXOIs U3 HEKOTOPOU BEPIUINHEL ¥ TOJBKO
B Takwe BepmuHEL U, 970 R(u) = R_(v). [lefiCTBUTEIbHO, IPK TAKOM NEPEXOAE 3HA-
genme R B Texyien BepiiuHe He BO3PACTAET, a U3 JIOOO0U BEPIIUHBLI ¥ JOCTATOYHO
MITH IO HEKOTOPOMY IIyTH B CHHIOK, YTOOBI BCTPETUTH BEPUIMHY , U3 KOTOPOU MOXKHO
OyJeT BHINTU B BEPIIMHY CO CTPOrO MeHbuImM 3HadeHueMm R. [Jairee, npenmnonaoxum
mammave gByX dysxumin Pwavana — R' w R%. okaxewm, yto D = R!' — R? me-
nonoxuTensHo. Ilycts D npuHuMaeT MakCHMaabHOE 3HAYEHUE B BepmuHe v. Toraa
HECJIOXKHO ybenuTnea, 9to ecmu Ri(u) = RY (v) u u — nmoTomok v, To D(u) = D(v).
Taxum 06pa30M MOXKHO JOUTH 10 CMHE! BePIIMHEI U J0Ka3aTh, 9To D(b) = D(v), or-
kygna D(v) = 0 u Bo Bcex BepmuHax D HEMOIOXUTEAbHO. AHATOTMYIHO TOKA3LIBAETCH,
¥10 D HeoTpunaremsHo, oTkyga D =0 u R' = R2.

6. BEPOATHOCTHAA MHTEPIIPETAIIMA UI'PHI PUYUMAHA

Hapsay ¢ k1accuaeckon, «1eHeXHOWy urpou PudMana CyInecTByeT Takxke Apyras
WUrpa, IPUBOAAIMIAA K TOU XK€ (PYHKIIUN.

Kax u B K1acCU9IeCKON UTpe, TIOJE UIPHL — DTO OPUEHTUPOBAHHEIN Ipad € IBYMs
BBII€JEHHBIMY BepumHaMu, 1enb Cunero u Kpacuoro — npusectu GuInKy B BEPIIUHY
cBoero ngera. QIHAKO 09EePeaHOCTb XO4A ONPENeIAeTCsA N0 10PACKIBAHNEM MOHETHI.

OxaswiBaeTca, 9To ¢yuxknua Puumana R(v) — 9TO BEPOATHOCTH BHEIUTDHILIA,
Kpacsoro «ipu npaBuiIbHOU UrpPe», T.e. y KpacHoro cymecrByeT Takas CTPATErHs
WUCPEL, 9TO npu J06ou urpe CUHEr0 BepOATHOCTL BHIUTPHIIS, KpacHOro He MeHbIIe
R(v). C gpyrou ctoponsr, y CuHEro CymecTByeT CTPaTerus, FrapaHTUPYIOWAa eMy
BEPOATHOCTH BHIUTDHIIA He MeHbIe 1 — R(v).
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ITockonpKy mCXOn UCPHL OT NPEALICTOPUX HE 3aBUCHUT, CTPATErus MOMKHA yKa-
3LIBATH, KyjAa AEIaeTCA XON U3 JaHHOU BEPIIMHEL, T.e. dT0 dyHkumua R:V — V|
CONOCTABIAONIAA BEPIIAHE OJHOIO U3 €€ MOTOMKOB) .

IIycte R(v) — dyukuus Puumana gia gaHHOro rpada ¢ OTMEIEHHBIMA BEPIIU-
wamu b u r. Torga onrumanbuas crparerus Kpacuoro R* coctomt B TOM, ITOOHI
U3 BEPUIMHEL ¥ JEIATH XO[ B BEPUIMHY W, HA KOTOPOU NOCTUTAETCA Makcumym R(-)
Cpefu BCEX MOTOMKOB ¥ (AHAJOIMYHO, ONTUMAaIbHAA cTpaTerus CUHErO0 COCTOUT B
BHIOOPE BEPUIVHBEL C MUHUMAJIbHEIM 3HadeHueM R(v)). [Jokaxkem »TO gia onTUMaib-
Hou crparernu CUHEro, MIsA ONTUMAILHON cTpaTerun KpacHOro — aHAJIOTUYHO.

IIpexae Bcero samerum, 9TO BEPOATHOCTH TOr'O, YTO UIPA HE B3AKOHIUTCA B k
x010B, crpemutcs K 0 mpu k£ — 0o. B camom gene, mas gaHHOrO rpada CymecTByeT
HEKOTOpOe 4mciao d Takoe, 4To KpacHun, caenas d XOI0B IOAPA, BLIMCPEBaLT. Ho
BEpPOATHOCTDH BBINATAHUA cepur U3 d OIMHAKOBLIX PE3YyJbTATOB HOCIe k 10n0pachr-
BAHWU MOHETHI CTPEMUTCA ¢ pocTom k K 1.

IIycre Cunun npugepxuBaeTcsa HekoTopou crpareruu B. Tormga s kax q0u Bep-
IIMHEL U ONpeJe]eHa BepOATHOCTL pX B (v) Bemrpsmra Kpacuoro. Jokaxem, aTo
A(v) = pR"B(v) — R(v) > 0. [eficTBurensno, u3 onpegenenns dyakmun Pravana
crefyer, 94To
A(R*(v)) + A(B(v))

2 )
a A(b) = A(r) = 0. Orcroga crepyer, uro A(v) > 0. Joxa3aTerbCTBO aHAIOIUIHO
HpI/IBer[[eHHOMy BBIIIIE rlIOKaBa,TeJII)CTBy €IUHCTBEHHOCTHU Cl)yHKI_II/H/I PI/I“IMaHa: BO3bMEM
vuarMyM A(-), 1S HEMO HEPABEHCTBO, HANIMCAHHOE BEIMIE, IIPEBPAIIASTCA B DABEH-
CTBO, OTKY[Ja CIEAyeT, 9TO Ha T PYHKIMA A IPUHAMAET MUHUMAILHOE 3HANEHIUE.

Av) 2

SAMEYAHUE 2. MbI OrpaHu<Iuinch aHAIM3OM CIy4as, korga Cunun npugepxu-
BAETCA HEKOTOPOU cTpaTeruu. HeTpyaHO BUAETH, YTO UCIOIL30BAHHOE BHIIIE HEPa-
BEHCTBO HE U3MEHUTCS, €CJIU MPEANONOKUTE, 9T0 X0 CUHEro 3aBUCUT HE TOJIBKO OT
BEPINUHEL, HO U OT HOMEPA XOa.

Paccmorpenue BeposTHOCTHOM Urphl PUuMana mo3BOLAET CAEIATH IOHATHE CTPa-
TEruu UrpoKa, 6osee MPOCTHIM, MOCKOJIbKY BMECTO ABYX PEIICHUM — KyAa MOUTH U
CKOJIBKO TIOCTABUTH — WT'POK IPUHUMAET JUIIH OTHO.

7. AJITOPUTM HAXOXKJEHUA OYHKIUA PUYUMAHA 175
HEOPUEHTHUPOBAHHOT'O I'PADA

CymiecTByeT MHTEPECHBI AIrOPUTM, MO3BOJAIIIAYN OEICTPO (38 BPEMs, IOIMHO-
MUAJILHO OIPAHUYEHHOE Pa3dMepoM rpada) HaxoauTh pyHkiumo Puavana nias neopu-
eHTUPOBAHHOrO Tpada (T.e. rpada, y KOTOPOro Ha BCeX pebpax CTPeTKM ABYCTO-
pOHHEE).

Janum BHaUaTE HEPOPMATBHOE OMUCAHKE DTOr0 ANrOpuUTMa. IIpeamnosoxum, 4To
“MeeTCss MOAenb rpada, CoeJaHHAS U3 TAXKEIbIX IMAPUKOB M HUTOK OJUHAKOBOU [IIU-
wEI. PazmecTum 3Ty MOgens B BEPTUKANBLHOU MA0CKOCTH. Kaxk nuiir mapuk Oy geT cTpe-
MUTCsA HOBUACHYTH NPUMEPHO HOCEPEIVHE MEXIY CAMBIM JEBLIM U CAMEIM IIPABEIM

2) B Teopuu UIp PACCMATPHBAIOTCA U CMEULGHHbIE CTPATETHH, KOT/[a UTPOK TI0/GPACHIBAET MOHET-
Ky AJad IPpUHATHUA PellleHuA. B NTaHHOM CIydae CMellaHHBIe CTPATErMM He HYXKHBI — ONTHMalbHad
CTpaTerusa OKa3bIBAETCA YUCMOU.
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cBouM cocegoM. Takum 06pas3oM, FOPU3OHTAIBHEIE KOOD IUHATHI MIAPUKOB IPUMEPHO
naoT pyuknuio Puavana. Pusmdecku O9€BUIHO, UTO €CJAU CAMBIA JEBBIM U CAMBIU
NIPABBIN MIAPUKY, COOTBETCTBYIOIINE CUHEN ¥ KDACHOU BEPIIVHAM, OTTAHY Th B PA3HBIE
CTOPOHBL, TO HATAHYTCA HUTKHA [I0 CAMOMY KODOTKOMY IIyTH MEXIY HUMHU. SHAYUT,
MOXHO OXWIATh, YTO HA CAMOM KOPOTKOM IIyTHU MEXAY CUHEN U KPACHOU BEPIIN-
vou pyukuus Puumana obpasyer apudmMeTndeckyio nporpeccuto. Eciu mocrenenso
YIIWHATE HATKA, OOPA3YIOMNe KPATIANIIAYN OyTh (OCTABIAA WX HATAHYTHIME), TO
eme OuH OyTh B rpade HaTaHeTca. [[pogomxas yIiuHeHNe HUTOK, MOXHO y3HATH
dyukmuio Puumana Ha Bcem rpade.

Teneps onumem geranmu arropurma 601ee HOPMATBHO.

Anropur™m paGoTaeT TaKTaMm, MEPen KAXKIBEIM TAKTOM B YACTH BEPIIUH 3HAYE-
uue pyukuunu Puumana yxe ompegeneHo (Takue BepIIMHBL Oy1eM HA3HIBATH NPOl-
dennvimu). Ilepes mepBLIM TAKTOM MPOUAEHHBIMYU BEPIIUHAMUA OYyAyT TOIBLKO CUHASL
¥ KPACHAsA. 34 KAXK B TAKT PAGOTH AIrOPUTM NPUCOEAUHAET K IPOUACHHBIM OLHY
IV HECKOJBKO BEPmMH. Takum 06pa3oM, B KOHIE PAOOTHL AICOPUTMA BCE BEPIINHEL
Oy Ay T IPOUIEHEL.

OnmimeMm Teneps TakT paboTHL aaropurMa. HazoBeM Hak.40HOM HEKOTOPOrO IIy-
T OT TPOUWAEHHOW BEPITMHBI K APYrOU TPOUJIEHHOU BEPIIMHE, HE COMEPKAIIETO
IPOMEXKYTOYHBIX MPOUIEHHEIX BEPIIMH, OTHOMICHUE PA3HOCTU U3BECTHBIX AICOPHUT-
My 3HaYeHWU (QyHKIUE PuyuMaHa Ha KOHIIAX IyTH K KOJIWYIECTBY pebep B IIyTH.
[pyrumu croBaMu, HAKIOH IIyTH — 3TO PA3HOCTH aApUGMMETHYECKOU IPOrDECCHU,
(<HaTﬂHyTOﬁ)) Ha €ro0 KOHIObI C 3aJaHHBIMA 3HAYECHUAMNU. AJIFOpI/ITM HaXOIUT Cpe—
I BCEX MyTEeU MO HEMPOUJEHHBIM BEPIIUHAM, COSIUHAIONUX [BE MPOUJIEHHLIE BEp-
IIVHLL, OyTh ¢ MAKCUMAJIBHEIM HAKIOHOM. [l HAXOXKIEHUsA TAKOrO IyTH NOCTA-
TOYHO PACCMOTPETH BCE KPATIAUNIINME [IyTH MEXIY IPOUJEHHLIMU BEPIINHAMIE, I10-
CKOMBKY OT COKPAIIEHUA MyTH HAKJIOH TOJBKO BO3pacTtaeTr. Hauas myTh C Mak-
CUMAJBbHBIM HAKJIOHOM, AJCOPUTM [EJAeT €ro MIPOMEXYTOUYHBLIE BEpIIUHEL IPOU-
[NEHHLIMU, 3HAYeHUs (QyHKOuM PuyuMana B 5Tux BepmmHAX 00pasyoT apudme-
TUYECKYI0 IPOIPECCHI0 BMECTE C YK€ W3BECTHHIMU 3HAYEHUAMHU HA KOHIAX IIy-
TH.

JokaxeM o MHAYKIMKM KOPPEKTHOCTE PaboTH anropurma. Ha 0-M mare ussect-
Hble qucaa, 0 m 1, HAUAEHEBI, PA3yMEeeTC A, MPABMIBLHO. [lyCTh mepen kKakuM-TO TaK-
TOM BCE€ M3BECTHEIE AICOPUTMY 3HadeHus GyHKuuM PudMana HaWJeHB IPABUILHO;
JOKAXeM, 9TO Ha DTOM TAKTE€ IOCTPOEHHEIE AITOPUTMOM 3HAUEHNS TAKXKe PABUIb-
HEL.

IIycte v1 — v — pebpo ¢ MAKCUMAIBLHOU PA3HOCTHIO 3HaYeHuU GpyHKuun Pud-
MaHa B U1 U Uz CPEIU BCEBO3MOXKHEIX Pebep ¢ KOHIIAMIU B HEIPOMIEHHEIX BEPIINHAX
v1 ¥ V2. IIpeanonoxuM 1s OnpeneseHHOCTH, YTO 3HadeHne pyHkunn Puumana B vo
6onbme. Torga vo — MOTOMOK ¥; ¢ MAKCHMAJBHEIM 3Ha4YeHUHEM (QYHKIMKM Puamana
cpemu BCEX NOTOMKOB. IlyCTb g — MOTOMOK ¥1 ¢ MAHUMAJBHBIM 3HAMEHHEM (yHK-
uur Puamana. R(vy) = %(R(vo) + R(v2)), orkyna R(v1) — R(vg) = R(ve) — R(vy).
AHaANOrM4HO, MyCTh Vp41 — COCEX Up C MAKCHMAIBLHEIM 3HadeHneM R, vp_1 — coceq
V) ¢ MUHUMAJBbHEIM 3HadeHueM. I[o0CaenoBaTenbHOCTh 00A3aTENBHO IPUIET B IPOU-
[JEHHYIO BEPUINHY U CIPABA, U CIEBA, IOTOMY YTO MHAYe OBl IOCJAEJOBATEILHOCTH

..y R(v_1), R(v), R(v1), ... Obl1a GBI GECKOHEYHOU (MOXET OLITH, TOILKO B OLHY
CTOpPOHY) apu(pMETUYECKON MPOrPECCUed, YTO MPOTUBOPEYAT OFPAHUYEHHOCTH R.
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ByaeMm cuuTarh, 9TO MOCTPOEHME MOCIELOBATEIBHOCTI B 06€ CTOPOHBI OGPHIBAETCS
. 1
HA IPONJEHHBIX BepUMHAX. JameruM, 94To R(vg) = 5(R(vk_1) + R(vk+1)), OTKy-

na R(vk) — R(vg—1) = R(vg+1) — R(vg). Buadur, nocaegosarensuocts R(v;) saBis-
€TCA KOHEYHOU apu(pMEeTUIECKON MPOTrPECCUer ¢ M3BECTHLIMU AITOPUTMY KOHITAMMU.
OCTaJIOCI) TOJBKO 3aME€TUTHh, YTO MOCACOAOBATEIBHOCTH V; — NOYTH C HaNOOJLIIINM
HAKJOHOM, MIOCKOJABKY €r0 HAKJIOH PaBeH IIuHE pefpa ¢ CaMOou GOJBIION PA3HOCTHIO
sHaveHuy R Ha KOHIAX, 8 HU OJWH IIyTh HE MOXET UMEeThb OOIbIINY HAKIOH. Toraa au-
OpuT™M BH6€peT IOIyTb C TOYHO TAKMM XK€ HAaKJOHOM; HO 3TO BO3MOXHO TOJBKO B TOM
cry4ae, ecam 3HadveHus R Ha 5TOM myTu 00pa3yioT apudMeTHIecKylo IPOrPeCCHio.
JlokasaTeabCTBO 3AKOHYEHO.

WuTepecHo, 9TO 5TOT AIrOPUTM B HEKOTOPHIX CJIY4YasaX HO3BOJIAET HAXOAUTDL QyH-
kuuio Puuvana Ha GeckoHEIHOM rpade, 3a04HO IOKA3LIBAA €€ €IUHCTBEHHOCTH (a
nast 6eckoHedHOro rpada dynkiuus Pudamana moxer 6uiTh He eguncTBeHHa!). [lia
ATOT0 HEOOXOIUMO HAUTU CIOCOO OTHICKAHUSA KPATYAUIINAX MyTeN Ha 3aTaHHOM Gec-
KOHEYHOM rpade, u3 KOTOPOro BHIOPOIIEHO KOHEYHOE 9YUCIO BEPIUH (KOHEYHO, Ta-
KOI criocob He Bcerga cymectsyer). Hampumep, g1 6eCKOHEYHON KBAIPATHOM CET-
KU HECJOXHO OmucaTh Tpebyembinn crnocob. Ilocae sToro anropurMm GymeT paboTaTh
KaK O6I>I‘IHO, XOTs, KOHEYHO, B OGHIGM Cay4vae HEBO3MOXHO rapaHTUPOBATH, UYTO OJA
KAKOU-TO BEPIIMHEL AJCOPUTM PAHO WM IIO3IHO MPOUIET Uepe3 Hee.

YT06BI JOKA3ATH MPABIILHOCTDL PAOOTHL AITOPUTMA, B CIy4Iae OECKOHEIHOrO I'pa-
¢a, IpUBEIEHHOE TOKA3ATEILCTBO IOTPEOYETCs CIErKa U3MEHUTD.

IIpegnonoxum, 9TO aarOpUTM HA HEKOTOPOM IIare ommbCs u 3HaYeHuma R Ha
BEIODAHHOM MM Iy TH HE 00pasyoT apudmeTnieckon nporpeccun. Torna BEIOpaHHbIN
ATrOPUTMOM HYTh COAEPKUT Pe6pPO v1 — vz, maa KoTroporo R(vs) — R(vi) Goabme
HAKJIOHQ IIyTH, BblﬁpaHHOl"O AJTOPUTMOM. MO)KHO ODOCTPOUTH MMOCAEOIOBATEIBHOCTD
Vg AHAJOTMYHO IPUBEICHHOMY BHIIE NOCTPOCHUIO. 3aMeTuM, 9T0 R(vg) npu k > 1 —
cpeanee apupmeruieckoe R(vyy1) 1 9€ro-To eme, MeHbIero uiu pasaoro R(vg_1),
otkyaa R(vg41)— R(vg) He menbiue R(vg) — R(vk—1). AHAIOrUYHOE pACCY XK [eHIEe IPU
k < 2 mokaswiBaet, uto R(v) — R(vg—1) e menbine R(vjy1) — R(vg). 3HauuT, npu
BCex pomyCcTuMeIxX k R(vg4+1)— R(vy) e merbme R(vs) —R(v;). [losTomy HaknoOH myTn
V; 60JII)HI€ HAKJIOHA nmyTu, HOCTpOeHHOFO a,JIFOpI/IT'MOM7 9To HpOTI/IBOpe‘{I/IT OIIXCAHUIO
anropuTMa. J0Ka3aTerbCTBO 3aKOHIEHO.

8. OB AJITOPUTMAX HAXOXK/JEHUS ®YHKINA PUUMAHA

B HaCTOAIee BpEeMA HE U3BECTHO aJTIOPpUTMa 11 HAXOX TCHUS q)yHKHI/II/I PI/I‘IMa,Ha,,
PO KOTOPHIKM OBLTO OBl JOKA3aHO, YTO OH 3aKAHYMBAET PAOOTY 33 MOJIMHOMUATBLHOE
OT YHCJIa BepMMH rpada BpeMs.

IIpocrenmmu aaroput™m noucka ¢yskuru Pravana — 3T0 nepebop BCEBO3MOXK-
HBIX [IEPECTAHOBOK 7 4ucen (34eCh W fajiee N — KOMMYeCTBO BepIIuH rpada, uc-
KII0Yas CUHIO U KpacHywo). Kaxnas mepectaHoBka (a;) COOTBETCTBYET MPEAIO-
aoxernio R(vg,) < R(vg,) € ... € R(v,,), rae v; — Bepmmuer rpada. Urober B
DTOM MPEIOJOXKEHNNM HauTu R, DOCTATOYHO 3aMETUTh, YTO A KaxXKIOU BEpPIIN-
HEI €€ IIOTOMOK, B KOTOPOM OOCTUI'a€TCA MaKCHUMAJBHOE (MI/IHI/IMaJII:)HOG) 3HaQ'UCHUE,
yxe onpememuicsa. Torma onpenenenue pyukiuy PuuMana mpeBpamaeTcs B CUCTEMY
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JUHEVHLIX YPABHEHUN BUIA
IepeMeHHas = CpeqHee apuPpMeTHIecKOoe ABYX APYTUX MePEeMEHHBIX.

Pemus ee, momyunm 3uadenus mpepmosaraemMon gyukimn Puumana. Herpyauo mpo-
BEPUTD, ABIAIOTCA JU OHU B JIEACTBUTENbHOCTH HYXHEIMU 3HadeHUsAMuU. Eciau Her,
IpeIo/aoXeHrne 0TOPAKOBEIBAETCA.

IDTOT aTropuTM, KaK HETPYAHO BuAEeTh, paboraer 3a Bpema O(n!). Oxnako, us-
BECTHBI QJIrOPUTMBL, PA6OTAIONINE 33 DKCIOHEHIMAILHOE BPEMs, T.€. 3HAIUTEIHHO
6brcTpee. OuuieM M€ OLHOO U3 TAKUX AITOPUTMOB.

Paccmorpum Ha 3aganHoM rpade HeKOTOphIM HaGop uucen, M, HanpuMep, Hy/In
(ecTecTBenHO, B KpacHOU BepmuHe no-npexuaemy 1). [Ipmvem M 3a Hynesoe npubin-
xenve K pynknuu Pramana. Ha kax oM mare OygemMm nepexoinThb OT [TONYYEHHOI'O
Ha NaHHOM mare Habopa wucen N k caenyomemy mpubmmkenuto p(N).

IIpeanonoxum, 9T0 TeKyIee TPUOIMKEHAE 33,1aeT TAKOU XKe MOPATOK HA, BEPIIU-
HaX, 94TO ¥ 3Ha4eHusa pyHxkuun Pryamana. OnucaHHBIM BhIIIE CIOCOGOM MOXHO DTO
TPOBEPUTEL, PEIINB CUCTEMy ypaBHeHuu. Eciu HaugeHHOE peIleHue CUCTEMEl SBJIS-
ercsa pyukuumen Puumana, To paboTa 3aKOHYEHA, MHAYE MEPEXOIUM K CIEAYIOIIEMY
mary.

Henbas He OTMETUTH OJHY TOHKOCTH, CBA3AHHYIO C pabOTOU TAKOTO AJTOPUTMA.
ITo mabopy uucean N, NOIyIEHHOMY Ha, OYEPEIHON UTEPALUN, I TIOCTPOCHUS CUCTE-
MBI YPABHEHUU HEOOXOMUMO OMPEIeIUTh MOPANOK BepimH. PazyMeeTcs, ecau 9ucio
B OJ[HOU BEPIIVHE MEHBIIE YXCIa B APYTOU, TO U HTA BEPUINHA Oy AT CTOATH PAHBIIE
B uckoMoM nopsagke. OIHAKO, MOXET TaK CAYUYATHCA, 9YTO B HECKOIBLKUX BEPIIMHAX
3HaYeHUs OyAyT OAMHAKOBLIMU. KaK B TaKOM CIydae OMPemeinTb UX TOPALOK?

OKa3bIBaETCsA, 9TO ANCOPUTM PAGOTAET KOPPEKTHO HE IPU JI0O0M IPABUIE YIIO-
PAIOYEHUs BEPIINH C OQUHAKOBEIM 3HadenueMm N. [IpuBegem mpumep mpaBumia, KO-
TOPOE MapPaHTUPYET KOPPEKTHOCTD AIrOPUTMA. [l TPYIIIBI BEPIINH C OJMHAKOBBIM
sHadeHreM N TOJOXKUM, YTO T3 U3 HUX «(MEHBINE», U3 KOTOPOU KPATIANIINNA MyTh K
BEpIIVHAM C MEHBLIIUM 3Ha4YeHueM [N KOpOoUe, eC/IU XK€ [INHA DTUX IIyTeu OqMHAKOBA,
TO KTO MEHbIIIE — HEBAXKHO.

3aMeTuM, 9YTO He J00M HAOODP YMCEN IOAUTCA B HAYAIbHOE NPUOIMKEHue: He-
006X0quMO, 9TOORI [/ JIOO0U BEPIIMHLI CYIIECTBOBAI MyTh B CUHIOK BEPIIUHY, HA
KOTOPOM HYHCJIa HAYATBHOI'O NPUOIMKEHNs yOBIBAIOT.

Y onmcaHHOU MIOeW €CTh OTPOMHOE KOJWMYECTBO BAPUAHTOB BLIMUCICHUS CICTYIO-
mero npubamxenus. K npumepy, MOXHO B KQIECTBE CJAEAYIOMIETrO MPUOIUKEHNS UC-
TOJIB30BATD TONYYEHHOE PEIIeHNe CUCTEMBI YPABHEHUN, 3 MOXHO MPUJATH KAXKJIOMY
YKCIy CKOPOCTH B HAPABICHUU CPEIHErO apuMEeTHIeCKOr0 MUHUMYM3 X MaKCH-
MyMa B IIOTOMKAX, & 33T€M MOJ0XAATH IO IEPBOr0 OOrOHA OJHOIO UUCIA APYTHM.
MoxXHO Tak¥ke 33JeUCTBOBATH HECTAHJAPTHLIE UT'POBBIE DJIEMEHTHI, I3MEHAIOIINE Ca-
My ¢yuknuioo Puumana, Bpoge paspemenus CuneMmy no moa0pachIBAHUsS MOHETKU
BLIOPATH M3 HECKOJALKNX BO3MOXKHEIX BAPUAHTOB HAOOP pebdep, BeAyLIuX U3 TeKyIIen
BEPINVHEL, WIX YCTPOUCTBA, ¢ HEKOTOPOU BEPOATHOCTBLIO mepebpachiBaroiee (uir-
Ky U3 OJHOU BEPIIUHEL B APYLyI0 (TVIABHOE — CJIENUTH, YTOOLI BEPOATHOCTH HUYLEH
6bwia 0). 3arem B X04€ PAGOTHL AITOPUTMA HECTAHJIAPTHLIE DIEMEHTHI TOCTEIIEHHO
KMCYE3A0T, U UI'PA IpeBpaInaeTcsa B 00braayo0. K coxanrenuio, mpo Bce nogqoOHBE aj-
TOPUTMEI U3BECTHO MAJIO, MHOTAA NAXKe HE U3BECTHO NOKA3ATEIHLCTBO OKOHYAHUS UX
paboTHI.
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9. rPA PUYMAHA [1Jid TPEX UT'POKOB

[oGaBrenre TpeTHEr0 UIPOKA, BHOCAT KAIECTBEHHEIE U3MEHEHUs B Urpy Puuma-
HA, Je1as ee HECBOAUMOU K KJIACCUIECKOU UIpe.

OTO HAIPABJIEHUE UCCAENOBAJIOCH CPABHUTENHHO Mato. CyInecTBYIOT Pa3iniHbe
BapUAHTHI IPABWI UT'PHL IJA TPEX UTPOKOB. Tpetuin urpok (ganee Mul Oy1eM HA3H-
BaTb €r0 3eIEHBIM) MOIYyIAeT CBOK (KOHEIHYIO» BEPIIMHY (g) U HAYAMLHEIN KATUTAL
G. (Kak u B urpe OByX UrPOKOB MPEANOJArAeTCSA, YTO W3 JIOOOU BepmuHEL rpada
€CThb MyTh, BeAYIINN B BEPIIUHEL T, g,b.) Ilo CyTu B Mrpe MEHAETCA JWIIL AJITOPUTM
TPOBEIEHUA AYKIMOHA. 110 OJHOU U3 BEPCUM UTPOK, CACIABIINN HANOOMBIIYIO CTABKY,
OTJAeT ee TOMY UIPOKY, CTABKa KOTOPOI'0 BTOPAsA IO BEIWYINHE; IO APYTOU — €ro
CTABKA JEMUTCS MEXAY OCTAIBHBIMU [IPOIOPIUOHAILHO UX CTABKAM.

31eChb MBI PACCMOTPUM TOJBKO MEPBYIO BEPCUIO HPaBmiI. B kadecTBe mpOCTPaAH-
CTBa (PMHAHCOBBIX COCTOSHUM UI'POKOB UCIOJIB3YEM PABHOCTOPOHHUN TPEYTOILHUK C
sepumaamu B, R u G. CocTosame nrpokos OyaeT m306paxaThCa B HEM TOYKOU, PAC-
CTOSIHUSA OT KOTOPOU JO CTOPOH PABHEI KAIUTAJIAM UIPOKOB, KOTOPHIM [IPMHA,IJIEKAT
BEPILIVHEL, IPOTUBONIOIOXKHEIE YTUM CTOPOHAM.

Taxum 06pa3oM, HAYAIBLHEIE YCJAOBUA UIPHI OMPEAEMAITCS HAYAILHOU BEPIINHON
rpacda ¥ TOYKOU B TPEYTOJLHUKE COCTOSHUU. B OTIMYMe OT CiIyvas ABYX UCPOKOB,
MOryT CymECTBOBATH LEIBIE 00JACTHA B TPEYTOJbHUKE COCTOSHWN, B KOTOPBIX HUA Y
OJHOI'0 U3 UIPOKOB HET GECHPOMIPHIMIHON cTpareruu. Huxe MBI OpUBOAUM TaKOU
puMep.

HauneMm ¢ HECKOJIBKUX MpEIBAPUTENLHEIX 3aMEYaHNN OOIIEr0 XapaKTepa.

Mg uaTEpeCcyeMCs UMb BHIMCPHIIHEIMEU WX GECIPOUTPHIIHLIMA CTPATEr UAMU
[JISL OJHOrO u3 UrpokoB, ckaxkem, Cunero. Torga mMoxHO cuurars, uro KpacHem u
3eJeHbIN MeUCTBYIOT B KOAJUIMK. PaccMaTpUBasg KOAIUIMOHHYIO UTPY, MOXHO KO-
HEYHBIE BEPUIVHEL 7' U § OTOX1eCTBUTHL (0603Ha4aTh ee Oyxem r). Bynem HasbiBaTh
Takoe mpeobpasoBanue rpada Koaiuyuornot samenoti. [Ipu 5ToM Hemb3s 3a0BIBATD,
4r0 ecau craBku u Kpacuoro, u 3enenoro 6oabie no seanaune crasku Cunero, To
Kpacubi nepegaet cBowo cTaBKy 3eneHoMy (uim Ha060pOT).

OauH ©3 BO3MOXKHEIX BADUAHTOB CTPATErHMU I KOAIUIMKA COCTOUT B TOM, UTO
OJIVH 13 KOAJUIMOHEPOB [E1aeT BCE BPEMs HYJIEBBIE CTABKU. 1Orna urpa OymeT SKBu-
BaJIEHTHA, OOLIYHOU Urpe A1s AByX UrpokoB. O603HauuM ¢yuxinuio Puumana B sTon

urpe uepe3 R(v). Us kmaccuveckon reopun Puumana caegyer, ato ecan <

B
B B+R
< R(v) (B+—G < R(v)), To Cunun npourprisaer. EcTb u cnemuduraeckun 1s urpet

Tpex urpokos caydau: eciu R > 2B u G > B, T0 y koanuiuu eCTh BHIUTPLINTHAA
crparerusa. Kpacusm u 3enensint cTasaAT 10 B + &, CuHMZ He MOXKET UX MEPEKYNUTh.
CraBka nepexoqut k 3ejaeHomy, y koroporo crauetr B + G + ¢ > 2B, a y Kpacuoro
R—B > —£B. YcioBue cOXpaHaeTCsa, U KOAIUINA OeCILIATHO Caeaanta xon. lencTsys
TAaKuM O0Pa30M, KOAJUIMOHEPE! MOryT 663 MOTEePb CyMMAPHOO KAIIUTAIA MIPUATA
B 7 U BEIUTPATH.

PaccmoTpum Temeps urpy Tpex UTCPOKOB Ha Tpade, M300parKeHHOM HA, PUCYH-
ke 3a) (HavanbHAs BepmuHA oTMeIeHA). O6IACTH CYyIeCTBOBAHUA GECIPONT PHIIHEIX
(xaK BLIACHUTCS, GaXke BEIUTDLIIIHEIX) CTPATErMU OTMEYEHBL 1JIA KaXK 100 U3 UCPO-
kOB Ha pucyHke 4. U3 5T0oro pucyHka BUAHO, 9TO €CTb OOIACTH (BHILYKJIBIU IIATH-
YTOJMBbHUK) B KOTOPOU HU y OHOT'O U3 UCPOKOB HET GECHPOUTPHILIIHON CTPATErUH.
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TMocae KoaMMUUOHHBIX 3aMeH (OTOXAECTBICHUA KOHEIHLIX BEPIIAH KOAJIUIMOHE-
POB) M3 Hero moay4awTcs rpadgsl Ha pucynkax 3b) u 3c). Ilpusons ux k caygaro
urpel Cusero npoTus xoanuiun KpacHOro n 3e1eHoro, Kak ONUCAHO BBILIE, ITOIYYa-
eM B 000uX CIydadX KOAJUNUOHHYIO UIDY Ha rpade, n300paKeHHOM HA PUCYHKE 2,
HO C PA3HLIMU HAYAIHHLIMU BEPIIUHAMU.

Paccmorpum sty urpy (Curnit nporus xoamunuu Kpacroro u 3ereHoro Ha rpade
pucyska 2). [lycts HadanbHas BepumHa — v1. 3 CKa3aHHOrO BBIMIE ACHO, YTO €CJIU
R > 2B (G > 2B), o xoammmsa BuurpusaeT (Tak kak R(v1) = 1/3). Hazee,
ecu R > B u G > B, 10 xoamuuusa Toxe BHIMCpHIBaeT: cHadana Kpacuwm B, a
3enennin — uuvero. Torga y Cumero crauer 2B, y 3eaenoro — G > B u dumka
nepenBuHeTCA, U, Tak Kak R(vy) = 2/3, Cunun npourpaer.

IIpeanonoxum, 9T0 HU OMHO U3 >TUX YCIAOBUU HE BHIMOJHEHO W HU OJHO W3 yKa-
3aHHBIX HEPABEHCTB He 00PAINAETCS B PABEHCTBO, T. €. CIPABEIINUBLI CIEIYIOMINe Y-
aoeus: R < 2B, G < 2B, u R < B wmu G < B (meBhumykinas 061acTb HA pu-
cyake 4). Torga y Cumero ectb BumurpbmmHas crparerud. 1lepsoiv xogom Cunun
CTaBUT HA ayKHHOH BEChb CBOI‘/)I KAaIInTaJl. ECJII/I €0 HUKTO He HepeKyHI/IT, TO OH BBI-
urpaet. Bes orpanuyuenns 06IMHOCTH CINTaeM, 9TO ero nepekymut Kpacuwi. Torga
R > B, orkyga cregyer, uro G < B. Ilocre casura dumkn xanuranst u Kpacuoro,
u 3eneHoro cramu Mmesbiie, deM B. Teneps Cunun mogbupaer € > 0 Tak, 9TOO0BI
s = max(R1,G1)+¢e < B, rge R; u G; — HoBrIe kanuTansr Kpacuaoro u Curero co-
OTBETCTBEHHO, I Je13eT CTAaBKY §. OH BEIUTPAET ayKIWMOH, CABUHET (QUIIKY U OTAACT
CBOIO CTaBKY OJHOMY u3 KoaauuuoHepoB. Tak kak s < B, y Hero ocranercs 6oubiie
ero HavaiabHOro kanuranaa. [lanee ou craBur 2B — s. [lepexynurs ero cmoxer aumn
TOT, KOMY OH OTJaJ AE€HBbIHW, a 3HAUUT, [IOCTIe OdYepeqHoro capura ¢uimxu y Cuxero
craner 4B — 2s, y OJHOr0O 13 €ro MPOTUBHUKOB KAaNWUTA MOHU3UTCA, & Y APYTOr0
ocraHeTrcs Hem3aMeHHBIM. MToro, kanuran Cunero noseicurcs ua 2B —2s. Tak xak Ha
caenyromeM nukie crapka CUHErO He YMEHBIINTCS, ero KanuTal OygeT Bce OrIcTpee

B

Puc. 4.
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pPacTy, ¥ B KAKOU-TO MOMEHT OH CMOXET, HAXOAsCh B BEPIINHE V], HEPEKYINTH 000UX
NPOTUBHUKOB.

[ HAYAJBHON BEPIUMHEL U2 AHAJIOIMYHBIM PACCYKIEHHEM NOKA3BIBAETCHA, ITO
s Bemrpeima Cubero HeobxoauMo u goctarouso, ytodsr B > 2R u B > 2G. Tas
HCXOJHOrO rpada HAa PUCYHKE 3a) MOMYyYaeM YeTHIPEXyTrOJbHBEIE 061aCTH, OTMEYEH-
Hble HA pucyHke 4 6ykBavu R u G.
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