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FOMGOI/IFD;HHH INIOTHOCTB U TEOPEMa [Toncene
A.A.Tlanos . A. ITanos

Teopema IloHcenre — OgHA M3 CAMEBIX MPUBIEKATENILHEIX B MPOEKTUBHOU TeOMe-
Tpuu. V3BECTHO HECKOIBKO BAPMAHTOB €€ NOKa3aTeNbCTBA, HO, KaK CKa3aHo B [1] u
HOBTOPEHO B [2], «BCE OHU JOCTATOYHO JIVHHEI 1 HEOYEBUIHED . BO3MOXKHO, XOTS GBI
OJIHO 3 IPEJIOKEHHLIX 31eCh NOKA3ATEALCTB OyIeT CBOOOIHO O KPAHEN Mepe OT
OJHOT'0 U3 DTUX HEeNOCTATKOB. HamoMuuM dpopmyaupoBky Teopemsbr I[loncenre.

TEOPEMA IIOHCEJE. ITycmv umetomes dee xonuxu Co v C1 w nycmo AjAs ...
. App1r — aomanas, sepuunbt Komopot aexcam na Co, a peopa xacaromes Cr. To-
2da, ecau Odaa mexomopotl mouku A; ama N-36EHHAA AOMAHAA 3AMKEHYMA, MO OHA
bydem samrrymot u npu awbom dpyzom svibope moukxu A1 na xonuxe Cop.

BaMeTuM, YTO KOHCTPYKIUA, paccMaTpuBaeMas B Teopeme IloHcene, numeeT ecte-
CTBEHHBIA XAaPAKTED W BO3HUKAET B ONPENEICHHBIX MEXAHUIECKUX U ONTUYECKUX
3agadax. Hampumep, mpu IBMXKEHUU CBETOBOT'O Jy4a B ILNIOCKOM DJLTAITUYIECKOM Pe-
30HATOPE NPAMOJUHENHBIE OTPE3KY JIy9a UMEIOT Orubarouyo (Ha, OITUYECKOM A3EI-
Ke — KayCTUWKY ), IPEACTABIAIONMYIO COO0I KOHUKY, COPOKYCHYIO ¢ OrDAHNIUBAIOIIM
sumumcoM [3, 4].

M=z onpegensieM rOMEOUIHYIO TUNIOTHOCTD HA, DJLIUNCE KaK adduuHbI 06pas3 pas-
HOMEPHOU TUIOTHOCTHU HA, OKPYXKHOCTU. IIpyM 3TOM SLIUNC HACAELYeT MHOTHE CBOU-
CTBa OKpyxHOCTH. Hanpumep, smmmnc, CHAOXKEHHBIM MOMEOMAHOU ILIOTHOCTBIO, HE
NPUTATUBAET HA INIOCKOCTH M KACATEIBHEIE K DJUIUIICY , IPOBEICHHEIE U3 OTHON TOY-
KU, CTaHOBATCA (B HEKOTOPOM CMEIC/IE) DABHBIMU. ['OMEOMIHAA IULIOTHOCTH TAKKE
[OILYCKAET U €CTECTBEHHYIO (PU3UIECKYI0 MHTEPIPETALNIO. Bapsy (31eCh UMeeTCs B
BUIY (IWIOCKHW» 3aPA[T, I KOTOPOrO KyJIOHOBCKASA CHJIA OOPATHO MPONOPIUOHAILHA
PACCTOAHMIO), MOMEIIEHHBIN Ha, TPOBOIAIIUY JJLINIC, PACIPEIEIATCA Ha HEM C TOMEO-
W IHOU TULIOTHOCTHIO0. BBEIEHNE TAKOU IIOTHOCTY MO3BOMAET PAaGOTATD C MAPOU KOHUK
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Co u C; XaK ¢ mapou OKPYNKHOCTEU U AMELINPOBATEL K U3BECTHOMY IOKA3ATEILCTBY
Teopemsl [IoHCene f1s mapsl OKpyxRHOCTEHR [2].

FOMeOI/IrZ[HyIO IIIOTHOCTH MOXXHO BBECTU U HA APpyrux KOHUKAX. CHa‘Ia.JIa MBI 3TO
coeaeM A IIaPBI IIPAMBIX, & IIOTOM l'IOJIy‘II/IM HU3BECTHOE AHAJIUTUICCKOE IIpenacTa-
BJIEHUE IIOTHOCTH [5] u A5 ocTanbHEIX KOHUK. B [5] naHo mpocToe reomeTrpudeckoe
OHper[LeJIeHI/Ie FOMeOI/IrlIHOﬁ ILIOTHOCTU HA KOHUKAX. MI:I HOKa)KeM, 9T0 FOMeOI/Ir[LHa.ﬂ
IIIOTHOCTHh Ha KOHUKAX UMEET U ,qpyroe €CTeCTBEHHOE FeOMeTpI/I‘IeCKOG Hpe,E[CTaBJIe—
HUE, & UMEHHO, IPEeCTABICHNE IBOAKO-JINHENIATON IOBEPXHOCTLIO, KOTOPOE ITO3BO-
JaAeT ChOPMYJIUPOBATEL CIEAYIOMINU MPOCTPAHCTBEHHEIN BaPUAHT TeopeMbl IloHCe-
e [6], [7].

TEOPEMA. ITycmb umeromea dse xeadpuxy obuezo nosoxcenus Qo u Q1 6 CP3.
Yepez L'Qy u L" Q1 0bo3navum dee cucmembl aunetinbir 06pasyouus x6adpuxy Q; .
ITyemy B1Bs ... Bapy1 — 40MOHAA, 8EDUWUHBL KOMOPOT aencam na nepecevenuy T =
= Qo N Q1, a pebpa npunadaercam (uepedysco) CuCmMemam AUHETHLIL 00PA3YIOUUT
L'Qq, L"Qy. Tozda, ecau das mexomopoti mouxu By sma 2n-3eennas somanas 3a-
MEHYMAG, MO oka 6ydem 3amxuymot u npu aobom dpyzom evibope mouxu By na T .

Teopema crnenmaapHO CHOPMYJUPOBAHA TAKUM OOPaA3OM, ITOOBI HEMOCPEACTBEHHO
ObL1a BuaHa ee CBa3b ¢ Teopemou Iloncene. Ilocie ee mokaszaTenbCTBa MBI IPUBO-
auM Gosee OOIIMH ¥ CHUMMETPWYHEIR BAPUAHT Ia mydka keajgpuk B CP3. B komme
CIeJAHO HECKOILKO NOOABIEHUN O CBA3UM MEXKAy TOMEOUIHOCTBHI0 U UHTECPUPYEMO-
CTBI0, O KOMIBIOTEPHEBIX DKCIIEPUMEHTAX C ILIANTHYECKAM OWLIHAPIOM U O APYTHUX
BOIIPOCAX.

T"OMEOUIHASA IIJIOTHOCTb — NEPBOE JOKA3ATEJBLCTBO
TEOPEMBI IIOHCEJIE

[ns noxasarenncrBa Teopemsl Iloncene HaM moHAKOOATCS caepyromme HaKThI:

> OKPY2XKHOCTB HA INIOCKOCTH HE NPUTATUBAET,
> JJIWINC HA IVIOCKOCTU HE NPUTAIUBAET,

> KaCATEIbHBIE K DJUIUICY, TPOBEJEHHEBIE W3 OHOU TOYKU, DABHEIL.

IMockonpky B TPaAUIMOHHOM IOHUMAHUY BCE DTU YTBEPKACHUS OJAHAKOBO HEBEPHHI,
OHM HYXJAIOTCSA B HEKOTOPOU MHTEPIPETAIUN.

Oprycuocmb HaQ NAOCKOCTU HE NPUMA2UBAET

OTOT (HaKT BepeH MO KPAUHe:n Mepe HAMOMOBUHY. VI3BECTHO, YTO B IBYMEPHOM
MUpe CUIa MIPUTAKEHNsA 0OPATHO MPOMOPIMOHAIBLHA PACCTOAHUIO. B dTOU curyammu
MAacCCa, PABHOMEPHO PACHPENENTeHHAA BIONIb OKPYXKHOCTH, CO3AE€T BHYTPU HEe Hy.e-
BOE I0JIE CWJIBL TAXKECTH. BHIIOnHAeTCs IOKAIBHEIN 6ATAHC CUI — IBE IPOTUBOMIOIOXK-
HBIE IyT'¥, BEICEKAEMBIE XOPAAMU, IPOXOJALIMMYA Yepe3 AaHHYI0 TOYKY, AEUCTBYIOT
HA DTy TOYKY B TOUYHOCTH C IPOTUBONOJOKHEIMY CAIAMU. JTO YTBEPXKIEHUE CAEIy-
eT u3 nogo0msa MHPUHUTE3NMAIBHBIX TPEYIOJbHIKOB HA PUCYHKE 2, B YaCTHOCTH, U3
COOTHOIIECHNS

do1r _ dpa
- =0 (1)
I l2
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dpy

dip2
Puc. 2. Puc. 3.

IMocMoTpuM, Kak HyXKHO M3MEHUTH 3aKOH TATCOTEHUs, YTOOLI U BHE OKPYXKHOCTH
mosie OO HyJdeBbiM. CHadYala 3aMeTUM, 9TO WH(MUHUTE3UMAILHBIE TPEYTOJbHUKY
Ha PUCYHKE 3 TOXe MOJOOHEI U [/ HUX TOCTE BBEIEHUA COOTBETCTBYIOIMX 0003HA-
YEeHWU BEIIOJHAETCA TO ke camoe ycaosue (1). Coxpanmm ams cuia 3aKOH 06PATHOU
TIPOMOPIMOHAILHOCTH U OyeM CIATATh, 9TO AYTHU, PACIOJOKEHHEIE IO PA3HBIE CTO-
POHBEL OT TOYKHU (puc. 2), NpuTAruBAOT ee. Ho, ecim oyru pacroiOXKeHBl 0 OJHY
CTOPOHY OT TOUYKM (pHUC. 3), TO CIMTAEM, HATIPUMEP, UYTO NATBHAA MPUTATUBAET, &
6mmxusas orrankusaer. Coornomenwe (1) rapanTUpyeT, 9TO IPH TAKOM IOHUMAHWA
OKPYXHOCTh Ha IUWIOCKOCTHU HA CAMOM [eJe He IPUTATUABAET.

3AMEYAHUE OB OPUEHTALIMKA. B nanpHeninem HaM IpUIeTCA CIEIUTD 34 HAIPA-
BIE€HUEM WH(PUHATEIUMAIBLHOrO caBura dy. IlosTomy BepHemcs k pucyuky 2. IIpex-
CTABUM, YTO OJHA XOPAA HA PUCYHKE MOIYYACTCA U3 IPYTOU MAJHEIM MOBOPOTOM BO-
KpyT nx obmen Touku. Torga 3TOT MOBOPOT MHAYNUPYET COTIACOBAHHYIO OPUEHTA-
uumio Ha ayrax dyp; u dps. Ecian xe, kak HA pUCyHKe 3, CEKYINasa MOLYIaeTCA MAILIM
TIOBOPOTOM U3 CEKYIIEN, TO OPUEHTAINA BBICEKAEMBIX UMY IYT MTPOTUBOMOJOKHA.

Tomeoudnas naomuocms — U IAAUNC MONCE HE npumazusaem

Dumunc ABaseTcs apGUHHEEIM 00pa3oM equHUIHON OKpyxHOoCTU. [Ipu addunuom
0TOOpaXEeHNY PABHOMEDPHAS INIOTHOCTH Ha OKPYXHOCTH II0 IPABMIY «Macca oO6pa3a
paBHa Macce Mpoobpaszay MOPOKIAET 20Me0udHYl0 ILIOTHOCTHL Ha smmumnce [5]. ITo-
cregHIO TOXe OyaeMm 0603Ha4aTh dy. [lockonbky mpu adduaHOM MPEOOPaA3OBAHIN
OTHOIIEHNE [IVH OTPE3KOB, JEXKAINNX Ha, OJHOU IPAMOM, COXPAHAETCA, I TOMEOUI-
HOU IIOTHOCTY BBHINOJHAETCA TO Xke camoe coorromenue (1). Orcona, B 9acTHOCTH,
CJIeyeT, YTO DJLIUTIC, CHAOKEHHBIN TOMEOU HOU TIOTHOCTHIO, Ha TMIOCKOCTY TOXKE HE
IIPUTATUBACT.

Tomeoudnas naommocms — U Kacamesbubie K AAAUNCY PABHLL

O603Ha4IM TOMEONAHYIO ULIOTHOCTD Ha DULIANCE Ha, DTOT Pas di U 3amuieM ee B
Buge dyp = k(v) ds, rae ds nmuna gyru sammnca. U3 onpegeneHus roMeon HON ILIOT-
HOCTH CIeAYeT, 9TO BemauHa 1/k — 5T0 k0P PUUMEHT PACTAXKEHNA KACATEIBHOIO
HAIPABJIEHWs B COOTBETCTBYIOMIEN TOYKE OKPYKHOCTY NIPK apPUHHOM 0TOOpaAKEHAN
5TOU OKpyxkHOCTH Ha diumnc. Ilycts [(¢1) u [(¢2) AIuHBL KacaTelbHEIX, NIPOBELEH-
HEIX K DJUIMICY #3 ogHou Touku. Torga emwuaussl [(11)k(1)1) u [(v2)k(1)2) paBHE
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Mex Iy coO0U, KaK JJIUHEI COOTBETCTBYIOIINX KACATEILHBIX K OKPYXHOCTA —

H(th1) k(1) = L(h2) k(). (2)

Ecan tenepsr HasBaTh Besmuuny [(1)k(1)) ATMHON KacaTeNbHOM K DUIANCY, TO, HA

CaMOM fene, KACATeIbHEIE K DJLIAINCY, IPOBEACHHEIE U3 OAHOU TOYKW, OyAyT DABHEL

Bce BcomMoraTenbHbBIE IPEIIOKEHNS PACCMOTPEHE], MOXHO IPUCTYNATH K JOKa-
33TEeIbCTBY.

Hoxazameavcmeo meopemwvt Iloncene

Byaem cumrarh, 9T0 00e KOHUKHU ABIAIOTCA dmmuncamu. Ha konuke Cy BBegem
COMEOUIHYIO ILIOTHOCTE d, KOTOPas CO3aeT HyJEeBOE CUIOBOE 1oJe. 1o eCTh Takyio
IIOTHOCTh, IJA KOTOpOU BemomHseTca cootHomenue (1). Ha xonuxe C; BBEnem ro-
MEOUIHYIO IWIOTHOCTD dip = k(1) ds, KOTOpas rapaHTUPyeT PABEHCTBO KACATEIbHEIX
B Buze (2).

Iycte Ay A2 — xopaa kouuku Cy, kacawomasncsa kouuku Cy, npudem Ay = A(p;)
Ay = A(p2) (puc. 4). Yepes l; 06038a9mM 0TPE30K OT TOUYKM A; 00 TOUKM KACAHUS
B; = B(11). Yepes Iz 0603HAMAM aHATOTUYHEINL OTPE30K, BEIXOIAMAYN U3 TOYKA Aj.
Haxomnen, yepes m; 00603HaYUM OTPE30K OT TOYKM KacaHusa B 10 Touku As 1 moJo-
KM kl = k(’(ﬁl), kz = k(’(ﬁz)

Casunys Haganbuyo Touky A; Ha dp = dyp1, u3 coornomenus (1) norygaem

dpr _ dpz

l my
B cBoro ouepess u3 cooTHOmeHus (2) noryvaem
ma k‘l = lzkz.

OTkyga caegyer, 9T0

doy _ dpy
ik loko’
Cravaga pasBepHEM 3TO PABEHCTBO 10
dpr _dpa _ _ _denia

hki  bLky  lppikpyr
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IToTom cHoOBa coxpaTum 10

dor — doni1

hky  lpgikpgr
Ecmu nomanas Ay As ... Apyq 3amkayTa, 10O Iy = Iy, u kyqq = k1. OTkyma crepyer,
qT0

dony1 = dor. (3)
OTO COOTHOIIEHNE TAPAHTUPYET JUIh PABEHCTBO A0COMOTHEIX BEIWYIUH CIBUATOB, HO
II0OKa He COBHa,,I[eHI/Ie nx HaHpaBﬂeHHﬁ.
IIycTs 0 — 9MCI0 TOYEK KACAHMUA JOMAHOU ¢ KoHUKOU (7, Texarmux sHe a/ammrnca, Co
(amcno enewnus kacanmit). CeraHHoe paHee 3aMedaHme 06 OPHEHTAINN TOKA3hIBALT,
YTO A1 OPUEHTUPOBAHHEIX AYT COOTHOIIEHHUE (3) MOXeT OBITH 3alMCAHO B BIAE

dpni1 = (—1)7dep1.
JIeFKO NOHATDH, ITO IIPpU JTI000M PaCIIOIOXKEHNN SJJIUIICOB “INCJI0 0 BHEITHUX KaCa,HI/Iﬁ
IUIST BAMKHYTOU JOMaHOU 06s3aTensHo yetno. OTcioga crenyeT, 9To paBeHcTBO (3)
BEPHO U C y9eTOM OpueHTanuu. 1O eCThb Kyma CABUHETCS TOYKa A;, POBHO Tyma XKe
caBUHETCS TOYKa A, 1 M JOMaHad ocTaHeTcs 3amkuyTol. Teopema Iloncene mouTu
OKa3aHa.

Hesviposxcdennvie KOHUKY NPUBOOAMCA K NAPE dAAUNCOS

Ocranock moKa3aTh, YTO, JEUCTBATENBHO, TOKA3ATEIbCTBO JOCTATOYHO IPOBECTH
TOJBKO A/ mapel ainuicoB. KoHcTpykius, onucanHas B TeopeMe IloHcene, nuuBapu-
AQHTHA OTHOCUTEIBLHO NMPOEKTUBHEIX NPEOOPA3OBAHUU, TAK KAK P IIPOEKTUBHOM
HpeO6pa30BaHI/II/I KOHUKI HepeXO,E[HT B KOHUKU 1 KaCaTeJIbHBIE B KaCaTeJIbHBIC. EC—
JI HA [MPOEKTUBHOU ILIOCKOCTH CYIIECTBYET NPAMAs, He MEPECEKAIONas H OfHY U3
xoHuK Cg, C;, TO OTHOPABUB DTy IPAMYI0 HA OECKOHEYHOCTH, CPA3Y MOLYIUM HAPY
DJLINIICOB.

Paccmorpum ciayuain, korga axo6as opsaMas MepecekaeT XOTs Obl OQHY U3 KOHUK
(peus uaer o pacnonoxenun, nogo6uoM puc. 1 b). Bocnoaszyemcsa TeM, 9T0 TeopeMa,
INoncene nHBapUAHTHA OTHOCUTEIBHHO €€ OJHOI'O TUIA IPE0OPAZOBAHIYI — OTHOCH-
TeJbHO Iepexoa K ABoucTBeHHON KoHburypamuu [1, 2]. IIpu TakoM npeobpasoBanuu
KOHUKWY JWIIb OOMEHUBAIOTCA POAsAMU — 00pa3 JoMaHoU OyaeT BoucaH B 06pas C; u
6ymeT kacaTbes o6pasa Co. Ho riaBHoe, 4TO MOABAAIOTCS IPSIMEIE, HE TIEPECEKAOIIIe
00pa3sbl KOHUK, U 3HAYUAT OIATH 1eJ0 MOXKHO CBECTH K Iape DJLINIICOB.

I'OMEOUIHAA IIJIOTHOCTh — AHAJIMTUYECKOE U
TF'EOMETPUYIECKOE IIPEJCTABJIEHUS

TomeonHy0 MIOTHOCTH, KaK cendac OyaeT MOKa3aHO, MOXKHO BBECTU HE TOJBKO
HA DJUINAIICE, HO M HA APYTUX KOHMKAX. TaK YTO M3JI0XKEHHOE BBHIIIE JOKA3ATEIbCTBO
Ha CAMOM JeJ€ TPOXOAUT [JIs JHOOU MAPHEI KOHUK U MOXHO OO0UTUCH 6€3 KaKUX-au60
IOMOJHUTEILHEIX [IPE0OPa30BaHNMN.

ee npamvie He npumazu8aom

IIycTe xouuka npeacrasnena qeyms npsamuivMu Ly u Ly, nepecexkaoummucs B TOY-
ke O (puc. 5). BosbmeM npousBOIbHY0 TOYKY P Ha IIOCKOCTY U BHITyCTUM K3 HEe
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Puc. 5. Puc. 6.

nBe Ouauskue npameie. Ouu nepecekyT L1 u Lo o orpeskam ds; u dss. Paccroanms
or Touku P 1o aTux OTpe3koB 0003HaYMM 4epes [; u lz, 8 PacCTOAHUA OT TOYKHA
O 10 Hux 0603HAYUM §; U S3. JIerKO yOeAUTHCs, YTO I JAHHOW KOHMUTYypanuu
BBITIOJTHACTCA COOTHOIICHAE

L L’
KOTOPO€ NOKA3EIBAET, ITO HOC/IE BBEEHUA INOTHOCTH dy = d$/s mpAMEIE HA ILIOC-
KOCTH HE IPUTATUBAIOT.

dsl/sl _ d82/82 (4)

Pasencmeo xKacamesbnbix U 0MCymemeue NPUMmaicenus — 06e cmoponvt 00not
medaau

ITpu o6Cyx qeHUM CUTyaluu ¢ SJUUTICOM, MBI MTOKA3aAM, YTO NOMEOUHAA ILIOT-
HOCTb 00ECTIEIMBAET OTCYTCTBUE NPUTAXKEHUA (M3-33 JOKAILHOIO OANAHCA CHI CO
CTOPOHBI BEICEKAEMBIX MYyT) M OJHOBPEMEHHO PABEHCTBO KacaTeabHbIX. Cerdac Mel
TIOKAXEM, YTO DT CBOUCTBA PABHOCUILHEI.

IIycrs, HApUMEp, HA KPUBOU BBEAEHA IWOTHOCTE dip = k(s) ds, ob6ecnedunsaromasn
PABEHCTBO KACATENbHBIX, (puc. 6) — KacaTelbHbIE JIMHEL §1 U So HEPECEKAIOTCA U
“MEeeT MEeCTO PABEHCTBO

k131 = k‘232. (5)

ITycTs u3 mpousBonbHOU TOYKU P mpoBegeHtl ABe OIU3KUe NPAMBIC, BRICEKAOIINE Ha,
KPUBOU JIMHEMHEIE DJI€MEHTHl QJIUHLL ds, u dSy, Haxomamueca oT P Ha paccTosHmax
Iy m Iy (puc. 6). [IycTs 5TU 2IeMEHTH HePeCeKaTCA B TOUKe O, HAXOIAMENC OT HIX
HA PACCTOSHUAX $1 U S2. TOrAa O IHOBPEMEHHO BEIIOMHAIOTCS paseHcTBa (4) u (5), u3
KOTOPHIX cenyetT kidsy/ly = kadsa/la, T.e.

dp1 _ dpo
Iy Iy~

[lokazaHo, YTO KPUBAasA HE NMPUTATUBACT, TAK KAK BHINOJHACTCA JOKAILHLEIA OAJIaHC

cur. DTO [OKA3ATETLCTBO OOPATHMO, MOITOMY U3 JOKATLHOTO OATAHCA CII TAKKE

BBEITEKACT PABCHCTBO KaCaTEIbHBIX.
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Anasumuveckoe npedcmasaenue 20Meoudnot Naommocmu

Ilycre koHWMKa HA MIOCKOCTH 3a1aHa ypasreruem F(z,y) = 0, rae
x
Flz,y)=[z y 1Ay
1

IIycte B TOukax (%1,y1) U (T2,y2) HA KOHUKE NPOBENEHLI KACATEILHLIE, IEPECEKa-
omuecsa B Touke (. Torga misa paccrosausa s; or O 10 MEPBOU U3 TOYEK UMEETCS

dopmy.aa
[P
s1=2 | |[z1y1 1]A |2 /|VF($1791) AVF(z2,y2)| | - <|VF(5L"1;2/1)|)-
1

Msur BuAuM, 9TO OQMH M3 COMHOXKUTENIEH 31€Ch CHMMETPUYEH OTHOCHTEILHO TOYEK
KAaCaHUs, & APYTOM 3aBUCUT TOJBKO OT IEpBOK u3 Hux. [lopTOMy mOCIe BBeEHUs HA
KOHUKE INIOTHOCTH

_ds

I

KacaTelIbHbIe CTAHOBATCS PABHLIME U KOHUKA [IEPECTAET IPUTATUBATH U3-33, JOKAIb-
HOr'0 OAJIAHCa CHI — JTa INIOTHOCTH MOMEOHUIHA.

dp

L 80aK0-1unetuamas noseprHocms —
2E0MEMPUYECKOE NPEICNABACHUE 20MEOUIHOT NAOMHOCTIY

IIycte na xpusou C, jexammen B ILIOCKOCTH 7, 3aJaHA INIOTHOCTBL dyp = kds,
rapaHTUPYIOMAS PABEHCTBO KACATENbHBIX. Ha KpUBOU BBEIEM OPMEHTALMIO, & ILIOC-
KocTh BIoxkuM B R3. B R3 mocTpounm ceMeHCTBO MPAMBIX, IapaMeTPU30BAHHOE TOY-
xamu kpusBou C. Umenno, B xaxjgou touke P € (C mpoBegeM NOpsMy0, KOTOPas
MPOEKTUPYETCA HA T B KACATEAbHYI0 K C U UMeeT OTHOCATEIHHO 7 YIVIOBOM KO-
sddunment k(P). IonyueHnas auHENIATAs MOBEPXHOCTH Q HA caMOM jgeae Oynaer
[OBOSIKO-INHENIATON, TAK KAK YCIOBAE DABEHCTBA KACATEIbHBIX [APAHTUPYET, ITO
Ha Q JeXaT U BCe IPAMEIE ¢ yTUIOBBIM KOdddunuentom —k(P).

Puc. 7.
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Xopormo n3BecTHO [2], ITO BCAKAA ABOSAKO-TUHEMYIATAs TOBEPXHOCTH DTO JHU6O0 O~
HOMOJOCTHLIA runep0oaoun, anbo runepboanydeckun napabomoung. Orcomga, kcraTu,
caenyer, 4To ucxoauas kpubas C — 0013aTeabHO KOHUKA. Y, 3HAYUT, rOMEOU THYIO
IIOTHOCTH C PABEHCTBOM KACATENBHEIX U OTCYTCTBUEM MPUTIKEHUA U3-33 JOKATb-
HOTO GAJTAHCA CUJI MOXHO BBECTU TOJBKO HA, KOHUKAX.

OT KOHUK K KBAJPUKAM — BTOPOE /TOKA3ATEJILCTBO

Urak, B npeguigymemM pasgene MBI OKA3a/Il, ITO TOMEOUIHASA INIOTHOCTD Ha KO-
HUKEe JOIyCKAaeT eCTEeCTBEHHOE MPEACTABICHNE B BUIE KBAJPUKN B TPEXMEPHOM IIPO-
CTPAHCTBE.

Om xowux % xeadpurxam

Bepuemca k Teopeme Ioucene. ByaeMm camTarh, HAIPpUMEp, YTO MEI UMEEM I€JI0
¢ aBywmsa swmuncamu Co u Cp, JexXammMu B KOOPAUHATHOU ILIOCKOCTH ZYy. Hanm aa-
aumcom Cp mocTpouM muauHap Qg ¢ oOpasyrommen, napaueabHon ocu 2. Ucnoab3ys
TOMEOUIHYI0 IIOTHOCTH HA dumnce C1, TOCTPOMM HAI HUM OJHOMIOJOCTHBIN TUIIED-
6oaoug Q1. B onucanuon curyanuu cBa3b Mexay Teopemon Iloucere nma kouuk Cg,
Cy u Teopemon misa kBagpuk Qp, Q1, CHOPMyIUPOBAHHON BO BBEJCHUU, CTAHOBUT-
€A OYEBUIHOU — JUHENHEIE O0pasyomme Qi MPOEKTUPYIOTCA HA, INIOCKOCTb TY B
kacaTenbHbe K mmuncy Cp, a nepecederune Qg (| Q1 B kouuky Co.

Keadpuku v ux nepeceuenus

B npoctpanctee C'P? Bce HEBEIPOXKJeHHBIC KBAIPUKN MTPOCKTUBHO DKBUBAJICHT-
Hul. [IpuBenemM HEBBIPOXK IEHHYIO KBAAPUKY K BULY T1T2 = T3Z4. LaKas KBAIPUKA CO-
IEPKUT [BA, CEMEUCTBA NMPAMEIX — AT] = T3, ULy = AT4 U AT1 = UT4, T3 = AT3.
Kaxmoe w3 cemeiicts mpegcrasiser coboi C'Pl (¢ ogHOPOIHBIME KOODIMHATAME
A, ) ¥ 9epe3 Kaxk Ay TOYKY KBAIPUKU IPOXOAAT POBHO IO OJHOU MPAMOK U3 KAXK 10~
ro cemencrsa. Takum 06pa3oM, HEBEIPOXK feHHAs KBaApuKa B C'P? apasercsa mpaMbim
npoumssenernem C P! x CPL.

PaccmoTpum aBe kBagpuku obmero nonoxerus B CP3. Tlycts T = Qo[ Q1 —
ux nepecederne. depes LQ1 0003HAYMM OLHY U3 ABYX CHCTEM JMHEMHEIX 00pa3yro-
mmx kaapuku Q. DTa cucTeMa ImpeAcTapiaseT co6or C P! wmm, 4To TO Xe camoe,
S2. Kaxjaa w3 npamerx, sxogammx B LQ;, mepecekaet Qg a, 3HaIuT, 1 7 POBHO B
OByX TOUKax (C yaerom kpatHOocTm). Takum ob6pasom, T = Qo () Q1 ABaseTcsa asy-
JUCTHEIM HAKpeITHeM SZ2. Y 3TOro HAKPLITHA MMEIOTCA YeTHIPE TOYKH BETBJICHUA
(xak pas Te Touku, rae mpameie u3 LQ; kacaworca T). Orcioga caegyer, 9to T —
Top (mogpo6uocTH B [8]).

Bmopoe doxazameavcmso

JokaxeMm TeopeMy M AByX KBAaIPHUK, COOPMYJIMPOBAHHYIO BO BBeAeHMU. Pac-
CMOTpHUM [gBe KBAApuKu o6mero monoxenus Qo u Qi B CP3, mepecekaromuecsa mo
Topy T = Qo[ Q1. Ilycts onmare LO; oxHa U3 CHCTEM JUHEMHEIX 0OPA3YIOMINX KBa-
apuku Q1. OnpeaenrM WHBOIIONUIO ¢ TOPA TIO MPABUTY: TOYKM Tepecedenusa p' u p'!
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TOpa ¢ JuHenHOU o6pasyomen MeraoTca mectamu — p' < p''. IlpucyTcreue kpat-
HBLIX MEPECEICHUN TaPAHTUPYET HAIMYAE Y DTOM WHBOMIOIMU HEMOABIMXHLIX TOYEK.
Y TOpa MMEIOTCA IBA TUNA AHAIMTUIECKAX MHBOMIOMMNA. JTO CABAT HA IOJYIIEPHUO
U CHMMETDUA OTHOCATEILHO TOYKHU. CyIleCTBOBaHUE HEIOABUXHEIX TOYEK ITOKA3E-
BaeT, YTO ¢ MPENCTABIAET COG0M CUMMETPUI) OTHOCATEIBHO TOYKMU.

Ha xBagpuxe Q) ecTb nBE CuCTeMBI JuHEMHBIX OOpasytomwmx L'Qp, L"Q;. Um
COOTBETCTBYIOT ABe mHBOMONMU o' u ¢''. IIpousseerre 9€THOTO YUCIA DTUX UHBO-
moumu ¢''o’ ... 0" 0’ aBaseTCA COABATOM TOpA M HATWYWE HEMOIBMXXHOM TOYKYA TaPAH-
TUPYET TOXAECTBEHHOCTH DTOr0 0TOOpaxkenusa. Teopema JOKa3aHA.

Obpamuno K KoHUKAM

IMokaxkem, kak npegbIgyIIEE PACCMOTPEHNUS IPUBOAAT K Teopeme IIoncene mist ko-
vuk. Bocmpoussenem KOHCTpyKuio u3 nyakTa Om xowuk x xeadpuram. Illycts pac-
[IOJIOXXEHHASA B INIOCKOCTY XY 3aMKHyTas toManas A1 Ay ... Apy1, A1 = Ap4q Boucana
B Co u onucana okouo Cq. [loguumenm ee Ha kBaapuKy Q1 Tak, YTOOBI MOLYIAIACH JO-
manas By Bs ... B, 1,y koTopou orpesku By; 1 Bs; nexat na o6pasyromunx w3 L' Q1
a orpesku Bg;Bs;y1 — Ha o6pasytomux u3 L" Q. Jlerko y6equThesa: eCam 0TPe3oK
A;A; 11 xacaercs xoruku C; BHemHUM 06pa3oM (Touka kacanusa aexut BHE Cp), TO
Touku B;, B;;1 PaCIOI0XEHEI IO OLHY CTOPOHY OT IIOCKOCTH Iy, €CIM XK€ KACAHUE
BHyTpeHHee, TO B;, B,y JexXaT 0 pa3Hble CTOPOHHI.

Bcenomunu erre, 9To m1s1 3aMKHY TOUN JoManoun Ay Ay ... A1 IMCI0 BHEIIHUX KACa-
Huu ¢ 9eTHO. OTCI0Na CPasdy CIeayeT, 9T0 B CJIy4ae YeTHOr'O 1 JOMAHASA HA KBAAPUKE
Toxe Oy eT 3aMKHYTOH, TO ecTb By = B),11. Ho Torga nomanas B1Bs . .. B, 41 Oyger
3aMKHyTa Tpu J0O0M BeIOOpe TOouku Bj, a BMecTe ¢ Hen OyJeT 3aMKHYyTa, JOMAHAA
A1 Ay ... Ay Tpu 060M BEIOOpE TOUKET Aj.

Ecnu xe n weueTHO, TO OyAeT BHIIOJIHATHCA cooTHOmeHue By = 0,841, rae o,
CUMMeTpHUs OTHOCUTEJbHO miockocTu zy. OTcoga caegyer, uTo B HemoABUXHAA
TOYKA IPOM3BEICHAA YETHOIO YUCIa UHBOMONNY 0,0 ... o' o' u, cregosareasHo, 5TO
TIpOM3BEEHNEe eCTh TOXJIeCTBEHHOe Ipeobpas3oBanue. TakuM o6pa3oM, mpu Tr060M
BBIOOpE TOUKU B 6ymeT BHINOMHATHCSA cOOTHOmEHue By = 0,B,+1 u, 3HauuT, npu
m060M BeIOOpE TOYKM A; omsaTh ke Oyger Ay = Apyg.

Ewe odna meopema Ioncene

Kax 6b110 06€mano BO BBENEHNY, IPUBENEM €I OJUH BAPUAHT NPOCTPAHCTBEH-
HOU TeopeMmul IloHceme.

TEOPEMA. ITycmbv umeemcsa nyuwox xeadpux Qx 6 CP3. ITycmv nepeceuenue
T = N, 9x asasemca mopom. Paccmompum 2n weadpur Qi, ..., Qon, npunadae-
acowuzr nyury. Ha xancdod u3 nuzr svibepem no cucmeme AUHEUHLIT 00PA3YOUUT
LQ;. yecmv o; — coomsemcmsytowue um unsoaoyuu mopa J . Tozda, ecau npo-
U36eJeHUE 01 - Tan UMEEM HENODBUNCHYIO MOUKY, MO IMO Moncdecmeernoe npe-
00pa308aKUE MOPA.

[loka3aTeabCTBO 3TOU TEOPEMEI HUYeM He OTINYACTCA OT IPEILIAYINEerO T0KA3ATE b
CTBA TE€OPEMBI A ABYX KBAPUK.
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JTOBABJIEHUA

Hnumeepupyemocmo

Kak yxe Ob110 CKa3aHO BO BBegeHUU, KOH(MUIypALWs, ONUCAHHAsA B Teopeme [Ion-
ceJie, eCTECTBEHHEIM 00Pa30M BO3HUKAET IIPU JBUXXKEHUN YACTUIEI B QAN TAIECKOM
owrtuapae. TpaekTopusa YaCTUIIRL, IBUKYIIEUCS BI0JbL TPAHUIIE OUILIMap1a, BCE Bpe-
Ms KaCaeTCs DJLIUICA, COPOKYCHOrO ¢ IpaHunen 6wiimapaa. A Bce OTPE3KU TPaeK-
TOpUU, NPOXOLAIIEN MeX 1y (POKyCAMU, JEKAT HA KACATEIHHBIX K CO(OKYCHOU -
nep6ose. Takoe ynopsgoueHHOE IOBEIEHNE TPAKTOPUYN O0SI3aHO UHTErPUPYEMOCTH
DILIATITUYECKOr0 OMLINAP AA.

Mycre (zn,Yyn) — NOCHEIOBATENBHBIE TOYKM COYAAPEHWS YACTULLL C TCDAHUIEN
OmLImapaa
22 2
St =1
a b

aVy, = (un,vn), |Va| = 1 — ckopocTh 9acTHIE IEPE COOTBETCTBYIOMAM COYAAPE-
mueM. Torga
(@nt1+20)(@ng1 —Tn) | (Wn41 +Yn)Ynir —yn) _
2 + b2 =0
a

1 3TO PABEHCTBO O3HAYAET, YTO €CTECTBEHHOE II0JIe HopMa,neﬁ

z? y2 2 2y
V(a—ﬁ? =\

006/1a,12€ T CJAeIyIOIMM CBOMCTBOM: CyMMa HOPMAJIEH, B3ATHIX HA KOHIAX JI000U XOP IbI
QJUINIICA, TEPIEHANKYIAPHA DTOU XOPA€e. DTO IPUBOAUT K TOMY, YTO IPOEKIUA MO
HOpMaJeN Ha TPACKTOPUIO NBUKEHUA JACTUIEI €CTh BEIMUMHA MOCTOAHHAA, TO €CTh
MMEEeTCSA UHTErPaa BUIA,

F(xnayn;un;vn) = ngn yz;}" (6)

Hwmezpupyemocms u 20Me0UIHOCTb

PaccMoTpuM DpOM3BOABLHYIO KPUBYIO C TE€M XK€ CAMBIM MEXaHU3MOM HHTErPUpPY-
€MOCTH, T.€. KPUBYIO C TaKAM BEKTOPHBEIM moteM N, 9TO CyMMa ero BEKTOPOB HA
KOHIaX 000U XOpAbl NEPHIEHIUKYIAPHA DTON xopae. bepsa mamyio xopay, BuamM,
4TO 3TO 00s13aTeNbHO nose HopMaen. [IycTs HA KOHIIAX HEKOTOPOU XOPAEI BEKTOPEL
9TOro nosis uMerT AauHel N1 1 Na, & QJIMHBI KACATEIbHBIX OT KOHI[OB XOPIBL 10 KX
nepecedeHus uMeroT nuHEL |1 u lp. Torga, kak NOKa3EBAET PUCYHOK 8,

Lo b

Ny Ny’
TO €CTh MIMHBI KACATEIBHEIX ¢ BecoM 1/|N| paBnbL, T0 ecTb miorrocTs 1/|N| romeo-
UOHAS, & 3HAYUT, caMa KpUBasg — 0013aTEIbHO KOHUKA.

Dazosuili nopmpem

Bepnewmcs x unTerpary (6) u mOIOXUM B HEM

x =acost, y =bsint
U = COoSp, v =singp.
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Puc. 8.

Torga TOT MHTErpaI IPUMET BUL
F(t,0) = (a+b)cos(t — @) — (a — b) cos(t + ). (7

®BuaauT, B Ga3soBOM OPOCTPAHCTBE ¢ KoopauHaTamu (t,p) Touka (tn,pn), COOT-
BETCTBYIOIAS TOYKE OTPAKEHUA (Lp,Yn) U BEKTOPY CKOPOCTHU TEPEI COYIAPEHUEM
(Un,vy), ABUXKETCA 1O auHUAM ypoBHA QyHkuuu F(t, ). PazoBbi1 mopTper /-
NTUYECKOTO OWLIAPAa, N300PAKEHHBIM HA PUCYHKE 9, MOJyYeH B PE3yabTaTe CJe-
,quOHIeFO KOMHI)IOTepHOFO BKCHepHMeHTa. I/Ia HI/I)KHeI‘/)I TOYKHA JJJIUIICA B HECKOJIBKUX
HAMTPABJICHUAX 3AMYCKATUCh TACTUIEL U /I KAXK O YACTUILI B TEICHUE TIPOTOMKHI-
TEJBHOIO BPEMeHU Ha (Ga30BOU ILIOCKOCTHA OTMEYAINACH TOUKY (tr, ¥p)-

e

)
yis

/)
. 7w

W

™

Puc. 9.

T'eomempuneckuti u Komnvlomeprvil 6uLLUAPILY
Ha nepBbil B3ruisa CyIIECTBEHHEIX PACXOXKICHUM MEX1y DTUMHU OWLIMapIaMu He
nomxHO ObrTh. CpaBHEHUE PUCYHKA 9 U KapTUHEL JUHUAN yPOBHA GyHKimu (7) moa-
TBepKgaeT 3T0. OIHAKO, UMEeTCA CATyalusa, B KOTOPOU PA3NUYUE CYIIECTBYET U
OpocaeTcs B 11a3a.
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OCHOBHOE OITHYECKOE CBOUCTBO DJUIMIICA [APAHTUPYET, YTO YACTULA, OAUH Da3
mpormefas depe3 Gokyc, OygeT IpoxoauTsb depe3 GOKYCH U MOCIE KaXI0T0 CIey-
IOIIEr0 COYJAPEHUs. BAMyCTUM YACTUIy W3 HIDKHEU BEPINMHBLI DJUINICA Yepe3 IIpa-
B Gokyc. OUeBnIHO, 9TO, OTPAKAACH U NOCIEJOBATEILHO IPOXOAs Yepes3 (POKyCHL,
JacTuna OygeT NpuOIuXKATHCA K OOMBIION OCU DJLIUNCA. JIEMrKO OIEHUTH CKOPOCTD
sroro npubauxenus. Illycts ¢ = v/a? — b2 — 3T0O paccToAHUE OT LEHTPA BJLIUICA 10
ero ¢dokyca. Torga npu Kaxa0M IPOXOXKAEHUN OMIIAAP LA OTKIOHEHUE IACTUILL OT
GOJIBIIION OCH yMEHBIIAETCs IPUMepHO B (a + ¢)/(a — ¢) pas.

B KOMOBIOTEPHOM DKCIEPUMEHTE HAYAILHOE MOBEJEHUE YACTHUILL, IPOXOIAIIEN
4Jepes POKyC, MOMHOCTBIO COOTBETCTBYET dTOMY clieHapuio. O IHAKO, OCTE IPIKATAL
K OCH U HECKOJBKUX IIPOXOXAEHUY BAOJbL HEe JaCTULA OTOPACKIBAETCS OT OOIBIION
ocu aaanica. [locie 5Toro ee cHOBa NPHMXKUMAET K OCA U CHOBA OTOPACHIBAET U TaK
[najgee — BO3HUKAIOT Ouenus. [JanuMm KadecTBeHHOE OOBACHEHUE dTOMY fABJICHUIO.

BamycTuM B «reOMeTPUIECKOMy OMLIMapae JacTUIy depes GoKyc, IOL0XK IeM IIo-
Ka OHA JOCTATOYHO MPMAKMETCI K ocu u obparuMm ee Hampasienwe. OOparueHHas
TPAEKTOPUSA — DTO TOXKE TPACKTOPUA HEKOTOPOU HACTUIIHI, U MEPBOHAYAILHO DTA
TpaekTopua OygeT IpPOXOAuUTH BAOJb OCH, HO yxke OygeT OTTAJKMBATHCA OT Hee.
Taxum 00pazoM, BOIM3U GOJBIION OCU OWLIAAPAA CYIIECTBYIOT [BE TPAEKTOPUU:
OJHA IPUTATCUBAETCSI K DTOU OCH, APYras OTTAIKUBAETCA OT Hee. B «koMmmbroTep-
HOM» OUIIMapAe 33 CYeT OMUOOK OKPYIJIEHUS NMPOUCXOMUT «IIePeCcaTkay C MPUTATU-
BAIOLIENCST TPACKTOPUN HA OTTAIKUBAIMIIYIOCA U YACTUIA, HAYWHAET YAAIATHCA OT
ocu Ommapaa. DTUM U OOBICHIOTCA Ouennsa. BausHue ommOOK OKPYIVIEHUAS MOXK-
HO TIOATBEPAUTD, IPOBOs BEIMUCAEHUS C YABOEHHOU TOYHOCTBIO, — B DTOM CJAy4ae
0TOpaCKEIBAHKE YACTUILI OT OCH OMLINAP 13 TPOUCXOAUT TOCTIE OOIBIIETr0 INCIA OTPA-
KEHUU.

Ilapa xonux npusodumcs x sudy Jdeyr oxpyxrcnocmett

DTOT pa3aen NpeJHA3HAYEH [ TeX, KTO UMEET MPUBLIYKY MPOCMATPUBATL TEK-
CTHI 33,10M Hamepes — OT KOHIA K HAYATLY. B1eCh OOBACHACTCS, IOYEMY MOXKHO HE
YUTATH Ty CTATBIO, & 3HAYUT, IOYEMY €€ MOXHO OBbLIO U He mucarTb. B [2] umeer-
CA IPOCTOE NOKA3ATEILCTBO T€OpeMEl IIoHCeae 1A ABYX BIOXKEHHBIX OKPYXKHOCTEN.
Co6cTBeHHO, HAllle TEPBOE NOKA3ATEJbCTBO CKPOEHO 10 »ToMy obpasiry. [lokaxewm,
9TO ABYMSI OKPYXKHOCTAMHU MOXKHO OBLIO OB M OrPAHUYIMTHCA. PaccMoTpuMm Coydan
OBYX BJIOXEHHHIX /uncoB. C moMmompoo adgUHHOrO npeoGpa3oBaHus IPEBPATAM
BHEIIIHUY U3 HUAX B OKPYXHOCTh. OTrpaHWYEHHBIN €10 KPYT OyAeM CUMTATH MPOEK-
TUBHOU MOJAEIBIO MIOCKOCTH Jlo6adeBckoro. B 5Tou Mogenun aBUXeHUs — 3TO MPO-
eKTUBHEIE peobpa3oBaHus, coxpasiomue Kpyr [2]. Paccmorpum ogmomapamerpn-
Yeckyo rpynmny Hi CABUTOB BAOJL TOPU3OHTAJBLHOTO AUMAMETpa Kpyra. [Bukenus
3 Hi mepecTaBialT XOPIBL, IEPHEeHIUKYIAPHEIE AAMETDY, IPHA STOM TOYKHA KPY-
ra OBUXYTCS N0 DKBUAUCTAHTAM, IPEACTABICHHLIM MNOLYDJLIUIICAMY, KACAIOIUMUCS
BHEIIHEN TIOIYOKPYXHOCTU B MPAHUYHEIX TOYKAX AMAMETPA. AHAIOTMYHBEIM 06Pa3oM
IEUCTBYyeT OJHOMAapaMeTpudeckas rpynmna Hy COIBUTCOB BAOJL BEPTUKAIBLHOTO AUA-
Merpa. Ilycte hy € Hy u hy € H>. Torma nmon mencreueMm mpeodpasoBanus hihs
TOYKA CHAYANA, COABUCAETCA BIOJb MEPUAMAHA IOT-CEBEP, & MOTOM BOJb MEPUIUAHA,
3ama1-BOCTOK. [Ipu 5ToM M M0G0 Taphl TOYEK T,y OTHO3HAYHO ONPENeNeHa mapa
npeobpasosanuit by, by, Takas 9To y = hihs(x).
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Puc. 10. Pwuc. 11.

IIpu geuxenMn miockocTu JI06AYEBCKOrO HIIUIC MEPEXOAUT B JJLIUIC, HO TIPU
5TOM €ro HEHTP He 0033 TEJbHO MepexoauT B meHTp odpasa. Tem He meHee, 04eBuUI-
HO, 9TO A J000r0 SILIAICA CYIIeCTBYeT Npeobpa3oBaHue BUAa hy ho, nepeBogsiuee
€ro B DJUIUIIC, IEHTP KOTOPOr'0 COBIAIAET C EHTPOM Kpyra. IIposemem 510 npeodpa-
30BaHNE U MOCIE DTOr'0 PACCMOTPUM OJHONAPAMETPUYECKYIO I'DYIILYy CIBUIOB BIOIb
IHAMETPA, COAEPKAIEro GOBIIYI0 OCh NEHTPUPOBAHHOIO HJLIANCA. 1Ipu ABMKEeHUN
MO JEUCTBUEM DTOU I'PYNILI U GOMBINAS, U MAIAA OCU DJLIUICA, YMEHBIIAIOT CBOU Pa3-
Mepul. Ho Goabmas ock geaaer 510 60/1€€ MHTEHCUBHO U B HEKOTOPLIM MOMEHT DJLIUIIC
NIPEBPAIAETCA B OKPYXKHOCTb. TakuM 00pa3oM, mapa KOHUK MOXKET OBITh PUBEe-
Ha K BUAY ABYX OKDYXHOCTEH, W TElePb MOXHO COCJIATHCA HA COOTBETCTBYIOMIEE
NOKA3aTensCTBO Teopemer [loncene u3 [2].
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