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Cpenuaa mamHa npobera B OMILINAP IHBIX CUCTEMAX
H. . Yepuon

B crarne BHIBOAUTCA HOPMyJa A4 CpeJHEl AJWHBEI CBOGOAHOrO mpobera B
OMITUAPAHBIX CUCTEMAX U Ha MPUMEpPaxX MOKA3BIBAETCA, KaK OHA paboraer. Ilpu-
MeHAA ee K I'a3y TBepABIX cdep, BEIBOAATCA Kraccuwieckue ¢hpopMyasl Boabnmana.

BBEJEHUE. B sTon 3ameTke MBLI pacCKaxkeM 00 OJHOUW 3aMEYaTEJLHOU, HO HE
OYEHBb MUPOKO U3BECTHOU (GOPMYJIE€ B TEOPUU OWLIAADAOB, JAIOMIEHA CPEIHION IIUHY
npobera Mex Iy OTpaXeHuaMu. ECau CKOpOCTb OULTHAD THOU YACTUIEL PABHA, €[UHU-
e (Kak 9T0 OOBIYHO IPUHUMAIOT ), TO CPEAHAA IJIUHA MPOGEra COBIALAET CO CPEIHIM
BpeMeHeM IIpo0era, U 3Ta UHTEPIPETANI TaKXKe BaXXHa B (usnke.

Urak, mycrs () — orpanmdennas o6nacts B R? mwin ma Tope T¢ ¢ kycouno-ria jxom
rpanutenr 0Q. O6osnauum {$t} moTox aBUMKenus ma dbasosom mpoctpancTee M =
= Q@ xS%! (xax o6erano, S ! ozmauaer (d—1)-MepHyI0 eIMHEYHYIO Chepy BEKTOPOB
ckopoctet). PaameprocTs npoctpanctsa M pasna d+ (d—1) = 2d — 1. llorox {®t}
coxpanseT mepy JluyBunis na gpasoBoM mpocrpancTse M:

dp = ¢, dgdv, (1)

rae dg — mepa Jle6era B ob6nacrtu Q, dv — mepa JleGera ma chepe S, a Cy —
IPOCTO HOPMUPOBOYHAA KOHCTAHTa, obecrnednsaromas ycaosue (M) = 1. laa mac
BAaXXHO 3HATH 3Ty KOHCTAQHTY TOYHO:

1
Cp = (2)
Q115471
rae |Q| — d-mepreri o6Bem obaactu @, a [S¢ 1| — (d — 1)-meprEnt 06bem (MOXKHO
Ha3BaTh €0 (ILIOMAILI0 TTOBePXHOCTI ) cdepur SI1. Tlocrennas BeuunHa yHUBED-
canbHa:
|S4H = S ()
I'(d/2)
ageck I'(z) osmagaer ramma-gyukumio. Ham gocrarouno suars, uro I'(n + 1) = n!
npu nensix 0, I'(z + 1) = 2T'(z) ana scex > 0n I'(1/2) = /7.
Buwumapnaoe orobpaxkenue 3a1aeTCA HA IPAHUYHON moBepxuocTu My C OM:

My ={z=(r,v) € M: redQ, (v,n(r)) >0},

rae n(r) O3HAYAET eNVHWYHLIM BEKTODP HOpMaaX K 0@ B TOYKE T, HANDPABICHHLIN
BHYTPb (), ¥ — BEKTOD CKOPOCTH, & (-,-) — CKaIApHOE mpousBegeHue. VHEIMU CI0-
Bamu, M7 ABAAETCA CEMEUCTBOM BCEX BEKTOPOB C HAYAJIOM Ha O(), HAIPABICHHEIX
BHYTPb (). DTO — MHOXKECTBO BCEX BO3MOXKHBIX BEKTOPOB CKOPOCTHU YACTHILI II0-
cae orpaxenun ot 0Q. flcro, uro M; ectsb (2d — 2)-MepHOE MHOrOOOpA3ME C KPaeMm
(2d—2 = dim M —1). Tlorok {®!} onpegenser oTobpaxkenue nocrenosanus [lyanka-
pe Ha M7, nepesogsamee T0uky T = (r,v) € My B touky T'(z) = (r+7v,v1) € My, rae
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7 = 7(x) — BpeMsa CBOGOJHOTO IBUXEHUA OT TOYKA T 10O HOBOI'O OTPaxkeHus oT JQ),

a U] — BEKTOP CKOPOCTH, IPMOOPETEHHEIA JACTUIEH [IOCTE OTPAXKEHUA. 3aMETUM,

9YTO UMEHHO CpefHee 3HadeHue GyHKuuM 7 (&) MHTEPeCyeT HAC B DTOU CTATHE.
OTobpaxenue T: M; — M; coxpanser mepy

dv = ¢, {(v,n(r)) drdv, (4)

rae dr — wmepa Jle6era Ha MuHOTOOOpasuu OQ), dv — mepa Jlebera ma S?! (kax
u paHee), a €, — ONATb HOPMUPOBOYHEIM MHOXUTENb. HECIOXKHBI UHTErPAIbHEIR
[IOCYET MOKA3LIBAET, ITO
1
= a—1,° (5)
|0Q| - |B*™7|

rae |0Q| osmataer (d — 1)-meprEni 06meM MHOTOOGpasus 0Q, a |BI~t| — (d — 1)-
MepHBIH 00beM efuumaHoro mapa B?~! C R?~!. Ilocreguan BeIMunHa CHOBA, YHIU-
BEpCATLHA U PABHA!

Cv

|Sd—2| _ 27_‘_(1171)/2
d—1  (d-1T(d—-1)/2)" (6)

B =

TJIABHAA ®OPMVYJIA. Tenepb MOXHO HEIIOCPEACTBEHHO IIEPEUTH K BEIYUCICHIIO CPe-
HEro 3HaYeHUs JIUHEL (1iu BpeMeHu) cBo6oaHoro npobera. Ipex e Becero, 3anaamum-
€S BOTPOCOM — 9TO O3HA4YaeT «cpenuee»? Wurerpan nmo kaxou-iub6o mepe? Torga
MOXHO OHPEJEJIUTE €r0 IBOAKO — UHTErPUPOBATH YK€ MMEINLyIoca pyHkuuio 7(z)
o Mepe v Ha My wiu onpenenuTs [IuHy Ipobera Mexay IByMsA COCETHUME OTPaXKe-
HUAMU Ha BCEM TPOCTPAHCTBE M U MHTErpupOBaTh €€ 1o Mepe (. PeayabraTs: Oy gy T
pasHee, KeTaTu. MBI IpUMeM «(pU3MYECKUN» CMEICT CJIOBA, «CPEIHES) KAK «BpeMeHHOe
CpeaHeey, T.e. Ipeaea CPeIHEN MIUHLL IPOOera 3a 7. OTPAXKEHUU, KOraa 7 — OO:

. Tz)+ -+ (T !
@) = lim () + 7(Tx) + -+ 7( z) .
T—00 n
ITo Teopeme Bupkroda, 7(x) cymecrsyer nouru scoogy Ha M. Ecau 6unmuapn op-
COAWYEH, TO BEAXIAHA T(Z) MOCTOSHHA NOYTH BCIOLY W DABHA

7= /Ml (@) dv(z). (7)

Ecau 6unmmapn me sprogwdeH, TO GyHKuusa 7(2) CyMECTBEHHO 3ABUCAT OT TOYKA
Z, HO BCe Xe ee cpenHee paBHO (7) U MMEET CMBICI €r0 BEIYUCIUTH. DTUM MEL U
3aMMEMCS. 3aIuiIeM

F=c, /M1 7(r,v){v,n(r)) dr dv = ¢, /M1 /OT(M) (v,n(r)) dtdr dv, (8)

rae t — noka (popMaIbHAA nepeMenHast, Mersmomanca ot 0 1o 7(z). OguesngHo, t na-
paMeTpu3yeT OTPE30K OWLIUAPAHON TPAEKTOPUMA OT TOYKY T A0 T + TU, T. €. MEXIY
nByMsa oTpaxkeHuamu. [[ockoabKy Bce GaszoBoe IpPOCTPAHCTBO M COCTOUT U3 TAKUX
OTPE3KOB TPACKTOPUU, TO KOOPAUHATHL I, v, t ONUCHIBAIOT BCe M. DTO OUYeHb WHTe-
pecHas u HeOOBIYHAA MapPAMETPU3ANUs, XOTI T,V,t MOr'yT OLITH JIErKO PACCINTAHLL
o ¢,v u Hao6opot (cM. puc. 1). B wacTHOCTH, ¥ OOHO ¥ TO Xe B 00eux CUCTEMAX
KOOPAUHAT, ¢ = T + tv, & t TEOPETUIECKH MOXKHO HAUTHU U3 yCIoBuA ¢ — tv € 0Q) (Ho
HAM DTO He MOHANOOUTCA).
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Puc. 1. Koopaunater v € 0Q) u t, paccTosaHEE MEXIY T U

I'naBHOe — mepa p MOXeT OBITH BEIPAXKEHA B KOOPAWHATAX T,V,t CAELYIOMIAM
obpasowm:

dp = ¢, (v,n(r)) dr dvdt.
STO IPOUCXOAWT MOTOMY, ITO DIEMEHT 00BbeMa B M MOXHO 3amuMCaTh B BUAE
dgdv = (v,n(r)) dr dvdt 9)

n 3arem npuMeHuTsb (1). Pasenctro (9) MOXeT mOKasaTbCsA CTPAHHEIM, HO HA Ca-
MOM JeJie OHO reoMeTpuiecku npocto. Ha puc. 2 m306paxkeHo «J0Ka3aTeabCTBOY IS
caydas maockoctu (d = 2). Mur npeacrasasem dg = dx dy, Tae £ — KOODAUHATA,
napajleabHast v, a Y — OpToroHambHas. Torga dx = dt, a dy = dr{v,n(r)) mo onpe-
[EJEHIIO KOCUHYCA. AHAJIOTMYHEIN aPIyMeHT paboTaeT npu d > 2, U MBI OCTABJIIEM
€r0 YuTaTearo.

Terepb MBI JECKO 3aKOHYUM BEIYHCIeHUE T B (8):

7_—:C,,/ Clqdv:c—y7
M Cu

T. €., cornacHo (2) u (5),

_ oI5t

= 10
10Q| - B! (10

all

OTO U eCTh 3aMedaTeabHas GOPMYIa, AJIA T.

OTMeTuM, 9TO CpemHssA BEIMYINHA CBOOOIHOIO mIpobera 7 He 3aBUCUT OT (POPMEL
7 xapakTepa rpasunsr 0, 061acTh () MOXET OBITH NAXKe HECBA3HON.

Tl K1aCCHIecKoro OULIHAp JHOTO CTOMa Ha IIockocTu umeeM (S| = 2w u |BY| =
= 2, ¥ MBI IOJyYaeM

__ 7@
T= 0. 11
6Q] ()
Amnanoruuno, mas npocrpanctea d = 3 u
__ 4Q

T = ==.

10Q
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Q

Puc. 2. Unmocrpanua k cootHomenuaM dx = dt u dy = dr{v,n(r))

ITpuMEP. PaccMoTpuM Gmumuapa HA IIOCKOM TOPE, M3 KOTOPOr'O BHIPE3AH KPYKOK
paguyca e > 0. [Ipu MaIbIX € TPAGKTOPHUH A0 (CYJIAIOT) IO TOPY 0€3 OTPAXKEHUH, a
HEKOTOPELIE IEPUOIUICCKIEe TPACKTOPUHI BOOOIIIE He UCIEITLEIBAIOT OTPpaxennn. Harra,
dopmyna naeT cperHee BpeMsa cBOOOIHOIO mpobera:

n(1 —me?)

7=
2me

)

OTKy[a BUJHO, 9TO T PACTET HPUMEPHO Kak 1/2¢ mpu € — 0.

Ncropus. @opmyaa (10), koneuno, ve HoBa. OHA UCIONB30OBAIACH B HEKOTOPHIX Pa-
60Tax no Omwmap HOU mguHAMuUKE. HO B OCHOBHOM OHA M3BECTHA B MHTErDAIBHON
reOMEeTPUHA U MeOMETPUIECKON TeOpUM BEPOATHOCTEH. [0Ka3aTenbCTBO M Corydas
d = 2 gano B xuure JI. A. Carraino [4], mosromy (11) mHOrza Ha3EBAIOT GOPMYION
Canrano. [JokazaTeabcTBO 41 BeeX d > 2 MOXHO HOJIYYATH U3 OLEHOK B KHHUTre [3],
XOTs IPAMO 5Ta (HOPMyJIa TAM HE IPUBOAUTC.

ABTOp HACTOAIIEN 3aMETKU y4aCTBOBAJ B PabOTe HAYIHOIO CeMUHADPA MO AUHA-
MugeckuM cuctemam nog pykosoactsoMm B. M. Asexceesa u fI. T'. Cunas ¢ xonna 70-x
ronoB, u Tam ¢dopumyaa (10) u ee moxazaTerbCTBO 6BLIM XOpOIIO w3BecTHHL. OmHA-
KO, IIOXOXKEe, OHA He ObLIa OmyOIMKOBaHA HM B OJHOM PaboTe MO OW/LIMApPAAM TOrO
Bpemenu. [1o3xe HEKOTOPEHIE 3amagHble GU3NKKN «OTKpEBaIm Gopmyry (10) 3anoBo
Ha OCHOBE YUCJEHHBLIX PACIETOB U DBPUCTUUECKUX PACCYXKJeHUN. ABTOD TaHHOU CTa-
ey mpuBoama dopmyry (10) ¢ moxasaTemrsCcTBOM B ABYX cBomx paborax [1, 2], us
KOTOPHIX BTOPas ObLIa HAMMCAHA UMEHHO C LEJbI0 caenars ¢popmyay (10) mssecTHOR
cpenu (pU3nKOB.

T'A3BI TBEP/IBIX CPEP. B 3akiarodeHue onuineM OMHO MHTEPECHOE NIPUMEHEHne (hop-
myanl (10) B craTuctudeckon pusuke. Paccmorpum ra3 usa N 0IMHAKOBEIX k-MEPHBIX
TBEPLIX IMApoB auamerpa o > 0 Ha k-mepHOM TOpe TI’i co croponou L > 0. Beuu-
«may n = N/L¥ MoxHO HA3BATE CpEHEN IIOTHOCTRIO Ta3a, a

_ o"N|B¥|
(2L)*

CpeaHel 00BEMHON IWIOTHOCTBIO (3TO 9aCTh 06BbEMa, 3aHUMAEMAs [MAPAME, TaK KaK
o6mem ogHOrO Tapa pasen (0/2)%|B¥|). M canraem, uTo Maccsr mapos pasHE 1, u
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0603HAIMM KUHETUIECKYI0 dHepruio raza 1epes EN = (vi+---+0v3/)/2,rae E > 0 —
cpefHaA KUHeTUIeCKas dHeprus.

M3BecTHO, YTO AMHAMUKA TBEPBIX MIAPOB C YIPYTUMU COYIAPEHUSIMU CBOIUTCS
K OmuIinap gHOu 3a1a49€e B 001acT

Q=T"\ U Cij »
£

rae Ci; = {llai — ¢jll € o} — mmmmmgp, oTBevarOMI nEpeKPHITHAM (-TO 1
j-T0 mapa (HepeKPEITHA 3AIpPeIeHkl, TOITOMY IUIMHAPL yaammorea ua THY). 3a-
MEeTUM, 9TO OWIMAPAHAA IACTULA B 00aacTu () OBUXKETCA CO CKOPOCThIO V2EN, a
HE C €IVHUYHON, KAK IIPUHATO.

Hama ¢dopmyaa (10) mosBoaser paccauTarh CpeIHEE BPeMsa MEXAY MNOCAEI0BA-
TEJIBHBEIMU OTPAXKEHUAME OT OQ), T.e€. NOCAeI0BATEIbHLIMA CTOJKHOBEHUAME IIAPOB
BO Been cucreme. [ TOro Hago BerHuCaUTh |Q| u [0Q)|. BoramcanTs TOYHO TH
BEJIVNYUHBI HE HpeACTaBJIHeTCH BOE}MO)KHI)IM7 HOCKOJII)Ky HI/IJII/IH.I[pI)I C’LJ HepeCeKa.}OTCﬂ
IPYT C APYTOM BECbMA 3y TAaHHBIM 00pa3oM. HO MOXHO mOLyYnTh NpUOIMKEHHEIE
3HaveHus || u |0Q)| npu MaIBIX ILIOTHOCTSX p, ATHOPUPYS IEPECEeTIeHNs IUINHIPOB:

Q1 =L (1 +0(1))

2kp(N —1) N
oQ=——L 1+o0(1
0Q) = 22D 147 (14 o)),
rge o(1) crpemures k Hymo npu p — 0. [JeTamn BEMACICHUE MBI OCTABIAEM UUTa-
remo (cM. [2]). C momomsio (10) moxygaem

o(kN —1) - |SkN -1
2¥kpVEN(N — 1) - [N -2

rjie IPUHATO BO BHUMAaHME, 9YTO CKOPOCTh IBUXKEHUs JacTULHL B () paBHa V2EN.

IMonydennas ¢popmysna mpaBUiIbHASL, HO PUIUIECKM MAJO moJde3Ha. [[eqo B Tow,
4qT0 ra3 u3 N IIapoB Ha TOPE COXPAHAET MOJHBEIM MOMEHT V = vy + ...+ vy. Una-
9e COBOPS, CUCTEMa HE DProJUvHa — ee (Pa30BOe MPOCTPAHCTBO PACCIAMBACTCA HA,
MHBapMAaHTHEE MOAMHOroo6pasua V = const. fcuo, uro ecan ||V|| Bemmxo, To oT-
HOCHTEIbHEIE CKOPOCTHU IIAPOB MATHL (Ipu (PUKCUPOBAHHOU monHOU dHeprum 2EN,
pa3yMeeTcs), U CTOAKHOBEHUA npoucxoaar pexe. Ecau ||V|| mano, To mHaobopor, oT-
HOCHUTEIbHLIE CKOPOCTH BEIUKU M CTOJIKHOBEHUS IMIPOUCXOAAT darre. Takum o6pas3om,
dopmyaa (12) oxBaThBaeT He OLHY, a IEI0€ CEMEUCTBO PA3HLIX MOEIEN C PA3HOU
Beauaunou 7. Haubosee nurepecuas mogens — 310 V = 0, e BCSA SHEPTUsa TPATUT-
€S Ha B3aMMHOE JBUKEHHUE IapOB U HET OOIMIEro «BeTPay, KOTOPHIM HECET BECh I'a3 B
oguoM Hanpasjaenuu. Ha ¢pusuaeckom sabike, mogens V' = () HAXOAUTCs B PABHOBECHUU.

Yeaosre V = 0 onpegenser cevenne obnactu () mekoropou (kN —k)-meprou mioc-
KOCTBI0, 0003HAYMNM TIOIYIEHHOE cedeHue (Jg, B HEM OMATH MOJYIaeTCAa OuiIuap aHas
sagada (¢ orpaxenuamu oT 0Qg). Bce Takue cedenus obaactu () mapaLIeIbHEL U
KOHrpy»HTHEL, modToMy |Qo|/|0Q0| = |Q]/|0Q|. Ho nmockoneky obmacts (Jp Gyner
(kN — k)-mepnou, To dpopmyaa (12) pas mogean V = 0 npunumaer Buj

o(kN —k —1) - |SkN—k-1
2’“k(p\/ﬁ(1v —)1)|- |skN—k—|2| H(1+o(1)). (13)

- (14 0(1)), (12)

T =

7=
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dra GhopMyIa JaeT CpeqHee BPEMs MEX Iy CTOIKHOBEHUAMU BO BCEU CUCTEME, KOTO-
poe, oueBrIHO, cTpemuTcsa K Hyao npu N — oo. Ilonpobyem paccumrars cpenuee
BpeMH Mem,z;y nocaen0BaTeIbHBIMA CTOJNKHOBEHUAMM IJIA O,I[HOI'/JI TI/IHI/I‘*IHOI‘;I JaCTUILIBL.
HOCKOJIBKy B cuCrTeMe N TaCTULl, 1 B KAXI0OM CTOJKHOBEHUN y‘-Ia,CTByIOT ABE IaCTHUu-
IIBL, TO YMHOXUM T Ha N/2:

ONGN —k—1) SN EY
2k+1k,p /EN(N_I)_lskN—k—2| )

Oxka3BIBaeTCs, MOCIEAHAA BEINIMHA UMEET MOJOXKUTEIBHBIU mpegen npu N — oo.
Ipumenss (3) 1 IpocThIE CBOUCTBA MraMMa-(pyHKIUY, HETPYIHO MOLYIATD

1 =fN/2=

S JVTo
A}l_r)n()g T = S, JER 2 (14 0(1)). (14)
Nurepecno, 9To B Qpusuke cpeansas sHeprusa F ceasana ¢ remneparypou rasza T cran-
mapTHbIME cooTHOmenusMu: E = kT B gBymepnoM caydae (k =2) u E = 3kpT/2 B
tpexmepHoM (k = 3), 3nech kp — yCIOBHBIU MHOXKUTE/b, HA3LIBAEMBIN IOCTOAHHOU
Boasnmana. Iloncraeass st coorromenus B (14), momxyanm (or6pacoBas wien o(1),
T.e. CIATasA MIOTHOCTD MAJTON)

e L 1
ik =2,N=o00) =5 o
n
1
il ’ ) (20)*n/7kgT

MMocnexaue nBe GOpMyaBEl — HE YTO MHOE, KAK Kiraccudeckue ¢opmyasl Borbimana,
BBIBeJeHHEBIe oMuupudecku 6onee 100 mer Hazag. 3amMedaTeabHO, YTO TEOPUs OWLIA-
apJOB MO3BOJAET TATh MATEMATHIECKOE OOOCHOBAHME TeOpuM BoabiMaHa.
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