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O HEKOTOPLIX 3aJa'1aXx HCGBAOHGpMOﬂH‘IGCKOﬁ
TOIIOJIOT 11

Axanemuk PAH B. U. Apnoann

Jlextnsa, mpounTanuaa ctyaeaTaM MaTtemaTndeckoro Koameaxa He-
3aBucuMor 0 MockoBckoro YHuBepcuteTa 14 anpeas 1992 r.

Oqnue w3 Moux yduTeneir B matemaTuke, Ban ['eopruesuy [leTpoBckuii,
ropopui: «BceM, 4To s ciesan B MaTeMaTuke, s 0653aH He CTOIBKO TOMY, 9TO
S 9TO-TO 3HAJ, CKOJTBKO TOMY, 49TO fi 4ero-To He 3Ham. U mobamasia: «Bawxk-
Heliiredl nHGOpMallnell o mpobieMe ABISETCA TO, YTO OHA He pelieHay. B aTol
JEeKIHH i MOCTAPalch paccka3aTh O HEKOTOPHIX HEPEIIeHHKIX 3a/[adax «MCeB-
Jomepuondeckon Tomonorumy. [lceBronepnogudeckasi TOMOJOTHA CBA3aHA C
KBa3WKpHCTaLIaMi, noBepxHocTsiMu Depmu PU3NKH TBEPIOTO Teja, Xa0COM
B TeOpUU AUHAMHUYECKUX CHCTEM U C Teopuel ducen. deM 3aHUMaeTCs TCEB-
Jolepuondeckas TOMOJOTUSA, i TOCTapatoCh celdac OObACHUTH.

PacemoTpnm menounciennyio pemetky Z" C R™. Ilox nepuoduunocmoio
HEKOTOPOT0 06heKTa (cBoWcTBa) 6y/1eM MOHUMATh €0 MHBAPHAHTHOCTH OT-
HOCHTEJIbHO C/IBHIOB HA BEKTODPH u3 Z".

Hanpuwmep, auneiinas ¢pyskuns ax + by He mepuognydHa Ha MIOCKOCTH, HO
KapTHHA ee JNHUH YypoBHsA az + by = ¢ = const nepwogn4na (cMm. puc. 1).
Ecan a/b — pannonanbHOe 4ucio, TO KapTHHA OY€Hb MPOCTa: pa3HeceHHas
CBUTAMH TpsMas MPOXOTHT depe3 y3uael pemeTkn (puc. 2). Ecan a/b nppa-
[MHOHANBHO, KADTHHA YCTPOeHa CJIOXKHee; B JI0OOM ciaydae GyjieM CYHTAThH ee
CTaHIapTHOM.
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Puc. 1. llepunoguaHocTh CHCTEMBI Puc. 2. PesoHaHCHad JUHHA YPOBHA.
JHHHH YPOBHA JUHEHHOH
(hYHKIIHH.

YNPAKHEHUE 1. DBois6ume c643v xapmunbl Aunut YypoeHa AUHEUNHOU
Pynryuu ¢ passoxcenuem a/b 6 yennyio dpoow.

Pacemotpnm n-mepusiit Top T" = R"/Z" (pakTopnpocTtpancTso). B ciy-
Yae MIOCKOCTH (PaKTOPH3AIHsA O3HAYAeT, YTO MBI BHIpe3aeM e[MHUYHBIN KBa-
JIPATHK W CKJIEHBAEM ero MPOTHBONOIOKHEE CTOPOHBL (puc. 3).

[Ipu »>Tom mpsMas Ha MIOCKOCTH NMpPeBpaTHTCH B obmomky mopa. Ecan
a/b WppanmnoHaibHO, TO dTa 0OMOTKA fABASETCS BCIOAY MIOTHOW Ha Tope. B
TpexMepHOM (aHAJOTHYIHO B I-MEPHOM) CJIydae YCIOBHEM BCIOTY IMIOTHOTO 3a-
MOJHEHNUsI TOPA MOBEPXHOCThIO YPOBHS JHHENHOW (DYHKIHH SBISETCS OTCYT-
CcTBHe pe3oHaHca. Pe3oHancom HA3BIBaeTCS TakKas HeHYJeBas TPOWKa IeabIx
gucen k, [, m, ato ak + bl + cm = 0; 3mech a, b, c — xKO>PPUIHEHTH JHHETHONR
dyukunn az + by + cz.

Puc. 3. 'Top kak ¢pakTOp MIOCKOCTH IO pENIETKE.
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ONPEAEJIEHUE. Pyukyus Ha3bl6aeMCS TCEBAONEPUONNIECKON, ECAU OHA
ecmb cymma nepezonancuot aunetinot u nepuoduueckot (¢ pasuvimy €UHUYE
nepuodamu no 6cem nepemMennvin) Gynryui.

Hanpuwmep, B ofHOMEepHOM caydae NCeBAOTEPUOANIECKON ABIAETCS PYHK-
nns ax +b-sin 2wz, B caiyyae qByx mepeMeHHBIX TCEBIOTEPHOANYECKON 6y 1eT
dynkuns az + by + f(z,y), rae

flet+ky+) = flzy) (k1) eZ®

ITockoabKy Npu TETOYNCTEHHBIX CABUTAX JUHUN YPOBHSA MCEBIOMEPHOTH-
YecKnX (PYHKIHU MEepexosT CHOBA B JUHUU YPOBHS, dTH CeMeNCTBAa JHHUN
MOXHO paccMaTpuBaTh Ha Tope. Bcerga Jam TpW TPOEKTHPOBAHNU JWHUN
YPOBHSA Ha TOp 6y/eT MOAy4aThCs TJajgKas KpuBas?

YT10611 cBOGOIHO OPHEHTHPOBATHLCA B MOJTOOHKEIX BONPOCAX, HA MO MpeBpa-
THTH PYHKIAN B MPHUBHEYHYIO peanbHocTh! Hampnmep, mpenctaBasiiTe cebe
yHKIHIO ABYX MepeMeHHLIX KaK TropHylo cTpany. Torma BH yBHUJANTE, ITO
JUHWUT YPOBHS BBHICOTHI BOBCE He 0OSM3aHKI OBITH TaaknMn (puc. 4).

SATAYA. B mom mecme, 2de pexa ebimexaem u3 03epa, €20 6epeaa 0oblu-
Ho obpazyiom yzoa menvwe pazeéepuymozo (Heea, Ceupw, Anzapa). B mecme
enadenus amo ne max. [ouvemy?

Oco6BTe TOTKHN BO3HAKAIOT B TeX MECTaX, IJle KacaTeabHas MIOCKOCTh TO-
puU3OHTadbHA, T. €. f. = fé = 0. llepnoguyueckast gob6aBka f K JHHEHHOW
dyuKINN az + by BUOIHE MOXKET ¢e1aTh KacaTelbHYI0 MIOCKOCTh TOPM30H-
TanbHol: TaM, T1e a + f; = b+ f; = 0.

Wtak, iMHEAN HA TOpe MOTYT OKasaThCAd Kak raagknvm (mpumep: f = 0),
Tak u ¢ ocobennocTAME (puc. 5).

—>
Puc. 4. Ocobbie u HEOCOGRIE THHHH Puc. 5. IlceBgonepnogumieckne
YPOBHA BBICOTHI. KpHBBI€ Ha MJIOCKOCTH H HX

NIPpOEKOHHA Ha TOp.
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Puc. 6. CrasgapTHad GyHKIHA Puc. 7. DyHKIIHA BRICOTH Ha
BBICOTHI Ha cgepe. IpoehopMHPOBAHHOH cepe.

B MHOroMepHOM ciydae pedb HAET O COOTBETCTBYIOUINX MOBEPXHOCTSX,
JUHEAX X 0COBEHHOCTEl W T. .

DTa CUTyalns MOCTaBASeT MHOTOYNCACHHBIC HepellleHHble 3aJadun.

PaccmoTpnm raagkyo ¢pyrakunio Ha chepe. [IpocTenmny npuMepoM Ta-
KOH (PYHKIMH ABJAACTCS PYHKIHS 2z BHICOTHI; Ha puc. 6 n306pakensl ee JNHUN
YPOBHS.

[Tpon3BoOIBHYIO THAAKYI0 (PYHKINIO TOXKE MOKHO HHTEPNpPeTHPOBAaTh Kak
BLICOTY Ha NpejJBapuTelbHO MpoedopMupoBannoi cdepe. [Iposeras o6pat-
HyI0o Jed)opMannio, MOIYyINM Ha cepe KapTHHY JUHUH ypoBHS (puc. 7).

3anMeMcs MHOKECTBOM KOMNOHENM C6A3HOCMU JUHUN ypoBHS. B caydae
GYHKIHN z Ha cepe OHO MapaMeTpH3yeTcs 3HavYeHneM DYHKIHU, U NPocm-
PAHCM60 KOMNOHENM TIPeJCTaBIseT co60i oTpe3ok (puc. 8). /las mpnvepa,
1306PaKeHHOTO Ha PHC. 7, NPOCTPAHCTBO KOMIOHEHT NpeJCTaBiseT co6oH
6ykBy «Y» (pmc. 9).

f
/
/ A\
[ \
| /
\ /
AN /
| ——
Puc. 8. IIpocTtpaHCcTBO KOMIIOHEHT Puc. 9. /lepeBoO KOMIIOHEHT MHOXKECTB
JHHHH YPOBHA CTaHAapTHOH YPOBHA (BYHKIIHH BBICOTHI.

hyHKIIAH
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Puc. 10. IlpocTpaHCTBO KOMIOHEHT JHHHH YPOBHA (PYHKIIHH BBICOTHI HA TOPE.

TrOPEMA. [Ipocmpancmeo xkomnonenm 2aadxoti gynxyuu obuje20 noao-
ACENUS HA CPHEPE ABAAEMCA KOHEUNBIM DEPEGOM; AIOO0E KOHEUHOE DEPEGO PE-
AAU3YEMCA NOJTOOAUUM MHOLOUAEHOM.

YNPAKHEHUE 2. /Jatime onpedeaenue xoneuno2o depeea. Jloxasncume,
YMO YUCAO €20 6€PUIUH Ha | boabuie wucaa pebep.

3AMEYAHUE. llox ¢pyHKnHEN 0611€r0 MONOKEeHNs MOHUMaeTCs (PYHKIUS
U3 TOJXOMANIEr0 OTKPBITOTO BCIOAY TJIOTHOTO MHOXKECTBa B MPOCTPaHCTBE
dyukuui. Takyo GyHKIHIO B OKPECTHOCTH KaXK, IO KPUTHYECKON TOYKH TMO/I-
Xo/1Iell 3aMeHoll KOOpAHHAT MOXHO npuBectn K Buay % (z? + y?) wan zy.

CJIENCTBUE (®OPMYJIA DUIEPA). /as 2aadkoi dynxyuu na cfepe
(wucao maxcumymos) + (wucao munumymos) — (uucao cedea) = 2.

Teneps paccMoTpuM riiagkue GpyHKmun Ha Tope. [is GYHKINE BBICOTLI
IPOCTPAHCTBO KOMIIOHeHT u3obpakeno na puc. 10. [IpucTpanBas xk oToMy 1H-
K1y JepeBbi, IOIYINM IPOCTPAaHCTBAa KOMIIOHEHT g Oojee CIOXKHLIX (QyHK-
OHH.

TEOPEMA. Jas a10601 24a0k0tl @ynkyuu 0O0WE20 NOAONCEHUSL HA MOPE
NPOCMPAHCNE0 KOMNOHEHM COCTNOUM U3 00H020 YUKAL ¢ NPUCOECUHEHHBLMU
depeebami.

IIpn moneITKe J0Ka3aTh DTH TeOpeMEl HAaNGOJIBIIYI0 HEMPUATHOCTE JOCTa-
BAAIOT «kpaTepb (puc. 11). Ha pucynke m3obpaxensr BuI rpaduka (yHK-
W, TUHAH YPOBHS (depToUKa MOKa3biBaeT HANpaBleHHe MUHYC-TPaHeHTa,
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Puc. 11. Jluauwm ypoBHA W NPOCTPAHCTBO KOMIOHEHT BOJH3N KPaTeEPA.

T. e. OGBICTpeliero yOsBaHus (PyHKINN; B KAaPpTOTpapuu ee Ha3bIBAIOT «b6epr-
IITPUX»), @ TAKXKe COOTBETCTBYIONIAS 9aCTh MPOCTPAHCTBA KOMIIOHEHT.

CranoBuTCs scHBIM X071 0606menni. /luas «kpengensy (puc. 12) npocTpan-
CTBO KOMTIOHEHT COMEP:KUT MBA MUKJA, ..., IJIf MTOBePXHOCTH pojaa n («cdepa
C M PYyYKaMImy WIH «KPeHTelb ¢ N IBIPKaMIy) — 7 IHKJIOB.

[lo cux mop MBI 3aHUMANNCE CIydaeM mepuoandecknx QyHkuni (a = b=
= 0). Ecan ke pyHKINS Ha MIOCKOCTH TMO-HACTOSIIEMY TICEBIOMTEPHO[MIecKast
(omuH n3 KO>PUUMEHTOB ANHENHON YacTn He 0), TO OHA y:Ke He Ompejenena
Ha Tope. OJIHAKO, HA TOpe MOSBASETCS TEepeHeCeHHas ¢ MIOCKOCTH CHCTeMa
auHni ypoBHS GyHkunn ¢(z,y) = ar + by + f(z,y), rae f — nepmommdeckas.
Ecaun f =0, To ypaBHeHne g = const 3aaeT Ha MIOCKOCTH CHCTEMY MPAMBIX,
ecan f # 0, HO [OCTAaTOYHO Mafa (MaJoe BO3MYIIEHHE), TO DTA CACTEMa JHHIH
YPOBHS e NMeeT 0COBeHHOCTEH.

. ! I IR, . .
3anA49A. [Tyems |fl| < a, |fy| < b. Joxaxcume, umo 6 IMoM cAYUae Cu-
cmema Aunut ¢ = const Ha MOPE 6bINPAMAEME, M. €. CYUECMEYEM 2400KAA

Puc. 12. Kpengeas (cgepa ¢ JByMA pyIKaMH).



16 B. U. Apuounbg

I

Puc. 13. Heoamymiennas 6eperopas  Pwmc. 14. Boamyrmiennas
JIHHUA. [ICEB JOITEPUO JHIECK A
b6eperoBas JUHUA.

NEPUOIUUECKASL 3AMEHC NEPEMEHHBIL, NEPESOIAUAL CUCMeMY Aunut g = const
HG MOPE 6 CUCTNEMY NAPUAAEADHDIT NPAMDIT.

Pertenne sToil 3ajavu umeercs, nanpumep, B [2].

l'opaso uHTepecHe# caydail GOJBIIONO BO3MYIIeHUsA. PaccMOTpuM MHO-
xwectBo M, = {(z,y) : az + by + f(z,y) < c}. Ero qerko ce6e npenctaBnTh
Haraaano. [opHyto cTpany — rpaduk GYHKINN ¢ — 3aTONHM BOJAOH 0 YPOB-
ug c. [lonyanm Bogy, cyiry m 6eperoByio JUHMIO.

Hanpuwmep, ecan f = 0, To 6eperoBoii annnein 6yget npsmas (puc. 13), B
o0lIIeM cydae KapTHHA MOKeT O6BITh CIOKHON (puc. 14).

Hanpuwmep, ma cyme MoryT 6BIThH O3epa, Ha 03epaX — OCTPOBa, B MOpe —
OCTpOBa, Ha OCTPOBaxX — O3epa U T. . Ecam ¢ — Heoco6bIll ypoBeHb, TO HMe-
eTCs KOHeYHON MIMPUHBI TOJ0CA BO3MYIICHNS, BHEe KOTOPOH € O/HOW CTOPOHLI
~— TOJBKO CyIlla, a C APYTroil — TOJLKO Boja. IHTepecHo u3yInTh reoMeTpHio
DTON MOJOCHL. 3apaHee He ACHO, MOXKET JH B MOpe OLITh MPHUXO/AMIas n3 6ec-
KOHEYHOCTH «KOCay, WM Ha CYIle — NPUXOAANINN U3 6ECKOHEIHOCTH «KaHauy?
dopMaabLHO TOBOPSA, CYHIECTBYIOT JH OTJIHYHLIE OT OKeaHa HeOT paHMYIeHHBIe
KOMIOHEHTH MHOX)ecTBa M.7?

3ANAYA. ITyems a/b & Q, Pynxyus f — docmamouno 2aadkas. Tozda
HeoZpanuUeENHas Komnonenma muoxcecmea M. poeno odua.

SATAYA. Bepuo au amo dasa nenpepwvienot f?
(OTBeT: HeBepHo.)

YUPAXKHEHUE 3. ITyems a/b € Q. Ilocmpoiime npumep, xoz2da neozpa-
HUUEHHBIT KOMNOHEHM 60AbUE OOHOT.

B caywae riaknx GyHKUNH 7 MepeMeHHBIX HEOTPAaHWYeHHBIX KOMITOHEHT
ToKe He Goree ogHOH (cM. [3]).
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BoT ermte neckoanko 3a1a1 HCeBrl[OHepHOrE[I/I‘{eCKOfl TOIIOJOT N MIJIOCKHUX KPH-
BBIX.

3AnAY9A. Ilyems [ — 2aadrkas nepuoduueckas GynKyus mper NEPEMen-
ubiz ¢ nepuodom 1 no xaxrcdomy uz wux. Paccmompum neocobyo xpusyio

f(@.y,az +by) =0

na naockocmu ¢ koopdunamanu (z,y) (a,b, 1 necousmepumvr, max umo pa+
+¢b+ r # 0 npu yeaviz p,q,r # 0). Bepro au, wmo xaxcdas €€ xomnonenma
C6AZHOCTNU AENHCUM 6 NOAOCE, OZPAHUNEHHOT 06 YMA NAPAAAEABHBIMU NPAMBLMU
(zunomeza C. II. Hosuxosa) [{]V)?

3AMAYA. Paccmompum nams 6exmopoe6 v;, 6€0YUUT U3 YEHMPA 6 6€p-
WUHBL NPAEUABHO20 NAMUY204bHUKA Ha naockocmu. Cocmasum Pynryuo Ha

nJdockocmu
5

H(z) = Zcos(vi, z)
=1
(20e crobKu 03nAUAIOM CKAAAPHOE NPOUIEEJENUE) — CYMMY NAMYU NAOCKUT
6041 € HOPMAALMU V;. Bepno au, umo ece cea3uvie xomnonenwmol €€ aunui
ypoens oepanuuenvt? Cywecmeyem Au ckoab yeodno 60abulas KOMNOHENMA,
026aMbI6AIOUAR HY AT

PaccMmoTpnM Teneph TiceBAonepuOAnYecKne KPHUBLIE B TPeXMEPHOM MPO-
CTpPaHCTBe, a UMEHHO, JUHUH YPOBHS Maphl MCEBIONEPHOANIECKUX (DYHKIHH

az + by + ez + f(z,y, 2),
pr+qy+rz+g(z,y, z),

rae f, g — mepnogndeckue GYHKIUE mepuojga 1 mo Kax o nepementon. [Ipn
oTcyTcTBun Bosmymenni (f = g = 0) >Tn AUHEM — TpsSMBle, KaK JUHIH
nepecedeHusl TMIOCKOCTEH YPOBHS KaKIOH JHHEHHON (PYHKIHH MO OTAEIbHO-
ctu. Ecin KooppuunenTs JTUHEAHBIX (PYHKIHH HECOU3MEPUMBI, TO MPOEKIINA
Ka)KJOH TaKOW MPAMON Ha TPEXMEPHLIX TOP BCIOAY IIOTHA Ha HEM.

Ecan BosMmylienusi IpuCyTCTBYIOT, TO BCe KOMIOHEHTHI KPUBOH yPOBHS
JexkaT B TpefeNaX KOHETHOTO PACCTOAHUSA OT YKa3zaHHOW MPAMON, TaK Kak
[ KQyKJOW OTAeAbHON (PYHKIHA ee TpaduK OTKJIOHAETCA Ha OrpaHUTIeHHOe
paccTosHue OT HEBO3MYIIEHHON TMJIOCKOCTH.

[TPOBAEMA. CK0.bKO HEOZPAHUUEHHBIT KOMNOHEHN MONCEM UMEMb IMA
Kpueas?

B 1993 r. 11./[HIHHUKOB ZOKasal 3Ty IHIOTE3Y NI HOYTH BCEX d, b, OLHAKO IS HEKO-
TOPHIX UCKIIOUUTENHEX a/b oHa HeBepua (M. [Iwmuukos, I'. lapes).
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zw
>I
Puc. 15. HeorpanudeHHble JUHHT Puc. 16. HeposmymieHHoe
VPOBHSA Haphl oTOb6paXKkeHne IPOCTPAHCTBA
TICEB JONEPHO JHIECKHX Ha ILIOCKOCTH H €rO CJIOH.

hYHKITIH.

[unoTe3A. Onny.

ﬂ:OKa3aHO [7] 9TO HEOTPaHUYI€HHBIX KOMIIOHEHT HeYeTHOe lII/ICJIOQ).

Ecan @yuxknnu f, g amaanTtudeckume (T. e. pasiaraioTcsi B OKPeCTHOCTH
KaJKOIl TOUKH B cxojsmmiics psj Tennopa), To qobas HeorpaHUYeHHAS KOM-
noHeHTa Jubo 3aMKHYTa, and6o yxXoanuT o6onMH KOHIAMH B OECKOHEIHOCTH
(puc. 15). [lnst 6eckoHedHO THaIKNX f, g DTO He Bcerga Tak (movemy?).

[TpuMEP. Ecau f = 0, To MOXKHO CBECTH BOTNPOC K CIYYal0 MeHbIIel pas-
meproctu. U3 ycroBus ax 4 by 4+ cz = const Beipazum 2: z = ax + fy u
NOACTaBUM BO BTOPYIO (PYHKINIO, MOJYINM

pr+qy+yg(@.y,ar+Py) =0,

rae QyHKIuS ¢ Mepuogndeckas Mo TpeM NepeMeHHBIM. JTO ypaBHeHHe MOXKHO
3anucaTh B BH/jE

pr+qy+g(z,y) =0.

[TpaBga, pyukuus § y:ke He 6yAeT NepHOINTeCKON, HO OHa 6YIeT noumu ne-
puoduueckot.

3AJTAYA. CKOAbKO HEOZPANUUEHHBIL KOMNOHENM MOICEM UMEMb KPUGE A
na naockocmu (z,y), 2adannas smum ypasnenuem? Moxwcem au uzr wucao
6vimb 6oabute 17

> .
) J1. llaroBeM (cM. [8]) mOKa3aHO, 9TO KOAMYECTBO KOMIIOHEHT MOXeT GBITH CKOJb yIOJHO
BEJIAKO.
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Puc. 17. Cron Bo3MyIIEHHOT O Puc. 18. Ilocrpoenne kacaTeabHOH K
0TO6paKeHHA. CJI0I0.

DTOT BONPOC OTKPHIT?) Jaske i clydad, KOTAA ¢ — TPATOHOMETPH-

9eCKNH MHOTOUIeH (ecTh FHNOTE3a, 9TO IHCI0 KOMIoHeHT He 6ogee 1). Ho
KOHTPIPUMEpPHl HEU3BECTHHI U B ClIydae, KOrja ¢ — MNepuonnveckas Hempe-
pbIBHaA (PYHKIUA TpexX mepeMeHHbBIX.

PaccmoTpnu Temeph oTo6pakenne NTpOeKTUPOBAHAS:

R = R*: (2,y,2) — (z,7).

R? paccramBaeTcs Ha BepTHKaIbHEIE MpAMBIE — TMPOOGPA3H TOUEK; MOKHO
CYNTATh, ITO MPAMEIE MapaMeTpU30BaHEl ToUYKaMu miockoctn R? (puc. 16).
Teneps JOKaTBLHO BO3MYTHM Hallle TPOEKTHPOBaHUE, T. €. PACCMOTPHUM OTO-
OpaxkeHne

u:x—l—f(ac,y,z),

v=y+g(z,y,2),

riae f,g — raankue GUHUTHBE (T. €. OTAWYHBIE OT 0 JHUIIL B OTpaHUYeHHON
obractn) pyukunn. [IpoobpasaMn Tovek Tenephb CTAaHYT KPUBHIE, COBMA A0
e ¢ NCXOMHBIMU TMPAMBIME BHE OTpaHWYeHHOH obaacTn (puc. 17).

DTu KpUBHEE MOTYT UMeTh ocobeHHOCTH. [lelicTBUTENRHO, KaXgas KpH-
Basi MmoJydvaeTcs KakK MepecedeHne MOBEPXHOCTEH YPOBHS KaxKIOW (DYHKIHH
o OTJAeNbHOCTH. JINHUA UX TepecedeHns TIaIKas B TeX TOYKAX, Tle HMeeTCs
KacaTedbHas. A KacaTelbHas HaBepHSKa OompejeNeHa TaM, T'le KacaTelbHbIe
IJIOCKOCTH K MOBEPXHOCTSAM PA3JUYHBI: IpsMas Mepecevdenus DTHX MIOCKOCT el
W eCTh KacaTelbHas K Hailell kpuBol (pmc. 18). Tam xe, rme xacaTerbHble
MJIOCKOCTH COBMAJAIOT, MOTYT MOSBATHCS OCOGEHHOCTH KPHBOM.

3
Mlocae TOr0, KakK 3Ta JeKNus OblIa MpovYnTana, 3TOT Borpoc 6bin pemter W. /IpiaEUKO-

BBIM: KOMIIOHeHTa Beerja ogua. OaHako obuas npobiema, B KoTopou u f, U g He paBHbI 0,
0CTAeTCH OTKPHITON.



20 B. U. Apuounbg

[TPUMEP. HyseBas JnHHS YPOBHS NOBEPXHOCTH z = ZY HMeeT OCOOEH-
noctsb (puc. 19).

Asrebpanveckn ycioBue HeCOBIA[eHUS KACATEIbHBIX MIOCKOCTEN eCTh yC-
JIOBHE, 9TO PAHT HEKOTOPOW MATPWUIIBl N3 YaCTHHIX MPOM3BOTHKIX (COO6Gpa3-
Te, KAKOM) paBeH [BYM.

TEOPEMA. Jas napot pynryuii f, g 061u€20 NOAOHCEHUA MHONHCECTNEO OCO-
6blz MOUER €A0€6 (20€ KACAMEAbHBIE NAOCKOCMYU noseprHocmetd u = const,
v = const coenadatom) seasemes 2aadkoti Kpue6oi.

Manee, ocobble TOUYKH MOTYT OBITH IAAUNMUUECKUMYU, KAaK B CIydae MO-
JeIBHOTO OTO6pakKennd u = z, v = z + 22 + y?, u 2unepbosuueckumu, Kak B
crydae u = 2z, v = z + 22 — y%. Bug c10eB B OKPECTHOCTH DITHITHICCKOH 1
runepbouYecKoll TOYKH mokKaszaH Ha puc. 20, 21 cooTBeTCTBEHHO.

Broas inunn 0co6BIX TOYEK HX XapaKTep MOXKeT MeHAThCs (puc. 22).

[TpuMEP. /lasg oTobpaxkenus v = z, v = 2+ & — 2z + Yy C TeUeHHeM
«BpeMeHm» MPONCXOIAT nepecTpoikn (puc. 23).

B onucannon CATYyallll BO3HUKAIOT MHTepeCHbIe HpO6JIeMH:

> HaiiTu npocTpaHcTBO KOMIOHEHT (B HEBO3MYIICHHOM CIydae DTO ILIOC-
KOCTD, B O6IIIeM — HEKOTOPBIH JBYMEpHLIH KOMILIEKC; HaJO €ro OIH-
caTh).

> Kak Bauser Tonosorus Maoroo6pasus-npoo6paza (R? B mamewm cayuae)
Ha DTOT KOMILIEKC?

[TpumMEP. [as oTo6payenus u = 2z, v = 2+ x> + (z2 — 1)3@ + y2 KOMIIJIEKC
KOMIIOHEHT HMeeT BUJ MJIOCKOCTH C NMPHUKJEEHHBIM MO JUAMeTPy MOJAYKPY-
roM (pI/IC. 24). Todkn moayKpyra COOTBETCTBYIOT 3aMKHYTHIM KOMIOHEHTaM,
OTPaHUYINBAIOIIAM €T0 YT — TOYeIHBIe KOMIOHEHTEI (pI/IC. 25).

e Pam u Bropae cpopmyanpoBaan runotesy [lyaunkape (ognocBssHOe 3a-
MKHYTOe TpexMepHoe MHOTroobpasme muddeoMopdHO chepe) B TaKUX Tep-
MUHAX: 6CAKOE 3AMKHYMOE O0OHOCEAIHOE MPETMEPHOE MHO2006DAZUE UMEEM
0MOOBPAINCENUE HA NAOCKOCTD, Y KOMOPO2O 6CE 0COOBIE MOUKYU IAAUNNMUYE-
cxue [5].

SATAYA. Bepno au, umo xaxucdas 3aMEHYMAL 02PAHUUEHHAS KOMNOHEH-
ma npoobpaza mouku npu omobpaxcenuu obuyeeo noaoxcenus R® — R?, co-
6nadaoujem ¢ AuHelinblM paccaoenuen (z,y,z) — (z,y) 6ne wapa, 3ayende-
na ¢ kpueot ocobvir mouex? Hueem nenyaeeot xoadduyuenm sayentenus c
Heti?
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Puc. 19. Her.ragkoe nepecederne Puc. 20. Cron B6IH3H 3/LTHOTHIECKOH
napaboJjonga u MIOCKOCTH. 0co60H TOUKH.

——

Puc. 21. Croun B6au3H Puc. 22. Ilepectporika Ha rpaHuIe
rHIep6OINIeCKON 0CO60H runepb6oJdH9IecKkux 0
TOYKH. SIIATTHIECKHX OCOOBIX
TOYEK.

_9>>_>

Puc. 23. IlepecTpoiika ceMeHCTBa JHHOH YPOBHA 12 KOH (DYHKIIHN Ha
IJIOCKOCTH.
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Puc. 24. Kowmmiekc KOMIOHEHT. Puc. 25. Adelika 3aMKHYTBIX CJTOEB H
ocoOFlIe CJIoM.

3A1A9A. Cywecmeyem au omobpascenue R3 — R?, cosnadaowee ¢ au-
netinpim paccaoenuen (x,y, z) — (T,y) 6HE wapa, umMeOUEE 2UNEPOOAUUECKUE
U HE UMENUEE IAAUNTNUYECKUT 0COOBIL MOUEK?

(OTBeT: cymecTByerT.)

Kaxk BbBITJAAINT COOTBGTCTByIOIHI/II;I KOMILIEKC? (yKa?:aHI/IeZ MHOZKeCTBO KpH-
THYCCKUX 3HAYCHUH MOXKET MMeTh BH T BOCBMepKI/I.)

3AAYA. Paccmompum cemeiicmeo nce6donepuoduueckus Kpuebls — ca0-
€6 (npoobpazoe mouex) npu omobpaxrcenuu

u:aib—l—by+cz+g($7yvz)7
($,y72)'_>{ v:dm+6y+fz+h($:y:z)7

20e a,b.c,d,e, f — uucaa obwezo noaosxcenus, ¢ u h — I-nepuoduueckue
no mpem nepemennvim 2qadxue Pyuxyuu. Bepuo au, umo waxncowvli Heoco-
oviii caoti (u = ug, v = Vg) UMEEM PO6HO OOHY HEOSPAHUUEHHYIO KOMNOHEH-
my? (Koneuno, docmamouno paccmompems cayuat, xoeda b = 1, ¢ = 0,

f=1,€=0.)

3AnAY9A. Ilpednoaoscum, umo omobpadxcenue npedvidyuieti 3adauu e
umeem ocobbir mouex. Joxaxcume, umo omoGPaANCEHUE 6bINPAMAAEMCA NEPU-
oduueckun dudeomoppuamon mpermeprozo npocmparncmea (npueodumcs k
6udy, 2de g u h moxwcdecmeenno pasuwvl ny.110).
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