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Results of the 2015 year

Results in additive combinatorics.

We study an algebraic equation P(z,y) = 0 over a field F),, where p is a prime.
Let P € Fy[z,y| be a polynomial of two variables « and y, G be a subgroup of Fp.
We study the upper bound of the number solutions of the polynomial equation,
such that x € ¢1G, y € goG. The estimate

#{(z,y) | P(z,y) =0, 2 € g1G, y € g2G} < 16mn*(m +n)|G[*/>.

is obtained using Stepanov method. This estimate was obtained by a different
method in the paper [1]. We improve this estimate in average.

Let us consider a homogeneous polynomial P(x, y) of degree n such that deg P(x,0) >
1, P(0,0) # 0 and I,...,1; belong to different cosets g;G. We estimate the sum
Np, of numbers of solutions of the set of equations:

P(z,y) =1,, i1=1,....h, x€g1G1, y€ g2G.

Then the sum Nj, does not exceed 32h3/4n°|G|?/3.
Now let us consider some generalization of the additive energy which we call
polynomial energy. Polynomial energy is the following

EL(A) = #{(x1,y2, 22, y2) | P(x1,91) = P(22,92), 21,Y1,%2,92 € A},
where P(z,y) € Fy[z,y] is a polynomial.
12
Theorem Let us suppose that 100n° < |G| < (§), P € Fp[z,y] is a homoge-

7q+16

P
neous polynomial. Then the following holds: if ¢ < 3 then EL(G) < C(n,q)|G| 12 ;
if ¢ =4 then E} < C(n, Q|G % In|G;
if ¢ > 5 then EL(G) < C(n,q)|G|*+5, where C(n,q) depends only on n and q.
The results of the talk can be found in the paper [2].
Results in analytic theory
Consider the system

(1) Y(z+1)=A(2)Y(2)

of linear difference equations, with a rational coefficient n X n-matrix function
A(z) = A.2" + ... + Ap. Birkhoff proved that the class of meromorphic equiva-
lence of such systems is described by a set of characteristic constants {p;}, {cg;)}
Birkhoff also studied the inverse problem (Generalized Riemann—Hilbert problem
for difference equations).

We improve the Birkhoff’s result of inverse problem. We prove that for any set
of eigenvalues p1, ..., p, of the matrix A,, such that p;/p; ¢ R for i # j, there are
matrices Ag, ..., A,_1, such that the system (??) with A, = diag(p1,...,pn) has
the given characteristic constants {dy}, {cg)} Birkhoff has proved that there are

the system with constants {dy + lx}, {c,(j)}, where [}, are some integers.
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O6i1muit utor 3a 3 roga.

TemaTuka, B KOTOPOii s1 paboTaJsI IOCEHIEe TPU T'Oa COCTOUT U3 IBYX HAIIPABJICHUIL:
aHAJUTUIECKON Teopun nuddepeHmaabHbIX YpaBHEHUN U aJIUTHBHON Teopun
qUCeI.

B nepBoit ObLIH JOCTUTHYTHI BA OCHOBHBIX PE3YJIbLTATA!

1. O6obIIen Ha cIydail CHCTEM C UPPErYISPHBIME OCOOBIMA TOYKAMU KPUTEPUil
Nnbamenko- X0BAHCKOTO Pa3pelmMOCTH B KBAAPATyPaX CUCTEMbBI IMTHEHHBIX 1 depeHITnATbHBIX
ypaBHEHUH ¢ MaJIbIMU KOI(DDUITMEHTAMI.

2. Ycusena teopema J>k. Bupkroda o pasperumoct 0600IEHHON TPOOJIEMBbI
Pumana-T'unbbepra mj1st THHEAHBIX PA3HOCTHBIX YPABHEHUN. DTOT PE3YILTAT TOTOBUTCS
K nyOsukanuu. Bo3MOXKHO, OH sIBJISI€TCS JIy4IIUM 38 JAHHBIA IEPUOI,.

B oburactu agmuTuBHON Teopuu Yuces MMEIOTCS J1Ba 0000IIEHNs Pe3y/IbTaTa,

oty aernnoro panee muoit u 1. 1. IITkpe oBbIM 00 OTIEHKN MOIITHOCTH IT€PECETeHUS
AU TUBHBIX C/ABUI'OB 1VIy.HbTI/IHJ'H/IKaTI/IBHOI71 DOArpyHnIbl IPOCTO'O KOHEIHOI'O ITOJIA.

A Takke MMeeTCd HOBBIH pe3yJbTaT O 4mcje pemenuil ypasaenus P(x,y)=0,
[IPUHA/IEXKAIINX 38/ IaHHOM HO/IrpyIIIe F; .

B mestom cuamraio mmam BbimosiHeHHBIM. [losydmiiocs Tak, 9TO 3a yKa3aHHBIN
[IEPHUOJT, Y MEHsI BBIIIO MAJO Cepbe3HBbIX MyOJUKAINN. DTO CBA3aHO B OCHOBHOM
¢ nepuogom 2011-2012 romos, Korga s 6oJiest. Ceifgac, TOJIBKO 9TO, BBIILIA CTaThs B
Arnold Mathematical Journal, kpome 3TOro nmojgaHbl B revarh eire 3 paboThl, OIHA
13 KOTOPBIX YK€ IIPUHSTA.

[Tnan mpenogaBaTeIbCKO JEATETLHOCTU CAUTAIO BBIIOJIHEHHBIM TIOJTHOCTHIO

Papers

[1] (With R.R. Gontsov) Solvability of linear differential systems in the Liouvil-
lian sense // Arnold mathematical journal , Volume 1, Issue 4, P. 445-471, 2015,

The paper concerns the solvability by quadratures of linear differential systems,
which is one of the questions of differential Galois theory. We consider systems
with regular singular points as well as those with (non-resonant) irregular ones
and propose some criteria of solvability for systems whose (formal) exponents are
sufficiently small.

[2] (With I.D. Shkredov, E.V. Solodkova) Intersections of multiplicative sub-
groups // Mathematical notes, 2016, (to be appear).

The paper is devoted to some applications of Stepanov method. In the first part
of the paper we obtain the estimate of the cardinality of the set, which is obtained
as an intersection of additive shifts of some different subgroups of F};.

[3] (With S. Makarychev) The number of solutions of polynomial equation over
the field F,, and new bounds of additive energy // Proceedings of the Conference
Diferential Equations and Related Topics, 2015, p. 24-26.

An algebraic equation P(z,y) = 0 over a field F,, where p is a prime is studied.
Let G be a subgroup of F;. We study the upper bound of the number solutions of
the polynomial equation, such that x € g1 G, y € g2G. The estimate

#{(x,y) | P(z,y) =0, 2 € 1G, y € g2G} < 16mn2(m+n)\G|2/3.

is obtained using Stepanov method. We improve this estimate in average. (The
extended version of this paper has been submited to journal.)
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Scientific conferences and seminar talks

Talks:

1. Conference Diferential Equations and Related Topics in Zaraisk, talk: "The
number of solutions of polynomial equation over the field F, and new bounds of
additive energy June 11-12, 2015.

Seminar talks:

2. Analitic theory of differential equations in Steklov Mathematical Institute -
several talks.

3. Seminar on Complex Analysis (Gonchar Seminar) in Steklov Mathematical In-
stitute, talk: "On the generalized RiemannsB“Hilbert problem for linear difference
equations".

4. Seminar Contemporary Problems in Number Theory, talk: "On the number
of solutions of polynomial equation P(z,y) = 0 over F,, such that x and y belong
to some subgroup of F,".

Teaching

[1] Analitic theory of differential equations (lectures) Special course in HSE and
IUM (joint with V.A. Poberezhny).

Program

Linear differential equations: Riemann—Hilbert problem, isomonodromic
deformations and Painlevé equations

1. Riemann—Hilbert problem

2. Vector bundles with connection

3. Isomonodromy deformations

4. Schlesinger equation

5. Painleveé equations

[2] Diferential equations and isomonodronic deformations (scientific seminar for
students in HSE, joint with V.A. Poberezhny)

[3] Analitic theory of differential equations (scientific seminar in Steklov Mathe-
matical Institute, joint with V.P. Lexin, R.R. Gontsov, A.V. Klimenko)

I have teached the exercises of Calculus, ODE and PDE.
I am a supervisor of 5 students. Student Victoria Malyasova has passed your
graduate thesis under my supervision.



