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?A@4B%CEDFCEGHC8IKJ<LEMONQPSR�PUTWVXJ<LHJ8PZYO[E\Z]_^
@a`bLdcONQCeR�PfJ8PgYO[K\g]8h
ikj PgYml�nECKNdCEYO]oneDFprqsPEt
u LQq)NQCEvF[EqsCwYFLQxF]OGHPgNEPkDFLETgxO]FTWqFpEI2nwNEpyR�P
j ]OYOpsNQpz]m{znKCE|g[ j PgNQPK^
@8}�L~xOCK|gnKCQvF[�NQPEIZqmLQqUR�P j YFP�xO]8TgLQNE[%D8LETWxF]FTWqOpOh
� DOPgR�J<P�YOprReYFC�nE]sJ8PZNQ[�J8PgYF[E\g]�^ �S]OcO]FqrCEn
nE��xFpKTWNQ]mv�]O|�DOpsq��Kp j L�R�qO]���CK�KLQqsPgnE]FcOpEI
qrCKNQCEDF��M_I xODF]O�QvF]O|Z]OnEG�]FTW[ q TWNQCEvFp ]
YFLEqODO��nEG�]o]m{oxFL�vF[K�FL j ]zv8PgnECKMoDOpsqO]_ImJ8DOps\gCKV
YFLExO]FTgLQv�Y8L*vFCKTgqOpsNQqrP��Ep j LQ\Z]_IUcONQCk|ZL>J9LQNQCKq
J8nrL>J8�FLENQ[�xmlONQ[�DOps�EvFPgM�\gCKTgpZJ<LEDFTWNQnKPgYOYO� j ]
LETZTW]O\ZYFLQ�O]Ol j ]�|�L�xODOC�J<LEYOYO��P�J8psGH]�xOCQv8prcFPgY
TWxFCQvFYFLF^ �
�e���'���8�������<�r�X�¡ £¢Z¤¦¥
§8¨f¢ª©s«9¬®°¯�±a�A�9²Q³Q²�´K�

µ ¶¸·�¹»ºU¼o½*¾S¿�ÀUÁo¾SÂ Ã�ºUÄ�Å°¾bÁoºHÆbÇ�¾ ¼o¾bÈ4É�·X¿�·°ÁoÊ2Â
ÄX·°Ço¼o·°Å°¾

Ë4ÌrÍ4ÌKÎÏÌ�Ð_Ñ�TWNQ[�qrC j Y8LQN>LepsxODFLEnQvFPZYO]ml�TWPZqODOPgNEYOCEM�D8LQqrPZNQCEM�IOxODOPg|Z]sJ8PgYFN>I j ]OYO]FTgNQD
CE�ECKDOCEYF� ]�YFL>cFL�vF[KYO]Oq�qrCKT j CZJ8DFC j LO^8`SprR�YOC�TÒJ8PWv8LENQ[�|ZL j CEq�ÓÔTg]FTWNQP j po|�L j qsCEnrÕ
N>LEqO] j CE�KDFLQ|gC j IscONQCK�E�bÖ
× }HnEPZDO[ j C�R�PZNeCENQqODF��NQ[�qsL�RdJ8��M�]O|bNQDOPW{
Ø'ÙKÚÛÙrÜ¦Ý¦Ù<Þ nK�XJ<LQNE[dqsLQRdJ8C j p2xOCeqmvFV'cOpzCENd|�L j qmL

ß }HnEPZDO[ j C�R�YOCeCKNQqODO��NE[eNECQvF[KqrCexODO]�TWCK\¡v8LKTW]O]onKTgPW{2NQDOPg{
Ø'ÙKÚÛÙrÜ¦Ý¦Ù<Þ TÒJ8Pgv8LQNQ[eNEDO]�DFLE|gYO�°{z|ZL j qmL

ßfà ÑaTáv8]�DOPgcO[�]sJ8PgN�YOPSCeqmv8V%cFLQ{9IFLdCexFLEDOCQv8P�h
∗ âÏãáä>åAæ>çAè>éWê>ë>ãáìWí¡î�êfî�çAè>ï>ê>ð®ñ<î�í�ò>ê>åóîQí�ì%â¦ôÒò�ê>ä>ãáì°êfõ�î�çAèZåAçAöf÷4ê>çAìáåAè>ê>öKø
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�����������<Ù��¦ÙrÚÛÙrÜ ÝÏÙ<Þ xODOCrTWNQC'J<LQNQ[SqsLQR�J8C j pUxOCfxFLEDOCQvFV�I�LfCE�! �]OMHx8LQDOCEvF[
xOCQv8prcF]ONET¡l_IOPZTáv8]onEnKPZTgNQ]zxFCZJ8DrlsJ�NQDF]�xFLQDFCQvOl_ImN>^ PE^

p = "�#!$%$'&�(*),+
-�Ý��.���<Ù/�ÏÙKÚÛÙrÜ¦Ý¦Ù<Þ10 NQC qsCE\¡J<L CE�! �]OM»xFLEDOCQv8[y@ 0 NQC qmLQqsLQlm@ YF]O�EpZJ<[
2SpsYOqO�O]mloCKNdnrTWPW{2NQDFPW{zx8LQDOCEvFPgM_ImY8LQxODO] j PZD_Ö

p = ((p1 + p2 + p3) mod N)

354 qsLEq�TÒJ8PWv8LENQ[�N�LQq_IÏcONQCE�K�wxFLQDOCEvF[ j CK\¡v8]�nKCKTgTgN>LEYOCEnE]FNQ[�v8V%�E��P�J8nKL�]O|
NQDOPg{Oh76-nECECK�! HPKIrnKCE| j C>R�YOC�vF] 0 NQCsh
8 �.99Ù:��Þ nECK| j C�R�YOC8^�; NQC j I9qsLQq 0 NQCoTÒJ8PWv8LENQ[FI<qmLQq�DFLE|H]�D8LETgTgqsLQ|Z��nKLEPgNET¡l
n 0 NQCKM�TgN>LQNE[EPE^

< = ÆU· ¼�·�¾S¿oÊoÈ°¾�>zÊoÊ ¼�¾bÈ4É�·X¿�·°ÁzÊzÂ Ä�·°Ço¼�·°Å°¾
u DO]OxONQCK\gDFL?2S]OcOP�TWqO]OM�xODFCENQCKqrCQv @ 0 NQC�CKTWYOCKnEYOCKP¸xOCKYmlONQ]OP NQPgCKDOPgNQ]FcOPZTWqsCEM
qODO]OxONECE\gD8L!2S]O]_^ � CZJ£xODOCKNQCEqsCQvFC j xOCEYO] j LQPgNKTÒl*DFLETgxODOPáJ<PWvFPgYFYO��M£L�vF\ZCEDO]FN j T
J8nEp j l ]mvF] �KCQvFPZP6pscFLETWNEYO]OqsL j ]_^ � DOCKNQCEqsCQv lOnQvOlOPZNETÒl qODO]FxONQCE\ZDFL!2S]OcFPZTWqF] j I
PZTáv8] CKY DOPgGdLQPgN*xOC£qODFLQMOYFPgM j PgDOP C�J8YOpk]O| NQDOPg{-|�L>J<L>c qODO]OxONECE\gDFL?2S]O]A@
CE�EP�TWxOPZcOPgYO]FPEÖ

• B �DC�EF�GDHIC�J�F8²Z�<�!C8�DKMLNF
•
J�HA�<�OKIL�CF�OKIL�F

•
C�Hg�PL*KA�QHSRTF8³Q²�HVUb�OKIL�F

;'xODFPáJ8PWv8PgYO]OP qODO]OxFNQCE\ZDFL!2S]OcFPZTWqsCE\gC xODOCENECEqrCEv8L nEqmvFV'cFLQPZN n TgPg�>l
DFLQ|gvF]OcOYO��P¸qsC j xOCKYOPgYONE�bÖ pscFLKTWNQYO]FqrCEn xODOCENECEqrCEv8LOI6qmLQYFLQvF� TWnElO|g] j PgR�J8p
prc8LETWNEYO]OqsL j ]_I L
N>LEqmR�PzvF]O�KC®L�v8\gCEDF]ON j �bIÏ]FTgxOCQv8[E|gpEP j ��PzpscFLETWNEYO]OqsL j ]_IÏvF]O�EC
xOCKTgN>LQYFCEnEqFp�NQCKMo|ZL�J<L>cO]_ImqrCKNQCEDFprV xODOCKNQCEqsCQv�xODO]O|ZnKLQYoDOPZG�LENQ[F^

WYXSZ,[Q\^]'_!X'`,[�a.Z �cb
d
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f Ðhg_Ðji �k���!� Ì Ü���9�l ÌnmKÌrÍ4ÌKÎ Ý

��prNE[6|�L>J<L>cO] CKcOPgYO[6xODFCKTWN�L @�qFNQCQ@ NQCFI�Y8LQ|gCKnEP j Pg\gCpo°LETÒl�@�|gYFLEPgN6YOP�TWqrCEvF[EqsC
TWPgqFDOPgNQCKnFIHTgqsLQR�P j �!q �O]�2SDw�KLQYFqrCEnrTWqsCE\gC£TWcOPZN>LOIHYFL£qsCENQCKDO��M�CKY�xOCQvFC>R�]mv
j ]mvOvF]OCKY J8CEvOv8LQDFCEnF^r6 nECKNso°LET¡l DOPZGH]mv CrTWN>LEnE]ONE[6PZ\gC n YFLETWvFPáJ<TgNQnEC TgnECE] j
GHPZTgNQPgDF� j J8PZNZl j IsYFCHCKY�YFP%{KCENEPWv�IrcONECE�E� J8PgNE]zTZTWCEDF]mvF]FTg[H]O|W@ |ZLbJ8PgYOPZ\áIrn�NQCHR�P
nEDOP j l�YOPb{KCKNQPWv�YF]OqrCK\gC�nE�XJ8PgvOlONQ[FI8xOC 0 NQC j p�TWqmLQ|ZLQv�qsLQRdJ8C j poxOC ��q @ |ZYFL�cFYOC j p
cO]FTáv8pEI%CKNZvF]OcFYOC j p*CEN DFPZL�v8[EYOCK\gC YOC j PgD8L ] CEcOPZYO[ xOC�{KC>R�Pg\ZC YFL Táv8prc8LQMOYOCKPE^
4 YFC j PgD*xOCQvFpscFLQv8T¡l_IXP�TávF]£TávFC>R�]ONQ[6nrTWPut cO]FTgPWv*]*nE|glONQ[6xOPgDOnK��P ��q �O]�2SD
xOCQvFpscO]FnEGHPZ\gCKT¡l£cF]FTáv8LF^wv�LQqF] j CK�EDFLE|gC j I%CKYO]-T j CK\gpsN�xFCQvFpscO]ONQ[ 0 NQ] J<PgYO[K\g]
NQCE\¡J<LOIOqrCK\ÒJ<LdnKTgPSn j PZTgNQPbxODO]sJ8psNene�rLQYOqo]�TgqsLQRepsNe�KLQYFqO]ODOpxtdqsCZJ<CEnF^
yz����{ Ì}| Ý mKÌ.~ Ý�� Ð
v�PgxOPZDO[ |ZLExO]OGH] j 2SCED j LQvF[EYF��P NEDOPg�KCEnKLEYO]ml_I qrCENECEDO� j J<CQvOR�PZY

pZJ8CKnQvFPZNQnECKDKlONQ[dxODOCKNQCEqsCQv�Ö
• � LE|áJ8PWvFlONQ[�TgPgqODFPgN m ∈ [1..N ]

j PWRdJ8p
n
pscFLKTWNQYO]FqsL j ]

• � V%�K��P t
]O|bYO]m{ j CK\gpsNdnKCKTZTWN>LEYOCEnK]ONQ[

m

• � V%�K��P t − 1
]O|SYF]m{o`�6b�SÑ 3 ;*YOP j CE\ZprNeps|gYFLENQ[exODOC

m

f Ðhg_Ð f ��� Ù}{ Ìn�7|�� l | Ý
;~J8YOCEM ]O| TgL j �°{�Y8LQ\�vOlsJ8YO�°{ T¡{KP j DOPZLQvF]O|ZLE�O]O] xFDOCENQCKqrCEv8L�� � LQ|áJ<PWvFPZYO]mlTWPgqFDOPgN�L

“
@
lOnQvOlOPgNKTÒl T¡{KP j L ß v 0 qmvF]_IdqrCENECEDOpsV�CKYwxODO]sJ8p j LQvyn ù��}�O� \ZCZJ8pK^

ß v 0 qmvF]�I�N>^ q_^�nK]sJ8] j C vFV'�E]mv)\gPZC j PgNEDO]OVHI�qrCK\ÒJ9L-P j p xOCEYFL�J8CE�K]mvFCKTg[knQJ8DOps\
DOPgG�]ONQ[�N>LEqOpsV�|ZL�J<L�cOpKI�TWDFLE|gp�nKTWxFC j YO]mvª|ZL j PgcFLQNEPWvF[KYOCEPeTWnECKMFTWNEnECzxmvFCrTWqrCrTWNQPZM
n xODOCrTWNQDFLEYFTWNEnEP
@eCKYO]�xOPZDOPZTgPgqsLEV%NET¡l n � Í ÜY������� Î l�Ù IXN>^ PE^�PZTWvF] j � J<L>J8] j
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qsL�RdJ8C j p�xOCexOvFCKTWqsCKTgNQ]_IONQCenrTWPSnENQDOCKP j CEYF]zxFCQvFpscFLEN�NECEcOqOpKIFLdxOCeCENgJ<PWvF[KYOCKTgNQ]
�EPZTgqrCKYOPgcOYOCKPfcO]FTWvFCeNQCKcOPgq Ó xODrl j prVSÕáI8N>^ PK^FTWCK�KTWNEnEPgYFYOCd\gCEnKCEDrl Ü¦Ý Î Ù:�!� ^

yz����{ Ì}| Ý mKÌ.~ Ý�� Ð
;'xO]FGHP j IZcOpsNQ[%�KCQvFPZP�2SCKD j L�vF[KYOCFIgT¡{KP j p�? e ]O|

n
�áIZN>^ PK^ZP�TávF] j �ª{KCENQ] j IZcONQCK�E�

vFV%�K��P�NQDO]®pscFLETgNQYO]OqsLFI�TWCE�KDFLQnKGH]FTW[FI j CE\�vF]
ps|gYFLQNE[oTWPgqODFPgN>I�L � ]mvF] j PgYF[EGHP�@
YOPgN>^
���ÏÙ ÍY� ���!� | l¦ÝXÞ
•
o°TWP'J8PgvFCexODOCK]FTÒ{KC�J8]ONeneNQDOPg{ j PZDOYOC j xFDOCKTgNQDFLQYFTgNQnEP

•
vXDO]�xmvFCKTgqrCrTWNQ]ÛCE�! �Pg\ZCoxOCEvFC>R�PgYO]ml�ÓÔ\gDOps�KC�\gCKnECEDrl�@'xmvFCrTWqsCKTWNE]
J8CEvOR�YO�
xOCEx8LQDOYOCexOPgDOP�TWPZqsLQNE[KT¡l8Õ�CExODFPáJ8PWvFlOV%NeNQCKcOqOpK^

Ë4Ì {SÙ ÎÏÌ Ü ÝÏÙ i<Ð u C j xO[EV'NQPgD YOP vFV%�K]ON nEP� HPZTgNQnEPZYOYO��P cO]FTWv8LOISxOC 0 NQC j p j �
DFLETZT j LQNEDO]OnKLEP j e @ { j PgDOYFCEP�xFDOCKTWNEDFLQYFTgNQnECÛYFL�J��OPWvF� j ] cF]FTáv8LªxFC j CZJ8p>vOl " IN>^ PK^

Z
3
p

�k� Í �!������98Ý��OÙ |�� Ü��eÙoÚ Ì �EÝ�Þ
ù ^%oX���EPgDFP j xFDOCKTgNQCEP

p

� ^%��PgqODOPZNOÖ
x0 ∈ Zp

e ^%�avFpscFLQMFYOCdnK���E]OD8LQP j
y0, z0 ∈ Zp

� ^ � CQvFpscO]OvF]oTgPgqODFPgNQYOpsVkNQCEcOqOp
Q = (x0, y0, z0)

Ø Ì.mQÍ ÌKÎÏÌ �KÙ:l��ÏÙ:� Ì Þ
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ù ^�}UvOloqsL�RdJ8CK\gCdpscFLKTWNQYF]OqsLdnK���E]OD8LQP j TWvFpscFLQMOYFC
a, b ∈ Zp

� ^%oX��cO]FTávOlOP j
c = z0 − a · x0 − b · y0

e ^ � CQvFpscO]OvF]zxOvFCKTgqrCKTgNQ[FÖ
z = a · x + b · y + c

Ë4ÌrÍ4ÌKÎÏÌ�i<Ð � DO]sJ8p j LENQ[FIOqsLQq�xOCKTWNEDOCE]ONE[�T¡{KP j pd?
t
]F|

n
�Ah

f Ðhg_Ðh� ��� Ù}{ Ìn��Ì {fÝ�� Ì
oªNQC�R�PXnKDOP j l�Ó ù��:��� \ZCZJ9ÕWI>PM HPXCZJ<]OYHpscOPZYO��M_I�lOnEYFC%n~J<PgNETgNQnEPX�KCQvF[KGHP4vFV'�E]OnKGH]OM
j LQN>LEY�]�LQvF\gPZ�EDOpKI8xODO]sJ8p j LQv�J8DOps\gCKM�TWxOCrTWCE�2DOPgG�PgYO]ml�xOCKTgN>LEnQvFPZYOYOCEM�|ZL�J<L�cF]�]
DOPZLQvF]O|gCKnKLQvzxODOCKNQCEqsCQv�� � LQ|WJ8PWvFPZYO]ml�TgPgqODOPZN>L “ ^8 �QÜY��98Ü Ì ��Ý Í Ù:���óÝ m { Ì � Ì Ü Ì�� J<CEnECEvF[EYFC~xODOCrTWN�L%]�nKTgP�YOPgCK��{KC�J8] j CKP j ��|gYFLEP j
PM HPb]O|SG�qrCEvF�bÖ

•
|gYFLQl�|gY8L�cOPZYO]ml j YOCE\ZCEcmv8PgYFL�TgNQPgxFPgYO]

t − 1
n

t
NQCKcOqsLQ{ @ j C�R�YOC

nECrTgTWN�LQYOCKnE]ONQ[�Pg\gC�|ZYFL�cFPgYO]ml nKC�nKTgPW{ CKTgN>L�v8[EYO�°{�I 0 NQC#CExOPZDFLQ�O]ml
YFLQ|Z��nKLEPgNET¡l2]FYONQPgDOxFCQvOlO�O]FPgM_^

•
|gYFLQl¸NQCEvF[EqsC

t − 1
|ZYFL�cOPZYO]ml_I�YOPgnECK| j C>R�YOC)xODOPáJ<TgqsLE|ZLQNE[)CKTgN>LQvF[EYO��P

NQCEcFqO]_I_cONQC�]®CK�EP�TWxOPgcF]OnKLEPgN2nKNQCEDFCEPdYOPZCE�>{KCZJ<] j CEPeTWnECKMFTWNEnEC�J8vOl�J<LEYOYOCE\ZC
xODOCKNQCEqsCQv8LF^

�°Ù � Ù:� �zmKÌ�� Ý¦ÚÛÙ:{ � �.� Ý Í Ù:�¡ k���Y{ Ì}|Y� Ü�� Ð
�k� Í �!������98Ý��OÙ |�� Ü���� Ú Ì �FÞ DFLQ|WJ<LQV
 H]OM nE���K]ODFLQPZN xODOCKTgNQCEP

p
IbqsCENQCKDOCEP

�ECQv8[EGHPfnKTgPW{2nKCE| j C>R�YO�°{zTWPgqFDOPgNQCKnF^
¢k� Í Ý�����9 Ì Ü ÝÏÙk�EÙ:l��ÏÙ?� Ì Þ

•
oX���E]ODFLEP j

s1 . . . st−1 £¥¤'¦∈ Zp

@ TWPgqFDOPgNQ�bI�qrCENECEDO��P�P j p»YOPgCK��{KC�J8] j C
DFLQ|WJ<LQNE[F^

•
i TWN�LQYFLEnQvF]OnrLQP j

s(x)
def
= m + s1x + · · · + st−1x

t−1

Ë4Ì {SÙ ÎÏÌ Ü ÝÏÙ f ÐS}�LQvF[EG�PdnKTgPenE��cO]FTWvFPgYF]ml®]sJ8psN�xOC j C�J8p�v8V
p
I_]ªxOC 0 NQC j p�nrTWP

xOPgDOP j PgYOYO��PUnKTWPZ\ÒJ9L j PgYO[KGHP
p
]x�óYOPSDFLE|áJ8psnKLEV%NKTÒl

“Ø Ì.mQÍ ÌKÎÏÌ �EÙ:l��ÏÙ:� Ì Þ JFvOl qsLQR�J<CE\gC
i = 1, 2, . . . , n

xOCKTg�°v8LQP j pscFLKTWNQYO]FqOp
ixFLQDOp2cO]FTgPWv

(i, s(i))

� PZDOnE��M nECKxODOCKTEIXqsCENQCKDO��M nrTWN�LQPgN @2L j CE\ZpsN�v8]
n
cOPWv8CEnEPZq_I�TgCE�ED8LQnEG�]FTW[

n j PZTgNQPEI8nECrTgTWN�LQYOCKnE]ONQ[�TgPgqODOPZN�]��KpZJ8PZNdvF] 0 NQC�nKCKTgTgN>LEYOCEnQv8PgYO]OPSPWJ8]OYFTgNQnEPZYOYO� j h
v�LEqzJ<LQnrLQMONQPfR�PbxOCKTgqrCEDFPgPSYFLdYOPg\ZCe]oCKNQnEPZNQ] j ^
}HCKxOpKTWNQ] j TWCE�KDFL�v8]FTW[

t
cOPgvFCEnKPgq_I�] CEYF] |gYFLEV%N

t
NECEcOPgq YFL \gDFL?2S]OqrP

j YOCE\ZCEcmvFPZYFLOÖ
(x1, s(x1)), . . . , (xt, s(xt))§N� � ÝY���*9 Ì Ù}{¨�EÝ��!�OÙ:{©�ª��� Ì 9<Ü¦ÙrÜ¦Ý���Þ
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1 x1 . . . xt−1
1

1 x2 . . . xt−1
2^^^ ^^^ ^^^

1 xt . . . xt−1
t





















m

s1^^^
st−1











=











sx1

s(x2)^^^
s(xt−1)











y Ì l�� IOqrCKNQCEDF��MoYFL j ]O|gnEP�TWNQPZYo]O| j LQN�LQYFLFÖ
« N�LÛTW]FTgNQP j LÛ] j PZPgNÛPáJ<]OYFTWNEnEPgYFYOCEP�DOPZGHPZYO]OP�Ó Lª] j PgYFYOC 0 NQC j �)]6{KCENE] j Õ

NQCE\¡J<L�]�NQCQvF[KqrC�NECE\¡J<LOI¦qrCK\ÒJ<L�CExODOPWJ8PWvF]FNQPWvF[ 0 NQCKM j LENQDO]O�O� Ó CKYFL�YFLE|g��nrLQPgNKTÒl
j LQNQDO]F�OPgMzo°LQYmJ8PgD j CKYsJ<LKÕ~YOP�D8LQnEPZY�YOp�vFV�^ 4 cOPgvFCEnKPgcOP�TWNQnKpo]O|gnKPZTgNQYOC®Ó 0 NECzPM �P
CZJ8]FY¬2bLEqON�]O| j LEN>LEYFLKÕWI cONQC�P�TávF]�nKTgP

x1, . . . , xt

D8LQ|Wv8]OcOYO�bI NEC�CExODOPWJ8PWvF]FNQPWvF[
j LQNQDO]F�O�*YOPbYOCQvF[8ImN>^ PK^FTW]8TWNQP j LOIO] j PZPgNePWJ8]OYFTgNQnEPZYOYOCEPbDOPgG�PgYO]OPK^
Ë4ÌrÍ4ÌKÎÏÌ f Ð'cOP j pzDFLQnKPgYzCKxODOPWJ8PWvF]ONEPWvF[sh
v�PgxOPZDO[ÛCKNQnEPZNQ] j YFLªnECKxODOCKTEIÏqmLQq_IaTgCE�rTWNQnKPgYOYOC®\ZCEnKCEDKl_I xOC�J<TWcO]FN>LQNE[�TWPgqODFPgN

0 NQ] j
t
�EPWJ<L�v8LE\áL j ^

 PgqODOPZN�@ 0 NQCe|ZYFL�cFPgYO]OPbneYOp�vFPKÖ
m = s(0)

o°TWxFC j YO] j 2SCED j p>vFp Ý¦Ü��OÙ?� � � | � ~ Ý¦Ýp® Ì ��� Ì Ü�¯ Ì Þ

s(x) =
t

∑

i=1

s(xi)

∏j 6=i

j∈[1..t](xj − x)
∏j 6=i

j∈[1..t](xj − xi)

� CZJ<TgN>LEnE] j n j PZTWNEC
x = 0

IOxOCEvFpscO] j� k���Y{©� | Ì�ÍY| �ª���.99Ù?� Ì Þ

m =

t
∑

i=1

s(xi)

∏j 6=i

j∈[1..t] xj

∏j 6=i

j∈[1..t](xj − xi)

f Ðhg_Ð±° ² Ü Ì}| Ý m
� LKTgT j CKNQDO] j IFqsLEqO]OPbPZTWNQ[�p 0 NQCK\gC j PgNQC�J<LeYOPáJ8CrTWN>LENQqO]�]zJ8CKTgNQCE]OY8TWNQnrLO^
³n�������8Ý ÜY���.9 Ì Þ
´ � LE| j PgDzJ<LEYOYO�°{zYOPSDFLE|áJ8psnrLQPgNKTÒl�Ó T j ^.mKÌ { Ð f Õ
´ � DO]�2S]OqsTg]ODOCEnrLQYOYOC j

t
Ó qrCEvF]OcOP�TWNQnKPkTWPZqODOPgNECEnrÕ j C>R�YOC J8]OYFL j ]OcOPZTgqO]

J8CE�rLQnEvOlONQ[�YFCEnE�°{2pscFLETgNQYO]OqsCEn
´ ;~J8]OY�TgPgqODFPgN j C�R�YOC�GH]�2SDOCKnKLENQ[ j YOCK\gCeDFLE|
´¶µ C>ReYFCeTgNQDOCK]ONQ[�YOPgDFLEnEYOC j PgDOYF��PSTgNQDOpsqONQpsDO��J<CKTWNEprx8L

·�Ù Í ���!� Ì �.l ÝXÞ
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Â ;~J8YOCKDFLQ|gCKnECKTWNQ[
Â oXCE| j C>R�YOCKTgNQ[ j CEG�PgYOYO]FcOPZTgNQnKLeTgCeTgNQCEDFCEYO� DFLQ|WJ<LQV
 HPZ\gC
Â oXCE| j C>R�YOCKTgNQ[ j CEG�PgYOYO]FcOPZTgNQnKLeTgCeTgNQCEDFCEYO� pscFLETgNQYO]OqsCEn
Â `SPgCK��{KCZJ<] j CKTgNQ[dTW�KCEDOqF]oTgPgqODOPZN>LexOPgDOPWJ�PZ\gCe]FTWxFCQvF[K|gCEnrLQYO]OP j

Ë4ÌrÍ4ÌKÎÏÌÃ��ÐbË4ÌsÍ ÌKÎÏÌ Ü Ì�Í ��{ Ð
oX�6{KCENE]ONQP%xOCKnEP�TW]ONQ[UYOP�TWqrCEvF[EqsCbCK�E��cOYO�°{d|�L j qsCEnU]�D8LQ|áJ<LENQ[UqmvFV'cO]_IrcONECE�E�

�E�°vFCenE��xOCEvFYOPgYFCdxODFLEnE]mvFC�J8CKTgNQpsxFLb?'t�]O| ùEù ��^
¢ Ì lÄ�8ÙÅ{fÝ Ü¦ÝY{ Ì.|�� Ü��<Ù Î ÝY� | � mKÌ {
lÄ��9Ã9 Ì { � �8Ü ÌrÍ ��Æ8Ý����P��Ç

È É-ÊoÈX¾bÁoÅ%ÊËÊoÄ�ÇoÊo·ÍÌa·°Áo·°¼�¾S¿kÎ Ïk½ ºbÅ'ÊoÆH¾�>zÊzÂ
� DOPáJ<TgN>LEnE] j TWPg�KPEIfcONQC xFC�YFPg�Ep*vFPZNQ]ON£TgL j CEvFPgN>^b`bL�LQnKNQCExO]OvFCENQPK^ 4 NQPZxOPgDO[
xODOPáJ9TWN>LEnE] j IscONQC 0 NQCKN�LQnKNQCExF]mvFCEN�TávFC j LQv8T¡l_^r`S]FcOPg\gCH{KCEDOCKGHPg\ZCbYFP'xODOCK]O|gCEMmJ8PgN>I
YOP�N>LEq»v8]8h u LQq �ECKDOCENE[KT¡l»T N�LQqrCKM¸Tg]ONQpKLQ�F]OPgM8h�ÐSTgYOCEP-J8PWv8CFI�xOCKTgN>LEnE]ONQ[
PM HP
CZJ8]FY�YOPg|�LQnK]FTW] j ��M�LEnENQCKxO]mvFCKN�^°`SC�qrCKNQCEDFCE\gC�]F|�YO]O{�TávFpsG�LENQ[KT¡l_I�qrCK\ÒJ<L
CEYO] J9LQV%N D8LQ|gYO��P6prqmLQ|�LQYO]ml8hs6S|�J8nEpr{kLEnENQCKxO]mvFCENECEn�YO] CZJ<]OY-YOP TWxOCrTWCK�EPgY
CE�ED8LQ|gCKnKL�NE[6�ECEvF[EG�]OYFTWNEnECF^�Ñ�YFL�cO]FN>I%YFL>J8C xOCrTWN�LQnE]FNQ[ NEDO]kLEnENQCKxO]mvFCKN>LOt°}�L�R�P
PZTáv8] C�J8]OY ]F|�YF]m{ TávFC j LQPZNETÒl_I'CKTgN>LQvF[EYO�°{*nKTgP�DFLQnKYOC �Ep�J8PgN��ECQv8[EGHPKI~] CKYO]
T j CE\ZpsNfxODO]FYmlONQ[bxODFLEnE]mv8[EYOCKPXDOPgG�PgYO]OP�\gCEvFCKTgCEnKLQYO]OP j t�`SCSqONQCb�EpZJ<PgNfxODFCEnEC�J8]ONE[
0 NQC2\gCQv8CKTWCKnKLQYO]OP>hU`SPgqO]OM�qsCEYONEDOCQvF[KYO��M��OPgYFNQD8hd`SC�P�TávF]�TávFC j LQPgNKTÒl�CEY_I8NQC�nrTWP
pKTW]mvF]OlexOCKMsJ8psNbYFLKT j LQDFqOpE^:Ñ9YFL>cO]ON>IKLEnENECExO]mvFCKNQ��J8CQvFReYO� J8CK\gCEnKCEDO]FNQ[KT¡l j PgR�J8p
TWCE�KCEMz]�TZL j ]oxFDO]OMONQ]�q�xODFLQnK]mvF[EYFC j p�DOPgG�PgYO]OV�^
u TgC�RdLQvFPgYO]FVHI 0 NQCzYFPgnECK| j C>R�YOCF^�oXPgDOYOPZPEI 0 NQCzYOPgnKCE| j C>R�YOCeJ8vOl�NQDOPW{�LEnENQCE@

xO]mvFCKNQCEn8^ 4 nECEN JFvOlkcOPgNE��DOPW{�If]O|�qrCKNQCEDO�°{£]FTgxOCEDFNQ]mvFCKTg[�YOP��KCQvFPZP�CZJ8YOCK\gC8I
YOPgCK��{KC�J8] j ��MzxFDOCENQCKqrCEv�Tgp} HPZTgNQnEpEPZN>Im]�CEYo�Ep�J8PgNdxFDOPáJ�Ò�lOnEvFPgY�^

Ó É-ÊoÈX¾bÁoÅ%ÊËÊoÄ�Ç�ºU· ÄXº�Ì�¿�¾�Ô ·°ÁzÊ�·
ÕrÖØ× Ù $rÚÜÛYÝ
Þ¦$'&
ßQà'$�áTâ�áÜÝ
á_"�Û�ã
ä
oy]O|gYFL>cFL�v8[EYOCKM6xOCKTgN>LQYFCEnEqsP�|ZL�J<L>cO] YO]OqsLEqO]m{ LQnKNQCKxO]mvFCENECEnªYOP��E�°vFC8IaLª�E�°vFC
n
nE]F|ZLQYONE]OMFTWqF]m{�CENEDKlsJ8CEn8IrCKTZL�RdJ<LEV� H]O{enKDFL�R�P�TWqO]FM2\gCEDFCZJ ^ u L�RdJ8� j CENEDKlsJ8C j
qrC j LEYsJ8CKnKL�v�YOPZ|ZLQnK]FTW] j ��M�\gPgYFPgDFLQv�^ 3 PgYOPZDFL�vF� j CK\¡vF]�CK�! �LENQ[KT¡lHJ<DOps\%T°J8DOps\ZC j
xOCz|ZLQqFDO��NQC j p�qsLQY8L�vFpKI8YFLExODO] j PZD_I�THxOC j C! H[KV-\gCEvFps�E]OYOCKM�xFCEcONQ�b^�o°TWP�n j P�TWNQP
CEYO]ªCK�! dLQNQ[rTÒl
YOP j CE\�vF]_I�xOCKNQC j p
cONEC�CKNQDKlsJ8�wTWNQC>lmvF]®J<L�v8PgqrCoJ8DOps\�CENoJ8DOps\áLFI
LyD8L>J8]OC ]¡6SYONEPgDOYOPZN PM �P YOP ]O|ZCE�EDFPWvF]_^ko°TgP |ZYFL�v8]_I�cONEC nED8LQ\-{m]ONQPZD ]
qrCEnrLQDOPZY_If]-nKxOCQv8YOP j CE\6xOCZJ<qOpsxO]ONQ[*qrCK\gCE@ YO]O�KpZJ8[�]O|6\gPgYFPgDFLQvFCEn�å'CKTgN>LEnKL�v8CKTW[
YFL>J8PglONQ[KT¡l_I�cONEC�\ZPgYOPZDFL�vFCKnQ@ xODOPáJ9LQNQPgvFPgM
YOP�CEcOPZYO[ j YOCE\gC8^Üv�P j nEDOP j PZYOP j CKTZL>J<L
|ZLQN�lO\g]OnrL�v8LKTW[FIWxOCKDFL��E�°v8C�xOPZDOPW{KC�J8]ONE[~qUDOPgG�]ONQPgvF[EYO� j J<PgMFTWNEnE]ml j ^g}�L�nECKN��EPáJ9L
@4\ZPgYOPZDFL�vF� YFP j CE\�vF]�TgCE�KDFLQNQ[rTÒlzn j P�TWNQPb]�nK��DFLQ�KCEN�LQNQ[dPáJ8]OYF��M�xmv8LEY_^OÑaTáv8]��E�
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YOPzps\gDOCE|�L�xODFPáJ<LQNEPWvF[rTWNQnrLOI nrTWP2�E�°v8C��K��xFDOCKTgNQC�@SqsLQR�J<��M�\ZPgYOPgD8L�v�]O|gvFC�R�]mv
�E� CKTgN>LQvF[EYO� j TgnECEM®xmv8LEYªTexOC j C! �[EV�\gCEvFps�EPgM�I�L�|ZLENQP j qsLQRdJ8��M®nK���EDFLQv®�E�
YFLQ]O�KCQvFPZP�xOCExFpKvFlODOYO��M�xmv<LQY�]HJ8PgM8TWNQnKCEnKLQv��E� TWCE\�v8LKTWYOC'P j pK^Q`SC'N�LQqdxOCKTgNQpsxO]ONQ[
YOPWvF[K|Wl�@ÏLbYFpdqmLQq�xODOPWJ<LQNQPgvF[�TWqmL�R�PZNUC�J8YOC j pd\ZPgYOPZDFL�vFpKIKcONQC�xOCEDFLUYFLETgNQpsxFLQNE[FIrL
J8DOps\gC j pU@ cONQCbv8prcFGHP~CENQCKMONQ]8h � CQv8CEnE]OY8L'\gPZYOPgD8L�vFCEnbDOnKLEYOPgNET¡lenb�KCEM_IQxOCEvFCEnK]OYFL
CENETgNQpsxO]ON>IF]oxFCQvFpscO]ONKTÒl�cOPgDON�|gYFLEPgNdcONECF^
v LQqO] j CE�KDFLQ|ZC j IsYOprR�PgY��E�°v�xODOCKNQCEqsCQv�IOCENQnKPgcFLEV� �]OM�J<nEp j NQDOPg�KCEnrLQYO]ml j Ö
ù ^%o°TWP�cOP�TWNQYO��P%\gPgYOPZDFL�v8��J8CEvOR�YO�6nb]ONECE\gP~xODO]FYmlONQ[UC�J8YOCb]�NQCSR�P~DOPZGHPgYF]OPE^
� ^°ÑaTáv8]6xODOPáJ<LENQPWv8PgM6YOPoCKcOPgYO[ j YOCE\ZCFIÏNQC 0 NQCªDOPgG�PgYO]OPzJ8CQvFReYFC
CKqsLE|ZLQNE[KT¡l
xODFLEnE]mvF[KYO� j ^
�XL j xFDOCENQCKqrCEv�ImxOCE@ nK]sJ8] j C j pKIrJ8CEvOR�PgY�TgCKTgNQC�lONE[d]F|'J8nKpr{�2bLQ|EÖ

ê LE|ZL ù ^ 3 PgYOPZDFL�v8��CK� j PgYF]OnKLQV'NET¡lz]OY�2SCKD j LQ�O]OPZM_^
ê LE|ZL � ^ 3 PgYOPZDFL�v8��xODF]OYO] j LQV'N�DOPgG�PgYO]OPbYFLdCrTWYOCKnEPfxOCQv8prcFPgYOYOCKMz]FY�2SCED j LE�O]O]_^

ÑaTWvF] j � nb{KC�J8P~xOPgDFnECEMº2bLQ|Z�6TÒJ8Pgv8LQP j N�LQq�IEcFNQCE�K�6nrTWP~\gPZYOPgDFLQvF�6xFCQvFpscO]mv8]
CZJ8]FYFLQqsCEnEpsV TWnEC�J8qOp�]FY�2SCED j LE�O]O]_I~NQC nKNQCED8L�lT2ULQ|ZL �KpZJ8PZN6CKcOPgYO[ xFDOCKTWNECEM*@
nE���ED8LQNQ[�YFLQ]F�ECQv8PgP2xOCExOp>vOlODOYO��M�xOv8LQY�]O|

n
xFDOPáJFvFC>R�PgYFYO�°{�^Yv LQqF] j CE�KDFLQ|ZC j I

CENexOPgDOnKCEM�2bLQ|g� j �*NQDOPZ�EpEP j J8nKLdpKTávFCKnE]ml_Ö
ù 4 ^%6SY�2SCED j LQ�O]mlocOP�TWNQYF�°{o\gPZYOPgD8L�vFCKn�J8CQvOR�YFL�J<CEMONQ]oJ<C�CKTgN>L�v8[EYO�°{zYOPZ]FTWqmL�@
R�PgYOYFCEM_^

ù ß ^�;'NevFV%�KCE\gC�\gPgYFPgDFLQv8LenKTWPfJ<CQvOR�YO�£xOCQvFpscO]FNQ[�CZJ8]OY8LQqrCKnEpsV£]OY�2SCED j LE�O]OVHI
J<L�R�PbPZTávF]�CEYoxOCKxO��N>LEPgNET¡l�TgCECE�? H]ONE[�DFLE|gYOpsV�^
}�LQvFPgP j � JFvFl xODOCKTgNQCENE� �EpZJ8P j TgcO]ON>LENQ[FI'cONQC�qsLQR�J<��M \gPgYOPZDFL�v£J8Pgv8LQPgN

�E]OYFLEDOYO��MonE���KCED_ImYFLQxODF] j PgD_IFnE���E]FDFLQPZN j PWRdJ8poLQN�LQqrCKMz]�CENETgNQpsxmvFPZYO]OP j ^
ÕrÖjë ìîí�ï ÛYÝ¹ðS$'" $�áÜâ í ÚÜÛ ï áÄßQÞÏ$�ÞYá�ãf$
ÐSTWYOC8IrcONQCd]O|WvFC>R�PgYFYFL�l2nE��G�P%|�L>J<L>cFLUDFLE|g�E]FnKLQPZNET¡l�YFL

n
C�J8]OY8LQqrCKnE�°{exOC�J8|�L>J<L>c

@aqsLQRdJ8��M�\ZPgYOPZDFL�voJ8CEvOR�PgY�xOPgDOPWJ<LQNE[�TWnKCEMonK���ECEDoCKTgN>LQvF[EYO� j ^ « NQ]�xOC�J8|ZL�J<L>cO]
0 qOnK]OnKLQvFPgYONEYO�k|ZL�J<L�cFP�CzqsC j LQYmJ8]ODOPEI�qrCKNQCEDF��M�J8CEvOR�PgY
xFPgDOPáJ9LQNQ[�TgnECEM�xODO]FqsLQ|
n−1

|�L j P�TWNQ]ONEPWvOl j IQxODO]OcOP j xFDOPáJ<LENQPWvOl j ] j CK\gpsN'�E��NQ[fqsLEqH|�L j PZTgNQ]ONQPgvF]_I�N�LQq�]
qrC j LEYsJ8]OD_^};fNSN>LEqrCK\gCSxFDOCENQCKqrCEv8L j � CExmlONE[bxOCENEDOPg�EpEP j J8nKLSxOC>{KC�R�]m{dTgnECEM8TWNQnrLOÖ
ù ^ � ��� | Ì �!��9 Ì Ü ÜY����� �zo°TWPUcOPZTgNQYO��PU|�L j P�TWNQ]ONEPWvF]�J8CQvFReYF�*xOCrTWNQpsxO]FNQ[�CZJ<]m@
YFLQqsCEnKCF^

� ^%ñ � � � | Ü¦Ý��OÙ |Y� ÜY����� ��ÑaTWvF]�n�J8CK�KLEnQCEq®qsC j LQYsJ<]ODÛcOP�TWNQPZY_I NQC�P�TWNQ[�CKNgJ<LQv
nKTgP j C�J8]OY8LQqrCKnE��M£xODO]OqmLQ|EIfL�TWDOPWJ8]k|ZL j P�TWNQ]ONEPWvFPZMkYOP�TWvF]OGHqsC j)j YOCK\gC
xODOPáJ9LQNQPgvFPgM_I�NEC�nKTgPecOP�TWNQYO��P�|ZL j PZTgNQ]ONQPgvF]®J8CQvFReYF� xFCKTWNEprxF]ONQ[�N�LQq_I�qsLEq
xODO]OqmLQ|ZLQv�qrC j LEYsJ8]OD�^
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o 0 NQCKM
T¡{KP j PdqsL�RdJ8��M j C�R�PZNzCE�! dLQNQ[rTÒl�T�qsLQR�J<� j ^8}HCEqmL�R�P j CKN2xODFCENQ]OnE@
YOCE\ZCFI8cONEC�JFvOl

n = 3
]�YOP��KCQvFPZPUcFP j C�J8YOCE\ZC�xODFPáJ<LQNEPWvOl�NQDFPg�EpEP j ��M�xODOCKNQCEqsCQv

YOPgnKCE| j C>R�PgY�^
� PZDOnKLQlwTW]FNQpKLQ�O]Ol_^ � pKTWNQ[-qrC j LQYsJ<]OD ]yxOPgDFnE��M |�L j PZTgNQ]ONQPgvF[-@®cOP�TWNQYF�bI

L nKNQCEDFCEM |ZL j PZTWNE]ONQPWv8[*@�xODOPWJ<LQNEPWvF[8^ u C j LEYsJ8]OD CENgJ9LQPgN*xFDO]OqsLE| LQN�LQqsCEnKLENQ[FI
CZJ8Y8LQqrC-nKNQCEDFCEM |ZL j PZTWNE]ONQPWv8[FIdR�PWv8LQl |�LQxOpsN>LENQ[-xFPgDOnKCE\gC8I�\gCEnKCEDO]ONkP j pEIecONQC
qrC j LEYsJ8]OD xODO]OqmLQ|ZLQv CENETgNQpsxFLQNE[F^z`bLQG�xFDOPáJ8xFCQv8LQ\WLQP j ��M)xODOCENQCKqrCEv J<CQvOR�PZY
CE�Qv<L>J<LENQ[°]FTWxFCQvFYO]ONEPWvF[KYOCKTgNQ[EV�IgxOC 0 NQC j pfcOPZTgNQYO��MUxOPgDOnK��MS|�L j PZTgNQ]ONQPgvF[°J<CQvOR�PZY
nE��xOCEvFYO]ONQ[�xODO]OqsLE|�qrC j LEYsJ8]ODFLFI'NQC�PZTWNQ[�xOCKMONQ]kn�LEN>LEqOpEI']O\gYOCKDO]ODOpQl-TWnECKPg\ZC
qrCQvFvFPg\ZpE^.v�LEqO] j CK�EDFLE|gC j IrnE�°{KC�J8]ON>IscONQCe|ZL j P�TWNQ]FNQPWvF[�J8CQvFR�PgYznHv8V%�EC j TWvFpscFLQP
TávFpsG�LENQ[KT¡lzqsC j LQYsJ<]ODFLO^
oXNQCKDFL�l TW]FNQpKLQ�F]ml_^ � pKTgNQ[)NQPZxOPgDF[ xODOPáJ9LQNQPgvF[)@�qrC j LEYsJ8]OD�^z;'Y CENZJ<LQPZN

xOPgDOnKC j p |ZL j PZTWNE]ONQPWv8V»xODO]FqsLQ|�LEN>LEqrCEnrLQNQ[8I4LÛnENQCKDOC j p�@�CENKTWNQpsxFLENQ[F^��SP�TWNQYF��P
|ZL j P�TWNQ]FNQPWvF] cOPZTgNQYOC¸TWCKCE�? �LQV'N J8DOps\ J8DOps\gp 0 NE] xODO]OqmLQ|g�bIªYOCFIªTWCE\�v8LKTWYOC
xODOPáJ<�XJ8p} HP j p nK��nEC�J<pEI�]O\gYFCEDO]ODOpsV'N DFLQ|gYFCEcONQPZYO]ml_I�N>LEq cONQC xOPgDOnK��M
|ZL j P�TWNQ]FNQPWvF[ ]mJ8PgN�n LQN>LEqOpKI L nENECEDOCKM�CKNETWNEprx8LQPgN>^���NQCEx�t µ �#xFCENQPZDKlmvF]TWCE\�v8LKTWCEnrL�YFYOCKTWNQ[8^
« NQC�]2J<CEqsLE|g��nKLEPgN�YOPZnECE| j C�R�YOCrTWNQ[dN�LQqrCK\gCexODOCENECEqrCEv8LO^

ÕrÖjò ó " í Þ í à í ãôð©ã
õ
n ≥ 3m + 1

o
xFDOPáJ8�XJ8p} �P j xOpsYOqONQP��KPáJ<L~�E�°v8L~n%NQC j I>cONQC'xODOPWJ<LQNQPgvFPgMH�E�°v8C C�H�U�HIC�HMH��OG�C8�Dö
Lr÷�HIL�F ^s��PZMOcFLET j � xOCrTWNQDOCK] j xODOCENECEqrCEv�IKCE�Ev8L>J<LEV� �]OMeYOprR�YO� j ]zTWnECKMFTWNQnrL j ]_I
PZTáv8]�xODOPWJ<LQNEPWvFPgM j PZYOPgPdC�J8YOCEM�NQDOPZNQ]_^ ��NEDOCE]ONE[z�KpZJ8P j xOCo]OYsJ8psqO�O]O]®xOCzcO]FTWvFp
m
I9\¡J8PEI9qsLEq�xOCKNQC j CKqsLQR�PgNET¡l_I

m
@ 0 NQC j LEqsTg] j L�vF[KYOCEP�cO]FTWvFCzxODOPWJ<LQNEPWvFPZM_I8JFvOl

qrCENECEDOCK\gCdxFDOCENQCKqrCEv�nKTgPSPM �PSDFLE�ECEN�LQPZN>^O`bLQxOC j YO] j IOcONQC j �£TgPgMOcFLKTfDFLKTgT j LENQDO]m@
nKLQP j YOP~|ZL�J<L>cOpHCS\ZPgYOPZDFL�v8LQ{�IQLS�KCQvFPZP°xODOCrTWNQpsV�|ZL�J<L>cOpHCbqrC j LEYsJ8]ODOP~]e|�L j P�TWNQ]m@
NQPWvOlm{�IOxFDO]OcOP j Tf�K]OYFLQDOYF� j nE���ECKDOC j xODO]OqmLQ|ZLF^
���Y������lÜ� |

BG(0)
Ð

ù ^ u C j LEYsJ8]ODoDFLETZTW�°v8LEPgNd|ZL j P�TWNQ]FNQPWvOl j xODO]OqmLQ|K^
� ^rÑ�L j P�TWNQ]ONEPWvF]�xOCrTWNQpsxFLEV%N�n�TgCECKNQnEPZNETWNQnK]O]�T�xOCQv8prcFPgYOYO� j CEN�qrC j LQYsJ<]ODFL
xODO]OqmLQ|gC j ^

Ñ�L j PgNQ] j nrTWqrCEvF[E|Z[FIKcONQCHJFvOlzTWvFpscFL�l_IsqrCE\¡J<LHxODOPáJ<LENQPWv8PgMzYOPgN>ImxODOCENECEqrCEvzxODOPW@
qODFLETgYOCeDFLQ�KCEN�LQPgN>^
���Y������lÜ� |

BG(m)
Ð

ù ^ u C j LEYsJ8]ODoDFLETZTW�°v8LEPgNd|ZL j P�TWNQ]FNQPWvOl j xODO]OqmLQ|K^
� ^ u L�RdJ8��M2|ZL j PZTWNE]ONQPWv8[dDFLETZTW�°v8LQPZN 0 NQCKN�xODO]OqmLQ|STWnKCE] j qrCEvOvFPg\WL j Is]FTWxOCEvF[Q@
|gpQl�xODOCENECEqrCEv

BG(m − 1)
^8`bL�nEDOP j l�DFLKTgTg�°vFqO]�DFLETZTW�°v8LEV� H]FM�|ZL j PZTWNE]m@

NQPWv8[e]O\ZDFLQPZNdDOCEvF[Åø>qrC j LQYsJ8]OD8L�ùeTgDOPáJ8]�TWnKCE]m{2qrCEvOvFPg\á^
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e ^ u L�RdJ8��Mb|ZL j PZTWNQ]FNQPWvF[%]O|
n−1

xODO]OqmLQ|�LbÓÔCZJ<YOCE\ZC7ø�TWnKCEPZ\gC�ù°]
n−2

xOCEvFpscOPgYm@
YO�°{oCEN�qrCQvOv8Pg\�Õ°nE���K]ODFLQPZNdYFLE]O�ECEvFPgPScFLKTWNQC�nrTWNQDFPgcFLEV� H]FMFTÒl�]�xOCKTgNQpsxFLQPZN
n�TWCKCENQnKPgNETgNQnE]O]�TfYF] j ^

vXpsNdYOPZCE�>{KCZJ<] j C�TÒJ8PWv8LENQ[dCZJ8YFp�CE\gCKnECEDFqOpE^ u TWC>RdL�vFPZYO]OVHI j C>R�PgNeTávFpscO]FNQ[KT¡l
N>LEq_I'cFNQC�YFLE]O�ECEvFPgP�cFLKTWNQCK\gC�xmv8LEYFL�YOP��Ep�J8PgN-ÓÔDFLETgT j CENQDF]ONQP6TgL j CKTgNQC�lONEPWvF[KYOC
TávFpscFLEM_IrqrCE\¡J<LUqrC j LQYsJ<]ODm@ xFDOPáJ<LENQPWv8[HxODO]FqsLQ|Z��nKLQPZNUCZJ<YOCEM�xFLEDOP'cOPZTWNEYO�°{�|ZL j P�Tá@
NQ]ONQPgvFPgMHLQN�LQqsCEnKLENQ[FIWL�J8DFpr\ZCEMf@8CENETgNQpsxFLQNQ[8IW]8TWxOCQv8[E|gpQlSxODOCENQCKqrCEv

BG(1)
ÕW^ � C 0 NQCE@

j p j ���Ep�J8P j TWcO]ON�LQNE[FI>cONQCf|ZLEDFLQYOPZPaCE\ZCEnECKDOPgYxø>xOv8LQYHxOC'p j CEvFcFLQYF]OV7ù>I>qrCENECEDOC j p
nKTWPbTWvFPáJ8psV'Nen�TávFpscFLEPúø�YO]OcO[KPgMÜù>^
®�Ù}{w{ Ì�ÐE}UvOl�vFV'�E�°{�YFLQNEprD8L�vF[KYO�°{HcO]FTWPgv

k
I
m
xFDOCENQCKqrCEv

BG(m)
CE�Qv8L�J<LQPZN

]FTWxOCEvFYO]ONEPWvF[EYFCKTWNE[EVHIOP�TávF]
n ≥ 2k + m + 1

IFLdxODFPáJ<LENQPWvFPZM�YOPS�KCQvF[KGHP
k
^

³n��l Ì.mrÌ �OÙ |�� ���.9Q� Ð�6SYsJ<prqF�O]mloxOC
m
^

�dÌ.mKÌ Þ
m = 0

Ð?o®TZL j C j J8PWvFPKI�nKTWPacOPZTgNQYO��P�|ZL j P�TWNQ]FNQPWvF]HxFCKTWNEprxOlON~n'TWCKCENQnKPgN�@
TWNQnK]O]�TSxOCQv8prcFPgYOYO� j xODFLQnK]mvF[KYO� j xFDO]OqsLE|gC j ^
��Ù:�ÏÙ � � Í Þ

m − 1 7→ m
Ð�o°T¡lOqO]OMÛcOP�TWNQYF��MÛ|�L j PZTgNQ]ONQPgvF[FI xOCEvFpscO]On�xODF]OqsLE|EI

DFLETZTW�°v8LEPgNbPg\gCUqsCQvOvFPZ\áL j xFC
BG(m−1)

^ � DO] 0 NEC j prc8LETWNEYO]OqrCKn 0 NQCEM�DFLETZTW�°vFqO]
n − 1

Ó nrTWPKIOqODOC j PbqrC j LQYsJ8]FDFLKÕWIONQC�PZTgNQ[�YOP j PgYOPZP
2k + m

I8LexODOPáJ9LQNQPgvFPgM�TWDOPWJ8]
YO]m{�xFC2xODFPWR�YOP j p�YOP��KCQvFPZP

k
^ � C2xODOPáJ8xFCQvFC>R�PgYO]FV ]OYsJ8psqO�O]F]_I9n 0 NQC j TWvFpscFLQP

BG(m−1)
CK�Qv8L�J<LQPZN~]FTWxOCEvFYO]ONQPgvF[EYFCKTWNE[EVHI�LfTWN>LQvFC'�K��NQ[FI>cOPZTgNQYO��P°|ZL j P�TWNQ]ONEPWvF]

xODFLQnK]mvF[KYOCbxOPgDFPáJ<L�J8psNbqsCQvOvFPZ\áL j xODFLQnK]mvF[EYF��MexODF]OqsLE|~qsC j LQYmJ8]ODFLO^:o 0 NQC j TWvFpr@
cFLQP'p�qsLQR�J8CK\gCH|�L j PZTgNQ]ONQPgvOlzCEqmL�R�PZNETÒl2YOP j PZYOPgP

k + m + 1
xODFLQnK]mvF[EYF�°{eqsCExO]OM

xODO]OqmLQ|ZLÛÓ YOP��ECEvFPgPecOP j
k
xODOPáJ<LENQPWv8[KTWqF]m{
qsCExO]OMªCKqsL�R�psNET¡l®YOPZxODFLQnK]mvF[EYF� j ]8ÕáI

L 0 NQCzn2vFV%�KC j TávFpscFLEPH�KCQvF[EG�PUxOCEvFCEnK]OYO�b^�v LQqF] j CE�KDFLQ|ZC j I8qsL�RdJ8��M�cFPZTWNEYO��M
|ZL j P�TWNQ]FNQPWvF[�nK��xOCQvFYF]ONdxODFLEnE]mv8[EYO��MoxODO]OqmLQ|E^
}HCKqsLQ|�LQNQPgvF[KTgNQnEC�|ZLEnEPgDFGHPgYFCF^
v�PgxOPZDO[dJ8CKqsL�R�P j CKTWYFCEnEYOpsV*NEPgCEDFP j pE^
�°Ù}���ÏÙ}{ Ì �slÄ�����¦Ù:l��mÜ������mÝ

BG(m)
Ð }UvFl�v8V%�ECK\gC�YFLQNQpsDFLQvF[EYOCK\gC

m
xODOCE@

NQCEqsCQv
BG(m)

CE�Ev8L>J9LQPgN�TWCK\¡v8LKTWCEnrL�YFYOCKTWNQ[KV�]Û]FTgxOCQvFYO]FNQPWvF[KYOCKTgNQ[EV�I�PZTWvF]
n ≥

3m + 1
IFLdxODFPáJ<LENQPWvFPZM�YOPS�KCQvFPZP

m
^

³n��l Ì.mrÌ �OÙ |�� ���.9Q� Ð76bTWxOCEvFYO]ONEPWvF[KYOCKTWNE[�TávFPWJ8pEPgN ]F|ÛvFP j j � xODO]
k = m

^
��CE\�v8LETgCEnKLQYOYOCrTWNQ[��KpZJ8P j J8CKqsLE|g��nKLENQ[�xFCe]OYsJ8psqO�O]F]�xOC

m
^

�dÌ.mKÌ Þ
m = 0

Ð � LE|�xODOPWJ<LQNEPWvFPZM YFPgN�nECKnKTgPEI4NQC�nKTWP�xOCEvFpscFLQNÛC�J8]OYFLEqrCKnE��MxODO]OqmLQ|b]onE��xFCQvFYmlONePg\gC8^
��Ù:�ÏÙ � � Í Þ

m−1 7→ m
Ð�Ñ�TávF]UqsC j LQYmJ8]ODbcOP�TWNQPZY_IZNQC'TWCK\¡v8LKTWCEnrLQYOYOCKTWNE[�TávFPáJ<pEPgN

]O|~]FTgxOCQv8YO]ONQPWv8[EYOCrTWNQ]�Ó nrTWP~xODFLQnK]mvF[KYO��P�xODO]OqmLQ|Z� CZJ8]OY8LQqrCKnE�%ÕWIELb]FTWxOCEvFYO]ONEPWvF[Q@
YOCKTgNQ[ªprR�PzJ8CEqmLQ|�LQYFLF^ � pKTgNQ[ªNQPgxOPZDO[ªqsC j LEYsJ8]OD6xODFPáJ<LENQPWvF[8^Ñ_L j PZTgNQ]ONQPgvFPgM YOP
j PgYOPZP

3m
IrLSxODOPWJ<LQNEPWvFPZM�TWDOPWJ8]�YO]m{d@ YOP~�KCQvFPZP

m−1
IKxOC 0 NQC j p�xFCbxODFPáJ8xOCEvFCQR�Pg@

YO]OV�]FYsJ8psqO�O]O]UxODOCKNQCEqsCQv
BG(m−1)

TWDOPáJ<]b|ZL j P�TWNQ]ONEPWvFPZMbCK�Qv8L>J9LQPgN°TgCE\�v8LETgCEnKLQYm@
YOCKTgNQ[EV�^ � C 0 NQC j pSqrCKxO]mlHxODF]OqsLE|ZLOI>xOPgDOP�Táv8LEYOYFL�lHqsLQRdJ8� j ]F|�|�L j P�TWNQ]ONEPWvFPgMdqrCEvO@
vFPg\WL j IK�KpZJ8PZNUxODO]OYmlON�LUnrTWP j ]�C�J8]OYFLEqrCKnECF^ « NQCHCE|ZYFL>cFLQPZN�IKcONQC�nKTWP%cOPZTgNQYO��P'|ZL j PW@
TWNQ]ONEPWvF]�xFCQvFpscFLENdCZJ<YOCe]�NQCeR�PbxODOPWJ<TWN�LQnEvFPgYO]FPSC�xODO]OqmLQ|ZLQ{�ImxOCEvFpscOPgYOYO�°{�J<DOpr@
\g] j ]�|ZL j P�TWNQ]ONEPWvOl j ]_^ « NQC8IQnbTgnECKV CEcOPgDFPáJ8[8I�CE|ZYFL>cFLQPZN�IQcONQCbpHcFPZTWNEYO�°{�|�L j P�TWNQ]m@
NQPWvFPZM��KpZJ8PgNHTWCKnExFL�J<LQNQ[xø�TgnEC�J8qsLbxODO]OqmLQ|ZCEn�ù>^K`SCUn 0 NQC j Táv8prc8LQP~CKYO]�nrTWP~xODO] j prN
CZJ8]FYFLQqsCEnECKP'DOPgG�PgYO]FPE^
}HCKqsLQ|�LQNQPgvF[KTgNQnEC�|ZLEnEPgDFGHPgYFCF^
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u LEq j �wnE]sJ<] j I¦xOCKTgNQDOCEPZYOYO��M�YFL j ]�xODOCKNQCEqsCQv�DFLQ�KCEN>LEPgN�]�CKNQnEPZcFLQPZN�nKTgP j
NQDOPg�KCEnrLQYO]ml j xODO]�TWCK�QvFVXJ8PgYF]O]dxODO]OnKPáJ8PZYOYO�°{�nE��G�PXpKTWvFCEnK]OMoÓ j PgYOPZP�NQDOPZNQ]�xODOPW@
J<LQNQPgvFPgM<Õá^ µ C>ReYFC J8CEqmLQ|�LQNQ[8I%cONEC�JFvOl TávFpscFLQl_I'qrCK\ÒJ9L�xODOPáJ<LENQPWv8PgM-YOP j PZYOPgPNQDOPgNE]_I4xODOCENECEqrCEv N�LQqsCE\gC
nK]sJ<L
YOPgnECK| j C>R�PgY_^ « NQC�J8CKqsLE|ZLQNEPWvF[rTWNQnKC
TWnEC�J8]ONKTÒl�q
pKRdPSDFLETZT j CKNQDOPgYFYOC j pzTávFpscFLEV ø>C�J8]OY�]O|SNEDOPW{�ù>^
u LEqov8Pg\gqsC�nK]sJ8PgNE[FI8xODOCKNQCEqsCQv�J8CEnKCQvF[KYOCe\ZDOC j CK|áJ8CKq_^ µ C>R�YOCeJ8CKqsLE|ZLQNE[FIFcONQCxODO]Å2S]FqsTW]FDOCEnrLQYOYOC j

m
cO]8TávFC2TWCKCE�? HPgYO]FMon�xODOCENECEqrCEvFP

BG(m)
LETg] j xONQCKNQ]OcOPW@

TWqO]
D8LQnEYFC
nm+1 Ó n�TávFpscFLEP�qsC j LQYmJ8]ODFLz]
|ZL j PZTgNQ]ONQPgvFPgM8Õf]mvF] nm+2 Ó n�TWvFpscFLQP\gPgYFPgDFLQvFCEnrÕ�xODO]��ECEvF[EG�C j

n
^

o�qrCKYO�OPSqsCEYFTgxOPgqON�LdxFDO]OnEPWJ8PgYOC�J8nrLdxODO] j PgD8LHJ8vOl
n = 4

I
m = 1

^

� � ¼oÊo½*·°¼ ¼�¾��UºbÅ©Î ÆbÊoÈX¾bÁoÅ%ÊËÊoÄ�Ç�º�Ì�º�Ãz¼�ºbÅ'ºUÇ�ºS¿�¾
� pKTWNQ[

n = 4
I
m = 1

^ µ C>R�PgN��K��NQ[oJ8nrL�xODO]OYO�O]FxO]FL�vF[KYOC�DFLQ|gvF]OcOYO�°{ªTWvFpscFL�l_ÖqrCE\¡J<LdxODOPWJ<LQNQPgvF[d@aqrC j LQYsJ8]OD�]oqsCE\¡J<LdxODOPáJ9LQNQPgvF[d@4C�J8]OY�]O|b|ZL j P�TWNQ]ONEPWvFPZM_^
u C j LQYsJ<]OD_^�� PWv8LQlªCKTáv<LQ�E]ONE[�YFLKTWNQpsxmvFPZYO]OPEI qrC j LEYsJ8]ODÛxODO]FqsLQ|Z��nKLEPgNzJ8nEp j |�L j P�TWNQ]m@

NQPWvFl j LQN�LQqrCKnKLENQ[FImLdNQDFPgNQ[KP j p2@4CKNETWNQpsxFLENQ[F^<��CK\¡v8LKTWYOCdxODFCENQCKqrCQv8p
BG(1)

I
|ZL j PZTWNQ]FNQPWvF]
DFLKTgTg�°v8LQV'NeJ8DFpr\UJ<DOps\gp�qrCKxO]O]�xODF]OqsLE|ZLOI<]FTgxOCQvF[K|gpQl�xODOCENECQ@
qrCEv

BG(0)
I NQCªPZTgNQ[FI xFCKTW�°v8LEV%N®]m{�xODrl j � j NEPgqsTgNQC j ^�ow]ONQCE\ZPoxFPgDOnK��M

|ZL j PZTWNQ]FNQPWvF[�xOCEvFpscFLQPZNeTávFPWJ8psV� HpsVkTWnKCZJ8qFp<Ö
u C j LEYsJ8]OD 4 N>LEqrCKnKLQNE[Ft
oXNQCKDOCEMo|ZL j ^ u C j LQYsJ<]ODzxFDO]OqsLE|ZLQv�LEN>LEqrCEnrLQNQ[8t
v�DFPgNQ]OM�|ZL j ^ u C j LQYsJ<]ODzxFDO]OqsLE|ZLQvoCKNETWNEprx8LQNQ[8t
��CE\�v8LETgYOC

BG(1)
I8xOPgDFnEC j po|ZL j PZTWNE]ONQPWv8V TávFPáJ<pEPgN2LQN�LQqsCEnKLENQ[F^ 4 YFL�vFCK\g]OcO@

YFL�l�Tg]ONQpKLE�O]ml�TWqmv8L�J8��nKLEPgNET¡l�ponKNQCKDOCE\gC�|ZL j P�TWNQ]FNQPWvOl_^ 4 nECKN�TWnKCZJ8qmL�JFvOl
NQDOPZNQ[EPZ\gCFÖ
u C j LEYsJ8]OD ;'NETWNQpsxFLENQ[Ft
� PgDOnK��Mz|ZL j ^ u C j LQYsJ<]ODoxODO]OqsLE|ZLQv�LQN>LEqrCKnKLQNE[Ft
oXNQCKDOCEMo|ZL j ^ u C j LQYsJ<]ODoxODO]OqsLE|ZLQv�LQN>LEqrCKnKLQNE[Ft
v�LEqO] j CK�EDFLE|gC j I�NQDOPgNE]OM�|ZL j P�TWNQ]FNQPWvF[�NQC>R�P��Ep�J8PgN�LEN>LEqrCEnrLQNQ[8I9YFPZT j CKNQDKl
YFLSxFDOPZTWNEprxFYO��M�xFDO]OqsLE|�qsC j LEYsJ8]ODFLFIQ]�NQP j TgL j � j CK�EPZTgxOPgcO]FNbTWCK\¡v8LKTWCKnKLQYm@
YOCKTgNQ[F^

Ñ_L j PZTgNQ]ONQPgvF[F^ � pKTWNQ[2xODFPáJ<LENQPWvFP j lOnQvFlOPgNET¡l�NQDOPZNQ]OM
|�L j PZTgNQ]ONQPgvF[F^�� PWv8LQl�|ZLQxFprN�LQNQ[zCKTá@
N>LQvF[EYO�°{�ImCEYz\gCKnECKDO]ON>IscONQCeqsC j LQYmJ8]ODoxODO]OqsLE|ZLQvoP j p�CKNETWNEprx8LQNQ[8IsqsCE\¡J<L�YFL
TgL j C j J8PgvFP�xODF]OqsLE|��E�°vdLQN�LQqrCKnKLQNE[F^�oªN>LEqrC j TWvFpscFLQP�xOPgDOnK��MU|�L j P�TWNQ]ONEPWvF[
xOCQv8prc8LQPgNeTWvFPáJ8psV
 HpsV TgnEC�J8qOp9Ö
u C j LEYsJ8]OD 4 N>LEqrCKnKLQNE[Ft
oXNQCKDOCEMo|ZL j ^ u C j LQYsJ<]ODzxFDO]OqsLE|ZLQv�LEN>LEqrCEnrLQNQ[8t
v�DFPgNQ]OM�|ZL j ^ u C j LQYsJ<]ODzxFDO]OqsLE|ZLQvoCKNETWNEprx8LQNQ[8t
��nEC�J8qsLdnENQCKDOCE\ZCd|ZL j PZTWNE]ONQPWvFl��KpZJ8PgNenE��\�vOlsJ8PZNQ[eN�LQqoR�PE^ u LQq j �*nE]sJ<] j I
\gYOpKTgYOC j p�xODOPáJ9LQNQPgvFV�YOP~pZJ<LQvFCKTg[f|�LQxOpsN�LQNQ[fJ8CK�QvFPZTgNQYO�°{dnECE]FYOCEn8I>qsCENQCKDO��P
T j PWv8CexOCKMsJ8psNdn�LEN>LEqOpE^
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ß �°v8C �K� ]OYONQPZDOPZTgYOPgPKI�qrCKYOPgcFYOCFI�xODF]OnEP�TWNQ] xODOCENECEqrCEv
BG(2)

I�YOC)CEY�I�qsLEq
]O|gnKPZTWNEYOCFIUDFLQ�KCEN>LEPgN*xODO]

n ≥ 7
IUN�LQq�cONQC n YOP j pscFLKTWNQnKpEPgN*YOP j PgYFPgP

156TWCECK�! �PgYO]OM_^


